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In November 2022, the China Space Station (CSS) was equipped with a cold atomic microwave clock
and a Sr optical lattice clock with stabilities of 5 x 107'4/,/7 and 2 x 10713 /,/7 (where 7 is the integration
time in seconds), respectively, which provides an excellent opportunity to test gravitational redshift (GRS)
with higher accuracy than previous results. Based on high-precision frequency links between the China

Space Station and a ground station, we formulated a model and provided simulation experiments to test
GRS. Simulation results suggest that this method could test the GRS at the accuracy level of 5 x 107, more
than 2 orders in magnitude higher than the result of the experiment of a hydrogen clock on board a flying

rocket more than 40 years ago.
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I. INTRODUCTION

Scientists paid great attention to testing the gravitational
redshift (GRS) effect, one of three classic predictions
of general relativity theory (GRT). In 1976 scientists
conducted the Gravity Probe-A (GP-A) experiment mission
to test GRS [1]. A hydrogen atomic clock was on board a
rocket in this mission, which flew about two hours in space.
Based on the microwave links between the rocket and
several ground stations, the GP-A experiment has tested the
relativistic frequency shift at the accuracy level of 7 x 1073,
To improve the accuracy level, one should consider two
aspects. In one aspect, we try to use better clocks with
higher stability and accuracy. In another aspect, we try to
create a condition that the gravitational potential difference
between two points is as significant as possible. For
instance, using optic clocks with stabilities around 107'%,
Katori’s group [2] measured a height of 450 m with an
accuracy of 4.1 cm, by which the accuracy of testing GRS
achieves 9.1 x 107, a little worse than the previous rocket-
experiment result of 7 x 107> [3]. Another example, based
on observations from two eccentric-orbit Galileo satellites,
E14 and E18 (the stabilities of the onboard clocks are
around 10713 /day), several groups tested GRS with an
accuracy level around 2.5-4.5 x 1073 [4-6].
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Recently, a few space atomic clock projects have been
put forward, for example, the Atomic Clock Ensemble in
Space (ACES) mission onboard the international space
station (ISS) and the China Space Station (CSS) mission.
The ACES mission will be equipped with an atomic clock
with long-term stability 2 x 1071 [7,8], and use its two
independent time and frequency transfer links, including
three microwave links (MWL) and two European Laser
Timing optical links to distribute time and frequency scale
to the ground stations. By using one uplink and two
downlinks MWL, a trifrequency combination method for
time-frequency transfer is constructed according to the
accuracy of the ACES atomic clock [9,10]. Verified
by simulation experiments, the trifrequency combination
method may test GRS at a level of 107 [11,12]. The CSS
and ACES are different in design. The CSS has been
equipped with a Sr optical lattice clock with a stability of
2 x 10719//7 [11-15] (z is given in seconds), and two up-
microwave links from a ground station to CSS and two
down-microwave links from CSS to the ground station will
be established. One uplink signal and one downlink signal
have the same frequency of 30.4 GHz but different circular
polarization directions. Considering the MWL characters,
most kinds of errors caused by the propagation will be
eliminated. This study created a new frequency transfer
model used in the space-ground frequency transfer to test
GRS, which is at least an order of magnitude higher than
the results given by previous studies.

© 2023 American Physical Society
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This paper is organized as follows. Section I introduces
the relevant background of GRS and atomic clock projects.
Section II presents the CSS and its high-precision time and
frequency systems. In Sec. III, under the frame of general
relativity, we formulated a model for frequency transfer
that is accurate to the order ¢™*. Section IV describes the
simulation experiments of testing GRS. Finally, we con-
clude this work in the last section.

II. CHINA SPACE STATION

The CSS designed three modules, one core module (CM)
and two experiments modules (EM). The CSS has been
launched to an orbit with a height of around 400 km above
the ground since April 29, 2021. From June 17 to
September 16, 2021, three Chinese astronauts stayed in
the TianHe core module of the CSS to prepare for future
experiments. Since October 16, another three Chinese
astronauts have been successively launched in the core
module for further preparatory work.

The CSS will stay in orbit for at least ten years. For the
purpose of time and frequency applications, the CSS has
established a high-precision time and frequency system
(HPTES) consisting of a set of clocks (See Fig. 1). Three or
more ground stations have been or will be established,

FIG. 1.

including, for instance, Beijing, Xi’An, Shanghai, and
Wuhan stations. Additionally, a mobile observation station
will be established for time and frequency comparisons for
more general and prospective applications. In addition,
the space-ground signals links between CSS and ground
stations, including MWL and laser links, will be estab-
lished. It is noted that, as planned by the CSS project, the
MWLs and the laser links will work officially and nor-
mally, starting from May 2023. In this section, we will
introduce the HPTFS and MWL, respectively.

