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The current LIGO-Virgo observing run has been pushing the sensitivity limit to touch the stochastic
gravitational-wave backgrounds (SGWBs). However, no significant detection has been reported to date for
any single dominated source of SGWBs with a single broken-power-law (BPL) spectrum. Nevertheless, it
could equally well escape from existing Bayesian searches from, for example, two comparable dominated
sources with two separate BPL spectra (double-peak case) or a single source with its power-law behavior in
the spectrum broken twice (doubly broken case). In this paper, we put constraints on these two cases but
specifically for the model with cosmological first-order phase transitions from Advanced LIGO-Virgo’s
first three observing runs. We found strong negative evidence for the double-peak case and hence
place 95% confidential level (CL) upper limits ΩBPL;1 < 5.8 × 10−8 and ΩBPL;2 < 4.4 × 10−8 on the two
BPL spectra amplitudes with respect to the unresolved compact binary coalescence (CBC) amplitude
ΩCBC < 5.6 × 10−9. We further found weak negative evidence for the doubly broken case and hence place
95% CL upper limit ΩDB < 1.2 × 10−7 on the overall amplitude of the doubly broken spectrum with
respect to ΩCBC < 6.0 × 10−9. In particular, the results from the double-peak case have marginally ruled
out the strong super-cooling first-order phase transitions at LIGO-Virgo band.
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I. INTRODUCTION

The sensitivity limits have been persistently pushed
forward during the first three observing runs (O1 [1],
O2 [2], and O3 [3]) of the Advanced LIGO [4] and
Advanced Virgo [5] gravitational wave (GW) detectors,
which might uncover the stochastic GW backgrounds
(SGWBs) [6–8] from unresolved sources of both astro-
physical and cosmological origins. The unresolved sources
of astrophysical origins mainly consist of the compact
binary coalescences (CBCs) from unresolved individual
sources such as binary black hole and neutron star
mergers [9–13] as well as other more exotic sources
that are also more difficult to be observed, including the
core-collapse supernovae [14–17], rotating neutron stars
[18–24], stellar-core collapses [25–27], and boson clouds
around black holes [28–34], to name just a few.
The SGWBs of cosmological origins [35] can embrace

much more rich physics [36,37]. Primordial GWs produced
from an inflationary era [38] uniquely mark the energy
scale of cosmic inflation, in particular, the scalar-induced
secondary GWs [39–43] during inflation depict the
curvature perturbations at small scales. The SGWBs

from cosmological first-order phase transitions (FOPTs)
[44–48] and cosmic strings [49–52] necessarily encode the
new physics beyond the standard model of particle physics,
while the SGWBs from primordial black hole (PBH)
mergers [53] can constrain the PBH abundance in the dark
matter. However, multiple sources of these SGWBs of
cosmological origins can be equally well present simulta-
neously in the GW data.
The detectability for SGWBs below the confusion limit

is by no doubt difficult compared to the individually
resolvable GW events that make up a tiny fraction of all
GW signals present in the detector time stream. The most
recent isotropic search [54] from O3 combined with
previous ones from O1 [55] and O2 [56] is consistent
with uncorrelated noise and hence places upper limits on
the normalized GW energy density for power-law spectral-
index values of 0 (flat), 2=3 (CBCs), and 3 (causality).
Other efforts of searches with LIGO-Virgo Collaboration
for the SGWBs from cosmic strings [57,58], FOPTs
[59–62], and induced GWs [63,64] all return a null result.
However, a simple Bayesian search with a single broken

power-law (BPL) spectrum for any single but dominated
source of SGWBs might just miss possible detections
on, for example, two comparable dominated sources of
SGWBs with two separate single-BPL spectra (double-
peak case) or a single source of SGWBs with its power-law
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behavior in the spectrum broken twice (double-broken
case). The double-peak (DP) case also includes a single
source of SGWBs but already with two peaks by nature,
for example, two-step FOPT [65,66], one-step FOPT but
with comparable GWs from both wall collisions and
sound waves when bubbles collide during the transition
to a near constant terminal wall velocity [67], induced
GWs with two peaks for some particular configuration on
curvature perturbations [68], oscillons with cuspy poten-
tials [69] during preheating era. The doubly broken (DB)
case can be found in an analytic evaluation on the
GWs from wall collisions beyond the envelope approxi-
mation [70] and a hybrid simulation for the sound
waves [71] (see also [72]).
In this paper, we search for the SGWB signals in the

cases with DP and DB spectra from Advanced LIGO-
Virgo’s first three observing runs but with a special focus
on SGWBs from FOPTs. The models are introduced in
Sec. II and constrained in Sec. III, and the results are
summarized in Sec. IV.

