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We calculate chirally enhanced corrections to the muon’s electric and magnetic dipole moments in
two-Higgs-doublet models extended by vector-like leptons, and we explore a sharp correlation between
h → μþμ− and the muon’s dipole moments in these models. Among many detailed predictions, for a
model with new leptons with the same quantum numbers as standard model leptons, we find that 0.38≲
tan β ≲ 21 necessarily requires a muon electric dipole moment to be observed at near-future experiments,
assuming h → μþμ− is measured within 1% of the standard model prediction for the current central value
of the measured muon magnetic moment. In all studied models, the predicted values of the electric dipole
moment can reach up to current experimental limits. Moreover, we show that in some models there can be
two sources of chiral enhancement, parametrizing the correlation between h → μþμ− and the dipole
moments by a complex number. This leads to sign-preferred predictions for the electric dipole moment.
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I. INTRODUCTION

Recently, measurements of fundamental properties of the
muon have gained renewed interest in serving as harbingers
of new physics. Measurements of the standard model (SM)
Higgs boson decay into muons allow for a deviation by
more than a factor of 2 compared to the SM prediction [1],
while the most recent measurement [2] of the muon’s
anomalous magnetic moment, Δaμ, suggests that the exper-
imental world average is discrepant by more than five
standard deviations from the SM prediction of 2020 [3].
Current theoretical and experimental efforts aim to under-
stand this result [4,5]. Additionally, the muon electric dipole
moment has been a popular tool in studying the possible
effects of large CP violation from new physics [6].
In this paper, we calculate contributions to the electric

and magnetic dipole moments of the muon in a two-
Higgs-doublet model (2HDM), assuming a Z2 symmetry
which enforces type-II couplings to SM leptons, extended
with vector-like leptons. We explore representations of
new leptons up to and including SUð2Þ triplets that were

previously studied in SM extensions [7,8]. Such models
(and other possibilities, see for example Refs. [9–12]) can
generate simultaneous corrections to the muon mass and
dipole moments as δmμ ≃ λ3v3=M2, Δaμ ≃mμvRe½λ3�=
16π2M2, and dμ ≃ evIm½λ3�=32π2M2, where λ3 and M2

are the products of the couplings and mass scales of new
particles. The corrections to dipole moments enjoy a chiral
enhancement of λv=mμ compared to the naive estimate,
Δaμ ≃m2

μRe½λ2�=16π2M2 and dμ ≃ emμIm½λ2�=32π2M2,
and allow for the largest scales of new physics to explain
the anomaly. Chirally enhanced corrections to the muon
dipole moments from vector-like leptons may also be
connected to new physics relevant for models of dark
matter [13–18] and the Cabibbo anomaly [19,20].1

In a 2HDM with type-II couplings (2HDM-II), these
contributions can be even further enhanced by factors of
tan2 β [25,26] [where tan β is the ratio of the vacuum
expectation values (VEV) of the two-Higgs doublets]. For
the models not explored in [25,26], we find yet another
source of chiral enhancement. For all of the models that we
consider, we present complete expressions of both dipole
moments in the mass eigenstate basis. These formulas are
completely generic and can be applied to any model with
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1Additional explanations for Δaμ consistent with searches for
new Higgses can be accomplished exclusively in 2HDMs,
requiring light scalar and pseudoscalar masses below the electro-
weak scale and large couplings to leptons, such as in type-X and
flavor-aligned 2HDMs [21,22], and even in the general 2HDM
where flavor-changing currents are permitted [23]. A muon-
specific 2HDM can also accomplish this [24].
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new leptons and an extended Higgs sector. These could be
applied, for instance, to other types of 2HDMs [27–34] or
more generic extensions of the SM with vector-like leptons
and new scalar particles [33,35–39].
In addition to calculations in the mass eigenstate basis,

we also present results using a SM effective field theory
(SMEFT)-like 2HDM effective field theory working at
dimension six, where the SUð2ÞL ×Uð1ÞY symmetry is
linearly realized and both Higgs doublets are kept light
while vector-like leptons are integrated out. These results
reproduce the leading-order v2=M2 corrections in the mass
eigenstate basis. We find that working in the so-called
Higgs basis [40–43] greatly simplifies the matching cal-
culation, leading to strikingly simple parametrizations for
the muon dipole moments.
Although chirally enhanced dipole moments can allow

