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We investigate the inflationary cosmology involving an SUð5Þ GUT (grand unified theory) singlet scalar
with nonminimal coupling to the Ricci scalar. In this scenario the scale of grand unification is set by the
inflaton vacuum expectation value when the inflaton rolls down its potential towards its minimum v,
thereby relating inflationary dynamics to GUT symmetry breaking with a prediction of r ≃ 0.025 for the
tensor-to-scalar ratio to be tested by the next generation of CMB experiments. We show in this inflationary
framework involving an inflection point how a suitable choice of parameters in SUð5Þ leads to a bump in
the scalar power spectrum with the production of primordial blackholes (PBH) of masses 1017–1018 g
(10−16–10−15M⊙). We derive the constraints on the self-quartic and mixed-quartic couplings of the inflaton
in SUð5Þ that are consistent with the inflationary analysis. Moreover, we also show that this scenario leads
to large amplitude induced second-order tensor perturbations propagating as gravitational waves (GWs)
with an amplitude ΩGWh2 ∼ 5 × 10−10–10−8 and peak frequency fpeak ∼ ð0.1–300Þ Hz, which can be
detected in the next-generation GW observatories like LISA, BBO, ET, etc. Thus, we unify the SUð5Þ
framework with PBH via inflection-point inflation showing how the upcoming measurements of PBH and
GW will enable us to probe the scale of SUð5Þ symmetry breaking, and thereby complementing the
laboratory-based experiments. We also discuss scenarios involving the Pati-Salam and trinification gauge
groups and its impact on quartic and mixed-quartic couplings that may lead to PBH and detectable GW
signals.

DOI: 10.1103/PhysRevD.108.055039

I. INTRODUCTION

One of the most striking predictions of grand unified
theories (GUTs) is proton decay [1–7], and Super-
Kamiokande has set stringent constraints on the typical
decay channels such as p → π0eþ, Kþν̄ with the proton
lifetime exceeding 1034 years [8,9]. This approximately
translates into a bound on the GUT symmetry-breaking
scale to be MGUT to be > 5 × 1015 GeV. There are even
more very exciting prospects ongoing and during the
current decade, thanks to the upcoming large-scale and

large-volume neutrino detectors, namely experiments like
DUNE [10], Hyper-Kamiokande [11], and JUNO [12],
which promise to improve the lower bound onMGUT by an
order of magnitude or so, or even more excitingly possibly
detect proton decay.
Besides the motivations of UV completion (where all the

SM gauge couplings are unified) GUTs also formed the
basis of the first proposal for cosmic inflation, an accel-
erated expansion of the early Universe, which essentially
resolves the horizon and the flatness problems of big bang
cosmology, as well as provide the initial seed of density
fluctuations that grow into the inhomogeneous Universe
that we observe today [13–16].1 Such inflation driven by
GUTs turned out to be unsuccessful due to measurements
of the CMB, however the quantum generation of the
primordial fluctuations seeding the large-scale structure
(LSS) of the Universe was a successful scenario. Whether
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1Later on, inflation was studied in the context of gravity
effective theories like the Starobinsky scenario [17,18].
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or not the origin of inflationary cosmology is from particle
physics, the rapidly increasing data from cosmological
precision measurements, particle-physics experiments and
astrophysical observations lead us to the quest to find a
coherent picture of the early Universe based on particle
physics to begin with. Inflationary studies based on con-
formal GUT theories employed the Coleman-Weinberg
potential for aGUT singlet-scalar inflaton fieldwithminimal
coupling to gravity [19,20]. It was soon followed by studies
of GUT models containing topologically stable cosmic
strings [21,22] and intermediate scale monopoles [23–27],
and in GUT models such as SOð10Þ these may survive an
inflationary epoch. Later on, GUT models involving dark
sector physics were also considered [28–30].
Going beyond the minimal coupling to gravity, the

Standard Model (SM) Higgs inflation and scalar fields
with nonminimal coupling to gravity (the Ricci scalar) [31]
provide naturally flat inflaton potentials to scalar fields in
general [32–39] that may drive inflation with predictions
of spectral indices that are compatible with the current
CMB measurements. In some models there appear certain
characteristic features in the potential which may lead to
production of huge scalar fluctuations that may seed
formation of primordial black holes (PBHs) [40] when
length scales around the critical point reenter the Hubble
horizon after inflation has ended. Moreover, such PBHs
may even constitute part or all of the dark matter (DM) in
the Universe [41–54], thus providing a novel DM candi-
date.2 Moreover, the recent detection of gravitational waves
from black hole mergers by LIGO and Virgo [56] has
ushered in a new age in GW astronomy of the study of
PBHs [57,58], with several proposed models of inflation
involving scalar fields [59–66] that could produce PBH
dark matter in a mass range observable by current, or in
upcoming, gravitational wave experiments.3 These predic-
tions are, of course, subject to the stringent constraints such
as lensing and gamma-ray bursts and other astrophysical
measurements at our disposal [77–79]. Only few regions
remain in the spectrum of PBH mass that still allow a
sizeable PBH population. These are basically two narrow
mass windows at 1018 g and 4 × 1019 g, and a PBH mass
window around 1034…1035 g ≈ 25…100M⊙ which is very
near to the LIGO/Virgo range that may allow for PBHs to
be DM. All initial PBH massesMPBH < 109 g are however
disallowed as they correspond to PBHs that evaporate

