
Forces inside a strongly-coupled scalar nucleon

Xianghui Cao,1 Yang Li ,1 and James P. Vary 2

1Department of Modern Physics, University of Science and Technology of China, Hefei 230026, China
2Department of Physics and Astronomy, Iowa State University, Ames, Iowa 50011, USA

(Received 13 August 2023; accepted 13 September 2023; published 29 September 2023)

We investigate the gravitational form factors of a strongly coupled scalar theory that mimic the interaction
between the nucleon and the pion. The nonperturbative calculation is based on the light-front Hamiltonian
formalism. We renormalize the energy-momentum tensor with a Fock sector dependent scheme. We also
systematically analyze the Lorentz structure of the energy-momentum tensor and identify the suitable
hadron matrix elements to extract the form factors, avoiding the contamination of spurious contributions.
We verify that the extracted form factors obey momentum conservation as well as the mechanical stability
condition. From the gravitational form factors, we compute the energy and pressure distributions of the
system. Furthermore, we show that utilizing the Hamiltonian eigenvalue equation, the off-diagonal Fock
sector contributions from the interaction term can be converted to diagonal Fock sector contributions,
yielding a systematic nonperturbative light-front wave function representation of the energies and forces
inside the system.
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I. INTRODUCTION

One of the biggest mysteries in physics is the nature of
the strong force that holds the quarks together inside the
nucleons. This force is responsible for quark confinement,
gluon binding, and 99% of the nucleon mass. The hadronic
energy-momentum tensor (EMT) is a direct probe of how
the force is distributed inside the hadrons, and has sparked
renewed interest in recent research. For recent reviews,
see Refs. [1,2].
By virtue of the Lorentz symmetry, the hadron matrix

element of the EMT of the nucleon (spin-1=2) can be
parametrized by the gravitational form factors (GFFs) [3,4],

hp0; s0jTμνð0Þjp;si ¼ 1

2M
ūs0 ðp0Þ½2PμPνAðq2Þ

þ iPfμσνgρqρJðq2Þ

þ 1

2
ðqμqν − q2gμνÞDðq2Þ�usðpÞ; ð1Þ

where P¼ðp0 þpÞ=2, q ¼ p0 − p, afμbνg ≡ aμbν þ aνbμ,
andM2 ¼ p2 ¼ p02 is the hadron mass. The Lorentz scalars
Aðq2Þ, Jðq2Þ, and Dðq2Þ encode the information about the
energy, momentum and stress distributions inside the

hadrons. Similarly, for scalar hadrons (spin-0), the hadron
matrix elements of the EMT can be written as [1]

hp0jTμνð0Þjpi ¼ 2PμPνAðq2Þ þ 1

2
ðqμqν − q2gμνÞDðq2Þ:

ð2Þ

The GFFs A and D exist for particles of all spins.
The D term Dðq2Þ is associated with the stress compo-

nent of the EMT, which reveals the mechanical properties
of the nucleons. However, this form factor remains poorly
understood. In fact, the D term is dubbed as “the last global
unknown” [1]. Unlike other GFFs, the value of the D term
at zero-momentum transfer Dð0Þ is not fixed by global
conservation laws. It depends on the internal QCD dynam-
ics. Based on mechanical stability, Polyakov et al. con-
jectured that Dð0Þ should be negative [5]. This is supported
by various model calculations [1,6–29]. However, Ji and Liu
argued that Dð0Þ is positive for the hydrogen atom, a stable
system [30]. The D term also contributes to the anomalous
mass of the proton, which probes the gluon distribution
inside the nucleons [31] (cf. [2,32,33]). The D term of the
vacuum state gives the cosmological constant [34].
In the parton picture, the D term contributes to the

generalized parton distributions (GPDs) in the off-forward
region [9,35], which provide the experimental access to the
D term. Burkert et al. extracted the force distributions
inside the proton from the deeply virtual Compton scatter-
ing data collected at Jefferson Lab [36,37]. However,
the result has large systematic uncertainty and model
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dependence, due to the limited energy and luminosity of
the experiment [38,39]. These measurements are expected
to be significantly improved with the advent of electron ion
colliders [40–42]. In the timelike region, the D term can
also be extracted from the two-photon production of the
particle-antiparticle pair, as shown by Kumano et al. [43].
Kharzeev proposed to use the near-threshold quarkonium
photoproduction to extract the anomalous mass [44]. The
nucleon D term is also extracted from lattice QCD [45,46]
and a light-cone sum rule approach [47].
The D term has been extensively investigated in pertur-

bation theory, e.g. QCD at large momentum transfer [48].
However, calculations with nonperturbative couplings
are scarce. The force distribution has also been explored
in phenomenological models [7–29], such as holography
[22,23], light-front quark-diquark model [20], and Dyson-
Schwinger equations with contact interaction [49]. One of
the challenges of computing the D term is that the stress
component of the EMT involves the interaction, which
needs to be properly renormalized and consistent with the
dynamical solution of the hadron state. Otherwise, the
extracted D term may have unphysical divergences, as
reported in prior work [20].
Light-front quantization is a natural framework to inves-

tigate the structures of the hadrons in the nonperturbative
regime [50–52]. It is the native language for parton physics,
which describes how the hadrons are seen in modern high
energy scattering experiments [53–55]. The spatial distri-
bution of hadrons is only meaningful on the light front [56].
This approach is closely related to physics in the infinite
momentum frame [57]. Furthermore, it also offers a sys-
tematic nonperturbative framework to tackle the strong
interaction based on the Hamiltonian formalism [50].
Remarkable progress has been made in recent years with
the development of theoretical methods and the increase
of the computational power [52,58–62]. One of the core
quantities in light-front quantization is the light-front wave
function (LFWF), which encodes the full quantum informa-
tion of the system [50]. The LFWF representation has been
crucial in the investigation of the GFFs Aðq2Þ and Jðq2Þ.
For instance, this representation provides a nonperturbative
derivation of the absence of the anomalous gravitomagnetic
moment, i.e. Bð0Þ ¼ 0 [63], where Bðq2Þ¼2Jðq2Þ−Aðq2Þ.
In nonrelativistic quantum many-body theory, the quan-

tum stress can be expressed as the virial
P

i r⃗i · p⃗i using
quantummany-body wave functions [64,65]. It is natural to
expect that such a formulation can be generalized to
quantum field theories (QFTs) using LFWFs. One of the
main challenges in QFT is the involvement of the inter-
action terms in the EMT, which change the particle
numbers and generate nondiagonal contributions within
the Fock space. It has been posited that a LFWF repre-
sentation of the D term is not useful unless the full set of
LFWFs was obtained [1]. Indeed, in phenomenological

models, only the lowest Fock sectors1 are available, and the
effective quark-antiquark interactions are used. The inter-
action part of the EMT is effectively neglected.
In this work, we investigate the GFFs Aðq2Þ and Dðq2Þ

in a strong-coupling scalar theory. The theory is one of
the simplest yet nontrivial QFTs. It can be used to model
the low-energy interaction of the (mock) nucleon and the
(mock) pion. This theory is used to illustrate the properties
of the D term and its relation to GPDs based leading-order
perturbative calculation [68,69]. It is interesting to see how
the forces inside the mock nucleon evolve as the coupling
increases. This theory can be systematically renormalized
using Fock sector dependent renormalization (FSDR)
developed by Karmanov et al. [70], which ensures the
cancellation of the UV divergences even in the strong
coupling regime. The eigenstate in the one-nucleon system
is obtained in the light-front Hamiltonian approach up to
four particles (one mock nucleon plus three mock pions),
where the Fock sector convergence is achieved [71,72].
This theory serves as an ideal playground for exploring the
properties of the EMT in the nonperturbative regime. We
evaluate the hadron matrix elements of the EMTand extract
the GFFs. The EMT is renormalized with FSDR. From
these results, we also obtain a general LFWF representation
of the D term, independent of the interaction details.
The rest of this work is organized as follows. In Sec. II,

we introduce the light-front Hamiltonian formalism and set
up the basic framework for the calculation. In Sec. III, we
compute the hadron matrix elements of the EMT. In Sec. IV,
we first analyze the covariant structure of the hadron matrix
elements using covariant light-front dynamics (CLFD) [73].
Based on these analyses and the expressions obtained in
Sec. III, we extract the GFFs Aðq2Þ and Dðq2Þ and present
their numerical results. In Sec. V, we further analyze the
hadron matrix elements using the LFWF representation. In
the forward limit (q ¼ 0), momentum conservations and the
Hamiltonian dynamics lead to well-known constraints on
the GFFs. In the off-forward limit (q ≠ 0), we derive a
general LFWF representation for the A term as well as theD
term. Finally, we conclude in Sec. VI. Some technical
details are given in the Appendix.

