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We extend our recently proposed formalism for calculating anomalies of global and gauge symmetries
using the covariant derivative expansion to include a general class of operators that can appear in relativistic
effective field theories (EFTs). This allows us to prove that EFT operators involving general scalar, vector,
and tensor couplings to fermion bilinears only give rise to irrelevant anomalies, which can be removed by
an appropriate choice of counterterms, thereby confirming the absence of new constraints from anomaly

cancellation on the Standard Model EFT.
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I. INTRODUCTION

Anomalies provide critical consistency conditions on
gauge theories such as the Standard Model; see, e.g.,
Refs. [1,2] for reviews. Anomaly cancellation in the
Standard Model itself is, of course, well understood.
However, anomaly cancellation for effective field theories
(EFTs) with higher-dimensional operators is a more subtle
issue, which has received renewed interest recently in the
context of the Standard Model effective field theory
(SMEFT) [3,4] (see also Refs. [5—10] for earlier studies).
As shown in these papers, demonstrating anomaly can-
cellation for SMEFT involves carefully accounting for the
interplay of various interactions encoded in the higher-
dimensional operators.

In this paper, we generalize the method developed in
Ref. [11] for computing anomalies with the covariant
derivative expansion (CDE) [12-16] to the case of EFTs.
This will allow us to confirm that the anomaly cancellation
condition is unchanged by the presence of a general class
of higher-dimensional operators. More precisely, contribu-
tions to anomalies from higher-dimensional operators are in
the form of the gauge variation of local operators. These are
known as irrelevant anomalies and can be removed by the

“tim.cohen@cern.ch
Xil224 @ucsd.edu
“zkzhang @ucsb.edu

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP’.

2470-0010,/2023,/108(5)/056027(11)

056027-1

renormalization procedure with appropriate counterterms
(see, e.g., Ref. [17] for a recent systematic study of such
counterterms focused on renormalizable theories). In con-
trast, relevant anomalies are IR effects and are not affected
by higher-dimensional operators. We will demonstrate this
explicitly with a CDE calculation.

To see that anomalies a priori may depend on the
detailed form of the interactions in the theory, let us briefly
review its definition. We extract anomalies from the gauge
variation of the bosonic effective action W[G*], defined as

eWIG'] E/D){D){‘Le"su’f’m]. (1.1)

Even when the classical action is gauge invariant,
S¥as )(Z, Gh) = S|y, x", G*] (where subscript a denotes the
gauge-transformed quantity), the bosonic effective action
after integrating out the fermions may not be:

?

W[GE] £ W[GH]. (1.2)

This possible discrepancy is due to the path integral
measure DyDy '

ViG] — / Dy Dy e’ G — / Dy DSt
= [ T pgngteser @ = M T, (1)

or equivalently

W[Gh] = W[GH] = —ilog (T") g = Ala] + O(a?).  (1.4)
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We see that the anomaly functional Afa] (which we will
often just refer to as the anomaly), as defined by the first-
order gauge variation of the bosonic effective action, is
related to the expectation value of the Jacobian factor
(T2") . As emphasized by the subscript G, this expect-
ation value may a priori depend on the details of the theory,
namely what interactions it contains (just as expectation
values of generic operators would). So one needs a general
formalism to calculate the anomalies for theories with
generic interactions.

In Ref. [11], we focused on the case of chiral fermions
minimally coupled to gauge fields and introduced a
regularization prescription—a generalized version of the
classic Fujikawa’s method [18-21]—to efficiently evaluate
the anomaly in d = 4 spacetime dimensions using CDE.
This approach leads to unambiguous evaluation results, in
the form of a master formula for the anomaly functional
Ala] that integrates various known results about anomalies.
In this paper, we extend this formalism to include a more
general set of interactions in Lorentz-invariant EFTs such
as SMEFT.

The rest of this paper is organized as follows. In Sec. II
we present our parametrization of a general class of EFT
operators, involving scalar, vector, and tensor couplings to
fermion bilinears. In Sec. III we generalize the formalism in
Ref. [11] and explain how to calculate the anomaly in such
EFTs with CDE. We complete the detailed evaluation of the
anomaly in Sec. IV and show that extra contributions from
the interactions beyond minimal coupling are all irrelevant
anomalies. Finally, in Sec. V we conclude and discuss some
future directions.

