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Jets provide one of the primary probes of the quark-gluon plasma produced in ultrarelativistic heavy ion
collisions and the cold nuclear matter explored in deep inelastic scattering experiments. However, despite
important developments in the last years, a description of the real-time evolution of QCD jets inside a
medium is still far from being complete. In our previous work, we have explored quantum technologies as a
promising alternative theoretical laboratory to simulate jet evolution in QCD matter, to overcome inherent
technical difficulties in present calculations. Here, we extend our previous investigation from the single
particle jqi to the jqi þ jqgi Fock space, taking into account gluon production. Based on the light-front
Hamiltonian formalism, we construct a digital quantum circuit that tracks the evolution of a multiparticle jet
probe in the presence of a medium described as a stochastic color field. Studying the momentum
broadening of the jet state, we observe sizable sub-eikonal effects by comparing to eikonal estimates. We
also study the medium-induced modifications to the gluon emission probability, which exhibit small
corrections compared to the vacuum splitting function. In addition, we study the time evolution of the von-
Neumann entropy associated with the quark component; we find that the exponential of the entropy grows
linearly in time for the bare quark but superlinearly when taking into account gluon emission.
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I. INTRODUCTION

Heavy-ion collisions at the Relativistic Heavy-Ion
Collider and the Large Hadron Collider, produce collimated
particle showers originated from highly energetic quarks
and gluons, known as jets, that evolve simultaneously with
the hot and dense quark gluon plasma. A similar scenario is
expected in future deep inelastic scattering experiments,
where these sprays of particles traverse the cold nuclear
matter target.
Jets can resolve the underlying medium at different

energy scales and thus offer an optimal probe to study the
structure of QCD matter. Their evolution in these environ-
ments is characterized by sizeable modifications to the jets’
structure, which are reflected at the level of the final state

distributions. Phenomenologically, these result in the
broadening of the transverse momentum distributions,
due to instantaneous interactions with the medium, and
the alteration of the radiation pattern, leading to an excess
of energy flowing at large angles; for recent reviews on
medium-induced jet modifications see Refs. [1–5]. To the
present day, the theoretical study of all these effects has
been mainly constrained to lower orders in perturbation
theory [6–8], with a limited number of higher order
calculations being available [9,10]. Compared to their
vacuum counterpart, the slower progress seen in this
research field is mainly tied to the highly complex multi-
particle interference pattern determining parton fragmen-
tation in matter.
More recently, it has been argued that novel advances in

quantum information science could be used to leverage
our understanding of in medium jet physics [11–13]. In
particular, future large-scale and fault-tolerant digital
quantum computers can potentially offer a platform to
efficiently simulate large quantum systems in real time,
using the quantum simulation algorithm. These devices
capture the dynamics of the target quantum system by
evolving a controlled finite-dimensional quantum system
whose dynamics can be engineered appropriately.
Nonetheless, their practical implementation is still complex
and problem-dependent.
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In our preceding work [14], we provided a quantum
simulation protocol to simulate the real-time evolution of a
single hard parton in the presence of a stochastic back-
ground. This can be thought of as describing the propa-
gation of the leading parton inside the jet, and it allowed us
to establish the basic aspects of this approach. In this work,
we extend the strategy to include gluon radiation, thus
allowing the jet to have a nontrivial structure.
Our quantum formulation is based on a nonperturba-

tive light-front Hamiltonian approach, the time-dependent
basis light-front quantization (tBLFQ) [15]; see its various
applications in Refs. [16–21]. This approach allows us to
quantize the QCD Hamiltonian and perform real-time
simulations at the amplitude level, which is natural and
well-suited for applications in quantum computers. In
particular, we can exactly track the jet state in time and
extract observables by computing the expectation values for
appropriate operators.
Quark jet evolution in a colored medium using tBLFQ

has already been simulated on classical computers: first in
the jqi Fock space [19], and later extended to the jqi þ jqgi
space [20,21]. These studies showed the interplay between
coherence and multiple scattering in gluon emission from
nonperturbative perspectives. Our preceding work [14]
provides a quantum implementation in the jqi space and
further investigations in jet momentum broadening. This
work takes a step forward by extending to the jqi þ jqgi
space. We build a digital quantum circuit that can track the
evolution of a jet state in the presence of a medium
background field. We focus on the momentum broadening
of the jet state and its branching pattern, both in vacuum
and medium. We also discuss modifications to the single
particle entropy growth due to radiation. The main advan-
tage of quantum simulation lies in its logarithmic reduction
of the computational resources, which is naturally provided
by the efficient qubit encoding. This benefit is especially
significant since the number of qubits required for simu-
lation increases linearly, rather than exponentially, with the
number of Fock particles. Direct translation from the
quantum encodings to the time-evolving quantum gates
is also straightforward, avoiding the usual complications of
high-order numerical methods faced in classical simulation.
This manuscript is organized as follows. In Sec. II, we

review the formulation of a jet evolution in a dense medium
within the quark and quark-gluon Fock sectors using light-
front Hamiltonian formalism; we then build the quantum
simulation algorithm of the jet evolution. In Sec. III, we
present numerical results of our approaches via quantum
simulation of the jet using Qiskit. In Sec. IV, we
summarize our current results and discuss the future avenue
of this work.

II. METHODOLOGY

In our preceding work, Ref. [14], we quantum simulated
the evolution of a single particle through a colored medium.

Our method was based on the tBLFQ, a numerical non-
perturbative light-front Hamiltonian approach developed
to study real-time problems; see Refs. [19,20] for further
details and applications using classical methods.1 In this
work, we extend the Fock space to jqi þ jqgi, thus
including gluon emission and absorption. On a classical
computer, the simulation of this process has been studied in
Refs. [20,21], also within tBLFQ.
In the following, we first briefly review the basics of

tBLFQ to simulate the in-medium jet evolution process in
the jqi þ jqgi Fock space in Sec. II A and then detail how
to apply this method using the quantum simulation algo-
rithm in Sec. II B.

A. Jet evolution in the light-front Hamiltonian
formalism of tBLFQ

We consider the propagation of a highly energetic
massless jet with light-front momentum p ¼ ðpþ; p−; pÞ,
moving close to the light cone along the xþ direction.2 This
hard probe evolves in the presence of a dense medium,
which can be boosted to move along the x− direction. The
quark interacts with the medium over a finite distance in
light-front time xþ ¼ ½0; Lη�. This process is illustrated in
Fig. 1. The dynamics of this system are set by the QCD
Lagrangian in the presence of an external field,

L ¼ −
1

4
Fμν

aFa
μν þ Ψ̄ðiγμDμ −mqÞΨ; ð1Þ

where Fμν
a ≡ ∂

μCν
a − ∂

νCμ
a − gfabcCμ

bC
ν
c is the field

strength tensor, Dμ ≡ ∂μ þ igCμ the covariant derivative,
and Cμ ¼ Aμ þAμ is the sum of the quantum gauge field
Aμ and the background gluon field Aμ.
In this work, we truncate the Fock space of the jet to the

leading two sectors, jqi and jqgi, such that the full quantum
state can be written as

jψi ¼ ψqjqi þ ψqgjqgi; ð2Þ

where ψq and ψqg represent the respective Fock amplitudes.
The light-front Hamiltonian can be obtained following the
canonical light-front quantization formalism [5,19,20,22]
via the standard Legendre transformation, in the light-cone
gauge of Aþ ¼ Aþ ¼ 0,

