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Black hole hairs in scalar-tensor gravity and the lack thereof
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Scalar-tensor theories are a natural alternative to general relativity, as they may provide an effective dark
energy phenomenology on cosmological scales while passing local tests, but their black hole solutions are
still poorly understood. Here, we generalize existing no-hair theorems for spherical black holes and specific
theories in the scalar-tensor class. We show that shift symmetry prevents the appearance of scalar hairs in
rotating (asymptotically flat, stationary, and axisymmetric) black holes for all theories in the Horndeski/
beyond Horndeski/DHOST classes, but for those with a coupling between the scalar and the Gauss-Bonnet
invariant. Our proof also applies to higher dimensions. We also compute the values of the scalar hair
charges if shift symmetry and asymptotic flatness are violated by a time growth of the scalar field at infinity,
under suitable regularity conditions at the event horizon.
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I. INTRODUCTION

Scalar-tensor theories of gravity are the simplest and
oldest extension of general relativity (GR). In their basic
form, they date back to the pioneering work by Fierz [1],
Jordan [2], and Brans and Dicke [3], who suggested
supplementing the tensor gravitons of GR with a scalar
degree of freedom conformally coupled to matter. This
Fierz-Jordan-Brans-Dicke (FJBD) theory, and generaliza-
tions of it in which the conformal coupling to matter is
expanded to nonlinear orders [4,5], have been for decades
the paradigmatic extensions of GR when performing
experimental tests in the Solar System [6] and binary
pulsars [7]. This has resulted in very tight bounds on these
theories [8].

The observational evidence for a dark sector in cosmol-
ogy [9-12] and the direct detection of gravitational waves
by LIGO and Virgo [13] have spurred a resurgence of
interest in scalar-tensor theories. It was realized that FIBD-
like theories are not the most general ghost-free theories
allowing for a scalar degree of freedom in addition to the
tensor ones. Indeed, FIBD-like theories are just a special
case of more general effective field theories (EFTs), where
all possible scalar-tensor operators are organized in a
derivative expansion. Higher derivative operators typically
provide subleading corrections on a given solution at low
energies; however there are cases where they can be as
important as the ones with fewer derivatives, within the
domain of validity of the low energy expansion. This
property can be made robust by the presence of exact or
approximate symmetries, which determine different sets of
power-counting rules for the coupling constants in the
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effective Lagrangian, even in the absence of an explicit UV
completion [14-16]. The simplest realization of these
effective theories belongs to the Horndeski class [17],
described by the following action':

—aM?>
S = / d4x7V‘;]Pl {K(y/, X) = Gs(y. X) Oy

+ G4y, X)R + Gax (v, X)[(Ow)* = (V, V)]

GSX (Vjv X)
6

3OV, V) + 2<V,,w>31} Sy g Wl

(1)

+ GS(W7X)G;wvﬂvUW - [(Dy/)3

where g, V, R and G, and Mp, are the metric determinant,
Levi-Civita connection, Ricci scalar, Einstein tensor and
reduced Planck mass; K, Gz, G4, and G5 are arbitrary
functions of X =-V, yVFy /2 and the scalar field v
Gix =0G;/0X, O=VrV,, (V,V,y)? =V, VyV, Viy
and (V,V,p)? =V, VyV V9V, Viy; and ¥, are the
matter fields. The class of theories given by Eq. (1) can
be further generalized to the beyond Horndeski [18,19]
and degenerate-higher-order-scalar-tensor (DHOST)
theories [20-25] (see [26] for a review). The latter is

'In Eq. (1) we are not explicit about the energy scales
associated with the derivative operators, which are absorbed in
the definitions of K and G;; we will restore them later on when
needed.
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defined as the most general class of scalar-tensor
theories with no propagating ghost degrees of freedom,
although only a subset of those can be considered as
“robust” EFTs [15,16,27].

The coincident detection of gravitational waves and
gamma rays from the neutron star merger GW170817
[28], as well as the requirement that gravitational waves do
not decay into dark energy [29,30] and that the scalar mode
be nonlinearly stable [31], have already placed very strong
constraints on DHOST, under the assumption that the
theory provides a dark energy like phenomenology on
cosmological scales. With this assumption, the only the-
ories still viable are described by the action [32],

/—aM?
S = /d‘%% [(I)R—i—K(l//,X)

32
S TV, + Splgs Tl @)

20
where @ and K are functions of y and X (with &y =
0®/0X). With a conformal transformation from the “Jordan
frame” to the “Einstein frame”, ie. g,, - ®'g,,. the

action can be rewritten (redefining the function K) as the
“K-essence” action,

2
MPl

S— / d*x/=g [TR + Ky, X)} ¥s, [q) (?,f,bx) ,lym] .
3)

The conformal coupling to matter ®(y, X) can poten-
tially be tested with observations of neutron stars (in
isolation [5] or in binaries [33,34]). The kinetic function
K(y,X) also has important consequences for the
dynamics of matter systems. For instance, specific kinetic
functions can give rise to self-accelerated solutions in
cosmology [35], or to nonlinear screening mechanisms
that “hide” the deviations from GR on local scales (at least
in quasistatic situations [36-39]). However, the cleanest
probes of the kinetic term K (y, X) are provided by vacuum
systems (e.g. black holes), since for those the effect of
the conformal coupling function ®(y, X) vanishes. This is
particularly interesting in light of the several black binary
systems detected by LIGO and Virgo [40].

The deviations of the gravitational-wave signal (and
more generally of the geometry) of black holes in scalar-
tensor theories from their GR counterparts is parametrized
in terms of scalar hairs (also referred to as sensitivities
[41,42] or scalar charges [4,5]). These parameters model
the effective coupling between black holes and the scalar
graviton in these theories, and are therefore absent in GR.
In fact, these charges can also be thought of as quantifying
violations of the no-hair theorem [43-46] and of the strong
equivalence principle [6], which are satisfied in GR but not
necessarily in more general gravitational theories.