before big bang nucleosynthesis (BBN) down to Planck
scale relics without spoiling the baryon asymmetry [77,79].
In addition to having PBH formation, second-order

tensor perturbations may be generated from the enhance-
ment of the scalar curvature perturbations. This has been
investigated in recent works, which lead to detectable GW
signals in the upcoming GW detectors [64,80–94].
With the scale of GUT physics largely out of reach of

laboratory experimental facilities, in this paper we propose
a SUð5Þ inflationary scenario which leads to large scalar
perturbations and formation of PBHs as the entirety of DM
in the Universe, and show how the GUT scale can be
probed in the induced GW predictions with the upcoming
GWexperiments. The scenario is consistent with the lower
bound on MGUT experiments, proton decay, as well as
theoretical constraints on the GUT parameter space arising
from quantum corrections and the demand of unification of
the SM gauge couplings. We show that the scale of grand
unification can be probed by cosmological observables
including spectral distortions, PBH and GW predictions,
and in future may lead to novel constraints that may pin
down the GUT scale. Our discussion also extends to other
unified models based on gauge groups SUð4ÞC ×
SUð2ÞL × SUð2ÞR [95] and SUð3ÞC × SUð3ÞL × SUð3ÞR
[96–98], in which case MGUT can be lower than the
standard scale of 5 × 1015–1016 GeV.
The paper is organized as follows. In Sec. II, we discuss

the model of inflation, and in Sec. III we discuss the GUT
symmetry breaking and the relation with inflationary
parameters. In Sec. IV, we describe the scalar perturbations
and the solution to the Mukhanov-Sasaki equations result-
ing in the spike in the power spectrum. This leads to
induced GWs and the production of PBHs as DMwhich we
discuss in Sec. V. Finally, we end with some discussion and
outlook in Sec. VI.

II. AN INFLATION MODEL
WITH INFLECTION POINT

We consider an inflaton ϕ which is a GUT singlet and
nonminimally coupled to gravity. The action in Jordan
frame is given by

SJ ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
1

2
fðϕÞR −

1

2
gμν∂μϕ∂νϕ − VJðϕÞ

�
; ð1Þ

with VJðϕÞ being the scalar potential that has the most
general form of a renormalizable potential, with nonzero
vacuum expectation value (VEV) of ϕ,

VJðϕÞ ¼
1

2
m2ðϕ−vÞ2− 1

3
αμðϕ−vÞ3þ 1

4
λðϕ−vÞ4; ð2Þ

and the nonminimal coupling to gravity is given by [31]

fðϕÞ ¼ 1þ ξϕ2: ð3Þ

2SMHiggs Inflation may also lead to detectable scalar-induced
GW signals, see Ref. [55].

3There is an ongoing debate regarding the formation of PBH as
DM with discrepancies coming from one-loop effects in cosmo-
logical perturbation theory, see Refs. [67–76]. In this paper we do
not go into details of such issues and instead discuss if GUT
models may yield PBH (dark matter or some fraction thereof),
and provide detectable GW signals as a novel probe of such
unification.
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Here α, λ, and ξ are dimensionless couplings, whilem, μ are
dimensionful mass scales. The global minimum is located
at hϕi ¼ v, at which the potential is zero. We work in
Planck units, where the reduced Planck massMPl ¼ 2.43 ×
1018 GeV is set to unity. In the Einstein frame
gμνE ¼ fðϕÞgμν, the action has the form

SE ¼
Z

d4x
ffiffiffiffiffiffiffiffi
−gE

p �
1

2
RE −

1

2
gμνE ∂μσ∂νσ − VEðσðϕÞÞ

�
; ð4Þ

where the field σ, with canonical kinetic terms, is defined in
terms of ϕ via

�
dσ
dϕ

�
2

¼ 1

fðϕÞ þ
3

2

�
f0ðϕÞ
fðϕÞ

�
2

¼ 1þ ξð1þ 6ξÞϕ2

ð1þ ξϕ2Þ2 ; ð5Þ

and the inflationary potential VE is given in terms of ϕ by

VEðϕÞ¼
VJðϕÞ
fðϕÞ2 ¼

1
2
m2ðϕ−vÞ2− 1

3
αμðϕ−vÞ3þ 1

4
λðϕ−vÞ4

ð1þξϕ2Þ2 :

ð6Þ

With the redefinitions, x ¼ ðϕ − vÞ=μ,m2 ¼ λμ2, a ¼ α=λ,
and b ¼ ξμ2, the potential can be recast in the form

VðxÞ ¼ λv4

12

x2ð6 − 4axþ 3x2Þ�
1þ b

�
v
μ þ x

�
2
�
2
; ð7Þ

where we have dropped the subscript E, for simplicity.
This potential features an asymptotically flat direction for
very large x, which is suitable for driving inflation. For
x ≫ 1, V → V0 ¼ λv4

4b .

