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To fully exploit the capabilities of next-generation gravitational wave detectors, we need to significantly
improve the accuracy of our models of gravitational-wave-emitting systems. This paper focuses on one way
of doing so: by taking black hole perturbation theory to second perturbative order. Such calculations are
critical for the development of nonlinear ringdown models and of gravitational self-force models of
extreme-mass-ratio inspirals. In the most astrophysically realistic case of a Kerr background, a second-
order Teukolsky equation presents the most viable avenue for calculating second-order perturbations.
Motivated by this, we analyze two second-order Teukolsky formalisms and advocate for the one that is
well-behaved for gravitational self-force calculations and which meshes naturally with recent metric
reconstruction methods due to Green, Hollands, and Zimmerman [CQG 37, 075001 (2020)] and others.
Our main result is an expression for the nonlinear source term in the second-order field equation; we make
this available, along with other useful tools, in an accompanying Mathematica notebook. Using our
expression for the source, we also show that infrared divergences at second order can be evaded by

adopting a Bondi-Sachs gauge.
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I. INTRODUCTION

A. Black hole perturbation theory beyond linear order

Exact solutions of the Einstein field equations are few
and far between. The most astrophysically relevant exact
solutions, the Schwarzschild and Kerr spacetimes, describe
the simplest systems of isolated, stationary bodies. To
model dynamical spacetimes, particularly the types observ-
able by gravitational wave detectors, one must generally
resort to either numerically solving the fully nonlinear field
equations [1] or using approximation methods [2]. One
such method, black hole perturbation theory [3], approx-
imates systems that closely resemble an isolated black hole.
Since its inception, the development of this method has
largely focused on perturbations at the leading, linear order.
This has sufficed for most purposes; linear calculations are
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used in LIGO-Virgo-KAGRA templates [4—6] to calibrate
models of the final merger and subsequent ringdown at the
end of an inspiral, for example.

However, in the future, perturbative models must be
substantially improved. Next-generation detectors will
have improved sensitivity and broader frequency coverage,
allowing them to observe a wider variety of systems with
greater precision, but only if the accuracy of theoretical
models keeps pace with detector technology [7]. Meeting
the needs of next-generation detectors requires going to
nonlinear perturbative orders [3,8,9]. In this paper, we take
a step toward that goal, presenting new tools in second-
order perturbation theory.

We specifically focus on the astrophysically realistic case
of a perturbed Kerr black hole. This is expected to universally
describe the final stage of a black hole binary, when the
merged black holes ring down to a stationary Kerr state. It can
also be remarkably accurate in describing the merger itself
[10,11]. Recent work on second-order perturbations of Kerr
has been motivated by these facts, particularly the desire for
improved models of the final ringdown and the possible
signatures of nonlinearity it may contain [9,12—17]. Here
we are motivated more by another important source of gra-
vitational waves: extreme-mass-ratio inspirals (EMRIs).
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These systems occur in galactic nuclei when a stellar object
of mass m ~ 1-100M g, such as a black hole or neutron star,
slowly spirals into a massive black hole of mass M ~
10*-10"M, [18]. Due to the disparity between the two
masses, the system is accurately described as a Kerr black
hole perturbed by the orbiting companion [19].

EMRISs are expected to be one of the premier sources for
the space-based gravitational-wave detector LISA [20-22].
While the EMRI event rate is uncertain, current estimates
suggest that hundreds of detectable EMRIs will likely occur
during the LISA mission’s lifetime [21]. Each EMRI signal
will be in the LISA band for ~10*~10° wave cycles, with
the companion spending most or all of that time in the
strong-field region within 10 Schwarzschild radii of the
central black hole. The emitted waveforms will therefore
carry unique information about the strong-field regime of
general relativity and the astrophysics of massive black holes.
For a review of the stringent tests of general relativity,
astrophysical measurements, and precise parameter extrac-
tion possible with EMRI observations, see [21-26].

Most of these tests will only be possible using matched
filtering with highly accurate waveform templates that
maintain phase coherence with the signal for its full
~10° cycles. Currently, the only viable path to achieving
such accuracy is using gravitational self-force (GSF)
theory [3,19]. In the context of a binary, this approach
corresponds to an expansion in the binary’s mass ratio
e:=m/M < 1. At leading order in the expansion, the
companion behaves as a test mass, following a geodesic of
the central black hole geometry. At subleading orders, the
perturbation produced by the companion influences the
companion’s own motion, effectively exerting a GSF on it.

On the long timescale of an inspiral, the GSF’s dominant
effects are dissipative. It has been known for some time that
to achieve the necessary phase accuracy, the GSF method
must include second-order dissipative effects [27].
Reference [8] showed this with a rigorous scaling argu-
ment, establishing that on the characteristic time ¢ ~ M /¢
over which the orbit inspirals, the gravitational-wave phase
has the following postadiabatic expansion in e:

pl.€) = 29O (en) + 9V (en) +OG), (1)

where the “adiabatic” (OPA) term (¥ is dependent on the
dissipative piece of the first-order GSF, and the “first
postadiabatic” (1PA) term ¢(!) is dependent on the dis-
sipative piece of the second-order GSF and the entire first-
order GSF [3,8]. Hence, to ensure that cumulative phase
errors remain small over the inspiral, we must know the
dissipative piece of the second-order GSF. In fact, existing
work on the conservative piece of the first-order GSF,
which has been the focus of the GSF community, will likely
not be of use in LISA data analysis if the dissipative
second-order GSF is not also included, as they have
comparable impacts on the phase evolution.

Going to second order in perturbation theory brings a
new set of challenges. While the general formalism for
nth-order perturbations of generic background spacetimes
is well understood [28-31], concrete methods in particular
spacetimes of interest are less well developed. Much of
the work in nonlinear perturbation theory has focused on
perturbations of cosmological spacetimes [32—40] or of flat
spacetime, either in post-Minkowskian or post-Newtonian
contexts [2,41,42], where calculations have been carried to
high orders [42—45]. In the context of black hole perturba-
tion theory, there are practical formulations of second-
order perturbations of Schwarzschild spacetime, along with
concrete calculations in some specific scenarios [46—58].
But much of this work has been restricted to vacuum
perturbations and excluded certain perturbation modes.
In the astrophysically realistic case of a spinning, Kerr
black hole, substantially less has been done. After an early
formulation by Campanelli and Lousto [59], there has been
very little work on the subject prior to a recent spate of
papers by Green, Hollands, and Zimmerman (GHZ) [12]
and Loutrel and collaborators [9,13].

Several key features of linear perturbation theory in Kerr
do not extend to second order. At first order, the Teukolsky
equation [60,61] enables one to solve a single, fully
separable field equation for a gauge-invariant variable
(either of the Weyl scalars y or w,). In vacuum regions,
the Weyl scalar carries almost the entire information about
the metric [62], and there is also a well-developed method
of reconstructing the metric perturbation from the Weyl
scalar due to Chrzanowski [63] and Cohen and Kegeles
[64] (CCK). At second order, the Weyl scalars are sourced
by nonlinear combinations of the full first-order metric
perturbation; they are no longer invariant [59]; and even in
vacuum regions, obtaining the second-order metric pertur-
bation from them is highly nontrivial [12,65].

GSF theory in this setting comes with more distinct dif-
ficulties. There is now a large body of work on second-order
GSF theory in generic vacuum backgrounds [27,66-75].
A complete computational framework has been developed
for the special case of quasicircular orbits in Schwarzschild
spacetime [58,76—78], and concrete results have been
obtained in that restricted case [57,79,80]. However, astro-
physically realistic EMRI models will require such calcu-
lations in a Kerr background, as massive black holes are
expected to have significant spin.

Currently, no second-order GSF calculations have been
performed in a Kerr background, and methods for such a
calculation are fledgling. In this paper, along with two
sequel papers [81,82], we begin to develop a framework for
these calculations. The core of our formulation, and the
focus of the present paper, is a linear equation for a certain
second-order Teukolsky variable. This equation has
appeared previously [12,83], and this paper partly serves
simply to flesh out the basic analyses that were summarized
in Ref. [83]. But no reference, to our knowledge, has
presented an explicit expression for the nonlinear source
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term in this second-order field equation, which is con-
structed from quadratic combinations of the first-
order metric perturbation. Here we provide that expression,
along with tools for working with it, in a supplemental
Mathematica notebook [84]. The notebook was built upon
an existing notebook, Ref. [85], and uses the tensor-
calculus package xAct [86] (including the subpackages
XPERT [87] and SPINORS [88]). We also outline how this
second-order Teukolsky formalism can be used in GSF
calculations and some advantages it has over the earlier
Campanelli-Lousto formulation that involved a slightly
different field variable.

We expect our formalism to provide the basis for future
second-order GSF calculations, and our discussion focuses
on that application. However, our techniques are also
applicable to any other second-order perturbative calcu-
lation in Kerr spacetime, particularly to nonlinear ringdown
calculations.

B. Outline

We begin in Sec. II with a review of perturbation theory
and GSF theory in Kerr. We include a large portion of
review material partly because many readers might be
unfamiliar with second-order perturbation theory and partly
as a necessary guide to the accompanying Mathematica
notebook [84].

Sections III and IV then examine two second-order
Teukolsky formulations. We first review Campanelli and
Lousto’s second-order Teukolsky equation [59] and exam-
ine its utility for second-order GSF calculations. We show
that it generically has an ill-defined source term, but we
suggest two potential ways around that. We then explore an
alternative that we call the reduced second-order Teukolsky
equation. Unlike the Campanelli-Lousto equation, the
reduced equation has a distributionally well-defined source
term in the GSF problem. We also describe how the
reduced formulation dovetails with the GHZ metric-
reconstruction formalism [12] (as well as other recently
developed reconstruction methods [89-93]) and how both
connect with the Teukolsky puncture/effective-source
scheme developed in Ref. [65].

In Sec. V, we next examine the asymptotic properties of
the source of the reduced second-order Teukolsky equation
and comment on how the infrared divergences that generi-
cally arise in second-order GSF calculations [94] can be
avoided by imposing Bondi-type gauge conditions. One of
the sequel papers [81] will describe how to incorporate
those gauge conditions into our framework.

We conclude in Sec. VI by summarizing how this paper
sets the stage for several follow-ups, including the two
sequels mentioned above as well as a framework and
implementation specialized to Schwarzschild spacetime
[77,95].

