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Distinctive features of hairy black holes in teleparallel Gauss-Bonnet gravity
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We examine the teleparallel formulation of nonminimally coupled scalar Einstein-Gauss-Bonnet
gravity. In the teleparallel formulation, gravity is described by torsion instead of curvature, causing the
usual Gauss-Bonnet invariant expressed through curvature to decay into two separate invariants built
from torsion. Consequently, the teleparallel formulation permits broader possibilities for nonminimal
couplings between spacetime geometry and the scalar field. In our teleparallel theory, there are two
different branches of equations in spherical symmetry depending on how one solves the antisymmetric
part of the field equations, leading to a real and a complex tetrad. We first show that the real tetrad
seems to be incompatible with the regularity of the equations at the event horizon, which is a symptom
that scalarized black hole solutions beyond the Riemannian Einstein-Gauss-Bonnet theory might not
exist. Therefore, we concentrate our study on the complex tetrad. This leads to the emergence of
scalarized black hole solutions, where the torsion acts as the scalar field source. Extending our previous
work, we study monomial nonminimal couplings of degrees 1 and 2, which are intensively studied in
conventional, curvature-based, scalar Einstein-Gauss-Bonnet gravity. We discover that the inclusion of
torsion can potentially alter the stability of the resulting scalarized black holes. Specifically, our findings
indicate that for a quadratic coupling, which is entirely unstable in the pure curvature formulation, the
solutions induced by torsion may exhibit stability within certain regions of the parameter space. In a
limiting case, we were also able to find black holes with a strong scalar field close to the horizon but
with a vanishing scalar charge.
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I. INTRODUCTION

By the discovery of the Higgs particle [1,2], and the
observation of black hole shadows [3] and gravitational
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scalar fields), a solid self-consistent theoretical description,
and prediction of their properties and observable signa-
tures, is required.

However, on the basis of General Relativity (GR), the
existence of such scalarized black holes is limited accord-
ing to Israel’s no-hair theorem; see [5,6]. From this
observation, there are many attempts to evade the rigidity
of Israel’s no-hair theorem and construct theories of gravity
that allow for scalarized black holes. The other way around,
when one modifies general relativity to circumvent its
shortcomings—Iike the necessity for dark matter and dark
energy or the search for quantum gravity [7-9]—one finds
that several modified theories of gravity naturally possess
scalarized black hole solutions.

The most general theory of a real scalar field non-
minimally coupled to a spacetime metric, its Levi-Civita
connection, and its curvature, with second-order Euler-
Lagrange field equations for the metric and the scalar field
in four dimensions, is the so-called Horndeski theory [10].
Among the many sectors of the Horndeski Lagrangian, an
interesting one consists of the so-called scalar Gauss-
Bonnet (sGB) gravity model, which also emerges from
effective field theory from a low-energy string theory limit.
In this model, the scalar field is nonminimally coupled to
the Gauss-Bonnet invariant of the Levi-Civita connection.
In four dimensions, the Gauss-Bonnet invariant is just a
total divergence, and only through such nonminimal
coupling to the scalar field, a nontrivial contribution to
the field equations is allowed.

The sGB sector of Horndeski gravity has been exten-
sively studied in the context of black hole physics.
In [11-14], the authors provide a construction of scalarized
black holes in a theory presenting a linear nonminimal
coupling term between the scalar field and the Gauss-
Bonnet invariant. These were obtained as an explicit
counterexample to the no-hair theorem formulated
in [15] for the shift-symmetric sector of Horndeski gravity.
In [16,17], the authors obtain scalarized black hole sol-
utions as a result of spontaneous scalarization. A quadratic
nonminimal coupling function was employed in [16], but
unfortunately, these scalarized solutions have been proven
to be unstable under linear perturbations [18]. Stability can
be retained, though, with other coupling functions having a
polynomial form [19,20]. Even more convenient is to
employ an exponential function to define the nonminimal
coupling [17]. It allows one to construct hairy black holes
via spontaneous scalarization which were further proved to
be stable under linear perturbations [21,22].

The nonminimal scalar-geometry couplings from which
Horndeski (and in particular its sGB sector) is constructed
assume that the geometrical description of gravity is based
on pseudo-Riemannian geometry. However, there are other
geometrical descriptions of gravity where torsion (anti-
symmetric part of the connection) and/or nonmetricity
(metric compatibility is absent) are also present, which
are known as metric-affine theories of gravity [23-25].

Our study would be related to a particular case that is
labeled as torsional teleparallel gravity where both curva-
ture and nonmetricity are vanishing and the dynamics of the
gravitational interaction is purely encoded into torsion
[26,27]. The simplest torsional teleparallel theory produces
the same equations as GR with torsion being the field
strength tensor of the gravitational field. This theory is
known as the Teleparallel Equivalent of General Relativity
(TEGR). One can then modify that theory by introducing
other torsion invariants or new extra degrees of freedom,
such as is done in f(7T) gravity or its extension f(7,B)
gravity [28-30].