II. LIGHT-FRONT HAMILTONIAN FORMALISM

The Lagrangian of the theory reads

L¼ ∂μχ
†
∂
μχ −m2

0χ
†χþ 1

2
∂μφ∂

μφ−
1

2
μ20φ

2þ g0χ†χφ: ð3Þ

Here, m0 and μ0 are the bare masses of the complex scalar
field χ (mock nucleon) and real scalar field φ (mock pion),

1Quite often, only the valence sector is retained in phenom-
enological calculations. Recent progress in incorporating higher
Fock sector contributions can be found in Refs. [59,66,67].
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respectively. The physical masses are taken to be the
nucleon mass m ¼ 0.94 GeV and the pion mass μ ¼
0.14 GeV, respectively. g0 is the bare coupling. We also
introduce a dimensionless coupling, α ¼ g2=ð16πm2Þ,
where g is the physical coupling, and m is the physical
mass of the mock nucleon. In the semiclassical limit, this
theory describes a Yukawa type interaction with the
coupling strength α.
To simplify our calculations, we quench the theory, i.e.,

we neglect the contributions of nucleon-antinucleon loops,
which would otherwise destabilize the vacuum [74]. This
approximation is justified by the large mass gap between
the nucleons and the pions, which suppresses the pair
creation effects. It is useful to introduce the mass counter-
term: δm2 ¼ m2 −m2

0. In the quenched theory, the mock
pion mass is not renormalized, viz. μ0 ¼ μ. The Fock space
is built with Fock particles with the physical masses. N.B.
we do not renormalize the fields, but instead normalize
the state vector. The bare parameters are determined in
FSDR [71,72].
The EMT can be obtained as a Noether current of the

translational symmetry,2

Tμν ¼ ∂
fμχ†∂νgχ − gμνð∂σχ†∂σχ −m2

0χ
†χÞ − gμνg0χ†χφ

þ ∂
μφ∂νφ −

1

2
gμνð∂ρφ∂ρφ − μ2φ2Þ: ð4Þ

Note that the EMT contains the bare parameters and needs
to be renormalized. We adopt the same sector dependent
bare parameters determined in FSDR. We quantize the
theory on the light front x0 þ x3 ¼ 0, and the light-front
Hamiltonian is obtained as the conserved charge of
Tþ− [75],

P− ¼
Z

d3xTþ− ¼
Z

d3x
n
χ†½ði∇⊥Þ2 þm2�χ

þ 1

2
φ½ði∇⊥Þ2 þ μ2�φ − g0χ†χφ − δm2χ†χ

o
: ð5Þ

Here, the light-front component of a four-vector vμ is
defined as

v� ¼ v0 � v3; v⃗⊥ ¼ ðv1; v2Þ: ð6Þ

In particular, xþ ¼ x0 þ x3 is the light-front time and
p− ¼ p0 − p3 is the light-front energy. The integration
measure is defined as d3x≡ 1

2
dx−d2x⊥.

At the initial time xþ ¼ 0, the field operators can
be expanded in terms of the creation and annihilation
operators,

χðxÞ ¼
Z

dpþd2p⊥
ð2πÞ32pþ ½bðpÞe−ip·xþd†ðpÞeþip·x�jxþ¼0; ð7Þ

φðxÞ ¼
Z

dpþd2p⊥
ð2πÞ32pþ ½aðpÞe−ip·xþa†ðpÞeþip·x�jxþ¼0: ð8Þ

The creation and annihilation operators obey the canonical
commutation relations,

½aðpÞ; a†ðp0Þ� ¼ 2pþð2πÞ3δ3ðp − p0Þ;
½bðpÞ; b†ðp0Þ� ¼ 2pþð2πÞ3δ3ðp − p0Þ: ð9Þ

The state vectors of the physical particles are the
solutions of the light-front Schrödinger equation,

P−jψðpÞi ¼ p⃗2⊥ þM2

pþ jψðpÞi: ð10Þ

In this work, we consider the one-nucleon sector, i.e., the
mock nucleon dressed by mock pions. The mass eigenvalue
is simply the physical nucleon mass M ¼ m. The state
vector can be expressed in the Fock space,

jψðpÞi ¼
X
n

Z
½dxid2ki⊥�nψnðfxi; k⃗i⊥gÞj

× fxipþ; k⃗i⊥ þ xip⃗⊥gni; ð11Þ

where ½dxid2ki⊥�n¼ 1
ðn−1Þ!

Q
n
i¼1

dxi
2xi

d2ki⊥
ð2πÞ3 2δð

P
i xi−1Þð2πÞ3×

δ2ðPi k⃗i⊥Þ is the n-body phase space measure.

ψnðfxi; k⃗i⊥gÞ is called the LFWF, which only depends
on the longitudinal momentum fractions xi ¼ pþ

i =p
þ

and the relative transverse momenta k⃗i⊥ ¼ p⃗i⊥ − xip⃗⊥.
Also, jfpigni ¼ a†ðp1Þa†ðp2Þ � � � a†ðpn−1Þb†ðpnÞj0i is the
n-body Fock state. Each Fock particle is on their mass shell:
p2
i ¼ m2

i . The state vector is normalized as hψðp0ÞjψðpÞi ¼
2pþð2πÞ3δ3ðp − p0Þ. Consequently, the LFWFs are nor-
malized to unity,

X
n

Z
½dxid2ki⊥�ψnðfxi; k⃗i⊥gÞψ�

nðfxi; k⃗i⊥gÞ ¼ 1: ð12Þ

It is useful to introduce the vertex functions
Γnðfxi; k⃗i⊥gÞ¼ðsn−M2Þψnðfxi;k⃗i⊥gÞ, where sn ¼ ðp1 þ
p2 þ � � � þ pnÞ2 ¼

P
iðk⃗2i⊥ þm2

i Þ=xi is the invariant mass
squared of the Fock sector. It can be shown that the vertex
function is the matrix element of the T matrix,

hfxipþ; k⃗i⊥ þ xip⃗⊥gnjTþ−
int ð0ÞjψðpÞi ¼ −2Γnðfxi; k⃗i⊥gÞ:

ð13Þ2Note that, for this simple scalar theory, the EMT is symmetric.

FORCES INSIDE A STRONGLY-COUPLED SCALAR NUCLEON PHYS. REV. D 108, 056026 (2023)

056026-3



Using the vertex functions, we can generalize the light-
cone perturbation theory to the nonperturbative regime
[73,76,77].
The theory is super-renormalizable. However, ultraviolet

divergence does exist in loop integrals. We introduce the
Pauli-Villars degree of freedom to regularize the divergence
prior to renormalizing the theory. After a successful
renormalization of the EMT operator, the GFFs are inde-
pendent of the Pauli-Villars mass, as expected for the
conserved current. We will suppress the Pauli-Villars
regularization throughout. In Ref. [72], the theory is solved
in the one-nucleon system up to four particles (one mock
nucleon plus three mock pions). By comparing with the
solution from the three-body truncation [70,71], the Fock
sector expansion is shown to converge up to the three-body
truncations for the field strength renormalization constant as
well as the electromagnetic form factor up to nonperturba-
tive couplings. In this work, we adopt the three-body
truncation to compute the GFFs.

III. HADRON MATRIX ELEMENTS

With the LFWFs solved from the light-front Schrödinger
equation (10), we can compute the hadron matrix elements
of the EMT tαβ ≡ hp0jTαβð0Þjpi using Eqs. (4), (7)–(9),
and (11). The calculation can be neatly represented using
light-front time-ordered diagrams as shown in Fig. 1. See
Ref. [50] for a summary of the old-fashioned diagrammatic
rules for light-front dynamics, also known as the Weinberg
rules [76]. The rules for the interaction vertices associated
with the EMT can be obtained from the operator expression
(4), as shown in Fig. 2. These rules are generalized to the

nonperturbative regime by adopting the vertex functions
for the hadron vertices [73,77]. It is useful to introduce
kinematical variables P ¼ ðp0 þ pÞ=2 and q ¼ p0 − p. We
also adopt the Drell-Yan frame qþ ¼ 0 to evaluate the
hadron matrix elements, which dramatically simplify the
algebra [78].
As we mentioned, the EMT contains counterterms. We

adopt the FSDR scheme and assign the counterterms
according to the Fock sector in which they reside. The
values of the counterterms were obtained from solving
the Schrödinger equation in the previous work [71,72].
These counterterms are sufficient to renormalize the EMT.
To see this point, let us first see an example. Consider
diagrams (a) and (b), as shown in Fig. 3. The correspond-
ing expressions are

tαβa ¼ Z

��
1

2
q2 − δm2

3

�
gαβ þ pfαp0βg

�

¼ Z

�
2PαPβ þ

�
1

2
q2 − δm2

3

�
gαβ −

1

2
qαqβ

�
; ð14Þ

tαβb ¼ −
ffiffiffiffi
Z

p
gαβ
Z

dx
2xð1 − xÞ

Z
d2k⊥
ð2πÞ3 g03ψ2ðx; k⊥Þ: ð15Þ

Here,
ffiffiffiffi
Z

p ¼ ψ1 is the one-body normalization constant. ta
contains a mass counterterm δm2

3. Compare tb with the
self-energy function within the three-body truncation,

Σðm2Þ≡ Σð3Þðm2Þ

¼ −
1ffiffiffiffi
Z

p
Z

dx
2xð1 − xÞ

Z
d2k⊥
ð2πÞ3 g03ψ2ðx; k⊥Þ

¼ δm2
3: ð16Þ

We obtain

FIG. 1. Diagrammatic representations of the matrix elements of the EMT. The subcaption gives the assignments of the counterterms.
Diagrams that are the complex conjugate to these diagrams are not shown. The vertex rules are given in Fig. 2.

FIG. 2. Vertex rules of the EMT. The light-front time xþ flows
from left to right. The solid line represents the nucleon. The wavy
lines represent the pion. The circled cross ⊗ represents the EMT
operator. q is the injected momentum. FIG. 3. Diagrams (a) and (b).
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tαβb ¼ gαβZδm2
3 ð17Þ

as expected. Therefore, tb cancels out the mass counter-
term contribution in diagram (a),

tαβa þ tαβb ¼ Z

�
2PαPβ −

1

2
q2⊥gαβ −

1

2
qαqβ

�
: ð18Þ

We collect the result of each diagram as follows.