Throughout this paper, we use lowercase latin letters to
denote abstract indices and greek letters a, € {0, 1,2,3}

to denote components in a coordinate basis. Greek indices
in square brackets denote components in a tetrad basis.
We adopt the (— + ++) metric signature and geometric
units with G = ¢ = 1. (1, 1,0, ¢) denote Boyer-Lindquist
coordinates.

II. BLACK HOLE PERTURBATION THEORY

In this summary of black hole perturbation theory,
we review the generic structure of perturbation theory
in general relativity; Newman-Penrose (NP), first-order
Teukolsky, and metric-reconstruction formalisms; and the
applications of these things in GSF theory. We refer to
Refs. [3,19] for a more thorough review. Readers familiar
with this review material can skip freely to Sec. III.

A. Perturbation theory in general relativity

We consider a one-parameter family of spacetimes with
metrics g, (). In the bulk of the paper € may be any small
parameter, although we will take it to be the mass ratio

when specializing to a binary system.

b,...b . . . .
We assume tensors A, 4’ on this family admit series

expansions in powers of &,

Abl'"bn

ap -y

= A AP @2 ARDPbe ()

In particular, we expand the metric and stress-energy
tensor as

Gap = 9 + ehl) + %) + -+ + . (3)

Ty =T +eT) +2T0 4 e 4 (4)
We then expand the Einstein equation,

Gab [gab] = Sﬂ:Tabﬂ (5)

to obtain field equations for the successive terms in Eq. (3).
The structure of the field equations is made clearer by

first expanding the Einstein tensor in powers of the total

metric perturbation A, := g, — gg):

Gubl9ap) = Gab[gg},)] + 8G yp[hap) + 87 G o [Pty hap)
+ -+ 8"Guplhaps s hap) + -y (6)

where 6G,;, is the linearized Einstein tensor, §°G,, is
quadratic in A, and so on; each of the operators 6" G, is
linear in each of its n arguments. We omit the textbook
expression for 6G,,,, but for easy reference, we include here
the expression for the quadratic Ricci tensor,
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1
62Rah = _EhLd;d(th(u;b) - hah;c‘)

1 1, .
+ 2 B yheqy + 3 R (egsa = Paase)
1
- Eth(th(a;b)d - hab;cd - hcd;ab)' (7)

G, then comprises the quadratic terms in the trace
reversal of R,

I ©
Gup = 3 Rap = 5 996 Req
1

- E <habg(0)6d - gg()b)hc‘d) 5Rcd' (8)

Here indices are raised and lowered with the background
metric, a semicolon denotes covariant differentiation com-
patible with the background metric, and hy,y, = h,;, —
1 gedp,,.

If we substitute the expansion of /4, in powers of ¢ into
Eq. (6), then the Einstein equation becomes

0 1 2
Guplg] + £6G [n})] + &2 <5Gab 1]+ 682G, [hg;g])
_ 8”(ng> Lol 4 e%ﬁjj) L o). ©)

Equating coefficients of powers of ¢ then yields a nonlinear

equation for the background metric, Gab[gggj)] = 871'T537>,

together with a sequence of linear equations for the

perturbations hi’;,),

8G o [h})] = 8aT'). (10)
8G ) = 8aTly) — 8Gyylhly) by (1)
8G oy [h)] = ... (12)

For a vacuum background such as Kerr, we have

Gaploiy) = T}y = 0. (13)
In principle, perturbation theory then boils down to solving
the sequence of linear equations for each successive hg;
(together with any equations governing the matter fields in
the system). These equations have the same left-hand side
at every order; their only difference is their source terms on
the right-hand side, which involve nonlinear combinations
of lower-order metric perturbations.

While conceptually simple, solving these linear equa-
tions in a Kerr background is challenging (and numerically
expensive) because each of them comprises a nonseparable

set of coupled partial differential equations.1 Given this
challenge, instead of tackling the equations directly, at
first order, one generally solves the linearized Einstein
equation indirectly by reconstructing h(alb) from a single
complex scalar that satisfies the (fully separable) Teukolsky
equation. We review these metric reconstruction methods
in Sec. IIE. The derivations of the Teukolsky equation
and metric reconstruction generally rely on using the NP
formalism, which we review next.

B. Newman-Penrose formalism

The NP formalism utilizes an orthonormal basis of null
vectors,

e[‘;] = {eﬁ],ef‘z], efg], 6?4]} = {1, n*, m*, m*}, (14)
chosen such that [* and n? are real and m® is complex (with
a bar denoting complex conjugation). They satisfy the
orthonormality conditions

I“n, = -1, mim, =1, (15)

and g, eﬁl] ef’y | = 0 for all other combinations of tetrad legs.
The metric in this basis therefore reads

Gab = —2l(anp) + 2m iy, (16)
where parentheses denote symmetrization.

In the NP formalism, the connection is represented using
Ricci rotation coefficients,

Vi) = €l €laki€ly- (17)

The independent components of the Ricci rotation coef-
ficients are denoted using complex scalars,

K==ypun  T=7rppR = TYEnEs
P=TTRME, TE=TYREN V= T4
H==Tpaps A= T
_ _Tein Y@ _ TR e
2 ’ 2 ’
p— e )43 Y 403 1)1 R4S )
N 2 ’ N 2 ’

(18)

known as spin coefficients.

'As a consequence of Kerr’s axisymmetry and stationarity,
one can partially separate the equations by expanding the
components hg;> in modes hflr;;mm(r,é)e"(m""“”), leading to
two-dimensional elliptic equations for each of the coefficients

h((l'}}mw). This route is being actively explored [96].
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The covariant derivatives along tetrad vectors are written
as operators D, A, 8, and d, which are defined as
D:=1°V,, A:=n'V,, &§=mV,, 6=m'V,. (19)
We use boldface symbols for these directional derivatives
to distinguish them from ¢ (denoting functional derivatives
as in the preceding section) and A (denoting a gauge
transformation as in the next section). It will be useful to
also define

dy=6—7+p+3a+4x, (20)
dy==A+3y—7+4u+p, (21)

following the notation of Ref. [59].
In the NP formalism, one expresses the vacuum curvature

by defining Weyl scalars, five complex scalars that represent
the ten degrees of freedom of the Weyl tensor C,j,.4:

Yo = Cabcdlamblcmd’ (22)
WYy = Cabcdlamblcnd7 (23)
Yo = Cabcdlambmcnd7 (24)
Y3 = Cwahcdlanbﬁlcnd7 (25)
Wy = Capegn®mPncind. (26)

All of the above is generic; it applies for any metric,
whether the background or the exact spacetime. For our
one-parameter family of spacetimes, each NP quantity is
expanded in powers of ¢, starting with the tetrad itself:

ey eEE])a + 863])‘1 + O(&?). (27)
When using the NP formalism to describe perturbed
quantities, we will only rarely write any exact quantity.
We, therefore, simplify the notation by dropping the (0)
label on background quantities. For example, rather than
using eﬁl] to denote the exact tetrad, we use it to denote

eEMO]) 9 this is the reason for the arrow, instead of an equality,

in Eq. (27). We express the first-order tetrad perturbations
and spin coefficients in terms of hglb) in Appendix A (while
noting that such expressions are necessarily not unique
because of the freedom to rotate the tetrad, reviewed below).
If the zeroth-order tetrad legs [ and n“ are chosen to lie
along the principal null directions of Kerr, then four of the
Weyl scalars and four of the NP spin coefficients are made
to vanish at zeroth order [97]:
w3 =0, wa=0 (28)

w0:07 l//1:0,

c=0. (29)

We will always make this choice, aligning /¢ with the
outgoing principle null direction and n“ with the ingoing
one. € can also be made to vanish by further specializing to
the Kinnersley tetrad [98].

Beyond zeroth order, our main quantities of interest are
the perturbations of y and y,. At linear order, these are
independent of the tetrad perturbations; this follows from
the fact that Cabcd5(lamblcmd) =0= Cabcdé(n“ﬁibncrhd)
[99], such that the definitions (22) and (26) imply

v = Bualhy)] = 6Capealn ) Inm it (30)

and analogously for y/él). Appealing to the same identities,
we see that the second-order analog of Eq. (30) has the
more complicated structure

v = oyl + Syl eyl (31)

where the second term is quadratic in hgl,) and e([;])a (and is

not bilinear in its two arguments). This structure of 1/14(12> will

be important for our discussions in Sec. IV.
For later reference, we write the linear operator in
Egs. (30) and (31) as

T = oy ] (32)

and include here its explicit NP form,

Tob = _%{(5—f+3a+ﬁ)(5—%+2a+2'>n“nb
+(A+7+3y —7)(A+ i+ 2y —27)mm’
- [(A+ﬂ+3y—7)(5—2%+2a)
+ (@ —7+3a+p)(A+2a +2y)]n(“ﬁ1b)}- (33)

Following Ref. [59], we also write Eq. (31) as

2 2 2
v = vl +wlp. (34)

) 1 2 ) (Da 2) .
where 1//5‘) = T[l’lib)] and VIK(lQ) = 521//4[}1,(1;7)’4#]) ] Wflgg 18

given in NP form in Eq. (B3) of Ref. [59] as well as in the
supplemental Mathematica notebook [84].

In this section and throughout the body of the paper,
we use standard NP quantities. The accompanying
Mathematica notebook [84] also presents results in terms
of the refined NP formalism due to Geroch, Held, and
Penrose (GHP) [100]. We summarize that reformulation in
Appendix B.
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C. Gauge transformations and infinitesimal
tetrad rotations

Perturbation theory in the NP formalism has two types of
perturbative gauge freedom: one corresponding to changes
in the identification between points in the exact spacetime
and points in the background; and one corresponding to
near-identity rotations of the tetrad. To avoid ambiguity, we
refer to a change of identification as a gauge transforma-
tion, and we refer to a change of tetrad as an infinitesimal
tetrad rotation.

Gauge transformations are equivalent to near-identity
coordinate transformations. For a generic expansion of the
form (2), a gauge transformation leaves the zeroth-order
term unchanged while altering the subleading terms as

APyt gPbe . A AP b here
AAGYG" = Lo AR (35)
AAQLL T = 1 e L L o
ay-dy éc al am :c 5[ al am
+ Les, Aa! ”;m”. (36)

For a derivation of this, see Ref. [30] or Sec. IVA of
Ref. [73]. Here L denotes a Lie derivative, and the
vector fields Z;E‘n) are referred to as the generators of the

transformation.