II. PARAMETRIZATION OF A GENERAL EFT

We are interested in anomalies of both gauge and global
symmetries in a general Lorentz-invariant EFT. As in
Ref. [11], we introduce auxiliary gauge fields for all the
global symmetries of interest. Putting them together with
the physical gauge fields, we denote the whole collection
by G,, which can be a sum over multiple (Abelian and/or
non-Abelian) group sectors:

G, =) Gur. (2.1)
The (Hermitian) covariant derivative is
P,=iD, =1id, +G,, (2.2)
and the gauge field strength is given by
ZF“ t* = —i[P,, P,
= (0,G,) = (0,G,) = i[G,. G, ]. (2.3)

We consider a general theory of n left-handed Weyl fermions
X1s---sXn» With each y; transforming in an irreducible
representation of the (global and gauge) symmetries. The
theory may also contain an arbitrary number of scalar fields,
collectively denoted as ¢p. The EFT Lagrangian we consider
has the following general form:

L=Lgy+ Z XIG P i

+Z{){l z/)(j [I(S +1607-'11))(]<|>HC:|}

i,j=1
(2.4)

Here L, collects the interactions that do not involve
fermions. The rest of the first line encodes the minimal
couplings between the fermions y; and gauge fields G,. In
the second line, we parametrize an extended set of inter-
actions with fermion bilinears, categorizing them into scalar,
vector, and tensor interactions,

XiSiiXj» 0' V,,)(p )(ii%(_’yTl;jD)(j» (2.5)
where S;[G, @], Vi[G.¢], and T/[G,¢] are functions
made of G,, ¢, and their derivatives and can have
arbitrarily high operator dimensions. Note that due to
the Clifford algebra o¢,6, + 0,6, = 21,1, the pu<>v
symmetric components of T’l‘,” can be absorbed into the
scalar interactions S;;, so we define the tensor interactions
to be antisymmetric, 77/ = ~T7;.

In the equations above, we have been using the standard
two-component notation and have suppressed the spinor
indices. Taking the scalar interactions, for example, if we
write out the spinor indices and put the expression into

matrix form, we have

=) U )a= W) p(=") (2 ))a—> 2] (=ic* ;. (2.6)

which is symmetric under i <> j. Absorbing the i, j indices
also into matrix form, we can write

XiSiiX —’ZT(—iUZS)J(» (2.7a)
)(16 Vl]){j —X (U”V )Z (27b)
xiic,6 Tz])(/ — ¢ (—ic%ic*s *Tuw)y.  (2.7c)

We see that without loss of generality we can require

(=ic*S)T = —(~ic*S) = ST =, (2.8a)
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(—ic®ic*5*T,,)" = —(=ic*ic"5"T,,)

=T, =T,=-T,. (2.8b)

Furthermore, Hermiticity of the Lagrangian in Eq. (2.4)
requires V; =V,

A general symmetry transformation of the fermions can
be parametrized as

Pt — P = U, P*U,
VE — VA = U, VFU,

S —s S, = UiSU,
" — TW = UT™ U,

L6y — L64[Gor o] = L6 4[G. @),

where o, denotes the first-order (in ) gauge variation, e.g.,
0, P = (Pl(; - PM)'O(a)'

The Lagrangian in Eq. (2.4) incorporates the most
general scalar, vector, and tensor couplings to fermion
bilinears. For example, in SMEFT, the vector interactions
V’i‘j cover current-current operators such as'

. ,(_> — 4 .(_) —
(H'iD H)(@y'w), |HP(H'iD, H)r'y),.... (2.11)
where H is the Higgs doublet and y may represent any of the
SM fermions w € {q, u, d, ¢, e}, written in four-component
notation here. The scalar interactions S;; cover Yukawa-type
operators such as

teH, |H|*CeH, .... (2.12)

The tensor interactions 7%/ cover dipole operators such as
ij

¢o'eB,,H, |H]*¢c"eB,,H, ..., (2.13)

where o# = % [y”, y”}. At dimension six, these include all but
the four-fermion operators in the Warsaw basis [22]. In fact,
all operators in SMEFT involving up to two powers of
fermions and no derivatives acting on them, up to arbitrarily

'While our example operators here are SMEFT operators
written in the electroweak unbroken phase with the Higgs doublet
H, our formalism applies equally well to effective operators
written in the spontaneously broken phase, with an explicit
vacuum expectation value v, the physical Higgs h, and the
Goldstone fields. It is a matter of rewriting the effective operators
in the Lagrangian and the local counterterms accordingly. The
conclusion that higher-dimensional operators yield irrelevant
anomalies still holds.