A. High-precision time and frequency system

The CSS is designed as a T-shape configuration, and
the experiments module II (EM II) had been launched
and attached to the core module in the first week of
November 2022. It is equipped with HPTFS, which
contains a Sr optical lattice clock, an active hydrogen
maser, and a cold atom microwave clock.

As Fig. 1 shows, the HPTFES occupies 2 cabinets of the
EM II. One cabinet is for the Sr optical lattice clock system,
which consists of a vacuum cavity, the optical and
electronic parts of the clock, narrow line laser, frequency
penetration and transfer unit, and a FOFC. Another cabinet
contains an active hydrogen maser, an Rb atom microwave
clock, FCDS, and the precision orbit determination unit,

(®) (d

High-precision time and frequency system (modified after [16]). (a) In this cabinet there is a Sr optical lattice clock, consisting

of (from left to right and from top to bottom in order) a vacuum cavity, the optical part, the narrow-line laser, the electronic part, the
frequency penetration and transfer unit, and the femtosecond optical frequency comb (FOFC). (b) In the second cabinet there is a cold
atom microwave clock, an active hydrogen clock, a precision orbit determination unit, and the frequency comparison and distribution
system (FCDS). (c) The payload of microwave signals emitting and receiving equipment. (d) The payload of laser time-frequency

transfer.
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FIG. 2. Major core equipment and signals of high-precision
time and frequency system (modified after [17]). The active
hydrogen maser provides 1 PPS signal and 100 MHz frequency
signal with the stability of 2 x 10~13/,/z. The Rb atom micro-
wave clock and Sr optical lattice clock provide 100 MHz
frequency signals with the stabilities 5x 107'*/\/z7 and
2 x 10713/,/7, respectively. The FCDS mainly makes frequency
comparison and combination and signals distribution.

which can use the global navigation satellite system
(GNSS) to measure the CSS instantaneous position [See
Fig. 1(b)]. Figures 1(c) and 1(d) show, respectively, the
microwave and laser time and frequency transfer outside
the CSS. The payload of microwave time and frequency
transfer has two antennas, one is used to receive microwave
signals from the ground stations, and another one is used to
emit microwave signals to the ground.

Figure 2 shows the working process of the HPTFS.
The hydrogen maser outputs one 1 Pulse Per Second (PPS)
signal to the FCDS. Every clock outputs one 100 MHz
signal to the FCDS, then the FCDS distributes the 100 MHz
signals of the hydrogen maser to the microwave clock
and optical clock as a long-term frequency reference. The
daily stability of the hydrogen maser and microwave
clock may reach 2 x 107!5 and 2 x 107!, respectively [15].
The optical clock stability could achieve 2 x 10713/,/7
[12,15]. These three 100 MHz of different clocks make
the frequency comparison by the FCDS and output one
100 MHz signal to FOFC [see Fig. 1(a)]. 1 PPS and
100 MHz signals from the hydrogen maser were also sent
to the FOFC by FCDS. Through the frequency penetration
and transfer unit, signals reach the time and frequency
transfer payload of microwave and laser. They will emit the
microwave and laser signals to the ground stations.

B. Microwave links

There will be four MWLs between CSS and a ground
station of interest for time and frequency transfer. The
MWLs consist of two uplinks and two downlinks as listed
in Table I. Compared with the ACES mission, there are two

TABLE I. Parameters of the CSS and frequency links.
Parameter Value
Altitude ~400 km

30.4 GHz, 26.8 GHz

(both left-hand circularly polarized)
30.4 GHz, 20.8 GHz

(both right-hand circularly polarized)

