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We formulate the first-order dissipative anisotropic hydrodynamical theory for a relativistic conformal
uncharged fluid, which generalizes the Bemfica-Disconzi-Noronha-Kovtun first-order viscous fluid
framework. Our approach maintains causal behavior in the nonlinear regime with or without general
relativity coupling, and we derive and analyze the constraints on transport coefficients imposed by
causality. We demonstrate the causal and stable behavior of our theory in specific cases, including the
discussion of nonlinear causality as well as stability for linearized perturbations. We apply our newly
developed first-order anisotropic theory to the Bjorken flow and show how causality and stability impose

constraints on the behavior of the early-time attractor.
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I. INTRODUCTION

Causality is one of the most important guiding principles
in physics. In the bottom-up approach to constructing
modern effective field theories, causality mandates that
effective quantum field theories meet certain requirements,
including microcausality, causal propagation limited to
the speed of light, stability of the vacuum, and possible
constraints on commutation relations [1]. As other effective
field theories, hydrodynamics is also subject to the restric-
tions imposed by causality. In this context, causality
mandates that a solution to the relativistic fluid equations
at a specific spacetime point x is entirely defined by the past
spacetime region that is causally connected to x [2,3].
While causality is an important physical requirement for
relativistic fluid dynamical equations of motion, it is not the
only one. Two additional requirements are necessary for the
equations of motion: to be locally well-posed and stable.
The latter demands that small perturbations around the
thermal state decay over time, while the former ensures that
the system follows a well-defined spacetime evolution for a
given set of initial conditions. The original first-order
dissipative hydrodynamical equations of motion, known
as the Navier-Stokes (NS) equations and derived by Landau
and Lifschitz [4] as well as Eckart [5], showed to be acausal
in the linear and nonlinear regimes [6,7]. To address the
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acausality and stability concerns of the Navier-Stokes
equations, second-order hydrodynamics theories were
introduced by Israel and Stewart (IS) [8,9]. Since their
seminal work, more recent formulations of second-order
hydrodynamics have been developed [10-12].

Within the realm of relativistic hydrodynamic theory and
its phenomenological applications to different research
areas, the absence of causality leads to the emergence of
unphysical numerical solutions. The lack of causality in
relativistic fluid dynamics prevents the equations from
being well-posed, thereby making it impossible to guar-
antee the existence and uniqueness of solutions without
causality. In a given numerical hydrodynamical simulation,
while a specific reference frame may produce a numerical
solution, its uniqueness cannot be guaranteed. Moreover,
the solution may not even exist in a different reference
frame. This highlights the critical and fundamental neces-
sity to establish a causal theory for relativistic fluids.

A recent development in relativistic hydrodynamics is
the BDNK theory proposed by Bemfica, Disconzi, and
Noronha [13-17] along with Kovtun [18,19]. The BDNK
theory has offered a practical and straightforward approach
to address the long-standing issues of causality, stability,
and local well-posedness in relativistic fluids. Its develop-
ment has created new opportunities for advancing our
understanding of the fundamental principles underlying
relativistic fluid dynamics. Basically BDNK theory is a
generalization of the first-order NS relativistic theory which
is causal in the linear and nonlinear regimes' as well as

"The rigorous mathematical demonstrations of these state-
ments are found in Refs. [15-17].

Published by the American Physical Society


https://orcid.org/0000-0003-1504-2484
https://orcid.org/0000-0003-2343-738X
https://orcid.org/0000-0003-3645-5675
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.056004&domain=pdf&date_stamp=2023-09-07
https://doi.org/10.1103/PhysRevD.108.056004
https://doi.org/10.1103/PhysRevD.108.056004
https://doi.org/10.1103/PhysRevD.108.056004
https://doi.org/10.1103/PhysRevD.108.056004
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

BEMFICA, MARTINEZ, and SHOKRI

PHYS. REV. D 108, 056004 (2023)

locally well-posed in Sobolev spaces in the presence and/or
absence of gravity. BDNK theory is also linearly stable
around global equilibrium. An interesting feature of BDNK
theory is that the definition of the hydrodynamical varia-
bles, such as the energy density, receive out-of-equilibrium
corrections. In this sense BDNK first-order theory differs
from the standard approaches based on the Landau and
Eckart frames.

It is essential to emphasize that the theoretical develop-
ments concerning causality extend far beyond merely seek-
ing compatibility between causality and a particular physical
theory. Indeed, recent independent studies conducted by two
groups, Plumberg et al. [20] and Chiu and Shen [21], have
revealed violations of causality in various sized systems,
including Pb-Pb and p + Au collisions, within state-of-the-
art fluid dynamics simulations. These violations have distinct
effects on different observables, pointing to the significant
impact causality has on the outcomes.

On the other hand, anisotropic hydrodynamics has
emerged as a very successful phenomenological model
for describing nonequilibrium fluids with large spatial
anisotropies in high-energy nuclear collisions [22-26].
It has been used to accurately model the spacetime
evolution of the fireball in these collisions and has shown
good agreement with experimental results (see Sec. 10 of
Ref. [27] and references therein). Additionally, anisotropic
hydrodynamics has passed rigorous numerical tests against
exact kinetic theory models based on the Boltzmann
equation (see Secs. 7-8 of Ref. [27] and references therein),
providing confidence in its efficacy for studying fluids in
far-from-equilibrium situations. Despite these successes,
the foundational aspects of anisotropic hydrodynamics
remain incompletely understood, particularly with respect
to the role of causality and its constraints. Currently,
anisotropic hydrodynamic simulations have displayed
potential in handling realistic scenarios with considerable
dissipative corrections. Nonetheless, the constraints
imposed by causality, which might yield notable phenom-
enological consequences akin to those discussed in
Refs. [20,21], remain largely unexplored. Consequently,
initiating a comprehensive investigation into the limitations
imposed by causality in simulations of anisotropic hydro-
dynamics becomes a crucial and pressing task. On the other
hand, there has been a growing interest in gaining a deeper
understanding of the role of out-of-equilibrium corrections
in simulations of neutron star mergers. It has been high-
lighted that these corrections can be significant [28,29],
suggesting that standard hydrodynamical approaches may
prove inefficient, as observed in heavy ion collisions. Given
the demonstrated superior performance of anisotropic
hydrodynamics in such scenarios, it becomes natural to

’For readers interested in delving into anisotropic hydro-
dynamics in heavy ions, we recommend the most recent review
in Ref. [27].

explore its potential applications in the phenomenology of
neutron star mergers. Hence, it becomes crucial to inves-
tigate how an anisotropic fluid behaves when coupled with
gravity.” Furthermore, advocates of anisotropic hydrody-
namics have proposed its application in understanding
protoquark and strange stars under the influence of strong
magnetic fields [31-33], where the direction of the mag-
netic field serves as the spatial anisotropy. Therefore, it is of
utmost importance to analyze how causality constrains
anisotropic hydrodynamics in scenarios distinct from heavy
ion collisions. By doing so, we can gain valuable insights
into the viability and limitations of this theory in diverse
astrophysical environments.

Motivated by this gap in understanding, we introduce a
novel approach in this work to investigate causality in
anisotropic hydrodynamics. We develop a novel first-order
theory for a conformal, uncharged fluid near thermal equi-
librium that exhibits a spatial anisotropy characterized by a
spacelike vector /. In addition, our work analyzes the role of
causality when coupling anisotropic hydrodynamics with
gravity, and thus, our findings pave the way for the inclusion
of anisotropic dissipative effects in simulations of gravita-
tional-wave signals coming from neutron star mergers.

The paper is organized as follows: in Sec. Il we discuss the
most general form of a first-order anisotropic conformal
fluid theory. We show in Sec. III that physical requirements
of the second law of thermodynamics up to the order of
validity of the theory leads unambiguously to the anisotropic
BDNK theory of a conformal fluid. Section IV examines the
conditions that causality imposes on the transport coeffi-
cients, both with and without gravity. Linear stability of our
novel first-order anisotropic theory is analyzed in Sec. V.
The application of our novel anisotropic first-order theory
for a fluid undergoing Bjorken flow is presented in Sec. VL.
Our conclusions are summarized in Sec. VII. Technical
details are found in the appendixes.

