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Single particle detection is described in a limited way by simple models of measurements in quantum
field theory. We show that a general approach, using Kraus operators in spacetime constructed from natural
combinations of fields, leads to an efficient model of a single particle detector. The model is free from any
auxiliary objects as it is defined solely within the existing quantum field framework. It can be applied to a
large family of setups where the time resolution of the measurement is relevant, such as Bell correlations or
sequential measurement. We also discuss the limitations and working regimes of the model.
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I. INTRODUCTION

Quantum field theory makes predictions about scattering
and decays of particles that can be measured. In contrast to
quantum optics and condensed matter, where low energies
allow very efficient detectors, high energy experiments
especially in the ultrarelativistic limit, cope with practical
limitations; e.g., not all particles are detected [1].
The textbook approach is based on the relation between

the transition probability between incoming and outgoing
particles and scattering matrix [2]. This is completely
nonlocal as the states are considered in momentum repre-
sentation. Exact modeling of real detectors is impractical
because of enormous technical complexity. Instead, sim-
plified models such as the Unruh-DeWitt model have been
proposed, involving an auxiliary particle traveling on its
worldline, imitating a detector [3–12], reducing the notion
of the particle to what a particle detector detects [13].
Such models were fine in the early days of high energy
physics when the actual low efficiency was not a particular
problem. It was sufficient to map the collection statistics to
the theoretical predictions about scattering and decays.
However, the Unruh-DeWitt and all existing constructions
are unable to model a ∼100% efficient detection of a
single particle as a click [14]. The real measurements in
modern experiments have also to be localized in time
and space. First, Bell-type tests of nonlocality [15–19]
require time resolution and high efficiency, achieved in low
energy optics [20–23]. Higher energy attempts to make
similar tests have failed so far [24]. Second, sequential

measurements cannot destroy the particle after detection,
allowing one to measure it once again. This kind of
measurement is useful to reveal incompatibility between
the measured quantities [25]. It is possible for immobile
solid state objects [26] and only recently for photons [27].
The high energy analogs are still awaited. In some cases,
one can use the spacelike momentum to suppress the
vacuum noise [28] but it does not help to increase the
efficiency.
In this work, we propose a different approach to

measurement models in quantum field theory. Instead of
auxiliary particles, we shall directly define measurement
Kraus operators [29], an element of positive operator-
valued measure (POVM) [30,31], within the existing
quantum field Hilbert space, replacing the old fashioned
projection, either in a direct manner or in the auxiliary
detector’s space. The Kraus operators are functionals of
already existing fields. We show that a properly defined
functional can correctly represent the measurement.
However, not all classes of such operators can serve as
single particle detection models. To detect single particles
(in a clickwise fashion), a nonlinear functional is necessary,
and it has a limited efficiency outside the safe energy
regime. The best option is a universal measurement of
energy-momentum density, which models an almost perfect
measurement in a wide range of parameters. The model is
able to map the outcomes onto almost dichotomic events,
with well separated absence and presence of the particle,
when a continuous flux of incoming particles arrives at the
detector. Although the model is in principle perturbative in
the detection strength, we are able to control potential
higher order deviation and identify the working regime.
The paper is organized as follows. We start from the

standard definition of generalized measurement operators,
mapping them onto the quantum field theory framework.
Next, we present several natural classes of such a meas-
urement, pointing out their weaknesses and advantages.
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Finally, we discuss the applicability of the models to the
Bell test and sequential measurements and confront them
with other options such as the Unruh-DeWitt model.
Lengthy calculations are left in the appendixes.

II. GENERAL QUANTUM MEASUREMENTS

From the obsolete projections, through auxiliary detec-
tors, modern quantum measurements evolved to a descrip-
tion that requires no extra objects. They are defined within
the system’s space by a set of Kraus operators K̂ such thatP

K̂†K̂ ¼ 1̂ and the state ρ̂ after the measurement is
transformed into ρ̂0 ¼ K̂ ρ̂ K̂† (no longer normalized) with
the probability Trρ̂0 [29–31]. It is straightforward to
generalize it to a time sequence of operators K̂j. ThenP

K̂†
j K̂j ¼ 1̂ while the probability reads

TrK̂n � � � K̂1ρ̂K̂
†
1 � � � K̂†

n: ð1Þ

The choice of the sets K̂j is quite arbitrary, but a continuous
time limit leads to the most natural choice, a Gaussian form
K̂ðaÞ ∝ expð−λða − ÂÞ2 for some operator Â and the
outcome a [32]. In quantum field theory, this definition
can be adapted by expressing Â in terms of local field
operators (see Appendix A for the standard quantum field
notation conventions). What is even more helpful, Kraus
operators can also be incorporated into the path integral
framework and closed time path (CTP) formalism [33–35];
see Appendix A. The CTP consists of three parts: the
thermal Matsubara part (imaginary) and two flat parts
(real), forward and backward. We shall distinguish them
by denoting x� ¼ x� iϵ for an infinitesimally small
real positive epsilon. Then the Kraus operators need the
field with the part specified, i.e., K̂ðxÞ → KðxþÞ, K̂†ðxÞ →
Kðx−Þ; see details in Appendix A. In other words, K̂,
expressed by some field ϕðxÞ, must be placed on the proper
part of CTP. For a moment, the relation between K and ϕ is
a completely general functional, and can be nonlinear and
nonlocal, but in short we will heavily reduce this freedom.
The simplest example is the Gaussian form

K̂ðaÞ ∝ exp

�
−λ

�Z
fðxÞϕ̂ðxÞdx − a

�
2
�
; ð2Þ

ignoring the λ-dependent global normalization. We can
adapt it to the path integral form, combining both K̂ and K̂†

into a single form, distinguishing the CTP parts

KðaÞ ∝ exp

�
−λ

X
�

�Z
fðxÞϕðx�Þdx − a

�
2
�
; ð3Þ

where fðxÞ is a real-valued function localized in spacetime
(nonzero only inside a finite region of the spacetime) such
that fðxþÞ ¼ fðx−Þ ¼ fðxÞ on the flat part of the CTP.

The apparent nonlocality of the above construction can be
removed by the Fourier transform

KðaÞ ∝
Z

dξþdξ−eiaðξ−−ξþÞ−ðξ
2
þþξ2−Þ=4λ

× exp
Z

ifðxÞðξþϕðxþÞ − ξ−ϕðx−ÞÞdx; ð4Þ

which has an interpretation of two independent random
external fields ξ� for the upper and lower parts of the
contour.
We shall apply the measurement to the simple bosonic

field with the Lagrangian density

2LðxÞ ¼ ∂ϕðxÞ · ∂ϕðxÞ −m2ϕ2ðxÞ: ð5Þ

By Wick theorem [36], all correlations can be expressed
in terms of products of two-point propagators, hϕðxÞϕðyÞi.
Simple, translation-invariant correlations read

hϕðxÞϕðyÞi ¼ Z
Z

DϕϕðxÞϕðyÞ exp
Z

iLðzÞdz ð6Þ

with special cases defined on the flat part (Im x → 0)

Sðx; yÞ ¼ hϕðxþÞϕðyþÞi ¼ hϕðx−Þϕðy−Þi�;
Bðx; yÞ ¼ hϕðxþÞϕðy−Þi;
Cðx; yÞ ¼ hϕcðxÞϕcðyÞi;
Gðx; yÞ ¼ hϕðx�ÞϕqðyÞi; ð7Þ

for 2ϕcðxÞ ¼ ϕðxþÞ þ ϕðx−Þ (symmetrized field, classical
counterpart) and ϕqðyÞ ¼ ϕðyþÞ − ϕðy−Þ (antisymmetric,
quantum susceptibility to external influence). Here S
is known as the Feynman propagator, C is the sym-
metric correlation (real), while G, the causal Green
function, is imaginary and satisfies G ¼ 0 for y0 > x0,
and hϕqðxÞϕqðyÞi ¼ 0. To shorten notation, using the
translation invariance (also for complex times), we shall
identify Xðx; yÞ≡ Xðx − yÞ for X ¼ S, B, C, G. Note that
using the identity Fðx�Þ ¼ FcðxÞ � FqðxÞ=2 we get
BðxÞ ¼ CðxÞ þ ðGð−xÞ −GðxÞÞ=2 and SðxÞ ¼ CðxÞ þ
ðGðxÞ þGð−xÞÞ=2. The function G is responsible for
causality; i.e., GðxÞ ≠ 0 only if x · x ≥ 0 and x0 ≥ 0.
To measure the field in a vacuum we can define the

probability in terms of path integrals

pðaÞ ¼ Z
Z

DϕKðaÞ exp
Z

iLðzÞdz; ð8Þ

where Z is the path integral normalization; see Appendix B.
The normalization of the probability can be checked by
the identity
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Z
daKðaÞ ¼ exp

