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Degrees of freedom of gravitational radiation with positive cosmological constant

Francisco Fernandez-Alvarez

Departamento de Fisica, Universidad del Pais Vasco UPV/EHU,
Apartado 644, 48080 Bilbao, Spain and EHU Quantum Center, Universidad del Pais Vasco UPV/EHU

® (Received 12 July 2023; accepted 24 August 2023; published 14 September 2023)

Results on the isolation of the radiative degrees of freedom of the gravitational field with a positive
cosmological constant in full general relativity are put forward. Methods employed in a recent geometric
characterization of gravitational radiation are used and, inspired by Ashtekar’s work on asymptotically flat
space-times, a space of connections is defined. Ground differences emerge due to the spacelike character of
the conformal boundary, and one has to put into play a fundamental result by Friedrich concerning the initial
value problem for space-times with a positive cosmological constant. Based on this, half of the radiative
degrees of freedom are identified; remarkably, they utterly determine the gravitational radiation content for
space-times with algebraically special rescaled Weyl tensor at infinity. Directions for defining the phase

space in the general case are proposed.
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I. INTRODUCTION

Gravitational radiation is a nonlinear feature of the full
theory of general relativity. Theoretical developments in the
study of this phenomenon trace back to Einstein’s quadru-
pole formula [1], followed by great achievements in the
nonlinear regime during the 1950s [2—4] and 1960s [5-8].
However, it was not until the 1970s when a robust
geometrical understanding was available thanks to the
work of Geroch [9]. The perspective adopted there does
not depend on the choice of coordinates nor any other
gauge and is built using the tools of the conformal
compactification by Penrose [10]. Arguably, this approach
is better suited to address underlying conceptual questions.
As an example, Ashtekar’s way of quantizing the asymp-
totic gravitational field [11] was grounded on this geomet-
rical formulation, upon which the radiative degrees of
freedom at infinity were determined [12] and symplectic
methods were developed [13].

It is important to point out that most of these advances
are only applicable when the cosmological constant van-
ishes and, while detection of gravitational waves [14] urges
us to study in detail this aspect of gravity, evidence of a
positive cosmological constant [15,16] in our Universe
requires new progress in the theory—this issue was already
exposed by Penrose in [17]. A new geometrical description
of gravitational radiation at infinity in full general relativity,
that applies to the case with non-negative cosmological
constant, is now available [18]—see also references therein
and [19,20] for review on other approaches too. Some of the
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open questions to be addressed include the identification
of a phase space of radiative modes, an abstract formulation
of the characteristic problem in conformal space-time that
could be connected with the presence of gravitational waves
at infinity according to the new characterization, a general
formulation of energy-momentum and angular-momentum,
as well as a mass-loss formula describing the energy carried
by gravitational waves that arrive at infinity. This paper
focuses on the first of these issues.

In the first part of the work, a class of differential
operators associated to triads of vector fields is introduced
on an abstract three-dimensional Riemannian manifold.
The space of all such operators is shown to have the
structure of an affine space where each point is labeled by
two functions. Also, it is proved that for C* metrics the
Levi-Civita connection belongs to that space and is
determined by a set of three families of two-dimensional
connections associated to a triad of vector fields. In the
second part, the conformal boundary of space-times with
positive cosmological constant is considered. Based on
results by Friedrich [21,22] and using the new characteri-
zation of gravitational radiation in full general relativity,
it is argued how the two ‘“coordinates” of the space of
differential operators correspond to half of the gravitational
radiative degrees of freedom. Remarkably, for space-times
having an algebraically special rescaled Weyl tensor at
infinity, the gravitational radiation is fully determined by
these two degrees of freedom. For the general case, it is
suggested how another pair has to come from the TT tensor
in the conformal initial data. Some examples of exact
solutions are given and, also, a comparison with Ashtekar’s
radiative phase space in asymptotically flat space-times
is presented.
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II. TWO-DIMENSIONAL CONNECTIONS
IN THREE-DIMENSIONAL
RIEMANNIAN MANIFOLDS

In the next two sections, an abstract three-dimensional
Riemannian manifold Z with metric £,;, will be considered.
Let C denote a congruence of curves on Z given by a unit
vector field m® and parameter » that can be viewed as a
function of the coordinates—a specific coordinate system
will not be introduced though. The quotient S :=Z/C is a
two-dimensional differentiable’ manifold, not Riemannian
in general because it is not endowed with a standard metric.
This S is called the “projected surface”; the reader is
referred to Appendix A in [18] for a detailed formulation.
Let {E“;} and {W,*} be a couple of linearly independent
vector fields and forms on Z, orthogonal to m, and m? and,
hence constituting a pair of dual bases on S, where indices
A,B,C... =2, 3. Using these fields, the projector to the
space orthogonal to m, is constructed as”

Py =E'cW,©,  Pym.=0=P'm", P =2, (2.1)

which in terms of m, reads
Bab = hab - Mmgmy.

(2.2)

The acceleration, expansion tensor, and vorticity of m? are
denoted by

ap = mcvcmb’ Kab = PcaBdbv(cmd)’

Wap = Bcaﬂdbv[cmd]v (23)
respectively, and the shear is defined as
1 cd
Zyp = Kap — §£ab& K= P“K.q. (2.4)

Since these tensors are orthogonal to m“, they can be
expressed as

_ A _ A B
a, *wa day, Kap *wa wb KaB>

o = WAWEE ., W =W AW, Pwup.  (25)
It is possible to define a one-parameter family (depending
on v) of metrics up connections ZA BC and volume forms
€ap In S (see Appendix A in [18]). From now on, for the
sake of briefness, they are referred to as metric, connection
and volume form. Nevertheless, one has to bear in mind
their true significance; it will be explicitly remarked when

't can be the case that S is not globally differentiable.

2Underlining of tensors indicates that they are orthogonal to
some vector field giving a congruence; in this case, m®.

necessary. In particular, the metric ¢, , on S and its inverse
g*8 can be written as

5 = EAE"ghyy, q"* =W, AW, h.

a, (2.6)

Also, one introduces a two-dimensional connection y© ap 38

v 5 = EUW OV, Ep,

(2.7)

where V, stands for the covariant derivative associated
to the three-dimensional Levi-Civita connection ;. of
(Z. hap)- The connection y€, . is used to define a covariant
derivative D4 on S in the usual way

Dyv® = E 0,08 +yP, 1€, with oA ='W, A,

(2.8)

v*m, = 0.