X — Xa=Uyy = €'Yy, (2.9)

where, similar to the gauge fields in Eq. (2.1), a = a“t“ is a
sum over all symmetry group generators (across multiple
sectors). For the Lagrangian in Eq. (2.4) to respect the
(global and gauge) symmetries, we need the following
transformation properties of various quantities:

8, P* = 8,G" = i[a, P, (2.10a)
S V* = i[a, V¥, (2.10b)
5,5 = —i(a'S + Sa), (2.10c)
8T = —i(a"TH + T aq), (2.10d)
6aLcy =0, (2.10e)

|

high dimensions, are captured by Eq. (2.4). Furthermore, as
argued in Refs. [4,9], four-fermion operators can be captured
by introducing auxiliary fields, and we believe this argument
may be extended to operators with six and more fermions by
perturbatively including interactions among such auxiliary
fields. Therefore, our calculation in what follows should
apply quite generally to all higher-dimensional SMEFT (as
well as other relativistic EFT) operators2 with no derivatives
acting on the fermions.

III. REGULARIZING AND EVALUATING
THE ANOMALY WITH CDE

To facilitate the calculation of anomalies, we first recast
the fermionic interactions in Eq. (2.4) into the following
matrix form:

£:£G,¢+%(;ﬁ ;(T(—ioz))f’< “ ) (3.1)

i 62 )(*
where

St —igo" T},

P 6(id, + G, +V,) (3.2)
o(id,— Gy -Vl )

S +ic*a"T,,

For the Lagrangian to be real and symmetry preserving, the
matrix P needs to be Hermitian, P = f’, and transform as

Throughout this paper we use the term “higher-dimensional
operators” to emphasize the relevance of our analysis for the
infinite series of EFT operators, though technically the operators
considered here include also renormalizable ones such as
dimension-four Yukawa interactions [as part of S—see
Eq. (2.12)].
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A

P— P, = ¢l@Peie, 5,P = il P] with

(6 —r)
o= .
0 —a'

Clearly, these properties of P can be verified using its
explicit expression in Eq. (3.2) together with the trans-
formation properties given in Eq. (2.10).

As reviewed in Ref. [11] (see also Refs. [1,2]), anomalies
can be derived from the gauge variation of the bosonic
effective action obtained by integrating out the fermion
fields. In the present case, the bosonic effective action
depends on both gauge and scalar fields (i.e., we integrate
out the fermions in the path integral while treating all
bosonic fields as classical backgrounds). Formally, we have

(3.3)

WG] = /D)(D)(Te"sbmi"c‘d’] = ¢iScy (deti’)l/z. (3.4)

Following Eq. (3.3), a gauge transformation yields

eWlGutd = ¢iSe(det P,)'/2 = ¢Sos[det (e!@Pe~i)]1/2.
(3.5)

As in Eq. (1.4), the anomaly functional (or simply the
anomaly) is defined by the first-order gauge variation of the
bosonic effective action:

|

ig+ 65+ L) + y (F

We clarify that ¢7 and Y7 are defined as

¢T=pGl, YT =pV], (3.9)

in which the gamma matrices are not transposed. Here f,
Ps, Pv, Pr can all be different in principle, and we denote
them collectively as f# in the subscript of i’ﬁ (and also Ay
below). Replacing P i’ﬂ in Eq. (3.6), we see that similar
to Ref. [11], a damping factor f (—13/2,//\2) emerges as a
natural regulator, with any function f(u) that satisfies the
following conditions:

f0O)=1;  f(+o0)=0; /ooduf(u) well defined,

(3.10a)

4f

n
u=0 du

=0 forn>1.

u—+0co

(3.10b)

1+y°

(240 2) T (= (10 2) (42

Ala] = 6, W[G, @] = (WG, pa] = WIG, )0
~ —éTr log {1 + % (iaP — f’ia)] o
1 1, . .
ETr {F (aP — Pa)] (3.6)

L

As explained in detail in Ref. [11], we use the notation
to emphasize that the expressions are not exactly equal
unless they are regularized in the same way.