P−ðxþÞ ¼ P−
KE þ Vqg þ VAðxþÞ: ð3Þ

1See also Ref. [11] for related discussions.
2The light-front coordinates are defined as ðxþ; x; x−Þ, where

xþ ¼ x0 þ x3 is the light-front time, x− ¼ x0 − x3 the longitudinal
coordinate, and x ¼ ðx1; x2Þ the transverse coordinates. The letters
in bold, such as x, denote transverse vectors, while their magnitude
is denoted by x⊥ ≡ jxj. The nonvanishing elements of the metric
tensors gμν and gμν are, gþ− ¼ g−þ ¼ 2, gþ− ¼ g−þ ¼ 1=2, gii ¼
gii ¼ −1 with i ¼ 1, 2.
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Here, P−
KE stands for the kinetic energy part

P−
KE ¼ P−

KE;g þ P−
KE;q

¼
Z

dx−d2x

�
−
1

2
Aj
aði∇Þ2⊥Aa

j þ
1

2
Ψ̄γþ

m2 −∇2⊥
i∂þ

Ψ
�
;

ð4Þ

where P−
KE;g and P−

KE;q are the respective kinetic energies
for the dynamical gluon and quark. The second term Vqg is
the interaction between the quark and gluon,

Vqg ¼
Z

dx−d2xgΨ̄γμTaΨAa
μ: ð5Þ

The third term VAðxþÞ includes the interaction of the
background field with the quark and that with the dynami-
cal gluon,

VAðxþÞ ¼ VA;qðxþÞ þ VA;gðxþÞ

¼
Z

dx−d2xðgΨ̄γþTaΨAaþðxþÞ

þ gfabc∂þAc
i A

biAaþðxþÞÞ: ð6Þ

As in our preceding work [14], here we also take
McLerran-Venugopalan (MV) model [23,24] to describe
the field A that accounts for the background medium
and we make use of high energy (eikonal) limit,
where pþ ≫ jpj≡ p⊥; p−. Note, nevertheless, the full
Hamiltonian method allows us to go beyond the formal
eikonal limit of pþ ¼ ∞. The color charge density of
the medium is assumed to have a Gaussian and local
correlation function

⟪ρaðxþ;xÞρbðyþ;yÞ⟫¼ g2μ2δabδð2Þðx− yÞδðxþ−yþÞ; ð7Þ

where we use ⟪ � � �⟫ to denote the average over medium
configurations, and μ controls the strength of the medium.
The saturation scale is defined as

Q2
s ≡ CFg4μ2Lη

2π
; ð8Þ

with the fundamental Casimir CF ¼ ðN2
c − 1Þ=ð2NcÞ. The

field is then solved from the reduced classical Yang-Mills
equation,

ðm2
g −∇2⊥ÞA−

a ðxþ; xÞ ¼ ρaðxþ; xÞ; ð9Þ

where the gluon mass mg is introduced to regularize the
infrared (IR) divergence in the field [25].
The time evolution of the quark jet, as a quantum state,

obeys the time-dependent Schrödinger equation. Written in
the form of path-ordered exponential, it reads,

jψðxþÞi ¼ Uðxþ; 0Þjψð0Þi

≡ T þe
−i
2

R
xþ
0

dzþP−ðzþÞjψð0Þi; ð10Þ

where T þ is the light-front time ordering operator, and
jψðxþÞi the quantum state of the jet at time xþ.3 We solve
this equation nonperturbatively by decomposing the time-
evolution operator as a sequence of small time steps in the
light-front time xþ,

UðLη; 0Þ ¼
YNt

k¼1

Uðxþk ; xþk−1Þ; ð11Þ

where xþk ¼ kLη=Nt is the intermediate time and Nt the
total number of time steps. This treatment is also known as
trotterization in quantum simulation.

B. Quantum simulation algorithm

The digital quantum simulation algorithm [26–30] typ-
ically involves five generic steps: input,4 encoding, initial
state preparation, time evolution, and measurement. Here,
we extend the algorithm developed in Ref. [14] for a jet in
the jqi Fock space to the jqi þ jqgi sectors.

FIG. 1. An illustration of the jet (blue line, dressed by helical
lines representing the gluon in the jqgi state) evolution in the
presence of a highly boosted background medium (orange band)
described by a classical field AμðxÞ.

3Note that the factor of 1
2
comes from the convention of the

metric we are using: xþ is conjugate to pþ ¼ 1
2
p−. This factor

was mistyped in Equation (6) of our preceding paper Ref. [14].
4The “input” step is commonly referred to as defining the

Hamiltonian of the problem of interests in a finite dimensional
basis space.
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1. Basis encoding

We choose the eigenstates of the kinetic energy part of
the Hamiltonian P−

KE as the basis states, as formulated in
the Ref. [20] for jqi þ jqgi. This basis choice is convenient
in studying the momentum broadening of the jet state.
We start by considering a generically truncated Fock

space of the quark jet state. The full Hilbert space of this
theory can be formally decomposed as a tensor product
over all single particle subspaces [31,32]. Each Fock sector
can have a finite projection in each one of these subspaces.
Let us consider a generic multiparticle Fock sector in
the quark jet state, jq…qq̄…q̄g…gi, in which the number
of quarks is one more than that of the antiquarks. The basis
state is in the form of jβq…qq̄…q̄g…gi ¼ jβqi ⊗ … ⊗
jβ0qi ⊗ jβq̄i ⊗ … ⊗ jβ0̄qi ⊗ jβgi… ⊗ jβ0gi. Each single
particle state carries five quantum numbers

βl ¼ fpþ
l ; p

x
l ; p

y
l ; cl; λlg; with l ¼ q; q̄; g; ð12Þ

where pþ is the longitudinal momentum, fpx; pyg the
transverse momenta, λ the light-front helicity, and c the
color index. For a basis state in the truncated Fock space
with up to nþ 1 quarks, n antiquarks and m gluons,

jβq…q|ffl{zffl}
nþ1

q̄…q̄|ffl{zffl}
n

g…g|ffl{zffl}
m

i

→ jβq0i ⊗
YNq

i¼1

ðjeqii ⊗ jβiqiÞ

⊗
YNq̄

j¼1

ðjeq̄ji ⊗ jβjq̄iÞ ⊗
YNg

k¼1

ðjegki ⊗ jβkgiÞ; ð13Þ

in which Nq is the total number of single quark basis states,
Nq̄ for antiquarks, and Ng for gluons. Each register jeqii,
jeq̄ii, jegii encodes the occupancy of quarks, antiquarks,
and gluons in the ith single-quark basis state βiq, and they

satisfy
PNq

i eqi ¼
PNq̄

j eq̄j ¼ n and
PNg

k egk ¼ m. Particle
exchange symmetry should be satisfied accordingly and
implemented on the physical state; see discussion and
references in [31] for further details. The encoding of the
single particle basis jβli can follow the strategy described in
our previous work [14], which simply enumerates all the
quantum numbers in the phase basis.
Following this construction, let us describe in detail the

encoding for the Fock space jqi þ jqgi. We can save on the
number of qubits with the following arrangement and
simplification. According to the strategy sketched in
Eq. (13), we need one qubit to encode the occupancy
status of the gluon, e.g., jegi ¼ j0i for jqi and jegi ¼ j1i
for jqgi. We extend jegi to multiqubits to also encode the
pþ quantum number of the gluon, denoted as jζi. In the
helicity space, we make a simplification by considering

only the helicity-nonflip term, i.e., λq ¼ λg ¼ ↑. Note that
the quark is taken to be massless, so only the quark-helicity-
nonflip terms in Vqg are nonzero, then the chosen configu-
ration is the dominant contributionwhen the emitted gluon is
soft.We therefore do not need extra quantum registers for the
helicity space. The remaining quantum numbers to be
encoded are the transverse momenta and the color indices.
Therefore, the complete basis encoding for any basis state in
the jqi and jqgi Fock sectors is written as

jβψi → jζi ⊗ ðjpx
gijpy

gijcgiÞ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
jgi

⊗ ðjpx
qijpy

qijcqiÞ|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
jqi

: ð14Þ

In the following, we recapitulate the encoding scheme for the
transverse momentum and extend that for the color sector
following our previous work [14], and elaborate on the
construction of the jζi register.