This derivative operator is metric and volume preserving
and for a general tensor field T"l“'“rbl_“bq on Z one has

A A, n n r NXJ Tm,...m
wml 1‘“wm, 'E qu-”E (’B[IE CvrT ! "ny..n

_ A A,
= DT g

q

q
r
+§ :TAI...Ai_lsA,+]...A,ABIMquS (ECA, _|_QCA,-)
i=1
q
AL A, s
+ E T% " B._ B, . B, (KCB,- +QCB;)m . (29)
i—1

III. TRIPLETS OF TWO-DIMENSIONAL
CONNECTIONS AND TRIADS

If one considers different families of curves on (Z, h,;),
each one has its own projected surface. For the rest of the
work, it is convenient to introduce the following definition
involving three orthogonal congruences:

Definition 3.1 (Triad and triplet of connections). Let
{e?;} = {m*, m“ m*} be a triad with i = 1, 2, 3, a set of
unit vector fields giving three orthogonal congruences on
(Z.h,p) or on an open subset A C Z, and denote by S, S,
and $ their associated projected surfaces. Then, a triplet of
connections is a set {QA,QA,@A} where each element
represents the one-parameter family of two-dimensional
connections in S, S, and S, respectively.

To prevent confusion, decorations are used in quantities
and Latin indices associated with S and S, respectively. The
following geometric identities follow by direct computation
from definitions in Eq. (2.3):

Lemma 3.1. Let (Z,h,) be a three-dimensional
Riemannian manifold. Then, the kinematic quantities of
a triad {e?;} = {m“, m“, m“} obey the identities
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zm n = @mm =+ a’)mﬁzv zmm WDy iy =+ @nﬁmv
imm = Wi i +Q%mﬂ (31)
, 1 . 1

Ziish am—EE:—Emm =dp +§E7 (3.2)
. R 1, . 1,

;rhrﬁ = =4y _EK = _me = +§E» (33)
. . 1.

Emm = —dp _EK = _zmm = ap +§K (34)

Remark 3.1. Observe that, due to the orthonormality
of the triad {e“;}, one has

mé = EuAmA — EaAmA’ me = EaAn’,lA — EaA”;lAa

me = E°mh = B4 mt. (3.5)

The subindices m, m, and m denote contraction with
{m“, m* m} of the corresponding kinematic quantities.
For instance, X, ;, = mAmBL,p.

Since the vorticities are antisymmetric, summation of the
three relations in Eq. (3.1) produces another identity that
will be used later:

Corollary 3.1. Let (Z,h,,) be a three-dimensional
Riemannian manifold. Then, the shears of a triad {e%;} =
{m*, m*, m"} fulfill

i+ i + i = 0. (3.6)

Next, one of the main results is presented,

Theorem 1 (Derivative operator associated to a triad).
Let Z be a three-dimensional Riemannian manifold
endowed with metric h,,, and consider a triad of unit
vector fields {e%;} = {m*, m*,m*} as in Definition 3.1.
Then, associated to this triad, there exists a unique well-
defined torsion-free differential operator D, whose action
on tensor fields T, ‘v reads

IZ_)aTblu.b CleCq — DaTbl“.b"CI'..Cq —+ g trab,»Tb]...r..,an]mcq

n

where t%,. is a tensor field that is antisymmetric on
its covariant indices, vanishes under index contraction,
depends on the vorticities of {e“;} and can be expressed as
(3.8)

tabc = zmagbc + Zmthc + Zma@hcv

and DT, 5, '+ is a tensor field depending only on the
triplet of two-dimensional connections of Definition 3.1
associated with {e%;} and acting on components of
T, ., %. Also, this differential operator is related to

the Levi-Civita connection V, of (Z, h,,) by

where s9,. is a tensor field symmetric on its covariant
indices, traceless in all of them, that can be written in terms
of the shears of {e%} as

a

5%pe 1= 22y pmimig) + ngmma’/h(bmc)

+ 28, Al m . (3.10)

Remark 3.2. By “well defined differential operator” it
is meant that the typical properties (e.g., see [23]) are
fulfilled: linearity, Leibnitz rule, commutativity with con-
traction of indices, coinciding with the partial derivative
when acting on functions, and torsion-free.

Remark 3.3. The tensor field s¢;,. cannot be written in
terms of the triplet of connections {QA,QA,QA} because
Zi s z,hm, imm depend on “purely three-dimensional” data
of the Levi-Civita connection. More concretely, the
Christoffel symbols given by I, T™,.., and T,
are involved.

Proof.—Begin by introducing an auxiliary differential
operator D, defined by

Cl..Cq oo \J cy...c
D Ty, p "=V, Ty

n n

(8"a; T ap) Ty r, 6

Using the properties of V , it is straightforward to check that
D, is unique and satisfies all properties of Remark 3.2
except for having torsion; i.e., for a general differentiable
function f, D,D,f — DD, f = —=2t°,;,0.f # 0. The next
step is to show that D, T}, , ““ depends only on the
action of the triplet of two-dimensional connections of
Definition 3.1 on T, _,, “'“e. To see this, consider first the

n

action on a one-form v,
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Davb = vavb - (Srab + trab)vr

A A A

=W AWbBQAvB + tig i, AP D (mev,mp) 4 i, AP Dy (mev,my)

B . E,A" A A A B AAF
+m mbm mBD; vB+m;,m 1 2A23+mumbm m QAQI;+mbmam m*Divg

+ mymy[mAm BDvs + mAmBD; (hymev,)). (3.12)
In the computation above, one decomposes Vv, into its tangent and orthogonal parts with respect to m—or equivalently
with respect to 1 or m“—and then does the same with the mixed terms, but this time with respect to the other two elements
of the triad, /i and m“. Afterwards, one introduces the derivative operators {D4, D;, D; } where possible. There are terms
which cannot be written in terms of these derivatives (for the reasons given in Remark 3.3) which precisely compensate the

term (s, + 1" 4 )vp. The same type of algebraic manipulation leads to a formula for contravariant vector fields v,

D(lvh - vllyh + (Sbar + tbar) !
= W,AE s DyvP + 1 rhhmAn’?g@A(
+m, n’ibmArhA’./A)v + mbi,mam?

mpgi
+ mgm®[mAmyD P +mm@(

By application of Eq. (3.1), the last line vanishes.
One proceeds in the same way with tensor fields of
arbitrary rank. This shows that D,T), , " depends
only on the action of {Dy, QA, D;}on Ty, 5, . Then,
using DT} - in Eq. (3.7), it follows that
TDQT,,IH_;,”"' ““ is the desired torsion-free differential
operator. (]
There is a classical result’ (see Theorem 4.2 in [26]) that
plays an important role in what comes next,

Theorem 2 (Classical metric diagonalization result.).
Let 7 be a three-dimensional Riemannian manifold
endowed with metric A, of class C*°. Then, every point
p of 7 lies in a neighborhood U, on which there exists a
C* coordinate chart {x?} in which the metric takes the
diagonal form

h=hy dxldal + hypdddx? + hyadiddd. (3.14)

This, together with Theorem 1, implies the following
result:

Corollary 3.2. Let Z be a three-dimensional
Riemannian manifold endowed with metric A, of class
C. Then, every point p of Z lies in a neighborhood ¢/, on
which there exists a triad of unit vector fields {e%;} =
{m*, m®, m“} such that the associated differential operator
D, of Lemma 3.1 coincides with the Levi-Civita connec-
tion of (Z, hy):

3See also Corollary 3.4 in [24] where analicity of the metric is
required, or [25] for an extension to pseudo-Riemannian
manifolds.