As in the curvature-based theories, we can consider a
scalar field nonminimally coupled to torsion [28,29,31-38].
For a comprehensive review of those theories, see [39]. The
study of black hole physics in teleparallel gravity has a short
history since the majority of the community has been focused
on cosmology and also it has been difficult to obtain
asymptotically flat black hole solutions violating the no-hair
theorem. One exact solution is the one obtained in [40] for a
Born-Infeld f(T) gravity whose metric is a generalization of
Schwarzschild and its astrophysical properties have been
analyzed in [41,42]. Other solutions, with scalar hair, have
also been obtained in scalar-torsion theories with couplings
between the torsion scalar and the boundary term [43].

Recently, it has been found that teleparallel scalar-torsion
theories of gravity providing a nonminimal coupling term
extending the Teleparallel Gauss-Bonnet invariant [44,45]
can support a spontaneous scalarization mechanism; see
[46]. Interestingly, the spectrum of solutions was shown to
naturally extend the one known in the Riemannian theory
containing a nonminimal coupling to the Gauss-Bonnet
invariant. In that paper, the nonminimal coupling function
was chosen to have an exponential form. A question
directly following these results is whether those interesting
features can be observed for a broader class of coupling
functions and whether some qualitative differences can
appear with respect to the Riemannian case.

In this paper, we carry on the study started in our
previous paper [46] regarding Teleparallel Gauss-Bonnet
scalarized black hole solutions by investigating the case of
linear and quadratic monomial coupling functions. One
interest in studying these specific forms for the nonminimal
coupling functions comes from the fact that these have
attracted considerable attention in the Riemannian case
(i.e., in Horndeski gravity); see, for example, Refs. [14,16].
In addition, a natural comparison with existing results in the
Riemannian case can be performed, which will enable us to
better understand the differences in features and stability
between the two formulations.

This paper is organized as follows. In Sec. II, we briefly
review the main aspects of teleparallel gravity and TEGR
necessary for the understanding of the present work.
Section III summarizes and slightly extends the results
presented in our previous paper [46] on how to work
in spherical symmetries for teleparallel gravity and the
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corresponding field equations. Section IV contains the
original results of this paper. In Sec. IVA, we investigate
the teleparallel extension of the so-called shift-symmetric
scalarized black holes where the theory enjoys an extra
symmetry under the transformation y — y + a for a fixed
constant .. In Sec. IV B, we consider the case of a quadratic
nonminimal coupling function for which spontaneous
scalarization is known to happen in the Riemannian case
but for which the hairy black hole solutions are unstable.
Our study seems to indicate that the stability property of the
solutions may change in the presence of purely teleparallel
contributions. We comment on our findings and conclude
this discussion in Sec. V.

In this paper, we work with the metric signature
(+ — ——), and we use latin indices for tangent spacetime
indices and greek indices for spacetime indices. Further, an
upper o symbol will be used to denote quantities computed
with the Levi-Civita connection (Riemannian case).

II. INTRODUCTION TO TELEPARALLEL
GAUSS-BONNET GRAVITY

Teleparallel gravity is an alternative description of
gravity based on torsion instead of curvature. In those
theories, one considers a metric-compatible connection that
has vanishing curvature but possesses torsion. Hence, the
gravitational dynamics are only associated with torsion.
For its mathematical description, it is useful to introduce
tetrads e = e, dx* as dynamical variables. They are
orthonormal coframes of the metric. The torsion tensor
then can be written as

Ta/,w = z(a[ﬂeuy] + wub[yebu])’ (1)

with @, being the teleparallel spin connection that is
purely gauge and, then, one can always choose it to be zero
(Weitzenbock gauge). Further, the metric can be recon-
structed from the tetrads by taking

_ b : _ _
gﬂ,,—nabe“”e y»  Wwith e“ﬂeb/‘ =07, and e ea”—él';,

(2)

where 7,;, = diag(1,—1,—1,—1) is the Minkowski metric,
showing that the tetrads locally provide sufficient informa-
tion to describe the spacetime geometry.

One can then construct different gravitational theories
formulated in terms of torsion. The simplest one of them is
constructed from the scalar

H

1

T - Z T(lﬂ]/

1
T + > Tapy TPor — T, T4 (3)
The choice of this invariant as a Lagrangian gives field
equations equivalent to the Einstein equations of GR, and
thus this theory is known as TEGR. One can then construct

modified teleparallel theories by altering the Lagrangian.
For a detailed description of this formalism and different
theories, see [26,39].