A. Inflection points and ultraslow-roll regime

We are interested in inflection points of the potential (7),
V 00ðxÞ ¼ 0, around which the inflaton encounters ultraslow
roll (USR) regime, and therefore we require that V0ðxÞ ≈ 0.
We analyze the critical values of the potential (7) by solving
the equation V 0ðxÞ ¼ 0. One solution to the latter equation
represents the true minimum at x ¼ 0, and the others are
solutions to the cubic equation

c0 þ c1xþ c2x2 þ c3x3 ¼ 0; ð8Þ

with

c0 ¼ 1; c1 ¼ −a; c2 ¼
3μ2 þ bð3v2 − 2aμv− 3μ2Þ

3ðbv2 þ μ2Þ ;

c3 ¼
bμðaμþ 3vÞ
3ðbv2 þ μ2Þ : ð9Þ

Generally, there are three solutions, x1 and x2;3 ¼ x0 � iy0,
with

x1 ¼ −
c2
3c3

−
1

3c3

�
ΘðciÞ þ

D
ΘðciÞ

�
; ð10Þ

x0 ¼ −
c2
3c3

þ 1

6c3

�
ΘðciÞ þ

D
ΘðciÞ

�
; ð11Þ

y0 ¼
1

2
ffiffiffi
3

p
c3

�
ΘðciÞ −

D
ΘðciÞ

�
: ð12Þ

Here

ΘðciÞ3 ¼ ðC −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 −D3

p
Þ; ð13Þ

with D¼c22−3c1c3¼c22þ3ac3 and C¼ 1
2
ð2c32−9c1c3c2þ

27c0c23Þ. Clearly, x1 < 0, and x2, x3 are real if,
Θ ¼ C1=3 ¼ ffiffiffiffi

D
p

. In this case, x2 ¼ x3 ¼ x0 will be a
simultaneous solution for V 00ðxÞ ¼ 0 as well, namely,

x0 ¼
−c2 þD1=2

3c3
: ð14Þ

In the case of vanishing VEV, v ¼ 0, and c0 ¼ 1;
c1 ¼ −a; c2 ¼ 1 − b; c3 ¼ ab

3
, the analysis of our potential

reduces to the model described in Ref. [99].
The potential (7) has five independent parameters,

namely, ðλ; μ; a; b; vÞ. However, the existence of an inflec-
tion point depends only on ða; b; μ; vÞ. In particular, the
desired inflection point exists at a critical value for
b ¼ bcða; vÞ, and hence the inflaton VEV v plays an
important role in the dynamics around the inflection point.
This is one of the main differences from [99], in which
v ¼ 0 and accordingly bc is independent of v, μ

bcðaÞ ¼ 1 −
1

3
a2 þ ΔðaÞ; ΔðaÞ ¼ a2

3

�
9

2a2
− 1

�
2=3

:

ð15Þ

This case is illustrated by the black curve in Fig. 2. The
other curves depict the change in bc versus a for different
values of nonzero v and different values of μ.
The nonzero VEV of ϕ will affect the slope and the

curvature of the potential during inflation and around the
inflection point, as illustrated in Fig. 1, where we have
shown the effect of changing VEV v on the shape of the
potential.
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B. Slow-roll approximation and dynamics
around the inflection point

In the slow-roll approximation (SRA), the slow-roll
parameter ϵV and ηV are given in terms of the potential
as follows:

ϵV ¼ 1

2μ2

�
V 0ðxÞ
VðxÞ

�
2
�
dσ
dϕ

�
−2
; ð16Þ

ηV ¼ 1

μ2

�
V 00ðxÞ
VðxÞ

��
dσ
dϕ

�
−2

−
1

μ

V 0ðxÞ
VðxÞ

�
dσ
dϕ

�
−3 d2σ

dϕ2
; ð17Þ

and the number of e-folds is given by

N ¼
Z

x�

xe

1ffiffiffiffiffiffiffiffi
2ϵV

p dσ
dϕ

dx: ð18Þ

As indicated in Ref. [99], as the inflaton passes through
the inflection point, the integrand in Eq. (18) diverges in the
SRA. Therefore, we follow [99] by considering a near-
inflection point, where b ¼ bcða; μ; vÞ − ε, with a reso-
nance parameter 0 < ε ≪ 1. Accordingly, one can control
the number of e-folds spent at x ¼ x0 by choosing
appropriate values of ε, μ, and v. Hence, a significant
peak in the power spectrum can be produced.

III. GAUGE SYMMETRY BREAKING

The part of the potential that dictates the interaction of
the inflaton ϕ with some gauge symmetry-breaking scalar
χD is given by

VJðϕ; χDÞ ¼ −
1

2
β2Dϕ

2χ2D þ λD
4
χ4D; ð19Þ

where we consider, for simplicity, χD as a canonically
normalized real scalar field in D-dimensional representa-
tion of the gauge group. This potential induces a vacuum
expectation value for χD given by

hχDi ¼ ðβD=
ffiffiffiffiffi
λD

p
Þv≡MSB; ð20Þ

when the inflaton reaches its true minimum at v, and
therefore,

βD ¼
ffiffiffiffiffi
λD

p
MSB

v
: ð21Þ

In a GUT gauge group, such as SUð5Þ gauge symmetry,
the gauge coupling is order unity, with the structure

constant given by αGUT ¼ g2GUT
4π ∼ 1

50
, with a typical GUT

scale MGUT ∼ 5 × 1015–1 × 1016 GeV. Accordingly, the
contribution to the renormalization of the quartic coupling
λD introduces a lower bound on the χD quartic coupling.
For example, if we assume λD ≳ 10−2, then this is trans-
lated to a lower bound on βD, from Eq. (20)

ffiffiffiffiffiffi
4π

p
> βD ≳ 0.1MSB

v
; ð22Þ

where the upper bound has been considered from the
perturbativity conditions. Accordingly, a lower bound on
the inflaton VEV is given by v≳ 2.05 × 10−4MPl.
In this regard, let us discuss the role of SUð5Þ Higgs χD,

during inflation, where the inflaton energy density during
inflation is ρϕ ∼ Vðϕ�Þ ∼ 10−9M4

Pl, and the inflation scale
is given by

FIG. 1. Plot of the inflation potential (7) on y-axis versus the
inflaton values x. Different colors correspond to different values
of the VEV v.

