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We consider the emission of a photon by a scalar charged particle in a constant and uniform magnetic

field. In contrast to the conventional approach with both photon and outgoing charge being assumed to be

detected, we study the case where only the charge is detected and investigate the properties of the emitted

photon. The background magnetic field is taken into account exactly in the calculations and the charge is

described by relativistic Landau states. It is shown that the emitted photon state represents a twisted Bessel

beam with a total angular momentum given by ¢ — ¢/, where ¢ and ¢’ are angular momentum quantum

numbers of the initial and final charged particle, respectively. The majority of photons emitted
by unpolarized charges, especially in the hard x-ray and y-ray range and in critical and subcritical
magnetic fields, as compared to the Schwinger value of H, = 4.4 x 10° T, turn out to be twisted with

£-7'z 1.

DOI: 10.1103/PhysRevD.108.063007

I. INTRODUCTION

Classical electrodynamics predicts that an electron mov-
ing along a helical path in a magnetic field, in a helical
undulator, or in a circularly polarized laser wave emits
radiation in the form of cylindrical waves [1-4]. Such an
electromagnetic field consists of the so-called twisted
photons with orbital angular momentum (OAM) [5-8].
The quantum picture of this process is much more complex
due to entanglement between the photon and the electron,
and—depending on a postselection protocol—twisted pho-
tons may not be emitted even if the classical electron path is
helical [9,10].

The Landau levels of electrons and other charged
particles in the magnetic field represent a cornerstone for
quantum theory of synchrotron radiation [11], which plays
a key role in describing such astrophysical objects as the
neutron stars [12], in operation of modern storage rings,
and in producing spin-polarized electron beams. Moreover,
the properties of radiation generated by ultrarelativistic
charged particles in more complex constant electro-
magnetic fields can be very similar to those of synchrotron
radiation in the magnetic field [11,12]. The Landau states
[11-13] are also crucially important for many phenomena
in solids [14-16] and, in particular, in graphene [17-19],
in plasma [20], including quantum Hall effect [21],
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diamagnetism of metals, etc. In addition, these states are
used for describing the quantum dynamics of such charged
particles as electrons, protons, ions, etc. inside Penning
traps and their modifications [22-24]. See Ref. [25] for a
recent derivation of the Landau levels by means of an
algebraic approach.

Here, we study single photon emission by a spin-zero
charge moving along the field lines of a constant and
homogeneous magnetic field H = {0, 0, H} of an arbitrary
strength H > 0 [11,12]. Since we will assign to the charged
particle the numerical values of the charge and of the mass
of the electron, for simplicity, we will denote the particle as
“electron.” For an electron with initial four-momentum p*,
the process is controlled by the two Lorentz- and gauge-
invariant parameters b = \/(F*)?/H. = +/2H/H, and
¥ =/—(F*p,)*/H,, where F* is the electromagnetic
field tensor and H, = 4.4 x 10° T is the Schwinger’s
(critical) magnetic field strength [the metric tensor is
" =diag(+1 —1—-1—-1)]. In our case the magnetic
field is taken into account exactly in the calculations and
the electron will be described by relativistic Landau levels
with different quantum numbers.

One of our aims is to ascertain whether the emitted
photon is twisted, i.e., its total angular momentum (TAM)
projection onto the magnetic field axis has a well-defined
value. For this reason, we assume that only the final
electron is measured and we investigate the resulting
photon state [10]. The difference between this “evolved”
state and the conventionally used “detected” photon state
(for instance, in Refs. [26-29]) is somewhat analogous to
that between the polarization state evolving from the
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process itself and the detected polarization state that was
postselected by a detector (see, for instance, Ref. [13]). The
photon evolved state is defined by an S-matrix element Sy;
and, more importantly, the phase of this photon state
depends on that of the matrix element, whereas the
emission probability only depends on |Sy;|*. Thus, this
approach also elucidates the role of the S-matrix element’s
phase. Correspondingly, due to the entanglement between
the outgoing electron and the emitted photon, the evolved
photon state depends on the quantum numbers of the
(measured) outgoing electron state.

The system of units 7 =c =1 is used unless stated
otherwise, whereas the electron mass and charge are
denoted as m and e < 0, respectively. The four-vector
potentials of the background magnetic field and of the
radiation field are taken in the Coulomb gauge.

II. EVOLVED PHOTON STATE: DEFINITION

We want to study the emission ¢ — ¢’ + y of a photon by
an electron in the mentioned magnetic field within the first
order of the perturbation theory (we recall that with electron
we mean here a scalar particle with mass and charge given
by those of the electrons). Thus, by denoting as S the
first-order S-matrix in the Furry picture, with the interaction
of the electron with the magnetic field being taken into
account exactly, if the system is in the initial state |i) = |i,),
representing a single electron, the first-order final state is
given by [f) = 8§W|i,). By assuming that the measured
final electron state is | f, ), then the system collapses into the
state

1) = P(F)S Vi) = Y _Ife f ) £13V i), (1)
Iy

where the projector operator

P(fo) = f)(fel @ T, = f)(fel @ D _IF )]
Iy

= fef ) fer fy (2)
Iy

has been used, with |f,) being a complete set of one-particle

photon states. By denoting as Sﬂ <fe,f},|S )li,) the

first-order single-photon emission matrix element and by
observing that the electron state |f,) can be taken out from
the sum over f,, we conclude that after the final electron is
detected in the state |f,), the system is in the state

') = 1fe) ® [1)ey, with

Plee = 3 111, (3)

Iy

being the “evolved” photon state [10].