In our paper, we are interested to study a particular theory
within teleparallel gravity, which is based on the so-called
Teleparallel Gauss-Bonnet invariants, which are related to
the Riemannian Gauss-Bonnet invariant as [44,45]

G - TG + B G (4)
where the Riemannian part is defined as

o o o Olﬂ/ll/ o [} aﬂ So)
G - Raﬁle - 4Ra/3R + R (5)

and the Teleparallel Gauss-Bonnet invariants are

T = &K, K K7 o K%, + 2847 K% K7, K* K¢ )

+ 287 KD KT, VKA, (6)
— 1 ULOA prafp y Ee 1 ove
BG —;aﬂ e6aﬂ7€K v K §¢7K 2 —ER ol . (7)
The quantity

°p
Ky =17, -, =

n

(Tﬂpy + Tz/py - Tp;w) (8)

[NSR

is known as the contortion tensor, and e = det(e”, ). Further,
the covariant derivative appearing in the above equation is
explicitly

v/lK)(ea = a/IKlea + (Ii + Ky(ﬂ/lKﬁea
(P4 K) K, — (P4 KV Ky, (9)

Clearly, the Riemannian Gauss-Bonnet invariant is split into
two pieces in the teleparallel gravity language: the first
quantity 75 is a topological invariant in four dimensions, and
the second one B is a boundary term in all dimensions.

Since the Teleparallel Gauss-Bonnet invariants are
boundary terms in four dimensions, the simplest theory
with them will not give any different dynamic. However,
following a similar approach as in the Riemannian sector
[[1-14], one can couple each of them separately with a
scalar field as

1 1
St = W/ [—T - Eﬂay‘l’a”ll/ + a6, (y)Bg

+ oGy (l//)TG:| ed*x (10)

to acquire dynamics and give a different theory than TEGR/
GR or sGB. The first term, —7, is the Lagrangian of TEGR
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defined in (3). The second term is just a kinetic term for the
scalar field, and the last two are couplings between the
scalar field and the Teleparallel Gauss-Bonnet invariants.
By using (4) and introducing the coupling function
G3(y) = a1G; (w) — 1G> (y), we can rewrite the action
in a way that looks more similar to its Riemannian analog,
giving

1 S | °
StsaB = 21<2/ [R - Eﬁa/ﬂ//aﬂl// + G, (w)G

+a3g3(y/)TG} ed*x. (11)

This form nicely demonstrates which kind of new theories
beyond sGB become available due to the use of torsion,
instead of curvature. In particular, one can study theories
that just employ the terms 7'; or B to generate torsion-
induced nonminimal coupling to a scalar field. In this
parametrization a3 = 0 is just the usual sGB theory, while
we call @y =0 or ;3G3(y) = -G, (y) (a; = 0) purely
torsional theories since they are defined respectively in
terms of couplings to T or B alone.

By taking variations with respect to the tetrad fields (the
dynamical variables of our theory), we obtain the field
equation

oy 1 1 o o
0 =2Gy + 3 P5so,y o'y = ogwory + — (98] + 910 )" RoeaeV, 0cG2 (w)

1 1 . . A
+a ( aﬂ [nal(Yh[lh] _ Yh[lh] + Yl[hh])ehyeby] + 7TiabehD(Yb[lh] _ Yh[lb] 4 Yl[bh])
e e

- 2g3 (l//)(slr';l'lélcdedUKijmKkebaaKelc - g3 (U/)TGeay> eaﬂ’ (12)
where Y?;;
Y? = eGiXP;; — 2655100, (eGze K K y), (13)
and

Xaij — KjekafCKfldéi'Iel}cCld + Keikachfld5£;lkC]d + KkeCKefbKjldéi?qud + KfedKelekicédbm

+ 2K ) K KT a55¢ + 2K K KT 80

ijkl
+ 2K, 605510, K ! + 2K, 50050 0,4K ! .

It is worth mentioning that the antisymmetric part of the
above equation is in general nonzero and it actually
coincides with the variation of the gravitational action
with respect to the teleparallel spin connection. Then,
assuming to work in the Weitzenbock gauge, it is sufficient
to consider only the equations obtained by varying the
action with respect to the tetrads. The reason is that all
degrees of freedom of the theory will be encoded purely in
the tetrad which is constrained by the symmetric and
antisymmetric part of the field equations. This is a general
feature for all teleparallel theories of gravity.

Further, by taking variations with respect to the scalar
field, we find

FOy + aCo ()G + a3Ga ()T =0, (15)

where we can notice that for some couplings the invariants

T and G can trigger the scalar field to have a hair. It was
recently shown in [46] that the above theory admits
spontaneously scalarized black hole solutions different

Slkj

+ ZKelkaibKacdﬁbed + 2KfchkebKeli71m '5dbma

elkj JY fekl

(14)

|
from the Riemannian Gauss-Bonnet case. There, the
coupling function was assumed to have an exponential
form with a quadratic leading-order expansion with respect
to . In the following, we will examine further this topic by
considering a variety of qualitatively different couplings
that turn out to provide new and interesting phenomenol-
ogy. In addition, we consider in detail the possibility of the
existence of scalarized black holes in the case of real
tetrads, a problem that has not yet been addressed properly.