�
−
λ

2

�Z
fðxÞϕqðxÞdx

�
2
�
: ð9Þ

The right-hand side is 1 because ϕðxþÞ≡ ϕðx−Þ at the latest
time x0 (they meet at the returning tip of the time path).
It is convenient to introduce the concept of the generating

function

SðχÞ ¼
Z

dapðaÞeiχa; ð10Þ

which allows express moments and cumulants

hani ¼ dnS
dðiχÞn

����
χ¼0

; ⟪an⟫ ¼ dn ln SðχÞ
dðiχÞn

����
χ¼0

: ð11Þ

They are related, in particular,

⟪a⟫ ¼ hai; ⟪a2⟫ ¼ hδa2i;
⟪a3⟫ ¼ hδa3i; ⟪a4⟫ ¼ hδa4i − 3⟪a2⟫2 ð12Þ

for δa ¼ a − hai. Gaussian distributions have only nonzero
first two cumulants. It is helpful to introduce convolution
with a bare quasiprobability p• stripped from the pure
Gaussian noise depending on the strength of the measure-
ment λ, namely

pðaÞ ¼ ð2λ=πÞ1=2
Z

dāe−2λða−āÞ2p•ðāÞ; ð13Þ

which leads to ln SðχÞ ¼ ln S•ðχÞ − χ2=8λ so only ⟪an⟫ ¼
⟪an⟫• for n ≠ 2 while ⟪a2⟫ ¼ ⟪a2⟫• þ 1=4λ. We shall
mark with • all averages and generating functions involving
p• to distinguish it from p. In other words, we can separate
the measurement statistics into the Gaussian detection noise
of the variance 1=4λ, divergent in the limit λ → 0, and the
bare function that turns out to be a quasiprobability. It is
normalized and has well defined moments but lacks general
positivity.
In the case of our measurement, we have a Gaussian

function

S•ðχÞ ¼ Z
Z

Dϕ exp
Z

iLðzÞdz

× exp

�
−
λ

2

�Z
fðxÞϕqðxÞ

�
2
�

× exp
Z

iχfðyÞϕcðyÞdy: ð14Þ

Therefore hai ¼ 0 in the vacuum and

ha2i• ¼ Z
Z

Dϕ exp
Z

iLðxÞdx

× exp

�
−
λ

2

�Z
fðxÞϕqðxÞdx

�
2
�

×

�Z
fðyÞϕcðyÞdy

�
2

: ð15Þ

Now, the term ϕðxþÞ − ϕðx−Þ must be contracted with
some ϕðyÞ with y0 > x0; otherwise, it vanishes. It leaves
essentially only a few terms:

ha2i• ¼
Z

dxdyfðxÞfðyÞCðx − yÞ

− λ

�Z
dxdyfðxÞfðyÞGðx − yÞ

�
2

: ð16Þ

Suppose now that we perturbed the vacuum. This is the
natural physical situation when a beam of particles is sent to
the detector. Let

exp
Z

idzLðzÞ → P½ϕ� exp
Z

idzLðzÞ; ð17Þ

where P denotes perturbation

P½ϕ� ¼ exp
Z

igðwÞϕqðwÞdw ð18Þ

by the shift of the field induced by gðwÞ (localized in
spacetime). In principle, we should discuss not only the
particle detector but also the generator. Since we prefer
to focus on the detection part, we stay at the minimal
description with the single perturbation function g. Almost
all the above formulas remain valid; i.e., probability has the
same g-independent normalization and is Gaussian. It only
gets the nonzero average. We calculate

S•ðχÞ ¼ Z
Z

Dϕ exp
Z

iLðzÞdz exp
Z

igðwÞϕqðwÞdw

× exp

�
−
λ

2

�Z
fðxÞϕqðxÞdx

�
2
�

× exp
Z

iχfðyÞϕcðyÞdy: ð19Þ

The average is λ-independent while the higher cumulants
remain unaffected:

hai• ¼
Z

dwdyfðyÞgðwÞiGðy − wÞ: ð20Þ

As we see, the linear measurement gives simply Gaussian
statistics and cannot be used to model single particle
detection with the Poissonian clicks. Nevertheless, already
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the self-consistency of the above construction is a promising
signature that the approach by Kraus operators is correct.

A. Comparison to Unruh-DeWitt model

The original Unruh-DeWitt model [3,4] can be compared
with the Kraus one by taking fðxÞ ¼ R

FðτÞδðx − yðτÞÞdτ
for a certain worldline y along the proper time τ, where F is
not a function but another field with its own Lagrangian
part. Already in the Kraus model a trivial yðτÞ ¼ ðτ; 0; 0; 0Þ
would lead to the divergence of (20). It can be cured by
regularization [37–40] or by replacing f with another
auxiliary field [12]. In all these approaches one constructs
the indirect measurement involving only F and not the
original ϕ. Therefore, our approach is a shortcut. Instead
of any auxiliary objects, one defines the Kraus functional,
depending not on fields but on the usual functions and
spacetime. In principle, one can map each type of the
Unruh-DeWitt model onto some Kraus form, but we claim
that starting directly for Kraus is simpler and makes further
calculation more manageable.

III. NONLINEAR MEASUREMENT

We shall define a quadratic Kraus operator and apply it
to the vacuum and continuous plane wave, showing that it
exhibits features of Poisson statistics in contrast to the
Gaussian linear case.

A. Quadratic measurement

Let us define Kraus operators in terms of path integrals

KðaÞ ∝ exp

�
−λ

X
�

�Z
fðxÞϕ2ðx�Þdx − a

�
2
�
; ð21Þ

which can be made local as previously by a Fourier
transform. Analogously to the field measurement, we
can write down the formal expression for the generating
function, namely

S•ðχÞ ¼ Z
Z

Dϕ exp
Z

iLðzÞdz

× exp

�
−
λ

2

�Z
fðxÞϕ2

qðxÞdx
�

2
�

× exp
Z

iχfðyÞϕ2
cðyÞdy; ð22Þ

where ϕ2
c ¼ ðϕcÞ2 þ ðϕqÞ2=4 and ϕ2

q ¼ 2ϕcϕq.
Our aim is to calculate hani and show that for some linear

perturbation g, there exists a regime (some f) where the
distribution is Poissonian,

pða ¼ nηÞ ¼ e−ααn=n!; ð23Þ
proving approximate dichotomy a¼0;η from ha2ða−
ηÞ2i≃0. Poisson distribution has simple cumulants (11)

⟪an⟫ ¼ αηn but they coincide with the moments for α ≪ 1.
Wewill attempt to expand hani in powers λ and estimate the
upper bound for the higher terms of the expansion using the
Wick theorem.