Below, for the sake of definiteness, we use the plane
waves with the momentum k and the helicity 4 = £1 as
complete set of one-particle photon states (photons with
scalar and longitudinal polarization cannot be produced and
ultimately propagate in vacuum) and then we have

effectively
/ d3k 1

with @ = |k|, such that we need to investigate the S-matrix
= {feske. 4180
wave photon, e — ¢’ + y;,. The state

)k,

(4)

amplitude S}li) li,) of emission of a plane-
,A) is defined
as |k,2) = a)(k)|0) and it is normalized such that
(k' ,/1’ ) =2w((27)38 (k — k')8,, (the vacuum state |0)
is normalized to unity). In this way, the photon evolved

state is
/ & k 1

The electromagnetic field operator at the spacetime point
(1,r) is defined as

Z/ dk 1 Aﬂ(trk)al(k)

ALt k)] (k)} ,

A)- (5)

k) _.
A/l(t, r k) _ 6’/1(22) e—z(wt—k#‘)’ (6)

with the polarization vector e, (k) being specified below.

III. RELATIVISTIC LANDAU STATES

In the constant and homogeneous magnetic field
H ={0,0,H}, H > 0, with the four-vector potential

=2 (0.0} )

a charged spinless particle with mass m and charge e < 0 is
described by the Klein-Gordon equation

((i" — eA*)? — m2)¥(x) = 0. (8)

The characteristic scales of the problem are

2
H,. = " _ 44 % 10° T —the critical magnetic field, (9)

le]

1
Ao =—=3.8x 107! cm—the electron Compton wavelength,
m

(10)
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4 H
pn = TeH =224 lﬁc—the rms-radius of the ground state (see below) times v/2. (11)
\/ le

In cylindrical coordinates p, ¢,, and z, Eq. (8) has the following exact stationary solution (called relativistic Landau

state) [11]:

14
‘yia>x>::fvi(§l) LU0 py) exp {—ite + ip.z + €4, — p*/ph}.

H
8 H
e=+/m*+pt+pi.pi :p—2(s+f+1/2) :2m2H—(s+f+1/2), (12)
H c

where L7 are the associated (generalized) Laguerre poly-
nomials [30]. The independent quantum numbers are the
continuous longitudinal momentum p, and the two discrete
quantum numbers £ and s, which describe the transverse
motion of the charge. In addition, it is

s>0,5s+7 >0, such that? > —s, (13)

where s+ 1=1,2,3,... defines the number of radial
maxima of the probability density, and £ = 0, +1, £2, ...
is the canonical angular momentum (cf. with the non-
relativistic case in Ref. [31])

(L) = [ it = ¢
m
fen = fpxcpen], = i 2 (1)
Z Z a¢r

Note that the choice of the potential (7) is not unique
and taking A* = {0,—yH,0,0} one also obtains H =
{0,0, H}. The eigenfunctions of the latter problem, how-
ever, are Hermite-Gaussian states with no OAM [11,32]
rather than the above Laguerre-Gaussian ones. Thus, the
analysis of the radiation for an electron initially in a
Laguerre-Gaussian state is simplified in the gauge (7).
Our assumption, in fact, is that in the far past (at t - —o0)
the electron was produced in the field (say, emitted from an
atom) in a cylindrically symmetric Laguerre-Gaussian
state. If the electron is produced outside of the field, still
a smooth transition of a freely-propagating Laguerre-
Gaussian state to the above Landau one (12) is possible
but a detailed description of the transmission process
requires a separate analysis [33,34], which is beyond the
scope of this paper.

The above Laguerre-Gaussian states are normalized via
the following condition [11]

o [ exwnp =1 (15)

and then we find (Eq. (7.414) in Ref. [30])

m 1 s!

N, =, .|————__o+n)/2 |__ 7" 16

! \/—;1/Lﬂp%i (S+f>' ( )

An effective volume of a normalization cylinder is Lzp?

where L is its height and py characterizes the mean radius
as (see Eq. (19.29) in Ref. [11])

&

W=t [ @R =2 s o). ()

m

Therefore, the rms-radius of the ground (Gaussian) state
with s =7 =0 is \/(p?) = py/V/2. For magnetic field
strengths of H ~0.1-10 T, as available in terrestrial
laboratories, we find py ~ 10-100 nm. However, for the
intense fields H ~ H, that can take place in the neutron
stars the corresponding radii are of the order of the electron
Compton wavelength itself, py ~ 4., and the root-
mean-square radius of the Landau state scales as

V(p?) x /25 + £ + 1. As a result, the condition of the
spatially homogeneous field seems to work even better for
intense fields, even if the quantum numbers s,7 are
very large.