The appearance of scalar hairs, however, is not inevi-
table. In FIBD-like theories, with or without a scalar
field mass, no-hair theorems exist and dictate that black
hole solutions must match the GR ones if one assumes
asymptotically flat boundary conditions [47].2 This theo-
rem also applies to black holes in K-essence, under the
same asymptotically flat boundary conditions and pro-
vided that the kinetic function satisfies suitable “stability”
conditions [50].

Black hole hairs, however, generically appear, even in
K-essence and FIBD-like theories, if the scalar field grows
with time far from the black hole [51-54], as would be
expected if one were to match to a cosmological solution on
large scales. Moreover, if one does not require the scalar
field to provide an effective dark energy phenomenology,
the aforementioned bounds on the DHOST class (coming
from gravitational-wave propagation, the decay of gravi-
tational waves into the scalar mode, and the nonlinear
stability of the latter) are no more applicable. No-hair
theorems exist for subsets of the DHOST class in spherical
symmetry [55], but they rely on shift symmetry and on the
assumption that the free functions appearing in the DHOST
action are analytic. Therefore, not only are scalar charges
generically expected for DHOST theories that break shift
symmetry in vacuum, but these theorems also do not apply
to actions including interactions between the scalar field
and the Gauss-Bonnet invariant [56,57] (which corresponds
to a nonanalytic G5 « In |X| [58,59]). These couplings are
known to produce black hole charges that can be even
nonperturbatively large (black hole scalarization) in both
the spherical [60,61] and rotating [62,63] case.

In this paper, we generalize existing no-hair theorems in
the context of scalar-tensor gravity and review the situa-
tions where these theorems can be violated. In more detail,
in Sec. II, we provide the proof of a no-hair theorem for
stationary asymptotically flat black holes, holding for any
shift-symmetric scalar-tensor theory (including Horndeski
and DHOST). In Sec. III, we show that this result can be
generalized to an arbitrary number d of spacetime dimen-
sions, under suitable assumptions on the topology of the
horizon. In Sec. IV, we provide examples which violate
the no-hair theorems, explaining which assumptions of our
proof are violated. We also compute the scalar charge
associated with a linear time dependence of the scalar field,
under suitable regularity conditions at the event horizon.
Finally, in Sec. V, we further comment on possible
extensions of the existing theorems dropping the shift-
symmetry assumption.

Notation and conventions: We will work in natural
units ¢ = 7 =1 and in the mostly plus signature of the
metric, (—, +, +, ...). In the main text, we will use greek
indices p,v, a, ... for the spacetime coordinates on the d

“Note that introducing a matter content, one can derive also
no-hair theorems for stars [48,49].
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dimensional geometry, lowercase latin indices i, j,k, ...
(from the middle of the alphabet) for the d — 1 spatial
coordinates only, and lowercase latin indices a, b,c, ...
(from the beginning of the alphabet) to label the angular
coordinates associated with the rotational Killing vectors of
the metric (see e.g. Sec. III). (A slightly different con-
vention is adopted though in Appendix A.)

II. NO-HAIR THEOREM FOR ROTATING
BLACK HOLES

In this section, we prove a no-hair theorem for rotating
black holes in four spacetime dimensions, which we general-
ize to arbitrary spacetime dimensions in Sec. III. In par-
ticular, we show that asymptotically flat, axisymmetric and
stationary black holes in shift-symmetric scalar-tensor the-
ories cannot develop a term o 1/r in the scalar profile at
large distances. This is equivalent to saying that black holes
cannot have a scalar charge [4,5]. In the language of the
point-particle effective theory, this corresponds to a vanish-
ing hair coupling g in the tadpole operator gy localized on
the worldline of the point particle; see e.g. [64—66].

The fundamental assumptions that we make are the
following:

(i) the metric is circular; i.e. it has two commuting

Killing vectors associated respectively to the

invariance under shifts in the time coordinate ¢
|

(stationarity) and in the azimuthal angle ¢ (axisym-
metry), and it is invariant under the reflection
isometry {r > —t,¢p > —¢};

(i1) the spacetime is asymptotically flat, reducing at
large radii to the Minkowski metric 7,,, plus sub-
leading corrections 1, ~ O(1/r);

(iii) The action and the field equations for the scalar field
y are invariant under shifts v — y + ¢, with ¢ a
constant;

(iv) if a nontrivial solution for the scalar field exists, it
has the same symmetries as the spacetime; i.e., it
does not depend on the coordinates associated with
the Killing vectors of the metric;

(v) the squared norm J*J, of the conserved Noether
current J, associated with the shift symmetry
W — y + c is regular at the horizon;

(vi) the current J, reduces asymptotically to that of a
free massless scalar field, i.e. J, = —d,y at large
distances.

Note that the latter condition is expected to hold in any
standard effective theory for a scalar coupled to gravity,
where derivative interactions computed on the background
are more suppressed by powers of 1/r at large distances.’
To be concrete, we will sometimes refer below to the
explicit Horndeski action in Eq. (1), with shift current J,
given by

J,= —v,ﬂl/{Kx — GaxOy + GaxR + Gaxx[(Ow)* = (Vo Vi )?] + Gsx GV Vyr

— Gsyx[(Ow)® - 3DW(VaV/ﬂI/)2 + 2(Vavﬁl//)3]} - a"X{—gqu_%X +2G4xx (Ow g, — V,Voy) + GsxG,,

1

- 5 GSXX [gﬂl/(Dl//)z - gm/(vav/)’l//)z - ZDV/vﬂvvw + Zvyvﬂwvgvvv/]}

=+ 2G4XR/4¢)‘VGW + Gsx(—Dl//RMo.vo-l// + RayﬂﬂVQVﬂy/vvl// + RaﬂvawvﬂVﬂy/). (4)

However, our result is more general, as it relies only on
assumptions (i)—(vi) and does not depend on the explicit
form of the (shift-symmetric) scalar action. We will discuss
in Sec. IVA the possibility of relaxing some of the
assumptions above.

