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Single particle detection is described in a limited way by simple models of measurements in quantum
field theory. We show that a general approach, using Kraus operators in spacetime constructed from natural
combinations of fields, leads to an efficient model of a single particle detector. The model is free from any
auxiliary objects as it is defined solely within the existing quantum field framework. It can be applied to a
large family of setups where the time resolution of the measurement is relevant, such as Bell correlations or
sequential measurement. We also discuss the limitations and working regimes of the model.
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I. INTRODUCTION

Quantum field theory makes predictions about scattering
and decays of particles that can be measured. In contrast to
quantum optics and condensed matter, where low energies
allow very efficient detectors, high energy experiments
especially in the ultrarelativistic limit, cope with practical
limitations; e.g., not all particles are detected [1].

The textbook approach is based on the relation between
the transition probability between incoming and outgoing
particles and scattering matrix [2]. This is completely
nonlocal as the states are considered in momentum repre-
sentation. Exact modeling of real detectors is impractical
because of enormous technical complexity. Instead, sim-
plified models such as the Unruh-DeWitt model have been
proposed, involving an auxiliary particle traveling on its
worldline, imitating a detector [3—12], reducing the notion
of the particle to what a particle detector detects [13].
Such models were fine in the early days of high energy
physics when the actual low efficiency was not a particular
problem. It was sufficient to map the collection statistics to
the theoretical predictions about scattering and decays.
However, the Unruh-DeWitt and all existing constructions
are unable to model a ~100% efficient detection of a
single particle as a click [14]. The real measurements in
modern experiments have also to be localized in time
and space. First, Bell-type tests of nonlocality [15-19]
require time resolution and high efficiency, achieved in low
energy optics [20-23]. Higher energy attempts to make
similar tests have failed so far [24]. Second, sequential
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measurements cannot destroy the particle after detection,
allowing one to measure it once again. This kind of
measurement is useful to reveal incompatibility between
the measured quantities [25]. It is possible for immobile
solid state objects [26] and only recently for photons [27].
The high energy analogs are still awaited. In some cases,
one can use the spacelike momentum to suppress the
vacuum noise [28] but it does not help to increase the
efficiency.

In this work, we propose a different approach to
measurement models in quantum field theory. Instead of
auxiliary particles, we shall directly define measurement
Kraus operators [29], an element of positive operator-
valued measure (POVM) [30,31], within the existing
quantum field Hilbert space, replacing the old fashioned
projection, either in a direct manner or in the auxiliary
detector’s space. The Kraus operators are functionals of
already existing fields. We show that a properly defined
functional can correctly represent the measurement.
However, not all classes of such operators can serve as
single particle detection models. To detect single particles
(in a clickwise fashion), a nonlinear functional is necessary,
and it has a limited efficiency outside the safe energy
regime. The best option is a universal measurement of
energy-momentum density, which models an almost perfect
measurement in a wide range of parameters. The model is
able to map the outcomes onto almost dichotomic events,
with well separated absence and presence of the particle,
when a continuous flux of incoming particles arrives at the
detector. Although the model is in principle perturbative in
the detection strength, we are able to control potential
higher order deviation and identify the working regime.

The paper is organized as follows. We start from the
standard definition of generalized measurement operators,
mapping them onto the quantum field theory framework.
Next, we present several natural classes of such a meas-
urement, pointing out their weaknesses and advantages.

Published by the American Physical Society


https://orcid.org/0000-0001-6329-2328
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.056020&domain=pdf&date_stamp=2023-09-21
https://doi.org/10.1103/PhysRevD.108.056020
https://doi.org/10.1103/PhysRevD.108.056020
https://doi.org/10.1103/PhysRevD.108.056020
https://doi.org/10.1103/PhysRevD.108.056020
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

ADAM BEDNORZ

PHYS. REV. D 108, 056020 (2023)

Finally, we discuss the applicability of the models to the
Bell test and sequential measurements and confront them
with other options such as the Unruh-DeWitt model.
Lengthy calculations are left in the appendixes.

II. GENERAL QUANTUM MEASUREMENTS

From the obsolete projections, through auxiliary detec-
tors, modern quantum measurements evolved to a descrip-
tion that requires no extra objects. They are defined within
the system’s space by a set of Kraus operators K such that
STK'RK =1 and the state p after the measurement is
transformed into p/ = K p K" (no longer normalized) with
the probability Trp’ [29-31]. It is straightforward to
generalize it to a time sequence of operators K ;- Then

> IA(JIIA(, = 1 while the probability reads
Tk, - K pK}--- K. (1)

The choice of the sets IA(‘,- is quite arbitrary, but a continuous
time limit leads to the most natural choice, a Gaussian form
K(a) x exp(—A(a —A)? for some operator A and the
outcome a [32]. In quantum field theory, this definition
can be adapted by expressing A in terms of local field
operators (see Appendix A for the standard quantum field
notation conventions). What is even more helpful, Kraus
operators can also be incorporated into the path integral
framework and closed time path (CTP) formalism [33-35];
see Appendix A. The CTP consists of three parts: the
thermal Matsubara part (imaginary) and two flat parts
(real), forward and backward. We shall distinguish them
by denoting x, = x +ie for an infinitesimally small
real positive epsilon. Then the Kraus operators need the
field with the part specified, i.e., K(x) = K(x,), K'(x) =
K(x_); see details in Appendix A. In other words, K,
expressed by some field ¢(x), must be placed on the proper
part of CTP. For a moment, the relation between K and ¢ is
a completely general functional, and can be nonlinear and
nonlocal, but in short we will heavily reduce this freedom.
The simplest example is the Gaussian form

K(a) ocexp[ </f(x dx—a)z], (2)

ignoring the A-dependent global normalization. We can

adapt it to the path integral form, combining both K and K
into a single form, distinguishing the CTP parts

ocexp[ /IZ(/f P(x. dx—aﬂ, (3)

where f(x) is a real-valued function localized in spacetime
(nonzero only inside a finite region of the spacetime) such
that f(x,) = f(x_) = f(x) on the flat part of the CTP.