(i) The transverse dimension
We formulate the transverse space as a two-

dimensional square lattice. Both lattices span a size
of 2L⊥ and a number of 2N⊥ sites per dimension
such that the lattice spacing is a⊥ ¼ L⊥=N⊥. We
impose periodic boundary conditions on the lattice,
such that this position space and the reciprocal
momentum space are related by a discrete Fourier
Transform, which on the quantum computer can be
implemented via a quantum Fourier Transform
(qFT ). An arbitrary momentum state vector jpi ¼
jpx; pyi is represented by a lattice coordinate jki ¼
jkx; kyi with p ¼ kb⊥ and b⊥ ¼ π=L⊥. Similarly,
we map any position vector jxi ¼ jxx; xyi to the
lattice position vector jni ¼ jnx; nyi with x ¼ na⊥.

(ii) The color space
We consider Nc ¼ 2, such that there are Nc ¼ 2

color degrees of freedom for the quark andN2
c−1¼3

for the gluon. We use one (two) qubit (s) to encode
the color index of the quark (gluon). The quantum
registers for the color space are explicitly,

jcqi∶ f0 → j0i; 1 → j1ig;
jcgi∶ f0 → j00i; 1 → j01i; 2 → j10ig: ð15Þ

(iii) The jζi register
We compactify x− to a circle of length 2L (i.e.,

x− ¼ 2xþ to a circle of length L; we adopt the
conventions of our preceding work Ref. [14]), and
impose periodic boundary conditions for bosons and
antiperiodic conditions for fermions, such that the
longitudinal momentum pþ is discretized,

pþ
l ¼ 2π

L
kþl ;

kþq ¼ 1

2
;
3

2
;…; kþg ¼ 1; 2; 3; � � � ð16Þ
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where the zero mode for the gluon is excluded.5 The
total pþ is preserved by the Hamiltonian. Consider a
quark jet with a definite Pþ, then each basis state
has the same total longitudinal momentum, i.e.,P

i p
þ
i ¼ Pþ in which i enumerates the Fock

particles. As such, in the jqi sector, pþ
Q ≡ Pþ; in

the jqgi sector, pþ
q þ pþ

g ≡ Pþ.6 We introduce the
total longitudinal quanta K such that

K ≡X
i

kþi ¼ kþq þ kþg ; Pþ ¼ 2π

L
K; ð17Þ

where K is a positive half integer.
We combine the longitudinal encoding with the

gluon occupancy using the quantum register jζi. The
ζ ¼ 0 state on the register encodes the jqi state with
kþQ ¼ K; and ζ ¼ f1; 2;…K − 1=2g encodes the
jqgi states with kþg ¼ f1; 2;…; K − 1=2g and
kþq ¼ K − kþg . In the latter case, the value of ζ
relates to the gluon’s longitudinal momentum frac-
tion as zg ≡ pþ

g =Pþ ¼ ζ=K. Written explicitly,

ζ → ðkþg ; kþq Þ ¼

8>>>>>>>><
>>>>>>>>:

0 → ð�; KÞ
1 → ð1; K − 1Þ
2 → ð2; K − 2Þ
..
.

K − 1
2
→ ðK − 1

2
; 1
2
Þ

; ð18Þ

where we use � to represent the absence of the gluon
in the jqi sector.

This basis space contains a total number of
23⌈K⌉ð2N⊥Þ4 basis states, which scales as a power four
with the lattice size. On a classical computer, the problem
quickly deteriorates when additional Fock sectors are
included, requiring at least (2N⊥Þ2n resources for n
particles. On the quantum circuit, however, we would only
need a total of nQ ¼ ð7þ 4 log2 N⊥ þ log2 ⌈K⌉Þ qubits for
this problem, dramatically reducing the number of resour-
ces. Nevertheless, efficient gate simulation is still needed
and not necessarily always guaranteed.
Using this qubit encoding scheme encapsulated by

Eq. (14), one can prepare any initial state jψ0i as a
superposition of basis states. Though arbitrary state ini-
tialization may be difficult, the preparation of many useful
choices of initial states is feasible [34,35]. Since we are
mostly interested in studying the jet evolution in momen-
tum space, we neglect the initial state effects, and take the

initial state jψ0i to be a zero transverse momentum and
even-color single-quark state (i.e., a fully balanced super-
position color state obtained by acting on the color qubit
with a Hadamard gate), unless specified otherwise.

2. Gate encoding and time evolution

We implement the product formula decomposition by
splitting the evolution along the xþ direction into Nt time
steps, each with a duration of δxþ ¼ Lη=Nt, as in Eq. (11).
Note that the time-dependence of the Hamiltonian is from
the background fieldA. We slice the medium intoNη layers
along xþ [14,19–21,36,37], such that the time duration for
each layer is τ≡ Lη=Nη. A schematic representation of the
circuit is presented in Fig. 2. We generate the values of the
background field A beforehand in a classical computer, as
in our preceding work [14]. The details on how to calculate
the field numerically are given in Appendix A.
We consider and compare two treatments on the evolu-

tion operator.
(i) Direct exponentiation

For a Hamiltonian that is constant in time, the
evolution operator reduces to an ordinary exponen-
tial, which can be evaluated directly. This is the case
for our Hamiltonian within each layer of the
medium. Taking τ as the size of the time step
δxþ, such that Nt ¼ Nη, we therefore have the
single-step evolution operator as

Uðxþk þ τ; xþk Þ ¼ exp f−iτP−ðxþk Þg; ð19Þ

in which k ¼ 1; 2;…; Nη. Here, P− ¼KþVqgþVA

denote the matrix form of the corresponding operator
evaluated on the basis space.7 We evaluate the
Hamiltonian matrix elements in the transverse mo-
mentum basis space, such that the K part is diagonal
and the Vqg part is off-diagonal and sparse. However,
the VA term is more complex since it has scattered
elements in momentum space. Alternatively, one can
perform the equivalent calculation in the transverse
position basis, which favors the evaluation of VA but
complicates the evaluations of K and Vqg.

The major advantage of this treatment is that the
evaluation is exact up to numerical accuracy. None-
theless, the disadvantage of this treatment is the large
time complexity of obtaining the Pauli strings8 of these
respective nondiagonal operators; though for small-
sized problems, it is feasible to take this treatment.

5The pþ ¼ 0 zero modes on the light front are usually
complicated, and not relevant for our problem. Refer to
[22,33] for a review.

6Here and throughout the paper, we use the subscripts “Q” and
“q” to distinguish between the quark in the jqi sector and that in
the jqgi sector.