To proceed further, we need to introduce a regulator.
Following similar steps as in Sec. 3 of Ref. [11], we see that
in the present case, each term in the expansion is propor-
tional to

otig? ... gtngPn .
tr
. otio?l ... gtngPn

=
2
— K1Vl oL yHngyn
el (L]
2

We can therefore replace all the 2 x 2 Pauli matrices
by 4 x 4 gamma matrices while freely inserting chirality
projection factors IJFT”S +p %, such that terms propor-
tional to $ will hit the opposite chirality projection operator
when anticommuted to the right and vanish. To this end, let

us define

(3.7)

)ST<”V +ps 3 )+ WT,L(”V + pr5- V)

(3.8)
|
The regularized anomaly is then defined by
1 P’ A-1, & N -’
Apla] =5 Tr {f(-A—/;)pﬂ (aP;—Pja) } (3.11)

where we have introduced the notation

50 . .
r55<y0 5) satisfying P05 =—T5P;.  (3.12)
~y

Now using the cyclicity of the trace and commuting Pﬁ

through f(— ) we obtain

- tnf(He

The renormalized anomaly is then defined by

(3.13)
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Agla] = lim (A3a] + 5, / dxcd),  (3.14)
where L2 is the local counterterm Lagrangian. Since A;,\ [@]
may be quadratically divergent, we must include appro-
priate O(A?) counterterms to make the renormalized
anomaly finite in the limit A — co. Meanwhile, the finite
part of L%} defines the renormalization scheme. Generically
|

A . —S 5
o (1 0y [Pt
ﬁ pu—

0 P 0

where “charge conjugation” is the operation

Py=yrPT, (3.16)
under which the gamma matrices transform as
F=-p, P =-c" =y (3.17)
It satisfies the expected properties
A=A,  w(ABC--)=tr(---CBA).  (3.18)

Therefore, the two blocks in A;‘C contribute equally, and

Eq. (3.13) reduces to the result derived in Ref. [11]:

Ap™la] = Tr [f (— i—%) }/50:] . (3.19)

It is useful to introduce an extended version of this
charge conjugation operation. For a matrix A acting on the
field multiplet space, we define

- 0 1 0 1
AEO2 AT02< )
77(1 0) A W

Clearly, the properties in Eq. (3.18) hold for this extended
version as well, and one can also check that

(3.20)

Py=P;, @=-a T=-T5. (321)

The CDE evaluation of the functional trace in Eq. (3.13)
proceeds in a similar way to the minimal coupling case

detailed in Ref. [11]. After performing the loop integrals,
we obtain

.A;} [a] also contains O(1/A) terms, which we will suppress
throughout the paper since they vanish when A — oo.

Equation (3.13) is a generalization of the minimal
coupling (mc) case formula in Ref. [11]. To see the
connection explicitly, we note that when S=V,=T,, =0,
f’ﬂ becomes a block diagonal with the two blocks related by
charge conjugation’:

) 0

5 N (3.15)
—ig" — "G} (155 + po )

[

Alla] = 32171_2/d4x{—A2 {Am duf(u)] try
+é(tr, Ftry 4 tr3)}, (3.22)

with a few (nonfunctional) traces over the field multiplet
and internal indices (denoted by lowercase “tr”):

try = r(Pila), (3.23a)

tr; = u(PiTa), (3.23b)
| P

try = =S t|(PjrPyy, Py + PyyPyy, P, (3.23¢)
1o o .

try = — Etr(Pﬂy”Péy”Pﬁrja). (3.23(1)

These are generalizations of try—tr; (unbolded) in Ref. [11],
although (obviously) their evaluation result is twice as
large, tr; = 2tr;, in the minimal coupling case. It is also
useful to note that the two terms in tr, are related by charge
conjugation and therefore equal,® which simplifies its
calculation later on.