The apparent nonlocality of the above construction can be
removed by the Fourier transform

K(a) /dcf dé_elale—E)-(E+82)/44
xexp/if(x)(§+¢(x+) —E p(x))dx, (4)

which has an interpretation of two independent random
external fields &, for the upper and lower parts of the
contour.

We shall apply the measurement to the simple bosonic
field with the Lagrangian density

2L(x) = dg(x) - 0p(x) — m*¢p*(x). (5)

By Wick theorem [36], all correlations can be expressed

in terms of products of two-point propagators, (¢ (x)p(y)).
Simple, translation-invariant correlations read

W0)) = 2 [ Dol

with special cases defined on the flat part (Im x — 0)

exp/iﬁ(z)dz (6)

S(x.y) = (@)@ (ys)) = (@(x_)p(y-))"

B(x.y) = (¢p(x1)d(y-)).

C(x.y) = (Pe(x)pe(¥)).

G(x.y) = ((x2)y(y)). (7)
for 2¢p.(x) = ¢(x.) + ¢p(x_) (symmetrized field, classical

counterpart) and ¢,(y) = ¢(y4) — ¢(y_) (antisymmetric,
quantum susceptibility to external influence). Here S
is known as the Feynman propagator, C is the sym-
metric correlation (real), while G, the causal Green
function, is imaginary and satisfies G = 0 for y° > x,
and (¢,(x)p,(y)) = 0. To shorten notation, using the
translation invariance (also for complex times), we shall
identify X(x,y) = X(x —y) for X = S, B, C, G. Note that
using the identity F(x.) = F.(x)+ F,(x)/2 we get
B(x) = C(x) + (G(=x) = G(x))/2 and S(x) = C(x)+
(G(x) + G(—=x))/2. The function G is responsible for
causality; i.e., G(x) # 0 only if x-x >0 and x° > 0.

To measure the field in a vacuum we can define the
probability in terms of path integrals

pla) =7 / DK (a) exp / L)z (8)

where Z is the path integral normalization; see Appendix B.
The normalization of the probability can be checked by
the identity
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/ daK(a) = exp [—;< / f(x)qbq(x)dx)z} (9)

The right-hand side is 1 because ¢ (x| ) = ¢(x_) at the latest
time x° (they meet at the returning tip of the time path).

It is convenient to introduce the concept of the generating
function

S(r) = / dap(a)e™, (10)

which allows express moments and cumulants

, «an» — M

=0 d(’)()n ;(:0'

(11)

They are related, in particular,

(a*) = (oa®),
(a*h = (6a*) = 3¢a®)* (12)

(a) = (a),
(@) = (6a°),

for Sa = a — (a). Gaussian distributions have only nonzero
first two cumulants. It is helpful to introduce convolution
with a bare quasiprobability p. stripped from the pure
Gaussian noise depending on the strength of the measure-
ment A, namely

pla) = (24/x)2 / dae=a=p (a),  (13)

which leads to In S(y) = In S.(y) — y*/81 so only {a™)) =
{a™). for n#2 while {a?) = {a*).+ 1/4). We shall
mark with ¢ all averages and generating functions involving
p. to distinguish it from p. In other words, we can separate
the measurement statistics into the Gaussian detection noise
of the variance 1/44, divergent in the limit 1 — 0, and the
bare function that turns out to be a quasiprobability. It is
normalized and has well defined moments but lacks general
positivity.

In the case of our measurement, we have a Gaussian
function

S.(y) = Z / Depexp / iL(2)dz

<ep|=5 ([ 1 )|

X exp / 2 ()b (). (1)

Therefore (a) = 0 in the vacuum and

(a?). :Z/D¢exp/i£(x)dx

cewp| =5 ([,

. < / f(y)fﬁc(y)dy)z- (15)

Now, the term ¢(x, ) — ¢(x_) must be contracted with
some ¢(y) with y* > x0; otherwise, it vanishes. It leaves
essentially only a few terms:

(@), = / dxdyf (x)f(»)C(x — y)
—z( [ asirsws)6x —y>)2. (16)

Suppose now that we perturbed the vacuum. This is the
natural physical situation when a beam of particles is sent to
the detector. Let

exp/idz[,(z) — P[] exp/idzﬁ(z), (17)

where P denotes perturbation

Plg] = exp / ig(w)eby (w)dw (18)

by the shift of the field induced by g(w) (localized in
spacetime). In principle, we should discuss not only the
particle detector but also the generator. Since we prefer
to focus on the detection part, we stay at the minimal
description with the single perturbation function g. Almost
all the above formulas remain valid; i.e., probability has the
same g-independent normalization and is Gaussian. It only
gets the nonzero average. We calculate

S.(x) :Z/D¢exp/i£(z)dzexp/ig(w)qﬁq(w)dw

X exp H ( / f(X)¢q(X)dX> z]

X exp / 2 ()b ). (19)

The average is A-independent while the higher cumulants
remain unaffected:

(a). = / dwdyf(y)gw)iG(y —w).  (20)

As we see, the linear measurement gives simply Gaussian
statistics and cannot be used to model single particle
detection with the Poissonian clicks. Nevertheless, already
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the self-consistency of the above construction is a promising
signature that the approach by Kraus operators is correct.

A. Comparison to Unruh-DeWitt model

The original Unruh-DeWitt model [3,4] can be compared
with the Kraus one by taking f(x) = [ F(r y(7))de
for a certain worldline y along the proper tlme T, where Fis
not a function but another field with its own Lagrangian
part. Already in the Kraus model a trivial y(z) = (7,0, 0, 0)
would lead to the divergence of (20). It can be cured by
regularization [37-40] or by replacing f with another
auxiliary field [12]. In all these approaches one constructs
the indirect measurement involving only F and not the
original ¢. Therefore, our approach is a shortcut. Instead
of any auxiliary objects, one defines the Kraus functional,
depending not on fields but on the usual functions and
spacetime. In principle, one can map each type of the
Unruh-DeWitt model onto some Kraus form, but we claim
that starting directly for Kraus is simpler and makes further
calculation more manageable.

III. NONLINEAR MEASUREMENT

We shall define a quadratic Kraus operator and apply it
to the vacuum and continuous plane wave, showing that it
exhibits features of Poisson statistics in contrast to the
Gaussian linear case.