Applied to the perturbations 4 and T, the general
rules (35) and (36) become

1 0
AhYy) = Le g4 (37)

@ _ o 1 ) n)
Ahgy = C%%b + iﬁzgl)gab + ‘cffl)hab’ (38)
and
AT, =0, (39)
AT = Le T 0, (40)

where we have specialized to a vacuum background
with 7\ = 0.

The perturbative Einstein equations (10) and (11) (and
their analogs at all higher orders) are invariant under a
generic gauge transformation. This is easily seen by moving
all curvature terms to the left-hand side while noting

6Gulhly) = Gl and (8G[hly)] + &G hly). n))) =
Gfb). The invariance then follows from Egs. (35) and (36),

so long as the field equations are satisfied in the original
gauge. For example, at first order:

AG,y) = Le Gy =8rly Ty = 87ATY).  (41)
In a vacuum background, we also have the stronger statement
that each side of the first-order Einstein equation (10) is

separately invariant; this follows immediately from the
vanishing of the zeroth-order fields Ggob) and ng,). Because
AGY) is also given by 5G,[ARY)] = 5G,[Le g, its
vanishing also implies the standard identity

G o[ Legl] =0 (42)

for any £¢. But at second order, while the Einstein equa-
tion (11) is still invariant, each separate side is not. Using
Egs. (38) and (42), we see the left-hand side transforms as

2 2
ASG M) = 6G ., [AR).,

_ 1 0 ()
= 6G,, L L Lo gy + Le by |- (43)

From the invariance of the equation as a whole, the right-hand
side transforms in the same way,

A (871T$,> — Gy [hé;j]) = 5Gab[Ahab} (44)

This gauge dependence will be important in later sections.

We now turn to infinitesimal tetrad rotations, which
correspond to near-identity Lorentz transformations (boosts
or spatial rotations) of the tetrad legs. Under such a trans-

formation, the zeroth-order legs are unchanged, while the

(n)a

perturbations e, are transformed. We will only require the

first-order tetrad perturbations, which transform as

el = e} + By Wef,. (45)
where By, is an arbitrary antisymmetric matrix. Here frame
indices are raised with the inverse of the Minkowski metric
Nlly] = gab M [ E Following our convention discussed in
the previous section, eM denotes the zeroth-order tetrad legs.

In a Kerr background (except in the Schwarzschild

limit), y/g") can be set to zero at all perturbative orders
through a gauge transformation. At first order, for example,
it transforms as

Al//2 Egc Yy = 5(1)0rl//2 + 5‘(91)66'1//2; (46)

since y, and wgw are complex (except when the Kerr spin
(1)

parameter vanishes), this implies we can set y,

solving Ay/<21) = —lpgl)

to zero by

for the two components ff]) and

5?1)- We can likewise set w(2"> =0 through appropriate
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choices of £/, and f((’n). Similarly, the Wey] scalars 1//(1") and

y/gm can always be set to zero through an infinitesimal

tetrad rotation. Therefore, at all orders, 1,1/(()"> and z,//gn) are the

only Weyl scalars that carry gauge- and tetrad-invariant

information.

Moreover, at first order, the Weyl scalars z//f)l) and l//fl1>

are both gauge and tetrad invariant. They are trivially
invariant under infinitesimal tetrad rotations because, from
Eq. (30), they are independent of the tetrad perturbations
e&)“. They are trivially gauge invariant by virtue of Eq. (35)
because the background scalars v and y, vanish. Just as

the invariance of G{(Ilb) implied Eq. (42), the gauge invari-

(1) (1)

ance of y;,’ and y, ' implies
0 0
8olLegup)) = 0 = SyalLergly] (47)

for all vectors &°.

On the other hand, the second-order perturbations y/(()z)

and WEP are neither gauge invariant nor infinitesimal-
tetrad-rotation invariant [59]. We review their transforma-
tion properties in Sec. III B below.

D. First-order Teukolsky equation

In first-order perturbation theory, the invariant Weyl

scalars 1;/81) and l//y) satisfy decoupled, fully separable

Teukolsky equations [61,97]. These equations are most
easily derived from the Penrose wave equation [101],

UCapea — 4Caef[ch]fbe + Cabefcefcd = Subeds (48)

which is itself a consequence of the Ricci identity and
Bianchi identities. Here (1 := ¢“*V,V,, S,,.4 is made up of
terms involving the stress-energy tensor, and all quantities
are constructed from the exact metric (as opposed to the
background metric). Contracting Eq. (48) with appropriate
tetrad legs and linearizing, one finds the Teukolsky equa-

tions for 1//(()1) and wfll). We write these equations concisely

as
Oy = 8zST,)], (49)
Oy} =8zSIT)). (50)

where O, S, and their primed versions are second-order
linear differential operators; the prime here denotes the

“The original derivation due to Teukolsky instead began from a
selection of perturbed Bianchi and Ricci identities in NP form
[61,97]. That derivation is reproduced in the accompanying
Mathematica notebook [84].

GHP operation (I* <> n®, m* < m“)

Appendix B.

explained in

One can work with either of the variables l/I(()l) or l//gl).

Here we focus on 1//4(‘1), in which case the differential

operators in the Teukolsky equation are given by

O=(A+3y—y+4u+p)(D+4e—-p)
—(6—-7+p+3a+4n)6—7+48) -3y,  (51)

and

& [(8 - 27+ 200
1-
+=d? [(A + 27 + 23)nt )

where all quantities here are zeroth order, and Zigo) and

(—1‘(‘0) are the zeroth-order versions of the operators in
Egs. (20) and (21). We have restored indices on S to
indicate that it acts on rank-2 tensors to return scalars
(i.e., S[Tub] = SubTab).

Equations (49) and (50) can be written in a common,
separable form known as the Teukolsky master equation,

O =5, (53)

where the left subscript indicates spin weight, and where
S@ is given explicitly in Eq. (4.7) of Ref. [61]. The
relationship between the master scalars g and the Weyl
scalars depends on the choice of background tetrad [3]. In
the Kinnersley tetrad, ,yr = 1//81), and Eq. (53) for s =2 is

identical to Eq. (49); while _,yr = p‘ﬁ//il), and Eq. (53) for
s = —2 reads

L0~y = 16a5p4S[TY), (54)

where = =12+ a?cos?0 and ,O is related to O by
,0 =25p=*Op*. Equations (49) and (50) may not be
manifestly separable, but Eq. (53) is immediately separable
in a basis of spin-weighted spheroidal harmonics (S,,,,-
For example, Eq. (54) is separated with the ansatz

pl) = / o> o (1) o Sema(0)e™ =", (55)
‘m

This reduces Eq. (54) to an ordinary differential equation
(1)

for each radial coefficient _,y . .
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E. Metric reconstruction

1//(()1) and y/gl) directly encode the gravitational waves

emitted to future null infinity (Z*) [61] and into the
primary black hole horizon [102]. Moreover, in vacuum,
each of them contains all the information about the
metric perturbation hilb) (up to trivial perturbations
towards other Kerr solutions) [62]. As recently shown

(1)

by GHZ [12], even in nonvacuum w  and 1;/511) each

contain “most” of the information in hi‘ﬁ- Metric
reconstruction methods are a realization of this fact,

allowing one to reconstruct any perturbation hglb) from

its corresponding 1//(()1) or z;/fll) (along with a few other

simple ingredients described below, and again excluding
trivial perturbations). We again focus on schemes that
begin from wftl).

For vacuum perturbations, the standard CCK
reconstruction method [63,64,103] begins with Wald’s
operator identity [104]

OT = 8¢, (56)

where O, 7, and S are the operators defined in Egs. (51),
(33), and (52), and & is the linearized Einstein operator,

€= 08G [ - (57)

Equation (56) is simply the statement that the linear
Teukolsky equation (50), written in index-free form as

oT[hy] = seny). (58)
(1)

is valid for any &, . Taking the adjoint of Eq. (56) gives us
another operator identity,

TO! = £8F, (59)

where we have used the fact that £ is self-adjoint. It follows
that if we can find a scalar field ®(!) satisfying O (1) = 0,
then

hY) = 2Re(ST @) (60)

is a solution to the vacuum Einstein equation &, [h((ll)] =0.
The structure of S in Eq. (52) immediately implies that the
reconstructed metric perturbation is in a traceless outgoing

radiation gauge (ORG), satisfying h\}))n® =0 = p') et 3

3Despite being defined from the ingoing principal null vector,
CCK reconstruction in this gauge yields a solution that is regular
at T+ for outgoing radiation. Conversely, CCK reconstruction
defined from the outgoing null vector [ yields a solution that is
regular for ingoing radiation. See Ref. [105].

The field @), referred to as the ORG Hertz potential, can

be obtained from 1;/‘(11) using the circularity condition

yl) = T[h')] = 2T [Re(ST®M)], which enforces that

the reconstructed perturbation hfll; corresponds to the

original Weyl scalar. This circularity condition can be
reduced to a so-called radial inversion relation, a fourth-
order ordinary differential equation along ingoing null rays,
given in Eq. (C6). In vacuum, the inversion relation can
effectively be solved algebraically by simultaneously
imposing O'®() = 0 [106,107].

More recently, GHZ extended the CCK method to
nonvacuum perturbations [12]. In brief, they showed that
the CCK procedure remains valid for any perturbation of

Kerr with Tglp = 0. They then provided a method for

. 1
calculating a so-called corrector tensor, sz b) , to account for

the T ;;) # 0 piece of the source. The total metric perturba-
tion is hence

) = 2Re(sT, @) 4 x1V). (62)

@ can still be found from l//il) by integrating the same radial

inversion relation (C6). If x((llb) is put in a traceful outgoing

radiation gauge, meaning xfllb) n® = 0 but x,(;,)h # 0, then the

field equation &,,[x\})]n? = 82T\ n® also reduces to a set
of ordinary differential equations along ingoing null rays.
Therefore, the complete metric perturbation can be found

(1)

by solving the Teukolsky equation for y, ' and integrating

the ordinary differential equations for ®(!) and xilb). We
refer to Appendix C for additional details.

These methods work in the same way if starting from

1;/(()1) and its associated operators O', 77, and &’ (using the

GHP prime notation described in Appendix B). The
resulting metric perturbation then satisfies the ingoing

radiation gauge (IRG) condition h{(llb) > = 0, and the piece
obtained from the IRG Hertz potential is again traceless.