Let us start by noting that, thanks to the shift symmetry,
the scalar’s equations of motion can be expressed, in absence
of matter, in the form of a (covariant) conservation law,

Vi, =0, (5)

where V, is the covariant derivative. Integrating Eq. (5) over
the spacetime outside the horizon and using Stokes’ theo-
rem, one gets

’In particular, it holds for the Horndeski Lagrangian (1) and
more in general for the DHOST class [20-25].

74 A4S, g7, = 0, (©6)
oM

where dM is the three-dimensional boundary of the black
hole exterior region and dX, is the element of the hyper-
surface d M. Introducing a radial coordinate r constant on
the horizon (r = ry)—which can be done without loss of
generality if we assume that the horizon has the topology of a
sphere [67]—and a time coordinate ¢, the boundary dM
includes four contributions: two with fixed radius (r = ry or
r = rou — o) and variable ¢ € [t,, t;] (with 7, and | two
constants), and two with = tq or t = t; and r € [ry, oy
See Fig. 1 for a sketch of the domain of integration.

Let us focus first on the horizon contribution to the
boundary integral in Eq. (6). The Cotton-Darboux theorem
[68,69] ensures that it is always possible to recast the
metric of a three-manifold into diagonal form via a local
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FIG. 1. Schematic representation of the boundary oM appear-
ing in Eq. (6).

coordinate transformation. In particular, in d = 4 dimen-
sions, under the assumptions of stationarity and axisym-
metry, we can always choose coordinates such that the
line element for the exterior geometry takes the Weyl-
Papapetrou form [70,71],

ds® = —Pd® +20d1d¢ + Hd¢? + W(dp? +dz%),  (7)

where the only off diagonal component of the metric is
gy = Q- As aresult, d%, = dZ; = dZ’ = dZ’ = 0 on the
horizon hypersurface » = ry. In addition, using the assump-
tions (iii)—(iv), one can show in general that J, = J, = 0,
and thus also J' = J% = 0, everywhere, and in particular
at the horizon. This can be checked explicitly for the
Horndeski current in Eq. (4), while a general proof holding
for any theory that satisfies the above requirements can be
found in Appendix A. Thus, we can write

dx,g"J, = dZigiij (8)

as an inner product in a three-dimensional space.
Using Eq. (7), one obtains, more explicitly,

(dZ,g”Jj)z = W_2 (le,J/, + dZZJZ)Z
< W(dZ2 4 d22)(J2 + J2)
= (J:9J;)(dZg"dz)), )

where we have used the Cauchy-Schwarz inequality.
From the regularity of J;¢"J;, which follows from the
assumption (v) and the fact that J, = J, = 0, and from the
vanishing of dZ,¢¥'d¥, at r = ry by definition of null
hypersurface, it follows that the right-hand side of Eq. (9)
vanishes at the horizon. As a consequence, the left-hand
side of Eq. (9) must vanish as well. This proves that in

d = 4 there is no flux at the horizon contributing to the
integral in Eq. (6).4

Let us now focus on the constant-time boundaries of
the region in Fig. 1. On the hypersurfaces ¢t = ¢, or t = 1,
one has dX¥, o 5,’4 [71]. Therefore, since J, =J, =0,
dz,¢"J, =0 at both t = 1, and t = 1,.]

We are therefore left only with the boundary contribution
at large radii. Choosing the boundary to be at
r = Foy — 0, the flux reads

f{ ds, g J, = / dz,q"J,. (10)
oM {r>oo}

At large distances, we can express the scalar profile
as w =Y ,w,(r)Py(cos@), where P, are the Legendre
polynomials and y, (because of asymptotic flatness) go at
leading order as®

Qg
ll’mev (11)

for constant a,. In particular, the coefficient a; of the
monopole term with £ = 0 is related to the scalar charge,
or “hair”, Qg via ay = QsGM, where M is the black
hole mass [34,38,74]. Let us now use assumption (vi) and
write [4,7]

Jp~ _arl//v (12)

at large distances from the black hole. Furthermore, from
assumption (ii) we have ¢"" = 1 + O(1/r). Computing the
integral (10) using spherical polar coordinates one gets

/ 4%, g"J, = lim 2 / didQg J,
{r>oo} r—oo

== (tl - t0)47[GMQS == O, (13)

which implies Q¢ = 0.

Hence, we have shown that under the assumptions
(i)—(vi) above, the scalar charge is always zero in four
dimensions. This result is independent of the particular
form of the (shit-symmetric) scalar action and can be
generalized to arbitrary dimensions, as we will discuss

“The vanishing of this contribution can also be proven, in
d = 4 dimensions and for Horndeski theories, by assuming that
the surface gravity of the horizon is constant and the scalar field is
regular [72,73].

It is actually not necessary that J, and J4 vanish. It is enough
that they are independent of ¢ and ¢, as required by stationarity
and axisymmetry. In fact, d¥, points in opposite directions at
t =ty and t = ty; thus, for J, and J, independent of ¢ and ¢, the
fluxes at the time boundaries are guaranteed to cancel each other.