Uplink frequency

Downlink frequency

Orbit inclination 41.5°

Minimum visible 5°
elevation angle

Observation cutoff 15°

elevation angle

changes: One is that the CSS mission has an additional
uplink with its frequency equal to one, the downlink signal
frequency. Another is that the one uplink and one downlink
signals are left-hand and right-hand circularly polarized,
respectively. In ACES, there are three microwave signals all
with the left-hand polarization direction, one uplink (Ku-
band, 13.475 GHz), and two downlinks with frequencies
2.248 GHz and 14.703 GHz, respectively [18]. This setup
makes it easy for the receiver to distinguish between
uplinks and downlinks [18]. While the CSS payload will
use the same frequency signal at the same time, the
receiving antenna not only receives the useful signal from
the remote end but also receives interference signals from
the emitting antenna. The power of the self-interfering
signal is much larger than that of the signal with the proper
reception of useful signals [19]. To separate the signal of
interest from the interfering signals, the CSS mission uses
the Co-time Co-frequency Full Duplex technology, which
effectively realizes self-interference cancellation [20,21].
Scientists often make self-interference suppression in the
airspace, radio frequency (RF) domain, and digital domain.
The MWL system is designed with a three-stage interfer-
ence cancellation scheme, which includes three parts:
antenna isolation cancellation, RF cancellation, and digital
baseband cancellation [16]. The simplest self-interference
cancellation mechanism is antenna separation. In the free
space, the microwave signal transmission loss is L =
32.45 +201logo(f) + 201log;o(d) [22,23], where f is
frequency in megahertz, and d is the distance in kilometers.
Hence, when the microwave (radio) frequency f is given,
the transmission loss increases with the increase of the
distance between the CSS and ground station, and in
addition, the self-interference cancellation becomes better
with larger antenna separation (because the influence
becomes weaker). In practice, with the limited CSS space,
the distance between the two antennas is also limited, but
the distance must be large enough to distinguish the emitted
and received radio frequency signals. As Fig. 1(c) shows,
the emitting and receiving antennas both on board the CSS
and ground station are separated to achieve high isolation
performance through the effective suppression of space
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and surface waves [24]. The gains of the CSS antenna
and ground station antenna are —5 dB and 54.7 dB for
30.4 GHz respectively. The effective isotropic radiated
power (EIRP) of the CSS antenna is —5 dBm [16]. In the
CSS, it uses the following technique: the “antenna sepa-
ration cancellation + RF cancellation + baseband digital
cancellation” (simply three-stage self-interference) tech-
nique is used to make the self-interference cancellation.
The ground test shows the three-stage self-interference
cancellation technique is sufficient to effectively distin-
guish the up and down signals when the two antenna
distance is 10 cm [16,24]. The test on the ground shows the
antenna separation technology can achieve approximately
60 dB of cancellation [16]. The multipath reflection energy
of the transmitted signals is cancellated by coupling out
of the reference signal into the offset RF network, and the
RF cancellation is about 10 dB [16,25,26]. By using the
broadband spread code signal, analog-to-digital converter
effective quantization bits are close to 10 bits and the digital
interference cancellation capacity reaches the upper limit
of about 45 dB [16,27]. By self-interference cancellation,
the MWL system’s total interference cancellation capability
reaches 115 dB, which can identify up and down links with
the same frequency but with opposite polarization direc-
tions (left-hand circularly polarized uplink signal and right-
hand circularly polarized downlink signal).

When passing through the atmosphere, the signals will
be affected by the troposphere and ionosphere. In addition,
the relative motion between the CSS and the ground station
gives rise to the Doppler effect. These influences will cause
additional frequency shifts besides the gravitational fre-
quency shifts. Here in this study, we use only up- and
downlink signals both with frequency 30.4 GHz (see

B
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FIG. 3. One uplink and one downlink of microwave signals
between the CSS noted as S and a ground station (E) at Wuhan,
China. The uplink (f;) and downlink (f,) are, respectively, left-
and right-hand circularly polarized signals both with the frequency
30.4 GHz. The antenna and the atomic clock at the ground station
are linked by a transceiver. The received signals from the CSS are
compared with the local signals generated by the ground clock.

Fig. 3), and the other two links with different frequencies
(see Table I) will not be used. Since the frequencies of the
uplink and downlink are the same, the uninteresting
frequency shifts caused by the first-order Dopper effects,
troposphere effects, and ionosphere effects are similar.
Making a difference between the up and downlinks, we
may cancel the uninterested frequency shifts and double
the GRS, which provides an opportunity to test GR with
higher accuracy.

III. FORMULATION OF FREQUENCY
TRANSFER MODEL

A. Methodology

To be comparable with the stability of the optical clocks,
the one-way frequency transfer model to the order ¢™* is
established, which guarantees the model accuracy being
better than 10~'8 [10].

The up-link and down-link signals between the CSS
(denoted as S) and ground station (denoted as E) satisfy the
following expression:

fi, =11 —AULS + Afpopi—1s + Af popa-1s
+ Afwo1s + (Afioni—1s + Afion-17)
= Af e = Af pimy + €1y (1)

where I,J = E,S,I #J, E and S denote Earth and space
station, respectively; f7; is the received frequency of the
signal at J coming from I, f¢, is the emitting frequency of
the signal at I toward J; AU;; = U; — U;, U; is the Earth’s
gravitational potential at /, f is the nominal frequency
(30.4 GHz), Afpepi-r; and Afpgp—py are the first- and
second-order Doppler frequency shifts of the signals trans-
mitting from 7 to J, Af._;; 1s the frequency shift of the
signal transmitting from 7 to J caused by the troposphere,
Afioni—ry and Af,,n_;; are the first- and second-order
frequency shifts of the signal transmitting from / to J
caused by the ionosphere, Af;_;; and Af,_;; are fre-
quency shifts caused by tides and external celestial bodies
(including the sun, moon, Mercury, Venus, Mars, Jupiter,
etc.), respectively, and &;; are the higher-order terms that
are calculated based on proper models [9-12] and the
unmodeled errors of the signals transmitting from 7 to J,
including for instance the clock errors, random errors, and
other noises. As presently designed in the CSS, the uplink
signal with frequency f| = 30.4 GHz is left-hand circu-
larly polarized, and the downlink signal with frequency
f> = 30.4 GHz is right-hand circularly polarized [13,14].
In an ideal situation, the uplink and downlink signals are
emitted at the same time. Regardless of the signal’s
propagation time, we have Afisn—gs = Afiom—sg [28].
In addition, taking into account the following relationships:
AUI.I = _AUJI’ AfDopl—[J = AfDopl—JI’ Aftro—lj =
Afwoirs Afioni-17 = Afioni—si» Afiicty = —Afri—yr, and
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Afpiiy = =Af pi—y;> from Eq. (1), subtracting f7¢ from
fsg, we obtain