IV. HIGHER-DIMENSIONAL OPERATORS
YIELD IRRELEVANT ANOMALIES

In this section, we complete the evaluation of the
regularized anomaly A/’} [@] by computing the traces in
Eq. (3.23). For general values of f;, fs, Pv, fr, the
calculation is very tedious and does not give new insights.
The reason is that most f# choices lead to results that do not
satisfy the Wess-Zumino consistency condition [23], which

*Note that (0)7 = 3,, = —d, upon integration by parts.
“Note that we need to use cyclic permutation inside the internal

trace tr for this argument. See Appendix A of Ref. [11] for a

detailed discussion about the legitimacy of such operations,

which will be assumed throughout this paper.
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means they do not correspond to consistent regularization
schemes of the effective action and there is no meaningful
notion of relevant vs irrelevant anomalies. This point has
been discussed in detail in Ref. [11] in the minimal
coupling case where only f; is present; for example,
pc = 0 is the only choice that satisfies the Wess-Zumino
consistency condition for the case of a nontrivial non-
Abelian anomaly. Motivated by the results in Ref. [11], we
will set all the f’s to zero in the present analysis:

Be = Ps = Pv = pr =0. (4.1)

With this regularization scheme choice, we will show that
all the additional contributions to the anomaly are irrel-
evant, namely

A l] = A4™]] — 5, / dxALY. (42)

This means that by appropriately adjusting the local
counterterms (i.e., choosing the renormalization scheme),
the renormalized anomaly defined in Eq. (3.14) is the same
as that in the minimal coupling case
Apola] = AFSlal. (4.3)

Setting f = 0 significantly simplifies the presentation;
we now have

R + ST+ Ty, \ 1-T3
Pyo=ig+ Gvy P — (4.4)
S+o"T,, —GT—yT 2
Nevertheless, the calculation including S,V,,T,, all at

once is still quite lengthy. So in what follows, we will work
up to the full results gradually, adding one type of
interactions at each step.

A. Vector interactions

We begin with the case of having vector interactions V,
only, while setting S and T, to zero. In this case, there is
actually a shortcut. From the expression of i’ﬂzo in Eq. (4.4)
we see that, instead of directly calculating the traces in

Eq. (3.23), we can simply take the minimal coupling result
|

AZ\:O [a]|S=Tﬂb=0 = AZ\’:%C [a] =&, / d4x(£é\;.o|cﬂ—>cﬂ+v,, - Eé\t,()) - / d*x

-i(G,G,V,+V,G,G,-G,V,G,)

and replace G, = G, +V:

A,
A}‘:o [a] |S:TW:0 = /3:11(1)C [a] ‘Gﬂ—>Gﬂ+Vﬂ :

(4.5)
In Ref. [11], we obtained the result for the minimal
coupling case

I
AN o] = / d4x{48”2£””””tr (0,0)(G,F,,+1G,G,G,)]

—5(,53,0}. (4.6)

The first term is the standard result for the consistent
anomaly. The second term, being the gauge variation of a
local counterterm

o {AZ A ” duf(u)}tr(G”Gﬂ)

ct.0_16ﬂ2
! #G,)? = 2iF*G,G 1G”G’“G G
+th’( M)_l ﬂy+§ WOl
(4.7)

is an irrelevant anomaly.

Upon making the substitution G, — G, + V,, we first
note that the irrelevant term in Eq. (4.6) remains irrelevant,
because the two operations “taking the gauge variation” and
“substituting G, - G, + V,” commute with each other,

(5aﬁé\t,o)|Gﬂ—>G#+vﬂ = 5a(£é\t,0|G#—>G#+V’,)’ (4-8)
due to the fact
5a(Gﬂ + Vﬂ) — (6ﬂa) + i[a, G,,] + i[a, Vﬂ]
= (6,,0{) + i[a, G, + Vﬂ]. (4.9)

For the relevant part of Aﬁ':"(;c [first term in Eq. (4.6)], the
substitution G, — G, + V,, produces additional terms that
we need to track carefully. Using

= pr + (Duvv) - (DDVM) - i[V

I’y

V..
(4.10)

Fm/ |GM—>G;,+V},

where (D,V,) = (9,V,) —i[G,.V,], we get

48”2 gﬂy/]o-tr{ (aﬂa) [_(VDG[I(F + G[)(Y VD)

-2V, (D,V,)
-ivV,G,V,+i(G\V,V,-V,V,G,)+iV,V,V,]}.

(4.11)

056027-6
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Using the gauge transformation properties of the various
quantities

8,G, = (0,a) + ila.G,], 8,G, = ila, G,

) (4.12a)

6,V,=ila.V,]. 6,D,V,)=i[a (D,V,)], (4.12b)

we can organize the terms beyond the first line in Eq. (4.11)
into the gauge variation of the following local counterterm:

1
V vpo
acl) = 22 & | =GV F 4 FppVL)

-iG,G,G,V,—2G,V,(D,V,)
i . .
~3GVLG,Vo +iG,GV,V, + zG,,VDV,,V(,} .
(4.13)

Note that when taking the gauge variation of the expression
above, all the commutator terms generated through
Eq. (4.12) cancel out, which leaves us with only terms
proportional to (d,a), reproducing the expression in
Eq. (4.11). In summary, we have shown that

S, / d4x(£é\t.0

\4
— £ho+ALY).