III. SPHERICAL SYMMETRY IN TELEPARALLEL
GAUSS-BONNET GRAVITY

In this section, we will show the equations in spherical
symmetry and analyze their behaviour near the horizon.
They will serve as boundary conditions for the numerical
analysis in Sec. IV.

A. Tetrad and field equations

As the dynamical variable of our theory is the tetrad
field, there are more degrees of freedom encoded there
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than in the Riemannian sector, where only the metric
determines the dynamics of the theories. In teleparallel
gravity, the six extra degrees of freedom of the tetrads
can be set by solving the six extra antisymmetric field
equations of the theory. To say that our setup possesses
a certain symmetry, we impose that the metric, torsion
tensor, and scalar field have the same symmetries (i.e.,
that they are all invariant under the action of a given
|

%, = vA(r) cosh (r)dt + EB(r) sinh #(r)dr,

group encoding the symmetry). In the following, we
will be interested in static and spherically symmetric
setups.

Since the torsion tensor can be purely constructed from
the tetrad fields, the static and spherically symmetric
conditions imposed on torsion implies that using an
appropriate coordinate system (7, 7,9, @), the tetrad field
in the Weitzenbock gauge becomes [46,47]

(16a)

e', = vA(r) sinh #(r) sin § cos pdt + EB(r) cosh (r) sin 9 cos gdr + yC(r)(cos a(r) cos 9 cos ¢ — sina(r) sin ¢)d9

— xC(r) sind(sin a(r) cos d cos ¢ + cos a(r) sin p)de,

(16b)

e?, = vA(r) sinh f(r) sin 9 sin gpdz 4 EB(r) cosh f(r) sin 9 sin gpdr 4 yC(r)(cos a(r) cos 9 sin ¢ + sina(r) cos ¢)d9

+ yC(r)sin9(cos a(r) cos ¢ — sin a(r) cos 9 sin ¢)de,

e*, = vA(r) sinh (r) cos 9dz + EB(r) cosh f(r) cos 9dr — yC(r) cos a(r) sin9d9 + yC(r) sin a(r) sin® 9dg,

(16¢)

(16d)

where the constants {v, &, y} = £1. The metric then takes the following general form:

ds? = A(r)?dr* — B(r)*dr? — C(r)?(d9? + sin?8dg?).

(17)

Notice that the functions a(r) and B(r) are purely tetrad degrees of freedom since they do not appear in the metric. In [46], it
was shown that the antisymmetric field equations of (12) can be solved in two different ways for a(r) and (r), giving us
two different branches of field equations for the Teleparallel Gauss-Bonnet gravity. The first one is a real tetrad given by

E(I)OM = A(r)dt,

e’ , = &B(r)sin 8 cos pdr + yC(r) cos § cos pdd — yC(r) sin I sin pdep,

6(1)2” = EB(r) sindsin pdr + yC(r) cos 9 sin pd9 + yC(r) sin 9 cos pdg,

6(2>0M = iB(r)dr,

e, = iA(r)sin 8 cos pdt — C(r) sin@d9 — C(r) sin 9 cos 9 cos pdg,
e@)?, = iA(r) sin 9 sin pdt 4 C(r) cos pd9 — C(r) sin 9 cos I sin pdg,

e(2>3y = iA(r) cos 9dt + C(r) sin® 9de.

As shown in [46], the form of the scalars appe-
aring in the action (11) in spherical symmetry for
the real tetrad does not depend on the sign para-
meter v. That is why, for simplicity, it was set to 1
above. The first tetrad was not fully analyzed in [46],
while the second one was used to find scalarized

(18a)
(18b)
(18¢c)

(18d)

(19a)
(19b)
(19¢)

(19d)

|
black hole solutions with an exponential coupling function.
Then, there are two sets of field equations depending on the
tetrad. One can further take C(r) =r without losing
generality.

The field equations (12) and scalar field equation (15) for
the first tetrad (18) are
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4B’ 2 2 1

(a3g3 + azgz)(g(Bz - 3)3/1/// - 83(32 - 1)‘//”)

E,0=—"—"s+2———py?—
! rB> B2 s 2B? Py 2B
8(B* = Ny (a3G; + mGy)  16y(B — &y)asGs | 16a3G5(B'y' (B — 2&y) + By (& — B))
+ Y] - 23 Y] ’ (20a)
r°B r°B r’B
44’ 2 2 14 8(B* - 3)A,W/(a3g3 + azgz) 16A'y/(B — 25)()“%?%
Eyi0=———s—mst 5t 50" - ELEN 20b
4 rAB* r?B? + r? + 252" + r2AB* r2AB3 (20b)
0.0 — _24” n 2A'B"  2A" 2B, BAY (2305 + 1:0Gy) | 8E Ay a3 Gy
AB®>  AB® rAB* rB® 2B? rAB* rAB3
| 8GOy (BA"Y + A'(By" ~2B')) _8(asGs + aG)(BA"Y + A'(By” = 3BY) 00
rAB* rAB> ’
W' (rBA' +A(2B —rB')) w"\ (3G; + 2,G,)(8(B* —3)A’B' — 8B(B* — 1)A")
E,:0=p 3 T~ AR
rAB B r“AB
16a5G5(BA”" (éy — B) + A'B'(B -2
r-AB

Here, primes are derivatives with respect to the radial coordinate, whereas dots are derivatives with respect to the

scalar field.