AU = l <f§E - f;:"S + fDOpZ—SE _ fDOPz—ES

7 2 2
—Afiicsg — Af pi_se + €> (2)
where & = —(egp — €g5)/2. However, due to the move-

ments of the CSS and the ground station, the paths of the
up- and down-signals are different, which leads to a path
discrepancy. Hence, Eq. (2) may be modified as

1 fg‘E_f;;"S fDOp,‘ _fDop,‘
AU — 2—SE 2—ES
SE f< 5 + 2

—Afii—sg — Af pi_sg + Afp + 8) (3)

where Af ), is the path discrepancy frequency shift. On the
right-hand side of Eq. (3), the first term is directly observed,
the second term is the second Doppler effect, and the third
and fourth terms, Af;;_sg and Af;_sg, can be calculated
by relevant models. For instance, the tides can be corrected
by the tide model [29-31], and general formulas can
directly correct the influences by external celestial bodies
[32,33]. In Eq. (3), both the first- and second-order iono-
spheric frequency shifts vanish because one left-hand
(uplink) and another right-hand (downlink) -circularly
polarized wave signal are designed in CSS. In practice,
the uplink signal’s path does not coincide with the down-
link signal’s path. After the combination of the up and
down frequency signals, there are still the following
residual errors: path discrepancy frequency shifts (includ-
ing first- and second-Doppler effects), and troposphere and
ionosphere frequency shift residuals as shown in Table III.
At a given time ¢, we can obtain an observation of AUgg.
Comparing the observation with the corresponding true
(model) value AVgg, we can get the offset between the
observed value and the model value, expressed in relative
difference as
a— AU(t)ES - AV(I)ES (4)
V(t)gs
which describes the deviation of the observed result based
on GRT from the true (model) value. If GRT holds, a = 0.
For convenience, the formulation described in this
section is referred to as the two frequency combination
(TFC) technique.

B. Error sources

When a MWL passes through the atmosphere from the
CSS to the ground station or reversed, there are several
kinds of errors, including orbit and velocity determination
errors, which give rise to the main errors of Doppler

frequency shifts, atmosphere (ionosphere and troposphere)
effects, solid earth tidal effects, and other undefined errors.
We need to study the different error models and eliminate
their influences.

1. Doppler effects

The Doppler effects are the main errors in the MWL time
and frequency transmission process, which must be elim-
inated. The Doppler effects are caused by the CSS relative
motion to the ground stations when it approaches and
moves away from them. The first-order and second-order
Doppler effects can be expressed as [10]

Afpop,_,, _]ZCNIJ (v —vy) (5)
2 2
Afpop, ,, _Z—z{%—%— Ny (UI_DJ)](NIJ‘UJ)} (6)

where c is the velocity of light in vacuum, / and J have the
same meaning as explained after Eq. (1), N;; is the unit
vector from / to J, and v; and v; are the velocities of I and
J, respectively. From Eq. (5), we find the first-order
Doppler effects of the up- and downlinks hold the same
and they can be eliminated by the difference between the
up- and downlinks except for the residual errors due to the
discrepancy between the uplink and downlink paths, which
are further corrected. Equation (6) shows the second-order
Doppler effect, which is about 5-6 orders smaller than the
first-order Doppler effect. The first-order Doppler residual
and the second-order Doppler effect are corrected by the
given positions and velocities of the CSS and ground
stations. As shown in Fig. 1, the HTFS is equipped with a
precision orbit determination unit [See Fig. 1(b)], which
provides the positions and velocities of the CSS.

2. Clock error

Many scholars have worked on the time and frequency
stability characteristic and assumed that the average output
of an oscillator is a voltage which is expressed as [34]

V(t) = [Vo + &(t)] sin [2zvgt + ¢(1)] (7)

where V|, denotes the nominal amplitude and v, is the
nominal frequency, respectively. &(7) is the deviation
of amplitude from nominal and ¢(f) represent phase
deviations [35].