A _ AAmc _
Ajola] S=T,—0 =0 [a]

G,—G,+V,

(4.14)

We conclude that all additional contributions to the
anomaly due to the vector interactions V, are irrelevant.

B. Vector and scalar interactions

In this subsection, we turn on both the scalar interactions
§ and vector interactions V, while keeping 7, = 0. We
will further include the tensor interactions 7', in the next
subsection.

To calculate the traces in Eq. (3.23) in the presence of S

and/or T, it is useful to decompose 13/,:0 in Eq. (4.4) as
N 1= 7,5
Py o= (SL+7VL +0,TL)
St Vit o, L
(S, 4V, 4T _27’5
1+9°

+ (Sg+ Ve +Tr) (4.15)

2 ’

where we have introduced the notation

v id+G+y 0
L‘( 0 w)

0 O
TL = G[ll/ T )

y _(id 0 > : _<0 ST>

F=\o ig-¢gT-y7) F=\o o)
0 Tt

TRIG!W<0 0 >

These components satisfy the following relations under the
(extended) charge conjugation defined in Eq. (3.20):

S_(OO)
L= \s o)

(4.16a)

(4.16b)

Vir=Vri. Spr=3Sike  Trjw=Trk (417)

With the decomposition in Eq. (4.15), we can expand the

traces in Eq. (3.23) into a set of terms, each being a product
of the components

1Fy° 1Fy° 1Fy

VL/RTv SL/RT, T/

(4.18)

The matrix structures of these components, their chiralities,
and charge conjugation properties lead to simplifications of
the calculation:

(i) For the Dirac trace to be nonzero, each term must
have an even power of y# matrices in total. Given the
structures of the traces in Eq. (3.23), this implies
that only terms with an even power of V; ; will
contribute.

(i) The matrix structure of S tells us that
SL(' o VL/R o ')SL = SR(' o VL/R v ')SR =0, (4-19)
where (---V, g ---) does not contain any S, /g or
Ty g factors. The same is true if we replace any of
the S; /g in Eq. (4.19) with T /.

(iii) The product of the chirality projection factors
will impose further selection rules.

(iv) Finally, one can make use of the charge conjugation
properties in Eq. (4.17) to merge terms and simplify
the result.

Now we apply these constraints to the case of this
subsection, where S,V # 0 but T, = 0. It is easy to see
that tr, does not contain any S-dependent terms, while the
nonzero terms in try, tr,, tr; must have two powers of §
and two powers of V with appropriate chirality combina-
tions. Starting with tr;, we get

15y
2

1
tr(lS2V2> = Etr [(SRVLSLVR - VLSLVRSR

+SLVRSRVL - VRSRVLSL)aj|, (420)
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where terms containing one power of y> have been dropped
since tr(y*y*y’) = 0. We can use charge conjugation to
further simplify this trace. Upon cyclic permutation the four
terms in Eq. (4.20) combine in pairs and give

52v2)

tr(l =tr[(SrV.SLVk — VrSgV.SL)e]

=tr(SgV.SL[Vg. a]). (4.21)
The other two traces tr, and tr; admit similar simplifica-
tions. The general rule we follow is to rewrite half of the
terms using charge conjugation such that the entire
expression is proportional to the commutator [Vg,al.
After contracting the gamma matrices using y*y, =4,
"r'v, = —2y*, we find

trl") = {(SgVaSL = 2V.SpS, — 28xS, V1) [Vr.al}.
(4.222)
(822 _
tr3 = tr(SRSL[VR,aD
= tr{(SRSLVR —+ VRSRSL)[VR,(Z]}. (422b)

Combining the three traces above and substituting in the
expressions for S; p and V p from Eq. (4.16), we find that
the additional contribution to the anomaly from scalar
couplings is

00 / d*xtr{[ST(&T + YT)S
-S'S(G+Y)

— (G +Y)STS + i(SPyS)|(ga)}
(4.23)

"4;}\:0 [a] |0(52V2) =

<>
where (STPyS) =7,[ST(D},S) — (DY,S7)S]. Here we have
defined a shifted covariant derivative D, that also contains
the vector interactions V#:

Its action on S, ST follows the same substitution:
(D/(/S) = (D”S)|G"—>G"+V’“
(DhST) = (DS gy (4.25)

If desired, one could easily evaluate the Dirac trace
tr(y#y*) = 4" in Eq. (4.23), but this is unnecessary for
showing that it is an irrelevant anomaly.