> |@>

2

B) + mhrhAthQA(mevemB)

P mA gD v + mP i ,mgmA D08

)] + h’b(s ar F 1)V + (8P4 + 120" (3.13)

— U, —
Cl...cq L Cy...C
DTy, 9=V ,Tp, p 1,

and its action on arbitrary tensor fields T, , <
depends only on the triplet of two-dimensional connections
{D 2 n @A} of Definition 3.1 associated to that triad of
vector fields.

Proof.—Using the coordinate chart {x*} of Theorem 2,
one has that the triad given by

1 1 1
mé=——=57, mé=—=05, mé=—=>5; (3.15)
N N N
has vanishing vorticities (see also Remark 3.5)
Wyp = Qab = @ab =0 (316)

Then, t*,. = 0. According to Theorem 1, this proves that
the action of the associated D, on an arbitrary tensor field
only depends on the triplet of two dimensional connections.
Also, a direct calculation shows that

_ U, - U
Fmrhrh = mel‘h = Fmrhm = 0. (317)
Using this, one has
Zam = Zrhm = Znﬁm =0, (318)

which, alternatively, could have been proved by using
t“,. = 01in Eq. (3.1). Hence, s“,. = 0 and, as follows from
Theorem 1,

064028-4
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_ U,—=
DaTbl...b Cl~~Cq:]vaTblman]qu_ (319)

u

Remark 3.4. By this result, the action of the covariant
derivative V, defined by the Levi-Civita connection of
(Z.hgyp) is determined in every neighborhood ¢/, by the
action of a triplet of two-dimensional connections. In
principle, working by patches, one can cover Z, however
different charts would have to be used, meaning that the
metric would be diagonalized by different triads on differ-
ent regions of Z. Apart from that, it is interesting to notice
that all the curvature-related quantities of (Z, h,;) can then
be computed on each U, by the action of three two-
dimensional connections.

Remark 3.5. An immediate consequence of
Theorem 2 is that a triad {e?;} = {m®, m“, m“} associated
to the D,, that coincides with V,, on each U » according to
Theorem 1 reads

mg = hllagxl, (320)
I’l/’lg = hgzagxg, (321)
I’,l\’lg = hééagxé. (322)

These forms, each one being proportional to a gradient,
have vanishing vorticities there. Thus, they characterize a
set of three orthogonal foliations on U ,.

A natural thing to do is to introduce a connection
associated to D, as

?abc = fﬂbc + sabc’ (323)
such that

D, v? = a,0" + pb .0 . (3.24)

Some properties of D, that can be computed straightfor-
wardly are

(3.25)

(]

[aUb) v[av,,] = a[avb], (326)

v[avb] Ve 2_)[al_)b] Ve +Z_)[a (srb]c)vr+sfc[asrb]fvr

[an] Ve +v[a(srb]c)vr+Sfc[bsra]fvr’ (327)

Dahbc = srbchra' (328)

Let {e%} be a triad defining D,.
Vg :EAEALI’

Then, for any

E°4E" gV v, = E°4E sD v, = Dywp, (3.29)

and the decorated version of this relation holds for v, =

57A A .
v W, and v, = v, W",, respectively.

To conclude this section, consider conformal transfor-
mations of the metric h,,

By = @*hyy, (3.30)
where o is a positive definite function. This change also
affects the metric on S,

Gy = ©°G ,p- (3.31)
Accordingly, the kinematic quantities of Eq. (2.3) trans-
form too; see Appendix E in [18]. In particular, one has that
m* = w~'m" and

2yp = WZyp, (3.32)

Wpp = WWB-

This should be expected, since umbilicity and surface
orthogonality are conformally invariant properties. Thus,
the conformal invariance of s, and ;. follows,

gahc = Sabw ;abc = tabc’ (333)
and, also, this shows that 7%, undergoes the same change
as [,

= 2

Y — — 1
Ve =" + C%e, C%e = Bh‘”(th(bd)c) — hep@,),

(3.34)

where @, = V,w. All the results above, including
Lemma 3.1, Theorem 1, and Corollary 3.2 are invariant
under these kind of transformations.

A. The space of connections

Different triads can lead to different operators D,
according to Theorem 1. To study this, start with the
following definition:

Definition 3.2 (Space of connections). Define the
space E as the set of all possible differential operators
D, of Theorem 1 on Z or on an open A €Z.

From now on, no distinction between Z and A € 7 will
be made, but one has to take into account that these
operators may not be defined globally according to
Definition 3.1. The difference between any two elements
of 2 can be characterized as the difference of their action on
an arbitrary form v, on Z. From Theorem 1 one has

(Dla - Da)vb = deabvw deab = seab - sleab‘ (335)

To know how many functions have to be specified to
determine a point in =Z, one just has to study the algebraic

064028-5
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properties of d“;,.. First note that lowering the contravariant
index s,,, = hy,5%. one has

(1) Sape = Sachs

(1) Sape + Spea + Scar = 0,

(i) h™s,p. = O,

iv) h*sqp. =0,

(v) Slabc] = 0= S(abe)> and

(vi) P%s,,.=0= P%s,,., for any of the three projec-

tors associated to the elements of the triad {e?;} =
{m?, m*, m“} defining s ..

Not all the properties are independent from each other;
from properties (i) to (iii), one can derive properties (iv) and
(v), whereas (vi) is independent from the others. Properties
(1)—(iii) provide 9, 10 and 3 constraints, respectively, and
from (vi) one gets three additional independent equations,
giving a total of 25 constraints that leave two independent
components in s,;.. The same can be shown if one looks to
Eq. (3.10); it turns out that all the information that has to be
specified is encoded in three scalars: X, 3, Somand 3.
But recall that from Lemma 3.1 one has Eq. (3.6), which
reduces the number of independent components to just two
functions. However, this counting does not apply directly to
dpe = hyad®e. The reason is that while properties (i)~(v)
are satisfied by this tensor too, properties (vi) is not. Still, it is
possible to find three additional independent constraints.
One proceeds first by writing d,,. using a generic basis
{e&%;} with i running from 1 to 3,

diji = 2E23 21 (220 + 25202 (13 + 28020 ;43

- 22’(03,»(01 (ja)zk) - 22/601,'602(]-6031()

(3.36)

213
—2X 0% (j0’y,

where 1'; and '; relate the basis {2¢;} with {e%;} =

{m*, m*, m} and {e'*;} = {m'*, m'*, m"}, respectively,
(3.37)

e = wl e (3.38)
Each of these transformation matrices can be expressed in
terms of three Euler angles’; denote them by {¢, 6,y } and
{B.v.a}, each set defining A'; and @'}, respectively. Then,
one can express explicitly the components d; ;. as functions
of £,3,3,%,%.3 and the two sets of Euler angles.
Observe that the following decomposition applies,

dije = Ay (.09, 2. 2.5) + By (B.y.a. 2 2 2. (3.39)
Using this, a direct algebraic manipulation shows that’

*The conventions for the definition of the Euler angles of [27]
are used.
5Equa‘[ion (3.6) has to be used to derive Eq. (3.42).