A. Quadratic measurement

Let us define Kraus operators in terms of path integrals

K(a) o exp [—z; ([ ropwoa-a)’|. e

which can be made local as previously by a Fourier
transform. Analogously to the field measurement, we
can write down the formal expression for the generating
function, namely

_z / Depexp / iL(2)dz
<exp| -4 ( [ st |

X exp / ixf(y)p2(y)dy. (22)

where ¢7 = (¢.)* + (¢,)°/4 and ¢ = 2¢.¢,.

Our aim is to calculate (") and show that for some linear
perturbation g, there exists a regime (some f) where the
distribution is Poissonian,

pla =nn) = e *a"/n!, (23)

proving approximate dichotomy a=0,7 from (a*(a—
1)?)~0. Poisson distribution has simple cumulants (11)

{a™) = an™ but they coincide with the moments for a < 1.
We will attempt to expand (a") in powers 4 and estimate the
upper bound for the higher terms of the expansion using the
Wick theorem.

B. The vacuum

We shall apply the quadratic measurement to the
vacuum. It is then useful to calculate moments,

(). = Z / Dep exp / iL(2)dz
X exp [-g ( / f(x)qsg(x)dx) 2]
< ([ roaoiy) (24)

expanding in powers of A. Problems arise when ¢?
contains two fields at the same time so, e.g., (¢*(x)) =
{¢%(x)) — oco. It must be renormalized, e.g., by subtracting
the counteraverage for a fictitious mass M — co. We can
subtract large masses, i.e.,

(@2(x)) = +Ze ($2(x)

where M; > m are large renormalization masses
(Pauli-Villars) [2,41] while e; are some numbers (e.g., =1)
not too large. The constant A is an unobservable calibration
shift. From now on we also make this shift in a, i.e.,
a—a—A[f(x)dx

In the lowest order of 4

=A, (25

m—»Mj

/ FOFO BB () dxdy.  (26)

Denoting f(k) = [ dxe™*f(x)/(2z)P*! with the help of
(P2(x)2(y)) = (PH(X)P2(y)) — (2 (x)p2()) /4

= {($*(x)P*(v_) + P (x )P (v,)) /2. (27)

we get (see Appendix C),

- / W(g)|F(a)dq (28)
with
7*(q- q/4 — m?)P-2/2g,,
VA’

for g - ¢ > 4m? and 0 otherwise. Here S;, = 22°/%/T'(D/2)
is the surface of a unit ball in D dimensions. It shows that
nonlinear fluctuations of the field need pair creation. For f

W(q) = (29)
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varying over time/length much larger than 1/m, they are
negligible, allowing low-noise measurement in the vacuum.

C. Measurement of the plane wave

We want the perturbation g to generate an enveloped
wave of a particular frequency, i.e., of the form

g<x) — eiproh(xl +L) +e—iEI)x0h*(xl +L> (30)

with a function A(y) localized at |y| < L and E, > m,

which should generate a plane wave in the x! direction. It
corresponds to a constant coherent flux of free particles in
the x! direction. Our measurement model is able to capture
single particles in the flux in contrast to the vacuum and
its fluctuations. The effect of the perturbation can be
described by

G,x) = [ drGtr=)gly) 61)
in the limit L — oo, where it reads (see Appendix D)
G,(x) = 2ilmAelPk'=iE,’ (32)
or equivalently
Gy(x) = Gy (x) + G,_(x),
Gy = (IA; £ A,)eTiP™, (33)

for p = (E,.|p|.0,0) and 2A = h(—|p|)/|p|.

For a linear perturbation g we can now determine the
measurement statistics, inserting (18) into (24).

The measurement function f(x) will vary at the scale
much longer than 1/E,. Defining

F(x) = ZejFiP"‘F;(X), (34)
¥

for F = G, C, S, B, and expanding k = k' F p in (B16) for
small £/,

dk "
C+(x) = /5(2k’ - p)et

2(2x)P
idk' eik’-x
G(x) = Qo) T F2p K, (35)
explicit calculation gives
B, (x) = 8(x+)5(x"v — x")/2E,,,
Co(x) = B (¥)/2,
G=(x) = £0(x°)B, (x),
55(x) = O(£x)B, (x). (36)

G
g+ f ; 7 .
g By 'y
g Gg7 ¢ -
f —
FIG. 1. A chain of propagators G, S, and B. The arrow points

into the time direction while positive and negative imaginary
sides are denoted by + and —, respectively.

and B_ = 0 with x* = (x?,x%,...) and the speed of the
field v = |p|/E,, (in the units of the speed of light). This is
a very intuitive physical picture since the dynamics is
concentrated on the lines of the propagation at constant
speed v.

In the lowest order of g, the average {(g¢)(9¢)(fp?) - -
(f¢?)) turns out to be a sum of Feynman graphs with part
of the vertices on the + side and part on the — side of CTP;
see Fig. 1.

We shall now express the first (a"),, n =1, 2, 3, 4 in
terms of the just derived functions in the lowest order of 4,
and we get

n

(a"). ~2E ,|A|? / dx(/ dxf (x0, x! + Uxo,xL)/Ep> .
(37)
where we used the shift x! — x! — vx? in the integrals. The
factor 2E,, appears because each ¢* contains 2 fields ¢
giving 2 per vertex and 2" in total. On the other hand,
2¢% = p?(x,) + ¢p*(x_) so we get a factor 27" to cancel
out with the above one. Each line (S, and B, ) has the
factor (2E,)~" giving (2E,)'™" in total. For n vertices we
have all possible decompositions into n, and n_ =n —n_
vertices with n, = 0---n. All combinations give the total
factor (1 4 1)" = 2" (by the binomial formula). There are
no additional factors n.! because these factors cancel out

[n. permutations cancel out with 0(+x") ordering].
To get the Poisson statistics, it is sufficient that

n ifxev

0 ifxegV’ (38)

/abcof(xo,x1 + vx* xH)/E, = {

where V is a certain volume in D dimensional space. In
other words, we need a constant integral of the measuring
function f along the line of speed v, i.e., x! = vx° (see
Fig. 2). We have also a = 2E,|A|?V. The approximation
is valid as long as the variation length scale of f, say 7, is
much larger than the wavelength 1/p, ie., pZ>1
(see Fig. 3).