II. MODELS

The BPL spectrum of SGWBs can be modeled as

ΩBPLðf; θÞ ¼ Ω�

�
f
f�
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2
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with θ≡ ðΩ�; f�; n1; n2;ΔÞ, where Ω� is the peak ampli-
tude at the peak frequency f�, n1 (¼ 3 for causality) and n2
are the asymptotic slopes on the far left and far right ends
of the peak frequency, respectively, and 1=Δ is the peak
transition width. We define the DP spectrum as simply the
sum of two separate BPL spectra,

ΩDPðf; fθ1; θ2gÞ ¼ ΩBPLðf; θ1Þ þ ΩBPLðf; θ2Þ ð2Þ

with θi ≡ ðΩ�;i; f�;i; n1;i; n2;i;ΔiÞ for the peaks i ¼ 1, 2,
while the DB spectrum is modeled as a three-section
power-law scaling by
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with θ≡ ðΩ�; fl; fh; nl; nm; nhÞ, where we will assume
nl > nm > nh and fl < fh with a specific example [71]
in mind. An explicit comparison between DP and DB
spectra is shown in Fig. 1. The reference SGWBs from

unresolved CBCs can be approximated by a f2=3 power-law
spectrum [73] in the inspiral phase as

ΩCBCðf; θÞ ¼ Ωref

�
f
fref

�
2=3

ð4Þ

with θ≡ ðΩref ; frefÞ, where Ωref is the reference ampli-
tude at the reference frequency fref that will be fixed
at 25 Hz around the most sensitive frequency band of the
LIGO-Virgo network. For all the above models, the
uncorrelated Gaussian noise is implicitly included
with ΩNðfÞ ¼ 0.
The primary motivation to test above models beyond

the simple BPL model comes from SGWBs from FOPTs,
which usually occur for breaking some continuous sym-
metry that would form a potential barrier for the false
vacuum decaying into the true vacuum. The vacuum decay
process proceeds via spontaneous nucleations of true
vacuum bubbles in the false vacuum plasma, followed
by rapid expansions of bubble walls until violent collisions,
along with which the expanding bubble walls also stimulate
fluid motions of the thermal plasma. Therefore, both the
bubble wall collisions and plasma fluid motions would
generate SGWBs. The simple BPL spectrum with n1 ¼ 3,
n2 ¼ −1, and Δ ¼ 4 can depicts the GW spectrum
from bubble-wall collisions under the dubbed envelope
approximation [74], in which case the overlapping parts
of thin walls are neglected upon collisions. However, by
going beyond the envelope approximation, the analytic
modeling [70] of wall collisions reveals a three-section
power-law scaling with nl ¼ 3, nm ¼ 1, and nh ¼ −1 that
can be described by a DB spectrum. Furthermore, the GWs
from plasma fluid motions especially the dominated con-
tributions from sound waves can also be fitted by the
simple BPL spectrum with n1 ¼ 3, n2 ¼ −4, and Δ ¼ 2 as

FIG. 1. The schematic comparison between DP (red solid) and
DB (blue solid) spectra for the SGWB. The DP spectrum consists
of two separate BPL spectra (green and orange dashed) while the
DB spectrum admits a three-section power-law scaling.
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suggested by numerical simulations [75–77]. However,
analytic modelings [78–80] seem to prefer a DB spectrum
with nl ¼ 3, nm ¼ 1, and nh ¼ −3 but still with some
uncertainty in determining its high-frequency slope
within −3 ≤ nh ≤ −1 [80]. Nevertheless, we will stick
to the fitting spectrum from numerical simulation instead
of the analytic estimation for the sound waves. On the
other hand, it is probable for some specific particle
physics model of FOPT in its particular parameter space
that the contributions from the envelope collisions and
sound waves are comparable, which can be described by a
DP spectrum.