On the other hand, the equations for the complex tetrad (19) are

4B’ 2 2 1

(05393 + 0‘262)(8(32 - 3)B'V/' - 83(32 - 1)#’")

E,0=——-——=+—"——py? -
! rB3 B?r2 2 2B? Py r2B>
16a3G5(B'w' — By")  8(B* — 1)y (a3G3 + a»G 16y a3G
n 395( 21//% ") + ( W% 2( 293 1%y _ l//2 23Q3 ’ (21a)
r-B- r*B rB
44 2 2 B 8(B* = 3)A'y (1303 + 1Gy) 164"y 305
E.0=—-——— 424 yn - 21b
4 rAB?> r’B? * r2 * 2B? r2AB* r2AB? ( )
24" 2A'B° 24" 2B P 8A'Y"? (a3Gs + 0, Gy)
Ey0=-"S 4+ -+ =y -
8 AR AR B B 2mY rAB*
8(asGs + . G) (BA"' + A'(By” = 3B'y)) (10)
rAB> ’
' W' (rBA' +A(2B —rB')) "\ (3G; + 2,G,)(8(B*> —3)A’B' — 8B(B* — 1)A")
E,: 0=p 3 Y 2 AR5
rAB B rAB
16a;G;(A’B' — BA”
%303 ) (21d)

r2AB3

In the following sections, we will analyze both sets of
field equations.

B. Expansions around horizon

Let us consider the expansion of the above equations
near the horizon rg. This can be done by taking

A(r)) =a\(r—ry)+ax(r—ry)* + ..., (22)
B(r)2 =b(r—ry) +by(r—ry)*+ ..., (23)
w(r)=yy +yhy(r—ry) +yh(r—rg)?+.... (24)

|
By assuming these types of expansions, we ensure
that det(g,,) is finite at the horizon as long as b, is
nonvanishing.

The expansion near the horizon for the complex tetrad
was computed in [46]. To ensure the regularity of the
solution at the horizon, the value of w7, is constrained.
Depending on the coupling functions, two branches
are possible. The first branch (or boundary condition) is
when a3G;(wy) # @G> (wy), where the scalar field first
derivative at the horizon is (denoted as BCI1 in the
following sections)

064044-6
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/ ry 1 0 32(Q3G3 - azgz)
S R— N Rk L i L
v 4G — a3G3) < p [ﬂ H
_ Sa3g3
Py

while the second branch (or boundary condition) is
obtained in the case a3G3(wy) = 00> (wy), where the
scalar field first derivative evaluated at the horizon becomes
(denoted as BC2 in the following sections)

/ 8ayG(wn)

Yy = pri, (26)

For the real tetrad, the situation is more complicated. To
ensure regularity of the real tetrad field equations (20) at the
event horizon, one finds that the condition Gs(yy) =0
must be satisfied at first order in the expansions. That
condition implies that at first order a theory having non-
trivial well-behaved expansion near the horizon must be
indistinguishable from the Riemannian Gauss-Bonnet
one. Further, even going up to fourth order in expansions,
one systematically obtains that all derivatives of the
new coupling function must vanish at the scalar field

evaluated at the horizon (G (wy) = G3(wy) = Gs(wy) =
Gs(wy) = 0). In our analysis, we have gone up to fourth
order since higher orders are computationally much more
expensive. Our experience suggests, though, that this
pattern will most probably remain the same for higher
order. Assuming that this conjecture is true and restricting
ourselves to coupling functions G5 that depends only on y
in an explicit algebraic form, we can conclude that G5 is a
constant and thus the theory coincides with the Riemannian
Gauss-Bonnet case.

Even if the above pattern breaks and a derivative of
Gs(y) higher than 4 is nonzero, then G;(y) should contain
at least fifth order of y. This is clearly a realm where even
the Riemannian Gauss-Bonnet case was not investigated
and looks a bit like fine tuning the coupling. For that
reason, we will concentrate only on the complex tetrads in
the following sections.

Before going further, let us also stress that in the following,
when working with BCI1, we will focus on the branch
corresponding to the “—” sign in front of the square root
in (25). The reason is that, contrary to the branch with a “+”
sign, this branch smoothly connects to GR’s solutions in the
limit of vanishing nonminimal couplings.

IV. SCALARIZATION IN TELEPARALLEL
GAUSS-BONNET GRAVITY WITH DIFFERENT
COUPLING FUNCTIONS

In [46], we focused on one specific form for G, and Gs:
an exponential function with a leading-order expansion
being quadratic in term of . This choice led, at least in the

. . . . o2
= {32a2G3(a3G3 — 02 G5) + Pri;(BanGs + 0393)}] )

(25)

[

Riemannian Gauss-Bonnet case, to well-behaved stable,
spontaneously scalarized black hole solutions. Our analysis
showed that actually either one of the 75 or B, which form
the teleparallel Gauss-Bonnet term, suffices to obtain
spontaneously scalarized black hole solutions.