(0 + 0a)di33 = —day. (3.40)

(0 + 0u)dis = —d3, (3.41)

d231:—d123—2/A322dl//—2/3322d0‘- (3.42)

Summing up, properties (i)—(v) can be used to reduce the
independent components to d;23, d»31, d133, da11, d323- Now,
using Egs. (3.40)-(3.42) it is enough to specify two
components—d ;33 and d;,3—to determine the other three.
These properties can be straightforwardly generalized to any
linear combination of tensor fields d,,. with constant
coefficients.

It is interesting to see that = has the structure of an affine

space6 with underlying vector space E (the vector space of
tensors d“,.) over R. One can define the map @ of
“translations” of E as (omitting the indices in parenthesis
containing d“,. and D,, for clearness)

®(D,d), v, = Dy, + d° o0, (3.43)

And for all D, and 7, in E there exists another map d-
ExE—E such that D,v, =D,v, + d(D, D) ve.
Observe that the symbol d(D',D)¢,, is used in an abuse
of notation, since d°,, are the elements of E. Notice also
that, for any D,, D',, and D", in E,

(d(D'. D)y +d(D. D) ) ve = d(D'. D) v, (3.44)

°

Also, one can fix an origin’ D, in E—see Fig. 1. Then, any
other D, is characterized with respect to this origin by a
tensor field s¢;.., fulfilling properties (i)—(vi) no matter the
particular choice one does, the number of functions that
coordinatize Z is two. One could think that the natural
choice of origin in E on each neighborhood U, is given by
the kind of triad of Remark 3.5 that, at least locally,

. . . . Uy = U
diagonalizes the metric for which one has §;,,=0, D, =V ,:

u

(127‘, — D) vy =5 1 0,. (3.45)

Remark 3.6. Importantly, one has that a triad {e%;} =

{m“, m*, m} defines a unique D,, but the contrary is not
true. Choosing @,/ = 5{ , one has that

(,b:ag, 0=b",

5 (3.46)

T
:C—’
=9

®See [28] for example for the definition and nomenclature
used here.

"The choice of origin is arbitrary, so making E a vector space
can be seen as a gauge fixing from the physical point of view.
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The space Z of differential operators is represented.

FIG. 1.

Each D, is a point distancing from an arbitrary origin D, by
d(D, Zo)), the map to the vector space E of tensors d%,,,
determined by two functions—either one specifies di,; and
dy3; in an arbitrary basis, as functions of the shears and Euler
angles, or considers §%,,. fixed and then has to specify the two
components that determine s%,.. Independently of the choice of
origin, each point can be labeled by the components of the shears
Y. and 3, - which can be viewed as “coordinates” on Z. The
point that represents the Levi-Civita connection V,, has coor-
dinates (0, 0).

with a, b, ¢ natural numbers, leads to d ;. = 0. That, is two
triads differing by a flip of sign and/or a swap of one or
more elements produce the same s¢;,., and hence the same
D,. Hence, one has that the map ¢ from the space of
possible triads Y to the set of triplets of connections =

p: T > E
{eai}_)ba

FIG. 2. The surjection ¢ maps triads of vector fields in T to
differential operators in E. There is a subset T, C Y of triads
whose image is V,, and their elements are surface-orthogonal; i.e.,
they have ;. = 0. In a neighborhood of each point in Z, it is
always possible to find a triad that diagonalizes the metric and
that, according to Corollary 3.2, belongs to T,. There might be,
however, triads that do not belong to Y, but are mapped to Vu
(those having s%,. = 0 but 1. # 0).

is a surjection; see Fig. 2. It is possible, indeed, to have
more general transformations of a given triad that do not
modify the associated D,; an example is having two
different triads for which s,. = 0. This is illustrated in
the case of the C-metric in Sec. IVA.

Introduce now the following subset of triads,

Definition 3.3. The strict set of triads is denoted by
T, CY and consists of those triads {e?;} for which
ta be — O

This subset T is of interest as it can be put in connection
with the existence of the so called first components of news
(see Sec. IV and Lemma 4.1 later). Observe that by
Lemma 3.1 one has that

tabc =0 = Sabc =0 (347)

and therefore that the restriction ¢, of ¢ acting on T, maps
every triad to V,,

@, T, — B,
{eai} - va-

Remark 3.7. For any C* metric 4, one has T # &,
since the triad given by Remark 3.5, which diagonalizes the
metric according to Theorem 2, has r“;. = 0 and, con-
sequently, belongs to Y.

As a final note, consider the conformal rescalings (3.30).
While D, changes according to Eq. (3.34) “distances”
between points in E are preserved, that is

d(D . D)y, = d(D. D), (3.48)

as follows from Eq. (3.33).

IV. RADIATIVE DEGREES OF FREEDOM

Results presented so far apply to general three-
dimensional Riemannian manifolds, some of them requir-
ing a C* metric. This second part of the article is devoted
to show their connection with the characterization of
gravitational radiation in full general relativity with a
positive cosmological constant. Specifically, the aim is to
work out a strategy for determining the radiative degrees
of freedom at infinity. To that end, consider a physical
space-time® (M, Jop) admitting a conformal completion
a la Penrose (M, g,s), where the unphysical metric is
related to the physical one by g, = ngaﬂ. The conformal

factor Q is strictly positive in M, vanishes at the conformal
boundary’ _# and is not unique; there exist the freedom
of rescaling Q by a positive definite function .

¥Greek letters are used for abstract indices of quantities in four-
dimensional space-time. The signature of the metric is chosen to
be (=, +,+,+).

°For a detailed description see e.g. [29].
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This ambiguity is gauge, and as such, physical statements
must not depend on the particular fixing.lo As already
anticipated in the introduction, the case of interest to this
work is that of g,4 being a solution to the Einstein field
equations with a positive cosmological constant A > 0. In
this context, ¢ is a three-dimensional spacelike hyper-
surface with metric'' h,, that transforms as Eq. (3.30)
under gauge changes and normal N, := V,Q. In general,
# has a past and a future component that are discon-
nected. All the results in this paper apply equally to both of
them and hence no distinction will be made.

Under this setup, it is well known that the Weyl tensor'”
Ca/;y‘s vanishes at _¢ and that the rescaled version

§.—Q-1C.. 0

dyp apy

, (4.1)
is regular and in general different from zero there. The
Bel-Robinson tensor [3] 7 ,4,; vanishes at _# too, so one
constructs a rescaled version as

Daﬂy6 = dayyyd&/ﬁ” + *dauyy*déuﬁ”f (42)

where the star denotes the hodge dual operation on the first
couple of covariant indices. With it, one defines the
asymptotic supermomentum as

pa = —NENYNPD @

Hvp

(4.3)

Based on this object, a new way of characterising gravi-
tational radiation in full general relativity at _# in the
presence of a non-negative A was put forward in [30,31]
and later developed in [18,32]—for a review, see [19]. For
A >0, N* is future-pointing and timelike in a neighbor-
hood of ¢, and there one can work instead with the unit
vector field n®:=N~'N® with —N* =N,N¥. All the
information of the rescaled Weyl tensor at ¢ is contained
in its electric and magnetic parts defined with respect to this
vector field,

D, ’i e“aeﬂhnﬂn”dﬂ(wﬁ, (4.4)

Cap & %P yin**d . (4.5)
where {e%,} is any set of linearly independent vector
fields at _¢#, orthogonal to n,. One can also introduce a
“canonical” version of the asymptotic supermomentum,

"°From this point of view, the fact that these transformations
preserve Z—in the sense of Eq. (3.48)—is a favorable feature.