Notations and conventions. We use the natural units in
which 7 = ¢ = ky = 1 and adopt the Lorentzian metric g,
with signature —+++. The standard covariant derivative
is denoted by V, and the conformal covariant derivative by
D. We use the standard symmetrization and antisymmet-
rization notations, such that, for example, for a rank-2
tensor we obtain that A,, is Ay, =3(A, +A4,,) and
Apy) =5 (A, —A,,), respectively. The Riemann tensor is

defined as Rg,, = 2(d,I'g, +T7,I% ), and the Ricci

tensor as R,, = R, 4"’
II. FIRST-ORDER ANISOTROPIC CONFORMAL
BDNK THEORY

A common approach in hydrodynamics is to expand
physical observables in terms of gradients and truncate the

3Although some initial steps have been taken, it is important to
note that these studies are still in their infancy [30].
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series expansion at a given order in the derivatives. For
example, if one considers the energy-momentum tensor
T#, the gradient expansion takes the form 7T+ =
O(1) + O(d) + - - -, where O(1) corresponds to the ideal
fluid contributions while (O(9") are the viscous corrections
of order n in derivatives (time and space derivatives written
in a covariant form) of the dynamical variables such as
energy and density. Therefore, first-order theories contain
only the first-order derivative corrections (9(0).4 Since
quantities such as temperature and number density are
only unambiguously defined in equilibrium, their out-of-
equilibrium corrections may differ due to different choices
of O(9). In fact, different first-order theories are connected
by transformations in these out-of-equilibrium variables.’
The connection between the Landau-Lifshitz and Eckart
frames, for instance, can be understood through such
transformations [8]. Recent works have provided a com-
prehensive discussion on this subtle yet crucial aspect
[17,18,36].

We shall develop the first-order theory of a conformal
uncharged fluid which has a spatial anisotropy along an
arbitrary direction determined by a spacelike vector /#. We
start by introducing the most general form of the energy-
momentum tensor that describes this particular fluid.

A. Anisotropic energy momentum tensor

Here, we turn to the problem of constructing a non-
linearly causal anisotropic extension of the conformal
BDNK hydrodynamics for an uncharged fluid [13]. The
most general form for the energy-momentum tensor 7+,
decomposed in the directions parallel and orthogonal to the
timelike velocity flow u* (w'u, = —1) and the anisotropic
spacelike vector I# (I*l, = 1) which is invariant under the
little group SO(2), reads as [25,26]

T = Eutu’ + PP + PLE + 2Mul ) + 2WY u)
oW ) 4
= Euw'u’ + (P =PI + P LA™ + 2Mu V)
oWl ) oWl 4+ 2 (1)

Here, A" = ¢™ + ufu* and E" = A — [F]¥ are the
projectors orthogonal to #* and to u* and [* together,
respectively. In Eq. (1) we introduce the macroscopic
quantities that correspond to different projections of the
energy momentum tensor as follows:

“The gradient expansion is equivalent to the Knudsen ex-
pansion in kinetic theory [34,35].

“For example, consider a fluid’s theory defined by a set of N out-
of-equilibrium thermodynamic variables v, with a =1,.... N,
and suppose we perform a transformation y, — v, + dy,, where
Oy, is first order in the derivative of the thermodynamic variables
y,. This leads to the existence of two different first-order theories
that are, in fact, equivalent up to the first-order corrections.

& = u,u,T", (2a)
M =-T"u,l, (2b)
Py =T1,1,, (2¢)

|-

PJ_ = ET :'/“” (2d)
W, = —BaT"uy, (2e)
W, = BaT 1, (2f)

=Hev =Hay ey 7] el
HolEly + EHy — B E
ﬂ_;iy _ ( a ﬂ2a 01/7') T = E/{;;Ta/j. (2g)

Quantities £ =P, + 2P, , M, W' ,,W,, and 7" con-
tain four scalars, two vectors, and one tensor built out of the
leading-order hydrodynamics fields and their first-order
derivatives, with their concrete forms to be determined
subsequently. In particular, £ = ¢ + £, where £ is the
first-order correction to the energy and ¢ is the equilibrium
energy density. Assuming 7 to be an effective temper-
ature, then, in the conformal case, ¢ = &(T) T* and
e =P;+2P,, where P, and P, are the leading-order
contributions to P; and P, respectively. Due to the
conformal invariance, the derivatives of the scalar fields
are related through V,P, = (P;/e)V,e and V,P, =
(P 1 / €)v”€.

In Eq. (1) the vectors W*,, W* ,, and the symmetric
traceless tensor 7" are orthogonal to u and /, i.e.,

VﬂW’iu = VHW’Jl_l - Vﬂﬂliy - O’

with V = {u, [}. Note that the above expressions lead to
E,7'" = 0. In the absence of other conserved currents, the
fluid’s evolution is governed by the energy-momentum
conservation V,T* = 0, which will be referred to as the
equations of motion (EOM) and due to the conformal
invariance can be equivalently expressed as D, T = 0,
where D, is the conformal covariant derivative compatible
with u# [37]. In particular,

D,u, = AjVu, — A, V,u®/3
and

D,e = V& + 4e(u*V,u, — u,V,u’/3).

au

The EOM may be decomposed into the directions parallel
to u and [/ and the directions perpendicular to both as

056004-3
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D E = —(P, = P )G, — MD,I* — "D, M
- ,Dleiu - ZWIillaGav - ﬂjfgl/wv (33)

[*DyP, = —(P, = P, )Dyl® = MI*I’G,, — u*D,M
— LW D — Lu*D, W,
— LI'D,W" | — DWW, + 20Dl (3b)

ErD, P = —(P; = P )ELID, ¥ — MEJI“Du*
— MELu“D, " — EYW?, Dyu®
— B DWW, = W Dyl” —
- Elzj laDaWIj_l

EAW D, I

— B D4, (3¢)

where 6, = Du,) = AZ{,}VMMD is the shear tensor, with
AL = [AZA] + AGAZ — (2/3)A%A,,)/2. We have also
introduced a transverse shear tensor as

_ =ap _ =ap
UJ_”D = :‘MU,D(IM/J = .:anu/;.

It is important to keep in mind that an expression that
only includes derivatives up to a certain order may be
approximated at that order when the equations of motion
are considered. As an example, one can rewrite (3a) by
separating the leading- and first-order contributions from &
and P to obtain

MaDaE' + (Pl - PJ_)I”IIJGMV
= —uDEV — (P - P16, — MD,1* - 1D, M
-D,WY, —2W9,l’o,, — 70, (4)

Upon comparing the left- and right-hand sides of the
equation above, it becomes evident that the terms u®D, ¢
and [“l,D,l* only contain first-order derivatives of the zer-
oth-order quantities. However, the combination u*D, e +
(P, =P, )I"o,, is second-order on-shell, meaning that it
becomes second order when the equations of motion given
by (4) are taken into account. It can be said that the same
combination is of the first-order off-shell. Similar argu-
ments may be applied in the remaining equations of motion
in (3) above. In the next section, we make use of generic
arguments based on the second law of thermodynamics
together with the above on-shell analysis in order to
determine the remaining first-order terms M, EW | etc.,
by assuming the physical applicability of a first-order
theory.

III. ENTROPY AND ENTROPY PRODUCTION

The second law of thermodynamics mandates that
entropy should be at a maximum in a state of equilibrium,
and the entropy production should not have a negative
value. However, for a first-order theory one must only

consider the entropy up to the first-order on-shell deriva-
tive, and hence the entropy production up to the second-
order on-shell [18]. This ensures that the theory is being
applied outside of its intended physical applicability.