The instantaneous output frequency of the atomic clock

is defined as [34,35]

1 o)

t) = ——. 8
o) = v +5- 2 (8)
In a stable frequency generator, the fractional
frequency fluctuation can be derived from Eq. (8) as

(1) = ¢(1)/2mv,.
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We assume y(¢) is a random function of time, and the
mean value equals zero. The one-sided power spectra
density of the y(#) can be expressed as [34,36]

P = hy(fr) ©)

p=—2

where h; is the noise intensity coefficient of the energy
spectrum with noise index f = —-2,—-1, 0, 1, 2, and fF is
the Fourier frequency variable.

The atomic clock noises are complex and classified as five
different types of stochastic noises, which correspond to the
different values of f. The white phase modulation noise
(f = 2) is the result of the quantum (for optical frequencies)
noise [37]. The flicker phase modulation noise (f = 1) is
mainly generated in transistors. The white frequency modu-
lation noise (f# = 0) is often masked by other types of noise.
It is determined by the oscillator bandwidth white noise and
observed in lasers and masers [38,39]. The flicker frequency
modulation noise (f# = —1) and random walk frequency
modulation noise (f = —2) might be connected with the
photon energy density and limit the long-term frequency
stability of the atomic clock [37].

3. Ionospheric and tropospheric frequency shifts

The MWL signal is influenced by the atmosphere
during its propagation. There are some frequency shifts
Af caused by the atmosphere (including ionosphere and
troposphere) [40]:

Af =——— (10)
where P = f ;, ndl is the phase path in the atmosphere, 7 is
the refractive index of the atmosphere, and L is the signal’s
propagation path through the atmosphere. Substituting the
expression of P into Eq. (10) and removing the conven-
tional first-order Doppler shifts, we can deduce the atmos-
pheric frequency shifts [12,40-42]:

A
Afatm_cdtl(n 1)dl

:_J:jt/( —1)di, —J:jt/( (= Ddl, (11)

where L; and L, are the signal’s propagation paths through
the ionosphere and troposphere, n; and n, are the iono-
spheric and tropospheric refractive indexes, respectively,
and dl; and dl, are integral elements along the correspond-
ing paths, respectively. The first term on the right-hand side
of Eq. (11) is the ionospheric frequency shift Af;,,,, and the
second term is the tropospheric frequency shift Af,,,.

In order to calculate the ionospheric and tropospheric
frequency shifts, the refractive indexes, n; and n,, need to
be determined. From the previous studies, the ionospheric
refractive index accurate to f —4 is [28,43]

7527 812.3
+22L 0N BocosO- 222N, (12)
f

n;=1-40. 3—

where N, is the electron density per m?, By, is the strength
of the geomagnetic field, and € is the angle between the
wave propagation direction and the geomagnetic field
vector. The positive sign (+) and negative sign (—)
represent the left- and right-hand circularly polarized
MWLs, respectively [43].

The tropospheric refractive index n, is estimated
as [12,44]

I’ll = 1 + <k1 7+k2pw +k3 %) X 10_6 (13)

where 7 is the temperature in Kelvin, p, and p,, represent
the dry air and water vapor partial pressures respectively,
the constants k; =77.6890, k, =71.2952, and k3 =375463.

The ionospheric and tropospheric frequency shifts can be
obtained by substituting Eqs. (12) and (13) into Eq. (11),
respectively. Then, we have

Afion = 403——/Ndl

7527 d 8123 d
:Fz_fzdt/ N B() Cosedl + — /del

(14)

In Eq. (14), the first- and third-order terms are relative to
the electron density and not related to the microwave
polarization direction, and they hold the same for the
up- and downlinks. For the second-order term, the up- and
downlinks have different polarization directions; the signs
are reversed. However, since the angles between the wave
propagation direction and the geomagnetic field vector
of the up- and downlinks are 6, and 6, respectively,
0, + 0, ~ 180°, the second-order frequency shifts for the
up- and downlinks hold also same.

Similarly, we have

d
S /(kl T +k3&)x10-6d1,

Afyo = cdt

(15)
From Eq. (15), the tropospheric frequency shifts have the
same values for up- and downlinks, which are independent
of the microwave polarization direction. In practice, we use
the Saastamoinen model [45] and Vienna mapping function
(VMF) [46] to calculate the tropospheric propagation
effect, which is extensively used in GNSS positioning,
and then take the derivative of time to obtain the tropo-
spheric frequency shifts.

064031-6



TESTING GRAVITATIONAL REDSHIFT BASED ON MICROWAVE ...

PHYS. REV. D 108, 064031 (2023)

4. Earth tides

The deformation of the Earth will cause potential
changes outside the Earth’s surface. The tidal displace-
ments include solid Earth tides, ocean tides, and polar tides.

|

GM
r

Solid Earth tides are the main influence, which leads to
displacements of about tens of centimeters per day [29].
The tidal potential AV can be described by a spherical
harmonics of N degree as [29]

AV(r,, 1) = — i (%) ' i [AC,,, cos(mA) + AS,,, sin(ma)]P,,,(sin §) (16)

n=0 m=0

where r is the distance from the geocenter to the field point,
¢ and A represent the latitude and longitude of the field
point, GM and R, denote the gravitational parameter and
the equatorial radius of the Earth, respectively, P, are the
normalized associated Legendre functions, and AC,,, and
AS,,,, are the changes of normalized geopotential coefficients
which due to Earth tides. They can be expressed by terms of
the Love number k. The detailed calculation processes are
referred to as International Earth Rotation and Reference
Systems Service (IERS) Conventions 2010 [29].