"To be considered C® when necessary for the application of
Theorem 2 and Corollary 3.2.

’The conventions for the curvature tensor are R v, =
(Vo V= V4V, )v, and Ryp = Rypt.

P* = —n*n*n’D,,,", (4.6)
and write the decomposition
o Z o a Ppa
P*=NW + e, P (4.7)

The tangent part P to ¢ is called asymptotic super-
Poynting vector field, and the scalar WV, asymptotic super-
energy density.13 Using P?, there is a way of determining
the presence of gravitational radiation at _# in full general
relativity that we recall here'*:

Criterion 1 (Asymptotic gravitational-radiation con-
dition with A > 0). Consider a three-dimensional open
connected subset A C _#. There is no radiation on A if and
only if the asymptotic super-Poynting vanishes there

P20 < No gravitational radiation onA.

Remark 4.1. The radiation condition is equivalent
stated in terms of the commutator of the electric and
magnetic parts of the rescaled Weyl tensor,

[D,C],, =0< P*=0. (4.8)

Importantly, criterion 1 is invariant under conformal
gauge transformations (3.30).

This characterization is the first clue in the itinerary
towards the isolation of the radiative degrees of freedom of
the gravitational field; the second one is the results by
Friedrich [21,22], by means of which a three-dimensional
Riemannian manifold endowed with a conformal class of
metrics and a traceless and divergence-free (TT) tensor
constitute initial/final data that determine a solution of the
A-vacuum Einstein field equations. The Riemannian mani-
fold turns out to be the conformal boundary, and the TT-
tensor, the electric part (4.4) of the rescaled Weyl tensor.
Hence, all the available information about gravitational
radiation has to be encoded in the triplet (_Z, h,;,, D,;). An
additional insight comes form calculating the magnetic part
of daﬂya at ¢, which shows that

(4.9)

13Superenergy formalism shares many properties with electro-
magnetism [33]. For a general treatment, see [34]. For the precise
content used in the study of gravitational radiation at infinity, see
Sec. 2 of [18] and references therein for other applications too.
14, L. . . ..
The criterion has an alternative, more geometric description
in terms of principal directions of the rescaled Weyl tensor that is
not going to be used here. For more details on this, see [18,19].
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with Y, being the Cotton-York tensor of (_#, h,p). This
proves that C,, is completely determined by the curvature

of (7, hgy), as

1 - -
Yab = _EeaCdv[ch]b’ (410)

where the volume form e,,. of _# and the intrinsic
Schouten tensor S,, have been introduced. Therefore,
gravitational radiation is determined by an interplay
[Eq. (4.8)] between the intrinsic geometry of (_Z, h,;,)
and an extra piece of information—the TT-tensor D ;. This
is the perspective adopted here and largely illustrated
in [18].

Yet another point that deserves attention is the existence
of a “first component of news” V 4 associated to a foliation
given by some m“. It has been shown in [18] that this object
must be part of any possible news tensor. It is convenient to
recall some definitions and results from that work.

Definition 4.1 (Equipped _¢). An open, connected,
subset A C _# with the same topology than ¢ is said to be
equipped when it is endowed with a congruence C of curves
characterized by a unit vector field m“. The projected
surface S := A/C and C are characterized by the conformal
family of pairs

(Bub’ma)9 (411)

where P, is the projector to S. Two members belong to the
same family if and only if (P, m’,) = (V*P,,, ¥Ym,),
where ¥ is a positive function on _#.

Definition 4.2 (Strictly equipped _#). One says that
J is strictly equipped when it is equipped and the unit
vector field m* is surface orthognal, providing a foliation
by cuts."”

When considering a foliation (@,;, = 0), one can always
write

= 1
m, = FV, v with e £:0, (4.12)
where each leaf S, is labeled by a constant value of the
parameter v along the curves. Next, define S,p:=
E°,E"S,, and introduce the following combination where
22 = 2,248 and @? = wyp’?:

Uyp = Sap + E@AB + Lag, (4.13)

15 . . . .
By “cut” one means any two-dimensional Riemannian
manifold with induced metric g p.

Lap = @f —%;2 +%g2)143. (4.14)
Two key results read as follows:
Corollary 4.1 (The tensor field p for strictly equipped
7 with S leaves). Assume _# is strictly equipped with v
the parameter along the curves and such that Eq. (4.12)
holds. If the leaves have S*-topology, there is a unique
tensor field p , on _# orthogonal to m“ (equivalently, a

one-parameter family of symmetric tensor fields p, B(U) =
E“\EP 8P, on the projected surface S) whose behavior
under conformal rescalings (3.31) is

2a a
— c
Pan=Pap = Da0pt 50405 =55 w00, 5. (415)

where w, = Dy, a €R, and satisfies the equation

Bdaﬂebﬁfcv[fed}e =0 (416)

in any conformal frame. This tensor field must have a trace
gee = B“egae = aK and reduces, at each leaf, to the
corresponding tensor p,p with all its properties. In par-
ticular, it is given for the round-sphere one-parameter
family of metrics by p , = P,aK/2.

Here, K is the family of Gaussian curvatures on S; see
Appendix A in [18].

Proposition 4.1 (The first component of news on
strictly equipped _# with S? leaves). Assume _# is strictly
equipped with v the parameter along the curves and such
that Eq. (4.12) holds. If the leaves have S? topology, there is
a one-parameter family of symmetric traceless gauge-
invariant tensor fields

Vg =Uasp = Pup (4.17)
that satisfies the gauge-invariant equation
DuUpgic = DV, (4.18)

where p , , is the family of tensor fields of Corollary 4.1 (for
a = 1). Besides, V5 is unique with these properties.

Remark 4.2. In case the topology of the projected
surface S is not S2, one has the generalizations of
Corollary 4.1 and Proposition 4.1 (Corollaries 6.3 and
6.4 in [18], respectively). Standard topologies such as S?,
R x S! or R? are permitted.

In addition, for algebraically special rescaled Weyl
tensor at _#, and under appropriate conditions, V,p
determines the presence of gravitational radiation (i.e.,
Vg =0 P =0, and V,p is the “whole” news tensor,
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see Theorem 2 in that reference)—as an example of this, the
C-metric is discussed in Sec. IVA. It is worth noting that
the news tensor of A = 0 conformal infinity enters in the
expression of the (Bondi-Trautman) energy-momentum
derived by Geroch [9] and angular momentum using the
symplectic formalism [13] (see also [35]). Hence, any
deeper understanding of this class of tensor fields is of
interest if one aims at a mass-loss formula in the scenario
with A > 0.