B. The vacuum

We shall apply the quadratic measurement to the
vacuum. It is then useful to calculate moments,

hani• ¼ Z
Z

Dϕ exp
Z

iLðzÞdz

× exp

�
−
λ

2

�Z
fðxÞϕ2

qðxÞdx
�

2
�

×

�Z
fðyÞϕ2

cðyÞdy
�

n
; ð24Þ

expanding in powers of λ. Problems arise when ϕ2

contains two fields at the same time so, e.g., hϕ2ðxÞi ¼
hϕ2

cðxÞi → ∞. It must be renormalized, e.g., by subtracting
the counteraverage for a fictitious mass M → ∞. We can
subtract large masses, i.e.,

hϕ2
cðxÞi → hϕ2

cðxÞi þ
X
j

ϵjhϕ2
cðxÞim→Mj

¼ Λ; ð25Þ

where Mj ≫ m are large renormalization masses
(Pauli-Villars) [2,41] while ϵj are some numbers (e.g., �1)
not too large. The constant Λ is an unobservable calibration
shift. From now on we also make this shift in a, i.e.,
a → a − Λ

R
fðxÞdx.

In the lowest order of λ

ha2i• ¼
Z

fðxÞfðyÞhϕ2
cðxÞϕ2

cðyÞidxdy: ð26Þ

Denoting f̃ðkÞ ¼ R
dxeik·xfðxÞ=ð2πÞDþ1 with the help of

hϕ2
cðxÞϕ2

cðyÞi¼ hϕ2
cðxÞϕ2

cðyÞi− hϕ2
qðxÞϕ2

qðyÞi=4
¼hϕ2ðxþÞϕ2ðy−Þþϕ2ðx−Þϕ2ðyþÞi=2; ð27Þ

we get (see Appendix C),

ha2i• ¼
Z

WðqÞjf̃ðqÞj2dq ð28Þ

with

WðqÞ ¼ π2ðq · q=4 −m2ÞðD−2Þ=2SDffiffiffiffiffiffiffiffiffi
q · q

p ð29Þ

for q · q > 4m2 and 0 otherwise. Here SD ¼ 2πD=2=ΓðD=2Þ
is the surface of a unit ball in D dimensions. It shows that
nonlinear fluctuations of the field need pair creation. For f
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varying over time/length much larger than 1=m, they are
negligible, allowing low-noise measurement in the vacuum.

C. Measurement of the plane wave

We want the perturbation g to generate an enveloped
wave of a particular frequency, i.e., of the form

gðxÞ ¼ eiEpx0hðx1 þ LÞ þ e−iEpx0h�ðx1 þ LÞ ð30Þ

with a function hðyÞ localized at jyj ≪ L and Ep > m,
which should generate a plane wave in the x1 direction. It
corresponds to a constant coherent flux of free particles in
the x1 direction. Our measurement model is able to capture
single particles in the flux in contrast to the vacuum and
its fluctuations. The effect of the perturbation can be
described by

GgðxÞ ¼
Z

dyGðx − yÞgðyÞ ð31Þ

in the limit L → ∞, where it reads (see Appendix D)

GgðxÞ ¼ 2iImAeijpjx1−iEpx0 ð32Þ

or equivalently

GgðxÞ ¼ GgþðxÞ þ Gg−ðxÞ;
Gg∓ ¼ ðiAi � ArÞe∓ip·x; ð33Þ

for p ¼ ðEp; jpj; 0; 0Þ and 2A ¼ h̃ð−jpjÞ=jpj.
For a linear perturbation g we can now determine the

measurement statistics, inserting (18) into (24).
The measurement function fðxÞ will vary at the scale

much longer than 1=Ep. Defining

FðxÞ ¼
X
∓

e∓ip·xF∓ðxÞ; ð34Þ

for F ¼ G, C, S, B, and expanding k ¼ k0 ∓ p in (B16) for
small k0,

C∓ðxÞ ¼
Z

dk0

2ð2πÞD δð2k0 · pÞeik0·x;

G∓ðxÞ ¼
Z

idk0

ð2πÞDþ1

eik
0·x

∓ 2p · k0þ
; ð35Þ

explicit calculation gives

BþðxÞ ¼ δðx⊥Þδðx0v − x1Þ=2Ep;

C∓ðxÞ ¼ BþðxÞ=2;
G∓ðxÞ ¼ �θðx0ÞBþðxÞ;
S∓ðxÞ ¼ θð�x0ÞBþðxÞ; ð36Þ

and B− ¼ 0 with x⊥ ¼ ðx2; x3;…Þ and the speed of the
field v ¼ jpj=Ep (in the units of the speed of light). This is
a very intuitive physical picture since the dynamics is
concentrated on the lines of the propagation at constant
speed v.
In the lowest order of g, the average hðgϕÞðgϕÞðfϕ2Þ � � �

ðfϕ2Þi turns out to be a sum of Feynman graphs with part
of the vertices on the þ side and part on the − side of CTP;
see Fig. 1.
We shall now express the first hani0, n ¼ 1, 2, 3, 4 in

terms of the just derived functions in the lowest order of λ,
and we get

hani• ≃ 2EpjAj2
Z

dx

�Z
dx0fðx0; x1 þ vx0; x⊥Þ=Ep

�
n
;

ð37Þ

where we used the shift x1 → x1 − vx0 in the integrals. The
factor 2Ep appears because each ϕ2 contains 2 fields ϕ
giving 2 per vertex and 2n in total. On the other hand,
2ϕ2 ¼ ϕ2ðxþÞ þ ϕ2ðx−Þ so we get a factor 2−n to cancel
out with the above one. Each line (S� and Bþ) has the
factor ð2EpÞ−1 giving ð2EpÞ1−n in total. For n vertices we
have all possible decompositions into nþ and n− ¼ n − nþ
vertices with nþ ¼ 0 � � � n. All combinations give the total
factor ð1þ 1Þn ¼ 2n (by the binomial formula). There are
no additional factors n�! because these factors cancel out
[n� permutations cancel out with θð�x0Þ ordering].
To get the Poisson statistics, it is sufficient that

Z
dx0fðx0; x1 þ vx0; x⊥Þ=Ep ¼

�
η if x∈V

0 if x ∉ V
; ð38Þ

where V is a certain volume in D dimensional space. In
other words, we need a constant integral of the measuring
function f along the line of speed v, i.e., x1 ¼ vx0 (see
Fig. 2). We have also α ¼ 2EpjAj2V. The approximation
is valid as long as the variation length scale of f, say l, is
much larger than the wavelength 1=p, i.e., pl ≫ 1
(see Fig. 3).
Finally, higher order terms in the λ expansion will

contain ϕ2
q ¼ ϕ2ðxþÞ−ϕ2ðx−Þ. Fortunately, in our approxi-

mation (36) these terms cancel. This is because inserting

+

−

f
f f

f
f

g
g B

G

G

S S

S

g+

+

+ +

g−
−

FIG. 1. A chain of propagators G, S, and B. The arrow points
into the time direction while positive and negative imaginary
sides are denoted by þ and −, respectively.
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such points in the existing graph gives always two opposite
expressions (see Fig. 4).

D. Perturbative estimates

We shall calculate hai including order λ. In the leading
order

hai ¼ 2jAj2
Z

dxfðx0; x1 þ vx0; x⊥Þ ¼ 2jAj2
Z

dxfðxÞ

because the shift is irrelevant. This result is exact in the
leading order, λ0. Now, the next order term λ would be 0 if
we make our approximations on G, S, B. To find a nonzero
contribution, we need to estimate the lowest deviations.
The Feynman-Schwinger graph is depicted in Fig. 5.
The deviation of G reads

ΔG∓ðxÞ ¼
Z

dk0

ð2πÞDþ1

k0 · k0eik0·x

ið2p · k0þÞ2
ð39Þ

for k00 ¼ k01jpj=Ep and ∂ ¼ ∂x. Hence,

ΔG∓ðxÞ ¼ ∂ · ∂½θðx0Þx0BþðxÞ�=2iEp: ð40Þ

The derivatives can be moved to f so the graphs will
contain products ð∂fÞð∂ffÞ or ð∂∂fÞff.
We shall estimate the corrections for

fðxÞ ¼ FI0ðx0 − x1=v − wðxÞÞIðxÞ; ð41Þ

where I0ðtÞ ¼ θðtÞθðL0 − tÞ and

IðxÞ ¼
�
1 if x∈V

0 if x ∉ V
ð42Þ

of linear size L for some function (measurement start time)
w defined inside V. In this case, the derivatives are nonzero
only on the boundary. In the case of two first derivatives, it
gives essentially a product of two δ functions, pinning f to
the boundary. It turns out that the case of the second
derivative is actually of the same order. Formally we would
get δ0 which is infinite, so in both cases we need to

1

0 v

FIG. 2. Projecting of the measurement lines onto the
D-dimensional spatial base.

x
1/p

FIG. 3. Length scales in measurement. The wavelength 1=p is
shorter than the variation length l of the envelope function f.