5. Other error sources

Besides the mentioned errors, there are other error
sources, mainly including the Shappiro effect and path
discrepancy. The magnitudes of the errors and the magni-
tudes of the residual errors after TFC or TFC/model
corrections are listed in Table II. According to Egs. (1)
and (3), the first-order Doppler effect, ionospheric fre-
quency shifts, and tropospheric frequency shifts can be
eliminated by making a difference between the uplink and
downlink. However, the tide effect remains as big as
previously. The path discrepancy effect contains the resid-
uals of the ionosphere, troposphere, and first-order Doppler
effects after the TFC technique. The residual error of the
first-order Doppler effect after a TFC caused by path
discrepancy is about 5.7 x 107!8. After TFC, the iono-
spheric and tropospheric frequency shift residuals are about
7.6 x 1078 and 1.1 x 107'°, respectively, and after further
models corrections, the residuals could be reduced to
7.6 x 1071% and 5.3 x 10™!7, respectively. As the tide effect
can not be eliminated by the TFC, they are corrected by the

|
tide model mentioned in Sec. III B 4. The total residual
error is less than 5.3 x 10~!7.

IV. SIMULATION EXPERIMENTS

In our simulation experiments, we chose Luojia time and
frequency station (LTES) at Wuhan as the ground station,
the coordinates of which are (30°31'51.90274" N,
114°21'25.83516” E, 25.728 m). The CSS parameters
and signals’ original emitted frequency values are shown
in Table I. The observations in our simulation experiments
are the received frequency signals between the ground
station LTFS and the CSS, denoted as f7,, which includes
various frequency shifts caused by different factors, as
expressed by Eq. (1). When we make the simulation
experiment, the first-order Doppler frequency shifts, rela-
tivistic frequency shifts (including gravitational redshift
and second-order Doppler effect), atmospheric frequency
shift, tidal frequency shift, and clock noises are calculated
by the different models in Sec. III to obtain the received
frequency values.

In the simulation experiments, we first calculate the CSS
and ground station positions and velocities. The two-line
element sets (TLEs) are a special term used in the orbit of a
spacecraft field, and it is defined in detail in NORAD. The
TLEs provide not only six Keplerian elements, including
the inclination of the orbits, right ascension of the ascend-
ing node, eccentricity, argument of perigee, mean anomaly,
and mean motion, but also other information about the
spacecraft [47]. We obtain the TLEs of the CSS from the
North American Aerospace Defense Command (NORAD)
website [48]. Using the relevant parameters can calculate

TABLE II. The magnitudes of different error sources and residual errors.

Error sources Magnitudes of errors Magnitudes of residual errors Method
Shappiro effect ~3x 10714 ~10722 TFC*
Tropospheric effect ~3 x 10710 <53x107"7 TFC + trop model
Tonospheric effect ~6.0 x 10713 <7.6x107Y TFC + iono model
First-order Doppler effect ~1075 = 107° <57x10718 TFC

Tide effect for CSS <1.7x107"7 <2x107'8 Tide model
Tide effect for Ground Station <15x%x1077 <2x10718 Tide model
Total frequency shift 1075 ~107° <53x1077

*Two frequency combination (TFC).
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FIG. 4. The orbit of the CSS in Earth centered Earth fixed
coordinates during the observations in one day. The ground
station is located in Wuhan, China (30°31’51.90274" N,
114°21'25.83516” E, 25.728 m). The observation period is from
June 1, 00:00 to June 2, 00:00, 2021. The light-colored lines
denote when the CSS and Wuhan station are not intervisible. The
solid black lines denote when the CSS and Wuhan station are
intervisible and observation values are available.

the CSS orbit positions and velocities, which are assumed
as real values. From the “China Space Station science
experiment resource manual,” the position and velocity
accuracy are designed as 10 cm and 1 mm/s [15],
respectively. To obtain a better result, we set the observa-
tion cutoff elevation angle of the CSS larger than 15°.
The clock error model [Eq. (8)] is used to simulate the
CSS and ground clock errors. To obtain the atmospheric
effects on the frequency, we use the Saastamoinen
model [45] and the VMF [46] to generate the atmospheric
frequency shifts. The meteorological parameters in the
space region near and around the LTFS are downloaded
from the CDDIS (Crustal Dynamics Data Information
System) website [49]. To simulate the ionospheric fre-
quency shift, we need the electron density and geomagnetic
strength data. Here, we use the International Reference
Ionosphere model [50] and the international geomagnetic
reference field model [51] to obtain the relevant data to

simulate the first- and second-order ionospheric frequency
shifts. We use the IERS Convention 2010 [29] to calculate
the tidal harmonic parameters and use the NASA software
SPICE [52] to calculate the tidal forcing for a given time.