A. Diagram (c)

The relevant diagram is shown in Fig. 4:

tαβc ¼
Z

dx
2xð1 − xÞ2

Z
d2k⊥
ð2πÞ3 ψ2ðx; k⃗⊥Þψ�

2ðx; k⃗⊥ − xq⃗⊥Þ

×

��
1

2
q2 − δm2

2

�
gαβ þ pfα

1 p0βg
1

�
; ð19Þ

where p1; p0
1 are

pþ
1 ¼ ð1 − xÞPþ ð20Þ

p⃗1⊥ ¼ −k⃗⊥ þ ð1 − xÞP⃗⊥ −
1

2
ð1 − xÞq⃗⊥ ð21Þ

p−
1 ¼ p2

1⊥ þm2

pþ
1

ð22Þ

p0þ
1 ¼ð1 − xÞPþ ð23Þ

p⃗0
1⊥ ¼ −k⃗⊥ þ ð1 − xÞP⃗⊥ þ 1

2
ð1þ xÞq⃗⊥ ð24Þ

p0−
1 ¼ p02

1⊥ þm2

p0þ
1

: ð25Þ

B. Diagram (d)

The relevant diagram is shown in Fig. 5:

tαβd ¼
Z

dx
2x2ð1− xÞ

Z
d2k⊥
ð2πÞ3ψ2ðx; k⃗⊥Þ

×ψ�
2ðx; k⃗⊥þð1− xÞq⃗⊥Þ

�
1

2
q2gαβ þ kfα1 k0βg1

�
; ð26Þ

where k1; k01 are

kþ1 ¼ xPþ ð27Þ

k⃗1⊥ ¼ k⃗⊥ þ xP⃗⊥ −
1

2
xq⃗⊥ ð28Þ

k−1 ¼ k21⊥ þ μ2

kþ1
ð29Þ

k0þ1 ¼ xPþ ð30Þ

k⃗01⊥ ¼ k⃗⊥ þ xP⃗⊥ þ
�
1 −

1

2
x

�
q⃗⊥ ð31Þ

k0−1 ¼ k021⊥ þ μ2

k0þ1
: ð32Þ

C. Diagram (e)

The relevant diagram is shown in Fig. 6. In the Drell-Yan
frame qþ ¼ 0, this diagram and its complex conjugate
(denoted as ē) vanish, te ¼ tē ¼ 0.

D. Diagram (f)

The relevant diagram is shown in Fig. 7:

tαβf ¼ −g02gαβ
Z

dx
2xð1 − xÞ

Z
d2k⊥
ð2πÞ3

Z
dx0

2x0ð1 − x − x0Þ

×
Z

d2k0⊥
ð2πÞ3 ψ3ðx; k⃗⊥; x0; k⃗0⊥Þψ�

2ðx; k⃗⊥ − xq⃗⊥Þ: ð33Þ

A related diagram, (f̄), is the Hermitian conjugate of
diagram (f), as shown in Fig. 8,

FIG. 4. Diagram (c): δm2 ¼ δm2
2. FIG. 5. Diagram (d).

FIG. 6. Diagram (e) vanishes in the Drell-Yan frame.

FIG. 7. Diagram (f): g0 ¼ g02.
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tαβ
f̄
¼−g02gαβ

Z
dx

2xð1−xÞ
Z

d2k⊥
ð2πÞ3

×
Z

dx0

2x0ð1−x−x0Þ
Z

d2k0⊥
ð2πÞ3

×ψ�
3ðx; k⃗⊥−xq⃗⊥;x0; k⃗

0
⊥−x0q⃗⊥Þψ2ðx; k⃗⊥Þ ¼ t̄αβf : ð34Þ

E. Diagram (g)

The relevant diagram is shown in Fig. 9:

tαβg ¼ 1

2!

Z
dx
2x

Z
d2k⊥
ð2πÞ3

Z
dx0

2x0ð1 − x − x0Þ2
Z

d2k0⊥
ð2πÞ3

× ψ3ðx; k⃗⊥; x0; k⃗0⊥Þψ�
3ðx; k⃗⊥ − xq⃗⊥; x0; k⃗

0
⊥ − x0q⃗⊥Þ

×

�
1

2
q2gαβ þ pfα

1 p0βg
1

�
; ð35Þ

where

pþ
1 ¼ ð1 − x − x0ÞPþ; ð36Þ

p⃗1⊥¼−k⃗⊥− k⃗0⊥þð1−x−x0ÞP⃗⊥−
1

2
ð1−x−x0Þq⃗⊥; ð37Þ

p−
1 ¼ p2

1⊥ þm2

pþ
1

; ð38Þ

p0þ
1 ¼ ð1 − x − x0ÞPþ; ð39Þ

p⃗0
1⊥¼−k⃗⊥− k⃗0⊥þð1−x−x0ÞP⃗⊥þ1

2
ð1þxþx0Þq⃗⊥; ð40Þ

p0−
1 ¼ p02

1⊥ þm2

p0þ
1

: ð41Þ

F. Diagram (h)

The relevant diagram is shown in Fig. 10,

tαβh ¼
Z

dx
2x

Z
d2k⊥
ð2πÞ3

Z
dx0

2x02ð1 − x − x0Þ
Z

d2k0⊥
ð2πÞ3

× ψ3ðx; k⃗⊥; x0; k⃗0⊥Þψ�
3ðx; k⃗⊥ þ ð1 − xÞq⃗⊥; x0; k⃗0⊥

− x0q⃗⊥Þ
�
1

2
q2gαβ þ kfα1 k0βg1

�
; ð42Þ

where k1; k01 are

kþ1 ¼ xPþ; ð43Þ

k⃗1⊥ ¼ k⃗⊥ þ xP⃗ −
1

2
xq⃗⊥; ð44Þ

k−1 ¼ k21⊥ þ μ2

kþ1
; ð45Þ

k0þ1 ¼ xPþ; ð46Þ

k⃗01⊥ ¼ k⃗⊥ þ xP⃗þ
�
1 −

1

2
x

�
q⃗⊥; ð47Þ

k−1 ¼ k021⊥ þ μ2

k0þ1
: ð48Þ

G. Forward limit

To see the renormalization of the EMT, let us first
examine the hadron matrix elements in the forward limit
(q ¼ 0). As we will see later in Sec. IV, to extract the GFFs,
it is sufficient to consider tþþ and tþ−.
In the LFWF representation, tþþ

a ¼ Z2ðPþÞ2 ¼
I12ðPþÞ2, where I1 ¼ Z is the probability of the one-body
Fock sector. On the other hand,

tþþ
c ¼ 2ðPþÞ2

Z
dx

2xð1 − xÞ
Z

d2k⊥
ð2πÞ3

× ψ2ðx; k⃗⊥Þψ�
2ðx; k⃗⊥ − xq⃗⊥Þð1 − xÞ ð49Þ

tþþ
d ¼ 2ðPþÞ2

Z
dx

2xð1 − xÞ
Z

d2k⊥
ð2πÞ3

× ψ2ðx; k⃗⊥Þψ�
2ðx; k⃗⊥ þ ð1 − xÞq⃗⊥Þx: ð50Þ

FIG. 10. Diagram (h): δm ¼ 0; g0 ¼ g02.FIG. 8. Diagram (f̄): g0 ¼ g02.

FIG. 9. Diagram (g): δm ¼ 0; g0 ¼ g02.
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Hence, in the forward limit,

tþþ
c þ tþþ

d ¼ I22ðPþÞ2; ð51Þ

where

I2 ¼
Z

dx
2xð1 − xÞ

Z
d2k⊥
ð2πÞ3 ψ2ðx; k⃗⊥Þψ�

2ðx; k⃗⊥Þ; ð52Þ

is the two-body normalization constant. Similarly, one
obtains tþþ

g þ tþþ
h ¼ I32ðPþÞ2, where

I3 ¼
1

2!

Z
dx
2x

Z
d2k⊥
ð2πÞ3

Z
dx0

2x0ð1 − x − x0Þ
Z

d2k0⊥
ð2πÞ3

× ψ3ðx; k⃗⊥; x0; k⃗0⊥Þψ�
3ðx; k⃗⊥; x0; k⃗0⊥Þ ð53Þ

is the three-body normalization constant. Note that
tþþ
b ¼ tþþ

e ¼ tþþ
f ¼ 0. Therefore, in the forward limit,

tþþ ¼ ðI1 þ I2 þ I3Þ2ðPþÞ2 ¼ 2ðPþÞ2: ð54Þ

Here, we have used the normalization condition for the
three-body truncation, I1 þ I2 þ I3 ¼ 1.
Next, let us consider tþ−. This hadron matrix element is

more complicated since it involves the interaction. The one-
body part of tþ− is

tþ−
1 ≡ tþ−

a þ tþ−
b ¼ Zð2PþP−Þ ¼ Zð2M2 þ 2P2⊥Þ: ð55Þ

For the two-body part, let us first consider the kinematical
contribution, viz. excluding terms proportional to gαβ,

tþ−
2;kin ≡ tþ−

c;kin þ tþ−
d;kin ¼

Z
dx

2xð1 − xÞ
Z

d2k⊥
ð2πÞ3 ψ2ðx; k⃗⊥Þψ�

2ðx; k⃗⊥Þ
�
2
k2⊥ þ μ2

x
þ 2

k2⊥ þm2

1 − x
þ 2P2⊥

�
: ð56Þ

Similarly, the three-body kinematical contributions

tþ−
3;kin ≡ tþ−

g;kin þ tþ−
h;kin ¼

1

2!