*This can be modified by the addition of trivial perturbations
toward another Kerr solution, which we choose to absorb into the
background metric. Note, however, that xillh) will include pertur-
bations of that form in any vacuum region if there is a change in

mass or angular momentum between two regions. For example,

in the case of a point mass at radial position r (), leb) will
include perturbations of the form

) o)
P P
(5M%+5J%)9(r—rp), (61)

where 6M and 6J are the particle’s orbital energy and angular
momentum, and @ is a step function [65]. Due to the presence of
the step function, these are not trivial vacuum perturbations and
cannot be absorbed into the background metric.
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The IRG Hertz potential can be obtained from z//f)l) by
solving a fourth-order ordinary differential equation along
outgoing null rays, given in Eq. (C2).” Likewise, the field
equation for the IRG corrector tensor, &, [xglb)]lb =

SﬂTilh) I?, reduces to ordinary differential equations along
outgoing null rays.

Other, similar nonvacuum reconstruction methods are
also now becoming available, either in the Aksteiner-
Andersson-Bidckdahl gauge [77,89,92] or in the Lorenz
gauge [90,91,93]. The emergence of all these methods
partially motivates our choice of preferred second-order
formalism in this paper.

F. Self-force theory

At least through second order in perturbation theory,
GSF theory can be reduced to solving the perturbative
Einstein equations (10) and (11) with T(alb) and T(azb)
extracted from the first- and second-order terms in the
expansion of the Detweiler stress-energy tensor [67,75],

T, =m /y a3 (x. 3, (7)) . (63)

This represents a point mass m moving on a worldline
y (with coordinates x7) in a certain effective vacuum
spacetime

Gap = 9 + eh) 4 2n2Y 1 (64)
where hl;g") is a certain regular (smooth) piece of hsz). In

T ., 7 is the proper time in that metric, the four-velocity has
components i1, = ga,,dxf, /dz, and the covariant delta
function written in coordinate form is

(. x,(7) = r 50

/—det(G,,) ’

The particle’s trajectory y satisfies the geodesic equation in
the effective metric,

(65)

WV, = 0(e3). (66)

When written in terms of background proper time 7 and the
background derivative V, this becomes [73]

*One can alternatively use “angular %%version relations” to
obtain the ORG Hertz potential from y,’ and the IRG Hertz
potential from wil ). See Table I'in Ref. [105] or Egs. (68) and (71)
in Ref. [3].

1
utVyu® = —EP“”(gb" ) (2h§<d;e> - hljew) ulu®
+ 0(&%), (67)

where u® = dx%/dr, P* = (¢ 4+ uu),

ehV 2.

At first order, most commonly, one solves directly for
the retarded field hy,,) with the point-mass source TE:;
and then extracts hlj,gl) through subtraction of an
appropriate singular piece [19,108]. At second order,
no analogous calculation has been attempted due to the

extreme singularities that appear on y in the source term

and AR =

G, [hilb),hfllg} Because of these, a mathematically
meaningful form of the field equation for the physical

field hfb), valid on the entire domain including y, was
only recently derived [75], and it has not yet been cast
in a practical form for computations. Instead, second-
order GSF theory has generally been formulated, and
always been implemented, using a puncture scheme.
This scheme (like the description in terms of a point
mass in §,,) is derived from the method of matched
asymptotic expansions. It ensures that the solution at
small distances from y matches the metric outside a
small compact body.

In a puncture scheme, one splits the physical field into
two pieces, hs;) = hfb(") + hg"). The first piece, hfé"), is
an analytically known “puncture” [109] that encodes the
dominant behavior of the local field outside the small
object. It generically diverges as

o ~1/g" (68)

on y, where o is proper spatial distance from y. The
puncture is confined to a finite region I' around the
worldline y, going to zero outside that region. The residual
field 2" = ") — k™" is regular on ; furthermore, for
R(n)

an appropriate puncture, hfb(") and h;, ' locally reduce to

hslgn) and 72" on y, such that they can be used in Eq. (67).

ab;c
Outside of T, hfb(") is equal to the physical field hsz).
After making this split, we rewrite the Einstein equations
as equations for hfb("). Beginning from the vacuum field
equations off the worldline, we move the punctures to the
right-hand side and treat their contributions as effective
sources for the residual fields:

8G o [WEV] = =6G (W11, (69)
8G o [n2P] = =82G 1 [0 1)) = G o [WP). (70)

These equations are valid on the entire domain, including y,
if we evaluate the sources as ordinary functions off y and
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then take the limit to y; see Sec. I of Ref. [75]. Individually,

each of the two source terms in Eq. (70) diverges as 1/¢*
on 7: 6Gulhy” )~V Vao and EGulhly) . by~
(V.0™")?. But thelr sum is integrable there. The retarded
solutions to these equations, when added to the punctures
hf;n), are guaranteed to satisfy the original physical
problem.

Nearly all first-order GSF calculations in Kerr have

been performed in a so-called no-string radiation gauge

[110], in which z//f)l) or z//ff) is first calculated, CCK
reconstruction is applied in the vacuum region on either
side of the particle’s orbit, and the metric is then
“completed” by the addition of appropriate mass, spin,
and gauge perturbations in each of the two vacuum
regions [107,111-114]. In this gauge, hilb) includes delta
functions on the sphere r=r,(t) that intersects the
particle, along with jump discontinuities across it It
is not known how to use such a singular metric
perturbation as input in the second-order source. Two
of us, with collaborators, recently showed how this
problem can be overcome using GHZ reconstruction
within a puncture scheme [65,115] to calculate a suffi-

ciently regular hilb). The method solves Eq. (69) by

applying the GHZ scheme to reconstruct the residual

field hfb(l) in a radiation gauge; adding the puncture hflg D

in any well-behaved gauge then yields the total h(allj.

(1)

Work is also ongoing to instead reconstruct £, in the
Lorenz gauge [90,91,93], which is free from the radiation
gauge’s pathologies.

Although GSF calculations at second order have relied
on puncture schemes, and there is a push in that direction
even at first order, our view is that there are likely to be
continued advantages to directly solving for the physical
field in some cases. For example, if one is calculating
asymptotic fluxes, one does not require the regular field at
the particle.

G. Fluxes and adiabatic evolution

The most advanced first-order GSF codes calculate
both the dissipative and conservative piece of the first-

order GSF from a “no-string” metric perturbation hgb)

[116]. But it is possible to calculate the dominant effects

of the first-order GSF directly from 1//511). This is possible

because the dominant, OPA phase, ¢® in Eq. (1), can
be obtained from the radiative ‘half-retarded minus

®This contrasts with “half-string” and “full-string” radiation
gauges, in which a stringlike singularity extends from the particle
to infinity and/or to the horizon [110]. See Ref. [65] for a
thorough analysis of this stringlike structure.

half-advanced” field A5") = L(pRet) — gAYy 1117).

Because it is the difference between two particular

solutions, hlzzd(l) is a vacuum perturbation. This means
CCK reconstruction can be straightforwardly applied to

evaluate the dissipative GSF directly in terms of modes

Rad() " which are in turn readily expressed in terms of

modes of the physical, retarded 1;/4 [118,119].
Evolving the orbit in this way is closely related to
balance-law arguments. For equatorial orbits, the OPA
orbital evolution is specified by the rates of change of
orbital energy E and angular momentum L. These rates
of change are equal to the flux of energy and angular
momentum down the horizon and out to infinity [120],
and the formulas for dE/dt and dL/dt obtained from
the local GSF are identical to these fluxes, expressed in
terms of modes of 1//4(‘1) . However, for inclined orbits,
one must also track the evolution of the Carter constant

Q. There is no known way to calculate this without

directly substituting hab 1) into the formula for the local

GSF (even if the resulting formula for dQ/dt is often
dubbed a “flux-balance law” in the literature). These
points will be important in the context of postadiabatic
evolution. We defer further discussion to Sec. VI, after

we have introduced methods of calculating z//f).

of y,

III. CAMPANELLI AND LOUSTO’S
SECOND-ORDER TEUKOLSKY
EQUATION

Campanelli and Lousto [59] were the first to extend the
Teukolsky equation to second and higher order. We now
review their formulation and discuss its potential applica-
tions in second-order GSF calculations.

In this and the next section, we only give formulas for
1;/5‘2). Formulas for 1//82)

)
Yy

can be obtained from the ones for
by applying the GHP prime operation.

A. Overview

Campanelli and Lousto’s higher-order extension of the
Teukolsky equation can be obtained following the same
steps as at first order: projecting the Penrose wave
equation (48) onto appropriate tetrad legs and expanding
all quantities in powers of &. Alternatively, as Teukolsky
did at first order, one can derive it from the Ricci and
Bianchi identities in NP form; this was the route taken by
Campanelli and Lousto. Either approach, when the expan-
sions are carried to second order, produces a second-order
Teukolsky equation,

2 1 1)a
Ol ) = 8m5 [, 783, ] + 8 . ],
(71)
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with nonlinear source terms

2 1 1)a
SEL[ny.elh]
=[2G +4p-2)0 - Eli°’(D +4e—p) ]y

[ (A + 4 +29) D =30 + 47 + 2a)0 )} !

+3[(d = 32) D = (@, = 3) Va0 (72)

5 [14). 7.1,

:22{ [6 27 4 2a)> )T <p)

—(A+2y =27+ @) 7T mm}
+ | (A + 27 +20)0)T)

—(6—%+2B+2a)>PT ” (73)

These quantities involve the perturbed spin coefficients
M, 6, ...), which depend on both hfllb) and on ef}i])a. In
Appendix A we express e&)“ and the spin coefficients
entirely in terms of hE:b) (with some corrections to the
analogous expressions that appeared in Ref. [59]).
However, we note that doing so is only possible by

specifying a choice of perturbed tetrad; generically, eE;f“

contains infinitesimal rotation freedom that cannot be
specified by h(allj.