FIG. 2. The change of critical value bc versus a, with different
values of v represented by different colors. The solid curves
correspond to μ2 ¼ 0.5, dashed curves correspond to μ2 ¼ 0.01,
and dotted curves correspond to μ2 ¼ 5.
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V1=4 ¼ 1016
�

r
0.01

�
GeV: ð23Þ

According to the latest Planck and BICEP measurements on
the upper bound on the tensor-to-scalar ratio (r), Planck 18 at
68% C.L. (0.1277 at 2σ) and at 95% C.L. (0.0684 at 1σ).
While BICEP gives at 68% C.L. (0.0371 at 2σ) and at
95% C.L. (0.0257 at 1σ) [100,101]. We present the pre-
dictions of the tensor-to-scalar ratio values r in Table II, for
the benchmark points (BPs) chosen in Table I. Likewise, the
energy scale of inflation rages between 2.5 × 1016–6.4 ×
1016 GeV for our choices of the benchmark points. On the

other hand, the value of the SUð5Þ symmetry breaking
scalar, during inflation, is χD� ¼ βDffiffiffiffi

λD
p ϕ�. Therefore, during

inflation,

ρχ ∼
2β4D
λD

ϕ4� ¼ 2λD

�
MSB

v

�
4

ϕ4�: ð24Þ

In this paper we are interested in the regions of parameter
spacewhere inflation is driven byϕ only. In this case, energy
density of ϕ will be dominant during inflation if ρχ < ρϕ. In
Fig. 3 we show the allowed regions under the curves in the
MSB − λD plane, forwhich the energydensity ofϕ dominates
the universe during inflation.The different curves correspond
to different values of the inflatonVEV.The horizontal dashed
black lines give different symmetry-breaking scales 5 ×
1015 GeV and 7 × 1015 GeV, that are typical GUT scales
where SUð5Þ is broken. At these values, λD ≳ 0.01 for v ¼
10MPl which is consistent with Planck 2018 measurements,
while a tuning is required to λD ≳ 6 × 10−5 − 2.5 × 10−5

for v ¼ 0.8MPl, and λD ≳ 2 × 10−8 − 6.7 × 10−8 for v ¼
0.1MPl in order to be consistent with BICEP measurements.
As a matter of fact, the quartic coupling λD can be tuned
λD ∼ 10−5 with an extended matter sector due to cancella-
tions between gauge andYukawaquantumcorrections, if one
considers an appropriate number of vectorlike fermions that
couple to χD [102] which may lead to some fine-tuning. As
shown in Fig. 3, such smaller quartic values allow for smaller
inflaton VEV (v). Moreoever we have been focusing on the
gauge group to be SUð5Þ of GUT symmetry breaking
scenario.
On the other hand, the horizontal dashed purple line

corresponds to symmetry-breaking scale 2.4 × 1014 GeV
that can be the scale of Pati-Salam unified theory with
gauge symmetry (SUð4Þ × SUð2ÞL × SUð2ÞR)4 or even
trinification scenarios, with λD ≳ 0.01. The values of the
symmetry-breaking parameters as well as the inflationary

FIG. 3. Allowed regions (below the curves) in the MSB − λD
plane, for different values of the inflaton VEV. The solid (dashed)
red curves correspond to the same VEV, v ¼ 10MPl, but have
different values of tensor to scalar ratio as shown in detail in
Tables I and II.

TABLE I. Three benchmark points for the model parameters used to generate the distributions presented in
Figs. 4–6.

vðMPlÞ μ2ðM2
PlÞ a bc ε λ λD MSB (GeV)

BP1 0.1 0.5 1.83457037 0.3895 3.24 × 10−2 2.7 × 10−9 10−4 1015

BP2 0.8 2 1.9090835 0.198991 10−7 6.1 × 10−11 10−3 2 × 1015

BP3 10 5 1.97677052 0.06562 10−6
5.5 × 10−12

10−2 6.8 × 1015
4.1 × 10−12

TABLE II. CMB observables corresponding to BPs in Table I.

ns r As NCMB ϕ�

Ob(BP1) 0.9487 0.02518 2.2 × 10−9 46.58 16.55
Ob(BP2) 0.953 0.0267 2.2 × 10−9 59.4 30.77

Ob(BP3)
0.954 0.0758

2.2 × 10−9
58 60

0.96 0.064 64 65.14

4We also note that some of the intermediate symmetry
breaking chains involving SOð10Þ GUTs may give rise to cosmic
strings which give rise to GW spectrum and the signals from
induced GW spectrum presented in this paper and those may add
up to give a combined signal while some breaking chains will not
have generation of cosmic strings. All these depend upon the
specific chain and the scale of symmetry breaking. Such a study is
beyond the scope of present study. For details see [103,104].
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observables are given in Tables I and II. However detailed
analysis of such studies involving other gauge groups is
beyond the scope of the present manuscript and we leave it
for future publication. It is worth mentioning that magnetic
monopoles that are produced due to SUð5Þ symmetry
breaking are inflated away in our scenario, since the gauge
symmetry is broken during inflation via the inflaton
coupling to the adjoint Higgs.