The entropy current of an anisotropic conformal
uncharged fluid reads as (see Appendix A)

PLu — u, T
Su:%’ (5)

where P is the leading orderof P ,i.e., P, =P, + 7711).
In this case, the entropy density reads

g

—M”S” :S+T,

(6)

where the leading-order contribution to the entropy density
is s = (e + P, )/T. From Eq. (5) we calculate the entropy
production

_ ﬂ}j_yﬂl}w _ 2W}illl/6ﬂu _ £ — 3PL MaDag

Vst =—=5 T 4T ¢
(Pl - PJ_)I”ZDG,W
a T
CEDw + WY, + M Dye )
4T e

The choices 7,,, x—c,,, and W, < -E"*I%,, give
positive contributions to the first two terms in (7). On
the other hand, the third term

e—3P, u"D,e

4T £ (8)

cannot be positive definite since D, e has no definite sign.
Furthermore, the order of derivatives of this term, as given
by Eq. (4), depends on the leading order of pressures and
could be either first or second order. Equation (8) becomes
second-order on-shell only if P, = P,. Hence, to ensure a
non-negative entropy production, this term must be elim-
inated by letting P, = &/3. On the other hand, the term

(Pl - Pl)lﬂ ll/o-,uu
T

©)

is of first order in derivatives by assuming that there are
only on-shell contributions in Eq. (3) and ¢, is of the first
order in derivatives. Accordingly, this term has no definite
sign and must be eliminated as well. To this end, the leading
orders of the pressures must be equal

PJ_:PIIP: (10)

€
3 b
which we consider to be the case hereafter. Subsequently,
and by following the prescription outlined in the previous
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section, the simplest anisotropic extension of the conformal
BDNK hydrodynamics of an uncharged fluid is formulated
by the energy-momentum tensor

T = (e + EDyurwr + (P = POYwi 4 (P 4+ PV aw
oMUt 4 2W ) W) £ 2 (1)

where its components are written as

3yutD,e
g =2~ " 12
4 ¢ (122)
HD
Pgl) :)%u /48 - 2]’]”lalﬂ0aﬂ, (12b)
u'D,e
Pl :’% vE gl lPo,, (12¢)
€
= =20, (12d)
W, = —27]@%6’”, (12e)
AJ_ D £
Wh =g 12f
lu 4 e ( )
ML 1I"De
M=——, 12
1, (12g)

In the previous expression we have eight transport coef-
ficients {x, s, x 1.1 MusM1+ A, AL} which are proportional
to €%/, due to the conformal invariance. The conformal
invariance also requires y; + 2y, = 3y to ensure 7 = 0.

Plugging Eq. (12) into the EOMs (3) and assuming
condition (10), the entropy density is given by —u,S* =
(e + P)/T + O(0*) and the on-shell entropy production is
simply

1 1)5\2
P -7
3nuT

VoS — ﬂlfﬂlﬂl/ Wﬁ_IWJJﬂ
! 2, T mT

+ O0(0%).
(13)

We conclude that the on-shell entropy production given by
the previous expression is positive up to second order in
derivatives if

ny 20,

20, n 0. (14)

A. The isotropic conformal limit of BDNK

Once the spacelike anisotropic vector [/ is chosen, the
isotropic limit for the conformal uncharged fluid is repro-
duced by setting

no=m=nu=mn Xi=XL=X

If we plug the above condition into (11), the energy-
momentum tensor reduces to the one derived in BDNK
theory [13], i.e.,

4 ¢
AU ADTD g
2 e’

THY — |:8 + 3_)(14”Dyg:| uhut + |:P +{I(M”Du€:| AR — 2],10.;411
€

(16)

where y, 1,7 « €¥/*. The equivalence between the expres-
sions derived above and the corresponding one in BDNK
theory [13] becomes clearer when considering the limit
established by Eq. (15) while writing A* = E* 4 [#]¥ in
Eq. (16) together with the following identity [25,26]:

1 -
O-ﬂl' = UJ—/’”’ - E‘zﬂvlalﬁa(lﬂ + 2&“((1#1”) lﬂO'a/;

+ 1116y, (17)

Note that the traceless components of the energy momen-
tum tensor (16) are 6, ,,, E‘(’ﬂll,)l/’aaﬂ, and the combination

Eﬂyl“lﬂaaﬂ—Zlﬂlyl“lﬂaaﬂ. These terms are needed and
explain why these multiply the same coefficient #;; in
Egs. (12b) and (12c).

IV. CAUSALITY

Now, we shall show that there exist conditions for the
transport parameters defined in Eq. (12) such that the
resulting hydrodynamic theory exhibits nonlinear causality.
It is worth noting that the EOM V, T = ( give rise to a
system of quasilinear partial differential equations (PDE),
i.e., PDEs that do not contain products of their highest-
order derivative terms. The independent variables in the
energy-momentum tensor include the energy density € and
the components of the fluid’s velocity u*, with the
anisotropic vector /*° being chosen accordingly. To inves-
tigate causality in quasilinear systems, we analyze the
principal part of the system of equations. This part contains
only the terms of the highest order in each variable and
determines the order of the partial differential equations in
each variable. As an example, a quasilinear system that is of
order one in ¢ and two in #* does not contain terms such as
(0e)?, (0*u)?, or 0ed’u, and its principal part can contain
only terms of form de or d°u. As explained in [13], we
assume u* to have four independent components, with the
constraint u*u, = —1 being imposed at an initial time and
being preserved through the fluid’s evolution. The EOM is
then decomposed in directions parallel and perpendicular to

%The components of the vector /# are constrained by being a

unitary spacelike vector /#/, = 1 and being orthogonal to u*. For

instance, at the earliest stages of a heavy-ion collision, itis common
to choose u* = y(v,)(1,0,0, v,) with * = y(v,)(v.,0,0, 1) [26].
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ut. This gives rise to five equations of the five independent
variables

~u,V,T* =0, ALV, T =0, (18)

with the constraint u*u, = —1 being used when required.7
Let us now consider Eq. (18) together with the constitutive
relation (11) for the energy-momentum tensor, and the
dissipative fluxes given in (12), coupled with gravity

through Finstein’s equation
1
RM — EQWR = 8zGTH, (19)

and the gauge freedom fixed by assuming the harmonic
gauge ¢T3, =0. As explained in Appendix B, the
causality of the system is determined by the vectors
¢, =V,® normal to the characteristic hypersurface
®(x) =0, which are the roots of the characteristic
equation (B5). With the roots of the characteristic equation
obtained as &, = &,(&;), the system is causal if (C1) they
are real,

50 € R? (20)
and (C2) &, = (&, &;) is not timelike, i.e.,

££" 2 0. (21)

In our case, the characteristic equation has 30 roots, of
which 20 are lightlike and thus causal, arising from pure
gravity. The remaining pieces of the characteristic equation
are spacelike roots, which we refer to as the matter sector,
and can be further decomposed into two parts. The first
part, which contains 4 roots, is

A? = (A a® —n v 4 6nb*)? =0, (22)
where

yu=n—n., a=uws, b=IF, =AY (23)
The second part which contains the 6 remaining roots

reads as

H|[(V, &)[A> + A(UL, + UAE,) + UYL, USE, — ULE,USL)

=0. (24)

The explicit forms of the terms H”(V, &), UY, and U are

calculated explicitly in Appendix B, which for convenience
we listed below:

"This is the equivalent of considering V, T = 0 together with
the evolution equation for the constraint 1 V[u*V, (u*u,)] = 0.