III. DATA ANALYSIS

We closely follow the method outlined in
Refs. [54,59,63] to search for SGWBs in the current
GW data. The log-likelihood for the model parameter set
θ is estimated by [81–84]

logpðĈIJjθ; λÞ ∝ −
1

2

X
k

½ĈIJðfkÞ − λΩGWðfk; θÞ�2
σ2IJðfkÞ

ð5Þ

with the sum k running over the frequency bins, where
ĈIJðfÞ is the cross-correlation statistic for the baseline
IJ with I; J ¼ H;L; V for the LIGO-Hanford, LIGO-
Livingston, and Virgo (HLV) detectors, σ2IJðfÞ is the
variance of ĈIJðfÞ in the small signal-to-noise ratio
limit [85], and λ accounts for the calibration uncertainties
of the detectors [86] that would be eventually margin-
alized over [87]. Since the current data still favors a pure
Gaussian noise model [54], the contribution from
Schumann resonances is negligible [83,88,89]. The final
likelihood is obtained by summing over multiple log-
likelihoods for different baselines in order to constrain
the model parameters. As the SGWB from CBCs is an
indispensable part of any SGWBs at the LIGO-Virgo
band, we will search for SGWBs specifically from FOPTs
for the combined models BPLþ CBC, DPþ CBC, and
DBþ CBC with their parameter priors depicted in
Table I. For model comparison, we adopt the ratios of
evidence logBiþCBC

Noise and logBiþCBC
CBC from the Bayes factor

to evaluate the preference for a specific SGWB model
over a pure Gaussian noise model and a CBC back-
ground, respectively.

IV. RESULTS

The Bayes-ratio comparison of models constrained by
the dynamic nested sampling package DYNESTY [90] in
Bilby [91] is summarized in Fig. 2, which will be described
in details shortly below. The general conclusion is that,
the SGWB from a DP spectrum is even more disfavored
than the SGWB with a single BPL spectrum or a DB

spectrum, but all of which are not detected compared to
the backgrounds from either uncorrelated Gaussian
noises or CBCs.

A. The BPL+CBC model

To compare with previous results in the literature, we
repeat the BPL model of Ref. [59] but with an extra 2
factor in (1) so that Ω� is exactly the peak amplitude at the
peak frequency f�, while in Ref. [59] the peak amplitude
is actually ΩBPLðf�Þ ¼ 2ðn2−n1Þ=ΔΩ� instead of Ω�. For
n2 < 0 < n1 andΔ > 0, the upper boundΩ� ¼ 5.6 × 10−7

obtained in Ref. [59] with fixed n1 ¼ 3 and Δ ¼ 2
actually overestimates the true peak amplitude with a
larger overestimation for steeper slopes (larger jn1j and/or
jn2j) or a wider transition width (a smaller Δ) around the
peak position.

TABLE I. The prior choices for the combined SGWB models
BPLþ CBC, DPþ CBC, and DBþ CBC.

BPLþ CBC

Parameter Prior

Ωref Log-uniform ð10−10; 10−7Þ
Ω� Log-uniform ð10−9; 10−4Þ
f� Uniform (0, 256) Hz
n1 3

Sound waves Envelope-wall collisions
n2 −4 −1
Δ 2 4

DPþ CBC

Parameter Prior

Ωref Log-uniform ð10−10; 10−7Þ
Ω�;i Log-uniform ð10−9; 10−4Þ
f�;1 Uniform (0, 256) Hz
f�;2ð> f�;1Þ Uniform (0, 256) Hz
n1;i 3
n2;1 −1 Envelope-wall collisions
n2;2 −4 Sound waves
Δ1 4 Envelope-wall collisions
Δ2 2 Sound waves

DBþ CBC

Parameter Prior

Ωref Log-uniform ð10−10; 10−7Þ
Ω� Log-uniform ð10−9; 10−4Þ
fl Uniform (0, 256) Hz
fhð> flÞ Uniform (0, 256) Hz

nlð> nmÞ 3 Beyond envelope-wall collisions
nmð> nhÞ 1
nh −1
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In fact, with fixed n1 ¼ 3; n2 ¼ −1 (n2 ¼ −4), and
Δ ¼ 4 (Δ ¼ 2) for SGWBs from envelope collisions
(sound waves), the 95% upper limit we found on the peak
amplitude reads Ω� < 9.7 × 10−8 (Ω� < 8.2 × 10−8),

which, along with posterior sample of f� from the
Fig. 4, can be combined into a posterior of ΩBPL, leading
to a 95% CL constraint ΩBPLð25 HzÞ < 3.5 × 10−9

(ΩBPLð25 HzÞ < 6.4 × 10−9) at the CBC reference fre-
quency f� ¼ 25 Hz, while the CBC reference amplitude
is found to be bounded by Ωref < 5.9 × 10−9 (Ωref <
5.9 × 10−9). The Bayes ratios logBBPLþCBC

Noise ¼ −1.72
(logBBPLþCBC

Noise ¼ −1.86) and logBBPLþCBC
CBC ¼ −1.19

(logBBPLþCBC
CBC ¼ −1.33) even more disfavor a BPL GW

spectrum from envelope collisions (sound waves) over
SGWBs from either pure Gaussian noises or CBCs than
Ref. [59], slightly improving the previous result.