+

−

q

FIG. 4. Approximate cancellation of disturbances caused by the
measurement. The insertion of ϕ2

q at xþ and x− in the chains of
propagators (36) on the line of propagation gives two exactly
opposite terms.

FIG. 5. The Feynman-Schwinger graph contributing to the λ
correction to hai.
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regularize θ functions. Let us assume that θ and I change
from 0 to 1 smoothly over the distance l ≪ L;L0. The total
correction to hai is ∼λha3i0L0=LlEp since the numerator
contains also x0 ∼ L0. Therefore, the Poisson statistics will
be a good approximation in the limit λη2 ≪ EplL=L0 with
η ¼ FL0=Ep. On the other hand, the detection noise cannot
blur the distribution giving another constraint 1 ≪ λðαηÞ2.
If we want maximally a single click, then additionally
α ≪ 1. Summarizing, the single click statistics occurs if

1 ≪ α−2 ≪ λη2 ≪ lLEp=L0: ð43Þ

Finally, the previously calculated vacuum fluctuation
should also be small. They are almost completely negli-
gible (exponentially) if ml ≫ 1; i.e., the measurement
shape function varies over scales impossible to generate
pairs of particles. However, in the massless (or low mass)
case, the fluctuations are estimated by W ∼ ðq · qÞðD−3Þ=2

giving jqj∼1=l, i.e., ha2i0∼l2−2Df̃2ð0Þ and f̃ð0Þ∼VFL0.
At D ¼ 1 they are actually divergent logarithmically with
the shrinking mass m. For D > 1 we need also
VEp=lD−1 ≪ α. Together with the previous condition it
implies lLEp=L0 ≫ 1 ≫ VEp=lD−1 which gives the
impossible requirement lD ≫ VL0=L. The reason for this
failure is that ϕ2 is not a conserved quantity and the
measurement can easily change it locally (above the mass
threshold). We shall resolve this problem by replacing ϕ2

by the conserved energy-momentum density Tμν.

IV. ENERGY-MOMENTUM MEASUREMENT

We shall modify the previous simple quadratic meas-
urement replacing ϕ2 by energy-momentum density, which
is still quadratic in ϕ but the additional derivatives turn out
to suppress unwanted noise in the high energy limit.

A. Energy-momentum tensor

Energy-momentum stress tensor by Noether theorem
reads

Tμν ¼ ∂L
∂ð∂μϕÞ

∂
νϕ − gμνL ð44Þ

with ∂
ν ¼ gντ∂τ equal in our case

Tμν ¼ ∂
μϕ∂νϕ − gμνðgστ∂σϕ∂τϕ −m2ϕ2Þ=2: ð45Þ

We define the energy-momentum measurement

KðaÞ ∝ exp

�
−λ

X
�

�Z
fμνðxÞTμνðx�Þdx − a

�
2
�
; ð46Þ

which is normalized in the same way as the field, with
symmetric fμν ¼ fνμ. The generating function reads

S•ðχÞ ¼ Z
Z

Dϕ exp
Z

iLðzÞdz

× exp
�
−
λ

2

�Z
fμνðxÞTμν

q ðxÞdx
�

2
�

× exp
Z

iχfμνðyÞTμν
c ðyÞdy; ð47Þ

where we denoted Tμν
q ðxÞ ¼ TμνðxþÞ − Tμνðx−Þ and

2Tμν
c ðxÞ ¼ TμνðxþÞ þ Tμνðx−Þ. Note also that

2Tμν
q ðxÞ¼∂

μϕc∂
νϕqþ∂

μϕq∂
νϕc−gμνð∂ϕc ·∂ϕq−m2ϕcϕqÞ;

Tμν
c ðxÞ¼∂

μϕc∂
νϕc−gμνð∂ϕc ·∂ϕc−m2ϕ2

cÞ=2
þ∂

μϕq∂
νϕq=4−gμνð∂ϕq ·∂ϕq−m2ϕ2

qÞ=8: ð48Þ

As in the case of ϕ2, the calculations involve correlations
of the type hðgϕÞ � � � ðgϕÞðfTÞ � � � ðfTÞi. However, there
are dangerous contact terms to be regularized by fermionic
ghosts [2,42] (see Appendix E). Fortunately, once identi-
fied, we can basically forget about ghosts, and just
keep the unitarity constraints when calculating loops,
hTqðxÞTqðyÞ � � �TqðwÞi ¼ 0 as a calculation rule if only
Tq are involved. Basic examples of graphs involved in our
calculations are depicted in Fig. 6. From now on we shall
subtract the zero-temperature average from T, i.e.,
T → T − hTi0, as it is unobservable and contains the
renormalization parameters, and we are interested only
in the noise and sensitivity of the detector to the incoming
particles. By this shift hTi ¼ 0.

B. Measurement of the vacuum

In the lowest order of λ

ha2i• ¼
Z

fμνðxÞfξηðyÞhTμν
c ðxÞTξη

c ðyÞidxdy ð49Þ

f

f
f

f

f f

f
f

ff

f

g

g

g

g

FIG. 6. Loops and chains in the graphs involving energy-
momentum tensor. They vanish if solely Tq (not Tc) appears in a
loop/chain.
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analogously to the ϕ2. We get (see Appendix F)

ha2i• ¼
Z

dqf̃μνðqÞf̃ξηð−qÞ
XμνξηðqÞWðqÞ

ðq · qÞ2ðDþ 2ÞD ð50Þ

with [43]

Xμνξη ¼ Pðqμqν − ðq · qÞgμνÞðqξqη − ðq · qÞgξηÞ
þ R½ðqμqη − ðq · qÞgμηÞðqξqν − ðq · qÞgξνÞ
þ ðqμqξ − ðq · qÞgμξÞðqνqη − ðq · qÞgνηÞ�;

P ¼ m4 þ ðDþ 1Þm2q · q=2þ ðq · qÞ2ðD2 − 3Þ=16;
R ¼ m4 −m2q · q=2þ ðq · qÞ2=16; ð51Þ

and W defined by (29). The case D ¼ 1 is degenerate (see
Appendix F).

C. Poisson statistics

We can adapt most of the results from the ϕ2 replacing f
with fμν and adding factor pμpν from T in (37). Then,
e.g., η ¼ R

dx0fμνðx0; x1 þ vx0; x⊥Þpμpν=Ep. Replacing
further F with Fμν in (41) we have η ¼ FμνpμpνL0=Ep.
We only need to include deviation from derivatives in T that
can act on variables in f considering a potential disturbance
(the ∼λ term). Fortunately, if, say, F00 ¼ F and 0 otherwise
(assuming we measure energy density, not momentum),
their contribution to the disturbance is negligible, and we
stay with (43).
What is qualitatively different, vacuum fluctuations

remain small in the massless limit. From our above
discussion we have then ha2i ∼ l−2ðDþ1ÞF̃2ð0Þ. If we want
l−D−1F̃ ≪ αη, then V=lDþ1Ep ≪ α. In contrast to the ϕ2

case increasing Ep helps to satisfy this and the other
requirements, due to the fact that we work with the
conserved quantity.