In this section, for simplicity, we will consider the
coupling functions G, = G; = G to be equal. Their relative
strength can be adjusted by the choices of the parameters a,
and a3. We explore two popular coupling functions,
different from the original studies in [46], namely:

(1) G = v where the GR black holes are not solutions of
the field equations and the black holes are always
endowed with scalar hair (see Sec. IVA);

(i) G = w?, which leads to black hole scalarization, i.e.,
the Schwarzschild black hole is always a solution of
the field equations, but for small black hole masses,
it becomes unstable, giving rise to a spontaneously
scalarized branch of solutions. Even though simpler
compared to the exponential coupling considered in
[46], this choice leads to unstable black hole
solutions in the Riemannian Gauss-Bonnet case.
Interestingly, this observation might change for a
strong enough torsional contribution as detailed
below (see Sec. IV B).

Clearly, in the general case, both couplings above have their
first derivative nonzero at the horizon. Thus, according to
the studies in Sec. III B, they cannot lead to regular black
holes in the case of real tetrads. For that reason, we will
consider in the present section only the case of complex
tetrads, similar to [46].

A. Shift symmetric linear coupling

We will first consider a shift symmetric teleparallel
Gauss-Bonnet theory with couplings

G, =0;=y. (27)

These models are characterized by the fact that y = const
is not a solution of the field equations and thus the black
holes are always endowed with scalar hair. This behavior is
contrary to the case of spontaneously scalarized teleparallel
black holes considered in the next section and also in [46],
which emerged from a coupling that is quadratic in the
scalar field. In addition, the field equations are invariant
under a simultaneous change of signs of the coupling
parameters a,, @3, and the scalar field y. That is why in the
results below we present only certain combinations of signs
of a, and a3, while the opposite signs lead to the same
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FIG. 1. The radius of the horizon (top panels), the scalar charge (middle panels), and the scalar field at the horizon (bottom panels) as
functions of mass for a linear coupling function (27). The parameters are fixed to @, = 1 and varying a3 (left column) and a3 = 1 and
varying @, (right column). The bald Schwarzschild black hole is depicted with a solid black line in the top panels. The pure sGB case

corresponds to a; = —1 and a3 = 0.

solution for the metric function but with an opposite sign  represent the horizon radius, the scalar charge [defined
as the leading-order asymptotic of the scalar field at

scalar field.
In Fig. 1, we present the sequences of black hole infinity w(r = 00) = D/r+ O(1/r*)], as well as the
solutions for several combinations of parameters. The plots scalar field on the horizon as functions of the black

064044-8



DISTINCTIVE FEATURES OF HAIRY BLACK HOLES IN ...

PHYS. REV. D 108, 064044 (2023)

00F e
-0.1 -
02t /
N —— oz =-1.0
- o3=-0.5
031 - =0.0,GB ]
= —mee =05
04 | o3 =0.9 4
- &y = 1.0, BC2
-0.5 E
0 5 10 15 20

r

0.5

04}
0.3
S 02}

0.1

0.0

0 5 10 15 20

FIG. 2. The radial profile of the scalar field for a linear coupling function (27). All models are with a fixed ry = 2.5. We have worked
either with @, = 1 and varying a3 (left column) or with @3 = 1 and varying @, (right column).

hole mass.' The two columns of figures correspond to
either fixing @, = 1 and varying a; or fixing a; = 1 and
varying a,. The scalarized branches with a3g3(wH) #
G, (wy) employ BCI [see Eq. (25)], while in the case
a3G;(wy) = a6, (wy), BC2 is used [see Eq. (26)]. The
pure Riemannian sGB theory corresponds to a, = —1 and
az = 0. Solutions are typically terminated at the point
where the regularity condition at the black hole horizon is
violated, namely, the expression in the square root of (25)
becomes negative. Note that some of the parameter
combinations coincide in the left and the right rows, which
is done for better visualization of the branches’ behavior
when parameters are varied.

A number of interesting observations can be made based
on Fig. 1. As seen in the upper panels, in certain more
extreme cases, there is a turning point of the branch, and the
mass starts to increase with decreasing rg. This is normally
associated with an instability of the associated black hole
solutions [21,48]. For the plotted combinations of param-
eters, this is most evident in the top-right panel in Fig. 1; see
the magenta line with a, = —0.5 and a3 = 1. The scalar
charge D, on the other hand, depicted in the middle panels,
is either positive or negative depending on the values and
the signs of @, and a3. As a consequence, there is a range of
parameters where the scalar charge is practically vanishing.
Interestingly, in Fig. 1, this happens for @, = a; where BC2
is used. A combination of parameters that represent this
interesting behavior is @, = a3 = 1, for which the BC2
should be used, depicted with dashed orange lines in Fig. 1.
In such cases, the scalar field on the horizon is still large
(see the bottom panels in the figure). This has interesting
implications. For example, if put in a binary, such a black

"The mass we used is the Komar mass of the black hole M,
which is extracted from the asymptotic behaviour of g, and g, as

_ 1y 2 G
M =3lim,_ (r \/W)'

hole will emit only very little scalar dipole radiation, while
the scalar field might influence the binary dynamics
significantly.