Finally, higher order terms in the A expansion will
contain ¢7 = ¢*(x,.) — ¢*(x_). Fortunately, in our approxi-
mation (36) these terms cancel. This is because inserting
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FIG. 2. Projecting of the measurement lines onto the
D-dimensional spatial base.

| 4 f 1

£ i

| | X

1 1 /p | .

FIG. 3. Length scales in measurement. The wavelength 1/p is
shorter than the variation length # of the envelope function f.

q
.—0—(1)—0——"_\ N
1 NG

FIG. 4. Approximate cancellation of disturbances caused by the
measurement. The insertion of ¢2 at x, and x_ in the chains of
propagators (36) on the line of propagation gives two exactly
opposite terms.

such points in the existing graph gives always two opposite
expressions (see Fig. 4).

D. Perturbative estimates

We shall calculate (a) including order 4. In the leading
order

(a) = 2|A|2/dxf(x0,x1 + o, xh) :2|A|2/dxf<x)

FIG. 5. The Feynman-Schwinger graph contributing to the 4
correction to (a).

because the shift is irrelevant. This result is exact in the

leading order, 29, Now, the next order term A would be 0 if

we make our approximations on G, S, B. To find a nonzero

contribution, we need to estimate the lowest deviations.

The Feynman-Schwinger graph is depicted in Fig. 5.
The deviation of G reads

dk K - k/eik/-x

865007 | e iy K

(39)

for K = k"'|p|/E, and 0 = d,. Hence,
AG+(x) = 0-9[0(x")x"B  (x)]/2iE,,. (40)

The derivatives can be moved to f so the graphs will

contain products (df)(aff) or (df)ff.

We shall estimate the corrections for

f(x) = FIo(x" = x'/v = w(x))I(x), (41)
where Iy(t) = 6(1)0(Lo — t) and

ifxeV

!
1(x) = {o ifxgV (42)

of linear size L for some function (measurement start time)
w defined inside V. In this case, the derivatives are nonzero
only on the boundary. In the case of two first derivatives, it
gives essentially a product of two § functions, pinning f to
the boundary. It turns out that the case of the second
derivative is actually of the same order. Formally we would
get & which is infinite, so in both cases we need to
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regularize @ functions. Let us assume that 6 and / change
from O to 1 smoothly over the distance # < L, L. The total
correction to (a) is ~A(a*)oLy/L¢E, since the numerator
contains also x° ~ L. Therefore, the Poisson statistics will
be a good approximation in the limit > < E »CL /Ly with
n = FLy/E,. On the other hand, the detection noise cannot
blur the distribution giving another constraint 1 < A(an)?.
If we want maximally a single click, then additionally
a < 1. Summarizing, the single click statistics occurs if

l<a? < <CLE,/Ly. (43)

Finally, the previously calculated vacuum fluctuation
should also be small. They are almost completely negli-
gible (exponentially) if mZ > 1; i.e., the measurement
shape function varies over scales impossible to generate
pairs of particles. However, in the massless (or low mass)
case, the fluctuations are estimated by W ~ (g - ¢)(P=3)/2
giving |g|~1/¢, i.e., (a*)o~*2PF*(0) and f(0) ~VFLy.
At D =1 they are actually divergent logarithmically with
the shrinking mass m. For D> 1 we need also
VE,/¢P~! < a. Together with the previous condition it
implies ZLE,/Ly> 1> VE,/¢P~" which gives the
impossible requirement £ > VL, /L. The reason for this
failure is that ¢” is not a conserved quantity and the
measurement can easily change it locally (above the mass
threshold). We shall resolve this problem by replacing ¢?
by the conserved energy-momentum density 7,,.

IV. ENERGY-MOMENTUM MEASUREMENT

We shall modify the previous simple quadratic meas-
urement replacing ¢»* by energy-momentum density, which
is still quadratic in ¢ but the additional derivatives turn out
to suppress unwanted noise in the high energy limit.

A. Energy-momentum tensor

Energy-momentum stress tensor by Noether theorem
reads

o
~ 9(0,9)

uw

P~ L (44)

with @ = ¢**d, equal in our case

T = d'pd § — ¢ (¢ 0, p0ep — m*¢?) /2. (45)

We define the energy-momentum measurement

K(a) « exp {—A; ( / Fou ()T (x2)dx — a) 2] . (46)

which is normalized in the same way as the field, with
symmetric f,, = f,,. The generating function reads

FIG. 6. Loops and chains in the graphs involving energy-
momentum tensor. They vanish if solely T, (not 7';) appears in a
loop/chain.

X exp {-% ( / fm,(x)TZ"(x)dx> T

X exp / ()T (). (47)

where we denoted T%"(x)=TH(x,)—T"(x_) and
2T (x) = T*(x,) + T*(x_). Note also that

ZTZU (X) = 0M¢Cap¢q + aﬂ¢qay¢c _gﬂy(ad’c ' a¢q _m2¢c¢q)a
Tl:‘y(x) = 0’4¢60p¢c _glw(aqﬁc : a¢c _m2¢%)/2
+aﬂ¢qay¢q/4_gﬂu(a¢qa¢q_m2¢$)/8 (48)

As in the case of ¢?, the calculations involve correlations
of the type ((g¢)---(9¢)(fT)---(fT)). However, there
are dangerous contact terms to be regularized by fermionic
ghosts [2,42] (see Appendix E). Fortunately, once identi-
fied, we can basically forget about ghosts, and just
keep the unitarity constraints when calculating loops,
(T,(x)T,(y)---T,(w)) =0 as a calculation rule if only
T, are involved. Basic examples of graphs involved in our
calculations are depicted in Fig. 6. From now on we shall
subtract the zero-temperature average from 7, i.e.,
T — T —(T),, as it is unobservable and contains the
renormalization parameters, and we are interested only
in the noise and sensitivity of the detector to the incoming
particles. By this shift (7)) = 0.