The transverse motion of the electron is nonrelativistic,
p1 < m, when

H H,
—(s+¢+1/2)<1, or s+f+1/2<<ﬁ°. (18)

H,
Importantly, the centroid of the Landau states moves
only along the z axis, because

(&) = (9) = (po) = (p,) =0,
(D) = P (19)

Thus, although the probability current has an azimuthal
component [35], there is no classical rotation of the wave
packet’s centroid, because the Lorentz force along the
trajectory of the centroid vanishes. Below, we assume
that p, > 0.
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The Landau states resemble the freely propagating
vortex electrons with the quantized angular momentum
but without the magnetic field [31,35-39]. In particular, the
Laguerre-Gaussian beams of the twisted electron states
look very similar to Eq. (12) [35,37] and can also exactly
obey the quantum wave equations [31].

IV. MATRIX ELEMENT FOR PHOTON EMISSION

In scalar QED, the first-order transition matrix element
with emission of a plane-wave photon described by the
state |k, ) is

S = —ie [ s (t.x)e;, (el 4
1
Filex) = W) (i — e A)¥,(1.x)

+ LlI’,-(z‘,x)(id” — e M) Wi(t.x),

. (20)

where A* is the magnetic field four-potential in Eq. (7),
where ¢;(k) = (0,e,(k)), with k - e;(k) = 0 is the polari-
zation four-vector of the photon (the index 4 is clearly not a
Lorentz index and, since below we will use a three-
dimensional notation, there will be then no possibility of
confusion), and where

k = w{sinO cos ¢, sin O sin ¢, cos O} (21)

is the photon wave vector. We will also need the photon’s
transverse momentum

(22)

k| = wsind.

The final (detected) Landau state of the emitting elec-
tron is

fl
¥ (t,x) = Ny (f) L5 (2p%/p3y) exp {=ite' + ip.z + it'$p, — p*/pi;},
H

8 H
¢ =\ (PR (PR (DL = (5 0 1/2) = 2w e (54 £ +1/2),
> A

m 1 s’
Ny = /= AU
! \/; Lph (s + )

It has a radial index s’, a canonical angular momentum £,
which not necessarily coincide with s and 7, respectively.
The emitted photon polarization vector e;(k) can be taken,
for instance, in a basis of the circularly polarized states with

the helicity
A==l (24)

In the Coulomb gauge with k - ¢,(k) = 0, one can choose
the photon polarization vectors as [8]

k)= Y exp{—icp}d., (O)x,.

0=0,%1
1
= (0,0,1), =F —(1,+i,0), (25
X0 = ( ) X+1 \/§( ) (25)
where dfylﬂ) (@) are the small Wigner functions [40]
1
d) (o) = 5 (144 cos 0). d\) = cos?(0/2).
d\V, = sin%(6)2),
2
d\l) () = —d}) (0) = —Z=sin6.d\) (0) = cosd,  (26)
V2
1 1
Z dglzf(e)dl(fzzf(e) = 66162‘ (27)

0=0,£1

c

(23)

The vectors y, represent eigenvectors for the photon spin
operator

0 —i O
s, =i 0 0], (28)
0O 0 O
with the eigenvalues ¢ = 0, %1,
gzxa = 0);- (29)

Note that the helicity state from Eq. (25) has a vanishing
z-projection of the TAM,

Jde, (k) = Je,(k), A=k -§/w,

}ze/l(k) =0, }z = i’z +3., (30)

where ﬁz = —id/0¢. This can be easily seen at 6 — 0:
(31)
with a somewhat redundant dependence on ¢p. However, the

evolved photon state does not depend on the general phase
of e, (k) because it depends on the combination |f,)(f,|.

e, (k) — X6,
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Now, we regroup the terms in the transition four-current in Eq. (20) as follows (recall that e < 0):

* / 1 1 1 —i(p—¢p 1 i(h—
¢ (k) (0" +ie A) = d(<u) (0)0. +—= (d<_1>ﬂ(6)e (¢=¢r) — d<u) (9)e'l? ¢r>)ap

V2
1 (1) T (1) o |6‘|Hp (1) S (1) .
\/E/) 1/1() u() [ 2\/§ u() 1/1()
= Z d)()ei-% . (32)
c=0,%+1
with V2 152 Ade. 7
X =—-1— [2[7( ‘Y}l - S;,l> +T+2ﬁ:|’ (38)
. 1 (i le|Hp PH Ly Ly P
XH_\ﬁ(/—)a@—ap— > ) (33)
Xo==p.— 1L, (39)
N 1 /i le|Hp
Xa= V2 <l_) 9y, + 0, = 2 > (34)  where the argument
%, =o.. (35) 2p* =2p%/pyy (40)

Taking into account that d, Li(p) = - ijll (p) fors > 1, of ths: 'Lague;rjle polyn(;/n:}als is omitte?d 'and the terms
we arrive at containing L{"; and L{,", are nonvanishing only when

s,s' > 1 because L{(p) = 1.
e, (k) j?i(tv r) :Lq};(n r)Y,(1.r) Z eio(d—¢.) d(a;) )X, The azimuthal integral in Eq. (20) can taken by employ-