To understand better the solutions in the shift symmetric
theory, we present in Fig. 2 the radial profiles of the scalar
field. Contrary to the case of spontaneous scalarization
considered in [46] where very peculiar behavior was
observed for small horizon radius black holes, here the
scalar field is always monotonous. Perhaps this is due not
only to the change of the coupling function but also to the
fact that for this theory the solutions do not reach very close
to ry = 0. They are instead terminated due to a violation of
regularity on the horizon.

Another interesting question is whether the purely tele-
parallel case a, =0 (pure T; coupling) or a, = —a;3
(pure B coupling) would differ from the Riemannian
Gauss-Bonnet branches with (a3 = 0). Even though all
these cases share a lot of qualitative similarities, some
distinctions can be noted. For pure 75 or B coupling, the
branches reach a maximum mass, leading to the formation
of a turning point as commented above. In addition, in these
two cases, the deviations from GR seem to be stronger
compared to the Riemannian Gauss-Bonnet theory.

B. Pure quadratic coupling
and spontaneous scalarization

Let us now consider the case of spontaneous scalariza-
tion but with a different, simpler, coupling function
compared to [46]

G, =Gs =y (28)

Such a coupling is often avoided in numerical simulations
since, in the Riemannian case at least, it leads to unstable
black hole solutions. In addition, the branches of solutions
are terminated shortly after the bifurcation point. As we will
show below, though, this behavior might change if we
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FIG. 3. The radius of the horizon (top panels), the scalar charge (middle panels), and the scalar field at the horizon (bottom panels) as
functions of mass for a quadratic coupling function (28). The notations are similar to Fig. 1.

in this case the GR-like black holes with zero scalar field
are always solutions of the field equations and only in a

generalize these results to the teleparallel Gauss-Bonnet
certain range of black hole masses do additional scalarized

gravity.
In Fig. 3, we plot the same characteristic as in the
previous subsection, but for the coupling (28). Again, the  solutions appear.
Here, again, we have combinations of parameters for

two columns correspond to fixing one of the parameters,
either @, or a3, to unity and varying the other one. Note that ~ which counterintuitive behavior is observed—the black
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hole mass increases with the decrease of ry. This is best
evident in the green curve in Fig. 3, top left panel, and it is
normally a sign of instability. However, all branches that
turn right after the bifurcation point in the D(M) diagram
are most probably unstable if we borrow an analogy with
the Riemannian Gauss-Bonnet case [21,48]. The peculiar
branches with decreasing ry; when M increases also turn
right, which is another sign of their instability.

Interestingly, for certain combinations of a, and a3,
predominantly when the pure teleparallel term is stronger,
the behavior of the solutions changes—the branch of
solutions (in the middle and the lower panels of Fig. 3)
turn left after the bifurcation point instead of turning right.
One example is the branch with a, = 1 and a3 = —1 that
corresponds to pure B coupling. Such behavior is an
indicator of stabilizing the solutions, at least in the
Riemannian Gauss-Bonnet case [48]. Another point in
favor of stability is that the horizon radius of the scalarized
black holes, in this case, gets larger than the GR one,
contrary to all branches that turn right after bifurcation.
Even though an expression for the black hole entropy in
teleparallel gravity is not available yet and, in general, is
very difficult to derive, this observation speaks in favor of
the conjecture that the hairy black holes are thermody-
namically preferred in that case. Thus, our results indicate
that the pure teleparallel term might potentially lead to a
stabilization of the black holes for pure quadratic coupling.
A rigorous proof of (in)stability would require solving the
linearized perturbation equations. Black hole perturbations
and thermodynamics of black holes, though, are very
involved in teleparallel gravity, and this is a problem that
has not been properly addressed yet. Thus, we leave it for
future work.

Let us again comment on the limiting cases of purely
teleparallel theory with a, = O (pure T coupling) and @, =
—a (pure Bg coupling). In the former case, no qualitative
deviation from the Riemannian theory was observed,
and only quantitative differences are present. Pure B
coupling, though, leads to the appearance of potentially
stable branches as commented above. Interestingly, this
happens only for one of the choices of signs of a, and a3,
namely, a, = 1,a3 = —1. The branch with opposite signs,
ay = —1, a3 = 1, has the same qualitative behavior as in the
pure Riemannian theory.