V. CONCLUSION

We have presented a self-consistent measurement model
suitable for high energy particle detectors. Defined com-
pletely within the existing framework of quantum field
theory combined with POVM and Kraus functionals, it
allows one to identify a particle as a click with almost
perfect efficiency, in contrast to the Unruh-DeWitt model.
The presented examples stress the importance of non-
linearity and connection with conservation principles to
choose a proper Kraus functional. The strength of the
measurement, parameter λ, must be neither too low, to keep
the detection noise small, nor too high, to keep the
backaction small. Only an intermediate regime, depending
on the energy, time, and length scales, allows ∼100%
efficiency of the detection. Although we analyzed a simple
bosonic field, the ideas are quite general and can easily be
extended to fermions and compound particles. The actual

form of the correct Kraus functional can be inferred for the
actual experiment by calibration. Assuming some restricted
family of parameters, they can be determined in diagnostic
tests and later used in other experiments. In more compli-
cated gauge theories, one can still use Kraus functionals in
a perturbative fashion as their positivity is just a formal
expectation, to be restored by, e.g., families of renormaliz-
ing ghost fields as we did in Sec. IVA and Appendix E.
We believe that further work on such models will help to
establish a Bell-type family of experiments in the high
energy regime, identifying the main technical challenges.
One can also explore completely different detector’s
functions f, e.g., an analog of an accelerating observer
as in the original Unruh model or a sequence of measure-
ments. Note also that our model is a theoretical idealization
and it may need practical adjustments taking into account
specific experiments.
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APPENDIX A: CLOSED TIME PATH
FORMALISM

We shall summarize the notation in the quantum field
theory of a scalar field, in Dþ 1 dimensions (D spatial
dimensions and 1 time, with D ¼ 3 in full space but
also D ¼ 1 for simple illustrative cases) x¼ ðx0 ¼ ct;xÞ,
with time t, speed of light c. and spatial position x ¼
ðx1;…; xDÞ. For simplicity c ¼ ℏ ¼ 1. We denote partial
derivatives ∂μ ¼ ∂=∂xμ and Minkowski scalar product A ·
B ¼ AμBμ ¼ AμgμνBν with flat metric gμν ¼ gμν ¼ 1 for
μ ¼ ν ¼ 0, gμν ¼ gμν ¼ −1 for μ ¼ ν ¼ 1 � � �D, and gμν ¼
gμν ¼ 0 for μ ≠ ν. Real scalar field ϕ̂ðxÞ with conjugate
field π̂ðxÞ obeys commutation relation

½ϕ̂ðxÞ; π̂ðyÞ� ¼ iδðx − yÞ ðA1Þ

for ½Â; B̂� ¼ Â B̂−B̂ Â. The relativistic field Hamiltonian
reads

Ĥ ¼
Z

dxðπ̂2ðxÞ þ j∇ϕ̂ðxÞj2 þm2ϕ̂2ðxÞÞ=2: ðA2Þ

Here the ∇ term is, in fact, a sum of partial derivatives

j∇ ˆϕðxÞj2 ¼
XD
j¼1

ð∂jϕ̂ðxÞÞ2: ðA3Þ

The Heisenberg picture transforms the field with time

ϕ̂ðxÞ ¼ eiĤtϕ̂ðxÞe−iĤt: ðA4Þ
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Translation into path integrals gives

hΦ0j expð−iĤtÞjΦi ¼
Z

Dϕ exp
Z

iLðxÞdx ðA5Þ

with ϕðx0 ¼ 0;…Þ ¼ Φ and ϕðx0 ¼ t;…Þ ¼ Φ0, where
the Lagrangian density L is given by (5).
For the fermionic fields, here used only to generate

renormalization counterterms, one has to replace commu-
tator ½ϕ̂; π̂� in (A1) by anticommutator fϕ̂; π̂g ¼ ϕ̂ π̂þπ̂ ϕ̂
and introduce Grassmann anticommuting fields ϕ in path
integrals, i.e., ϕðxÞϕðyÞ¼−ϕðyÞϕðyÞ, R dϕ¼0,

R
ϕdϕ¼1.

The complications, including the signs and order conven-
tions, are thoroughly described in the literature [2].
Time flow over the Schwinger-Kadanoff-Baym-Matsubara

CTP [33–35,44–47] is parametrized tðsÞ [optionally with a
subscript indicating the specific point in spacetime, x0ðsxÞ].
The real parameter s∈ ½si; sf� must satisfy dt=ds ≠ 0 and
Imdt=ds ≤ 0, the jump tðsiÞ− tðsfÞ ¼ iβ for β¼1=kBT >0

(inverse temperature); see Fig. 7. For fermionic fields, the
jump is accompanied by the sign reversal for each field. In
the case kBT → 0 we have tðs∓Þ → �i∞. For convenience
the flat part splits into t → t� ¼ tðs�Þ ¼ t� iϵ (ϵ → 0þ, a
small positive number going to 0 in the limit) and x� ¼
ðt�; xÞ with sþ < s−.
We use the derivative rule: ∂0 ¼ ðdt=dsÞ−1∂=∂s and

differential dx¼ dx0dx1 � � �dxD with dx0 ¼ ðdt=dsÞds and

δðx − yÞ ¼ δðx0 − y0Þδðx1 − y1Þ � � � δðxD − yDÞ ðA6Þ

with δðx0 − y0Þ ¼ δðsx − syÞ=ðdt=dsÞjs¼sx¼sy . These rules
allow one to establish the full compliance of CTP with
perturbative relativistic quantum field theory [48,49].

APPENDIX B: TWO-POINT CORRELATIONS

With the definitions in Appendix A and Eq. (5) one can
calculate all relevant quantum field theory functions, i.e.,

hϕðxÞϕðyÞ � � �i ¼ hT ϕ̂ðxÞϕ̂ðyÞ � � �i

¼ Z
Z

DϕϕðxÞϕðyÞ exp
Z

iLðzÞdz ðB1Þ

with

Z−1 ¼
Z

Dϕ exp
Z

iLðzÞdz; ðB2Þ

where T denotes ordering by s, i.e.,

T ϕ̂ðxÞϕ̂ðyÞ ¼
(
ϕ̂ðxÞϕ̂ðyÞ if sx > sy;

ϕ̂ðyÞϕ̂ðxÞ if sy > sz:
ðB3Þ

Since the formal path functional is Gaussian, all corre-
lations split into these simple second-order correlations
(Wick theorem [36])

hϕðx1Þ � � �ϕðxnÞi ¼ 2−n=2
X
σ

Yn=2
j¼1

hϕðxσðjÞÞϕðxσðn=2þjÞÞi

ðB4Þ

for even n while 0 for odd n, summing over all permu-
tations. For the fermionic field, one has to include also the
permutation sign sgnσ. In the case of linear perturbation,
we often use the identity

R
dae−2λa

2þba ¼ ðπ=2λÞ1=2eb2=8λ.
Applying functional derivative

δðx − yÞ ¼ δϕðyÞ
δϕðxÞ ¼

	
δϕðyÞ
δϕðxÞ




¼ Z
Z

Dϕ
δϕðyÞ
δϕðxÞ exp

Z
iLðzÞdz ðB5Þ

and integrating by parts

δðx − yÞZ−1 ¼
Z

DϕϕðyÞ
Z

δLðwÞ
iδϕðxÞ dw exp

Z
iLðzÞdz

¼
Z

DϕiϕðyÞð∂ · ∂ϕðxÞ þm2ϕðxÞÞ

× exp
Z

iLðzÞdz; ðB6Þ

we get

FIG. 7. The time path in the CTP approach in the case of finite
temperature β ¼ 1=T. At zero temperature, the shift β stretches to
infinity with ti → þi∞, tf → −i∞.
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ðgμν∂μ∂ν þm2ÞhϕðxÞϕðyÞi ¼ δðx − yÞ=i ðB7Þ

with the derivative over x. The equation can be solved by
Fourier transform in x and y, i.e.,