UYL, = b*Snyyyy + a4+ oy v* + b*ony
a*b*SA(y | + A, + 64+ 8y)

” (25a)
4£H”(V, 3
UNE, = Doy + a*bbA + (811, + Smy)bv?
2béA A%+ b6+ 68
4eH (V. &)
1) - b
Usl, =b <?)( + 5’1111) + b — b 37711)
2p A A 6+ 6
_a (}I/_l_ L)()(LH‘I' L+ + Z)’ (250)
4€HH(V, &)
Sy — ) v?
_“2()(4‘/%)[()& +’1L)02+b2(5/1+5)()] (25(1)
4eH)(V.¢) ’
3ya? + A v? + SAb?
Hj(v.g) = 2L T (25¢)

de

Here, 61y, =4m =30y =11, 6my =y — 01, 8¢ = X1 — X 15
and 61 =4;—4,. Because £, needs to be spacelike
according to Eq. (21), no root with » =0 is allowed.
Note that v = 0 yields to the following result:

&8 = (—u'u” + A/‘”)fﬂé,, =—d>+ 1P =-d?> <0,

which clearly violates causality according to Eq. (21).
Upon inspection of Egs. (22) and (24), it is apparent that if
either 4| or y, which give rise to the leading-order power in
a, are zero, causality violating roots with b = v = 0 arise.
Building upon this observation and the known isotropic
conformal case [13], we can justify the following choice to
ensure causality, i.e.,

AL >0, x>0, e> 0. (26)
We can rewrite A by writing b =1[v"=wvcosf
(0 < 6 < 7) using the Cauchy-Schwarz inequality, as both
vectors are orthogonal to u#. In this case, A* defines a real
inner product among these vectors. This results in the
rewriting of A, Eq. (22), as follows:

A=y (a*—1?), (27)

where

(28)
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When considering the constraints (26), the roots of A =0
obey (20) and (21) if, and only if,* 0 < 7 < 1.” Thus, if the
conditions (26) hold, the roots of A = 0 are causal if, and
only if],

Ay > max(n;,n.) 2 0. (29)

However, the previous inequality does not lead to a
sufficient condition for 4, when comparing the isotropic
limit of this constraint, i.e., 4 > #, and comparing with the
corresponding one derived in the conformal isotropic case
[13]. Therefore, it is needed to analyze the roots of (24) as
well. In general this analysis becomes cumbersome, and as
is shown in Appendix C, it requires finding the roots of the
following polynomial in o = a®/v?:

plo) = Zm@‘l (30)

This polynomial is found by writing Eq. (24) in the generic
form given by Eq. (C1), with the coefficients a; to be
determined from the aforementioned equality. The causal-
ity condition is then stated in the statement C. 1: Assuming
a3 to be positive, causality then requires p(o) to be positive
for o > 1 and negative for p <0, while satisfying the
following inequality:

18apajara; — 43 + aja} — dazay —27a%af > 0. (31)

We have explained the application of the generic conditions
of statement C. 1. To simplify the analysis of the causality
conditions, it is more instructive to consider specific cases
that provide clearer results. From the constitutive relations
(12), we realize that the spatial anisotropy appears explic-
itly in different dissipative fluxes of the energy-momentum
tensor: in the scalar sector with dy # 0, in the vector sector
with 64 # 0, or in the tensor sector through the differences
between three different transport parameters, i.e., 1, 7,
and #;;. If the only source of anisotropy is the scalar sector,
then, as stated in statement C. 2, causality requires the five
inequalities given by Eq. (C5), together with Egs. (14) and
(29), to be satisfied. The aforementioned conditions (C5)
are, for example, satisfied by the following choices:

A=y =10n, x. =6y =151/2, (32)
with n, =5, = ny, and 64 = 0. Taking the isotropic limit
(15), the conditions (C5) reduce to the ones of the
conformal isotropic BDNK [13], i.e.,

8See for instance Ref. [17].
The equality 7 = 1 may be used if the particles are massless.

3xn
x—n

¥ > 4n, 1> (33a)

On the other hand, if the anisotropy is only in the vector
sector, and the transport parameters of the tensor sector
vanish, i.e., the system is shearless, as stated in
statement C. 3, the condition (26) is sufficient for causality,
without any further constraint on 4.

To check for causality in more general cases, one can use
statement C. 1. For instance, in the example worked out
entirely in Appendix D one finds the following conditions
that respect causality:

_ 2 5 1 — 137
nL=n, ’11—3’ 7711—67 L=
11n 161
/1 == 6 N - 5 5 — ) - )
! Ui X n X1 3 Xi —3
with 7 > 0. (34)

The proof of linear stability for this choice of parameters
may be found in Appendix E.

V. LINEAR STABILITY

In this section, we study the stability of the linearized
EOM for the hydrodynamic theory developed in Secs. II
and III. We adopt standard methods [14,38] and consider
small perturbations of the hydrodynamic fields & and u#
around a homogeneous background, which corresponds to
a global equilibrium with constant hydrodynamic fields in
flat spacetime. In particular, we assume the energy density
to be g, + de(t, x'), with g, being constant, and the fluid’s
velocity to be ufy 4+ su” (1, x'), with ufdu, = O(5%). The
fluid velocity in equilibrium is ufy = y(1, v%), with v’ being
the components of the 3-velocity v, and y = 1/v/'1 — v* the
Lorentz factor. We then expand the equations of motion up
to the first order in perturbations, which are assumed to be
in the form of plane waves, i.e., 6e(t, x') — e~ To*"ku e (k*)
and Su(t,x') — e~ To¥"kugu(k*), where k* = (il', k') and
the presence of the equilibrium temperature 7, in the
exponent makes the modes k* dimensionless. Nontrivial
solutions to the EOM may lead to imaginary solutions
[ =T'(k"), where linear stability is verified if, and only
if, Re(I") < 0.

The roots I' = I'(k") that come from the EOM are usually
cumbersome, so the analysis becomes very difficult.
However, new results show that causality + linear stability
in the local rest frame (LRF) leads to linear stability in any
boosted frame. This relation has been shown to be true for
strongly hyperbolic systems of equations, as demonstrated in
Ref. [17]. A recent study by Gavassino [39] demonstrated the
validity of this relation for the general case. The author
showed that if a mode grows for an observer A, it can be
thought of as a parametrization of the time coordinate in that
frame. If the theory is causal, this growth should be preserved
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between frames; otherwise there would be an inversion in the
time direction. Accordingly, and since we already have the
conditions for causality, we shall study linear stability in
the LRF and, in some specific cases, linear stability in a
homogeneous boosted frame (where k' = 0 but v’ # 0).

We begin by studying linear stability in the LREF, i.e.,
where uﬁ = (1,0,0,0) and, as a consequence, su® = 0.
Furthermore, since [ is orthogonal to u, it can only have
spatial components in the LRF, i.e., /§f = (0, I'), with keeping
1, =1 in mind. We note that although /# must also be
perturbed in order to preserve the aforementioned orthogon-
ality, its perturbation does not contribute to the dissipative
fluxes of (12) up to the first order in perturbations.

Let us define 6&8=20de/(e+P) and o&T" =
6T" /(e + P), together with the dimensionless quantities
mo=m/s, iy =mnu/s, 1L =n1/s, 4y =~/s, AL =21/s,
x=x/s. Ji=x/s, and jy,=yx,/s, where s=
(e 4+ P)/T =4¢/3T is the equilibrium entropy density.
We may also define k = [k, k' = Bik/ = k' — 'k, and

k = +/k;k' in order to perform the decomposition
. . Ki .
ou' = l'duy + ;514” +ou'|,
where Su;, =1;6u’, Suj =x;6u' /x, and Su'| =E'6u/ — k' Su.

With that in mind, we obtain the following equations for the
modes:

GU(STO” = M]léé + M125ML ‘I— M135M” = 0, (353)

lial,éTi’“ = M2155' + M226ML + M235MH = O, (35b)

51 0,6T = M3y 88 + Mayydu, + Mysouy =0, (35¢)
K

@i0,6T" = [A, 1% + T + 7 k> + (7 — ij, )k]ou’, = 0,
(35d)

where 0"/ = B — '/ /k? is the projector orthogonal to k'
and I', k* = k;k', and

ki, kK- -

My =77 +T - 3L+§(/ﬁ—/m, (36a)

My, = ik[(4 +2)T + 1], (36b)

M3 = ik[(AL + )T + 1], (36¢)
- =

My = §k[(/11 + 7)) + 1], (36d)
. 477, — 7)) k2

M22 = A,Fz + r + K'277]l + M s (366)
ke _

My = ? (3771 —Xl— 2’711)’ (36f)

K., _ -
M3 = g[()(z + AT+ 1], (36g)
ke ~
M3, :?(3'11 =X —27711)’ (36h)
_ 2
My, =T22; +F+§(_)_(z + iy +3071)
k _ )
+§(3’71+)(1_77[l_3’7l)- (36i)

Note that the transverse modes u’, decouple from the rest
and give the shear channel polynomial equation

M2+ T +7 k> + (-7 )k* = 0. (37)

The equations for the longitudinal modes (35a)-(35¢) are
nontrivial, i.e., give nonzero solutions for the perturbations,
when

det(M) =0, (38)

where M = [M]3, ;. The roots of Eq. (38) give the wave
modes of the sound channel. It is worth mentioning that the
mode equations in a Lorentz boosted frame are obtained by
performing a boost which yields to the following change:

k= 1k", kK — —y*(T + ikjv')? +T? + k'k;,
K2 — k= (k") [ — y(T + ik;jv'). (39)

In the boosted frame, u* = y(1,2') and I* = (I*v,, 1)/
/1 —v'l,, with T’ being a unitary 3-vector that coincides
with the anisotropic unitary 3-vector /' in the LRF (v = 0).