To find the corresponding counterterm, we recall the
gauge transformation of the scalar interactions S[G,, ¢]
from Eq. (2.10):

S — S, = ULSU}, (4.26)

which leads to

StS — USTSUL,  6,(8TS) = i[a, STS].  (4.27)
Their covariant derivatives by definition transform in the
same way. This remains true for the shifted covariant

derivative D}, defined in Eq. (4.24), and therefore we have

5.(5'DyS) = ila, (STPy]S).

From the gauge transformation properties discussed
above, together with those of G, and V, in Eq. (4.12),
we can identify

(4.28)

A olalogsve) = B, / axacd™, (429)

where

1
19272

SIS AYG Y + i<s*1538>4 . (430)

ALE s [y s @T 4y s@ )

We therefore conclude that when both vector and scalar
interactions are present, the additional contributions to
the anomaly beyond the minimal coupling case are all
irrelevant.

C. Vector, scalar, and tensor interactions

Finally, we also include the tensor interactions T,
alongside vector and scalar interactions in this subsection.
The calculation proceeds in a similar way to the vector and
scalar interactions case in the previous subsection; the
gamma matrix algebra is slightly more tedious but it is
straightforward.

Using the decomposition in Eq. (4.15), we immediately
see that again, tr, does not contain any 7, -dependent
terms. For try, tr,, trs, the additional nonzero terms are of
the form 7SV? and T?V?. We examine them in turn below.

TSV? terms: Upon contraction of gamma matrices using
Yvu =4, vY*v"v, = —=2y*, and noting y*T gy, = 0 (since
Y"r'y’y, = 4n”? while T; p involves the antisymmetric
o), we find

trgTSVZ) = tr{(TRVLSL + SRVLTL)[VR,a}(l —+ }’5)},
(4.31a)

tréTSVZ) = tr{(TRVRSL —+ SRVRTL - 2VLSRTL

= 2TRS. V) [Vr.al(1+7°)}. (4.31b)
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TV — tr{TrS[Vi.a](1+ 1)

+ ST VR @(1-7)}.

trg

(4.31¢)

To arrive at these equations we have combined terms that
are related by charge conjugation and used cyclic permu-

tation as in the previous subsection. We can further show

(TSV?)

that try = 0 because

[Vi.a] = (Vi[Vk.a] + [V alVR)rr,
= ([Vk. [Vi.al] + V. a]Vi + [Vi. @] Vi)7,7..
(4.32)

The expression in parentheses is symmetric in y<—v (note
that for [V%, [V%,a]], only its upper-left block (—0“da)
will eventually feed into the expressions), whereas the
Dirac traces are antisymmetric:

tr(yﬂy,,ap,) - _tr(yl/yﬂgpf)’ (4333)

t(7,700,:7°) = =0 (1,7,6,:7°). (4.33b)

Adding up tr; and tr, and substituting in the expressions
for Sy g, Vg, T g from Eq. (4.16), we obtain

Ap-olellorsin = =5z [ datelllo- @+

+ ST G+ Yo T)
+2i((0- T)(PyS)

—(PvSH)(a-T)|(ga)(1+7°)}, (4.34)
where we have introduced the shorthand notation
o-T=o0,T", c-T'=0,T™.  (435)

From the gauge transformation properties discussed earlier
we see that

2
A alalorrsiy = =3, [ @Al (836)

is an irrelevant anomaly corresponding to the following
local counterterm:

ALl s [ e T @SB+ y)

+SHET YT (e TG +Y))
(e T (PuS) = (PuS) e )B] 1479}
(4.37)
T?V? terms: Finally, for the T?V? terms, we find

(T?Vv?

tel”") = w{TRV, T, [Ve.a](1+7%)}. (4.38a)
trl”") = e {TRVRT, [V a)(1 +7%)}. (4.38b)
tr" V) = e {Tey Ty, [VEVE.al(1 + 7 438