ϕðxÞ ¼
Z

dk

ð2πÞD=2 e
ik·xϕðx0; kÞ ðB8Þ

with the standard scalar product k · x ¼ P
D
j¼1 k

jxj. We
obtain

ð∂0∂0 þ k · kþm2Þhϕðx0; kÞϕðy0; qÞi
¼ δðx0 − y0Þδðk − qÞ=i ðB9Þ

with the standard δðk − qÞ ¼ δðk1 − q1Þ � � � δðkD − qDÞ.
This is a simple linear equation with the solution

hϕðx0; kÞϕðy0; qÞi ¼
X
�

� δðk − qÞ e
∓ijx0−y0jEk

1 − e∓βEk
ðB10Þ

with Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k · kþm2

p
and

jx0 − y0j ¼
(
x0 − y0 if sx > sy

y0 − x0 otherwise
: ðB11Þ

In the zero-temperature limit β → 0 we get

hϕðx0; kÞϕðy0; qÞi ¼ δðk − qÞe−ijx0−y0jEk : ðB12Þ

Equivalently

hϕðxÞϕðyÞi ¼
X
�

Z �dk
ð2πÞD2Ek

eik·ðx−yÞ
e∓ijx0−y0jEk

1− e∓βEk
ðB13Þ

or in the zero-temperature limit

hϕðxÞϕðyÞi ¼
Z

dk
2Ekð2πÞD

eik·ðx−yÞe−ijx0−y0jEk : ðB14Þ

The special correlations read

SðxÞ ¼
X
�

Z �dk
ð2πÞD2Ek

eik·x
e∓ijx0jEk

1 − e∓βEk
;

BðxÞ ¼
X
�

Z �dk
ð2πÞD2Ek

eik·x
e�ix0Ek

1 − e∓βEk
;

CðxÞ ¼
Z

dk
ð2πÞD2Ek

eik·x
cosðx0EkÞ

tanhðβEk=2Þ
; ðB15Þ

with jx0j reduced to the usual absolute value and zero-
temperature limits

SðxÞ ¼
Z

dk
2Ekð2πÞD

eik·xe−ijx0jEk

¼
Z

idk
ð2πÞDþ1

eik·ðx−yÞ

k · k −m2 þ iϵ
;

BðxÞ ¼
Z

dk
2Ekð2πÞD

eik·xeix
0Ek

¼
Z

dk
ð2πÞD δðk · k −m2Þeik·xθðk0Þ;

CðxÞ ¼
Z

dk
ð2πÞD2Ek

eik·x cosðx0EkÞ

¼
Z

dk
2ð2πÞD δðk · k −m2Þeik·x;

GðxÞ ¼
Z

dk
iEkð2πÞD

eik·x sinðx0EkÞ

¼
Z

idk
ð2πÞDþ1

eik·x

kþ · kþ −m2
: ðB16Þ

The causal Green function is independent of temperature
and defined only for x0 ≥ 0 while G ¼ 0 for x · x < 0,
where k0þ ¼ k0 − iϵ (ϵ → 0þ as previously is necessary to
make the integrals well defined).
Convenient substitution k ¼ kn where n is a unit vector

and k ¼ m sinh η > 0. Then Ek ¼ m cosh η and dk=Ek ¼
dnðm sinh ηÞD−1dη (in D ¼ 1 we have

P
n¼�1 instead ofR

dn). Then

hϕðxÞϕð0Þi ¼
Z ðm sinh ηÞD−1dηdu

2ð2πÞD eim sinh ηu·xe−ijx0jm cosh η:

ðB17Þ

For x1…D ¼ 0 we have

hϕðxÞϕð0Þi ¼
Z ðm sinh ηÞD−1dηdu

2ð2πÞD e−ijx0jm cosh η: ðB18Þ

The integral
R
du ¼ SD is the surface of the D − 1 unit

sphere (embedded in D dimensions). In particular, S1 ¼ 2,
S2 ¼ 2π, S3 ¼ 4π, or in general SD ¼ 2πD=2=ΓðD=2Þ [Γ—
Euler Gamma function, here Γð1=2Þ ¼ π1=2, Γð1Þ ¼ 1, and
Γðzþ 1Þ ¼ zΓðzÞ]. Substituting w ¼ cosh η we get

Z
mD−1ðw2 − 1ÞD=2−1dwdu

2DπD=2ΓðD=2Þ e−ijx0jmw

¼ mðD−1Þ=2KðD−1Þ=2ðijx0jmÞ
ð2πÞðDþ1Þ=2ðijx0jÞðD−1Þ=2 : ðB19Þ

By Lorentz invariance and analyticity we can write in
general
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hϕðxÞϕð0Þi ¼ mðD−1Þ=2KðD−1Þ=2ðm
ffiffiffiffiffiffiffiffiffiffiffiffi
−x · x

p Þ
ð2πÞðDþ1Þ=2ð−x · xÞðD−1Þ=4 ðB20Þ

with the complex square root defined so that the real part is
positive. The divergence at x ¼ 0 is removable because we
can make an infinitesimal shift in the imaginary direction.
We shall list the special cases in the zero-temperature

limit [50]. Case D ¼ 1:

CðxÞ ¼
�
K0ðm

ffiffiffiffiffiffiffiffiffiffiffiffi
−x · x

p Þ=2π for x · x < 0;

−Y0ðm
ffiffiffiffiffiffiffiffi
x · x

p Þ=4 for x · x > 0;

Gðx; yÞ ¼ −iJ0ðm
ffiffiffiffiffiffiffiffi
x · x

p Þ=2 for x · x > 0 and x0 > 0:

ðB21Þ

Case D ¼ 2. Taking into account that K1=2ðzÞ ¼
e−z

ffiffiffiffiffiffiffiffiffiffi
π=2z

p
we can write

hϕðxÞϕð0Þi ¼ expð− ffiffiffiffiffiffiffiffiffiffiffiffi
−x · x

p
mÞ

4π
ffiffiffiffiffiffiffiffiffiffiffiffi
−x · x

p ðB22Þ

or, in particular,

CðxÞ ¼ C0ðxÞ
4π

ffiffiffiffiffiffiffiffiffiffiffijx · xjp ;

C0ðxÞ ¼
�
expð−m ffiffiffiffiffiffiffiffiffiffiffiffi

−x · x
p Þ for x · x < 0

− sinðm ffiffiffiffiffiffiffiffiffi
x · x

p Þ for x · x > 0
;

GðxÞ ¼ cosð ffiffiffiffiffiffiffiffiffi
x · x

p
mÞ

2πi
ffiffiffiffiffiffiffiffiffi
x · x

p ; ðB23Þ

for x0 > 0 and x · x > 0.
Case D ¼ 3.

hϕðxÞϕð0Þi ¼ m
4π2

ffiffiffiffiffiffiffiffiffiffiffiffi
−x · x

p K1ðm
ffiffiffiffiffiffiffiffiffiffiffiffi
−x · x

p Þ;

CðxÞ ¼ mC0ðxÞ
8π2

ffiffiffiffiffiffiffiffiffiffiffijx · xjp ;

C0ðxÞ ¼
�
2K1ðm

ffiffiffiffiffiffiffiffiffiffiffiffi
−x · x

p Þ for x · x < 0;

πY1ðm
ffiffiffiffiffiffiffiffiffi
x · x

p Þ for x · x > 0;

GðxÞ ¼ imJ1ð
ffiffiffiffiffiffiffiffiffi
x · x

p
mÞ

4π
ffiffiffiffiffiffiffiffiffi
x · x

p þ δðx · xÞ
2πi

; ðB24Þ

with only the last term in the m → 0 case.
The m → 0 case. By expansion of Bessel functions, we

have for D ¼ 1

−2πhϕðxÞϕð0Þi → lnð−x · xÞ=2þ lnðm=2Þ þ γ ðB25Þ

with the Euler-Mascheroni constant γ andGðxÞ → −i=2 (for
x0 > 0 and x · x > 0). One encounters infrared divergence
of correlation at small k and m → 0. For D > 1 we have

hϕðxÞϕð0Þi → ΓððD − 1Þ=2Þ
4πðDþ1Þ=2ð−x · xÞðD−1Þ=2 : ðB26Þ

For D ¼ 2.