B. Measurement of the vacuum

In the lowest order of 1

(@) = / F(6) e () (T2 (1) T2 (3))dlxdy — (49)
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analogously to the ¢?. We get (see Appendix F)

XHen(q)W(q)
(q-q)*(D+2)D

(@), = / dqF(@)Fer(~a) (50)

with [43]

X#9 = P(g*q" = (q-9)9")(4°q" = (- 9)¢*")
+R[(¢"q" = (q- 9)9")(¢°¢" = (¢ - 9)g*)
+(¢"¢* — (q- 9)¢°) (" q" = (q- 9)g™)],

P=m*+(D+ )m*q-q/2+ (q-q)*(D*>-3)/16,
R=m"—m?q-q/2+ (q-q)*/16, (51)

and W defined by (29). The case D = 1 is degenerate (see
Appendix F).

C. Poisson statistics

We can adapt most of the results from the ¢? replacing f
with f,, and adding factor p*p” from T in (37). Then,
e.g, n=[dx’f,(x° x" +vx0 x+)ptp*/E,. Replacing
further F with F,, in (41) we have n = F,,p*p"Ly/E,,.
We only need to include deviation from derivatives in 7 that
can act on variables in f considering a potential disturbance
(the ~A term). Fortunately, if, say, F,o = F and O otherwise
(assuming we measure energy density, not momentum),
their contribution to the disturbance is negligible, and we
stay with (43).

What is qualitatively different, vacuum fluctuations
remain small in the massless limit. From our above
discussion we have then (a?) ~ £#-2(P+1) F2(0). If we want
£~P1F < an, then V/£PTE,, < a. In contrast to the ¢
case increasing E, helps to satisfy this and the other
requirements, due to the fact that we work with the
conserved quantity.

V. CONCLUSION

We have presented a self-consistent measurement model
suitable for high energy particle detectors. Defined com-
pletely within the existing framework of quantum field
theory combined with POVM and Kraus functionals, it
allows one to identify a particle as a click with almost
perfect efficiency, in contrast to the Unruh-DeWitt model.
The presented examples stress the importance of non-
linearity and connection with conservation principles to
choose a proper Kraus functional. The strength of the
measurement, parameter A, must be neither too low, to keep
the detection noise small, nor too high, to keep the
backaction small. Only an intermediate regime, depending
on the energy, time, and length scales, allows ~100%
efficiency of the detection. Although we analyzed a simple
bosonic field, the ideas are quite general and can easily be
extended to fermions and compound particles. The actual

form of the correct Kraus functional can be inferred for the
actual experiment by calibration. Assuming some restricted
family of parameters, they can be determined in diagnostic
tests and later used in other experiments. In more compli-
cated gauge theories, one can still use Kraus functionals in
a perturbative fashion as their positivity is just a formal
expectation, to be restored by, e.g., families of renormaliz-
ing ghost fields as we did in Sec. IVA and Appendix E.
We believe that further work on such models will help to
establish a Bell-type family of experiments in the high
energy regime, identifying the main technical challenges.
One can also explore completely different detector’s
functions f, e.g., an analog of an accelerating observer
as in the original Unruh model or a sequence of measure-
ments. Note also that our model is a theoretical idealization
and it may need practical adjustments taking into account
specific experiments.
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APPENDIX A: CLOSED TIME PATH
FORMALISM

We shall summarize the notation in the quantum field
theory of a scalar field, in D 4+ 1 dimensions (D spatial
dimensions and 1 time, with D =3 in full space but
also D =1 for simple illustrative cases) x = (x* = ct,x),
with time ¢, speed of light c¢. and spatial position x =
(x',...,xP). For simplicity ¢ = 2 = 1. We denote partial
derivatives d, = d/dx* and Minkowski scalar product A -
B = A*B, = A¥g,, B* with flat metric ¢ = g,, =1 for
u=v=0,¢9"=g,=—lforu=v=1---D,and ¢ =
9w = 0 for u # v. Real scalar field (Eﬁ(x) with conjugate
field 7(x) obeys commutation relation

[d(x). 2(y)] = i6(x ~y)

for [A, B] = AB—BA. The relativistic field Hamiltonian
reads

(A1)

A

H=/dx(ffz(xH|V$(X)Iz+m2$2(x))/2- (A2)

Here the V term is, in fact, a sum of partial derivatives

V()P = (9;0(x))>. (A3)
j=1

The Heisenberg picture transforms the field with time

A A

P(x) = ef(x)eif, (A4)
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Translation into path integrals gives

(®'| exp(—iH1)|®) = /D¢exp/i£(x)dx (AS5)

with p(x* =0,...) =@ and p(x°=1,...) =
the Lagrangian density £ is given by (5).

For the fermionic fields, here used only to generate
renormalization counterterms, one has to replace commu-
tator [, 7] in (A1) by anticommutator {¢, #} = 7 +7 ¢
and introduce Grassmann anticommuting fields ¢ in path
integrals, i.e., (x)p(y) =—d(y)p(y), [dp=0, [pdp=1.
The complications, including the s1gns and order conven-
tions, are thoroughly described in the literature [2].

Time flow over the Schwinger-Kadanoff-Baym-Matsubara
CTP [33-35,44-47] is parametrized #(s) [optionally with a
subscript indicating the specific point in spacetime, x°(s,)].
The real parameter s € [s;, 5] must satisfy dt/ds # 0 and
Imdt/ds <0, the jump ¢(s;) — t(s;) = i for f=1/kgT >0
(inverse temperature); see Fig. 7. For fermionic fields, the
jump is accompanied by the sign reversal for each field. In
the case k3T — 0 we have #(s-) — Zico. For convenience
the flat part splits into t - 1. = #(s) =+ ie (¢ > 0, a
small positive number going to 0 in the limit) and x; =
(ty,x) with s, < s_.

We use the derivative rule: dy =
differential dx = dx%dx" - - -

@', where

(dt/ds)~'0/0s and
dxP with dx° = (dt/ds)ds and

S(x—y) = 8(x" =y")5(x! —y')---6(xP = yP)  (A6)

A

Im ¢
‘|‘i€, S+ Ret
e 5 % lo, So
Im ¢

+-i€, Sy : Re ¢

—1€,5_ to, So

t; — —100
is; — 400

FIG. 7. The time path in the CTP approach in the case of finite
temperature § = 1/7. At zero temperature, the shift f stretches to
infinity with #; — +ico, t; — —ico.

with 8(x° — %) = 8(s, — s,)/(dt/ds)|,_ _, . These rules
allow one to establish the full compliance of CTP with
perturbative relativistic quantum field theory [48,49].