B. The DP+CBC model

For the SGWBs from FOPTs, the present peak frequency
of envelope collisions [74,92–98],

fenv ¼ 16.5

�
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��
β
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��
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��
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is always smaller than the present peak frequency of sound
waves [75–77,99],

fsw ¼ 19

vw

�
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��
Tpt

100 GeV

��
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100

�1
6
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> 19

�
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6
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FIG. 2. The Bayes ratios for model comparisons among BPLþ CBC models with priors fixed by envelope collisions (EC) and sound
waves (SW), DPþ CBC model (envelope collisionsþ sound waves), and DBþ CBC model (wall collisions beyond envelope
approximation).

FIG. 3. The implied constraints on the FOPT parameters β=Hpt
and α for the bubble-wall velocities vw ¼ 0.9 (dashed) and vw ¼
0.99 (solid) from the constraints on the DPþ CBC model. The
blue and red shaded regions are ruled out by the upper bounds on
the low-frequency and high-frequency peak amplitudes, respec-
tively. The gray-shaded region is usually not considered for the
FOPT to complete successfully.
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for the bubble-wall velocity 0 < vw < 1, where fbc ¼
0.35β=ð1þ 0.069vw þ 0.69v4wÞ < 0.35β is the peak fre-
quency of bubble collisions right after the phase transition,
β=Hpt is the Hubble time scale H−1

pt relative to the PT
duration β−1 at the PT temperature Tpt, and g� is the effective
number of relativistic degrees of freedom. Therefore, we
can specifically fix the priors f�;1 < f�;2 with n2;1 ¼ −1;
Δ1 ¼ 4 (envelope collisions) and n2;2 ¼ −4;Δ2 ¼ 2 (sound
waves) as well as n1;i ¼ 3 (by causality) for both i ¼ 1

(envelope collisions) and i ¼ 2 (sound waves), and then
place 95% CL upper limits on the low-frequency peak
amplitude Ω�;1 < 5.8 × 10−8 and high-frequency peak
amplitude Ω�;2 < 4.4 × 10−8, while the CBC reference
amplitude is bounded by Ωref < 5.6 × 10−9 as obtained
from Fig. 5. The Bayes ratios logBDPþCBC

Noise ¼ −3.25 and
logBDPþCBC

CBC ¼ −2.72 strongly disfavor for the DPþ CBC
over either noises or CBCs than the single BPLþ CBC
model does.
The above constraints on the low-frequency and

high-frequency peak amplitudes can be transformed
into constraints on the PT inverse duration β=Hpt

and strength factor α for a given bubble-wall velocity vw.
The peak amplitude of envelope collisions is known
as [74,92–98]

Ωenv ¼ 1.67 × 10−5
A
h2

�
Hpt

β

�
2
�

κϕα

1þ α

�
2
�
100

g�

�1
3

; ð8Þ

where AðvwÞ≡ 0.48v3w=ð1þ 5.3v2w þ 5v4wÞ is the ampli-
tude and κϕ is the efficiency factor of inserting released
vacuum energy into the bubble wall kinetic energy evalu-
ated generally in Ref. [67]. For the most optimistic
constraint, we can take a crude estimation κϕ ≈ 1 − κsw
from the efficiency factor κsw of fluid motions given shortly
below. The peak amplitude of sound waves is known
as [75–77,99]