GðxÞ → 1=2πi
ffiffiffiffiffiffiffiffiffi
x · x

p
;

CðxÞ → θð−x · xÞ=4π ffiffiffiffiffiffiffiffiffiffiffiffi
−x · x

p
: ðB27Þ

For D ¼ 3.

GðxÞ → δðx · xÞ=2πi;
CðxÞ → −1=4π2x · x: ðB28Þ

Since C diverges at x · x → 0 (also for m > 0), we have to
calculate it as a Cauchy principal value.

APPENDIX C: VACUUM FLUCTUATIONS

Here we present the details of the calculation of (28). We
begin with

ha2i• ¼
Z

dkdpf̃ðkþ pÞf̃ð−k − pÞθðk0Þθðp0Þ

× 8π2δðk · k −m2Þδðp · p −m2Þ: ðC1Þ

Note that k and p are forward, i.e., k · k; p · p > 0 and k0,
p0 > 0, so q ¼ kþ p is also forward. On the other hand,
forward q and timelike k, p are not sufficient to keep both k
and p forward; see Fig. 8.
Replacing kþ p ¼ q and shifting p, we get

Z
dqdpf̃ðqÞf̃ð−qÞθðq0=2þ p0Þθðq0=2 − p0Þ8π2

× δððq=2þ pÞ · ðq=2þ pÞ −m2Þ
× δððq=2 − pÞ · ðq=2 − pÞ −m2Þ: ðC2Þ

Note that

0

1..D

kq

p

FIG. 8. Relation between k, p, and q showing that timelike
p ¼ q − k is not necessarily forward, even if k and q are.
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δððq=2þ pÞ · ðq=2þ pÞ −m2Þ
× δððq=2þ pÞ · ðq=2þ pÞ −m2Þ

¼ δð2q · pÞδðq · q=4þ p · p −m2Þ; ðC3Þ

which gives fixings q · p ¼ 0 and q · q=4þ p · p ¼ m2.
We need to calculate WðqÞ equal toZ
dpθðjq0j=2 − jp0jÞδð2q · pÞδðq · q=4þ p · p −m2Þ=2;

ðC4Þ

but due to Lorentz invariance, we need to do it only for
q1…D ¼ 0 and q0 > 0, which is the easiest. Then p0 ¼ 0
and by substitution jpj ¼ p̃ it reduces toZ

p̃D−1SDdp̃δððq0Þ2=4 − p̃2 −m2Þ=4q0: ðC5Þ

Finally putting p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðq0Þ2=4 −m2

p
and replacing q0 →ffiffiffiffiffiffiffiffiffi

q · q
p

, we get (29).

APPENDIX D: PLANE WAVE GENERATION

We shall derive the causal Green function in the limit of
oscillating perturbation that generates a plane wave. We
define

GgðxÞ ¼
Z

dyGðx; yÞgðyÞ

¼
Z
y0<x0

dy
dk

iEkð2πÞD
eik·ðx−yÞ sinððx0 − y0ÞEkÞgðyÞ:

ðD1Þ

We first integrate over y2;3;::. while substituting y0 ¼ x0 − t,
and y1 ¼ y − L getting

Z
t>0

dtdy
dk

iEkð2πÞ
eikðx1−yÞeikL sinðtEkÞðeiEpðx0−tÞhðyÞ þ e−iEpðx0−tÞh�ðyÞÞ

¼
Z
t>0

dtdy
dk

Ekð4πÞ
eikðx1−yÞeikL½ðeitEkþiEpðx0−tÞ − e−itEkþiEpðx0−tÞÞhðyÞ þ ðeitEk−iEpðx0−tÞ − e−itEk−iEqðx0−tÞÞh�ðyÞ� ðD2Þ

with k being a one-dimensional variable and Ek ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
. We integrate over t with damping factor e−0þt. Then

GgðxÞ ¼
Z

dk
Ekð4πÞ

eikðLþx1Þ
��

eiEpx0

0þ − iEk þ iEp
−

eiEpx0

0þ þ iEk þ iEp

�
h̃ðkÞþ

�
e−iEpx0

0þ − iEk − iEp
−

e−iEpx0

0þ þ iEk − iEp

�
h̃�ð−kÞ

�

ðD3Þ

with h̃ðkÞ ¼ R
dyhðyÞe−iky. For large L the factor eikL is quickly oscillating while the other functions vary slowly.

Exceptions are the first and last denominators at Ek ∼ Ep as they diverge. Only in these cases, we make approximations

Ek − Ep ≃ ðjkj − jpjÞjpj=Ep for jpj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
p −m2

q
. The integral concentrates only near two peaks at k ¼ �jqj so we can

calculate

GgðxÞ →
X
�

Z
dk

4πEp
eikðLþx1Þ

�
eiEpx0 h̃ð�jpjÞ

0þ þ ijpjðjpj ∓ kÞ=Ep
−

e−iEpx0 h̃�ð∓ jpjÞ
0þ − ijpjðjpj ∓ kÞ=Ep

�

¼
X
�

Z
dk

4πjpj e
ikðLþx1Þ

�
eiEpx0 h̃ð�jpjÞ
0þ þ iðjpj ∓ kÞ −

e−iEpx0 h̃�ð∓ jpjÞ
0þ − iðjpj ∓ kÞ

�
: ðD4Þ

The integral over k can now be calculated using residues,
giving

2jpjGgðxÞ → eiEpx0−ijpjx1 h̃ð−jpjÞ − eijpjx1−iEpx0 h̃�ðþjpjÞ
ðD5Þ

equivalent to (33).

APPENDIX E: CONTACT TERM PROBLEM
IN ENERGY CORRELATIONS

For the normalization h1i0 ¼ 1 (unitarity) to hold, we
expect hTμν

q ðxÞTξη
q ðyÞi to vanish because any quantity

AqðxÞ ¼ AþðxÞ − A−ðxÞ should cancel the correlation if
x0 is the latest time. For μ ¼ ν ¼ ξ ¼ η ¼ 0 the above
expression will contain the term
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ð∂0x∂0yGðx; yÞÞð∂0x∂0yGðy; xÞÞ; ðE1Þ

which indeed is 0 for both x0 > y0 and y0 − x0. However,
something strange happens at x0 ¼ y0. Then taking the
definitions of G we get

∂
0
xGðx; yÞ ¼

Z
dk

ið2πÞD eik·ðx−yÞ cosððx0 − y0ÞEkÞ ðE2Þ

for x0 > y0, and 0 for x0 < y0. Unfortunately, there is a
discontinuity at x0 ¼ y0 which gives ∂

0
x∂

0
yGðx; yÞ ¼

iδðx − yÞ. As a result, we get δ2ðx − yÞ ¼ δð0Þδðx − yÞ,
with δð0Þ undefined, formally divergent to þ∞. The
problem persists at higher (arbitrary) order correlations
since we get, e.g.,

δðx − yÞδðy − zÞδðz − wÞδðw − xÞ
¼ δðx − yÞδðx − yÞδðy − zÞδðz − wÞδð0Þ ðE3Þ

again diverging. To cure the problem, we need an auxiliary
independent renormalizing field ϕM, but with a large mass
M → ∞, and construct Tμν

M ðxÞ by replacing m → M and
ϕ → ϕM. Unfortunately, ϕM must be anticommuting
(Grassmann, fermionic). More precisely, there are two
fields ϕMðxÞ and ϕ�

MðyÞ but they anticommute, i.e., AB ¼
−BA for A;B ¼ ϕMðx; yÞ;ϕ�

Mðx; yÞ. The field is called a
ghost because it is not physical [42]. The renormalizing
Lagrangian density reads