To understand how S relates to the source operator S
in the first-order Teukolsky equation, one can split Eq. (73)
into two pieces,

[u]
= SITQ)+ ST e 9

(1) (2 1 (1a
8(2) [Tab’Tab)’ht(zb)’e ) ]

where

1 1 1)a
s.[10. 1]

1 - _
=3 {dff)) [(6 — 2% 4+ 2a) 7))
—(A+2y =27+ )V mm]
+af [(A + 2y +2p) 0T

- (5—%+2ﬁ+2a)<1>r,‘,1,2}}. (75)

Comparing to Eq. (52), we see that S, [-, h ab , e([;])a}, treated

as a linear operator that acts on a stress-energy tensor, is a
first-order correction to S. The total source in Eq. (71) then
reads

82(SITG) + ST nly efi)”] ) + $& [ty el
(76)

Equation (71) has the same structure as the first-order
Teukolsky equation (50). They only differ in having a
different source. So, in particular, the second-order equa-
tion is separable in precisely the same way as at first order.
In an appropriate gauge, 1//22> also directly represents the
second-order term in the asymptotic waveform, and from it
one can compute asymptotic fluxes of energy and angular
momentum using standard formulas; see, for example,
Egs. (22) and (24) in Ref. [59]. However, the condition
“in an appropriate gauge” is indispensable (and subtle)
here, as we discuss in Sec. V.

To the best of our knowledge, Loutrel and collaborators
[9,13] were the first to use Eq. (71) in a concrete
calculation. They solved Eq. (71) in the time domain for
a second-order quasinormal mode in Kerr spacetime. To
compute the necessary first-order quantities in the source of

Eq. (71), they reconstructed hélb) using a method developed
from Chandrasekhar’s [97,121] technique. In this approach,
which is currently only consistent for linear vacuum
perturbations (and therefore cannot currently be used to

reconstruct hgzb)), one reconstructs the metric perturbation
by integrating perturbed Ricci identities for the perturbed
curvature quantities.

B. Infinitesimal tetrad-rotation
2
and gauge dependence of y,

As pointed out by Campanelli and Lousto, 1//4 (unhke

1;/4 ) is not invariant under infinitesimal tetrad rota-
tions. This can be seen straightforwardly by applying
an infinitesimal boost, as defined from Eq. (B2) with
A =1+ O(e). From the definition of y, in Eq. (26), we
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have that the exact y, transforms to A=%y,. Expanding A

(2)

and y, in powers of &, we see that y, transforms as

yi? =l =240y (77)

(0)

where we have used y,’ = 0 (we add a superscript zero

here to avoid ambiguity). Since 1//&1)

trivial cases, 1//4(‘2) is not invariant. Campanelli and Lousto

give a method for constructing an infinitesimal-tetrad-

rotation-invariant quantity from y/f)

combination of first-order terms.

Similarly, unlike ngl), l[/f)

is nonzero except in

by adding a quadratic

is not gauge invariant. From

Eq. (36), 1//‘(‘2) transforms as
Ay = qu)wf‘“, (78)

again using z//fto) = 0. Campanelli and Lousto also pro-

posed a method for constructing a gauge-invariant quantity

2

from y,~ by, effectively, transforming it to an ORG.

C. Utility in GSF calculations

If we start from the second-order Einstein equation (11)
with the source extracted from (63), it is not hard to see that
the second-order Teukolsky equation (71) becomes ill

defined in the GSF context. The singular nature of h((lllf

and T(alb) at the particle’s worldline, y, causes the source to
be ill defined.
This is most striking in the source term S, [Tilb),hélb)]

defined in Eq. (75). It is composed of products of Tilb) and

h;lb). Recall that Tglb) is a delta function supported on the

particle and that hfllh) Né, where we recall that o is the

proper spatial distance from y. Their product therefore has

the manifestly ill-defined form Tgllb)hilb) ~ Lﬁ)

The other source terms are also problematic. As an
example, we show that S(CzL) [hgl,,) hilb)] is not locally inte-
grable at the worldline. This source, defined in Eq. (72),

is a complicated fourth-order differential operator, quad-

ratic in hfl];. Hence, at the worldline, one can expect it to
diverge as

2 1 1 1 1 _
SE R 1Y~ (9,0,h))(0,0,h5)) ~ 6. (79)

Integrating over a small region g < R, we see

R R 47 R
[ sqnl i~ [*rovan=]-5]"
0 0 2 1o

(80)

Clearly this

S<CZL) [hgl,j, h((llb)] is not locally integrable at o = 0.

One can avoid this problem of an ill-defined source by
implementing a puncture scheme. As described in Sec. II F,

we first consider the field equation at all points off the

worldline. This region is a vacuum, with Tglb) =0= TEIZ) ,

such that O[y/f)] = S(Cz,z [th) h(alb)}. To isolate the singular
2)

piece of v, ’, we first fix the infinitesimal tetrad freedom as

in Appendix A. This allows us to express e([;])a uniquely in

terms of hglb) The quadratic terms in the Weyl scalar, y/g in

Eq. (34), then becomes 1//512 = &y, [hgll}, hg)], where 6%y,
is now bilinear in its arguments. We then split the metric

perturbations into punctures and residual fields; i.e.,
hir}? = hfb(’l) —+ hf;n) Now we can define l//f(2>

diverges at the lower limit, meaning

P P P P
vy = Tlhoy )+ yalhgy ) hiy)
+ Sl i )+ Swralhg hi ),
P2 P2
::W4L()+W4é)' (81)

Moving this puncture to the right-hand side of the second-
order vacuum equation, we obtain a field equation for the

residual wfa) = 22) - llfz,J (2),
R(2 2) (1) (1 P2
O[W4< )] = S(CL) [hizb)’héb)] - O[‘/M( )]- (82)

This can be extended down to the worldline to apply over
the full spacetime.

In practice, the puncture wf(z) would be obtained as
an expansion in powers of g [109]. The requirements
on this expansion are quite severe. Each of the two source
terms in Eq. (82) generically diverges as o7 °. Making
the effective source integrable therefore requires canceling

P(2) @ _

four powers of p. Given that s~ ~ 072 and that z//f

VVhZﬁz) ~ o7*, the first four orders in wf(z) have the
following form:

Py 11 1 1
. 83
N A ®3)

Constructing this puncture would be possible using

the highest-order expressions available for hfﬁ [109].
However, this will only suffice to make the source

@

integrable. It will not suffice to make 1//31z continuous

at the particle; the o° term in wf) will generically have
a directional discontinuity at the particle, or even a
logarithmic divergence, and the 1//35(2) in Eq. (83) is not
sufficiently high order to remove those discontinuities. It is
not obvious whether metric reconstruction will then yield a
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differentiable residual field hfb(z) (as would be required to
use it in the GSF). We expect forthcoming work to alleviate
this problem by pushing analytical punctures to a much
higher order [122].

As an alternative to a puncture scheme, one can try to

construct a well-defined distributional source for the

physical field 1//4(12). The problem of an ill-defined source

also arose historically for the second-order Einstein equa-
tion, and Ref. [75] derived two ways around it.
Unfortunately, neither approach can be straightforwardly
applied to the source for z//f‘z).

One approach in Ref. [75], building on the earlier [74],
was to adopt a so-called highly regular gauge, in which
hfh) ~ o~' rather than the generic o> suggested by
Eq. (68). In that special gauge, the worst part of the
source, 8°G,, [hf,fl), hflgl)], becomes integrable, behaving
as ~o~? rather than the generic ~o~*. It is unlikely that
this method will help for the Teukolsky source Sc;.
Because S¢; is two orders more singular than 6°G,,, we
can expect it to behave as ~p™ in a highly regular gauge,
making it nonintegrable.

The second method in Ref. [75] was to adopt a
canonical distributional definition of G, [hélb), hfllb)].
This approach fails here because of the fundamental
nonlinearity of wftz). In the case of the Einstein equation,

the method works because even though 6°G,, [hilh)h((ll,,)]
is not locally integrable, we know that it is equal to
—6G 4, [hfh)] at each point away from the worldline. hffh) is

integrable even in a generic gauge in which it diverges as
072. Therefore 6G,, [h[(lz,,)] is well defined as a distribution
because it is a linear operator acting on an integrable
function [123]. Reference [75] used this fact to promote
52Gab[h£llb),hélb>] to a well-defined distribution by effec-
tively replacing its worst-behaving piece with the most
singular piece of —5G [hglzb)]; see Sec. VA of Ref. [75].
We cannot follow an analogous approach here because

(’)[1//9] is not a linear operator on an integrable function.

Using the split (34) of z,//f) into its linear and quadratic

pieces, we can divide (’)[wf)] into (’)[T[hfb)]] plus

(’)[y/f)]. The first term is a linear operator on the

integrable function hl(lzh) but the second term is a linear

operator on the nonintegrable, nonlinear function wa).

One caveat to this analysis is that we have not
accounted for the source’s dependence on e&)a. It might

be possible to use the freedom of infinitesimal tetrad
rotations to improve the behavior of the source, just as it
was possible to use the highly regular gauge to improve
the behavior of the source in the second-order Einstein
equation.

IV. REDUCED SECOND-ORDER
TEUKOLSKY EQUATION

We now turn to the alternative formulation of the second-
order Teukolsky equation. This equation has the same
operator on the left-hand side as Eq. (71), but it has a
different field variable and a different source. We discuss its
application to GSF calculations and how it integrates into
emerging metric reconstruction methods.

A. Overview
As pointed out by Campanelli and Lousto [59], the

second-order Weyl scalar naturally splits into a piece (z//fL))

E;zb) and a piece (WE‘ZQ)) that is quadratic in the

first-order quantities hilb) and e([;])a; refer back to Eq. (34).

that is linear in 2

Campanelli and Lousto’s second-order field equation was

for the sum yfﬁ) + II/fQ). Here we advocate for using a field

equation for yfﬁ) alone.

The derivation of such a field equation follows immedi-
ately from Wald’s operator identity (56). Applying that
identity to hfb) produces a second-order Teukolsky equa-

tion for wa):

OTh)] = SEMG),
= O] = S[8aT) - G, h) Y], (84)

where we have used y/fL) =7 [hflzb)] [from Eq. (34)] and the
second-order Einstein equation (11). For want of a better
name, we call Eq. (84) the reduced second-order Teukolsky
equation.

This reduced equation appeared previously [12,83],
and in particular, it was a motivating factor in GHZ’s
development of their nonvacuum metric reconstruction
scheme. GHZ reconstruction, as outlined in Sec. IIE,
is able to obtain a metric perturbation h,, satisfying
8G up[hap) = Sap, for any distributionally well-defined
S.p, starting from a solution to Oy| = S[S,;]. Therefore

it can be used to reconstruct h((lzb) from wa) for nonvacuum

perturbations. The same is true for other nonvacuum
reconstruction methods under development [89,91-93].
This provides one of our primary reasons for preferring
the reduced equation. Ultimately, to calculate the second-
order GSF, we require the complete second-order metric
perturbation, making metric reconstruction methods
crucial.