7Full expressions of the matrix elements are found in
Refs. [19,20].

8Pauli string is a tensor product of single-qubit Pauli matrix
operations, each acting on a different qubit. See definitions and
conventions of Pauli matrices used in this work in Appendix B.
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(ii) Alternating exponentiation (mixed-space simulation)
When the time step is sufficiently small, the

Hamiltonian within a single step can be considered
as constant, and one can further “trotterize” the single-
step evolution operator as a product of operations with
the different components of the Hamiltonian. In this
way, one can factorize the single-step evolution
operator into a series of unitary operators from differ-
ent components in the Hamiltonian and boost the
computational efficiency, e.g., Refs. [14,20]. We split
the single-step evolution operator as the following,

Uðxþk þ δxþ; xþk Þ
≈ ½qFT � exp

n
−iδxþ½VAðxþk Þ�

o
½qFT −1�

× exp
n
−iδxþ½K þ Vqg�

o
; ð20Þ

in which k ¼ 1; 2;…; Nt. Note that here δxþ ≤ τ, i.e.,
Nt ≥ Nη. In practice and in our simulations, the time
step δxþ is taken sufficiently small (i.e.,Nt sufficiently
large) to ensure the result is convergent when compar-
ing to smaller δxþs; discussions on the convergence of
Nt and Nη can be found in Appendix D.
The evolution of the kinetic energy and gluon

emission/absorption, as the operation with K þ Vqg,
is performed in the momentum space; whereas the
evolutionwith themedium, that withVA, is performed
in the position space. Since the background field
Aðxþk ; xÞ is diagonal in the transverse position space,
this mixed-space evolution approach is the most
economical way of evaluating the Pauli terms and
could potentially extend to larger lattice and more
Fock spaces. Detailed resource cost comparison be-
tween the Pauli term evaluations in momentum/
position space is included in Appendix C. The basis
transformation between the momentum and position
spaces can be performed by applying a quantum
Fourier transform qFT to fjnig → fjkig, and its
inverse qFT −1 to fjkig → fjnig per each transverse
dimension of the quark and the gluon.

To perform the simulation using either of the aforemen-
tioned treatments, one needs to implement the quantum
gates of an operation in the format of eiHδxþ (with H a
Hermitian operator). In our previous work [14], the matrix
elements of eiHδxþ can be obtained exactly using the
properties of the exponential of the Pauli vector and then
transcribed to unitary gates using the quantum Shannon
decomposition [38]. Though this approach works well for
simulating the jet in the quark Fock space, it is inconvenient
to obtain the exact exponential of the type of Hamiltonian
in this work with the addition of jqgi Fock sector,
especially owing to the off-diagonal Vqg contributions.
Instead, we find the corresponding Pauli terms of H

first and then the associated quantum gates, since there is a

FIG. 2. Schematic representation of the digital circuit used to
simulate the multiparton jet in the medium. (a) The top panel is a
quantum circuit of the whole simulation process with registers for
the quark, the gluon, and the occupancy status. The bottom panel
illustrates that the jet is a superposition of all possible quantum
states in the phase space, and the medium shown in the yellow
band expands through the process. The single timestep evolution
block in the circuit corresponds to a time slice of δxþ in the whole
process, and τ is the duration of each medium layer. (b) Two
treatments of the evolution operator in a single timestep: i. direct
exponentiation, and ii. alternating exponentiation in a momen-
tum-position-mixed space. See more discussions in the text.
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direct correspondence between the Pauli exponentials and
the quantum gates [29]. To obtain the Pauli terms, various
strategies can be adopted (see Appendix C for examples
and discussions), and we used the sparse matrix projection
methods to take advantage of the property of the
Hamiltonian matrix. To time evolve our Pauli terms, we
use PauliEvolutionGate class provided by
Qiskit [39], which automatically maps the Pauli oper-
ators to quantum gates. For small problem sizes, we can
perform exact operator evolution via matrix exponentiation;
for large problem sizes, we can use the Lie-Trotter formula
[40] to approximate the exponential of noncommuting
operators at first order. For higher-order approximations,
we can use the Suzuki-Trotter product formula [41]. All
these methods are conveniently implemented in various
Synthesis classes [29,42] in Qiskit. We studied the
performance of these unitary exponential implementations,
especially using MatrixExponential, LieTrotter,
and SuzukiTrotter, and found that their performances
are almost identical with each other at our problem scale.

3. Measurement

We extract the information about the final quantum state
by directly measuring the prepared state. In practice, since
we work in small lattice sizes, such an approach is the most
efficient. Note however, it is not always necessary to
measure the full quantum state. For example, to obtain
the induced gluon probability, one can measure the jζi
quantum register on a log2ðKÞ-bit classical register alone,
greatly reducing the number of measurement shots needed.
While most of the results presented in this work use the

shot-based QasmSimulator backend to extract physical
observables such as momentum broadening, we also use
the StatevectorSimulator backend to capture the
exact quantum state, serving as a benchmark. Though not
practical on real quantum devices, it allows us to study the
information flow in the evolution of the quark jet in
medium. Estimating the entropy directly on the quantum
circuit is generally difficult [43–45], and requires full-
fledged fault-tolerant quantum computers in the future.

III. QUANTUM SIMULATION RESULTS

In this section, we study the quantum simulation results
for the evolution of a jet in a dense stochastic medium,
using the light-front Hamiltonian formalism and quantum
simulation method introduced in the preceding sections.
Specifically, we focus on the momentum broadening of the
jet, the gluon emission, and the entropy growth, for several
backgrounds with different medium strengths. We perform
the simulations using the ideal QASM simulators from
Qiskit.
For the simulations, we take the transverse lattice with

N⊥ ¼ 1 for the jqi þ jqgi system (we will also use larger
N⊥ when examining the jqi system), and the total
longitudinal momentum quanta K ¼ 3.5. Although these

numbers are small, it still provides us with a two-by-two
transverse lattice for both the quark and gluon single
particle states, allowing investigation on the effects of
momentum broadening. With K ¼ 3.5, we are also able to
examine the distribution of the longitudinal momentum.
We take L⊥ ¼ 32 GeV−1 ¼ 6.3 fm. The duration of the
medium is taken to be Lη ¼ 50 GeV−1 ¼ 9.87 fm. We
take the layer number to be Nη ¼ 4; one can find the
discussions on the convergence of Nη and the evolution
time steps Nt in Appendix D. The IR regulator for the
medium is mg ¼ 0.8 GeV. More details on the determi-
nation of parameters for a proper lattice and medium can
be found in our previous works [14,20]. The total number
of qubits required in this setup is therefore nQ ¼ 9

according to the encoding scheme in Sec. II B 1.
Since we are mostly using the shot-based quantum

simulator, we make sure a sufficient number of counts
are used to sample the true probability distribution. Unless
stated otherwise, we always use 819200 shots, which
proves to be more than enough to take into account of
the noise from statistic sampling for a 9-qubit simulation
[14]. The uncertainties (i.e. standard deviations) provided
on our plots are therefore exclusively related to the medium
field fluctuations arising from using a stochastic medium in
the MV model. With these in mind, we will present our
main results in the following.