I3 tw{Try Ty, [ViVi.al(1+7°)},  (4.38¢)

where we have used y*T Vgy, = 2y,T,, V% to simplify trs.
Further, since the Dirac traces involved are symmetric
under the exchange of y, and y,,

tr(YMGPTYUGKﬂ) = tr(yvapryuald) ’ (4393)

tr()/”Gp.,]/DO'K;L};) = tr(?uapryydldys)’ (439b)

we can freely interchange y and v in tr; and obtain

trl”") = —te{(Try, TL VA + VAT Ry T1) V. a] (1 +7°

r; tl"{( RYVul L R+ RLRY u L)[ R’a]( +v )}
(4.40)

Adding up all three traces and substituting in the expres-
sions for V; p and T x from Eq. (4.16), we get

-Aff\zo [a] |O(T2 Vv2)
[ dxe{ie- 6"+ a1

o T)(G* + V)
(6-Tyu(e-T)

vio - T)](@a)(1+7%) },

T 19242
+ (O- : TT)yﬂ
+ (GH 4 VH

~—

!

+i((o-TT)

=

(4.41)

<>
where ((6 : TT)DV(G : T)) = pryﬂGKA[T-}-pﬂL—(D[‘t/TM) -
(D4, T™*)T*]. This again can be identified with the gauge
variation of a local counterterm,

T2v2
AY olallogeve) = =6, / dxacl™"), (4.42)

where
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AcY) =
o 19272

Fille- TPy T)E| 1+ .

We therefore conclude that additional contributions to
Aj ola] remain irrelevant when tensor couplings are
included.

D. Summary

To summarize, in this section we have completed the
calculation of the regularized anomaly A/?[a] in the
presence of scalar, vector, and tensor couplings to fermion
bilinears and found that, with the Wess-Zumino consistent
scheme choice f = 0, the difference with respect to the
minimal coupling case is an irrelevant anomaly,

A ola] = AS™(] — 5, / ERALY  (444)
The corresponding local counterterm is

14 s2v?
ALY = Lolg,~6,4v, = L&o T+ ALy + ALl

+ ALV AL, (4.45)
with £80, ALY, ALY ALY and ALY given
by Egs. (4.7), (4.13), (4.30), (4.37), and (4.43), respec-
tively. This means that for the renormalized anomaly .A[a]
defined in Eq. (3.14)

there exists a renormalization scheme where

Ap—olal = AGZolal. (4.40)

V. DISCUSSION AND FUTURE DIRECTIONS

In this paper, we generalized the CDE framework for
computing anomalies in Ref. [11] to the case of relativistic
EFTs with a general class of higher-dimensional operators.
We systematically calculated the anomaly in this formalism
and demonstrated explicitly that the additional contribu-
tions from higher-dimensional operators are irrelevant
anomalies. This means, in particular, that the (relevant)
anomaly cancellation condition in SMEFT including the
aforementioned higher-dimensional operators is the same
as that in the Standard Model.

Jatse{ [Je 10T+ ¥Die DB + ¥+ 0 Tl TG + V)G + V)

(4.43)

Our calculation did not include higher-dimensional
operators which involve derivatives acting on the fermions
(beyond the kinetic term), such as

e*e/'(H,D,H,)(¢1iy’y*D*¢)),  (H'D,D,H)(¢y*D*?).

(5.1)

While there is no essential obstacle to incorporate them in
our present formalism, the CDE calculation becomes more
and more tedious with the inclusion of each derivative.
Nevertheless, noting that the counterterms we found in
Egs. (4.30), (4.37), and (4.43) share similar structures, we
are hopeful that there could be a more efficient framework
that would make such a calculation more manageable and
potentially also shed new light on the underlying structures
of CDE. We plan to pursue this intriguing possibility in
future work.

The master functional trace evaluated in this paper,
Eq. (3.13), can also be relevant for certain EFT matching
calculations, such as when integrating out heavy fermions
that acquire masses from a Yukawa interaction via sponta-
neous symmetry breaking [24,25]. Modern EFT matching
calculations are typically performed with dimensional
regularization. However, we anticipate our regularization
prescription, applied in exclusively d =4 spacetime
dimensions, should produce the same anomaly-related
nondecoupling effects. We leave the exploration of this
interesting question for future study.
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