APPENDIX B: TWO-POINT CORRELATIONS

With the definitions in Appendix A and Eq. (5) one can
calculate all relevant quantum field theory functions, i.e.,

BERBD) ) = (THRIG) )
_z / Dd(x)b(y) exp / iL(z)dz (B1)

with
= /ng exp/ iL(z)dz, (B2)
where 7 denotes ordering by s, i.e.,
A d(xX)p(y) if s, > Sy
Tp(x)g(y) = { " (B3)
P()p(x) if sy > s,

Since the formal path functional is Gaussian, all corre-
lations split into these simple second-order correlations
(Wick theorem [36])

n/2

((x1) - =2 "/ZZ H Xo(n/2+/)))

(B4)

for even n while 0 for odd n, summing over all permu-
tations. For the fermionic field, one has to include also the
permutation sign sgno. In the case of linear perturbation,
we often use the identity [ dae 2% +04 = (z/2))'/2eb* /8,
Applying functional derivative

Sp(y)  /op(y)
S(x—y) =7 < >
¢(x) ¢(x)
() .
/ ¢5 e / iL(2)dz  (BS)

and integrating by parts

=)z = [ Dogly) [

- / Depic(y)(0 - 0p(x) + m2¢p(x))

dw exp / iL(z)dz

xexp/iﬁ(z)dz, (B6)

we get
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(90,0, + m*)(p(x)¢(y)) = 6(x—y)/i  (BT)

with the derivative over x. The equation can be solved by
Fourier transform in x and y, i.e.,

dk .
1) = [ Gommeta ) (B8)
with the standard scalar product k-x = > 2 k/x/. We

obtain

(3000 + k -k + m?) (p(x°, k) p(y°, q))
=8(x? = y0)o(k — q)/i (B9)
with the standard &(k —q) = 6(k!' —q') - 5(kP — ¢P).
This is a simple linear equation with the solution
e$z|x —Y|E
(p(x°, k Z +olk—q) 5 (BIO)
with E;, = vk -k + m? and
X0 —=y0 if s, >,
W0 -y =" 77 Y. (Bl
y? —x%  otherwise
In the zero-temperature limit f — 0 we get
(k). q)) = 6k — g)e~™"1E (B12)
Equivalently
+dk . Filx"=)°|E;
N=¥ [ e e @1
27) 2E,< 1 — eTPE
or in the zero-temperature limit
dk ik [0 0
= [ ik~ E (Bl4
W) = [ 55 G e (B14)
The special correlations read
kdk ., ¥
Z/ 2 D2Ek 1 —eFPE
Z / kdk ., e
2 D2Ek 1 — eTPE
. cos(xVEy)
C(x) = ihe-x , BI5
(x) = / (2n)P2E, ¢ tanh(PE,/2) (BL3)

with |x°| reduced to the usual absolute value and zero-
temperature limits

ikx p—ilx°|Ey

dk
sw=[ 2E2m)P ¢
: pik )

:/(2:)”;+1k-k—m2+ie’
Blx) = / 2E:(”2€n)06
dk

‘/@@

C(x) = /(2”;[#2& e®* cos(x°E})

ik-x ,ixE;

8(k - k — m?)e*g(k0),

- /2(;};)0 o(k -k —m?)e’™,
G(x) = /41'Ekg€ﬂ) e®* sin(x"Ey)

idk elkx
_ B16
i (B16)

The causal Green function is independent of temperature
and defined only for x* > 0 while G =0 for x-x <0,
where k% = k° — ie (¢ — 0, as previously is necessary to
make the integrals well defined).

Convenient substitution k = kn where n is a unit vector
and k = msinhn > 0. Then E;, = mcoshn and dk/E; =
dn(msinhn)P~'dny (in D =1 we have Y,_,, instead of
J dn). Then

(msinhn)P~dndu

gimsinhnux ,—ilx%|mcoshn

@uwm»=/

2(2x)P
(B17)
For x!P = 0 we have
(porpio) = [ T i, @)

The integral [du = S, is the surface of the D — 1 unit
sphere (embedded in D dimensions). In particular, S; = 2,
S, = 2x, S5 = 4z, or in general Sp, = 27°/2/T(D/2) [I'—
Euler Gamma function, here I'(1/2) = z'/2, (1) = 1, and
['(z 4 1) = zI'(z)]. Substituting w = coshy we get

/mD_l(w2 - 1)P2" dwdu
2P7P21(D/2)
mP=D2K 1) o (i]x0|m)

= (Zn)(D+1)/2(i|xO|)(D‘l)/z : (B19)

—i|x0|mw

By Lorentz invariance and analyticity we can write in
general
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mP=D2K 51y (my/=x - X)
($(x)¢(0)) = (zﬂ)(DH)(Z(l_)/;.x)(D—l)/ét

(B20)

with the complex square root defined so that the real part is
positive. The divergence at x = 0 is removable because we
can make an infinitesimal shift in the imaginary direction.

We shall list the special cases in the zero-temperature
limit [50]. Case D = 1:

c( )_{Ko(m —x-x)/2r for x-x <0,

—Yo(my/x-x)/4  forx-x>0,
G(x,y) = —iJo(my/x-x)/2 forx-x>0 and x°>0.

(B21)

Case D =2. Taking into account that K/, (z)=

e™%\/m/2z we can write
exp(—/—x - xm)

(BIO) =—4 == (B22)
or, in particular,
__C
C(x) = poy rae
C'(x) = exp(—my/—=x-x) forx-x <0
X){—Sin(m X x) forx-x>0
_ cos(y/x - xm)
G = v (B23)
for x* > 0 and x - x > 0.
Case D = 3.
(D)) = |5 K1 (my/=3 ).
__mCx)
C(x) = Yy ek
C'(x) = {2K1(m —x-x) forx-x<0,
X) = 71:Y1(m x-x) for x-x > 0,
_imJ (y/x-xm)  8(x-x)
= (B24)

with only the last term in the m — O case.