Z
dx
2x

Z
d2k⊥
ð2πÞ3

Z
dx0

2x0ð1 − x − x0Þ
Z

d2k0⊥
ð2πÞ3 ψ3ðx; k⃗⊥; x0; k⃗0⊥Þψ�

3ðx; k⃗⊥; x0; k⃗0⊥Þ

×

�
2
ðk⃗⊥ þ k⃗0⊥Þ2 þm2

1 − x − x0
þ 2

k2⊥ þ μ2

x
þ 2

k02⊥ þ μ2

x0
þ 2P2⊥

�
: ð57Þ

Next, let us consider the interacting terms, viz. all terms proportional to gαβ, in the forward limit. These involve diagrams
tb̄; tc; tf; tf̄; tg; th. Note that the gαβ parts of ta and tb cancel out. The two-body interacting contribution, tb̄; tc; tf, reads

tαβ2;int ≡ tαβ
b̄

þ tαβc;int þ tαβf;int ¼ −gαβ
Z

dx
2xð1 − xÞ

Z
d2k⊥
ð2πÞ3 ψ

�
2ðx; k⃗⊥Þ

×

� ffiffiffiffi
Z

p
g03 þ

1

1 − x
δm2ψ2ðx; k⃗⊥Þ þ g02

Z
dx0

2x0ð1 − x − x0Þ
Z

d2k0⊥
ð2πÞ3 ψ3ðx; k⃗⊥; x0; k⃗0⊥Þ

�
: ð58Þ

The expression in the curly bracket can be simplified using the equation of motion as shown in Fig. 11:

Γ2ðx; k⃗⊥Þ ¼
ffiffiffiffi
Z

p
g03 þ

1

1 − x
δm2ψ2ðx; k⃗⊥Þ þ g02

Z
dx0

2x0ð1 − x − x0Þ
Z

d2k0⊥
ð2πÞ3 ψ3ðx; k⃗⊥; x0; k⃗0⊥Þ: ð59Þ

Hence, Eq. (58) becomes

tαβ2;int ¼ gαβ
Z

dx
2xð1 − xÞ

Z
d2k⊥
ð2πÞ3 ψ

�
2ðx; k⃗⊥Þψ2ðx; k⃗⊥Þ

�
M2 −

k2⊥ þ μ2

x
−
k2⊥ þm2

1 − x

�
: ð60Þ

FIG. 11. The equation of motion for the two-body vertex function [71].
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The full two-body contribution becomes

tþ−
2 ¼ tþ−

2;kin þ tþ−
2;int ¼

Z
dx

2xð1 − xÞ
Z

d2k⊥
ð2πÞ3 ψ2ðx; k⃗⊥Þψ�

2ðx; k⃗⊥Þ½2M2 þ 2P2⊥� ¼ I2ð2m2 þ 2P2⊥Þ: ð61Þ

Finally, the only three-body contribution of the interacting part is tþ−
f̄

,

tαβ
f̄

¼ −gαβ
Z

dx
2xð1 − xÞ

Z
d2k⊥
ð2πÞ3

Z
dx0

2x0ð1 − x − x0Þ
Z

d2k0⊥
ð2πÞ3 ψ

�
3ðx; k⃗⊥; x0; k⃗0⊥Þg02ψ2ðx; k⃗⊥Þ ð62Þ

¼ −gαβ
1

2!

Z
dx
2x

Z
d2k⊥
ð2πÞ3

Z
dx0

2x0ð1 − x − x0Þ
Z

d2k0⊥
ð2πÞ3 ψ

�
3ðx; k⃗⊥; x0; k⃗0⊥Þ

�
g02
1 − x

ψ2ðx; k⃗⊥Þ þ
g02

1 − x0
ψ2ðx0; k⃗0⊥Þ

�
: ð63Þ

Again, applying the equation of motion (Fig. 12), the expression in the curly bracket becomes

Γ3ðx; k⃗⊥; x0; k⃗0⊥Þ ¼
g02
1 − x

ψ2ðx; k⃗⊥Þ þ
g02

1 − x0
ψ2ðx0; k⃗0⊥Þ: ð64Þ

The interacting part of diagram (f̄) is

tþ−
f̄

¼ −2
1

2!

Z
dx
2x

Z
d2k⊥
ð2πÞ3

Z
dx0

2x0ð1 − x − x0Þ
Z

d2k0⊥
ð2πÞ3 ψ

�
3ðx; k⃗⊥; x0; k⃗0⊥Þψ3ðx; k⃗⊥; x0; k⃗0⊥Þ

×

�ðk⃗⊥ þ k⃗0⊥Þ2 þm2

1 − x − x0
þ k2⊥ þ μ2

x
þ k02⊥ þ μ2

x0
−M2

�
: ð65Þ

Therefore, the full three-body contribution is

tþ−
3 ¼ tþ−

3;kin þ tþ−
f̄

¼ I3ð2m2 þ 2P2⊥Þ: ð66Þ

Summing over all three Fock sector contributions, the full
EMT is

tþ− ¼ tþ−
1 þ tþ−

2 þ tþ−
3 ¼ 2ðm2 þ P2⊥ÞðI1 þ I2 þ I3Þ

¼ 2ðm2 þ P2⊥Þ: ð67Þ

As one can see, the hadron matrix elements do not
depend on any counterterms nor do they contain any
additional divergence.

IV. GRAVITATIONAL FORM FACTORS

A. Covariant light-front dynamics

By virtue of the Lorentz symmetry, the hadron matrix
elements of the EMT for a scalar particle can be para-
metrized by two GFFs,

hp0jTαβð0Þjpi ¼ 2PαPβAðq2Þ þ 1

2
ðqαqβ − q2gαβÞDðq2Þ;

ð68Þ

where q ¼ p0 − p and P ¼ 1
2
ðp0 þ pÞ. In practical non-

perturbative calculations, including those on the light front,
however, the full Lorentz symmetry can only be retained in
the exact continuum limit. As we impose truncations and
approximations (e.g., neglecting higher Fock sectors), the
dynamical symmetries, i.e. symmetries involving inter-
actions, are likely to be broken and only the kinematical
symmetries are manifest. As a result, the hadron matrix

FIG. 12. The equation of motion for the three-body vertex function [71].
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element of the EMT has to be reparametrized with the
reduced symmetries [73].
In CLFD, this can be systematically constructed by

introducing a null vector ωμ, which indicates the orientation
of the quantization surface, the light front [73]. Effectively,
the state vector jψðpÞi depends on ωμ. The standard light-
front coordinate is recovered by choosing ω ¼ ð1; 0; 0;−1Þ,
viz. ω− ¼ 2;ωþ ¼ ω⊥ ¼ 0. Note that since the null vector
ω is only defined up to a scaling factor, the dependence onω
is always in the form ωμ=ðω · PÞ.
In CLFD, the form factors Fiðζ; q2Þ are complex

functions of two Lorentz scalars, q2 and ζ ¼ ðω · qÞ=
ðω · PÞ. Hermiticity of the EMT operator implies
Fiðζ; q2Þ ¼ F�

i ð−ζ; q2Þ. In the Drell-Yan frame ζ ¼ 0
[78], the form factors become real functions. In this frame,
the most general Lorentz structures of the hadron matrix
element read

tαβ ¼ hp0jTαβð0Þjpi ¼ 2PαPβAðq2Þ

þ 1

2
ðqαqβ − q2gαβÞDðq2Þ þ ðq2Þ2ωαωβ

ðω · PÞ2 S1ðq2Þ

þ 1

ðω · PÞ2 ε
αμνγPμqνωγε

βρσλPρqσωλS2ðq2Þ; ð69Þ

where q ¼ p0 − p and P ¼ 1
2
ðp0 þ pÞ. The new GFFs

S1;2ðq2Þ are the spurious form factors. They are expected
to vanish in the continuum limit when the full dynamics is
incorporated. To extract the GFFs, we can compute the
components of the EMT as follows:

tþþ ¼ 2ðPþÞ2Að−q2⊥Þ ð70Þ

tþi ¼ 2PþPiAð−q2⊥Þ ð71Þ

tij ¼ 2PiPjAð−q2⊥Þ þ
1

2
ðqiqj − δijq2⊥ÞDð−q2⊥Þ

þ ðẑ × q⃗⊥Þiðẑ × q⃗⊥ÞjS2ð−q2⊥Þ ð72Þ

tþ− ¼ 2

�
m2 þ P2⊥ þ 1

4
q2⊥
�
Að−q2⊥Þ þ q2⊥Dð−q2⊥Þ ð73Þ

t−− ¼ 8

�
m2 þ P2⊥ þ 1

4
q2⊥

Pþ

�
2

Að−q2⊥Þ

þ 2

�
q⃗⊥ · P⃗⊥
Pþ

�
2

Dð−q2⊥Þ þ 4
q4⊥

ðPþÞ2 S1ð−q
2⊥Þ

þ 4

�ðP⃗⊥ × q⃗⊥Þ · ẑ
Pþ

�
2

S2ð−q2⊥Þ ð74Þ

t−i ¼m2 þP2⊥ þ 1
4
q2⊥

Pþ 2PiAð−q2⊥Þ

−
q⃗⊥ · P⃗⊥
2Pþ qiDð−q2⊥Þ þ

2ðP⃗⊥ × q⃗⊥Þ · ẑ
Pþ ϵijqjS2ð−q2⊥Þ:

ð75Þ

Further simplification can be achieved by taking the Breit
frame, P⃗⊥ ¼ 1

2
ðp⃗⊥ þ p⃗0⊥Þ ¼ 0,

tþþ ¼ 2ðPþÞ2Að−q2⊥Þ ð76Þ

tþi ¼ 0 ð77Þ

tij¼1

2
ðqiqj−δijq2⊥ÞDð−q2⊥Þþϵinϵjmqn⊥qm⊥S2ð−q2⊥Þ ð78Þ

tr t
↔

⊥⊥ ¼ t11 þ t22 ¼ −
1

2
q2⊥Dð−q2⊥Þ þ q2⊥S2ð−q2⊥Þ ð79Þ

t12 ¼ 1

2
q1q2Dð−q2⊥Þ − q1q2S2ð−q2⊥Þ ð80Þ

tþ− ¼ 2

�
m2 þ 1

4
q2⊥
�
Að−q2⊥Þ þ q2⊥Dð−q2⊥Þ ð81Þ

t−− ¼ 8

�
m2 þ 1

4
q2⊥

Pþ

�
2

Að−q2⊥Þ þ 4
q4⊥

ðPþÞ2 S1ð−q
2⊥Þ ð82Þ

t−i ¼ 0: ð83Þ

From these analyses, the A term can be extracted from tþþ,
while the D term can be extracted from tþ−,

Að−q2⊥Þ ¼
tþþ

2ðPþÞ2 ; ð84Þ

q2⊥Dð−q2⊥Þ ¼ tþ− −
m2 þ 1

4
q2⊥

ðPþÞ2 tþþ: ð85Þ

Note that the popular choice tij, the transverse stress
tensor, is contaminated by the spurious GFF S2. Using
these components to extract the D term is not reliable,
unless a proper combination is used [20].