'We are using here the assumption that the scalar equations of
motion reduce, at large distances from the black hole, to those of a
free scalar field, and we are disregarding the other independent
solution with falloff ~77.
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in the next section. In this sense, it is a generalization of the
no-hair theorem of Ref. [55]—which applies to nonrotating
black holes in shift-symmetric scalar-tensor theories—as
well as of the theorem of Refs. [50,71,75]—which applies
to rotating black holes, but which holds only in theories
with at most single derivatives acting on the scalar field.
However, our result is weaker because it rules out only
the monopole scalar hair, but does not exclude the
possibility of nonvanishing subleading multipole terms
in the scalar profile.

III. GENERALIZATION TO HIGHER DIMENSIONS

We will now generalize the results of the previous section
to arbitrary spacetime dimensions d > 4. The landscape
of vacuum solutions in higher-dimensional GR is richer
than in four dimensions. In d > 4 there exist black objects
with extended horizons, such as black strings and black
p-branes, as well as solutions presenting horizons with
nontrivial topology, such as black rings. See, e.g., Ref. [76]
for a review. For simplicity, we will focus here on space-
times with horizons that have the topology of a sphere and
restrict our analysis to the class of Myers-Perry black holes
(with single or multiple spins) [76,77], leaving the gener-
alization to different types of solutions for future work.

The fundamental assumptions will be the same as in the
previous section, properly generalized. In particular, we
will assume that (i) the metric has n + 1 commuting Killing
vectors given by o, and 9, , for a=1,...,n, with
n<d-2, and is invariant under the symmetry trans-
formation {r — —t,¢y = —¢1,...,¢, = —¢,}. In addi-
tion, we require (ii) asymptotic flatness, with subleading
corrections scaling now as 1/r%= for h,, and yw. The
assumptions (iii)-(vi) of Sec. II are instead unchanged, with
the only obvious remark that (iv) should be now understood
to apply to all n + 1 Killing vectors of the metric.

Note that Eqgs. (5) and (6) (where now oM is the
generalization of the boundary hypersurface in Fig. 1 to
higher dimensions) hold in any spacetime dimension.
Therefore, the first part of the argument is identical up
to Eq. (6). Let us thus reconsider the different contributions
to the flux in Eq. (6). First, notice that the contribution from
the boundaries at fixed 7, and ¢; vanishes for the same
reason discussed above. Regarding the boundary at r = ry,
one can define the null directed surface element dX,
orthogonal to the horizon, where d%, = d%, = 0 because
of (i). Hence Eq. (8) also remains true. However, showing
that ¢”/ is positive-definite requires slightly adjusted con-
siderations, because one cannot generically guarantee that
g" can be put in diagonal form. We shall thus proceed as
follows. First, from the positivity of the spatial line element
di* = g;;dx'dx/, where latin indices here denote the n — 1
spatial coordinates, it follows that g;; with lower spatial
indices is positive-definite everywhere in the black hole
exterior. Furthermore, one can choose the coordinates in

such a way that the only off diagonal terms in the metric
tensor are those that mix time with the angles ¢, associated
with the spin direction(s). In reference to this, see e.g.
the explicit form of the Myers—Perry line element in
Appendix B. Hence, the metric can be expressed as

(90) = ( g ¥ ) (14)

U vij

where the only nonvanishing components of the vector u
are those corresponding to the coordinates ¢;, and where y
is a positive-definite (d — 1) x (d — 1) matrix, defined as
Yij = gij- Note that the spatial indices of the metric blocks
are raised/lowered as

w=ylu;, oyt =6l (15)
Using the inversion rule for a block matrix, we get the
spatial part of the inverse metric as

ik 1j
Y uguy?

G — Uy Uy

(16)
From the symmetries of the black hole solution, it follows
that y~! is block diagonal and does not mix the ¢,
directions with the other spatial coordinates. Therefore,
dZ;y*u, = Jiy*u; = 0. Furthermore, d%, =d%, =J, =
J4, =0 (see Appendix A). Hence, in analogy with the
d = 4 case, we have

dzagaﬂJﬂ = dzl}’lj.]] (17)

At this point, since y~! is positive definite, we can safely
apply the Cauchy—Schwarz inequality,

(A= ;)% < (Jiy"T ;) (dZ M dE)). (18)

From the regularity of J*J, at the horizon [assumption (V)]
and J, = J,; = 0, the right-hand side of Eq. (18) is zero, as
d2 is null and has therefore vanishing norm at the horizon.’
This shows that the contribution to the integral (6) from this
boundary is zero, just like in the d = 4 case.

At large distances, we can decompose the scalar field
as w=> , . (r)Y.(0), where Y; are hyperspherical
harmonics, 6 is a shorthand for the angles on the
(d — 2)-dimensional hypersphere (see, e.g., Ref. [66]),
and y; scale at leading order as

- ar,
Wi~ iva3: (19)

7Actually, one needs to apply the argument slightly away from
the horizon, and a limit must be taken.
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for constant a;. The scalar charge can be defined via
ay = Qgu, where p is the d-dimensional mass parameter
defined in Appendix B, which reduces to 2GM in four
dimensions.

Computing the flux at spatial infinity yields

r—o0

/ dX,g"J, = limr?=2 / dtdQgi2g™"J,
{r-}m}

8
(d-2)

= (t; —to) GMQs =0, (20)

which generalizes (13) to higher dimensions.

IV. EVADING THE NO-HAIR THEOREM

In this section, we study how the no-hair theorem
formulated in Sec. II is affected if we drop some of its
underlying assumptions. We will consider in particular two
cases: a linear time dependence in the scalar profile, and a
coupling to the Gauss—Bonnet operator, which violate the
conditions (iv) and (v) respectively. We will also mention
the possibility that assumption (i) is violated.