2m W ing the following definition of the Bessel functions:
36 7
(36) /2 %e’f‘/h‘i“"s‘/” — i‘fJf(x),
with X, being given by 02 d (Z
T il tixcos g, 'f] . 41
| e i7J,(%) (41)

20 (L) LUEN ¢
X, = V2 [2;3(#;‘— — ) —f—zﬁ}, (37)

PH L L P Thus, we arrive at the following matrix element
|

1 . P HO% (o— 7 o(1
S = —ieNiN; 51 (22)5(w + & = €)8(p, — pl, = k)"~ ;ﬂl e dN0)T,(y),

Z,(y) = pu A dpp’ X (P)LE (297)LE (25 r—p—o(yP) e, (42)
where we have denoted

y=kipy. (43)

The integrals are evaluated with the help of Eq. (20.17) in Ref. [11] as follows (see details in the Appendix):

To(y) = —pu(p. + PL)F5 (),
T,0) =-iV2 (foj’*‘ ) + (s + £)F (y)),
T_i(y) = -iV2 (2?@1»‘”@) +(s'+ f’)fi‘f‘l(y)»

! o ! !
Fro(y) :A dxx“C L (2x2) LG (2x°) T p_p (yx)e ™

(S/+l,ﬂ/)! ] o _ o _ _ _ 2
- sl 03(s—s)+20=F"+2 YA fLi’ﬁfo ‘ (?/8)L (v*/8)e™ /8. (44)
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Thus, the matrix element contains the damping exponential
factor
(kipn)? K H,
————= b = - — 0. 45
R R R R

V. EVOLVED PHOTON STATE: ANALYSIS

According to the above analysis the evolved photon state
is given by

= 20 2
x 8(p, — pz—k) {e=2)6
x Y i+ 4 (0)T,(y)|k. A). (46)
c=0,%1

By writing the integral in cylindrical coordinates and by
noticing that

S+ =) =5(\/K + (p.— pl) + —e)

e—¢

== 5(k, —x). (47)

where

k=y/le=¢)P—(p.—pl)20.  (48)
J

the corresponding two integrals in k, and k, can be taken
and the result is

N:N £ — 8/ 2z ,
. itVf =t
_ 0 1/ E dg (="
e P Dk 4w IA ‘

X YA (0)T () ke, A). (49)

o=0,+1

In this expression, the following equalities are understood:

Y =Kpq, (50)
K
0 = arctan , 51
(pz - pé) G
k = {xcos¢,ksin¢g, p. — p.}, (52)

such that in the integrand of Eq. (49) only the exponential
expli(¢ — ¢')¢] and the state |k, A) depend on ¢.

The expansion of the state |y),, in Eq. (46) already shows
that it is a so-called Bessel beam. Indeed, it has a definite
energy w = e — ¢, a definite longitudinal momentum
k, = p, — p., and a definite transverse momentum x but
not an azimuthal component of the momentum, which is a
hallmark of twisted states. This can be more easily recog-

)7 )ey
r) [see Eq. (6)],

nized by considering the matrix element (0|A(z,

of the electromagnetic field operator A(t,
which can be written as

0JA(z, = 27)35 '~ €)3(p, — pl—k,)e"=)?

ORI = e 3 [k ooy U rpo(+ ¢~ €)6(p. ~ pl~ ke
% Z jo—t+t | 9)1 (v)e (k)e—i(wt—kr)' (53)
0=0,+£1

In this way, following Ref. [13], we can interpret the vector

PH

A (k) = —iei“*’'N; Nf2—(27t) 8w+ € —e)d(p. — pl. —k.)e'“=2)?

Sz, Y d 0)e; (k)

0=0,+1 A==%1
k-A® (k) =0, (54)

as the coefficient of the vector potential of the emitted photon in the momentum representation, which is a superposition of

the two helicity states. In the limit & — 0 we have that d ((9) — 0,,, so the value ¢ = 0 does not contribute for very small
transverse momenta. By using the representation of the unlt polarization vector e, (k) from Eq. (25) and the completeness
relation for the small Wigner functions from Eq. (27), one can rewrite the vector part as a single sum as follows:

ST, Y d) Oek) = 3 T, (roe o = dB(0) S dly(O)se )
A==*1

0=0,£1 0=0,£1 o'=0,£1

= > T (e - dﬂ?(ﬁ)n) (55)

0=0,£1
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where we have used that
1 —ic’
ST dy O (56)

Thus, the last term in Eq. (55) is due to the Coulomb gauge.

As j.e;(k) =0, we finally obtain the photon TAM
projection

JA (k) = (¢ = £)A) (k). (57)
Importantly, the photon TAM does not depend on the radial
quantum numbers s, s’ of the electron, which can also
change during the emission.