In the LRF case, by means of the Cauchy-Schwarz
inequality, one may set /;k’ = kx, where —1 < x < 1 covers
all possible directions of k'. Then, Eq. (37) can be written as

AT 4T+ [, (1= %) +lk* = 0. (40)

The roots of the above equation have zero or negative real
parts if, and only if, 2 > 0 and 77, + x*(ij; — 77, ) > 0. Both
conditions are guaranteed by the constraints (26) and (29)
because 1 — x> > 0, and we have that either 7, > 7 > 0 or
7> n, > 0. Hence, Egs. (26) and (29) lead to the linear
stability of the shear channel in the LRF.

Now, let us consider (40) in the boosted homogeneous
case, i.e., with vanishing k’. By employing again the Cauchy-
Schwarz inequality, we can write (I,k*)* = (A*k,k,)y?,
with —1 <y < 1, and then apply (39) to obtain

L[(AL = (1= y*)v?i, — y*?m)yD+ 1] =0, (41)

which has roots for all > € [0, 1) with nonpositive real parts
if 1, >, (1 =y*) +i;y>and 1, > 0. Both inequalities are
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guaranteed by the causality condition (29) and Eq. (26),
according to which 77, (1 — y?) + ;> < max(ij;, 71, ) < 4.
In this condition we clearly see the connection between
stability in any frame and causality + stability in the
LRF [39].

The polynomial for the sound channel in (38) is of power
six, with complicated coefficients that depend on all
transport parameters as well as k and k2. The analysis of
this type of polynomials is extremely complex, so it is more
convenient and better to examine each set of parameters
separately. As an example, the stability of the causal set of
parameters (34) is demonstrated in Appendix E.

VI. BJORKEN FLOW

In this section, we apply the formalism developed in
this work to the case of Bjorken flow, i.e., when the
fluid’s velocity is w* = (1,0,0,0, ) in the so-called Milne
coordinates (z,x,y,¢), which are related to the usual
Minkowski coordinates via 7=V —z> and &=
1log[(t +z)/ (1 — z)]. From a mathematical perspective,
one can choose the spacelike anisotropic vector to be in
any of the x, y, and # directions. However, the physical
picture of the heavy ion collisions suggests

1
I* ==(0,0,0,1), (42)

T

to be the right choice. Alternatively, other choices may be
possible, but one should be cautious of potential nonphysi-
cal issues when making such a choice, as illustrated in
Appendix F. By equating « and [ into Eq. (12) and using the
Bjorken symmetries, the dissipative fluxes reduce to

1 3T
eV = F713 (— + 3—) : (43a)
T T
W oafZi— 4 3T
=T |=—+ =, 43b
Pl = (B (43b)
(1) (XL + 20 37T
=T s 43
Pl ( 37 + T (43¢)
and
2Y=0, W ,=0, W =0, M=0. (44)

Namely, anisotropy only appears in the scalar sector with
three independent relevant transport parameters, y = 777,
y1L =7.T% and 5, = i, T>. Recall that in the isotropic
case, the relevant transport parameters for the Bjorken flow
are shear viscosity #, and y [13,40]. Similar to the cases of
IS [41] and isotropic conformal BDNK, the fluid’s evolu-
tion is governed by only one equation,

T _T2T? 3¢9 —j1) .
9;(7+ 187 Tt ( N + 12T2>T+4TT
+ 3% — 2L — 4 = 0. (45)

At late times, the solution to the previous equation can be
written as a power series,

A i (1 + 571)
T = 1- —~ ), (46
(AT)1/3< 2(A7)?3 24(A7)?3 - (46)

where A is a constant with energy dimensions. We clarify
that when we refer to late times, we mean Az > 1. One
may assume that up to the first order, the power series
solution is equal to the one of the isotropic conformal case,
to reduce the number of free parameters. Such an
assumption gives rise to 1, = 7.

To gain more insight into the physical implications of
(45), especially in the far from equilibrium regime, we
assume the dimensionless parameters w = 77" and
flw) = %‘31—;” [41]. The EOM (45) reduces to a first-order
nonlinear differential equation,

% g2 + o) (145270 - L £

+3)?+)~(l—’~111_2_W:
3 3

0. (47)

The late-time expansion (46) is written in terms of the
variable w as

2 Mugsyy) 1
=2y M Mosr) =), (48
Fwy=3+3,+t g2 O\ (48)

which is valid when w > 1. The pressure anisotropy,
A= (P, —-"P;)/P, in the isotropic conformal BDNK,
and in contrast to IS theory, is purely determined by shear
viscosity and does not depend on f. In the anisotropic case,
the situation is different because A receives contribution
from f(w),

27 -a(, 2\ 6
A= (f 3)+w. (49)

Note that at late times f(w)~2/3+ O(w™!) so both
isotropic and anisotropic first-order BDNK theories share
the same forward attractor. This is expected since asymp-
totically the system relaxes toward the thermal equilibrium.
Following Ref. [41], we assume a correction to the first-
order on-shell terms in (48),

"“The variable w is proportional to the inverse Knudsen
number for the conformal case.
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Flw) = % 0y s e ). (50)

3w

By equating the previous expression into Eq. (47) while
assuming §f < f, and expanding in 1/w around w — oo,
we obtain

5f(w) ~exp (—2)7"/) W (51)

Since y > 0 due to causality, at late times the perturbation
(51) decays faster than the perturbative terms of the late-time
expansion. The relation between the coefficients in the above
form and the analytical structure of the Borel resummation
might be of interest, but it will not be discussed here.
Equation (47) can also be studied for the existence of
pullback attractors. Following the transasymptotic and
dynamical systems methods outlined in Refs. [42-47]
one can show that the initial value which rises to the
attractor solution is found by expanding (47) around w = 0,

7 -7 N 12g+ A
f(w<<1):§—)(9~h+ ng{ﬁ—h‘ (52)
74 74

In the following we use the slow-roll approximation [41].
Namely, we assume |f’| to be much smaller than |f| and
expand (47) in terms of f'/f to obtain an algebraic
equation. This leads to two solutions for f(w) that we
expand around w — oo and compare with (48), to recognize
the stable one,

T x=xL 2w
f(w)slow roll — 9 9)? 9)?
2w — 7. ) + 1207
L V0w 71) W (53
%

If at early times, f gets larger than 1, then the fluid
experiences reheating. To prevent reheating we must have

X1 >4, >0, (54)

which can be shown that is equivalent to the condition for
stability and causality and reduces to y > 4# in the isotropic
limit. Therefore, causality forbids reheating for the Bjorken
model discussed in this section.

Finally, we might assume an off-shell, or nonphysical,
entropy current S’éff, that is, a current determined from (5)
without considering the power counting discussed in
Sec. III. If causal and stable parameters are chosen for
the attractor solution (53), V - S, will be negative at early
times. However, if causality and stability are violated, the
divergence will always be positive. V - S approaches zero
rapidly and then changes sign in the stable and causal case.
This seems to be a typical characteristic of BDNK theories,

which may be related to the fact that the domain of
applicability must be explicitly considered.

VII. CONCLUSIONS

In this work, we explored the constraints imposed by
causality in anisotropic hydrodynamics. Our approach
involved deriving the simplest and most general form of
the first-order anisotropic energy-momentum tensor, based
on the invariance under the little group SO(2) and the
second law of thermodynamics. We demonstrated that our
theory is both causal and stable, and also well-posed
whether or not it is coupled to gravity. Furthermore, we
showed that the standard isotropic BDNK theory can be
recovered as a limit of our novel approach.