IV. INFLATIONARY PERTURBATIONS AND CMB

In this section, we study the inflationary perturbations
and their cosmological consequences. In particular, we aim
to investigate the generation of sufficiently large scalar
fluctuations that may lead to PBH production within the
realm of our inflationary scenario. In this case, inflation
proceeds in two or more phases of slow roll (SR) which
should be separated in between by a brief exit from the SR
phase and a transient USR phase. In this scenario, scalar
modes that exit the horizon are enhanced [105,106]. The
latter enhancement controls the position and height of the
generated peak in the scalar power spectrum, and in turn
may form PBHs with varying mass scales and scalar
induced GWs at different frequencies.

A. Curvature perturbations

We start by giving the form of perturbed metric as
follows:

ds2¼aðτÞ2
�
−ð1þ2ΦÞdτ2þ

�
ð1−2ΨÞδijþ

1

2
hij

�
dxidxj

�
;

ð25Þ

where hij are the tensor perturbations, while Φ and Ψ are
called the Bardeen potentials, which are equal in the
conformal Newtonian gauge.
Now we study the evolution of the scalar curvature

perturbation Rc by defining the Mukhanov field v≡ zRc,
with z≡ aϕ̇=H, and a is the scale factor [55].
In this respect, the evolution of Fourier modes of v is

given by the Mukhanov-Sasaki (MS) equations [107–109],

v00k þ
�
k2 −

z00

z

�
vk ¼ 0; ð26Þ

where the prime in the last equation means differentiation
with respect to conformal time that is defined by,
dτ≡ dt=a.5 The factor ðk2 − z00

z Þ is considered to be an
effective frequency ω2

kðτÞ. It is convenient to express the
factor z00

z that is important to study the evolution of the
modes, in terms of the SR parameters as follows:

z00

z
¼ H2½2 − ð3 − ϵHÞηV þ ϵHð5þ 2ϵH − 4ηHÞ�; ð27Þ

where H≡ a0=a ¼ aH. It is worth mentioning that this
expression is exact to all orders in the SR parameters. Also,
we note that during the SR phase, the SR parameters are
very small, and therefore z00=z ≈ 2H2.
We recognize two phases for the evolution of the modes;

the subhorizon evolution phase where k2 ≫ z00=z, and the
superhorizon evolution phase k2 ≪ z00=z. In the subhorizon
limit, the mode vk behaves as a free field in flat spacetime.
Therefore, in the Bunch-Davies vacuum, the normalized
solution is

vk ¼
1ffiffiffiffiffi
2k

p e−ikτ: ð28Þ

We use this free solution as the initial condition when
solving the MS equation. On the other hand, in the
superhorizon limit, the general solution can be written as
a linear combination [110]

vk ¼ A1;kv
ð1Þ
0 þ A2;kv

ð2Þ
0 ; ð29Þ

where the mode vð1Þ0 grows during SR, while the mode vð2Þ0

decays during SR. They are expressed as [110]

vð1Þ0 ∝ z; vð2Þ0 ∝ z
Z

0

τ

dτ0

zðτ0Þ2 : ð30Þ

Therefore, vð1Þ0 will finally dominate and hence, the
amplitude of the curvature perturbations is frozen [110]

jRckj ¼ jvk=zj ¼ const: ð31Þ

Now let us discuss what happens when SR is momen-
tarily violated. In that case, the growing and decreasing vk
modes can mix if z decreases as advocated in [110].
Accordingly, the second mode may come to dominate
momentarily, which may lead to a superhorizon evolution
of Rc. At the end of this temporary phase, z starts to grow,
and again, Rc will be frozen. In this case, we can link the
observable perturbations at horizon reentry to the pertur-
bations produced during inflation.
The primordial power spectrum is computed after the

time of horizon crossing as studied in details in
Refs. [55,110], and is given by

Pξ ¼
k3

2π2
jvkj2
z2

				
H≫k

≈
SR H2

8π2M2
PϵH

				
k¼H

: ð32Þ

Now, we can replace the Hubble SR parameters ϵH and ηH,
by the potential SR parameters ϵV and ηV . Therefore, the
scalar spectral index ns and the tensor-to-scalar ratio r are
given at the leading order in SR by

5This should not be confused with the prime in V 0, which
corresponds to a derivative with respect to the scalar field.
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ns ≈ 1þ 2ηV − 6ϵV; r ≈ 16ϵV: ð33Þ

The recent CMB observational constraints on inflationary
observables are given at the pivot scale kpivot ¼
0.05 Mpc−1 [111,112], as follows:

As ¼ ð2.10� 0.03Þ × 10−9; ns ¼ 0.9649� 0.0042;

r < 0.036: ð34Þ

As a matter of fact, the curvature power spectrum is
constrained at scales relevant for the CMB. Therefore,
we define