LMðxÞ ¼ ∂ϕ�
MðxÞ · ∂ϕMðxÞ −m2ϕ�ðxÞϕðxÞ ðE4Þ

with the energy-momentum tensor

Tμν
M ðxÞ ¼ ∂

μϕ�
M∂

νϕM þ ∂
νϕ�

M∂
μϕM

− gμνðgστ∂σϕ�
M∂τϕM −M2ϕ�

MϕMÞ: ðE5Þ

The basic correlations read hϕMðxÞϕMðyÞi ¼ 0 and

hϕMðxÞϕ�
MðyÞi ¼

Z
dk

ð2πÞD2Ek
eik·ðx−yÞ

×

�
e−ijx0−y0jEk

1þ e−βEk
−
eijx0−y0jEk

1þ eβEk

�
ðE6Þ

with the zero-temperature limit

hϕMðxÞϕ�
MðyÞi ¼

Z
dk

ð2πÞD2Ek
eik·ðx−yÞe−ijx0−y0jEk: ðE7Þ

The Wick decomposition includes now the sign of the
permutation

hϕ�
Mðx1ÞϕMðy1Þ � � �ϕ�

MðxnÞϕMðynÞi
¼

X
σ

sgnσhϕ�
Mðxσð1ÞÞϕMðy1Þi � � � hϕ�

MðxσðnÞÞϕMðynÞi:

ðE8Þ

Now, because of the opposite sign of the permutation
we get

hTμν
MqðxÞTξη

MqðyÞi ¼ −hTμν
q ðxÞTξη

q ðyÞi; ðE9Þ

so let us modify Tμν by

TμνðxÞ → TμνðxÞ þ Tμν
M ðxÞ ðE10Þ

in our Kraus operator. Then what we get is

hTμν
q ðxÞTξη

q ðyÞi ¼ 0: ðE11Þ

Note that finiteM would also add some correction to terms
containing Tμν

c (which do not spoil unitarity, though) so we
keep the limit M → ∞.

APPENDIX F: ENERGY-MOMENTUM
FLUCTUATIONS

We define

f̃μνðkÞ ¼
Z

dxeik·xfμνðxÞ=ð2πÞDþ1 ðF1Þ

and note that

hTμν
c ðxÞTξη

c ðyÞi¼hTμν
c ðxÞTξη

c ðyÞi−hTμν
q ðxÞTξη

q ðyÞi=4
¼hðTμνðxþÞTξη

c ðy−ÞþTμνðx−ÞTξη
c ðyþÞÞi=2:

ðF2Þ

Using Bðx; yÞ and Bðy; xÞ we get

ha2i• ¼
Z

dkdpf̃μνðkþ pÞf̃ξηð−k − pÞ

× ðkμpν − gμνðk · pþm2Þ=2Þ
× ðkξpη − gξηðk · pþm2Þ=2Þ
× 8π2θðk0Þθðp0Þδðk · k −m2Þδðp · p −m2Þ: ðF3Þ

Replacing kþ p ¼ q and shifting p, we get

ha2i• ¼
Z

dqf̃μνðqÞf̃ξηð−qÞXμνξηðqÞ ðF4Þ

with
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XμνξηðqÞ ¼
Z

dpθðjq0j=2 − jp0jÞδð2q · pÞ4π2

× δðq · q=4þ p · p −m2Þ
× ðqμqν=4 − pμpν − gμνq · q=4Þ
× ðqξqη=4 − pξpη − gξηq · q=4Þ: ðF5Þ

We can observe that (a) X is 0 at q · q < 0. (b) X is
symmetric under interchanging μ ↔ ν or ξ ↔ η or
μν ↔ ξη. (c) X satisfies qμXμνξηðqÞ ¼ 0 (Ward identity
or energy conservation). (d) X is Lorentz covariant (there is
no preferred frame). Even more, if we take q1���D ¼ 0, then
the constraints lead to p0 ¼ 0 and jpj2 ¼ ðq0Þ2=4 ¼ m2 so
we have bound q · q > 4m2. Therefore the expected form
of X is

Xμνξη ¼ θðq · q − 4m2Þ4π2
× ½P0ðqμqν − ðq · qÞgμνÞðqξqη − ðq · qÞgξηÞ
þ R0½ðqμqη − ðq · qÞgμηÞðqξqν − ðq · qÞgξνÞ
þ ðqμqξ − ðq · qÞgμξÞðqνqη − ðq · qÞgνηÞ��: ðF6Þ

We only need to find two functions P0ðq · qÞ and R0ðq · qÞ,
which is the simplest by contraction,

gμνgξηXμνξη ¼ ðq · qÞ2DðDP0 þ 2R0Þ ðF7Þ

and

gμξgνηXμνξη ¼ ðq · qÞ2D½P0 þ R0ðDþ 1Þ� ðF8Þ

giving

ðD − 1ÞðDþ 2ÞDðq · qÞ2P0 ¼ ðDþ 1ÞgμνgξηXμνξη

− 2gμξgνηXμνξη;

ðD − 1ÞðDþ 2ÞDðq · qÞ2R0 ¼ DgμξgνηXμνξη − gμνgξηXμνξη:

ðF9Þ

At D ¼ 1 both equations give P0 þ 2R0, but it is not a
problem, as the P0 and R0 terms are actually the same. It is
clear from the general rule X0νξη ¼ X1νξηq1=q0 and sim-
ilarly for all indices so X is fixed by just one term X1111 (not
true at D > 1).
We can express the contraction by previous quantities

gμνgξηXμνξη

¼
Z

dpθðjq0j=2 − jp0jÞδð2q · pÞδðq · q=4þ p · p −m2Þ

× ðq · q=4 − p · p − ðDþ 1Þq · q=4Þ2
¼ ððD − 1Þq · q=4þm2Þ2WðqÞ ðF10Þ

and

gμξgνηXμνξη

¼
Z

dpθðjq0j=2 − jp0jÞδð2q · pÞδðq · q=4þ p · p −m2Þ

× ððq · qÞ2=16þ ðp · pÞ2 þ ðDþ 1Þðq · qÞ2=16
− ðq · pÞ2=2 − ðq · qÞ2=8þ ðp · pÞðq · qÞ=2Þ

¼ ððq · qÞ2ðD − 1Þ=16þm4ÞWðqÞ ðF11Þ

for W given by (29) so that

ðq · qÞ2ðDþ 2ÞDP0 ¼ ðm4 þ ðDþ 1Þm2q · q=2

þ ðq · qÞ2ðD2 − 3Þ=16ÞWðqÞ;
ðq · qÞ2ðDþ 2ÞDR0 ¼ ðm4 −m2q · q=2þ ðq · qÞ2=16ÞWðqÞ

ðF12Þ

with P0 ¼ PW, R0 ¼ RW in (51).
In the case D ¼ 1 we can set R0 ¼ 0 and

P0 ¼ π2m4ðq · qÞ−5=2ðq · q=4 −m2Þ−1=2: ðF13Þ

In the limit m → 0 also P0 → 0 but only at q · q > 0. The
limit q · q → 0 has to be considered separately. Note that
the final integralZ

dqθðq · q=4 −m2Þm4ðq · qÞ−5=2ðq · q=4 −m2Þ−1=2

× jðqμqν − gμνðq · qÞÞf̃μνðqÞj2π2 ðF14Þ

can be transformed using the change of variables
q0 ¼ m

ffiffiffiffi
w

p
cosh u, q1 ¼ m

ffiffiffiffi
w

p
sinh u intoZ

∞

4

dw
Z

duw−5=2ðw=4 − 1Þ−1=2m4w2

× jðUμUν − gμνÞf̃μνðm
ffiffiffiffi
w

p
UÞj2π2 ðF15Þ

with U0 ¼ cosh u, U1 ¼ sinh u. Suppose f̃ðqÞ is a regular
function that decays to 0 if q → ∞. Then the limit m → 0
reduces the integral essentially to the lines of light, i.e.,
q0 ¼ �q1, for juj ≫ 1. We make then the approximation
U ¼ euU�=2 with λ ¼ m

ffiffiffiffi
w

p
eu and U� ¼ ð1;�1Þ. Then

we get

ha2i0 ¼
X
�

Z
∞

0

dλλ3jUμ
�U

ν
�f̃μνðλU�Þj2π2=3 · 25 ðF16Þ

since Z
∞

4

dww−5=2ðw=4 − 1Þ−1=2 ¼ 1=6: ðF17Þ
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