B. Physical densities

From these two GFFs, we can compute several physical
densities. These physical densities attain the same physical
interpretation as those in classical field theory [79],

tαβ ¼ ðeþ pÞuαuβ − pgαβ þ παβ: ð86Þ

Here, e is the proper energy density. p is the pressure, trace
part of the stress tensor. Both quantities are Lorentz
invariants. παβ is the (traceless) shear tensor. The energy
density is defined as [79]

eðr⊥Þ ¼ M
Z

d2q⊥
ð2πÞ2 e

−iq⃗⊥·r⃗⊥
�
Að−q2⊥Þ þ

q2⊥
4M2

½Að−q2⊥Þ

þDð−q2⊥Þ�
�
: ð87Þ
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Note that the energy density is different from the Fourier
transform of tþ−. Similarly, the pressure is [79]

pðr⊥Þ ¼ −
1

6M

Z
d2q⊥
ð2πÞ2 e

−iq⃗⊥·r⃗⊥q2⊥Dð−q2⊥Þ: ð88Þ

The shear tensor is also related to the D term.
Another quantity of interest is the trace of the EMT Tμ

μ,
which is related to the anomalous mass in the proton. The
trace density is

Θðr⊥Þ ¼ M
Z

d2q⊥
ð2πÞ2 e

−iq⃗⊥·r⃗⊥
�
Að−q2⊥Þ þ

q2⊥
4M2

½Að−q2⊥Þ

þ 3Dð−q2⊥Þ�
�

¼ eðr⊥Þ − 3pðr⊥Þ: ð89Þ

As a comparison, the Fourier transform of tþ− in the Breit
frame is

1

2M
T þ−ðr⊥Þ ¼ eðr⊥Þ −

3

2
pðr⊥Þ: ð90Þ

The trace of the light-front EMT gives rise to a spurious
contribution,

tr tðr⊥Þ ¼ tþ− − t11 − t22

¼ Θðr⊥Þ − 2

Z
d2q⊥
ð2πÞ2 e

−iq⃗⊥·r⃗⊥q2⊥S2ð−q2⊥Þ: ð91Þ

Note that our definition here differs from the empirical
definitions introduced by Polyakov et al. by a Darwin
factor [1].
Energy conservation requires that the energy density

integrated over the entire space gives the total mass of
the system,

Z
d2r⊥eðr⊥Þ ¼ M: ð92Þ

This condition is fulfilled if

Að0Þ ¼ 1; lim
q→0

q2Dðq2Þ ¼ 0: ð93Þ

We will prove this is the case in our model.
The state vector is an eigenstate of the light-front

longitudinal momentum operator Pþ,

PþjψðpÞi ¼ pþjψðpÞi; ð94Þ

which is related to Tþþ as

Pþ ¼
Z

d3xTþþðxÞ; ð95Þ

where d3x ¼ ð1=2Þdx−d2x⊥. Combining these two expres-
sions we obtain

lim
q→0

tþþ ¼ 2ðPþÞ2 ð96Þ

which is consistent with our result Eq. (54). Combining this
with Eq. (84), we obtain

Að0Þ ¼ 1: ð97Þ

Similar analysis is also applied to Tþi. Therefore, the
momentum conservation guarantees the proper normaliza-
tion of the A term, independent of the truncation and other
approximations that we employ.
The proof of the second condition3 limq→0 q2Dðq2Þ ¼ 0

requires a consistency between the EMT and the
Hamiltonian dynamics. The state vector satisfies the
light-front Schrödinger equation (10), and the light-
front Hamiltonian operator P− is related to Tþ− by (5).
Sandwiching P− with the eigenstates and applying
Eqs. (5) and (10), we obtain

hψðpÞjTþ−ð0ÞjψðpÞi ¼ 2ðp2⊥ þm2Þ: ð98Þ

Indeed, this is exactly our result, Eq. (67), from the
diagrams. This expression together with Eqs. (73)
and (97) implies that

lim
q⊥→0

q2⊥Dð−q2⊥Þ ¼ 0: ð99Þ

This condition is also related to the force balance inside the
composite particles, known as the von Laue condition [81],
which requires that the pressure integrated over the entire
space vanishes, Z

d2r⊥pðr⊥Þ ¼ 0: ð100Þ

C. Numerical results

The numerical results of the GFFs are shown in Fig. 13.
In this figure, we compare results at various couplings from
the perturbative regime α ¼ 0.5 to the strong coupling
regime α ¼ 2.0, where the dimensionless coupling constant
is related to the physical coupling g as α ¼ g2=ð16πm2Þ. In
this figure, the A term is normalized to unity in the forward
limit, viz., Að0Þ ¼ 1, and the D term in the same limit is
finite and negative D ¼ Dð0Þ < 0. In fact, D < −1 in our
model. Figure 14 shows theD as a function of the coupling
α. As the coupling increases, D becomes more negative.
The value of D appears quite sensitive to the coupling, thus

3Note that Dðq2Þ is not necessarily finite in the forward limit
q → 0, which is actually the case for long-range interactions [80].
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providing a good probe of the interaction strength of the
system. At large Q2, the form factors approach to their
one-body contribution, i.e., AðQ2 → ∞Þ ¼ A1 ¼ Z, and
DðQ2 → ∞Þ ¼ D1 ¼ −Z, where Z is the field strength
renormalization constant.

Figure 15 compares the GFF AðQ2Þ and the charge form
factor FðQ2Þ. Both quantities approach to the same limit at
large Q2. However, at small Q2, AðQ2Þ appears softer than
FðQ2Þ, which implies a larger matter radius than the
charge radius, viz., r2mat>r2ch, where r2mat¼−6A0ðQ2¼0Þ
and r2ch ¼ −6F0ðQ2Þ. Indeed, r2mat is always larger than r2ch
for the couplings we consider as shown in Fig. 16. Recall
that for mesons, the relative size is reversed [82]. These
can be understood in the LFWF representation (see Sec. V
for more details). In this representation, the charge
radius r2ch ¼ ð3=2Þheqð1 − xÞ2r2⊥i while the matter radius
r2mat ¼ ð3=2Þhxð1 − xÞr2⊥i. The cartoon in Fig. 17 illus-
trates the origins of the mean radii for two systems. For the
pion, the LFWF is approximately symmetric with respect
to x. This shows its charge radius is larger than its matter
radius. By contrast, for our pion-dressed proton, the LFWF
concentrates on the xp ∼ 1 side, and its matter radius
becomes larger than its charge radius.
From the form factors, we can extract the corresponding

transverse densities by a Fourier transformation. To avoid

FIG. 14. The D term D ¼ Dð0Þ as a function of the coupling
α ¼ g2=ð16πm2Þ.

FIG. 13. The gravitational form factors AðQ2Þ and DðQ2Þ at various couplings. Here, Q2 ¼ −q2 ¼ q2⊥, α ¼ g2=ð16πm2Þ. In the limit
Q → ∞, AðQ2Þ, and DðQ2Þ approach to Z and −Z, respectively, as indicated by the dashed lines in the inset panels for each coupling,
where Z is the field strength normalization constant.

FIG. 15. The gravitational form factor AðQ2Þ as compared with the charge form factor FðQ2Þ at α ¼ 1.0 and α ¼ 2.0. Here,
Q2 ¼ −q2 ¼ q2⊥, α ¼ g2=ð16πm2Þ.
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the numerical difficulties, we first fit the form factors with
the multimonopole function,

FðQ2Þ ¼ Z þ ð1 − ZÞa1
1þQ2=Λ2

1

þ ð1 − ZÞð1 − a1Þ
1þQ2=Λ2

2

: ð101Þ

The corresponding density is

ρðr⊥Þ ¼ Zδ2ðr⊥Þ þ
ð1 − ZÞ
2π

a1Λ2
1K0ðΛ1r⊥Þ

þ ð1 − ZÞ
2π

ð1 − a1ÞΛ2
2K0ðΛ2r⊥Þ: ð102Þ

Chiral effective field theory predicts a pion cloud
∼ expð−2Mπr⊥Þ at the periphery of the nucleon transverse
charge density [r⊥ ¼ OðM−1

π Þ] [83–85]. The ansatz we
adopt here is qualitatively in agreement with this picture.
The extracted matter density Aðr⊥Þ is shown in Fig. 18, in
comparison with the charge density ρchðr⊥Þ, the Fourier
transform of the charge form factor FðQ2Þ. Figure 19 shows
the transverse matter densityAðr⊥Þ and pressure pðr⊥Þ for
various couplings. The expected node within the pressure is
squeezed to the origin r⊥ ¼ 0 due to the pointlike repulsive
core ∝ δ2ðr⊥Þ (not shown in the figure).

V. LIGHT-FRONT WAVE FUNCTION
REPRESENTATION

In this section, we further analyze the LFWF represen-
tation. Our goal is to obtain a general nonperturbative
representation independent of the interactions.

A. t+ + and the A term

We summarize the hadron matrix element tþþ computed
in Sec. III as follows:

tþþ ¼ 2ðPþÞ2Z ð103Þ

þ 2ðPþÞ2
Z

dx
2xð1 − xÞ

Z
d2k⊥
ð2πÞ3 ψ2ðx; k⃗⊥Þ

× ψ�
2ðx; k⃗⊥ − xq⃗⊥Þð1 − xÞ ð104Þ

þ 2ðPþÞ2
Z

dx
2xð1 − xÞ

Z
d2k⊥
ð2πÞ3 ψ2ðx; k⃗⊥Þ

× ψ�
2ðx; k⃗⊥ þ ð1 − xÞq⃗⊥Þx ð105Þ

FIG. 16. Comparison of the matter radius and the charge radius
as functions of the coupling. As the coupling increases, the two-
pion sea contribution increases which leads to a dramatic increase
of the matter radius of the system.