We verify the linear stability and causality of our theory
in both the boosted and local rest frames, confirming the
generality of recent results obtained by Gavassino [39].
For the specific case of Bjorken flow, we investigate the
causality conditions necessary to ensure the existence of
forward and pullback attractors. Our findings reveal that
the behavior of these attractors at early and late times is
constrained by causality conditions. Violation of these
conditions results in a reheating effect, which is the increase
of temperature from its initial value at very early times.

There are several potential avenues for future research
that can build on our work. First, it would be valuable to
investigate how our novel anisotropic theory can be derived
from a coarse-graining approach, as is typically done in
relativistic kinetic theory. Additionally, extending our
analysis to the most general nonconformal case for both
charged and uncharged fluids, with and without gravity,
could have significant implications in other fields such as
cosmology [48]. We are extremely confident that valuable
insights will emerge with these investigations. For instance,
these works will provide the theoretical basis and guidance
for a meticulous exploration of potential causality viola-
tions in numerical simulations of anisotropic hydrodynam-
ics for heavy ion collisions, and thus, complementing
recent phenomenological analysis carried out by various
research groups [20,21]. Our work may also impact the
development of a BDNK-type theory for resistive dissipa-
tive magnetohydrodynamics [49-52], where the magnetic
field serves a similar purpose to the anisotropy vector [*.

Finally, while our approach has been successful in
analyzing the near-equilibrium regime, it would be valuable
to extend our techniques to the extreme far-from-
equilibrium dynamics. This could provide valuable insights
into how causality affects the spacetime evolution of these
systems. These fascinating research problems are important
and require further investigation in the future.
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APPENDIX A: ANISOTROPIC FREE
ENERGY DENSITY

In this appendix, we present the thermodynamic relations
of an anisotropic fluid. To this end, let us assume the leading-
order generating functional of the fluid to be [53,54]

WO—/d“x,/—g]:(T,f). (A1)

Here, F is the free energy that is to be determined and
guw"1l’, which is set to unity at the end."" The

energy-momentum tensor can then be derived from

2 oW
™ = ——
V') 69/11/
oF oF
=(Fo/—g+vV-9|=| 6T +/—9|— ) 67 .
oT /, ot )
(A2)
The variation of temperature and ¢ are
1 1
oT = - Tu"u"sg,,, ot = 1'"og,,.
2 2
Plugging the above relations into (A2), we obtain
oF oF
T = (-F+T|— My — || M
= (71 e ()]
+ FA*. (A3)

The pressure and longitudinal pressure are defined as

1 1 (0F
P=-AT"=F+-|—) .
3 * 3 <0f> T
oF
pP=L1T"=F — | .
== (),
Plugging (A3) into the above, we recognize the free energy,
3P-P
F="— ‘=p,. (A4)

7 is similar to the parameter ¢ for the superfluid case in [53].
Note that # varies only because of the metric variation.

After identifying the free energy with the transverse
pressure, one can observe the relations between thermo-
dynamic quantities,

oP
€= u”u,,T’““ =—-P, + T(L) ,
¢

oT
oP,
—+) =P -P,.
(&), =nn

The first equation above is Euler’s equation for the
anisotropic fluid that determines its entropy density,

g — € + f o GP 1
1T \odr ),
From the above definition of the entropy density and (A5),
we find

(AS)

(A6)

de = —(PI—PJ_)df—f—TdS,
dPJ_:(Pl—PJ_)df‘i‘SdT

At this point, we set £ =1 to find the Gibbs-Duhem
relation and the first law of thermodynamics for the
anisotropic fluid

de = Tds, dp, = sdT. (A7)

Finally, the entropy current is found from the covariant
form of (A6)

Ts, = Piu,—uT,. (A8)

APPENDIX B: DETAILS
OF CAUSALITY ANALYSIS

In this appendix we give the mathematical details of
causality analysis that are not presented in Sec. IV. The
system of equations arising from (18) and (19) can be
written as'’

3yuuf + A A% + sA1°1P
de «Op€

[ + AL )ues)) + 521@uP)1,)0,05u”

+ 1 (e,u, 9)0,0p9, = bl (3¢, 0u,09),  (Bla)

(ro + AL) AMul) 4 (54 + o)1 uP)
de
+ hzﬂﬁ(& u, g)aaaﬂga = bt (08, au’ ag)’

0,0p¢ + C47 0,0,

(B1b)

g"‘ﬂéaéﬁga = b,(0¢, du,0qg), (Blc)

One may notice that causality is blind to the leading-order
anisotropy of pressure since it does not appear in the principal
part of the system of PDEs.
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where there is an implicit sum over repeated a,b = uv,
with u < v, over the values 00, 01, 02, 03, 11, 12, 13, 22,
23, and 33. Furthermore, 64 =4, —1,, 6y = y; —x ., and
we have defined

10) x
Cu = onyy P10, + (?X + 511111> 1P S + Sy AHP11,

AFBE
%Mﬂﬂz w48, AP,
+ (A uuP —n) A 46 ,101P) ), (B2)
wherein  ony . = 4n; =30y =0y, Sy =ny—n, and

ony; =n, —n;. We may rewrite (B1) in the matrix form
HL(V,0)V/ + b =0, (B3)
where I, J take the values ||, x =0, 1, 2, 3, and
a=00,01,...,33, VI = (e, u", g),
H(V.9); = h(V);% 3,0,
is a 15 x 15 matrix linear operator, and
a Syputul + 2 A%+ SV
h”/;_)(uu—i— n + 7 (B4a)
de
m = (o + 2 ues) + s, (B4b)
e _ (x1 + A ) AUl 4 (84 + Sy) M1 uP) 7 (B4o)
I 4e
N e (B4d)
WP = 5997, where 6% = 88,  when a = uv
and b = Jlo, (B4e)
a,aff a,aff
= h™ = 0. (B4f)

The remaining expressions /7%’ (V) and b’ (dV) are irrel-
evant to what follows. The principal part of each equation / is
contained in H(V,0),V’. Tt is worth mentioning that all
terms b!(0V) are functions of at most the first-order
derivative of the variables V! = (e,u", g,), with products
containing first-order ~derivatives such as (aV&)",
(aVE)"(aVE)™ among others, being allowed. On the other

hand, 1;” (V) are functions of the variables V/ only and not
their derivatives. Therefore, this is a quasilinear PDE system
and the usual tools to compute causality apply. The
characteristic surfaces {®(x) = 0} are determined by the
principal part of the equations by solving the character-
istic equation det[H (V*,&)] = 0, with £, = V,® [55,56].
Note that the components of the matrix H(V,&) are

H\(V, &) = h(V);£,&,. The system is causal if, for any
given real &;, (C1) the roots &, = &;(&;) of the characteristic
equation are real, and (C2) &, = (&y(&;). &) is spacelike or
lightlike, i.e., £,&" > 0. Condition (C2) guarantees that the
surfaces {®(x) =0} are timelike or 11ght11ke ensuring
that there is no superluminal information. 13

We may now compute the characteristic equation, for

which we must compute the determinant of the matrix
H(V,&) that reads

H|(v.e) HI(V.8) H)(V.&)

det[H(V,£)] = det H”(V &) Hi(V.&) H,(V.©)
010x1 010x4 $u&1 4o
= (§,¢")'"'M, (B5)
where
Hl(v.e) HI(v,
M = det H( 2 .£) ) (B6)
HAV.E) HLY.9

wherein [, is the 10 x 10 identity matrix and 0,,,,, is the
m x n null matrix. Out of 30 roots of the characteristic
equation, 20 are the real roots fﬂ.f” = 0 coming from the
pure gravity sector and, thus, are causal. These are expected
to be lightlike roots since pure gravity fields have no mass.
If matter instead of pure radiation, which is permitted for a
conformal fluid, is treated, the remaining roots are expected
to be spacelike. As for the matter sector, let us define
a=ué, b=1r, vv=A", and v=,/£,5 A", Then,
from (B6) one obtains that

HY(V,&)HU(V, &)
H|(V.&)

M = H|(V,&)det |HL(V.&) -

= H|(V. &) det [A8] + UH1, + USE,)

= AH|(V,&)[A% + A(U}1, + USE,) + UYL USE,

_ vt (®7)
where
A=A a® —n v+ 6y b7, (B8a)
Ul = b?Sny 1" + aSA1F + i v0*1* + bonyo*