According to the simulation setup, we may obtain the
observed values f7; based on emitting frequency values. By
Eq. (2), the value of AUgg could be calculated. We use the
EGM?2008 model [53] to calculate the gravitational poten-
tials at the CSS and ground station to obtain AV gg as the
true value.

We have conducted simulation experiments to estimate the
feasibility of a GRS test based on the CSS. The experiment
lasts one day, from June 1, 00:00 to June 2, 00:00, 2021. The
orbit simulated data were generated by TLEs [47], which is
used to describe a spacecraft orbit and to predict its position
and velocity. The trace of the CSS during one day was
depicted in Fig. 4. Figure 4 shows that the ground station can
observe the CSS about 4 or 5 times daily. When the CSS
passed the ground station, we can only observe the MWLs for
about 300 s. The total observation time is about 20 minutes in
one day. In the subsequent simulation experiment, we take
one-day records as one observation dataset, and the total
observation times are 40 days. For 40 days of simulation
experiment, the total time was around 86400 s. The gravi-
tational potential at the space station was calculated by
EGM2008 [54]. The precision of EGM2008 is about several
centimeters at the CSS orbit. The ground station LTES is
located in Wuhan, China, and its gravitational potential can
be determined by leveling at the precision of centimeter level
or better. Suppose a = 0, and then we can calculate the true
GRS value (model value) based on the GRT.

The next step is considering various error sources
and simulating the observation values for a real case.
For example, one of the primary error sources in the
GRS test is clock instability. In our experiment, the stability
of the on-board clock is set as 2 x 10715 //z [15], the same
stability as the one designed by CSS mission. The stability
of the ground clock is supposed to be better. Various groups
in the world have generated optical clocks with stabilities
better than 1 x 10713 /,/7 [55,56]. As planned, the ground
station will be equipped with the optical clock whose
stability reaches 1 x 10713/,/z. Table III shows relevant

TABLE III.  Error sources and their magnitudes in the simulation experiments.

Error sources Magnitudes
On-board clock stability 20x 10715 //7
Ground clock stability 1.0x 1073 //z

Troposphere influence residual
Ionosphere influence residual

Position accuracy of the CSS

Velocity accuracy of the CSS
Gravitational potential model accuracy
Tide influence residual

5% of the tropospheric frequency shift after combination®
10% of the ionospheric frequency shift after combination®

+0.1 m
+1.0x 1073 m/s
+0.3 m?/s? (CSS), +0.5 m?/s? (ground)
0.1 m?/s?

*Combination of up and down frequency signals, expressed as Eq. (2).
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errors in our simulations. The accuracies of the tropo-
spheric and ionospheric models reach 5% [28] and
10% [45,57]. respectively. The position and velocity
accuracy are set as the design values 10 cm and
1 mm/s, respectively [15]. The accuracies of geopotentials
at the CSS and ground station are 0.3 m?/s? and 0.5 m?/s?,
respectively [53]. The tide model may correct the tide
influence at 0.1 m?/s? level [29,53].

The clock noises are classified as five different types
of stochastic noises [58]. We analyzed the ratios of the
five kinds of noises to the clock signals and restored the
clock signals according to the different ratios. We set
the stabilities of the ground clock and on-board clock as
1.0 x 10713/ /rand 2.0 x 10715 /,/7 [15], respectively (see
Table I1I). Then we use a python library, Allantools (https://
github.com/aewallin/allantools), to generate the series of
clock frequency errors based on the characteristics of
atomic clocks. Their total Allan deviations [58] are
depicted in Fig. 5. The simulation results show the CSS
clock stability reaches about 8 x 107!% one day, and the
ground clock performance is better than the CSS clock.

Another important influence factor is the frequency shift
caused by the atmosphere. The meteorological elements of
the ground station are downloaded from the CDDIS. The
signal’s tropospheric frequency shift is estimated based on
the VME. The ionospheric frequency shift can be calculated
according to the model mentioned in Sec. III. The precision
of the atmosphere model is regarded as residual errors
and added to the frequency shift observation. Other error
sources, such as the orbit error of CSS, the EGM2008 error,

—@— Simulation of CSS optical clock

—@— Simulation of ground station
S optical clock

10715 o > === Ground test of Sr optical clock
=
g
s
=
8 1016
210716 4
= ]
<
=
5
H
10717 5
T T T
10! 103 10
Averaging Time, T, Seconds
FIG. 5. The total Allan deviation of optical clocks’ frequency

signals. The red and green lines are the simulation clock error data
for the CSS and ground station optical clock, and the stabilities
reach 2.0 x 1071%//7 (7 in second) and 1.0 x 107'3/,/z, respec-
tively. The blue dash line is ground test data of the Sr optical lattice
clock. The test data starts at 8 s, and the stability reaches the
magnitude of 5 x 10~'7 after 4096 s (the data come from [59]).

and tidal correction residual, are also considered. Each of
them is simulated as Gaussian errors plus a randomly set
systematic offset. The magnitudes of error sources are
listed in Table III.