As ≡ PξðkpivotÞ ¼ 2.1 × 10−9: ð35Þ

B. Inflationary background dynamics
and spectrum of curvature perturbations

Here, we discuss the solution of the MS equation in order
to calculate the primordial power spectrum. We first solve
the background equation of motion of the canonical
inflaton field σ together with Friedmann equations,

σ̈ þ 3Hσ̇ þ dV
dσ

¼ 0;

3H2 ¼ 1

M2
Pl

�
1

2
σ̇2 þ VðσÞ

�
; ð36Þ

where dot denotes the derivative with respect to the cosmic
time. We define the number of e-folds N as dN ¼ Hdt and
rewrite Eq. (36) to be merged into one equation as follows:

d2σ
dN2

þ 3
dσ
dN

−
�
3 −

1

2

�
dσ
dN

�
2
�
V 0ðσÞ
VðσÞ ¼ 0; ð37Þ

where we set M2
Pl ¼ 1. The Hubble SR parameters can be

given in terms of N as well, by

ϵH ≡ 1

2

σ̇2

H2
¼ 1

2

�
dσ
dN

�
2

; ð38Þ

ηH ≡ −
σ̈

Hσ̇
¼ ϵH −

1

2ϵH

dϵH
dN

: ð39Þ

The scalar spectral index and the tensor to scalar ratio are
then given respectively by

ns ≈ 1 − 4ϵH þ 2ηH; r ≈ 16ϵH: ð40Þ

In our numerical treatment, we rewrite the background
equation of motion in terms of x as follows6:

v

�
dσ
dϕ

d2x
dN2

þ v
d2σ
dϕ2

�
dx
dN

�
2
�

þ v
dσ
dϕ

dx
dN

�
3 −

1

2
v2
�
dσ
dϕ

�
2
�
dx
dN

�
2
�

þ 1

v
dϕ
dσ

�
3 −

1

2
v2
�
dσ
dϕ

�
2
�
dx
dN

�
2
�
V 0ðxÞ
VðxÞ ¼ 0: ð41Þ

Moreover, we study the evolution of the curvature pertur-
bations by numerically solving the MS equation that is
rewritten in terms of N as [66]

d2vk
dN2

þð1− ϵHÞ
dvk
dN

þ
�

k2

e2NH2
þð1þ ϵH−ηHÞðηH −2Þ−dðϵH−ηHÞ

dN

�
vk ¼ 0:

ð42Þ

We can then compute the power spectrum at the end of
inflation as

PζðkÞ ¼
k3

2π2

				 vkz
				
2

N¼Nend

: ð43Þ

As we advocated above, we choose suitable initial con-
ditions by assuming the Bunch-Davies vacuum at very
early times [55,113],

lim
τ→−∞

vk ¼
e−ikτffiffiffiffiffi
2k

p : ð44Þ

Therefore, we have

ReðvkÞjN¼Ni
¼ 1ffiffiffiffiffi

2k
p ; ImðvkÞjN¼Ni

¼ 0; ð45Þ

Re

�
dvk
dN

�				
N¼Ni

¼0; Im

�
dvk
dN

�				
N¼Ni

¼−
ffiffiffi
k

p
ffiffiffi
2

p
aðNiÞHðNiÞ

;

ð46Þ

where Ni is the initial value of N where we start the
numerical integration of the MS equation.

C. Numerical results

We are ready to present our numerical results for the
primordial perturbations and the power spectrum. We
choose three benchmark points with a nonzero values of
the inflaton VEV, as shown in Table I.7 We have chosen

6This equation is similar to Eq. (37) in [55]. 7Such choice of values may incur some fine-tuning.
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consistent inflaton VEV values that generates a reasonable
peak in the power spectrum and induces GUT symmetry
breaking at the scaleMGUT ≥ 5 × 1015. We have calculated
the CMB observables at the pivot scale k� ¼ 0.05 Mpc−1 as
presented in Table II. We solve the background equations
numerically with inflation ending at ϵH ¼ 1. For the initial
velocity, we set x0ð0Þ ¼ 0, andwe chose the initial field value
xð0Þ such that the peak in the power spectrum occurs at

k ∼ 1014 Mpc−1, such that the PBH mass is larger than
1016 g. This fixes the inflation observable values shown in
Table II. In Fig. 4, we display the power spectrum Pζ versus
the scale k. As indicated in the figure, the curvature
power spectrum is constrained at scales 10−4 Mpc−1 ≲ k≲
1 Mpc−1, due to CMB observations. We use two values of
the inflaton VEV, v ¼ 0.1MPl and 0.8MPl, as well as the
model parameters in Table I. The solid curves are generated
by numerically solving theMS equation (42), and the dashed
curves are due to SR considerations.