A. Introducing a linear time dependence

Let us start by relaxing the condition (iv). It is in general
not strictly necessary for the scalar field solution y to have
the same symmetries as the background metric: one can
in fact allow for a linear dependence in ¢ and/or ¢, while
keeping the isometries of the spacetime unchanged. In
practice, this happens because the shift symmetry ensures
that the stress energy tensor depends on y only through
its derivatives. Said differently, although time translations
and/or rotations in ¢, are spontaneously broken, it is
possible to find, for each broken generator, a “diagonal”
combination with a suitable shift in y that is unbroken on
the background solution.

It has been shown in [78] that a linear time dependence in
the scalar profile is actually not allowed around stationary
asymptotically flat black holes in the context of K-essence.
However, the proof assumes a field y that is backreacting
on the metric through its energy-momentum tensor, while it
is possible to find counterexamples to this statement in the
test field limit. The simplest and most notable example of
this is given by Jacobson’s solution [51] (see also [52]),
where the scalar field carries a linear dependence on time.
More general examples of such “stealth” solutions beyond
K-essence have been later found also in the context of e.g.
Schwarzschild-(A)dS black holes [79-83] and Lorentz-
violating gravity [84].

Given these preliminary considerations, let us consider a
scalar profile of the form,®

$For simplicity, we considered only a linear term in ¢. Adding
linear terms in the angles ¢, would not formally change our
conclusions.

w = S(r.0) + Et, (21)

where we have included a linear dependence on time, and
where we have denoted generically with @ the angles that
do not correspond to Killing directions. Note that at large ,
S admits the multipole expansion given by Eq. (19).

Let us start again from Eq. (6). The contributions to the
integral from the fluxes through the hypersurfaces at r = ¢,
and ¢ = t; cancel out for the same reason as in the previous
sections. A crucial difference is instead arising from the
contribution at the horizon. To understand why, let us focus
on the inequality in Eq. (18). In Sec. III it was crucial that
J;=J4, =0 to be able to use the assumption (v) and
conclude that J;g"/J; is finite at the horizon. This is no
longer true now, as a profile of the form in Eq. (21) will in
general induce a nonzero J,, allowing J;¢"/J; to be singular
at r = ry without invalidating the regularity of J*J,,.

An example of this is given by Ref. [51]. That solution is
valid in the limit in which the scalar field backreaction on
the geometry is neglected; i.e. it is an exact solution of the
Klein—Gordon equation [y = 0 on a Schwarzschild back-
ground. It reads explicitly

w(t.r) = Qs [i—i—ln(l —r7H>] (22)

where ry denotes the Schwarzschild radius. The conserved
shift-symmetry current in this case is simply J* = d“y.
The squared norm J#J, is thus just the standard kinetic
term 0,y 0"y, which is regular at r = ry, as can easily be
verified using Eq. (22). However, computing the left-hand
side of Eq. (18) explicitly, we see that it does not vanish
at r = rg. In fact,

/ erg”Jr = —47[rHQs, (23)

which is nonzero, as a result of the linear time depend-
ence in Eq. (22). Furthermore, the surface integral at
Four = o0 yields a contribution equal in magnitude but
with opposite sign. Therefore, Stokes’ theorem is trivially
satisfied and cannot be used to constrain the scalar
charge Qg. There are cases in which one can also have
nontrivial contributions from the linear time dependence
at r =rgy,. To see this, let us study the asymptotic
behavior of the current at large radii, keeping in mind
the asymptotic expansion of the metric introduced in
assumption (ii). The kinetic term now reads

05)?
[—Ez +(0,8)* + (95)° + h“ﬂday/aﬁy/}

¥ = 1
= -

2

| 1
=-3 [—EZ + h oy dgy + O (m)} : (24)
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and its derivative is given by

1 1
0,X =30, {—(1 — h"E? + O<r2d_4>}
E 1
=~ 0"+ 0 <ﬁ> (25)

Regardless of its full expression, the metric component
h,, at large distances must yield the Newtonian potential
in d-dimensions, i.e.,

1
0,h" ~0O|—). 26
: (d) (26)

It is thus clear that another important difference with the
time-independent case [c.f. Eq. (12)] is showing up at
large radii: the gradient of the kinetic term now yields an
additional contribution of the same order as the gradient
of the scalar field. Note that this effect can arise if the
theory includes a cubic Galileon interaction. In the case
of (4), the current is given asymptotically by

J,=—0,S(Kx +O(1/r%") = 0,X(G3x + O(1/r%1))
+O(1/r® ). (27)

The Stokes’ theorem then yields

f dz,¢“J, =0
oM

= / dzrgrr‘]r + / dzrgrr‘]r
r=ry {r-oo}

= / dz,g"J,
r=ry

- / d%,(0,SKy + ,XGay).  (28)
{r—oo}

Let us now specialize to d = 4 dimensions and assume

KX - 1
Gix = g3 (29)

at large distances, as expected from asymptotic flatness
[85], where g5 is the coupling associated with the cubic
Galileon interaction. Then, Eq. (28) provides one with a
general expression for the scalar charge,

Os = g3 E? dx,g"J,. (30)

i |
4xGMMZ, J,—,,

Depending on the specific model, this constraint can be
verified trivially (as in the case of Jacobson’s solution), or
it can yield nontrivial relations between the scalar charge

and the scalar time gradient E. In particular, this
second possibility can give rise to hairy solutions in
the presence of cubic Galileon interactions, if the horizon
contribution vanishes.