Given that the reduced equation is already available
in the literature, our primary new contribution here
is explicit expressions for its nonlinear source term

S[6*G, [hgllb), hsb)ﬂ in NP and GHP notation. That expres-
sion can be found in the accompanying Mathematica
notebook [84]. We also provide all of the tetrad components
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of 52Gab[hilb>,hilb)], which can be used to calculate the

analogous source for the linear piece of l//(()2>, wézL).

©)

If, for some reason, the complete v, is needed in an

application, one can easily construct it from l//fi) and hEll,)

using Eq. (34). In most contexts, this will be unnecessary

because wa) and z//ff) encode the same content from hfb). In

particular, y/ﬁ) and y/f) encode the same second-order

contributions to the waveform. This can be understood by

considering that hfg decays like ! in an asymptotically

flat gauge, and yf% is quadratic in th), implying y/izQ) must

fall off like —2; hence, for r — oo,

2 2 _
vy =wi + 00, (85)
We discuss the asymptotic behavior of y/ff) and y/fL) in
more detail in Sec. V.

B. Infinitesimal-tetrad-rotation invariance
and gauge dependence of y/ffL)

Solving the reduced second-order Teukolsky equation

for l;/fL) offers the advantage that l//ﬁ) is invariant under

infinitesimal tetrad rotations, unlike 1//4(‘2). This invariance is

trivial because the operator 7, given in Eq. (33), involves
only zeroth-order quantities. All the infinitesimal tetrad

dependence in y/f) can therefore be attributed to the

dependence of 1//52 on the tetrad perturbations eﬁ])“.

Correspondingly, the source in the reduced second-
order Teukolsky equation (84) is also trivially invariant
under infinitesimal tetrad rotations because S, given in
Eq. (52), likewise depends only on background quantities.

Still, wa), like z//f), is gauge dependent. Using the

gauge-transformation rule (38), we find that l/lgzL) trans-

forms as
1
2 2 1
Ay =TARY ) =T ﬁggl)hg; +5Le Le G| (86)

Due to Eq. (47), no second-order gauge vector appears in

this transformation. That is, y/fL) is invariant under a purely

second-order gauge transformation. But like z/jf), it does

transform under a change of first-order gauge due to the
presence of 5?1) in Eq. (86). From Egs. (86) and (78), we

can also deduce a relatively simple transformation rule for

the quadratic part of l//f>,

a

2 1 2
Ayl = 45?1)1,/3 L IN ) (87)

A reader might observe that the transformation (86)

of l/ffL) is substantially more complicated than the trans-

(2)

formation of w, . However, in practice, there would

rarely be a need to invoke either of these rules. Once

boundary conditions are specified, the gauge of z//ffL) is
implicitly determined by the gauge of the source term in

the reduced second-order Teukolsky equation; the same is

)

true of 1//42 and its source. The gauge of the source, in

turn, is determined entirely by the gauge of h[(llb) In one
of the follow-up papers [81], we will use this fact to

construct a gauge-independent version of l//fL) (and of its
source).

C. Utility in GSF calculations

The important difference between Eqs. (71) and (84) is
the form of their respective sources. As discussed in

Sec. III C, due to the singular behavior of h(alb) and T511b>
on y, the source in Eq. (71) requires special treatment in
GSF calculations. Here we show the more desirable
properties of the source in Eq. (84).

We first simply observe that (i) the Teukolsky source

operator S is linear, and (ii) it acts on a well-defined

distribution 87rT((li) -Gy [hgllb), hglb)] [75]. Therefore basic

distribution theory tells us that S[82T5) — G ,[1')) . h})]]
is well defined as a distribution [123].
Formulating a puncture scheme is equally straightfor-

ward. We simply apply the Wald identity (56) to hfbm.
Equation (70) then gives us

O] = =S |8Gulhy. ny)] - OWwi).  (88)

where z//fm =T [hfb(z)] and l//féz) =T [hf,fz)}. The two
source terms each diverge strongly, like ~0207* ~ 9™ (or
more mildly in a highly regular gauge). But they cancel to
yield an integrable effective source. We refer back to
Sec. III C for a discussion of the requirements on the

puncture; the analysis around Eq. (83) also holds true

for wa(z)'

V. ASYMPTOTIC BEHAVIOR OF THE
SECOND-ORDER TEUKOLSKY
EQUATION

In the preceding sections, we focused on the behavior of
the second-order Teukolsky source on a particle’s world-
line. To complement that discussion, we now analyze the
source in the opposite extreme: asymptotically, near Z.
Slow asymptotic falloff has been one of the main diffi-
culties in second-order GSF calculations [94]. Our con-
clusion in this section is that the problem persists in the
second-order Teukolsky equation, but it can be eliminated
by choosing a gauge that is adapted to the spacetime’s null
structure.
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To analyze the source’s falloff, we adopt retarded
coordinates (u, r,0,¢) and the Kinnersley tetrad. At large
r, the tetrad legs then behave as [65]

1, = 9, (89)
1 -1
nto, ~ 0, — Edr +0O(r ), (90)
1
mto,, ~ . (iad, + 0g + 9y) + O(r2). (91)

Since all spin coefficients behave as O(r~!) [3], the large-r
behavior of the tetrad legs immediately carries over to the
directional derivatives D, A, and 8. Hence, at large r, A ~
0, leaves the order in r unchanged, while all other
derivatives lower the order by one power in r.

We assume the matter source S [Tf;] is spatially
bounded, such that it does not contribute at large r. We
next note that, from Eq. (52), only 6°Gy 3 6°Gpm» and
8°G,, appear in the source S[5°G,;,]. Given the scalings
from the previous paragraph, we see

5G,,
(@)

3G
S[6*G ] ~ G + =
’

In words, the Teukolsky source has the same large-r scaling
as the source in the Einstein equation, but the behavior
depends sensitively on the falloff of each component of the

Einstein source. By analyzing the form of °G,, [hilb), hglb)],

we will find the necessary gauge conditions on hilh) to
accelerate the falloff.

First, note the trace piece of 6°G,;, does not appear in
S[6*G ), and the first-order perturbation is vacuum away
from the worldline; therefore, analyzing the falloff of

R, [h'). n\)] is sufficient. To determine that falloff,

we analyze the large-r behavior of hf,ly), hﬁ,ly)y and hﬁtlvzré'
First, we assume that the metric perturbation is asymptoti-
cally flat at Z%, such that, in a well-behaved gauge, we

can write

(1 Zuu(uv 0, ¢)

hy = ; + O(r2), (93)

where z,,(u, 6, ¢) is an arbitrary function of u, 6, and ¢.
This implies

hialy = —n,Dhly) — LAY + i 6hiy) + m,Bhly)
(1,0, 9) _
= _%l}, —|—(9(r 2), (94)

where an overdot denotes differentiation with respect to u.
Similarly,

I5l, + O(r2). (95)

h(l) o Z;w(u’ 0, ¢)

wiys T r
Substituting these into the covariant formula (7) for 5°R,,,,
we find the generic behavior

w +0(r73) (96)

20 —

0°G,, = »:
for some F,, constructed from quadratic products of z,,,
Zu» and Z,,. Therefore, in a generic gauge, Eq. (92)
implies S[8*G, [}, )] ~ 2.

This is the same problematic falloff explored in Ref. [94]
(see also [58]). It causes two problems for any field
equation that asymptotically behaves like a flat-spacetime
scalar wave equation, including the Teukolsky equa-
tion (50). The first problem is that for nonstationary source
modes S, ~ e~™"/r? with frequencies @ # 0, the solution
falls off like ~In(wr)e~™"/(wr), rather than like a freely
propagating wave ~e~““/r. This behavior is easily
deduced from the form of the flat-spacetime scalar wave
operator in retarded coordinates, ~r~! (02 — 20,0, )(r-). The
second problem is that for stationary (@ = 0) source modes
Sy ~ r~2, the integral of the source against the retarded
Green’s function (G,_y~r~') does not converge. It
behaves as ~ [ GySor’drdQ ~ [ r~'drdQ, which diverges
logarithmically as the upper limit of integration is taken
to r - .

There are two reasons to expect that these ill behaviors
should be a gauge artifact. According to the peeling
theorem [124], the exact, fully nonlinear y, should fall
off as r~!, which should carry over to l//fé). Moreover, in
vacuum at large r it should behave as a freely propagating
wave, meaning the r~! term should satisfy the homo-
geneous equation at leading order. This is only possible if
the source for I/IEZL) decays as r™*.

Another reason to expect this r~* behavior is that
52Gab[hglb),h£llb)} is effectively the stress-energy tensor of
gravitational waves near Z ", which should have the form of
outgoing null radiation. The piece carrying energy flux
should behave like ~[,1,/r*, appearing as a r~2 term in
8*G,, [hglb),hglb)}. The piece carrying angular momentum
flux should behave like ~I,m,/r*, appearing as a r~> term
in G, [hélb), hi]b)}. Neither piece has a component ~m,m,,
suggesting G5 7 [hgb), hyb)} should appear at O(r~*). Hence,
we expect that, in an appropriate gauge,

G,y ~ 172, Gy ~ 173,
52Gm m "~ }"_4. (97)
Referring to Eq. (92), we see that this would

imply S[6°G,,] ~ r™.
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We find it is possible to enforce the behavior (97) by
adopting a Bondi-Sachs gauge [125]. In such a gauge,
the metric perturbation satisfies the gauge conditions

B ~ U B~ B ) 2 and R ~ 173 These
conditions are adapted to the spacetime’s light cone
structure by enforcing that, asymptotically, (i) the out-
going null vector [ remains null in the perturbed space-
time, and (i) spheres of constant (u,r) have surface
area 4zr’. In the follow-up paper [81], we will provide
a scheme for transforming from any gauge into the Bondi-
Sachs gauge.

Using Egs. (93)-(95), and the formulas for 6°G,,,, in the
supplemental Mathematica notebook [84], it is straightfor-
ward (but tedious) to show that 6°G,,, ~ 12, >G5 ~ 1>,
and 5°Gy, 5 ~ r=3 if by ~ hy, ~ hyyy ~ hyps ~ 772, By taking
this analysis to one further order in r, it is possible to show
FGum~r if hy ~hyy ~ s ~172 and by~ 3.
Therefore, the source in the Bondi-Sachs gauge behaves
as S[6*Gyp[hap, hap)] ~ r~*, making the retarded integral

converge and giving l//fL) the natural behavior ~r~!

gravitational wave at Z™.