_ absH|(V. ) -

H|(V. &)

PNote that the matrix H(V*, &) is invertible only when & is
timelike, i.e., solutions are only possible over spacelike or
lightlike hypersurfaces ®.
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3 )lﬂ_’_()ﬂ__r/ll)vﬂ_a(x—i_/lJ-)Hﬂ(V’g)

3 H|(V.¢)
(B&c)

oy
U = b(_+5'lzzz

In particular, let us write explicitly

U//]llﬂ = b251’[11u_ + Clzéﬂ + 517J_1112 + bzénm
a’b?SA(y L + AL + 64+ dy)
4eH | (V. &)

UYE, = DP6nyy + a*bdA + (8nyy + 6y ) bv?
_ @by + ALV + b (82 + 8y)]
4eH (V. ¢) ’

(B9b)

10 —ny)b
U’zllﬂ =b —Z+51’]”[ +7()(L 7711)
3 3
@b+ 20)(ry + AL+ 62+ 6y)

4eH (V. ¢)

, (B9c)

l oy — 1) v*
Uhé, = b (?4'5'7111) +7()(¢ 3 )

@A) [ +AL) 0P+ 734+ 5y))]
4eH | (V.£) ’

(B9d)

3ya® + A, v* + 6Ab*

H|(V.¢) = o

(B9e)

Thus, the matter sector contains 10 overall roots that must
obey (C1) and (C2), with 4 coming from

A = (Apa® = nov* +6nyb*)* =0, (B10)
and the remaining 6 from"*
H|(V.O[A + A(U]L, + USE,) + UL USE,
- Uig, U1, = 0. (B11)

APPENDIX C: CAUSALITY CONDITIONS
IN THE GENERAL AND SPECIFIC CASES

The polynomial in (B11) is of power 3 in a?. Since for
causality we must obtain the roots in the form of o = 3—3,
then we may rewrite (B11) as

“Note that in the product H|(V, &)(U1,UsE, — U{&,UsL,),

the term with denominator H H (V, &) cancels as expected.

4eH |(V,&)[A2 + A(UL1, + USE,) + UL USE, - UNE, UL

= p(0)r°. (C1)

We have multiplied (B11) by 4¢ to eliminate it from the
denominator in H ”(V, £). Note that p(p) is a cubic
polynomial in p. Since I* = A*][, and " = A*¢, are
vectors orthogonal to u*, A* define an inner product
between them and, thus, we can apply the Cauchy-Schwarz
inequality to write b = [,0" = kv, where x€[-1,1]
depending on the root & and the vector /. Causality of
the 6 roots of (C1) follows from the statement:
Statement C.1. (The general case). Let p(o) be
defined by means of Eq. (C1) and let us write it as

p(o) = 430" + m0® + 10+ a. (C2)
Assume that
a > 0. (C3)
Then, causality requires that
plo) >0, Vox1, (C4a)
plo) <0, Vo<, (C4b)
18aga a3 — 43y + 303 — 4azar — 270303 >0, (Cde)

for all ke [-1,1].

Proof.—First, we must ensure that all real roots of p(p)
lie on the range [0, 1) as demanded by (21). From (C3), we
must ensure that p(p) is positive for all ¢ > 1 [condition
(C4a)] and negative for all o < 0 [condition (C4b)]. This
guarantees that the real roots can only occur in this desired
range, and thus (21) is satisfied. As for (20), the roots are
real if the discriminant of the cubic polynomial (C2) is
greater than or equal to zero, which leads to the con-
dition (C4c).

In what follows, we present causality conditions for two
more specific cases. The first case is when the anisotropy
appears only in £(1), PEU, and PU):

Statement C. 2. (Anisotropy in the y’s). Consider the
anisotropic conformal fluid theory defined by the energy-
momentum tensor in (1) and supplemented with Eq. (12)
with the choices A, =4, =4, and n, =, =n; =1.
Then, the corresponding EOM are causal under
assumption (26) if, and only if, condition (29) applies
together with
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KPS A+xydn+2i—yx)+(A+x)xL 20, (C5a)
KAy 02 = 2P dySy(—4n + A+ x) +2(A+x)
X x 1 [K2xA+ x(4n+ 2 — x)]
+ x[16n%y + 8122 + 2y — 1?)
(=322 =2y + )]+ A+ x)3 20, (C5b)
x> 4n— K5y, (C5¢)
—Kk2A0y + x(=4n +54+y) — (A+x)x1 >0, (C5d)

=22y —And — 12y + Ty = 3(A+x)y. + 37 >0,
(C5e)

for all x> €10, 1].
Proof.—The determinant M in (B7) can be rewritten as

3yt
M= (@* — 7, 0%)", (Co)
48 a=1,t

where n; = 3, n+ =1, and

) = g (C7a)
at/p

= ) C7b
Tt 6y ( )
a=KPoA+x(4n+A=x)+ A+ 1)r. (CTe)

B=148y22% = 262y Sy (—4n+ A +x)
T2+ ) LIPS A+x (4 + A= )]
+ 160y + 81207 + Ay = x*) +x (=327 = 2x + 1*)]
+(A+2)%3. (C74d)

The matter sector has 2 roots for (C7a) with multiplicity 3
each and 4 roots for (C7b) (2 for each 7.), a total of 10
roots. Now, Egs. (20) and (21) are observed if, and only if,
0 <7, < 1. For 7| it is guaranteed by (26) together with
(29). As for 7., it needs to be real, i.e., f >0, what
corresponds to (C5a), 7_ >0, and 7, < 1. For 7_ > 0, we
need that & > 0 [condition (C5b)] together with o> — 8 > 0
[condition (C5c¢)]. As for 7, < 1, it corresponds to 64y —
a > 0 [condition (C5d)] together with (64y — @) — 8 > 0,
i.e., condition (C5e). All the above conditions must be valid
for all values of k € [—1, 1], i.e., for all possible values of
the product b = [, v" = kv. =
Finally, a much simpler case is given below:
Statement C.3. (The shearless case). Consider the
shearless anisotropic fluid (, =#n; = n; = 0) with oy =0

described by the energy-momentum tensor (11) and sup-
plemented by (12). The theory is causal if (26) is satisfied.

Proof.—In this particular case, the determinant in (B7)
becomes

de 3 (C8)

M = Lﬂl‘itﬁ <a2 ! 02)2 =0.
Note that there is 1 causal root a = £,u* = (0 because in
this case &,&" = —a’ + v* = v? > 0, with multiplicity 6,
and 2 roots a®> = v?/3, also causal since 0 < 7= 1/3 < 1,
with multiplicity 2 each, completing the total 10 roots from
the matter sector. Assumption (Al) guarantees that the
determinant M is not trivially zero, which would give any
&, as a possible solution.

APPENDIX D: A CAUSAL EXAMPLE

In this appendix, we use statement C. 1 to show that the
set of parameters (34), which are reproduced below for
convenience, are causal

B 2n 5y P _ 13n
nL=n, ’11—3’ 7711—67 l—z,
11n 16

A = 6, X =51, )(J_*T’ }(sz

The above parameters satisfy (26) and (29) by construction,
and we show that satisfies the conditions of statement C. 1
as well. For simplicity, we take the overall factor 73/216
out of the definition of p(p) in (C1) to obtain

4eH) (V.£)[A> +A(UY1, + USE,) + UYL, USE, - ULE UL

’,]3

=516 (D1)

p(o)®.

Then, the coefficients in p(p) are given by

ay = —364—1623k> + 1674x* — 1195 <0, V«*€]0,1],

(D2a)
a; = 16224 + 19601k — 19925* > 0, V«ke|0,1],

(D2b)
ay = —18(7254 —203x2) <0, Vxel0,1]. (D2c)
ay = 126360, (D2d)

where « is defined through [,v* = kv (see Appendix C).
For ¢ < 0, we have

p(0) = —(lao| + a1 o] + |az|* + a3]0°]) <0,  (D3)
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and, thus, (C4b) is verified. On the other hand, for o > 1,

p(o) = ap+ aj0+ ( + az0?)o

>ay+a; +a, + as, (D4)

since ap,az > 0. However,

ag+ oy +a, +ay = 11648 4+ 21632« — 18251x* — 119«°
>0, ve2elo 1], (D5)

and, therefore, (C4a) is also verified. Finally,

18aga a3 — 43y + a3t —daza} — 270303
=324(2421746461615104 — 6266597114164608x>
+24310721163158820x* — 50747526702105948x5
+59336411451755437x% —40187158939087070x'°
+12398536143066361x'2) > 0, Vik2e[0,1].  (D6)

Hence, (C4c) is also verified and the set of transport
parameters (34) is causal.