After this brief review, observe that if one knows the
Levi-Civita connection V, of (_#, hg,), then C,, can be
computed. Thus, from the viewpoint of Criterion 1, V,
must contain one part of the radiative degrees of freedom.
In fact, one can be tempted to say that it should be
characterized by half of the degrees of freedom, noticing
the symmetry between the role played by C,, and D, in
Eq. (4.8). Next, consider the affine space Z of differential
operators D, on (_#,h,). By Corollary 3.2, on each
neighborhood U/, the Levi-Civita connection belongs to

this space, V, € E, and it is determined with respect to a

fixed origin D, € Z by two functions encoded in 3¢,

Vo= Doy = 3¢ 00, (4.19)
These represent one part of the asymptotic radiative
degrees of freedom of the gravitational field in full
general relativity with a positive cosmological constant.

Note that §¢,, corresponds to d(V, D)%, and, complemen-
tarily, V,, can be given coordinates (0, 0) in =—see Fig. 1.
Remarkably, there is a broad class of space-times for which
these two degrees of freedom suffice to determine the
content of gravitational radiation at infinity; those having
an algebraically special daﬂ},‘s at ¢ (see Sec. IVA). Noting
that 7*,. = 0 imposes that each element of e¢%, €Y, is
surface-orthogonal (i.e., defines a foliation), Proposition
4.1 is applicable to each of the elements {e“;} =
{m?, m* m“} of the triad, leading to the following result

Lemma 4.1. Let {m“ m* m°} be the elements of a
triad {e“;} € Y,. Then, provided that the corresponding

projected surfaces S, S, and S associated with each of
the elements satisfy the topology restriction of Proposition
4.1—or its generalization to other topologies indicated in
Remark 4.2—there exists a set of three first components of
news, Vg, YA B ZA 4> corresponding to each of the
elements of the triad.

Remark 4.3. Recalling Remark 3.7 and using
Lemma 4.1, it follows that locally, and provided that the
topology requirements of Remark 4.2 are met, it is always
possible to find three first components of news.

One further justification of = containing part of the
radiative degrees of freedom comes from Eq. (3.29). Given
a foliation by umbilical cuts—ZX,z = O—defined by m?,
and the set of all possible triads containing this vector field,

there is an associated set of operators {D,} that induce the
covariant derivative D, in S. And this determines the
associated V,p. A different umbilical foliation, given
by m'?, has a different V’,5, and its connection D,’ is
determined now by a different set of operators {D’, }. From
the point of view of Z, any element of {D,} is determined
from any element of {D’,} by two functions.

A. The algebraically special case

The case with daﬂy‘s algebraically special at #—i.e., when
the rescaled Weyl tensor has at least one repeated principal
null direction at _#—is worthy of attention. A result'®
of [18] (Lemma 6.8) is applicable, and allows to translate
this condition to an equation involving just (_Z, h,;, D,p)
and a vector field m?,

Lemma 4.2. Assume that daﬂﬁ is algebraically special
at ¢ and denote by m? the unit vector field aligned with
the projection to ¢ of (any of the) repeated principal null
directions. Then

1
Dab - EDefmemf(Smamb - hab)

= mdeed(a(Cb)e + mb)mefe) (420)

Thus, in this case, the TT-tensor D, is determined by
C,» except for the component m*m®D,,,,. Nevertheless, the
latter is not involved in the gravitational condition, as one
has that Eq. (4.20) implies

_ 1 .
Pi=0s D, = EDefmemf (3mgmy, — hyy)

1
<:>Cab:_

5 (4.21)

Coymm! (3mamy, — hyy).

This last statement follows from Corollary 6.7 in [18],
where the radiant superenergy formalism was used."’
Notice that, due to the fact that D, and C,;, are traceless,
one has

PahDab + m“meab = 0, Pubcab + m“thab = O,

(4.22)

so that, indeed, no m*m®D,, (m*m’C,,) component is
involved in Eq. (4.21). Hence, in this particular scenario,
the presence of radiation is fully ruled out by the Cotton-
York tensor of (7, hgy), that is, by the two degrees of

"“The wording has been adapted to suit better the present work.
"With Egs. (2.50), (2.52) and property (c) on page 16 in that
work, one recasts the result as (4.21).
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freedom18 of E. Notably, this situation is in correspondence
with what happens in the scenario with A = 0, where the
phase space of connections introduced by Ashtekar [12] at
¥ has precisely two degrees of freedom, as the transport
equations for the relevant curvature fields along the gen-
erators are sourced by the fields themselves."’ Working out
further details, one can introduce a notion of incoming
radiation, and the analogy with A = 0 goes deeper, as in that
case the “electric” part of the curvature is determined by the
“magnetic” part except for the Coulomb component—see
Remark 6.7 in [18] for more details. Hence, this situation
may be the closest one, from the point of view of
gravitational radiation, to the asymptotically flat case. The
analogy does not come at any price, as condition (4.20)
constrains the radiative degrees of freedom. Thus, it should
not be surprising that adapting nongeometric methods of the
A = 0 scenario such as coordinate systems a la Bondi or
boundary conditions on metric coefficients [37-39] may
give answers that differ from the general ones obtained in the
present approach.

Some relevant examples of exact solutions for which
daﬂ},‘s is algebraically special at ¢ include the Robinson-
Trautman metrics and the C-metric (both radiative) and the
Kerr-de Sitter-like solutions® [40] (nonradiative) whose
content on gravitational radiation was analyzed in [18] (see
also [19]). In what follows the Kerr-de Sitter metric and
C-metric with A > 0 are used to illustrate the relation
between shears of different triads, serving as examples for

®In [36] it is stated that “The condition C,, = 0 removes
‘half the radiative degrees of freedom’ in the gravitational field
and, in addition, the gravitational waves it does allow can not
carry any of the de Sitter momenta across _#.” From the
perspective of criterion 1, C,, = 0 not only cuts the degrees
of freedom by half, but it kills gravitational radiation—which
somehow solves the puzzle of having waves that “can not carry
any of the de Sitter momenta across _#.” Instead, what it is
stated in this work is that half of the radiative degrees of freedom
are removed by condition (4.20) in a very different way, as
neither C,, nor D, vanish in general, so that the presence of
gravitational waves at infinity is completely feasible—and,
indeed, that is the case except for da/,},‘s having two repeated
principal null directions (type D) at ¢ coplanar with the normal
N* [18].

"This last point also suggests that the missing pair of degrees
of freedom in the general case may appear at _# by some kind of
time derivative of the intrinsic fields of a previous spacelike
hypersurface.

*The Kerr-de Sitter like solutions are characterized by having
a KVF whose associated rescaled Mars-Simon tensor vanishes. In
general, they have nonvanishing D, and C,, at ¢, and their
form is that of Eq. (4.21) with m“ being the conformal KVF
induced by the space-time KVF, therefore they do not have
gravitational radiation at _¢. There is a generalization called
asymptotically Kerr-de Sitter-like, in which the rescaled Mars-
Simon tensor is required to vanish at _# but not necessarily
everywhere; this more broad class can contain gravitational
radiation at infinity.