FIG. 17. Comparison of the matter radius and the charge radius
for two systems.

FIG. 18. The transverse matter density Aðr⊥Þ as compared with the transverse charge density ρchðr⊥Þ at α ¼ 1.0 and α ¼ 2.0, where
the dimensionless coupling α ¼ g2=ð16πm2Þ.
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þ2ðPþÞ2 1

2!

Z
dx
2x

Z
d2k⊥
ð2πÞ3

Z
dx0

2x0ð1 − x − x0Þ
Z

d2k0⊥
ð2πÞ3 ψ3ðx; k⃗⊥; x0; k⃗0⊥Þψ�

3ðx; k⃗⊥ − xq⃗⊥; x0; k⃗
0
⊥ − x0q⃗⊥Þð1 − x − x0Þ ð106Þ

þ2ðPþÞ2 1

2!

Z
dx
2x

Z
d2k⊥
ð2πÞ3

Z
dx0

2x0ð1 − x − x0Þ
Z

d2k0⊥
ð2πÞ3 ψ3ðx; k⃗⊥; x0; k⃗0⊥Þψ�

3ðx; k⃗⊥ þ ð1 − xÞq⃗⊥; x0; k⃗0⊥ − x0q⃗⊥Þx ð107Þ

þ2ðPþÞ2 1

2!

Z
dx
2x

Z
d2k⊥
ð2πÞ3

Z
dx0

2x0ð1 − x − x0Þ
Z

d2k0⊥
ð2πÞ3 ψ3ðx; k⃗⊥; x0; k⃗0⊥Þψ�

3ðx; k⃗⊥ − xq⃗⊥; x0; k⃗
0
⊥ þ ð1 − x0Þq⃗⊥Þx0: ð108Þ

Based on the above expression, it is not hard to conclude a general formula for tþþ:

tþþ ¼ 2ðPþÞ2
X
n

Z
½dxid2ki⊥�n

X
j

xjψnðfxi; k⃗i⊥gÞψnðfxi; k⃗i;j⊥gÞ; ð109Þ

where

k⃗i;j⊥ ¼
(
k⃗i⊥ − xiq⃗⊥; spectator∶ i ≠ j

k⃗i⊥ þ ð1 − xiÞq⃗⊥; struck parton∶ i ¼ j
ð110Þ

and the n-body integration measure is defined as

Z
½dxid2ki⊥�n ¼

1

Sn

Yn
i¼1

Z
dxi
2xi

2δ

�X
i

xi − 1

�

×
Z

d2ki⊥
ð2πÞ3 ð2πÞ

3δ2
�X

i

ki⊥
�
; ð111Þ

where Sn is the symmetry factor.
Using the transverse coordinate representation intro-

duced in the Appendix, the hadron matrix element (109)
can be written as

tþþ¼2ðPþÞ2
X
n

Z
½dxid2ri⊥�njψ̃nðfxi; r⃗i⊥gÞj2

X
j

xjeir⃗j⊥·q⃗⊥ :

ð112Þ

The corresponding GFF A is

Að−q2⊥Þ ¼
X
n

Z
½dxid2ri⊥�njψ̃nðfxi; r⃗i⊥gÞj2

X
j

xjeir⃗j⊥·q⃗⊥ :

ð113Þ

The light-front distribution is defined as the Fourier trans-
form of the form factor A,

Aðr⊥Þ ¼
Z

d2q⊥
ð2πÞ2 e

−iq⃗⊥·r⃗⊥Að−q2⊥Þ ð114Þ

¼
X
n

Z
½dxid2ri⊥�njψ̃nðfxi; r⃗i⊥gÞj2

×
X
j

xjδ2ðr⃗⊥ − r⃗j⊥Þ: ð115Þ

This expression is in agreement with the classic results by
Brodsky et al. [63]. It generalizes the one-body density on
the light front. Hence, Aðr⊥Þ should be understood as the
one-body (number) density.
The matter radius r2mat is defined as the slope of the form

factor Aðq2Þ multiplied by 6, which is equivalent to 3=2
times of the mean transverse squared radius,

FIG. 19. The transverse matter density Aðr⊥Þ and pressure pðr⊥Þ at selected couplings.
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r2mat ¼
6

Að0Þ
d
dq2

Aðq2Þjq2→0 ¼
3

2

Z
d2r⊥r2⊥Aðr⊥Þ: ð116Þ

In LFWF representation,

r2mat¼
3

2

X
n

Z
½dxid2ri⊥�njψ̃nðfxi; r⃗i⊥gÞj2

X
j

xjr2j⊥: ð117Þ

B. t + − and the D term

We summarize the hadron matrix element tþ− computed
in Sec. III as follows. The one-body contribution [diagrams
(a) and (b)] is

tþ−
1 ¼ Z

�
2ðm2 þ P2⊥Þ −

1

2
q2⊥
�
: ð118Þ

The two-body contribution [diagrams (c), (d), (b̄), and
(f)] reads

tþ−
2 ¼

Z
dx

2xð1 − xÞ
Z

d2l⊥
ð2πÞ3

�
ψ2

�
x; l
!

⊥ þ 1

2
xq⃗⊥

�
ψ�
2

�
x; l
!

⊥ −
1

2
xq⃗⊥

� ½2ð l!⊥ − ð1 − xÞP⃗⊥Þ2 þ 2m2 − 1
2
q2⊥�

1 − x
ð119Þ

þψ2

�
x; l
!

⊥ −
1

2
ð1 − xÞq⃗⊥

�
ψ�
2

�
x; l
!

⊥ þ 1

2
ð1 − xÞq⃗⊥

� ½2ð l!⊥ þ xP⃗⊥Þ2 þ 2μ2 − 1
2
q2⊥�

x
ð120Þ

−2ψ2ðx; l!⊥Þψ�
2ðx; l

!
⊥ − xq⃗⊥Þ

�
l2⊥ þ μ2

x
þ l2⊥ þm2

1 − x
−M2

��
: ð121Þ

Similarly, the three-body contribution [diagrams (f̄), (g), and (h)] reads

tþ−
3 ¼ 1

2!

Z
dx
2x

Z
d2l⊥
ð2πÞ3

Z
dx0

2x0ð1 − x − x0Þ
Z

d2l0⊥
ð2πÞ3

�
ψ3

�
x; l
!

⊥ þ 1

2
xq⃗⊥; x0; l

!0
⊥ þ 1

2
x0q⃗⊥

�

× ψ�
3

�
x; l
!

⊥ −
1

2
xq⃗⊥; x0; l

!0
⊥ −

1

2
x0q⃗⊥

�
2ð l!⊥ þ l

!0
⊥ − ð1 − x − x0ÞP⃗⊥Þ2 þ 2m2 − 1

2
q⃗2⊥

1 − x − x0
ð122Þ

þ ψ3

�
x; l
!

⊥ −
1

2
ð1 − xÞq⃗⊥; x0; l!0

⊥ þ 1

2
x0q⃗⊥

�
ψ�
3

�
x; l
!

⊥ þ 1

2
ð1 − xÞq⃗⊥; x0; l!0

⊥ −
1

2
x0q⃗⊥

�

×
2ð l!⊥ þ xP⃗⊥Þ2 þ 2μ2 − 1

2
q⃗2⊥

x
ð123Þ

− 2ψ3ðx; l!⊥; x0; l
!0

⊥Þψ�
3ðx; l

!
⊥ − xq⃗⊥; x0; l

!0
⊥ − x0q⃗⊥Þ

�ð l!⊥þ l
!0

⊥Þ2þm2

1− x− x0
þl2⊥þ μ2

x
þl02⊥þ μ2

x0
−M2

��
: ð124Þ

From the above expressions, the general n-body contribution should be

tþ−
n ¼ 2

Z
½dxid2ki⊥�n

X
j

ψ�
nðfxi; k⃗þi;j⊥gÞψnðfxi; k⃗−i;j⊥gÞ

ðk⃗j⊥ þ xjP⃗⊥Þ2 þm2
j − 1

4
q2⊥

xj

þ 2

Z
½dxid2ki⊥�nψ�

nðfxi; k⃗i⊥gÞψnðfxi; k⃗i;n⊥gÞ
�
M2 −

X
j

k⃗2j⊥ þm2
j

xj

�
; ð125Þ

where

k⃗i;n⊥ ¼
(
k⃗i⊥ − xiq⃗⊥; pion; i:e: i ≠ n

k⃗i⊥ þ ð1 − xiÞq⃗⊥; nucleon; i:e: i ¼ n
ð126Þ
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k⃗þi;j⊥ ¼
(
k⃗i⊥þ 1

2
xiq⃗⊥; spectator∶ i≠ j

k⃗i⊥− 1
2
ð1− xiÞq⃗⊥; struckparton∶ i¼ j

ð127Þ

k⃗−i;j⊥ ¼
(
k⃗i⊥− 1

2
xiq⃗⊥; spectator∶ i≠ j

k⃗i⊥þ 1
2
ð1− xiÞq⃗⊥; struckparton∶ i¼ j:

ð128Þ

The first line of Eq. (125) represents the off-forward kinetic
energy whereas the second line is the off-forward potential
energy (mass eigenvalue minus kinetic energy), thus
generalizing Eq. (13) to the off-forward region,

hfxipþ; k⃗i⊥ þ xiðp⃗⊥ þ q⃗⊥ÞgnjTþ−
int ð0ÞjψðpÞi

¼ −2Γnðfxi; k⃗i;n⊥gÞ: ð129Þ
In the transverse coordinate space,

tþ−
n ¼ 2

Z
½dxid2ri⊥�nψ̃�

nðfxi; r⃗i⊥gÞ
X
j

eir⃗j⊥·q⃗⊥

 
−∇2

j⊥ þm2
j − 1

4
q2⊥

xj
þ xjP⃗

2⊥

!
ψ̃nðfxi; r⃗i⊥gÞ

− 2

Z
½dxid2ri⊥�nψ̃�

nðfxi; r⃗i⊥gÞ
"X

j

−∇2
j⊥ þm2

j

xj
−M2

#
ψ̃nðfxi; r⃗i⊥gÞeir⃗n⊥·q⃗⊥ : ð130Þ

The corresponding total density is the one-body light-cone energy density,

1

2
T þ−ðr⊥Þ ¼

1

2

X
n

T þ−
n ðr⊥Þ≡ Eðr⊥Þ þ P2⊥Aðr⊥Þ ¼ T ðr⊥Þ þ Vðr⊥Þ þ P2⊥Aðr⊥Þ; ð131Þ

where the one-body (off-forward) kinetic energy density is

T ðr⊥Þ ¼
X
n

Z
½dxid2ri⊥�nψ̃�

nðfxi; r⃗i⊥gÞ
X
j

δ2ðr⊥ − rj⊥Þ
−∇!2

j⊥ þm2
j − 1

4
∇⃖2

⊥
xj

ψ̃nðfxi; r⃗i⊥gÞ ð132Þ

¼
X
n

Z
½dxid2ri⊥�n

X
j

δ2ðr⊥ − rj⊥Þψ̃�
nðfxi; r⃗i⊥gÞ

− 1
4
∇↔2

j⊥ þm2
j

xj
ψ̃nðfxi; r⃗i⊥gÞ: ð133Þ

The one-body potential energy density in our case only involves the diagonal Fock sector contributions,

Vðr⊥Þ ¼
X
n

Z
½dxid2ri⊥�nψ̃�

nðfxi; r⃗i⊥gÞδ2ðr⊥ − rn⊥ÞðM2 − snÞψ̃nðfxi; r⃗i⊥gÞ; ð134Þ

where sn ¼
P

ið−∇!2

i⊥ þm2
i Þ=xi is the n-body light-cone kinetic energy. Note that the Dirac-δ only samples the nth parton,

the mock nucleon. This is because of the quenched approximation: all interaction is associated with the mock nucleon. It is
remarkable that the EMT “knows” the quenched approximation.
The Fourier transforms of Eðr⊥Þ, T ðr⊥Þ, and Vðr⊥Þ are the corresponding form factors, Eð−q2⊥Þ, Tð−q2⊥Þ, and Vð−q2⊥Þ.

At zero-momentum transfer, the squared invariant mass form factor gives the total squared invariant mass
Eð0Þ ¼ Tð0Þ þ Vð0Þ ¼ M2. From these expressions, we obtain

q2⊥Dð−q2⊥Þ ¼ 2Eð−q2⊥Þ − 2

�
Eð0Þ þ 1

4
q2⊥
�
Að−q2⊥Þ: ð135Þ

The von Laue mechanical equilibrium condition is automatically fulfilled as long as Að0Þ ¼ 1, a consequence of
momentum conservation (97). The GFF Dðq2Þ is
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Dð−q2⊥Þ ¼ 2
X
n

Z
½dxid2ri⊥�nψ̃�

nðfxi; r⃗i⊥gÞ
X
j

�
eir⃗j⊥·q⃗⊥ − eir⃗n⊥·q⃗⊥

q2⊥

−∇2
j⊥ þm2

j − x2jM
2

xj
−
1þ x2j
4xj

eir⃗j⊥·q⃗⊥
�
ψ̃nðfxi; r⃗i⊥gÞ:

ð136Þ

In particular, the D term is finite,

D≡Dð0Þ ¼ −1þ 2
X
n

Z
½dxid2ri⊥�nψ̃�

nðfxi; r⃗i⊥gÞ
X
j

1

xj

�
ðr2n⊥ − r2j⊥Þð−∇2

j⊥ þm2
j − x2jM

2Þ þ 1

4
ðx2j − 1Þ

�
ψ̃nðfxi; r⃗i⊥gÞ:

ð137Þ

The D term contains a term
P

j r
2
j⊥p2

j⊥ resembling the virial term. This term measures how the wave function scales in
terms of a dilation transformation in the transverse direction. The Fourier transform of the D term is a quantity of interest:

Dðr⊥Þ ¼ 2
X
n

Z
½dxid2ri⊥�nψ̃�

nðfxi; r⃗i⊥gÞ
X
j

�
ln
jr⃗⊥ − r⃗n⊥j
jr⃗⊥ − r⃗j⊥j

−∇2
j⊥ þm2

j − x2jM
2

xj
−
1þ x2j
4xj

δ2ðr⃗⊥ − r⃗j⊥Þ
�
ψ̃nðfxi; r⃗i⊥gÞ:

ð138Þ

The pressure distribution is

pðr⊥Þ ¼
1

3M

�
M2 −

1

4
∇2⊥
�
Aðr⊥Þ −

1

3M
Eðr⊥Þ ð139Þ

and the proper energy density is

eðr⊥Þ ¼
1

2M
Eðr⊥Þ þ

1

2M

�
M2 −

1

4
∇2⊥
�
Aðr⊥Þ: ð140Þ

Note that we have introduced several energy related
densities [32], e.g. eðr⊥Þ, Eðr⊥Þ, and T þ−ðr⊥Þ. e is the
energy density of the hadron measured in its local rest
frame. It is normalized to the hadron rest energy, i.e. hadron
mass M. T þ−ðr⊥Þ is the light-front energy density multi-
plied by 2Pþ, the state normalization factor. It is normal-
ized to the hadron light-front energy. Eðr⊥Þ is the one-body

invariant mass squared density. It is the light-front energy
density in the Breit frame. It is normalized to the hadron
invariant mass squared:

Z
d2r⊥eðr⊥Þ ¼ M; ð141Þ

1

2Pþ

Z
d2r⊥T þ−ðr⊥Þ ¼

M2 þ P2⊥
Pþ ; ð142Þ

Z
d2r⊥Eðr⊥Þ ¼ M2: ð143Þ

Figure 20 shows the energy form factors, i.e., the Fourier
transform of the energy densities.
An interesting quantity to investigate is the pressure

as a function of the energy, which can be interpreted as
the equation of state [86], as shown in Fig. 21. The

FIG. 20. Fourier transform of the energy density eðQ2Þ and the mass squared density EðQ2Þ as a function of Q2.
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derivative of the pressure-energy curve, i.e. c2s ¼ dp=de ¼
p0ðr⊥Þ=e0ðr⊥Þ, is the local speed of the sound. In our
model, the speed of the sound exceeds the conformal
limit

ffiffiffiffiffiffiffiffi
1=3

p
in a large region [87]. At the periphery, it

approaches
ffiffiffiffiffiffiffiffi
2=3

p
.

VI. SUMMARY AND OUTLOOKS

In this work, we computed the forces inside a dressed
scalar nucleon in the nonperturbative regime using the light-
front Hamiltonian formalism. The calculation is based on a
previous nonperturbative solution of the quenched scalar
Yukawa model with a systematic Fock sector truncation up
to four particles where the Fock sector convergence was
demonstrated. The nonperturbative renormalization is imple-
mented using the Fock sector dependent renormalization.
In this work, the same counterterms are used to renormalize
the hadronic energy-momentum tensor (EMT). The hadron
matrix elements of the EMT are computed up to three
particles.
Instead of using empirical current components, e.g.

T11 þ T22, to extract the notoriously challenging D term,
we performed a detailed analysis of the Lorentz structure of
the EMT and concluded that Tþ− is consistent with the
Hamiltonian dynamics that generates the LFWFs of the
system, and is a reliable current component for extracting
the forces inside the composite particles. The extracted D
term satisfies the von Laue mechanical equilibrium con-
dition. In the forward limit, its value is negative, consistent
with the mechanical stability conjecture.
Using the higher Fock sector expressions, we not only

derived the well-known LFWF representation for the A
term, but also obtained a general LFWF expression for the
D term. This expression does not involve the details of the
interaction, and can be used to investigate the general
properties of the forces inside composite particles in the
nonperturbative regime. The expression only involves the
diagonal Fock sector contributions and thus can be adapted
in phenomenological models to investigate the dynamical
structures of the nucleons. For example, for effective

interactions between the quark and the antiquark, a reason-
able approximation is to couple the graviton to the trans-
verse center of mass of the system R⃗⊥ ¼Pi xir⃗i⊥, i.e.,

Veffðr⊥Þ ¼
1

2π

Z
dx0

2x0ð1 − x0Þ
Z

d2r0⊥ψ̃�ðx0; r⃗0⊥Þ

× δ2ðr⊥ − R⊥ÞVðr0⊥Þψ̃ðx0; r⃗0⊥Þ; ð144Þ

where Vðr⊥Þ is the two-body effective interaction. Note that
R⃗⊥ ¼ 0 for boost invariant interactions.
An immediate extension of the present work is to

incorporate the spin degree of freedom. Another improve-
ment is to lift the quench truncation, which was used to
stabilize the scalar theory. Both improvements are required
for obtaining a general LFWF representation of the forces
in QCD.
The method we used here can also be applied to

investigate the inelastic gravitational form factors, which
provide a range of applications from particle production near
compact stars, to detecting dark matter, and to gravitational
transitions [88–90].
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APPENDIX: TRANSVERSE COORDINATE
SPACE REPRESENTATION

Let us introduce the transverse coordinate space wave
function as the Fourier transform of the LFWFs,