The m — 0 case. By expansion of Bessel functions, we
have for D =1

=27{p(x)(0)) - In(—x-x)/2 +1In(m/2) +y (B25)
with the Euler-Mascheroni constant y and G(x) — —i/2 (for

x% > 0 and x - x > 0). One encounters infrared divergence
of correlation at small k and m — 0. For D > 1 we have

BEHO) ~ . (820
For D =2.
G(x) = 1/2zi/x - x,
C(x) » 0(—x - x)/4rm\/—x - x. (B27)
For D = 3.
G(x) = 8(x - x)/2nxi,
C(x) » —1/4n%x - x. (B28)

Since C diverges at x - x — 0 (also for m > 0), we have to
calculate it as a Cauchy principal value.

APPENDIX C: VACUUM FLUCTUATIONS

Here we present the details of the calculation of (28). We
begin with

(@), = / dkdpF(k + p)F(~k — p)O(R)O(p")

x 87%5(k -k —m*)8(p - p — m?). (C1)
Note that k and p are forward, i.e., k- k, p- p > 0 and k°,
p® > 0,50 g = k + p is also forward. On the other hand,
forward ¢ and timelike k, p are not sufficient to keep both k
and p forward; see Fig. 8.

Replacing k + p = ¢ and shifting p, we get

/ dgdpf(q)f(-q)0(q°/2 + p°)0(g°/2 — p°)8x?

x8((q/2+ p) - (q/2+ p) —m?)

x5((q/2=p)-(q/2~ p) —m?). (C2)
Note that
A 0 »
5/ i/
1.D_
FIG. 8. Relation between k, p, and g showing that timelike

p = q — k is not necessarily forward, even if k and ¢ are.
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8((q/2+ p)-(q/2+ p) —m?)
x8((q/2+ p) - (q/2+ p) —m?)

=6(2q-p)s(q-q/4+p-p—m?), (C3)

which gives fixings ¢-p =0and ¢-q/4+ p-p = m?.
We need to calculate W(g) equal to

/dmm¢Wz—m%wequw‘W4+p-p—m%m,

(C4)
but due to Lorentz invariance, we need to do it only for
g"? =0 and ¢° > 0, which is the easiest. Then p° =0

and by substitution |p| = p it reduces to

Finally putting p =
Vq - q, we get (29).

(¢°)?/4 — m? and replacing ¢° —

APPENDIX D: PLANE WAVE GENERATION

We shall derive the causal Green function in the limit of
oscillating perturbation that generates a plane wave. We
define

G,(x) = / dyG(x,y)g(y)

ak
[ gy — T ) in (20 — yVE o).
/yO<xo ViEap e sl =yDE)ly)

(D1)

/ﬁD—lstﬁ5(<q0)2/4 — P —m?)/ag.  (c5) We first integrate over y>3-. while substituting y* = x* —,
and y' =y — L getting
|
dk ) pikL — —iE, (0=
dtdy- e' KL sin(tE) (e™Er =0 h(y) + e E" =D p*(y))
>0 iE.(2n)
dk . . L L I o
_ / . dtdy Ek(4ﬂ> ezk(xl—y)etkL[(ettEk+tEp(x0—t) _ e—ttEk+tEp(x0—t))h<y) + (eltEk—zEp(xo—t) _ e—ztEk—qu(xo—t))h* (y)] (DZ)
>

with k being a one-dimensional variable and E; =

Vk* + m?. We integrate over ¢ with damping factor e=%+’. Then

dk
%@_/@w>

with (k) = [dyh(y)e~™. For large L the factor e/

Exceptions are the first and last denominators at £,

elEl,x elpr » e—tE,,x e iE, x »
ek(L+at) - h(k)+ - h* (—k)
0, —iE, +iE, O, +iE+iE, 0, —iE,—iE, 0, +iE,—iE,

(D3)

is quickly oscillating while the other functions vary slowly.
~ E, as they diverge. Only in these cases, we make approximations

E, — E, ~ (k| - |p|)|p|/E, for |p| = \/E} — m*. The integral concentrates only near two peaks at k = £|¢| so we can

calculate

et h(£|pl)

ik(L —
Z/4HE [0+ +ilpl(lp| F k)/E,

“rCh(E|p|)

e Bt (% |pl) ]
0, —ilpl(lp| F k)/E,

_Z/ k(L") { ¢ _
4nlp|© 0, +i(lp| F k)

The integral over k can now be calculated using residues,
giving

2|plGy(x) — eEr'=irk h(—| p|) — &P =TE" i (| p|)
(D5)

equivalent to (33).

fww@mq D4)

0, —i(|p| F k)

APPENDIX E: CONTACT TERM PROBLEM
IN ENERGY CORRELATIONS

For the normalization (1), = 1 (unitarity) to hold, we
expect (T%(x)T5'(v)) to vanish because any quantity
A, (x) = A (x) —A_(x) should cancel the correlation if

x% is the latest time. For y =v =& =15 = 0 the above
expression will contain the term
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(0%0yG (x.))(0205G (. X)), (E1)

which indeed is 0 for both x° > y* and y° — x°. However,
something strange happens at x° = y°. Then taking the
definitions of G we get

ANG(x,y) = /i(;]:)D e® =) cos((x0 —yO)E,)  (E2)

for x° > 1%, and 0 for x° < y°. Unfortunately, there is a
discontinuity at x" =% which gives 020G(x,y) =
i5(x —y). As a result, we get 8 (x —y) = 8(0)5(x —y),
with §(0) undefined, formally divergent to +oo. The
problem persists at higher (arbitrary) order correlations
since we get, e.g.,

S(x = y)8(y —2)8(z —w)d(w — x)

= 8(x = y)8(x = y)8(y — 2)3(z — w)5(0)  (E3)
again diverging. To cure the problem, we need an auxiliary
independent renormalizing field ¢,,, but with a large mass
M — oo, and construct 7%/ (x) by replacing m — M and
¢ — ¢y. Unfortunately, ¢, must be anticommuting
(Grassmann, fermionic). More precisely, there are two
fields ¢y, (x) and ¢3},(y) but they anticommute, i.e., AB =
—BA for A, B = ¢y (x,y), ¢, (x,y). The field is called a

ghost because it is not physical [42]. The renormalizing
Lagrangian density reads