Lemma 3.1, Corollary 3.2, and Lemma 4.1, and also to give
cases of the surjection ¢ of Remark 3.6. The basic radiative
properties are concisely reviewed and conventions are
followed according to Sec. 8 of [18].

1. Kerr-de Sitter

Kerr-de Sitter is an example of a space-time with
conformally flat metric h,, at ¢, hence the Cotton-
York vanishes and condition (4.8) is satisfied, meaning
that there is no gravitational radiation arriving at infinity.
The metric at ¢ reads

sin%0 A4 — NZ?asin?0
1+N22 1+N22

1
1 + N2a%cos?0 de”, (4.23)

h = N?dr* + (dgpdt + drdgp)

+

where N2 = A /3. Now, consider the following triad {e“;},
a 1 + N2a2 . .
" TN+ N2aPeos?0) 2 (6f +aN°53),  (4.24)
. (14 a®*N?)1/2
=T sine % 425
sin @ ¢ ( )
= (14 a*N?cos’0)'/25;, (4.26)

It has 25 = Zpm = 2mm = 0, which trivially fulfils
Eq. (3.6) and shows that s%,. = 0. Then, according to
Theorem 1, the associated D, coincides with the Levi-
Civita V, connection. Not only that, but one can compute
the vorticities to get @, 5, = @pm = Dy = 0, Which is in
agreement with Lemma 3.1 and implies that t%,. = 0.
Thus, {e%;} € T, and, according to Corollary 3.2, not only
D, coincides with V,, but its action on arbitrary tensor
fields is completely determmed by the triplet of two-
dimensional connections associated to this triad:

V,v,=D,v,=WAW,BD, vy + i i, nBD; (mfv,mp)
+ A A RBD ; (mev,my) +mari,mA B D v,
+ myrigmBiAD; v+ mym,mARPD v,
—l—mbﬁzamgﬁzAQAQB+mamb[mAmBQAyB
+mAmBD, (hpmev,)).

(4.27)

In passing by, notice that 7*,. = 0 implies that one can
find scalar functions u, v, w, A, B, C, depending on the
coordinates {7, ¢, 8}, such that

« = Adu, « = Bdv,

.= Cdw. (4.28)

Indeed, one can easily identify
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u=t, v = ¢ —aNt, w=60 (4.29)
and
_ N(1 4 a’N?cos®0)'/2 B sin @
B 1 +a>N? ’ (1 +aNH)V2
c= ! (4.30)

(1 + N2?a*cos®9)'/?"
Then, {u, v,w} diagonalizes the metric
N*(1+ a*N’cos?w) ,  sin’w
(1 + a®N?)? 1 + a®>N?
1
1 + N?a*cos?w

h= do?

+ dw?, (4.31)

which also illustrates Remark 3.5. In addition to this, it is

possible to compute [18] the first component of news V45

associated to this m“ and check that

Vi =0. (4.32)

As a different choice of triad, make a rotation around m*
to get a new couple of elements,

1
m =&,

5 (4.33)

1
(1 + a*N?cos?)'/2

[asin 08¢ + (1 + a®N*)83).
(4.34)

Observe that m® is a Killing vector field, thus one has
Zum = 0. For the other two shears one finds

A

Sim = —2am = aN cos ), (4.35)
which again satisfies Eq. (3.6). That is, in this case s¢;,,. # 0
and the operator D,, is different from the previous one, so
that it does not coincide with V. This D, can be labeled
with the values of any of the three shears’ components,
e.g. (Zyin Zim) = (0, aN cos6).

2. C-metric with positive cosmological constant

The C-metric (here assuming A > 0) represents two
black-holes accelerating [41]. Hence, it is not surprising
that it contains gravitational radiation at _# [31], whose
metric in the gauge choices of [18] reads—see also [42] for
a recent treatment of the generalized black holes metrics of
Petrov type-D which include the C-metric:

2

h= (@S + N})de + 5o
(@S +N)de + oo )

dp? + Sde?.  (4.36)

Here 2ma <1, S(p):=(1-p*)(1=2amp)>0 with
pe(-1,1], 6€[0,27/(1 —2am)) and N?>=A/3 as
before. The rescaled Weyl tensor is algebraically special
at _#Z but the metric is not conformally flat. Thus Eq. (4.20)
holds and all the information about gravitational radiation
can be encoded in the Cotton-York tensor Y, [see
Eq. (4.9)] and having a nonvanishing asymptotic super-
Poynting vector field,

Da S 3 6 a
pas \/;ISam2S<1 +XSa2)6l,.

It was shown in [18] that, associated to the foliation

(4.37)

given by
N a$s
t=(—-=6——0% 4.38
e = (-For -5 (438)
the first component of news V,;, reads
H
Vap = EQAPQBP — HD,0Dpo, (4.39)

where on each leaf S

1 1
HE / 3amSdp £ 3am (E amp* — §p3 — amp?* + P)

+=m?a® = 2am. (4.40)

2
Indeed, not only m¢, C,,, and D, obey Eq. (4.20), but also

Vap =0 < P? =0 < no gravitational radiation(a = 0).
(4.41)

One can complete a triad by choosing, for instance,

aSl/z a 1/2 sa
me = Sa2 + N2 57 + S 5,,, (442)
N7} 1 a

The explicit computation of the shears gives s%,. = 0.
The vorticity of m, was computed in [18], and it vanishes.
Thus, using these results and Lemma 3.1 one has also that
1%,. = 0. That is, {e%;} €Y,, so that D, = V, and this
connection is determined by the triplet of two-dimensional
derivative operators {D,, QA, D <} In addition, it serves as
a nontrivial example of the surjection ¢ from the space of
triads Y to the space of connections Z—see Remark 3.6—
as the triad

m, = ((a®S + N?))'/?V z, (4.44)

064028-12



DEGREES OF FREEDOM OF GRAVITATIONAL RADIATION ...

PHYS. REV. D 108, 064028 (2023)

N2 1/2__
h,=|——s——1] V,p, 4.45
m, <S(a25 T N2)> aP ( )

i, = SV 0, (4.46)
which diagonalizes the metric in the given coordinate
system, is also in Y, and produces the same D,.

It is worth showing that a different triad can be defined,
such that s¢,. # 0 # t%,.. Keeping the m* of Eq. (4.38),
now choose

V51
o = 594 5% —
N +a"§ S

og, (4.47)

N
o = Y5714 s s 169 + 5&.

25N (4.48)

This triad is only defined for S > 1, but for fixed a and m
(obeying 2am < 1) one can always find a region on ¢
(a range of values for de coordinate p) in which this
condition is satisfied; enough for the purposes of this
example. The new components of the shears read

m _Znﬁm =

by (4.49)

a
T
INVS—17

This leads to a different connection 7_) + ﬁu, and can be
given coordinates (Z; 7 Z5m) = (0,a(2NVS—=1)7'0 ,S).