APPENDIX E: STABILITY OF THE
CAUSAL EXAMPLE (34)

In this appendix, we examine the stability of the sound
channel (38) for the causal set of parameters (34). In this
case, up to an overall constant and, because # > 0, by
performing the changes I' — I'/ij and k' — k'/ij we obtain
that Eq. (38) becomes

a0+ a5+ a, I + a3 + a, % +asT+ag=0, (El)

where
ay = 21060, (E2a)
a; = 10962, (E2b)
a, = 6315 + f,(x*)k?], (E2c)
az = 108 + f,(x2)&2, (E2d)
2
ay == [f3() + fa(2)R], (E2e)
as = 36k> + f5(x*)k*, (E2f)
as = K(f6(x?) + f7(x*)k?]. (E2g)

We have defined the functions

f1(x?) = 3498 — 70x2, (E3a)
£2(x?) = 7248 — 27022, (E3b)
f3(x?) = 1680 — 36x2, (E3c¢)
fa(x?) = 5548 + 6564x% — 6464x*, (E3d)
fs(x?) = 485 + 556x> — 553x*, (E3e)
fo(x?) = 24 + 30x% — 30x*, (E3f)
f2(x2) =78 +306x2 — 310x* + 2215, (E3g)

One may verify that all functions in (E3) are positive for all
x? €0, 1], which makes all a,’s in (E2) (I =0,...,6) to
also be positive. Thus, pure real roots are in fact negative.
As for imaginary roots, we apply the Routh-Hurwitz
criterion (RHC) [57], which in this case requires us to
compute the following table:

ao a ay ag 0
a as as 0 0
b, b, b 0 0 (E4)
c cH 0 0 0
d; d, 0 0 0
e 0 0 0 0

where b;=(a,ay;—agayi 1)/ a1, ¢;=(byazi1—abiyy)/ by,
d; = (c1bip1 — bicipy)/cy, and ey = (dic; — ¢1d,)/d,.
Since a; > 0 for I =0, ..., 6, then Re(I') < 0 if, and only
if, b, >0, ¢c; >0,d; >0, and ¢; > 0. Since a; > 0, then
it is enough to obtain

ayby = 324[56925 + (238974 + 3340x2)k?] > 0,  (E5a)
36 2\ 1,2 2\ 1,4
36k> 5 12
b1c1d1 = % [614790093()( ) + 2794()( )k
+ 695 (x?)k* + g6 (x*)K°, (E5c)

36k*
b] Cq d] e = m [221324400g7(x2) + 972g8 (xz)kz

+27go(x*)k* + 6410 (x*)K® + g1 (¥*)k®],  (E5d)

where
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91(x2) = 1412154 — 7715922, (E6a)
g>(x?) = 174806118 — 143563237x>

4 133959417x4, (E6b)
g3(x%) =35 -3x2, (E6c)
9a(x2) = 422612235 — 18823865822

+ 129974883, (E6d)
gs(x?) = 20839149333 — 15122827103x>

+ 12589851858x* + 623807058x°, (E6e)
J6(x?) = 219646045656 + 96361454524x>

—432604607986x* + 620066970164x5

—290471866054x3, (Eof)
g7(x%) =23 — 18x% + 15x%, (E6g)
gs(x?) = 362387218 — 297049991 x>

+243855688x* — 5179815x°, (E6h)
go(x?) = 216917135055 — 156807618144x>

+ 105968706122x* + 35462079400x°

— 13719895953x%, (E6i)
910(x2) = 5000654914056 — 3108012289024

+ 141596540058 1x* + 1798665419999x°

— 1349559053018 — 625170319671x1°,  (E6j)

g1 (x2) = 20097012270600 — 82381572326488x
+ 329458308450878x4 — 682695134979400x°
+795041858933812x8 — 532773739193376x!°
+ 161024463542854x12. (E6Kk)

Since all 11 functions g are greater than zero for all
x?>€]0,1], then all equations in (E5) are positive, the
RHC are verified and the system is stable in the LRF.
Since we proved in Appendix D that the system under these
parameters is causal, then the result in [39] ensures linear
stability in any boosted frame.

Just for the sake of illustration, let us verify stability in
the boosted homogeneous frame by taking the changes (39)
in (E1) and then taking k' = 0. This will lead us to the roots
I' = 0 of multiplicity 3 and the roots of X,

Bo(yT)? + p1(4T)* + poyT + p3 = 0, (E7)

where

Bo = 2(1384 + 1698x> — 1461x* — 11x%) > 0,

vx*elo, 1], (E8a)
B = 4199 +826x> —553x* >0, Vx2€[0,1], (E8b)
B =6(179 4 8x2 —5x*) >0, Va2el0.1], (E8c)
By =72 (E8d)

Since all coefficients f,;,3 are positive, then there is
only 1 negative pure real root for the polynomial, as
desired. As for the complex roots, the remaining RHC
to be computed is

BB — Bofs = 6(718405 + 140694x2 — 78310x*
— 8290x° + 2765x8) > 0, (E9)

which is greater than zero for all x> € [0, 1]. Thus, linear
stability is also verified in the homogeneous boosted frame.

APPENDIX F: THE UNPHYSICAL CHOICE
OF I IN THE BJORKEN FLOW

Here, we repeat the study of Bjorken flow from Sec. VI,
with an alternative choice of spacelike anisotropy vector,
[ = %. The fluxes of (12) in this case are

1 3T
EW =713 <+> (Fla)
t T
W a2+ 30T
=T (—=+=, F1b
Pl = (e, (FIb)
(1) s (7L =7 37T
=71 | , F1
P = (T T (Fic)
2 = 2y, Tdiag(0,0, /7, ~1/7%),  (Fld)
W, =0, (Fle)
W’iu = 0’ <F1f)
M =0, (Flg)

which gives rise to the following EOM:

T _T2T? 3767 +j1) o) -
+J1 =3 =iy =0. (F2)
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The above can be expressed in terms of w = Tz and
flw) = 58 as

w dr
9% 3. ¥ — 157
Z g+ s (143200 ) £ g )
187 =27, =30, —iiy 2w
+ B 3= 0. (F3)
The pressure anisotropy reads
27 -7 2\ 3y
=~ -] - F4
A 3 0w ! 3 w (F4)

As in Sec. VI, A has an “off-shell” contribution, which
cannot be found in the isotropic conformal BDNK.
However, the first-order term is negative, in contrast to
the isotropic case. The late-time expansion for 7T is

A < _77]11+377L_(ﬁll+3’~7i)(5j{_}?i)+”.)

(A7)'/3 8(A7)*3 64(A7)*3
(Fs)
and for f is
2 qy 3 (g +30)57 —71) 1
= — O —a .
f) =3+, 48w? O

(Fo)

We may consider the following linear perturbation at late
times:

2 qy+ 30
:_+’711 ny

Fw)=3+"1,

+8f(w), (F7)

which up to the first order in perturbation in late times is

2w Ay 301 +2(7 1 +71)

o) ~exp -2 WL ey

The numerical attractor can be found from the following
initial condition:

T =¥, VRO +300)7+ 7+ 7))

1) =~ ,
fw<1) 9+ 367 + 187

(F9)

and the slow-roll attractor is

T X=Xl 2w

f(w)slow roll — § + 36)? 9)?
i V@w— (7 + 7)) + 12371, + )7

187 '

(F10)

Neglecting the power counting argument, we find V - Sy is
initially negative if
X1 >y +3n>0. (F11)

In the isotropic limit, the above reproduces the stability
condition

x > 4n.

The condition V - § < 0 at w = 0 is equivalent to

% < £(0) <1, (F12)

which prevents early reheating for the attractor solution.
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