A. Momentum broadening

Transverse momentum broadening is an important
observable to understand the evolution of the jet inside
the medium. We examine the square of the transferred
momentum Δhp2⊥ðΔxþÞi at various medium strengths of
g2μ, which simplifies to hp2⊥ðΔxþÞi when the initial state
has a zero transverse momentum.
In the eikonal limit, hp2⊥ðxþÞi of a single particle is linear

in time, and the proportionality constant can be interpreted
as the quenching parameter q̂. We have provided the
explicit expression in the chosen basis representation in
our previous work, as in Eq. (19) of Ref. [14].9 We will use

9Here, wewrite out the analytical expectation at the special case
of N⊥ ¼ 1 in order to compare with the simulation results. The
specialty of the phase space atN⊥ ¼ 1 is that the lattice UVand IR
cutoffs estimated in the usualway as λUV ¼ π=a⊥ and λTR ¼ π=L⊥
would be the same, then the analytical formula for general N⊥ no
longer hold. One should instead, treat the p⃗⊥ integral as a sum over
the full discrete space of p⃗⊥. In this way, we get

Δhp2⊥ðxþ; x ¼ a⊥mg=π; N⊥ ¼ 1ÞÞijon lattice

¼ CFg4μ̃2
1

ð2πÞ2
�

2

ðx2 þ 1Þ2 þ
2

ðx2 þ 2Þ2
�
Δxþ: ð21Þ

In analogy, the hp2⊥ðxþÞi for a gluon state replaces CF ¼ ðN2
c −

1Þ=ð2NcÞ by CA ¼ Nc in the above equation. For an uncorrelated
quark-gluon state, one should replaceCF byCF þ CA in the above
equation.
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the eikonal expectation to verify our simulation results in
the eikonal limit and examine noneikonal effects by
studying the deviation from them.
With the final jet probability distribution extracted from

the quantum simulation, we are able to reconstruct the total
transverse momentum of the jet, given as

hp2⊥i ¼ hψðLηÞjp̂2⊥jψðLηÞi
¼ Pjqihp2⊥ijqi þ Pjqgihp2⊥ijqgi; ð22Þ

where Pjqi (Pjqgi) is the probability of the state in the quark
(quark-gluon) Fock sector. With a zero momentum initial
state, hp2⊥i indicates the broadening effect exclusively due
to the medium. By comparison, hp2⊥i ¼ 0 in vacuum due to
momentum conservation. The periodic boundary condi-
tions of the lattice are taken into account when summing
the momenta of the quark and gluon state; see the
prescription in Appendix C of Ref. [20].
We first verify our method by keeping only the medium

interaction term in the Hamiltonian, VA ¼ VqA þ VgA.
This setup corresponds to the process in the eikonal limit
of pþ ¼ ∞, therefore the expectation value hp2⊥i should
agree with the eikonal expectation, e.g., Eq. (21).
Specifically, we assign the initial state as both a single
quark and a single quark-gluon state with total transverse
momentum p ¼ 0,10 and we put in the Hamiltonian VqA

and VgA separately and in-combined. We present in Fig. 3
the results of the final state hp2⊥i at various saturation scales
Qs. The obtained simulation results agree with the expected
eikonal analytical results. Similar to the single quark results
shown in our previous work [14], the hp2⊥i exhibits
increased uncertainty at larger saturation scales, which is
related to the larger Gaussian width in constructing the
stochastic background fields; see also on the background
field in Appendix A. In addition, the hp2⊥i starts to bend as
the saturation scale increases, as a result of the lattice
admitting a UV cutoff of π=a⊥.
We then perform the simulations with the full

Hamiltonian P− ¼ K þ Vqg þ VA. The eikonal approxi-
mation is relaxed by letting the jet state have finite energy,
pþ ¼ 1, 1000 GeV. We assign the initial state as a single
quark with p ¼ 0; kþ ¼ K, and use both the jqi and the
jqi þ jqgi Fock space for the simulation. The results of the
final state hp2i at various saturation scales Qs is presented
in Fig. 4. We have confirmed that the two simulation
treatments discussed in Sec. II B 2, the direct and the

alternating exponentiation, led to the same results. In the
figure, the results in the eikonal analytical limit in the jqi
and jqgi Fock spaces according to Eq. (21) are provided in
the dashed and dotted lines for comparison. We find that the
pþ ¼ 1000 GeV result overlaps with the eikonal limit for
the jqi with uncertainties taken into account11; this is
because both the kinetic energy and the gluon emission
contribution are highly suppressed at the near eikonal limit
(pþ ¼ ∞), and therefore the occupancy in the jqgi sector is
negligible.12 By contrast, the pþ ¼ 1 GeV result in jqi þ
jqgi lies between the two eikonal limits, whose deviation
from the single quark’s eikonal expectation indicates non-
eikonal effects due to gluon emission. A simple and
intuitive understanding is that the inclusion of the jqgi
sector enlarges the phase space, and as a result enhances the
momentum broadening effect [20].

B. Gluon production

With the quark jet formulated as a superposition of jqi
and jqgi states, it is interesting to study the gluon
production through the evolution. In particular, we study
the evolution of the probability of the jet in the jqgi sector,
i.e.,Pjqgi. The initial energy of the quark jet is pþ ¼ 1 GeV
to study the gluon emission. Furthermore, we examine the
distribution of the gluon’s longitudinal momentum fraction
zg. We obtain the zg distribution by performing projective
measurement on the jζi register. For example, with
K ¼ 7=2, we should have 4 different longitudinal modes
across the jqi and jqgi Fock sectors:

FIG. 3. The dependence of the momentum broadening hp2⊥i on
the saturation scale Qs, for various particles. The Hamiltonian
contains only the medium interaction, as specified in the legends.
The eikonal analytical results in the dashed and dotted lines are
given by Eq. (21).

10Note that for the quark-gluon initial state, we take pq ¼
pg ¼ 0. This means that in the transverse position space, the two
particles are maximally delocalized, so their correlation is
negligible; the exact correlation relation is derived and given
in Ref. [21]. For this reason, we use the uncorrelated quark-gluon
analytical result, as given by Eq. (21) with CA þ CF as the
Casimir, as its eikonal reference.

11For a fair comparison, all the simulation results in Fig. 4 used
the same sets of medium background fields.

12From the Hamiltonian matrix element(e.g., as in Ref. [20])
point of view, the Pþ is on the denominator in the Vqg term.
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jqðkþq ¼ 7=2Þi;
jqðkþq ¼ 5=2Þgðkþg ¼ 1Þi;
jqðkþq ¼ 3=2Þgðkþg ¼ 2Þi;
jqðkþq ¼ 1=2Þgðkþg ¼ 3Þi; ð23Þ

where the total longitudinal momentum quanta of each
mode is always K. The possible longitudinal momentum
fractions of the gluon can be read conveniently as
zg ¼ kþg =K ¼ f0.29; 0.57; 0.86g. To observe the proba-
bility distribution throughout the evolution time Lη on the
quantum simulator, the same simulation is repeated for
different xþ to extract the corresponding probability,
since the simulation stopped when a measurement is
performed.