B. Coupling to Gauss-Bonnet

It is well known that a linear coupling of the scalar
field y to the Gauss-Bonnet invariant G = R*’°R,,,,, —
4R*R,, + R* can source a nontrivial hair around spheri-
cally symmetric black hole solutions in d =4, while
preserving the shift symmetry [58]. In this case, the
assumption that is violated is (v). In fact, the squared
norm J*J, of the shift-symmetry current diverges at the
horizon. This is however not an issue since J¥ is not a
diffeomorphism-invariant current in the presence of the
Gauss—-Bonnet term, and therefore J#J, is not a physical
scalar quantity [86].

The same conclusion is expected to hold for rotating
solutions. Note that the divergence of J*J, at the horizon
prevents one from claiming that the right-hand side of
Eq. (9) is zero at r = ry, invalidating our no-hair theorem
of Sec. IL

C. Deviations from circularity

We conclude this section with an additional cautionary
note. The first assumption that we made was circularity;
i.e. we required that besides possessing two Killing vectors,
the metric is also reflection symmetric. The existence of
physically meaningful noncircular stationary, asymptoti-
cally flat rotating black holes seems to be excluded for a
wide class of theories [87]. In an EFT context, Ref. [88]
showed that black hole solutions must be circular if they
reduce to GR solutions in a proper limit (in other words, if
there are no separate branches).

In principle, however, in theories beyond GR one should
not take circularity for granted [89]. Evidence for devia-
tions from circularity is found numerically by Ref. [54]
in cubic Galileon gravity. Other cases can be found for
instance in DHOST theories [90,91]. These solutions
involve a stealth time dependence of the scalar field, which
does not show up in the Einstein equations. Furthermore,
separate branches of solutions could exist in the presence of
a coupling between the scalar and a curvature invariant like
the Gauss-Bonnet term. (We will discuss this case in more
detail in Sec. V.)

In summary, while examples of hairy black holes that
violate our assumption (i) do exist, they also seem to violate
our assumptions (iv) or (v).

V. NO-HAIR THEOREM FOR
QUASI-K-ESSENCE THEORY

In this section, we review the no-hair theorem of
Ref. [50], which shows that in K-essence theories the
scalar field must be trivial and generalize it to generic
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spacetime dimensions d. For simplicity, we again restrict
the analysis to the class of Myers-Perry black holes, with
single or multiple spins. We stress that the proof is stronger
than the one discussed so far, in the sense that it rules out
not only a nonvanishing scalar charge at infinity, but also a
nontrivial scalar profile. It is, however, less general, as it
applies only to K-essence theories, i.e. ones with first-order
derivative self-interactions. In more general theories, the
presence of higher derivative operators may invalidate the
proof, as it will become clear later on. Nevertheless, we will
show that if the higher derivative operators provide per-
turbative corrections to the K-essence action, the proof can
be generalized (with some subtle caveats). We will discuss
this aspect at the end of the section.
Let us start from the action,9

s= [ @y RiR K@l 6D

where X = —1V yVFy. Let us assume that there may
exist a stationary black hole solution with nontrivial scalar
profile, sharing the same symmetries as the geometry. The
scalar equations of motion are

V. (Kxdw) + K, = 0. (32)

Now, let us multiply Eq. (32) by y and integrate it over the
volume of the black hole exterior region M. Then,
integrating by parts and using Stokes’ theorem, we obtain

| atvmatkomory -vk,) = [ azye ()
M oM
where we have introduced the vector,

V* = Kyywoy. (34)

Let us focus first on the right-hand side of Eq. (33). The
treatment of the surface terms is analogous to our previous
discussion in Sec. II: the flux at the horizon is zero because
of the vanishing of dX,dX* and the regularity of V,V* at
r = ry; the contributions from the integral over the time
boundaries cancel out because V,, is time independent; the
flux across the hypersurface r = r,, — oo is zero because
we are considering asymptotically flat solutions and hence
w — 0 at large radii. As a result, the right-hand side of
Eq. (33) vanishes.

Let us then focus on the terms on the left-hand side of
Eq. (33). For ay solution that has the same symmetries as
the geometry, we can write d, 0%y = 0;yg” 0y, which is
positive definite outside the horizon [see the discussion

°As opposed to the previous sections, we relax here the
assumption of shift symmetry, allowing K to be a function of
both X and y.

around Egs. (14)—(16)]. Furthermore, the energy-
momentum tensor of the scalar field is T, =

Kxd,yo,y + Kg,,. Assuming the null energy condition,
ie. n*T,,n" > 0 for any null vector n* [92,93], one obtains
Ky > 0, which means that the term Kyd, ywd"y in Eq. (33)
is positive (semi)definite. Then, unless wK, in Eq. (33)
is also positive (semi)definite, 10 the left-hand side of
Eq. (33) can vanish only if y is the trivial solution [50].

Now, starting from this result, let us add a cubic Galileon
term to the Lagrangian,

= PG (y, X)Oy. (35)

Note that in Eq. (1) the energy scales Mp and A are
absorbed in the definition of Gs, while we show them
explicitly here. With this definition, G5 has the dimensions
of an energy squared, like X and K.

The dynamics of the system is associated with a
characteristic scale, set by the mass of the black hole, M.
Let us therefore rescale the coordinates as x* — x*M3,/M.
The scalar equation of motion then reads

M \2
V(,(Kxaal//) + <W> K'I/

Pl

M
= 8|:v <G3xl:|l//aall/ + G;Xd"‘X) + <M2 ) G3W|:'l//:| .
Pl

(36)
where we defined the dimensionless parameter,
M3,

By requiring that the Galileon strong coupling scale A is
relevant for the cosmological dynamics, one gets
A3 ~ MpH?, with H the Hubble parameter.'' Then, the
parameter € becomes the ratio of the Hubble and black hole
radii. This is of course a huge number for astrophysical
black holes. Therefore, considering Galileon-like inter-
actions in the scalar sector with a cutoff scale producing
a non-negligible dynamics on cosmological scales, we can
expect highly nonperturbative corrections to the K-essence
solution y = 0.