The condition of the positive transverse momentum (48)
defines the interval of the allowed values of the final electron
longitudinal momentum p’z. First, we notice that, since
e—¢ = w >0, the condition x > 0 implies that ¢ — & >
|p- — p| and then that p —(p',)* >2[¢' ~sgn(p. — p’) p']
|p.— pL| > 0. Therefore, by solving the equation k = 0 with
respect to p, with given 5" and £, we find that

2 ()2 2 (12

p.e Pémimp’z,m“}:[pz—“ LY, P
’ 2(8—pz) 2(8+pz)

(58)

so the width of the interval where the final longitudinal
electron momentum lies is

2 /7 \2 / 4
pi—(p) s+C—s5' =0
PQ.max—P’Z,min =& L L =& >0,

m*+pl s+ O+1/2+48
(59)

whereas the average of the possible values of p/, is

—_— = — =2 —]-[=3 — |-['=4

1.4} ]
1.2 ]
1L.OF ]
0.8 ]
0.67 ]
0.4\ i

0.2f

0.0k ‘

fiw (M)

FIG. 1.

! !
pz,min + pz,max o |:
- Z

. _pi- (pl)T

2(m* + p?)
s+¢—-s5 -7

o £)+1 4%
2(S—|— )—|— +ﬁ

} . (60)

If p, <m,p’| <m, then

pé,max - plz,min ~ H ’ "

. ~2Hc(s+f s'=7). (61)
Theinterval p’. . — P, in grows for larger and larger initial
electron energies.

As shown in Figs. 1 and 2, the energy of the emitted
photon simply coincides with that of synchrotron radiation
(see, e.g., Refs. [11,12] with the substitutions sinf =

k/\/k*+ k2 and cos@ = k,/\/k*>+ k?) with the hard

x-ray and y-ray photons being emitted in the strong
magnetic fields, especially by relativistic electrons.

As we have mentioned, Eq. (54) is a superposition of two
helicity states. For a photon emitted almost along the
magnetic field, i.e., for & — 0,y — 0, we have that (recall
that s + 7 >0 and s > 0) [30]

L4(0) = <SJ;£). (62)
By using this finding, we arrive at
F i’j/ (0) =6,,40¢.0 2f—1+2 (s t!f)! ,
Z.,4(0)= ;i{?‘ss,s’ s —’s_!f)! (Or.41+07-1.0)s
Z.4(0)= ;ifas.s’ Shx i,jL 2k (010 +0¢p-1).  (63)
—_— /453 — 452 =— 451 — [4-50
20F | ‘ | - | .
15} ]
% 10 1
| ;
0 10 20 30 40 50 60

Emitted photon energies in units of the electron rest energy m = 0.511 MeV as functions of the final electron quantum number

I’ (left) and of the initial electron longitudinal momentum p, (right) for H = H,, s = s’ = 1, p, = 1073 m (left). In general, the transition
l:i — j means £ = i, and ¢’ = j. The photon TAM equals # — ¢ according to Eq. (57), and everywhere p = (p. .. + Phmax)/2-
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—/—/'1 —_— =2 —]-['=3 — [|-['=4

0.15}

ﬁ\i

0.05]
\

hw (M)

0.00b. . .

0 10 20 30 40

{

—_ /20—)19 _— /20—)18 _— /20—)17 —_ /20—)16

B
2.0
£ 1.5
2 10/
05;/
0.0]
0 10 20 30 40 50 60

p; (M)

FIG. 2. The same as in Fig. 1, but for H = 0.1H,, s = s’ = 20.

As a result, we have in Eq. (54)

> T, (@), (k) + L, (©)e 1 ())
0=0,£1
V2 8y 4
BT ((5"‘5)!(5%41 + 81X 177

1 .
3 (s+ 2+ 1) (8p41,0 + 5/,5'—1))(—16’4’)- (64)

The vector A(®Y) (k) does not describe a helicity state,

$AC) () # £A) k), (65)
but it describes a twisted state in a sense of Eq. (57) for any
6. Equation (64) demonstrates that the radial quantum
number s stays the same, s’ = s, within the paraxial regime,
i.e., for small transverse momenta, and only the electron
angular momentum changes. Thus, the emission of photons
with no vorticity (j, = 0) due to the transitions s — s" #
5,7 = ¢ occurs only beyond the paraxial approximation,
i.e. with large transverse momenta. To quantitatively define
the paraxiality condition, we recall that the S-matrix
transition amplitude is proportional to the exponential
function exp{—(x/x.)?/2} [see Eq. (45) and recall that
k, = «]. This implies that transverse momenta much

higher than
H
= 2 = —
ke =2pn =my |

are suppressed. The numerical value of this scale is k. ~
10 eV for H ~ 1 T. The strong inequality

(66)

K < K, (67)

can be called the paraxiality condition under which it is
mostly s’ =s and twisted photons are predominantly

emitted. Likewise, nonparaxial photons with the transverse
momenta k ~ k. may not be twisted, in the sense that they
can be due to the transitions s’ # s, = ¢’. Importantly, if
the overall number of emitted photons is large, there may
still be a noticeable number of untwisted photons, exactly
as photons can be emitted with energies larger than the
critical energy of synchrotron radiation [11].