B. Comparison with Ashtekar’s phase space

The investigation by Ashtekar [12] of the radiative
degrees of freedom in asymptotically flat space-times
has ground differences with respect to the one put forward
here. One of them, which underlies everything else, is
the lightlike nature of ¢ when A = 0. Yet, inspired by
Ashtekar’s work, the present work aims at isolating the
asymptotic radiative degrees of freedom by constructing a
space of connections. Thus, some similarities arise and the
next brief comparison between Ashtekar’s phase space21 r
and the space E can be depicted:

At _¢# with A =0,

(1) Each of the (equivalence classes of) connections in

the space I' determines a curvature *K?*—NC? in
the notation of [32] and a news tensor. When seen
from the viewpoint of the space-time, *K“* is the
pullback of the “magnetic” part with respect to N of
the rescaled Weyl tensor, and the induced connection

on ¢ selects one of these connections.
(2) The space I' has an affine structure and can be
parametrized by two functions. These correspond to

21 .
Elements of Ashtekar’s phase space are equivalence classes
of connection arising from some restricted conformal rescaling.
Here, such identification is unnecessary.

the two degrees of freedom of the radiative compo-
nents of the gravitational field. In this case, due to
the lightlike character of ¢, they represent all the
degrees of freedom of the phase space of gravita-
tional radiation. This is supported by the radiation
condition based on the vanishing of the news tensor
or, equivalently, by the vanishing of the asymptotic
(radiant) supermomentum p® [32].

(3) To specify the induced connection with respect to a
suitably fixed point in T, it is enough to give the
shear of a one-form 7, that satisfies #,N®* = —1,
where small Latin indices are used, as the normal to
J is also tangent.

At _¢Z with A > 0,

(1) On each neighborhood U, € 7, there is a differ-
ential operator D, € E that coincides with the Levi-
Civita connection V,, of (_#, h,,). This determines™’
the Cotton-York tensor Y,, of the manifold. Also,
from the viewpoint of the space-time, Y, is the
magnetic part of the rescaled Weyl tensor at _#, and
V,, the induced connection; in this sense, V, on
each U, “selects” a D, E€E.

(2) The space E has an affine structure and can be
parametrized by two functions. Due to the spacelike
character of _¢, they cannot represent the complete
set of radiative degrees of freedom in the general
case. This is supported by the radiation criterion 1
based on the vanishing of the tangent part of the
asymptotic supermomentum p“ which involves D,
too. However, for algebraically special rescaled
Weyl tensor at ¢, these two degrees of freedom
determine completely the gravitational radiation.

(3) To specify the induced connection with respect to an
arbitrary point D, in E, it is enough to give the
crossed components of two shears of a triad {e“;}.

V. DISCUSSION

It has been shown that an affine space = of differential
operators D, emerges in Riemannian manifolds from the
space T of possible triads {e?;}, such that the action of
each D, on arbitrary tensor fields depends on the action of a
triplet of two-dimensional connections {D,, D4, D4} and
an antisymmetric term ;. containing the vorticities of
{e“;}. Also, that there is a surjective map ¢ from Y to E.
Remarkably, for C* Riemannian metrics, the Levi-Civita
connection belongs to E, and is fully determined by a triplet
{D4. D4, D4} hence, the subset T, € Y of triads that have
19,. = 0 and are mapped to V, is not empty. Apart from
that, points in E can be labeled by two functions which
have been justified to represent half of the degrees of

*One could also take a different perspective; namely, defining
with each D, a curvature and a Cotton-York-like tensor.
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freedom of the radiative gravitational field at infinity with a
positive cosmological constant. Further investigation has to
be carried out to extract all the possible structure in E.

One way of understanding the spirit of this work comes
from the dimension and causal character of _#. It can be
argued that local methods do not suffice to determine the
radiative degrees of freedom of gravity e.g., see discussion
in Chapter 9 of [43]. Also, it is reasonable to think of
gravitational radiation as linked to two-dimensional sub-
manifolds. As an example, the theorems for the existence of
news tensors—either the one of the asymptotically flat case
or the first component of news with A > 0—depend on
two-dimensional cuts e.g., see how the dimension inter-
venes in the proof of Corollary 5.2 in [18]. Additionally,
observables such as the energy-momentum or mass-loss
formula involve integration over a two-dimensional sur-
face, which also relates to topology; when the cosmological
constant vanishes, _# has R x S? topology [44] and the
null generators naturally provide the conformal boundary
with a 1+ 2 decomposition. For A > 0, however, the
topology of ¢ is not unique [36,45] and, in general, there
is no natural choice of an intrinsic evolution direction
equipping infinity with a 1 + 2 splitting. The space of triads
T represents this directional freedom and induces a space
of differential operators E. From it, the geometry of the
two-dimensional projected surfaces associated with a triad
is used to show that the Levi-Civita connection belongs to
E, in a way that the curvature of ¢ can be determined by
two-dimensional connections; see Remark 3.4. Indeed, this
result (Corollary 3.2) depends critically on the dimension,
and generalizations of Theorem 2 to dimension greater than
3 require restrictions on the curvature [46].

On a different note, one of the big pieces missing is how
to account for the total number of degrees of freedom in the
general case; that is, when d,l/;yﬁ is algebraically general at
. A possible way out is to construct a map from one
detached abstract Riemannian manifold to another, such
that the image of Y, on the second manifold is identified
with D,,. The intuition behind this proposal is the
following: the electric and magnetic parts of the rescaled
Weyl tensor can be expressed as

] P B
Cap = \/;[epqav[p%]b +5€aVesy | (5.1)

1 /3.
D, = 5 \/;aabv

(5.2)

with o, being the shear of n*, and where the dot denotes
covariant differentiation along this vector field. This
suggests the possibility of identifying the missing pair of
degrees of freedom as the evaluation at _# of a time
derivative of the other pair or as a map between detached
three-dimensional Riemannian manifolds. Then, the two
pairs would represent the 4 degrees of freedom of the phase
space of gravitational radiation with A > 0. This matter has
to be tackled rigorously elsewhere.

Yet another important issue is how asymptotic sym-
metries come into play, and how they preserve/change the
structure of Z. As an example, distances between points of
E are left invariant by conformal transformations of the
Riemannian metric in the sense that operators D, change,
but the labels s, do not, see Eq. (3.48). Thus, it is to be
expected that basic infinitesimal asymptotic symmetries,
i.e., those generated by CKVF & of (_Z, h,;,) that satisfy

1—
£EDcd = _gvagaDcdv (53)

—

act simply and transitively on ZE. Additionally, it is
necessary to understand the interplay between translations,
the first piece of news associated with a congruence of
curves [18] and Z; Lemma 4.1 goes in that direction.

The final goal is to identify a complete phase space for
the radiative gravitational field at ¢ with A > 0 that could
be used to shed light on open problems, such as the
formulation of the total energy-momentum carried away by
gravitational waves in an accelerating expanding universe.
Hereby, this work is just a first step on that itinerary; other
important pieces, such as the ones pointed out above, are
yet to be fit into the jigsaw.
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