However, one may consider the same interaction with a
cutoff A large enough to make ¢ < 1 [27]. In this case,

"Note that, for K = X — V(w), requiring wK,, = —yV,, to be
positive semidefinite is equivalent to having a potential V' that is
unbounded from below.

"This can be found heuristically by equating the kinetic and
Galileon energies, and estimating the derivatives with the Hubble
rate 0 ~ H.
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we will have small perturbative corrections to the
K-essence scalar solution; i.e. we can write

W= Ze"l//<"). (38)

Plugging this ansatz into Eq. (36), at O(¢) one obtains
Va(Kx(y = 0)o"y) =0, (39)

while the backreaction of the scalar field onto the metric
through the Einstein equations is subleading. From this
equation, one can conclude that y(!) = 0. The procedure
can be carried out iteratively for successive orders in ¢. In
more detail, at O(¢") one has

Vao(Kx(y = 0)0%y™) +Cy', ....y"D) =0,  (40)

where the corrections C vanish, as lower order corrections
are zero.

Therefore, we can conclude that adding the Galileon
term (35) in the action does not spoil the no-hair theorem
proven for K-essence, as long as the coupling is perturba-
tive. This holds straightforwardly also for the higher order
Galileon interactions in the action (1).

The situation is different if we introduce, e.g., a coupling
of the form,

AL
NS

where [ is a curvature invariant. The only invariants which
can be relevant are the Ricci and the mth order Euler
density, where m = d/2, d being the dimension of the
manifold. The former is zero on the trivial K-essence
solution, and therefore it can induce deviations from that
solution only at order a®. However, the latter is generally
nonzero, even in vacuum, and can yield nontrivial con-
tributions to the perturbative calculation. In d = 4, the
m = 2 Euler density is the Gauss—Bonnet invariant,

af (w)l (41)

G = R2 — 4R 4R + R 5, R (42)

In the following we will focus for simplicity on the case

I =G in d =4, but the argument in a generic higher

dimensional manifold would be completely analogous.
The contribution to the scalar equation is

N (j—_ig) . (#3)

One can rescale the coordinates as done earlier and define
the dimensionless parameter & = agg(M3,/M)?>. Carrying
out the perturbative expansion with this parameter, one can
see that the contribution to the equation of motion can be

O(a) if f,, = of /oy = O(&"). This is the case for shift-
symmetric and dilatonic scalar-Gauss—Bonnet coupling
functions, i.e.,

f Shift-Symm ~ ¥,
f Dilatonic ™~ ev. (44)

In these cases, one finds perturbative corrections to the
K-essence solution y = 0 at all orders. For instance, at first
order, one has

Vo(Kx(p = 0)oyV)) = —G. (45)

This result is not surprising, as these coupling functions do
not admit GR solutions, and the formation of a scalar hair is
already evident at the perturbative level.

There are, however, examples of coupling functions
f(y) admitting GR solutions, alongside “scalarized”
ones [62,63,94,95]. Consider for instance black holes in
scalar-Gauss-Bonnet gravity, with f(y) =y? and a
canonical kinetic term K(X) = X. The scalar field obeys
the Klein-Gordon equation,

(O + m )y =0, (46)

with the effective mass m2; = 2aggG. The trivial GR
configuration y = 0 is clearly a solution, but nontrivial
solutions can also exist. In fact, G >0 for the
Schwarzschild solution and G < 0 for the Kerr one (at
large spins). Therefore, depending on the sign of agg, the
effective mass can become tachyonic, in which case the GR
solution is unstable. The instability’s endpoint is a scalar-
ized nontrivial solution.

This solution is missed by our perturbative argument,
which formally does apply to a theory with f(y) = w? and
K(X) = X (predicting incorrectly that scalarized solutions
should not exist). The reason is that the scalarized solution
is a nonperturbative correction of the GR one; i.e. it lives
on a different branch of solutions. For this reason, our
perturbative proof, which assumes a small deviation from
the K-essence solution, does not apply.

Another important caveat is that black holes can
dynamically evolve away from the GR configuration (even
in the presence of no-hair theorems). This is the case for
instance for a nontachyonic mass term (produced by a
quadratic coupling to the Gauss—Bonnet invariant, or
simply by a scalar potential). For rotating black holes, a
mass term can give rise to superradiant instabilities; i.e.
highly spinning GR solutions which, while allowed by no-
hair theorems, may be unstable to superradiance [96—100].

VI. CONCLUSIONS

We proved a no-hair theorem for stationary, asymptoti-
cally flat black holes in shift-symmetric scalar-tensor
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theories. The theorem prevents the black holes from
developing a scalar charge, defined as the coefficient of
the 1/r falloff at large distances in the scalar profile. The
proof is based on six fundamental assumptions and holds
for general shift-symmetric theories, including Horndeski
and DHOST theories as particular examples.1 Our result
extends the no-hair theorem of Ref. [55] to rotating black
holes, as well as the results of Refs. [50,71,75], which
apply only to theories with at most single derivatives acting
on the scalar field.

Under the assumption that the higher-derivative oper-
ators in the theory provide only perturbative corrections to
the solution, we showed, following [50], that there exists a
stronger version of the theorem forbidding not only the
scalar charge, but any nontrivial scalar profile.

Moreover, we discussed loopholes to the theorem,
revisiting, in the context of rotating black holes, some
known results in the literature. In particular, we discussed
the case of a scalar field with linear dependence in time, and
a coupling to the Gauss-Bonnet operator.