VI. EMISSION PROBABILITY AND INTENSITY

Having derived the state in which the photon has been
emitted itself, we now investigate the radiation probability.
The first-order emission probability that the photon is
detected with the momentum between k and k + dk
and the electron with quantum numbers £’ and s’ and
with longitudinal momentum between p’ and p’. + dp’, is
given by

ZIS /v,

aw'), (pl.k (68)

where

L 1 1
dv = —dp, —— k.
¥ =22 2w (22)?

(69)

Likewise, we define the first-order differential radiation inten-
sity by multiplying the probability by the photon energy w:

1), (pl.k) = a)z 15 Pdv. (70)
The total probability is given by
Wb — Z/dwg};,(p;,k). (71)
't
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When squaring the matrix element, we use the rule

(6(w+ € —€))*(3(p. — pL —k.))?
T / L /
—>§5((D—|—8 _E)gé(l’z_pz_kz)’ (72)
and integrate over d°k in cylindrical coordinates. The

corresponding differential emission probability per unit
time is found as

e2 20+t sls'!
g€ apl (s + )5 + )

3 id),

c=0,£1

so(1
aw'l,(pl) =

X
A==1

2
dp’,

(73)

where ¢/, sin @ = «x/w, and k depend on p’,.. The integration
over p’ is carried out over the region of the allowed

values from Eq. (58). Correspondingly, it is dii,l_)f, (py) =
(1
deE,’L, (pL).
The condition p3 > (p/, )2, i€, s+ ¢ > s + ¢ implies
that, by setting ¢/ = ¢ — AZ, the final radial quantum

number fulfills the inequality s’ < s 4+ AZ — 1. As can be
seen, the processes with increase of the electron OAM,

¢’ > ¢ (the photon TAM jgﬂ =¢ - ¢ <0), are generally

-~ & -6
' 2.5x107°¢ (a)

-02 00 02 04
p'z (m)

n
o
o

(c)

O
o O

K (m)
Xo o0 oo ©
[e=] o0
[ | Ot

_
<

B
T

-0.4
p'z (m)

allowed but they correspond to s’ # s (for AZ = —1, we
have s’ <s—2), and these transitions have much lower
probability than processes with s = s’

Let us now estimate the photon transverse momentum x.
It generally varies from x = 0 at the endpoints (58) to ~xk,
from Eq. (66), which reaches x. ~m at H ~ H,.. Figure 3
shows that, as it can also be evinced from the expression of
D% max> in the presence of a magnetic field strength H ~ H .,
an electron with p, < m can in principle undergo a strong
longitudinal recoil such that |p.|~m after the photon
emission.

As it can also be seen in Fig. 3, a nonrelativistic electron
with p, << m emits photons with both k, = p. — p. >0
and k, < 0, whereas with the growth of the momentum p,
the electron tends to emit photons to the forward direction
with k, = p, — p .. > 0. The figure also indicates that
the probability is maximized far from the endpoints (58)
and where the photon transverse momentum reaches the
value x < 0.5m. One can estimate the typical transverse
momenta near the endpoints in the nonrelativistic regime
with p_, |pL|. p1, p', < m. The first nonvanishing term in
the expansion of « in the vicinity of p} = p . or pl .
reads

APZ p2 p2 + pl 2
Sy S AL

2m Vm 2m?

1.4x10°8
1.2x10°8} (b)
1.x1078
8.x107°
6.x107°
4.%x107°
2.x107°

0

Iev

z (.\'4

'

rfdp

AW,

85 90 95 100
p'z (m)

W
S
S

wno

(d)

O -
wno (=]~}

x (M)

Xo oo o0 ©
o0
O

—

o

L=
e

i

85 90 95 100
p'z (m)

FIG. 3. The differential emission probability dWi,l}, /dp’. per unit time [(a), (b)] and the twisted photon transverse momentum
k [(c), (d)] versus the final electron momentum along the field p, for H =H.s=s =20, =4, =0. Left [(a), (©)]:
pe=1072m, plax = Plin & 1.13m; 1ight [(b), (D)]: p, = 100m, Pl jax = Pl g & 16m.
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with Ap? = p? — (p/,)?. In the same approximation

Ap? H
|kz|z%:mH—(s+f—s’—f’) <m,
m :

&

(75)

and recall that the emission probability features the
exponential decay exp{—(k/x.)?/2} defining the region
Knonrel < |k, | ~ k. = m+\/H/H,., where the probability is
not exponentially suppressed. In the case s' = s, one can
express this inequality in terms of the quantum numbers s
and 7 as follows:

) _ ) [He
==~ IR (76)
which means that mostly the twisted photons with the
moderate values of the TAM ¢ —¢ > 1 are emitted at
H ~ H_, see Fig. 4.