1. Vacuum case

To better compare the medium corrections, we first
present the simulation of the initial quark jet in the vacuum,
which can be achieved by simply turning off the VA term in
the Hamiltonian while keeping the K and Vqg terms.
In Fig. 5, we show the total probability of the jqgi Fock

sector, Pjqgi, as a function of evolution time xþ with and
without the kinetic energy term, and using two different
coupling strengths, g ¼ 1 and g ¼ 10. The setup of having
only the gluon emission term Vqg (without K) in the
Hamiltonian, though not physical, is important to help
understand its effect. For the size of the problem being
simulated, it is also feasible to diagonalize the Hamiltonian
and obtain the eigenstates, therefore knowing exactly the
evolution of a given initial state. The quantum simulation

FIG. 5. Probability of the jqgi sector in the vacuum as a
function of the evolution time xþ with coupling strength (a) g ¼ 1
and (b) g ¼ 10 calculated using quantum simulators. The
Hamiltonian contains the gluon emission term, with and without
the kinetic energy term, as specified in the legends. Each curve is
obtained from both quantum simulations and classical diagonal-
ization, and the two are in agreement.

FIG. 4. The dependence of the momentum broadening
hp2⊥i on the saturation scale Qs, at (a) pþ ¼ 1 GeV and
(b) pþ ¼ 1000 GeV. The initial state is a bare quark with
p⃗⊥ ¼ 0⃗⊥. The results of the simulation in the jqi Fock space
is in the open triangle, and that in the jqi þ jqgi Fock space is in
the disk. The eikonal analytical results in the dashed and dotted
lines are given by Eq. (21).
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results agree with the diagonalization results, which help
verify our quantum simulation algorithm. In both cases of
g ¼ 1 and 10, the jqgi probability oscillates periodically
under just the Vqg term, but this behavior is broken with the
inclusion of the kinetic term, as expected. The effect of
including the kinetic energy term is akin to the existence of
an energy-dependent phase for different states, leading to a
decoherence effect when summing over states. Similar
behavior was seen in the classical simulations done
in Ref. [20].
The comparison between the results with g ¼ 1 and g ¼

10 is also interesting. In the pure Vqg case, the oscillation
frequency is proportional to g and the amplitude is 1. In the
Vqg þ K case, the amplitude of the decohered oscillation is
much larger with the stronger coupling. This is expected by
noting that the oscillation amplitude is approximately
proportional to the square of the ratio between the averaged
Vqg and the K terms [20]. We note that the oscillation
amplitude is small at g ¼ 1 in Fig. 5(a) for the lattice that we
are using. In principle, one can increase the lattice sizeN⊥ to
obtain larger oscillation amplitude; however, the simulation
would be more expensive. For the purpose of this work, we
will present our results using the larger coupling strength
g ¼ 10 in the Vqg term unless specified otherwise.
In Fig. 6, we present the evolution of the probabilities of

different pþ states, including the jqi sector and the different
segments of the jqgi sector characterized by the gluon
longitudinal momentum fraction zg. The jqgi modes with
the smallest zg dominate, as having a more rapid initial
growth and a larger oscillation magnitude compared to the
other two. Since we are simulating the spin nonflipping
case, we expect the distribution of the longitudinal momen-
tum fraction roughly proportional to the reduced splitting
function Pq→qgðzgÞ≡ 1=½z3gð1 − zgÞ2�, according to the
Hamiltonian matrix element. Note that this splitting func-
tion matches the leading order q → qþ g Altarelli-Parisi

splitting function [46–48], up to an integration measure
which has to be included at the cross-section level. We
numerically demonstrate a good agreement between data
and the reduced splitting function Pq→qg in Fig. 7, up to a
xþ dependent state normalization constant.

2. Medium case

The same observables can also be computed for the
case of in-medium propagation and directly compared to
the vacuum scenario, allowing us to visualize the mod-
ifications to the jet fragmentation pattern. In Fig. 8, we
present the probability of the jqgi Fock states for an
initial quark jet going through the colored mediums.13

Specifically, we used two sets of mediums with g2μ ¼
0.1 GeV3=2 and 0.2 GeV3=2. Note g ¼ 1 in the medium
term VA whereas g ¼ 10 in the Vqg term. Since the number
of momentum modes is small, the decoherence among
different modes is not sufficient to suppress the oscillation,
even at late times. It is therefore hard to conclude whether
the medium induces or suppresses the production of
radiation conclusively. At this level, it is then not possible
to fully comment on the relation between our numerical
results and the Landau-Pomeranchuk-Migdal (LPM),
which is known to determine the gluon radiation spectrum
in the medium [5]. Much larger lattices are necessary to
further investigate the effect, which is beyond our current
scope of study.14

FIG. 6. Evolution of the probabilities of different pþ states,
including the jqi sector and the different segments of the jqgi
sector characterized by the gluon longitudinal momentum
fraction zg.

FIG. 7. The probability of the quark state at different pþ
configurations (characterized by Fock sector and zg) in the
vacuum at selected time instances of xþ ¼ 2.5, 10.0 fm. The
solid lines are fits to the given functional form up to an overall
constant.

13Quantum simulation with two different strategies in
momentum-space and mixed-space are discussed in Appendix D
and their agreement is presented in Fig. 12(b).

14In a closely-related classical study using as large as N⊥ ¼ 16
and Nη ¼ 4, it is found that the gluon probability depends on
the medium strength and is enhanced at the presence of the
medium [21].
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In Fig. 9 we compute the splitting function in the medium
and compare it to the estimated vacuum splitting function
Pq→qg; see also Fig. 7. For the simulated time duration, we
observe that the in-medium data points are compatible with
the vacuum splitting kernel. Of course, the possible exist-
ence of deviations is shadowed by the small number of data
points and the unitarity constraint. We observe larger
deviations with respect to the quark probability, with the
medium leading to a suppression of the single quark sector.
Due to probability conservation, this indicates an excess in
the gluon production due to the propagation in the medium.
This is in agreement with previous studies, where it is
observed that the medium can promote the production of a
large amount of radiation at larger zg. However, under-
standing the origin of this radiation requires making a
differentialmeasurement in transverse space,which requires
a larger lattice to resolve the distribution.

C. Quark entropy

In our simulations we can directly access the final jet
state, and therefore easily compute the associated entropy.
Here we are particularly interested in computing the
entropy of the reduced density matrix of the single quark.
This provides a simple and straightforward way to under-
stand the role played by radiative corrections [49–52] in in-
medium jet evolution.15

In what follows, we study the von Neuman (vN) entropy
SvN of the quark component of the jet. At leading order in
the strong coupling, and using the single momentum mode
initial condition we consider in this work, it can be shown
that the quark entropy is related to the classical phase space
explored by the state [53]. Since for a single particle
hp2⊥ðtÞi ∝ q̂t, one has that entropy should grow logarithmi-
cally with time. However, once radiation is included, the
growth rate should increase.
The vN entropy of the quark component is defined as

SvNðxþÞ ¼ −Tr½ρðxþÞ log2 ρðxþÞ�: ð24Þ

The reduced quark density matrix is understood as being
averaged over medium configurations, i.e., ⟪ρðxþÞ⟫. This
averaging removes the medium’s degrees of freedom. For a
jet state in the jqi space, the single-event density matrix is
given by

ρðxþÞ ¼ jψðxþÞihψðxþÞj; ð25Þ

in which jψðxþÞi is the state vector. For a jet state in the
jqi þ jqgi space, we trace over the gluon degrees of
freedom,

ρðxþÞ ¼ TrgðjψðxþÞihψðxþÞjÞ: ð26Þ

In practice, at the level of the circuit introduced in Sec. II B 1,
this can be achieved by performing projective measure-
ments over the jζi ⊗ jgi registers, or equivalently taking
the partial trace of the full density matrix with parti-
al_trace in Qiskit [39].
We study the entropy of the jet state formulated in both

the jqi and the jqi þ jqgi spaces. In the single parton case,
the entropy is expected to behave as log2ð1þ axþÞ
according to Ref. [53], in which a is a parameter related
to the average transverse momentum square acquired due to
the interactions with the medium. In Fig. 10(a), we present
the simulation results for increasing lattice sizes ofN⊥ ¼ 1,
2, 4 at fixed medium strength g2μ ¼ 0.1 GeV3=2 and finiteFIG. 9. The probability of the quark state at different pþ

configurations (characterized by Fock sector and zg) in medium
with g2μ ¼ 0.2 GeV3=2 at selected time instances of xþ ¼ 2.5,
10.0 fm. The solid lines are fits to the given functional form up to
an overall constant.