V. SCALAR-INDUCED GRAVITATIONAL WAVES
AND PRIMORDIAL BLACK HOLES

In this section, we study the scalar-induced gravitational
waves (GWs) due to the enhancement in the primordial
power spectrum. Indeed, second-order tensor perturbations
are sourced from enhanced scalar perturbations. The height
of the power spectrum peaks as well as their position at
scale, kpeak, are dictated by the scalar-potential parameters,
including the inflaton VEV v, which in turn is intimately
related to the gauge symmetry-breaking scale MSB, includ-
ing the GUT scale. Therefore, these symmetry breaking
scales can be probed via scalar-induced gravitational
waves. Here, we assume that the gravitational waves were
formed during the radiation-dominated epoch.8

We follow [91,93,119–121] in our numerical calcula-
tions of the spectrum of the scalar induced GWs. Using the
primordial power spectrum Pζ, the scalar induced GWs
spectrum is given by [120]

Ωsi
GWh

2 ≈ 4.6 × 10−4
�
g4�;sg−3�
100

�−1
3
Z

1

−1
dx

Z
∞

1

dyPζ

�
y − x
2

k

�
Pζ

�
xþ y
2

k

�
Fðx; yÞ

				
k¼2πf

; ð47Þ

where g�;s and g� are the effective numbers of relativistic energy and entropy degrees of freedom and we will take g�;s ≈ g�.
The function F is defined by

Fðx; yÞ ¼ ðx2 þ y2 − 6Þ2ðx2 − 1Þ2ðy2 − 1Þ2
ðx − yÞ8ðxþ yÞ8

×

�

x2 − y2 þ x2 þ y2 − 6

2
ln

				 y
2 − 3

x2 − 3

				
�
2

þ π2ðx2 þ y2 − 6Þ2
4

θðy −
ffiffiffi
3

p
Þ
�
: ð48Þ

After calculating the power spectrum as explained in the
previous section, we feed it into Eq. (47) in order to
calculate the GWs energy density. In Fig. 5 we plot the
energy density of GWs, using Eq. (47), versus the fre-
quency. The figure shows that the predicted GW spectra for
the parameter choices in Table I, lie well within the
detection range of future GW experiments like LISA,
DECIGO, BBO, SKA, and ET [122–126].

Beside probing the GUT scale or other gauge symmetry
breaking scales via the observable energy density of GWs,

FIG. 4. The power spectrum calculated using the benchmark
points in Table I, solid green for v ¼ 0.1MPl, and solid blue for
v ¼ 0.8MPl, by solving the exact equations for perturbations
(Mukhanov-Sasaki equations). The dashed curves represent the
corresponding power spectra calculated in the slow-roll approxi-
mation. The shaded regions represent the constraints from current
observations, while the dot-dashed curves represent future con-
straints [114–118].

8Gravitational waves can arise also from SUð5Þ GUT phase
transition, if they are at all of strong first order. However, the
produced gravitational waves are at very high frequency and
hence not detectable in the currently proposed GW detectors and
also do not affect the GW spectrum presented in Fig. 5.
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as described above, the significant enhancement of the
scalar power spectrum can lead to copious production of
PBHs. As shown in Ref. [127], the GWs spectrum can be
related to a prediction for the PBH abundance as DM.
Therefore, we calculate the mass of PBHs and their
fractional energy density abundances. We will assume that
the PBHs were formed during the radiation-dominated
epoch, just like the gravitational waves.
Following Ref. [128], the fractional abundance of PBHs,

ΩPBH=ΩDM, is defined to be

ΩPBH

ΩDM
ðMPBHÞ ¼

βðMPBHÞ
8 × 10−16

�
γ

0.2

�
3=2

�
g�ðTfÞ
106.75

�−1=4

×

�
MPBH

10−18 grams

�
−1=2

; ð49Þ

whereMPBH denotes the PBH mass,ΩDM ≃ 0.26 is the DM
abundance, and the factor γ represents the dependence on
the gravitation collapse and is set to be equal to 0.2 [58].
The function βðMPBHÞ shows the mass fraction of Universe
collapsing into PBH. Tf represents the temperature at
which PBHs are formed, and g�ðTfÞ denotes the effective
degrees of freedom during the formation of PBHs. The
fractional abundance of PBHs fPBH is then given by [128]

fPBH ¼
Z

dMPBH

MPBH

ΩPBH

ΩDM
: ð50Þ

After inflation ends, the modes re-enter the Hubble horizon
H−1 and PBHs are formed. With the assumption of
spherical collapse of perturbations, we have [66]

MPBH ¼ γ
4πρ

3
H−3: ð51Þ

Here ρ is the energy density of Universe during collapse to
form PBHs. For PBHs created during the radiation epoch,
the PBHs mass is given (in grams) as a function of the
comoving wave number k [66,128], as follows:

MPBHðkÞ¼1018
�

γ

0.2

��
g�ðTfÞ
106.75

�−1=6� k
7×1013Mpc−1

�
−2
:

ð52Þ

The factor g�ðTÞ ¼ 106.75 in case we assume the SM
spectrum. However, with a spectrum of SUð5Þ GUT as we
have in our scenario, we set g�ðTÞ ¼ 228.75. Thus the PBH
fractional abundance in the SM is 1.13 times larger than in
the SUð5Þ. This relative factor, to a good approximation,
can be safely ignored.
We follow the Press-Schechter approach in order to

evaluate the mass fraction β. Assuming that, the over-
density δ follows a Gaussian probability distribution
function, β can be calculated from the following integral

βðMPBHÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2πσ2ðMPBHÞ
p

Z
∞

δc

dδ exp

�
−

δ2

2σ2ðMPBHÞ
�
;

ð53Þ

with δc being a threshold for the PBH collapse, and σ is the
variance of the curvature perturbation, which can be written
in terms of the comoving wave number as follows:

σ2ðMPBHðkÞÞ ¼
16

81

Z
dk0

k0

�
k0

k

�
4

PRðk0ÞW̃
�
k0

k

�
; ð54Þ

where the window function W̃ðxÞ can be approximated
with a Gaussian distribution function to be: W̃ðxÞ ¼ e−x

2=2.