In addition, we showed how our no-hair theorem can be
extended to higher spacetime dimensions in the class of
Myers-Perry black holes with one or multiple spins. In this
context, it would be interesting to study to what extent the
theorem applies also to rotating black holes with nontrivial
topologies, which exist in d >4 [76]. We leave this
research direction for future work.

We conclude the discussion with a few remarks about the
phenomenological implications of this result. Our theorem,
unlike those of Refs. [50,55,71,75], does not exclude
possible subleading falloff terms in the scalar profile,
unless we assume perturbative couplings. However, the
absence of a scalar charge automatically proves that no
deviations from GR are to be expected in the gravitational
wave fluxes at leading (i.e., dipole) order [103].

Furthermore, given the structure of Eq. (30), it would be
interesting to find models of hairy black holes with linear
time growth yielding a vanishing horizon term. In this case,
the scalar charge would be independent of the geometry,
and it would allow one to constrain the coupling gs,
assuming a growth rate for the scalar field at infinity
comparable to the Hubble rate.
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APPENDIX A: CONSERVED CURRENT
AND CIRCULAR SPACETIMES

We claimed in Sec. II that the components J, and J,; of
the Noether current J,, associated with the shift symmetry
in the scalar action, are zero in our setup. Although not
obvious, due to the presence in J, of possible higher
derivative operators involving the curvature, it is not hard
to show that this is in fact the case as long as the conditions
(1) and (iv) are fulfilled.

We can express the shift-symmetry current in full
generality as

J,=F, V', (A1)
where the tensor F,, is a function of vy, g, and their
derivatives. The idea of the proof, which we formalize
better in the following, consists simply in showing that,
given Viy = V%y =0, it is not possible to construct
(using only the building blocks v, g and V) any nontrivial
F,, with an odd number of indices r or € if the spacetime
has the isometries in (i).13

Consider an open subset U/ of a four-dimensional
spacetime, which has a continuous isometry group asso-

ciated with two commuting Killing vectors, labeled as rf,(,a>,
where a = 1, 2. We define surface of transitivity [106] a
privileged two-dimensional hypersurface, which is every-
where tangent to the Killing vectors. A spacetime is circular
if it has a set of Killing vectors and it admits hypersurfaces
of conjugate dimension 2, which are everywhere orthogo-
nal to their transitivity surfaces (orthogonal transitivity
condition). For a stationary circular black hole, we have
the Killing vectors &, = 9;,d,. We can then define the
surfaces of transitivity with the coordinates i = r, 6 and
choose the coordinates in such a way that the components
of the metric g;, = 91> 9rg» Gor» Gop Vanish.

We then need a further step. Let us define ;) to be a set
of independent vectors orthogonal to the transitivity sur-
face. A tensor T is said to be invertible at a point if all
the quantities,

i (iq)

Ty, 080 B 00007, (A2)
are zero for odd p.

It can be showed [88] that the circularity of the subset U

implies the invertibility of the Riemann and Ricci tensors

on it. Furthermore, it can also be proven that the

3A similar construction can be found, e.g., in Refs. [104,105].
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invertibility property of a tensor is preserved when one
takes its covariant derivative.

Now consider Eq. (Al). Given V'y = V% = 0 and the
symmetries of the Riemann tensor, it is easy to check
that the only way of having a nonvanishing J, is to have
nonzero tensors constructed from R and covariant deriv-
atives of R and y, with an odd number of indices running
over (r, 0). In other words, we should be able to construct a
noninvertible F,, on U. However, this cannot happen,
thanks to the invertibility of the building blocks.

The same can be shown for J,. Hence, as long as the
condition (iv) is verified, the only nonvanishing compo-
nents of the current are J, and Jy.

Note that the situation is different if we drop the
assumption (iv) and allow the scalar field to linearly depend
on time. In this case, it is easy to verify that a non-vanishing
J; is not incompatible with circularity anymore.

The same considerations can be extended to higher
dimensions for the class of black holes discussed in Sec. I11.

APPENDIX B: MYERS-PERRY BLACK HOLES
IN d-DIMENSIONS

The generalization of the Kerr metric in d > 4 dimen-
sions for a black hole rotating in a single plane is given
by the Myers—Perry line element [77] (see Ref. [76] for a
review),

p
ri=3%
+ (r? + a*)sin’0d¢? + r’cos*0dQ3_,.

ds? = —dr* +

2
(dr = asin0dgp)” + T dr? + Xd6?
(B1)

Besides the angles € and ¢ defined in the usual way,
we have d — 4 additional angles in dQ2 _,. The functions
appearing in the metric are generalizations of the well-
known Kerr ones,

=12+ a*cos? b, Azrz—i—az—ﬁ, (B2)
with the mass and spin parameters being
(d-2)Q, 2M
M=——"——y, J= . B3
167G " 2% By

In d > 4, rotation around more independent planes is
allowed. In the most general case, the number of planes
canbe up to N = (d — 1)/2. The metric is different for odd
and even d. In particular, we have for odd d,

ds? = =dr* + (r* + a7) (du; + u7dgp;)
I1F

mdr . (B4)

pr? 24/ )2
+1F (df — a;u3deh;)* +
where i = 1,...,N, qa; is the spin associated to the i-th
rotation plane and y; the corresponding direction cosine.

Summation over i is assumed and y? = 1.
For even d we have instead,

ds? = —de? + r2da? + (©* + a2)(du? + u2dep;)

—|—'L1_ll—’;(dt— a;pde;)? —&—(Hljil;rz)drz. (B5)
where the functions IT and F are defined as
N
n(r) = [[(? +a}).
T
2,2
Flrop) =1- rffaz (B6)
and p? +a* = 1.
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