FIG. 8. Probability of the jqgi component as a function of the
evolution time xþ with medium strength g2μ ¼ 0.1; 0.2 GeV3=2.
The result in vacuum is in the solid black line for comparison.

15Note that such a study is more complex when performed at
the level of the momentum broadening distribution discussed
above.
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energy pþ ¼ 1 GeV. We can see a larger entropy growth
with the lattice size, which is expected as the phase space
becomes larger. We also notice the apparent logarithmic
growth for the different parameter sets used as a function of
xþ. To further examine the dependence, we fit the data
points to the expected functional form above, using a as a
free fitting parameter for the different N⊥. Since a is related
to the average momentum transfer experienced by the
quark, one expects it to grow linearly with ðg2μÞ2, i.e., q̂. In
Fig. 10(b) we show the evolution of the fitting parameter as
a function of ðg2μÞ2 for the different N⊥ values considered.
Indeed, we observe that the evolution for each lattice is
reasonably described by linear regression.
When the gluon is included, the entropy can not only

grow due to momentum diffusion but also as a consequence
of the recoil experienced by the quark due to the gluon
production. As a result, one should expect a larger growth
of the associated von-Neumann entropy. We consider two
mechanisms in describing such growth.

The first possible mechanism is that including the gluon
production can lead to a larger effective q̂, and therefore a
larger value for the fitting parameter a. We test this
hypothesis by fitting the same functional form log2ð1þ
axþÞ to the quark entropy computed for the two-parton
scenario, and found that such a fit cannot properly describe
the results obtained from the simulation. This suggests that
for the quark entropy, the effect of having gluon radiation
cannot be reduced to having a larger effective value for q̂.
We then tend to the second possibility that the production

of radiation can lead to an accelerated entropy growth
reflected in the (anomalous) time exponent. To examine, we
consider the functional form log2½1þ ðaxþÞb�, with b > 1
to fit the simulation results for comparison. We present the
data points and the fits in Fig. 11, including both the case
where the jet evolves in the medium and in the vacuum.16

We observe that this functional form can properly capture
data points. The fitting parameters for the medium and
vacuum points are compatible and show that the gluon
production mechanism is dominant over the medium
effects, for the parameter sets used. However, we cannot
extract further dependencies of the fitting parameters due to
numerical limitations. As a result, it is not possible at the
moment to further pin down the physical meaning of the
fitting parameter values obtained. We leave further research
on this topic for future work.

IV. CONCLUSION AND OUTLOOK

In this work, we have implemented a digital quantum
circuit to quantum simulate the evolution of a QCD jet. We
implement the light-front Hamiltonian formalism and

FIG. 11. Entropy of the quark component SvN in the jqi þ jqgi
Fock space, in vacuum and in medium, with initial energy
pþ ¼ 1 GeV. The result in the jqi Fock space is plotted for
comparison. Medium strength is fixed as g2μ ¼ 0.1 GeV3=2. The
data point at xþ ¼ 10 fm is affected by the lattice boundary and
therefore not shown here.

FIG. 10. Entropy growth of the quark state in the jqi Fock space
with initial energy pþ ¼ 1 GeV. (a) Time evolution of the von
Neuman entropy SvN at various lattice sizes. (b) Entropy param-
eter a as a function of ðg2μÞ2 at various lattice sizes.

16Notice that for the single particle in vacuum, SvN ¼ 0.
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perform the real-time quantum simulation in the jqi and the
jqi þ jqgi Fock spaces. We have studied the total momen-
tum broadening of the jet, the gluon production, and the
von Neumann entropy associated to the quark state.
We find sizable noneikonal effects by comparing the total

momentum broadening of the jet in the jqi þ jqgi space at
finite energy, to that in the jqi space at the eikonal limit of
pþ ¼ ∞. The underlying physics is that the inclusion of
gluon radiation, which depends on pþ, enlarges the phase
space, and the medium interaction also interferes with this
process. Furthermore, when studying the energy distribution
of the gluon inside the jet, we recover the reduced vacuum
splitting function. When the medium is included, we cannot
observe significant modifications to the vacuum kernel, but
note that there is a larger amount of gluon radiation being
produced. We leave the interesting study on the closely
relatedQCDLPMeffect for futureworkwhen simulations on
larger lattices are feasible.
Finally, we compute the entropy associated with the

quark state, in both the jqi and the jqi þ jqgi Fock spaces.
In the former case, we recover the classical result for
momentum diffusion, in which the entropy grows loga-
rithmically in time. In the latter case, the entropy growth
accelerates significantly, mainly due to the production of
gluon radiation, irrespective of the medium being present.
Extensions of the algorithm presented here to include

higher Fock sectors, such as jqggi, are underway. We
note that including this sector would allow to perform
numerical calculations beyond known analytical results,
see, e.g., [9,54]. Another interesting avenue to be explored
regards to the transition of the prepared final state partonic jet
into a hadronic state, such as a pion state obtained on the
circuit [55].
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APPENDIX A: COMPUTATION OF THE
BACKGROUND FIELD

In this appendix, we present the computation of the
background field in both the transverse momentum and
the transverse position spaces on the lattice, as we have
implemented in the simulations. We follow the approach in
Refs. [19,20].
In the discrete basis space, the correlation relation of the

color charge density in Eq. (7) takes the form,

hρaðnx; ny; nτÞρbðn0x; n0y; n0τÞi ¼ g2μ2δab
δnx;n0xδny;n0y

a2⊥
δnτ;n0τ
τ

:

ðA1Þ
The sources generating the medium are stochastic random
variables with a Gaussian distribution on each site, with the
transverse indices nx;ny ¼−N⊥;−N⊥þ 1;…;N⊥ − 1, and
the layer indices nτ ¼ 1; 2;…; Nη. The charge density in the
momentum space is obtained by the Fourier transform
ρ̃aðkx; ky; nτÞ ¼

PN⊥−1
n̄x;n̄y¼−N⊥ ρaðn̄x; n̄y; nτÞeiðn̄xkxþn̄ykyÞπ=N⊥ .

The field equation as given in Eq. (9) is straightforward
to solve in the momentum space, then the field in the
coordinate space can be obtained by an inverse Fourier
transform,

Ã−
a ðkx; ky; xþÞ ¼

ρ̃aðkx; ky; nτðxþÞÞ
m2

ga2⊥=π2=N2⊥ þ k2x þ k2y
;

A−
a ðnx; ny; xþÞ ¼

PN⊥−1
kx;ky¼−N⊥
ð2N⊥Þ2

Ã−
a ðkx; ky; xþÞ

× e−iðnxkxþnykyÞπ=N⊥ : ðA2Þ
We write nτðxþÞ to indicate that the layer indices nτ can be
determined by the position of xþ in the entire duration of
½0; Lη�. For each layer, ρ is sampled independently, so the
resulting A− is uncorrelated across layers.