FIG. 5. The spectrum of scalar-induced gravitational waves
(solid red, blue, and green curves for v ¼ 0.1MPl; 0.8MPl; 10MPl)
versus current and future GW detectors constraints. We have used
the parameter values in Table I. The red dotted curve corresponds
to v ¼ 10MPl, but with a modified value of the tensor to scalar
ratio, r ∼ 0.064.

FIG. 6. The fractional abundance of PBHs as a function of their
mass corresponding to the parameter values in Table I, with the
inflaton VEV, v ¼ 0.1MPl. The shaded regions correspond to the
observational constraints [79,148,149]. PBHs generated by other
benchmark points with larger VEV values, such as v ¼ 0.8MPl
and v ¼ 10MPl, are expected to evaporate before BBN.
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For δc, following Refs. [129–136], we have taken its values
in the range between 0.4 and 0.6.
Figure 6 depicts the fractional abundance of the primor-

dial black holes as a function of their mass. We have used
only one benchmark point (BP) for the parameters of
Table I, corresponding to v ¼ 0.1MPl. The PBHs generated
by other benchmark points with larger VEV values, such as
v ¼ 0.8MPl and v ¼ 10MPl, are expected to evaporate
before BBN, and may not serve as the DM candidate
(whole or partially). The figure shows that PBH abundance
can account for the observed DM relic density for PBH
mass scale ∼1017 g ≃ 5 × 10−17M⊙, where M⊙ is the solar
mass. The shaded regions are disallowed by observations
from Planck, acccretion disk, microlensing, gravitational
waves, and black hole evaporation and several other
constraints [79,137–149].

VI. DISCUSSION AND CONCLUSIONS

In this paper we present a single-field inflection-point
model of SUð5Þ inflation. The inflaton is a SUð5Þ gauge-
singlet which couples to the SUð5Þ Higgs responsible for
SUð5Þ-symmetry breaking induced via the Higgs-portal
mixed quartic coupling. As the inflaton rolls down to its
potential minimum, the SUð5Þ symmetry is also broken
leading to a one-to-one correspondence between the GUT
scale and the scale of inflection point via the inflaton VEV.
We show that such an inflationary scenario may lead to the
generation of both detectable GWs and sufficient PBHs as
the sole DM candidate of the Universe. We summarize our
main findings below:

(i) The scale of grand unification which is otherwise
very challenging to probe in laboratory experiments
is highly constrained. We investigated a cosmologi-
cal scenario in SUð5Þ which provides a pathway to
probe the SUð5Þ gauge symmetry breaking scale via
inflationary observables. We show this for a model
involving inflection-point inflation employing an
SUð5Þ singlet Higgs nonminimally coupled to the
Ricci scalar. We predict the CMB observables with
respect to the choice of GUT scale MGUT (see
Table II). The prediction r ≈0.026 for tensor-to-
scalar ratio, will be within reach of the next gen-
eration CMB experiments for our choice of the
benchmark point.

(ii) Since the SUð5Þ scalar singlet acquires a VEV and
mixes with the SUð5Þ adjoint higgs which breaks
symmetry to the SM, we expect quantum corrections
to the self-quartic couplings from gauge interactions.
Constraints on such couplings from quantum cor-
rections in this scenario have been estimated (see
Sec. III). We also discuss implications for models
based on gauge groups such as SUð4ÞC × SUð2ÞL ×
SUð2ÞR and SUð3ÞC × SUð3ÞL × SUð3ÞR, which
can accommodate symmetry-breaking scales lower
than MGUT.

(iii) We estimate the power spectrum across all k-values
which provides constraints on the SUð5Þ model
from the measurements of CMB spectral distortions
(see Fig. 4). The power spectrum shows a spike in
the amplitude which corresponds to the SUð5Þ
symmetry breaking scale via its relation with the
inflection-point and the inflaton rolling to its minima
and completing the SUð5Þ symmetry breaking.

(iv) Second-order tensor perturbations propagate as GW
that are detectable with ΩGWh2 ∼ 10−9 and peak
frequency f ∼ 0.1 Hz by LISA and ΩGWh2 ∼ 10−10

and peak frequency of ∼10 Hz in ET. Furthermore,
in other next generation GW observatories such as
AEDGE, BBO, DECIGO, one may be able to detect
this signal, and this will act as a novel probe of GUT
scale physics (see Fig. 5).

(v) Production of PBH of masses 1017–1018 g
(10 − 100M⊙) as the sole DM candidate in the
Universe is proposed. This novel DM candidate is
also a signature of scale of grand unification
involving inflationary cosmology (see Fig. 6).

We believe that the precision that GW astronomy aspires
from the planned worldwide network of GW detectors can
make the dream of testing high-scale and fundamental
BSM scenarios of UV completion like grand unification a
reality which complement the laboratory searches in near
future.
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