Ωsw ¼ 2.65 × 10−6
vw
h2

�
Hpt

β

��
κswα

1þ α

�
2
�
100

g�

�1
3

ϒ; ð9Þ

where the efficiency factor κswðα; vwÞ of bulk fluid
motions can be fitted as a function of α and vw by
hydrodynamics [100] (see also [101] for the varying sound
velocity generalization to the constant sound velocity
estimations [102–104]). The suppression factor ϒ≡
1 − ð1þ 2τswHptÞ−1=2 [105] accounts for the finite lifetime
of sound waves from the onset timescale of turbulence,
τswHpt ≈ ð8πÞ1=3vw=ðβ=HptÞ=Ūf, with the root-mean-
squared fluid velocity given by Ū2

f ¼ 3κswα=½4ð1þ αÞ�
[106]. In all cases, we can take the effective number of
degrees of freedom g� ¼ 100 and dimensionless Hubble
constant h ¼ 0.67 for illustration. Therefore, both peak
amplitudesΩenv andΩsw can be expressed for a given vw as
functions of β=Hpt and α, which can be further constrained
in Fig. 3 with the blue and red shaded regions ruled out by
Ωenv ¼ Ω�;1 < 5.8 × 10−8 and Ωsw ¼ Ω�;2 < 4.4 × 10−8,

FIG. 4. The parameter posteriors for the BPLþ CBC model with BPL priors fixed by envelope collisions (left) and sound waves
(right). The 68% and 95% contours are depicted in colors. The vertical dashed lines describe the 95% and the horizon lines are the prior
distributions. We also show the (0, 95%) of parameters individually.
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respectively. Although the current GW data cannot
put strong constraints on the FOPTs, the very strong
FOPTs of super-cooling type in the LIGO-Virgo band
with α≳Oð1Þ and β=Hpt ≲Oð10Þ can be marginally
ruled out from Fig. 3. Note here that there is no precise
but conventional definition [107] for the very strong
FOPT of super-cooling type. The strength factor α
measures the relative size of released vacuum energy
density with respect to the background radiation energy
density, and hence α≳Oð1Þ indicates a very strong
FOPT. The other parameter β=Hpt measures the relative
size of Hubble horizon scale H−1

pt with respect to the
mean bubble separation ð8πÞ1=3vwβ−1 ∼ β−1, and hence
β=Hpt ≲Oð10Þ indicates a relatively large radius of
bubbles at collisions, which would result in a relatively
long PT duration [108,109] that leads to ultra-low
temperature at percolations than the critical/nucleation
temperature (hence the name super cooling).

C. The DB+CBC model

For a physical process associated with two character-
istic length scales, the generated SGWBs usually admit a
doubly broken (DB) power-law spectrum. One such
example is the cosmological FOPT with the vacuum-
bubble collisions characterized by the averaged initial
bubble separation and bubble-wall thickness, and sound
waves characterized by the averaged initial bubble sep-
aration and sound shell thickness [71,78–80]. We consider
specifically in this section the GWs from the bubble-wall
collisions beyond the envelope approximation with
nl ¼ 3, nm ¼ 1, and nh ¼ −1. The overall amplitude
can be constrained as Ω� < 1.2 × 10−7, which, after
combined with the posterior samples of fl, and fh in
Fig. 6, renders 95% CL upper bound ΩDBð25 HzÞ < 2.3 ×
10−9 at the CBC reference frequency with the correspond-
ing CBC reference amplitude bounded by
Ωref < 6.0 × 10−9. Similar to the single BPLþ CBC

FIG. 5. The parameter posteriors for the BP (envelope collisionsþ sound waves) þCBC model. The 68% and 95% contours are
depicted in colors. The vertical dashed lines describe the 95% and the horizon lines are the prior distributions. We also show the (0, 95%)
of parameters individually.
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model, the Bayes ratios logBDBPLþCBC
Noise ¼ −1.86 and

logBDBþCBC
CBC ¼ −1.33 also slightly disfavor for the

DBþ CBC over either noises or CBCs.

V. CONCLUSIONS AND DISCUSSIONS

In this paper, we have implemented the Bayes search for
the SGWBs specifically from the cosmological first-order
phase transitions with a DP or DB spectrum in the first
three observing runs of the Advanced LIGO-Virgo collab-
orations. No positive evidence has been found for both
DPþ CBC and DBþ CBC models with respective to the
backgrounds from either Gaussian noises or CBCs, though
the DPþ CBC is even more disfavored than the DBþ
CBC model as well as the usual BPLþ CBC model. In
particular, our results for the BPLþ CBC model slightly
improve the previous claim on the null detection for the
BPL spectrum, and the DPþ CBC results motivated from
FOPTs could marginally rule out the very strong FOPT
of super-cooling type in the LIGO-Virgo band. All these
results could be further improved for the upcoming fourth

observing run of the LIGO/Virgo/KAGRA Collaboration,
but currently we are still on the way to uncover the SGWBs.
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