APPENDIX B: CONVENTIONS ON SU(2)
COLOR STRUCTURE

The SU(2) algebra is

½Jj; Jk� ¼ iϵjklJl; ðB1Þ

where ϵjkl ¼ 1ð−1Þ for even (odd) permutations of
fj; k; lg ¼ f1; 2; 3g, otherwise 0.
The generators in the fundamental representation,

denoted by T, are

T1 ¼
σX

2
; T2 ¼

σY

2
; T3 ¼

σZ

2
; ðB2Þ
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where the Pauli matrices are defined as

σX ¼
�
0 1

1 0

�
; σY ¼

�
0 −i
i 0

�
; σZ ¼

�
1 0

0 −1

�
:

ðB3Þ
The generators in the adjoint representation, the structure

constant ϵ, are

ϵ1bc ¼

0
B@

0 0 0

0 0 1

0 −1 0

1
CA; ϵ2bc ¼

0
B@

0 0 −1
0 0 0

1 0 0

1
CA;

ϵ3bc ¼

0
B@

0 1 0

−1 0 0

0 0 0

1
CA: ðB4Þ

These matrices can be efficiently represented by Pauli
strings when encoded to a 2-qubit register,

ϵ1bc ¼ −0.5iðσXσY − σYσXÞ;
ϵ2bc ¼ −0.5iðσYσI þ σYσZÞ;
ϵ3bc ¼ 0.5iðσIσY þ σZσYÞ: ðB5Þ

APPENDIX C: EVALUATION
OF THE PAULI TERMS

In this work, we will simply decompose the Hamiltonian
matrix into a sum of Pauli operators and then evolve them
in time. The efficient acquisition of the Pauli strings is
particularly important. For this purpose, we look closely at
the two implementations.

(i) Orthogonal matrix projection (omp)
The industry standard approach is to use the

orthogonal projection of the Hamiltonian matrix
onto each possible Pauli matrix. For any Hermitian
matrix H of size 2n-by-2n, the general decomposi-
tion [29] can be expressed as

H ¼
X
x

ωxðσxn ⊗ � � � ⊗ σx2 ⊗ σx1Þ ðC1Þ

≡X
x

ωxPðxÞ; ðC2Þ

where x ¼ xn � � � x2x1 is an integer sequence of
f0; 1; 2; 3g and σ0;1;2;3 ¼ fI; σX; σY; σZg is a collec-
tion of the Pauli matrices. All the nonzero weights
ωx ¼ 1

2n
Tr½PðxÞH� of the associated Pauli string can

be obtained. Despite recent efforts [56] taking advan-
tage of the properties of the Pauli matrices as well as
multicore parallelization, this method is generally
very inefficient in dealing with very sparse matrices
that we have in our mixed-space simulation.

(ii) Sparse matrix projection (smp)
Alternatively, one can directly evaluate the Pauli

strings for each nonzero matrix element17 using the
Boolean function operator fBði; jÞ [57]. For each
nonzero matrix element hij with i; j ¼ 1;…; 2n, its
related set of the Pauli strings PðhijÞ are

hijfBði; jÞ≡ hi;jð⊗n
k¼1 fBðik; jkÞÞ; ðC3Þ

where ik; jk ¼ 0, 1 is the k-th digit of the binary
representation of matrix index i, j and on a single bit
fB is

fBð0; 0Þ ¼
I þ σZ

2
;

fBð1; 1Þ ¼
I − σZ

2
;

fBð1; 0Þ ¼
σX − iσY

2
;

fBð0; 1Þ ¼
σX þ iσY

2
: ðC4Þ

TABLE I. Resource cost of evaluating various Pauli terms with both the orthogonal matrix projection (omp) and the sparse matrix
projection (smp) methods. We compare the computational time costs (in seconds) needed for the momentum-space (tP) and the mixed-
space strategies (tM). The respective sparsities (S) of the medium interaction matrix VA in each method are also provided. Numerical
benchmark results are performed on the same Ubuntu 22.04.2 LTS machine using 1 CPU core with 32.0 GB memory and an Intel i9
processor of 3.50 GHz. Ideally, both the omp and smp methods can be parallelized using multicore CPUs.

N⊥ ⌈K⌉ nQ tPompðsÞ SP
VA

tPsmp;Htot
ðsÞ tMsmp;KþVqg

ðsÞ tMsmp;VA
ðsÞ SM

VA
tMsmp;Htot

ðsÞ
1 2 8 14.86 2.44% 1.69 0.29 0.38 0.61% 0.67
1 4 9 82.30 1.78% 11.83 1.23 1.60 0.44% 2.83
1 8 10 501.20 1.03% 149.71 5.27 7.29 0.26% 12.57

2 2 12 -a 0.59% 20545.68b 111.67 174.21 0.04% 285.88
2 4 13 -a 0.44% 137278.40b 1921.39 3070.85 0.03% 4992.23

aUsing the omp method at N⊥ ¼ 2 takes an extremely long time, so they are not presented.
bWe used a fraction of the Pauli terms to estimate the total time because the full calculations are very expensive. Their true time costs

are expected to be much larger.

17The sparse matrix representation of the matrix elements for
each term of the Hamiltonian is easily prepared beforehand.
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Simply put, we evaluate each set of nonzero Pauli
strings as a tensor product of transition operators
between fj0i; j1ig. Then, the final Hamiltonian at
the end is a reduced sum of these Pauli strings. This
sparse matrix projection strategy works exception-
ally well for the mixed-space unitary evolution since
the sparsity of these matrices is well below 1%.

In Table I, we present and compare the resource cost of
evaluating Pauli terms with both approaches for the two
evolution methods in Sec. II B 2 in the paper. We can see
that the omp method does not scale with increasing
problem size. Within the smp methods, there is a consid-
erable advantage of the mixed-space representation over the
momentum-space representation, mostly due to the sparsity
and the diagonality of the VA terms. We notice that the
recombination of all the Pauli terms in the smp method also
becomes costly as the problem size increases.

APPENDIX D: CONVERGENCE ON Nη AND Ndx

The MV model that describes the background field is
formulated in the continuous limit ofNη → ∞, thus also the

corresponding analytical expectation on hp2⊥i. In numerical
simulations, one takes finite values ofNη, which can lead to
layer effects; seemore discussions inRefs. [14,21]. Here,we
use a sufficiently large value of Nη such that in the pþ ¼ ∞
limit, the quantum simulation result agrees with analytical
expectation in the Nη → ∞ limit.
We use Nη ¼ 4 for the results presented in the main

body of this paper. Here, we show the results of hp2⊥i
at various Nη in the eikonal limit of pþ ¼ ∞ limit In
Fig. 12(a), we show the transverse momenta at increasing
Q2

s and notice that our results agree with analytical results
even at Nη ¼ 1.
We also examine the convergence of the trotterization

step size Nt. In particular, we compare the in-medium
momentum broadening using the two simulation strategies
(momentum-space vs mixed-space) in Fig. 12(b) for a finite
initial quark energy, i.e., pþ ¼ 1 GeV. We can see that any
Nt could give reasonable results. At the value of Nt used in
this work Nt ¼ 16, the simulation result is within 1% of the
expected value.
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