Due to dependence of the radiation frequency on ¢ and
¢’ (see Figs. 1 and 2), the emission probability and the
intensity depend slightly differently on ¢’ for the transitions
¢ — ¢ # ¢, as shown in Figs. 4-6 for a nonrelativistic
electron with p, = 10m and for H = H.,,H = 107'H,,
and H = 1072H , respectively. Whereas the probability of
the transitions ¢ — ¢’ =¢ —1 always dominates, the
intensity for the transition £ — ¢ =¢ —2 becomes
slightly larger than that for £ — ¢/ = £ — 1 starting from
¢ 260 at H~ H,.. As can be seen in Fig. 6, the weaker
fields H <« H, favor transition from the higher Landau
levels, 7,7’ > 1, however, with the same typical TAM
¢ — ¢’ = 1 and much lower intensity. Interestingly, both the
probability and the intensity for the untwisted photons with

¢ = ¢ can be higher than those for the highly twisted
photons with £ — ¢’ > 1, especially for the moderate value
of 7.

As can be seen in Fig. 3(b) and (d), relativistic
considerations imply that the photon is much probably
emitted with k, > 0 and such that p, > 0, which we
assume below, but the photon transverse momentum
practically does not grow with p,.. Figure 7 shows the
total radiation probability and the intensity per second
for the definite transverse momentum of the final electron
as a function of the initial momentum p, (assumed to be
positive, p, > 0) along the magnetic field. Although the
momentum-dependent probabilities for the untwisted
photons are not necessarily the lowest ones, the intensities
do not depend on the momentum p, at all and demonstrate
the domination of the twisted radiation with the
TAM ¢ —¢ ~1, 2 and unchanged s. This constant
behavior is related to the fact that the intensity of radiation
is a Lorentz-invariant quantity (recall, for example,
the expression of the classical relativistic Larmor
formula). Here, the intensity of radiation is computed at
fixed angular-momentum quantum number and its
invariance is restricted to boosts along the magnetic-
field direction, i.e., the z-direction. A similar situation
occurs in the emission of radiation in a constant
electric field [41], where the independence of the spec-
trum from the longitudinal momentum of the electron can
also be interpreted as the independence from the time
origin.

These figures illustrate that emission of the twisted
photons with £ — £’ = 1 can be quite intense in the critical
and subcritical fields, and the untwisted photons due to the
transitions s — §' # 5, = ¢’ can also be emitted, though

I-I'=1 1-I'=2 I-I'=3 I-I'=4
I-I'=5 1-I'=6 I-I'=7 ===e- s-s'=1,l-I'=1
-------- §-8'=2|-I'=0 ===== s-§'=1|-I'=4 =:=.= s-§'=2|-I'=3

----- = s-s'=1|-I'=0

« (D)

Waps™h
(N —

N —

0 20 40 60 80

0.500

.\'"')

X 0.100}
0.050¢

\'_/'(CV

o)

~

0.010
0.005

FIG. 4. The emission probability (73) (left) and the intensity dii}}/( p.) (right) integrated over p. per second for
H = H,, p, = 1073 mc. For the solid lines of the twisted photons s = s’ = 20, the dashed and dash-dotted lines correspond to the
twisted photons with a simultaneous change of the radial quantum number s — s’ # s, the black dash-dotted line and the red dotted one

correspond to the untwisted photons with j, = 0.
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1-I'=1 1-I'=2 1-I'=3 I-I'=4
I-I'=5 I-I'=6 I-I'=7 =mee- s-s'=1,|-I'=1
-------- s-s'=2 |-I'=0 === §-8'=1|-I'=4 :=:=.= s-8'=2|-I'=3
...... s-s'=1,|-I'=0 == §-8'=2 |-I'=—-1
10-5 [ T —— T ET T
1076};
T 1077
S = 1078
=
1 0—9 L

10-10,

lv

lv

FIG. 5. The emission probability (73) (left) and the intensity df .(v’l,)f’ (p.) (right) integrated over p. per second for
H =0.1H,, p, = 10~3mc. For the solid lines of the twisted photons s = s’ = 5, the dashed and dash-dotted lines correspond to
the twisted photons with a simultaneous change of the radial quantum number s — s’ # s, the black dash-dotted line and the red dotted
one correspond to the untwisted photons with j, = 0, and the blue dash-dotted line corresponds to increase of the electron OAM during

the emission (so that the photon TAM is £ — ¢’ = —1).

I-I'=1

1-I'=2

I-I'=3 I-I'=4

I-I'=5

e s-8'=2|-I'=0 ===

----- - s-s'=1)-I'=0

0 20 40 60 80

I-I'=6

I=I=7 ==mn- s-8'=1,l-I'=1

-- sos'=1-I=4 - - s-s'=2|-I'=3

0.005;

0.001
x 1074

x 1074
x 107t

x1073
%1076

FIG. 6. The same as in Fig. 4, but for H = 1072H,.

with lower intensity. As argued above, the twisted photons
due to the general transitions s — s’ # 5,7 — ¢’ # ¢ have
much larger transverse momenta but also much lower
intensity. Moreover, we see in Fig. 3 that electrons in
the field strength H ~ H . can also emit nonparaxial twisted
photons with k < m whatever their longitudinal momentum
p, is. The radius of their Bessel ring is of the order
of [6-8,39]

per (6= )2 (6 =) m= (6 =i (TT)

which can be shown by evaluating the integral in Eq. (53)
(recall that 4. ~3.8 x 107! ¢m is the electron Compton
wavelength). Note that the rms-radius of the Landau state at
H~H,|t| > 1is [see Eq. (I1T)] \/(p?) ~ 2/I€] > A,
but the Bessel ring radius of such nonparaxial photons
grows as £ — ¢,