FIG. 21. Left: the pressure as a function of the energy, i.e., the equation of state for selected couplings. Right: the distribution of the
sound speed c2s ¼ dp=de for selected couplings.
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Ψ̃nðfxi; r⃗i⊥gÞ¼
Yn
i¼1

Z
d2pi⊥
ð2πÞ2 e

−ip⃗i⊥·r⃗i⊥Ψnðfxi; p⃗i⊥gÞ; ðA1Þ

where pi⊥ is the single-particle momentum, and Ψ (Ψ̃) is
the single-particle momentum-space (coordinate-space)
light-front wave function. Since the light-front wave
functions are boost invariant, the momentum-space wave
function can be written in an explicitly boost invariant
form,

Ψðfxi; p⃗i⊥gÞ ¼ ψðfxi; k⃗i⊥gÞ; ðA2Þ

where k⃗i⊥ ¼ p⃗i⊥ þ xip⃗⊥ is the relative transverse momen-
tum, and p⃗⊥ ¼Pi p⃗i⊥ is the total transverse momentum.
The n-body integration measure can also factorize,

Yn
i¼1

Z
d2pi⊥
ð2πÞ2 ¼

Z
d2p⊥
ð2πÞ2

Z
½d2ki⊥�n: ðA3Þ

Here, we have denoted

Z
½d2ki⊥�n ¼

Yn
i¼1

Z
d2ki⊥
ð2πÞ2 ð2πÞ

2δ2
�X

i

ki⊥
�
: ðA4Þ

Taking advantage of the light-front boost invariance,
Eq. (A1) becomes

Ψ̃nðfxi; r⃗i⊥gÞ ¼
Z

d2p⊥
ð2πÞ2

Z
½d2ki⊥�e−i

P
i
k⃗i⊥·r⃗i⊥−i

P
i
xir⃗i⊥·p⃗⊥

× ψnðfxi; k⃗i⊥gÞ ðA5Þ

¼ δ2ðR⊥Þ
Z

½d2ki⊥�e−i
P

i
k⃗i⊥·r⃗i⊥ψnðfxi; k⃗i⊥gÞ ðA6Þ

¼ δ2ðR⊥Þψ̃nðfxi; r⃗i⊥gÞ: ðA7Þ

Here, we have introduced the intrinsic coordinate-space
wave function,

ψ̃nðfxi; r⃗i⊥gÞ¼
Z

½d2ki⊥�e−i
P

i
k⃗i⊥·r⃗i⊥ψnðfxi; k⃗i⊥gÞ: ðA8Þ

From Eq. (A1), the momentum-space wave function can
be expressed as its Fourier transform,

Ψnðfxi; p⃗i⊥gÞ ¼
Yn
i¼1

Z
d2ri⊥eþip⃗i⊥·r⃗i⊥Ψ̃nðfxi; r⃗i⊥gÞ ðA9Þ

¼
Z

½d2ri⊥�nei
P

i
k⃗i⊥·r⃗i⊥ ψ̃nðfxi; r⃗i⊥gÞ

¼ ψnðfxi; k⃗i⊥gÞ: ðA10Þ

Here, again, k⃗i⊥ ¼ p⃗i⊥ − xip⃗⊥ and p⃗⊥ ¼Pi p⃗i⊥ is the
total momentum.
Let us next consider the derivatives. From Eqs. (A1)

and (A9), it is not hard to conclude

p⃗j⊥Ψnðfxi; p⃗i⊥gÞ¼
Yn
i¼1

Z
d2ri⊥eþip⃗i⊥·r⃗i⊥i∇j⊥Ψ̃nðfxi; r⃗i⊥gÞ

ðA11Þ

i∇j⊥Ψ̃nðfxi; r⃗i⊥gÞ¼
Yn
i¼1

Z
d2pi⊥
ð2πÞ2 e

−ip⃗i⊥·r⃗i⊥ p⃗j⊥Ψnðfxi;p⃗i⊥gÞ:

ðA12Þ

Since we work with intrinsic variables, let us reduce both
sides of the second expression,

lhs ¼ i∇j⊥Ψ̃nðfxi; r⃗i⊥gÞ ¼ i∇j⊥δ2ðR⊥Þψ̃nðfxi; r⃗i⊥gÞ þ δ2ðR⊥Þi∇j⊥ψ̃nðfxi; r⃗i⊥gÞ: ðA13Þ

rhs ¼
Z

d2p⊥
ð2πÞ2 e

−ip⃗⊥·R⃗⊥
Z

½d2ki⊥�ne−ik⃗i⊥·r⃗i⊥ðk⃗j⊥ þ xjp⃗⊥Þψnðfxi; k⃗i⊥gÞ ðA14Þ

¼
Z

d2p⊥
ð2πÞ2 e

−ip⃗⊥·R⃗⊥xjp⃗⊥
Z

½d2ki⊥�ne−i
P

i
k⃗i⊥·r⃗i⊥ψnðfxi; k⃗i⊥gÞ ðA15Þ

þ
Z

d2p⊥
ð2πÞ2 e

−ip⃗⊥·R⃗⊥
Z

½d2ki⊥�ne−i
P

i
k⃗i⊥·r⃗i⊥ k⃗j⊥ψnðfxi; k⃗i⊥gÞ ðA16Þ

¼ i∇j⊥δ2ðR⊥Þψ̃nðfxi; r⃗i⊥gÞ þ δ2ðR⊥Þ
Z

½d2ki⊥�ne−i
P

i
k⃗i⊥·r⃗i⊥ k⃗j⊥ψnðfxi; k⃗i⊥gÞ: ðA17Þ

We can conclude
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i∇j⊥ψ̃nðfxi; r⃗i⊥gÞ ¼
Z

½d2ki⊥�ne−i
P

i
k⃗i⊥·r⃗i⊥ k⃗j⊥ψnðfxi; k⃗i⊥gÞ: ðA18Þ

Similarly, let us considerZ
½d2ri⊥�nei

P
i
k⃗i⊥·r⃗i⊥i∇j⊥ψ̃nðfxi; r⃗i⊥gÞ ðA19Þ

¼
Yn
i¼1

Z
d2ri⊥eik⃗i⊥·r⃗i⊥δ2ðR⊥Þi∇j⊥ψ̃nðfxi; r⃗i⊥gÞ ðA20Þ

¼
Yn
i¼1

Z
d2ri⊥eik⃗i⊥·r⃗i⊥δ2ðR⊥Þ

Z
½d2k0i⊥�ne−i

P
i
k⃗0i⊥·r⃗i⊥ k⃗0j⊥ψnðfxi; k⃗0i⊥gÞ ðA21Þ

¼
Yn
i¼1

Z
d2ri⊥eik⃗i⊥·r⃗i⊥

Z
d2p⊥
ð2πÞ2 e

−ip⃗⊥·R⃗⊥
Yn
l¼1

Z
d2k0l⊥
ð2πÞ2 ð2πÞ

2δ2
�X

l

k⃗0l⊥
�
e−ik⃗

0
l⊥·r⃗l⊥ k⃗0j⊥ψnðfxl; k⃗0l⊥gÞ ðA22Þ

¼
Yn
i¼1

Z
d2ri⊥eik⃗i⊥·r⃗i⊥

Z
d2p⊥
ð2πÞ2

Yn
l¼1

Z
d2p0

l⊥
ð2πÞ2 ð2πÞ

2δ2
�X

l

p⃗0
l⊥ − p⃗⊥

�
e−ip⃗

0
l⊥·r⃗l⊥ðp⃗0

j⊥ − xjp⃗⊥ÞΨnðfxl; p⃗0
l⊥gÞ ðA23Þ

¼
Yn
i¼1

Z
d2ri⊥eik⃗i⊥·r⃗i⊥

Yn
l¼1

Z
d2p0

l⊥
ð2πÞ2 e

−ip⃗0
l⊥·r⃗l⊥ðp⃗0

j⊥ − xjp⃗⊥ÞΨnðfxl; p⃗0
l⊥gÞ ðA24Þ

¼ðk⃗j⊥ − xjp⃗⊥Þψnðfxi; k⃗i⊥gÞ ðA25Þ
¼ k⃗j⊥ψnðfxi; k⃗i⊥gÞ; ðA26Þ

where, p⃗⊥ ¼Pl p⃗
0
l⊥. In the last equality, we have used the fact that

P
i k⃗i⊥ ¼ 0. We have used a change of variable:

k⃗0l⊥ ¼ p⃗0
l⊥ − xlp⃗⊥. Therefore, we can conclude

k⃗j⊥ψnðfxi; k⃗i⊥gÞ ¼
Z

½d2ri⊥�neþi
P

i
k⃗i⊥·r⃗i⊥i∇j⊥ψ̃nðfxi; r⃗i⊥gÞ: ðA27Þ

We write the n-body integration measure asZ
½dxid2ki⊥�n ¼

1

Sn

Yn
i¼1

Z
dxi
2xi

d2ki⊥
ð2πÞ3 2δ

�X
i

xi − 1

�
ð2πÞ3δ3

�X
i

k⃗i⊥
�
≡ 1

Sn

Z
½dxi�n½d2ki⊥�n; ðA28Þ

where Sn is the symmetry factor. The longitudinal measure isZ
½dxi�n ≡

Yn
i¼1

Z
dxi
4πxi

4πδ

�X
i

xi − 1

�
: ðA29Þ

Recall, the transverse measure is Z
½d2ki⊥�n ≡

Yn
i¼1

Z
d2ki⊥
ð2πÞ2 2πδ

2

�X
i

k⃗i⊥
�
: ðA30Þ

We also define a new n-body measure based on the transverse coordinates,

Z
½dxid2ri⊥�n ≡ 1

Sn

Z
½dxi�n½d2ri⊥�n ¼

1

Sn

Yn
i¼1

Z
dxi
4πxi

d2ri⊥4πδ
�X

i

xi − 1

�
δ2
�X

i

xir⃗i⊥
�
: ðA31Þ
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