We conclude with three notes. First, we observe that

since l//fL) and 1//4(12> only differ by terms of order r~2, our

of a

analysis carries over to l//gz) (and to its Campanelli-
Lousto source). Second, we observe that the Bondi-Sachs
gauge conditions are not enforced by standard CCK
metric reconstruction. The CCK procedure in the ORG

yields a well-behaved solution of the form (93), but it

sets the “wrong” tetrad components of hglb) to zero. The

IRG sets the “right” components to zero, but the CCK

procedure in the IRG yields a perturbation whose non-

zero components blow up as h,(}) ~ r [105]. Finally, we

note an important pitfall of working in a non-Bondi
gauge. If WA(EL) and l;/gz) decay like ~In(wr)e™"/(wr)
rather than like ~e~"/r, then they cannot be simply
substituted into standard formulas for the flux of energy
and angular momentum to Z'. In that instance, one
would need to first transform to a Bondi-type gauge in
order to compute the fluxes.

VI. CONCLUSION

In this paper, we have advocated for using a reduced
second-order Teukolsky equation, Eq. (84). It has two main
advantages: its source term is well defined as a distribution

in the context of second-order GSF calculations, while the
Campanelli-Lousto field equation for the total field 1//4(‘2) is
less tractable at the particle’s position; and after one solves
the reduced equation to obtain l//gzL), one can readily apply

nonvacuum metric reconstruction methods to retrieve the

second-order metric perturbation hfb). Both of these advan-
tages stem from the fact that the reduced second-order

Teukolsky equation is related to the second-order Einstein
equation by a linear operation. An additional benefit is that
the field variable ylfL) is invariant under infinitesimal tetrad
rotations.

We have also shown that large-r, infrared divergences,
which plague generic second-order GSF calculations, can

be avoided by imposing appropriate gauge conditions on

hglb). The prime example of such a gauge is the Bondi-Sachs
gauge traditionally used to analyze the structure of Z. The
benefits of this gauge apply regardless of whether one
solves the reduced equation or the Campanelli-Lousto
equation. In the sequel paper [81], we will present a
method of enforcing this gauge condition and constructing

a gauge-invariant version of 1//55_) that automatically exhibits

the correct asymptotically simple behavior.

Besides our analyses of the source terms near the
particle and near Z*, our main new contribution is an
explicit expression for the nonlinear source in the reduced
second-order Teukolsky equation. This is included in the
supplemental Mathematica notebook [84], which also
includes many of the calculations summarized in the
paper. In the second sequel paper [82], one of us will
present a concrete method of calculating spheroidal-
harmonic modes of the second-order source. In another
associated paper, [77], we present a simplified formula
for the spin-weighted spherical harmonic modes of the
source in the special case of a Schwarzschild back-
ground; and in Ref. [95] we present an implementation
for quasicircular, nonspinning binaries.

A primary goal, in the GSF context, will be the
generation of waveforms at 1PA order. As discussed in
the Introduction, this only requires dissipative, time-anti-
symmetric effects from the second-order GSF (in addition
to all information from first order). In Sec. II G, we
reviewed how, at first order, dissipative effects can be

extracted directly from 1//4(11), without reconstructing the full

h(alb). A similar shortcut might be possible at second order.

One potential obstacle to finding such a shortcut is
that, at first order, for generic, inclined orbits, the shortcut
was only possible because the rate of change of the
Carter constant could be computed from the radiative
piece of the metric perturbation, hszd(l). It is unknown
whether second-order dissipative effects can likewise be
obtained purely from a second-order radiative field.
Therefore one might need to implement a complete
metric reconstruction in order to compute the 1PA rate
of change of the Carter constant. But at least for
equatorial orbits, one should be able to entirely bypass
hfh) by obtaining the 1PA dissipative effects directly from
the gravitational-wave fluxes of energy and angular
momentum to Z* and down the central black hole’s
horizon. The fluxes to infinity are readily calculated from

y/ﬁ) (or w£2>). We are not aware of a practical formula for
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the fluxes through the horizon beyond leading order, but
if a formula for them is derived in terms of z//f‘ZL), then one
should be able to compute 1PA equatorial evolution
directly from y/fL). Recent work for inspiraling scalar
charges also suggests it might be possible to compute the
rate of change of the Carter constant from true “fluxes of
Carter constant” [126], which might be extracted from
the Weyl scalar without requiring metric reconstruction.

In considering such shortcuts, one should keep in
mind that they do not circumvent the need for metric

reconstruction at first order. Information from the complete
hﬁllb) is needed in almost every aspect of a 1PA calculation:
hilb) is required to construct the nonlinear source term for
1//4(121‘); the regular field hlj}(lw and the GSF it exerts are

required in calculations of the material source T’ fh) [75,78];

and the complete (conservative plus dissipative) first-order

GSF contributes directly to the 1PA phase evolution.
Moreover, in some contexts reconstructing the complete

hfb) will clearly be required. An example is the calculation
of second-order conservative GSF effects, which could
be important for improving effective-one-body models
[127,128] and improving the accuracy of GSF models
for less extreme mass ratios [129].

We also indicate again that the formalism here is not
limited to GSF calculations. It applies equally well to
any nonlinear perturbative calculation in Kerr spacetime.
Issues we have pointed to, such as large-r asymptotics and
products of singularities, are also likely to arise in any
number of contexts.

The most obvious application, outside GSF, is to non-
linear calculations of postmerger ringdown, which is an
active area of research [14,16,130]. Second-order quasi-
normal mode calculations in the time or frequency domain
could be made using the reduced Teukolsky equation. Such
calculations would provide precise predictions on the
excitation coefficient of quadratic second-order quasinor-
mal modes when compared to the excitation coefficient of
linear quasinormal modes.

If quasinormal mode calculations are restricted to second
order, then there are no obvious advantages of solving the
reduced equation rather than the Campanelli-Lousto equa-
tion (71) (like Refs. [9,13] did). But an advantage of the
reduced equation is that its compatibility with nonvacuum
metric reconstruction means it immediately provides a
practical approach to perturbation theory at all orders.
One can always solve the reduced Teukolsky equation at
order n, perform a nonvacuum metric reconstruction to
obtain hf;/’,), and then use hg/? (along with lower-order
perturbations) to construct the source for the (n + 1)st
reduced Teukolsky equation. This extensibility to higher
orders could be useful in the near future: such calculations
could be used to investigate the third-order quasinormal
mode effects found in Ref. [15].

This extensibility could also be useful in theories of
gravity beyond general relativity and in cases where the
black hole is surrounded by an accretion disk or by a scalar
cloud. In these scenarios, the metric couples to the non-
metric fields, leading to sourced Einstein field equations for
the metric perturbations at all orders. The combination of
reduced Teukolsky equations with nonvacuum metric
reconstruction provides a simple and practical way of
deriving and solving the relevant field equations.

Even before the metric perturbations couple to one
another, the nonmetric fields in these cases lead to
sourced Teukolsky equations very similar to the non-
linear Teukolsky equations we have discussed here, with
analogous options to choose between reduced equations
or Campanelli-Lousto-like equations. For example, in
Ref. [131] the Wald identity was used to obtain a
Teukolsky equation in a class of perturbatively beyond-
general relativity theories. Their approach produces a
Teukolsky equation with a similar structure to the reduced
second-order Teukolsky equation. Reference [132], on
the other hand, provides a formalism for deriving a
Teukolsky equation in theories of gravity perturbatively
beyond general relativity by building on Chandrasekhar’s
method for deriving the Teukolsky equation [97]. Their
resulting Teukolsky equation has a similar form to the
Campanelli-Lousto second-order Teukolsky equation.
Crucially, all these equations have noncompact source
terms; we predict that when solving these equations,
whether in the self-force context or in other problems,
one will encounter similar obstacles (products of singu-
larities and slowly decaying sources at large distance) as
those addressed in this paper.
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APPENDIX A: FIRST-ORDER NEWMAN-
PENROSE QUANTITIES

In this appendix we display the first-order perturba-
tions of the tetrad and spin coefficients, which enter into
the Campanelli-Lousto formulation of the second-order
Teukolsky equation.

The tetrad legs are expanded as in Eq. (27). As the metric
and tetrad satisfy Eq. (16), the metric perturbation can be
expressed as
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hilb) = —2lEl>nb) - 21’!23[},) + 2m§1)ﬁ1b)

+ 2mg)mb> + 2m<am0h§7‘)>c + 2 meh})

1

- ZZ(an"hEJ))C - Zn(ul"hél))c, (A1)

where indices on the tetrad perturbations are lowered with
the background metric. A perturbed tetrad which satisfies

Eq. (A1) is given in [59], reproduced from [133]. In our
sign convention it reads

1
l(l)a = —l’llll’la,

3 (A2a)

n(l)a = %hnnlu + hnln“, (AZb)

1 1
m(l)a = _Ehmmﬁla - Ehmﬁlma + hmlna + hmnla’ (AZC)
4 1 1 _
e = _Ehmmma - Ehmmma + hgn® + hy, e, (A2d)

Note this is not a unique choice of perturbed tetrad; the
perturbations transform under the infinitesimal tetrad rota-
tion (45).