Since field strengths up to values of the order of H,
have been considered, the question arises whether vac-
uum-polarization effects due to the strong magnetic field
alter the dispersion relation of the emitted photon [13].
Including vacuum-polarization effects, however, would

063007-11



D. KARLOVETS and A. DI PIAZZA

PHYS. REV. D 108, 063007 (2023)

30-29 30-28

3024

30523 ---

P, (mc)

3027 30-26 3025

Pz (mc)

FIG. 7. The dependence of the emission probability (left) and the intensity (right) per second on the electron momentum p, for
H =0.1H,,s = s = 20. The transition 30 - 29 means ¢ = 30,7’ = 29,s = s’ = 20; those with #:30 — 30 correspond to the

untwisted photons with ;7

= 0. The blue line overlaps with the red dashed one on the left and with the brown dash-dotted one on

the right. The blue dash-dotted lines correspond to increase of the electron OAM during the emission (so that the photon TAM is

£—¢ =-1).

correspond in the language of Feynman diagrams to
considering the radiative corrections arising from the
insertion of the polarization operator into the emitted
photon line. Since we have carried out a leading-order
analysis here, all radiative corrections have been consis-
tently neglected. Indeed, even in the case of magnetic
fields of the order of H . the photon refractive index would
differ from unity by terms of the order of a/45, where
a= 1/137 is the fine-structure constant [13].

VII. CONCLUSION

Although quantum dynamics of Landau electrons in a
magnetic field has been studied since the 1930s (see the
literature, for instance, in Refs. [11,12]), it has only
been recently recognized that the electron can emit
twisted photons while going from one Landau level to
another [28,29]. Here, we have answered the question of
whether the photon emitted by a spinless relativistic
charged particle is twisted, irrespective of the photon
detector properties. We have found that the overwhelming
majority of the emitted photons are indeed twisted, repre-
senting the Bessel beams with the TAM projection
j?’ = ¢ — ¢, although a small part of them are emitted
due to the transitions s — s’ # s, ¢’ = ¢ without a change
of the angular momentum. The latter photons are not
twisted, which represents yet another difference as com-
pared to the predictions of classical electrodynamics from
Refs. [1-4].

The angular momentum of the photons turns out to be
quantized along the magnetic field direction, which is why

the radiation vorticity does not usually reveal itself at the
storage ring facilities where the photons are being detected
at the angles close to the orbital plane, 6 ~ z/2, and the
wave front looks locally flat. Indeed, the radiation vorticity
can be noticed when observing the emission at angles close
to the magnetic field axis, 8 — 0, especially for the critical
and subcritical fields, H < H,., typical for neutrons stars.
As it has already been emphasized [29], the vorticity of the
resulting photons can be important for studying the stellar
nucleosynthesis because twisted photons interact differ-
ently with other charged particles in the sense that—unlike
the plane-wave photons—they can excite other Landau
electrons to the states with higher angular momenta or
induce stimulated emission. These differences from inter-
actions of the plane-wave photons can be especially
important for twisted photons with the moderate angular
momenta £ —¢' > 1 and the large transverse momenta
Kk <m (so that p. 2 A.), generated in the high intensity
fields [42].
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APPENDIX: RADIAL INTEGRALS
Equation (20.17) in [11] can be cast as follows:

A dxx“ L (2)LE (32 oo (220 /7)™

1 ! f/ ' 1 =t 1_pl /
_ _(S + ) ys—s +%Ls+f—s - (y)Li/_S (y)e—y'

2! s+ (A1)

Let us denote its modified version as

! o ! !
FEL0) = [T e LR @) (e

0
W+ ) 1 2(s—s)+£~2'
- s! 23(s=s")+20-L"+2 y
X LTSI (v )L (32 /8)e /8. (A2)

We start from the expression for the radial integral in
Eq. (44) that reads

o ! 2
I ,= —i\/i/ dxx’t 2y (yx)e™
0
f ] 2 fl ] f’ ! !
x [2L0LY - 2L0Ll R + SLOLY +2LL).
(A3)
By using the following relations for Laguerre polynomials

Li(x) = LI (x) = L7H (x), (A4)

and

xL{(x) = (£ + )L5TH(x) = (s + DLTH (). (AS)
we find
2L LY = 2P LELGT ) + O LILY + 2x°LELY
=22LSYLY + (s + ) LEL, (A6)
and then

Ty ==iV2(2F M 4 (¢ + ) FLET). (A7)

Analogously for 6 = +1 we have
I, =iV2 /oo X2y (yx)e >
0

” 7 f ! 4
x [2Lf_+1'Lf, = 2L - S LELG - 2L5Lﬂ dx.

(A8)
We apply the following relations
2L LY = 2P LIS - ¢LILY - 2X°L7LY
= —2xLILOH — (s + £)LS'LY, (A9)
and finally get
T, =-iv2 (2f§1§’+‘ +(s+ f)fi;,'-f’). (A10)
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