Ly (x) = 0y (x) - 0y (x) — m** (x)p(x) ~ (E4)

with the energy-momentum tensor

Thy(x) = 030" by + 3,0 b
- g;u/ (gm—ao'd)?l/[a‘r¢M - M2¢7VI¢M) (ES)

The basic correlations read (¢, (x)¢y(y)) = 0 and

(B (D)) = / (2”;‘7"2Ek<>

e—i‘xo—yo‘E,( eilxu_)'olEk
X <1 T 1+eﬂEk> (E6)

with the zero-temperature limit

dk

T k() pmilA® O IE, E7
(27[)D2Eke e (E7)

(BB (v)) = /

The Wick decomposition includes now the sign of the
permutation

(a1 (1) -~ g () e (v))
= > seno (B (%o )b (1)) - ( Py (o) Brr (7)) -

(E8)

Now, because of the opposite sign of the permutation
we get

(Thty () T3ty (0) = ~(TF(NTF (). (E9)

so let us modify 7 by

T (x) —» T (x) + T, (x) (E10)
in our Kraus operator. Then what we get is
(T4 ()T () = 0. (E11)

Note that finite M would also add some correction to terms
containing 7%" (which do not spoil unitarity, though) so we
keep the limit M — oo.

APPENDIX F: ENERGY-MOMENTUM
FLUCTUATIONS

We define

Fulk) = [ dxe*spu(o/@ap ()
and note that

(TE()TE(v) = (T¢ ()T (7)) (TG (1) T3 (v)) /4
= (T (x )T () + T (x )T (v4))) /2.
(F2)

Using B(x,y) and B(y, x) we get

(@), = / dkdpFo (k + p)Fen(~k = p)

x (kp* —g* (k- p+m?)/2)
x (kip" = g*(k - p +m?)/2)
x 8720(k°)O(p°)s(k - k —m*)5(p - p — m?). (F3)

Replacing k + p = ¢ and shifting p, we get
@).= [ dafu(@Fa(-0x"7(a) (4

with
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XHn(q) = /dp9(|q0|/2 —1p°)6(2q - p)an®

x&(q-q/4+p-p—m)

x(q"q" /4= p'p" —9"q-q/4)

X (q°q"/4 = p°p" = ¢7'q - q/4). (F5)
We can observe that (a) X is 0 at g- ¢ <0. (b) X is
symmetric under interchanging u < v or £<n or
pv < &n. (c) X satisfies ¢, X*(q) =0 (Ward identity
or energy conservation). (d) X is Lorentz covariant (there is
no preferred frame). Even more, if we take ¢'"? = 0, then

the constraints lead to p® = 0 and |p|*> = (¢°)?/4 = m? so
we have bound ¢ - ¢ > 4m?>. Therefore the expected form

of X is

XHen = @(q - g — 4m?)dn?
x[P'(¢"q" — (q-9)9")(¢°q" — (q- 9)g"")
+R[(¢"q" = (q-9)9")(¢°¢" — (q- 9)g*)
+(¢"¢* = (¢-9)9°)(¢"q" — (g - 9)g"")]].  (F6)

We only need to find two functions P'(q - ¢) and R'(q - q),
which is the simplest by contraction,

g;wgfr]X,w&’ = (q : q)zD(DP/ + 2Rl) (F7)
and
9uc9un X" = (q-q)’D[P' + R'(D+1)]  (F8)
giving
(D —1)(D+2)D(q - q)*P' = (D + 1)g,,95, X"
— 29/4 £9un Xﬂ'@?’
(D - 1)(D + 2)D(q : Q)QR/ = DgﬂéngﬂUfﬂ - gﬂug{fﬂXﬂuén'
(F9)
At D =1 both equations give P’ + 2R’, but it is not a
problem, as the P" and R’ terms are actually the same. It is
clear from the general rule X%¢" = X'“14' /4% and sim-
ilarly for all indices so X is fixed by just one term X' (not

true at D > 1).
We can express the contraction by previous quantities

gﬂygg,]X"”‘fn
- / dp0(|¢°)/2 — |p°))5(2q - p)S(q - a/4+ p - p—m?)

x(q-q/4—p-p—(D+1)q-q/4)?

=((D-1)q-q/4+m*)*W(q) (F10)

and
gﬂggmx””’:”
/dpé’ (14°1/2 = 1p°1)6(2q - p)6(q - /4 + p - p —m?)

x((q-q)*/16+ (p-p)*+ (D +1)(q-q)*/16

~(g-p)?/2-(q-9)7/8+(p-p)(qa-q9)/2)
=((g-9)*(D=1)/16 +m*)W(q) (F11)
for W given by (29) so that
(g-q)*(D+2)DP' = (m*+ (D + 1)m*q - q/2
+(q-9)*(D*=3)/16)W(q),
(¢-9)*(D+2)DR' = (m* —m*q-q/2+(q-9)*/16)W(q)
(F12)
with P = PW, R = RW in (51).
In the case D = 1 we can set R’ = 0 and
P'=7*m*(q-q)7(q-q/4—-m*)"2 (F13)

In the limit m — 0 also P’ — 0 but only at g - ¢ > 0. The
limit g - ¢ — O has to be considered separately. Note that
the final integral

/ dq6(q - q/4—m*)m*(q-q)™/*(q- q/4 — m*)~/?

<|(q"q" = ¢*(q- @) ful@)l’ (F14)
can be transformed using the change of variables
q° = my/wcoshu, ¢' = m/wsinhu into

/ dw/duw 5/2 (w/4—=1)""2m

(UrU* = )] (my/WU) P (F15)
with U° = cosh u, U' = sinh u. Suppose f(q) is a regular
function that decays to 0 if ¢ — oo. Then the limit m — 0
reduces the integral essentially to the lines of light, i.e.,
q° = +q", for |u| > 1. We make then the approximation
U =e"U./2 with 1 = m\/we" and U, = (1,+£1). Then
we get

(@)= / G ULUL T, (UL )P2/3-25  (Fl6)
+
since

/°° dww 2 (w/d— 1712 = 1/6.  (F17)
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