Once the simulated observation frequency values are
obtained, they are compared with the true frequency shift
values and part of the offset between them (a short period
lasts for about 5 minutes) is depicted in Fig. 6. From Fig. 6,
the ¢™3 (mainly Shappiro effect) frequency shift residuals
are the least influenced compared to other effects. The
ionospheric frequency shift deviations (in absolute values,
same sense hereafter) are less than 10719, The tropospheric
frequency shift deviations are about 10716 ~ 107!°, and the
first-order and second-order Doppler frequency shift devi-
ations are about 107! and 1071, respectively. The gravity
frequency shift deviation remains at about 10~'8. We can
see that the most prominent offset component comes from
the clock error. The influence of ionosphere frequency shift
shows apparent fluctuation because the total electron
content distribution varies at different latitudes, and the
extent of path discrepancy of uplink and downlink signals
also varies at different elevation angles.

There are four sections (periods) in which the simulated
observation data are available (see the solid black line in
Fig. 4) during the one-day experiment. The result of
the one-day experiment is (0.17 & 3.05) x 10°, where
0.17 x 1078 is the mean offset between the true value and
the experiment result and 4+3.05 x 107 is the uncertainty
(STD). The offset of a reflects the precision of the GRS test
experiment. However, the result of only one-day simulation
experiment might be influenced by accidental factors.
The observations are independent when the CSS passes
the ground station. Therefore, we repeated the above

10"

—— Iono.Freq.Shift—=— Grav.Freq.Shift—+— Trop.Freq.Shift

10144 Ist-order Dop.—— Clock Error  —+— ¢ Term Shift —e— 2nd-order Dop.

e M
'lﬂ" M, ,!!- \ ”l!'

10—18

10-19

10—20 ‘

10!

Absolute value of relative frequency offset

10—22

1023+ T T T T T T
0 25 50 75 100 125 150

Data time (s)

T T T T
175 200 225 250 275

FIG. 6. Absolute value of relative frequency offset between
theoretical predictions and simulated observations of a frequency
shift during one slot period (around 5 min, from June 01,
09:34:18 to June 01, 09:38:52). The main error influence factors
are denoted in different colors, marked in the upper legend corner.
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FIG. 7. The results of everyday simulation experiments of 40
independent days. The blue dots and red lines are the mean values
and STD of everyday observation.

experiment 40 times for the same day under different
random seeds of errors generation to estimate the precision
of the GRS test, and the results of a offset of 40 days
experiments are depicted in Fig. 7. The blue dots are the
average values of daily simulation experiments. The
weighted mean value of offset a for 40-day observations
is 2.6 x 1078, The red vertical bars are the STD calculated
each day. Everyday STD is approximately +3 x 1076, Here
we use the weighted mean standard deviation formula 6 =
\/W /> 1 w; to calculate the STD for 40-day, where
n is the number of days, 0 is the STD for n days and J;
is i-day STD, w; is the weight of i-day observation. Then
the standard deviation of 40-day observations can be
calculated and the value is 4.89 x 1077,

V. CONCLUSION

Based on the uplink and downlink frequency signals in
free space between the CSS and a ground station, we

established a formulation for determining the gravitational
potential difference between the CSS and the ground
station. With this formulation, simulation results have
shown that the GRS could be tested at around 5 x 1077,
at least 2 orders of magnitude higher than the presently
highest accuracy level. In addition, the proposed formu-
lation in this study could be a new approach, applied to
determining the geopotential difference between arbitrary
two ground stations. In contrast, the conventional approach
is gravimetry plus leveling [60], which is laborious and
less efficient [61]. Suppose two ground stations equipped
with optical clocks with the stability of 1 x 107'® can
simultaneously observe the frequency signals from CSS,
the accuracy of determining the geopotential difference
between the two ground stations could achieve a level of
0.14 m?/s?>, because subtraction of the observation
between CSS and one station and that between CSS and
another station will cancel the common error sources
stemming from CSS. With the rapid development of
time-frequency science, the optical-atomic clocks with
unprecedented accuracy and stability have been generated
[55,62-66]. It dramatically expands the clocks application
scopes in various branches. Besides its application in
geopotential determination, this formulation can also be
applied in height propagation between two datum stations
separated by oceans, unifying the vertical height systems
around the world.
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