Starting from these tetrad perturbations, Campanelli and
Lousto also provided the perturbations of the spin coef-
ficients [59]. We were unable to fully reproduce their
results. We have performed a full rederivation and insisted
consistency with the Bianchi identities used in the original
derivation. We have found a slightly corrected full set of
first-order spin coefficients,

1 1_ _ _ 1_ 1 1
kM = —kh,, 7”””’“ _Ekh’”’" — (D =2e = p)hy, + chy; — (a+ﬁ—§n—§f—§5>hn, (A3a)
a<1>:—12h1,— lD—s+é+lp—lﬁ By — (=78 = 7) iy (A3b)
2 2 2 2 mm m
) = Ay — (=A =2y — )Ry + VR —luh -—th-—— a+B—lﬂ'—l‘f+lS h (A3c)
nm nm n 2 mm 2 mm 2 2 2 nn»
| 1 o1 1_ _ _
A = Ay, - _EA_J/—i_y_'—E/'{_EM R = 56y, — (=7 = 2) hy, (A34d)
1 1 1 1 1 1 1
M= _(——y——4g ([ =ZA+Zy——q I N . _
H < 2” 2”) hln < ) + 2” 2”) hmm ( D) o ﬂ 27:> hnm
| 1_ 1 1_ 1
- <§6+ﬁ_ﬂ_57>hnm +§Dhlm_51/hlﬁl_§phnn’ (A3e)
1 1_ 1 1- 1 1 1_
pV) = EKhnﬁz _EKhnm _Eﬂhll - <§5_a_§ﬂ>hlm - (5,0 —§P> hiy
1 1 1_ 1 1
1 1 1 1 1 1 1 1 1 1 1
D) = —khpyy = ~Rhyy — (=~ A+ =7 +-p——p |hy— (=D +-p—=p|h ——7 | hoi
3 4K nm 4K nm < 4 +2}/+4:u 4:“ 1 D) +4,0 4,0 In 4,0 4,0 mim
1 1 1 1 1 1 1 3 1
Zoh- - ——5 — (== d——F—— — -1 A
+40hmm 40'hmm ( 45+2a e 21>hlm (45 SA =47 zr)hlm, (A3g)
1 1 1 1
D = Ahpy — | —2A+7—=f —(—=D-e+= 5
T 2/1hlm ( 2 +7 2”) hlm < €+ 2p) hnm 26hnm
1 1o 1 1 1
—Thpm—|=0—=m—=7 |h —7h A3h
+27 mim D) 27[ 27 1n+27 mm ( 3 )
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1- 1 1 1 1_
() = — 5 M = <§A —y+§u>hlm + 5 T+ 5 T
1 1 1 1 1 1
—(=D+2-=p —6hyy — (—=6—-7—=1|h A3i
(2 + € 2p>hnm+2a nin ( 25 2” 27> In» ( 31)
1 3 1 1 1 1 1 1
otz 43 Tacy e b 1, L p-tet, 15
a 4Khnn +4lhlm < 4 y+2}/ +2M 4l’l> hlm 41//’1” <4 28 4p 2p> hnm
1 1 1 1 1 1- 1 1 1 1 1
——Gh “S+-a—-7——1|h “§—-n—-7)h S+-a—-n—-7%|h A3j
400 ( 102977 47) o (4 4" 4T> i (4 e 41) ma - (A3)
1 1- 1 1 1 1 1 1 1 1
M = /) ) ——A——y——p——=p)hy, —~oh;—(-D —E4+—p—-p|h
/} KNyp 4/1 Im ( 4 2]/ 4ﬂ 2/") Im 4V 1l 4 €+2€+2P 4p nm
3 1 1 1 1 1 1 1 1- 1- 1 1
Zohyy — (-0 —-F—-1 )by = (=04 =P—-F——7 | hyp = | -0+ =B =~ —~F | hyps A3k
+46 nimn <4 4” 4T> In < 4 +2ﬂ 4” 4T> min <4 +2ﬁ 477: 4T> mm ( )
1- 1 1 1 1 1
D = Ay — = A — =t = = | B —p——fi | hy, +~vh vh
14 7 mm 4 mm <4/’£ 4ﬂ> min 7/+4/’l 4ﬂ In+4y Im 41/ Im
1 1 1 1 1 1 3 1- 1- 1 1
—(=D+ze+-p=—-p )= (—-6—2p—ct—t)hm— (~0+=B—=m——7 |y A3l
<4 tREFp 4/)) - <4 sP =57 4r> i <4 t3h =57 4)nm (A31)

The calculations made in this appendix are contained in
the accompanying Mathematica notebook [84].

APPENDIX B: GEROCH-HELD-PENROSE
FORMALISM

The GHP formalism [100], which is used extensively in
the accompanying Mathematica notebook [84], is a refine-
ment of the NP formalism that is invariant under spin and
boost transformations. It is adapted to situations with at
least one preferred null direction (e.g., spacetimes with at
least one principal null direction), and it effectively halves
the formalism’s number of equations.

A spin transformation corresponds to
i

m* — e"m?, (BI1)

and a boost corresponds to

[ - Al“ and n®— A~'n?, (B2)
where A > 0 and 0 < 9 < 27 are real numbers. These are
the Lorentz transformations that preserve the directions of
the null vectors [“ and n®. If one of the vectors is aligned
with a principle null direction, then it remains so after the
transformation (and therefore, in a Petrov type D spacetime
such as Kerr, the two vectors remain aligned with the two
principal null directions).

A tensorial object 7 whose construction involves the
tetrad is said to have spin weight s and boost weight b

if it transforms as 7 — A’¢"*%; under a spin and boost

transformation. GHP combined the transformations by defin-
ing > = Ae', such that a quantity 5 of spin weight s =
1(p — q) and boost weight b = J (p + ) transforms as

n— AP, (B3)
n is then said to have GHP weight {p,q}. The {p, g}
weights of the tetrad vectors themselves are {1,1},
{-1,-1},{1,-1}, and {—1,1} for 14, n*, m“, and m,
respectively. The product of a quantity of type {p, ¢} and a
quantity of type {r, s} is of type {p + r,q + s}.

The alignment of the tetrad (though not the direction of
each vector) is also preserved under the interchange of [“
and n“ and under the interchange of m® and m“. GHP
denoted the interchange with a prime notation,

a

(m*) = m*.

(B4)

(la)/ — na’ (na)/ — la’

(ma)/ — l/ha,

Using this notation, we can express half of the NP spin
coefficients as the prime of the other half:

K = —u, o' = -1, p=—p, (B3)

Ve=-n,  f=-a =y (B6)

Note, under a GHP prime operation, {p, g} = {—p,—q};
and under a complex conjugation, {p, g} - {q,p}.

It is straightforward to find the GHP weights for eight of
the spin coefficients,
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k:{3,1}, o:{3,—-1}, p:{1,1}, =z:{-1,1},

and their primes. However, four of the NP spin coefficients
do not have well-defined weights: ¢, ¢, S, and f'.
Additionally, the NP derivatives (19) do not have well-
defined spin and boost weights. But these quantities can be
combined to produce GHP derivatives with well-defined
weights, given by

(B7)

P =D - pe — ge, P = A + pe + ¢,
d=28~-pp+ap. =6+ ph —ap.

when acting on a tensor of GHP weight {p, ¢}. These
derivatives have the following weights:

—1}, 8:{1.—-1}, &:{-1.1}. (B9)

When written in terms of these derivatives, all equations in
the formalism have definite weights.

(B8)

bP:{1,1}, P': {-1,

APPENDIX C: GHZ METRIC
RECONSTRUCTION

In this appendix, we fill in some of the details of the GHZ
reconstruction procedure summarized in Sec. I[IE. We
make heavy use of the GHP notation reviewed in
Appendix B, particularly the GHP prime operation. For
clarity, we append labels “IRG” and “ORG” to the Hertz
potentials and corrector tensors. We summarize the scheme
at first order and then state the generalization to nth order.

Unlike the description in the body of this paper GHZ’s

=T [h ] and worked
) satisfies the Teukolsky

original procedure began from 1//0

in an IRG (i.e., hab > = 0). l//

equation (49). Given q/é ) , the reconstructed metric pertur-

bation is written as

1 G
hS}) = 2Re(SL) (@] + xi)™

in terms of a Hertz potential CDSQG and a corrector

()IRG
tensor x,, .

The Hertz potential can be obtained from the radial
inversion equation7

(C1)

1_,-

L =)
where the bar denotes complex conjugation. P, defined in
Eq. (B8), is a derivative along principal outgoing null rays,
making Eq. (C2) an ordinary differential equation along
those rays. In outgoing null coordinates and the Kinnersley
tetrad, P reduces to 0,.

(C2)

"Our inversion formulas differ by a factor of —1/2 relative to
the formula in Ref. [65] due to our mostly positive signature and
our convention for the operator S. Our normalizations agree with
Ref. [3]. Our formulas for the corrector tensor likewise involve an
overall change in sign.

The corrector tensor in the IRG has nonzero com-

ponents xﬁn,),fRG xﬁll,,llRG, and xﬁlln)lRG. They can be calculated

by solving three hierarchical ordinary differential equa-
tions, again along principal outgoing null rays. These
equations are

p2D [; p <'[_)x£,},)-,fRG>} = —SHTE;),
p

followed by

(C3)

_ P _p [(p + p)2px$’1")’i} —8aT\) + NG,
2(p +p) plp+p)

(C4)
and then
o pre( )
— g7l ¢ Re(u[ ( )'RG]) n Re(V[xEJ,ZIRG]), (C5)

where the linear differential operators A/, U, and V are
given in Egs. (57)—(58) of Ref. [65].8 The inclusion of a

(1)IRG
nonzero trace component, x,,;

bution to hEllb) from the Hertz potential is traceless, and as

shown by Ref. [134], it is impossible to put a metric

perturbation hilb) in a traceless IRG if Tgll) # 0.

In the summary in the body of the paper, instead of the
above, we start from lﬂgl) and reconstruct the metric
perturbation in an ORG. This procedure can be derived

directly from the one above by applying the GHP prime
operation to all equations. l//il) satisfies the Teukolsky
equation (50); the reconstructed metric perturbation is
given by Eq. (62); the ORG Hertz potential can be obtained

from the radial inversion equation

, 1s essential; the contri-

I .= |
_p’4q>£)]%G = Wz(l g

) (Co)

and the corrector tensor can be found by solving the
sequence of ordinary differential equations

/
p'2p/[ﬂ p/(p, En,’,?mﬂ = -8aTy).  (C7)

followed by

P (DORG
_ ID’ |:(,0/ +,5’)2P’ Im _ :|
200" +7") P +p)
= 82T 4 N[x RG], (C8)

8Equation (58) in Ref. [65] contains a typo in its second term
within curly brackets. (7' — 7)d' should be (7 —7)d.
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and then

I, _ 1 (1)0RG>
_ + IZP/ X
2(P P') ( P i

= ~8x7,; +Re (U’ [x“)—ORG]) +Re (V’ [x§1>°RG]> ,

min m

(©9)

P/, defined in Eq. (B8), is a derivative along principal
ingoing null rays. In ingoing null coordinates and an
appropriate tetrad, P’ reduces to —a,.

These procedures generalize immediately to nth order,
starting from y{?) == T'[n")] or ") := T[h")] and replac-
ing 871'T511b) with the source in the nth-order Einstein
equation.
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