V. CONCLUSIONS

In the present paper, we have examined in detail the
existence and properties of black holes with scalar hair in
teleparallel Gauss-Bonnet theory. In comparison to pre-
vious results where an exponential coupling function
quadratic in the scalar field was considered [46], we have
examined a shift-symmetric flavor of the theory with a
linear coupling to the scalar field as well as a monomial
quadratic coupling admitting spontaneous scalarization of
black holes. In both cases, we have found very interesting

qualitative behavior, induced by torsion, different from the
pure Riemannian theory.

We have performed the numerical calculations only in
the case of complex tetrads (19). We did so since,
examining in detail the real tetrads, we have found strong
evidence that in order to ensure regularity at the horizon the
field equations should reduce to the pure Riemannian case,
at least to the lowest orders. Thus, we deem this case as not
particularly interesting, and only the complex tetrads can
provide new phenomenology. The nonregularity of the
horizon for the real tetrads has been also pointed out in [49]
where it is argued that they might not be able to provide
regular horizons. The argument is that it might be not
possible for a real tetrad to smoothly provide the transition
needed for a horizon, which is changing from a spacelike
vector field inside the horizon to a timelike one outside of
it. Let us remark here that, since the dynamical variable of
our theory is the tetrads fields, an important study for the
future is to investigate the conditions and constraints one
needs to impose on dynamical complex tetrads so that all
possible observables stay real. In this article, all the
observables we have derived are indeed real quantities.
However, it is essential to explore whether this statement
holds true in a broader context, warranting further
investigation.

The first coupling function we have considered is
proportional to y, that is the teleparallel analog to the
shift-symmetric Riemannian Gauss-Bonnet gravity. A new
interesting feature is that, for a certain parameter range, one
can observe branches of black hole solutions with vanish-
ing scalar charge but nonzero scalar field close to the black
hole horizon. Such compact objects would not emit scalar
gravitational radiation, despite their sometimes large
deviation from GR. Even though one needs a bit of fine-
tuning of the parameters in order to achieve such configu-
rations, this is nevertheless an interesting theoretical
observation. Another interesting distinct property is that
some of the branches with a stronger contribution of the
pure teleparallel term might possess a turning point close to
their minimum mass which is a signal of instability.

The second coupling function we have considered is
proportional to the square of the scalar field. Such a choice
is the simplest one that can produce spontaneously scalar-
ized black holes. In the pure Riemannian case, it always
leads to unstable solutions. For a strong enough teleparallel
contribution and proper signs of the coupling constants, we
have discovered that some of the branches show strong
signs of stability similar, e.g., to Refs. [19,20]. Namely,
after the bifurcation point, the branches turn left instead of
right. In addition, contrary to the other combinations of
parameters, they have larger horizon radius compared to
GR, which is a sign that they might be thermodynamically
favorable. A rigorous proof of stability, though, will of
course require more sophisticated methods such as linear
perturbations analysis or a derivation of the black hole
entropy. Both topics are much more involved compared to
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pure GR, and they have not yet been addressed. Thus, we
leave them for future studies.

The effects presented in this paper that distinguish
the teleparallel, torsion-induced, GB gravity from its
Riemannian counterpart are more “global” and concern
the qualitative behavior of the branches of solutions. On the
other hand, the spontaneous scalarization with exponential
coupling function in teleparallel GB gravity has shown
some very interesting peculiarities in the solution profiles
close to the zero black hole mass limit [46]. The combi-
nation of both solidifies the conjecture that the teleparallel
terms can lead to very interesting qualitative changes and
the intuition built from the Riemannian Gauss-Bonnet
theory, or other theories admitting black hole scalarization,
cannot be easily transferred to the teleparallel case. Thus, it
would be interesting to consider the dynamics of these
objects and search for distinct astrophysical signatures.
Moreover, the next step in the program of studying torsion-
induced scalarization is going beyond vacuum solutions
and studying, for example, the properties of neutron stars
with scalar hair, which are not at all or have been very rarely
studied in teleparallel gravity so far [50-52].

That being said, we should acknowledge that the study
of the dynamical evolution of compact objects in tele-
parallel GB gravity (or many other teleparallel theories) is
technically involved and will be investigated during future
research projects. Indeed, already in the pure (Riemannian)
Horndeski case, the study of dynamical evolution, e.g., for
a binary black hole or neutron star systems, is still a subtle
topic in general; see [53] for a review or [54] for a recent
study in a specific example. Performing similar studies in
the teleparallel case would require a careful analysis of the
well-posed-ness of those problems in general and the

development of new techniques and algorithms able to
tackle the specificities of non-Riemannian theories of
gravity. Another intriguing avenue of exploration involves
delving into the symmetric teleparallel formulation of the
scalar Gauss-Bonnet gravity theory, which solely relies on
non-metricity [55]. Within these theories, the Gauss-
Bonnet invariant can also be divided into two distinct
terms. Consequently, it presents an engaging opportunity
to seek out scalarized black hole solutions within this
framework and subsequently conduct a comparative analy-
sis with respect to the torsional case.
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