for extremely heavy scales of new physics currently out of
reach at the Large Hadron Collider (LHC) and possible
future colliders, it was recently shown that these corrections
are highly correlated to the h → μþμ− decay rate [9,44–50],
although this was explored earlier for lighter new leptons
[7,8]. In particular, the dimension-six operator generating
the muon dipole operators is directly proportional to
the one that modifies the muon mass by a real factor, k.
This allows for a simultaneous parametrization of three
observables—Δaμ, dμ, and h → μþμ−—through a single
model-dependent factor, providing a novel way to test high
scales in the theory that are directly inaccessible to current
and future colliders. In a 2HDM-II extended with vector-
like leptons, the proportionality factor can now be complex
due to the interference of multiple sources of chiral
enhancement. This was first pointed out in a model-
independent fashion in [47,48]. The complex factor leads
to asymmetric and sign-preferred predictions of dμ, pre-
viously not investigated in the literature. We find a similar
behavior can also occur when including subleading loop
corrections to the muon mass. The correlation of muon
observables can be used to obtain novel bounds on the
masses and parameter space of 2HDMs with vector-like
leptons inferred from current and future limits of h → μþμ−
and projected measurements of dμ.
The paper is organized as follows. In Sec. II we

introduce models of vector-like leptons in the context of
2HDM-II allowing for complex Yukawa couplings and
discuss our conventions for the scalar potential. In
Sec. III we present general formulas for contributions
to Δaμ and dμ in the mass eigenstate basis. In Sec. IV we
present calculations of the dipole moments in the 2HDM-
II effective field theory. In Sec. V we explore the
connection between Δaμ, dμ, and h → μþμ−, present
detailed results, and extend discussions from previous
works. We conclude in Sec. VI. We also include lengthy
appendices providing details of the 2HDM scalar poten-
tial, representations for new leptons and our conventions
for calculations in the mass eigenstate basis, approximate

formulas for couplings of leptons, and further details of
the effective field theory calculations.

II. 2HDM-II WITH VECTORLIKE LEPTONS

A. Model setup and parameters

We consider a 2HDM extended with charged vector-
like lepton doubletsLL;R and singletsEL;R, as well as neutral
vector-like singlets NL;R. We assume a Z2 symmetry,
enforcing couplings of the SM leptons to the Higgs doublets
as in a type-II 2HDM.Thismodelwas first considered in [51]
and studied extensively in [25,26] in order to explain the
anomalous magnetic moment of the muon. Themost general
Lagrangian assuming only mixing of second-generation
leptons with new leptons is described by

L ⊃ −yμ l̄LμRHd − λEl̄LERHd − λLL̄LμRHd − λL̄LERHd

− λ̄H†
dĒLLR − κNl̄LNRHu − κL̄LNRHu − κ̄H†

uN̄LLR

−MLL̄LLR −MEĒLER −MNN̄LNR þ H:c: ð1Þ
Quantum numbers of the fields are given in Table I.
Couplings of Hd and Hu to other SM fermions are like
those in the typical type-II 2HDM. Additional models with
different representations of vector-like leptons are described
in Appendix C. An alternate version of these models exists
motivated by the minimal supersymmetric SM extended
with vector-like leptons [25]. Because the superpotential is
holomorphic, terms involvingH†

d andH
†
u are forbidden (but

similar terms appear through Hu and Hd, respectively). In
principle, each of the eight couplings and three vector-like
masses can be complex. Field redefinitions can be chosen
such that several phases of the parameters are unphysical.
The Lagrangian in Eq. (1) admits four additional physical
phases (two in the charged and two in the neutral lepton
sectors) that cannot be rotated away. For example, we could
take the mass parameters ML;E;N and all Yukawa couplings
to be real except for λ̄; λ; κ̄, and κ (although we do not make
this assumption). We explore the impact of these complex
couplings later in Sec. III.
The doublet components are defined as

lL¼
�
νμ

μL

�
; LL;R¼

�
L0
L;R

L−
L;R

�
; Hd¼

�
Hþ

d

H0
d

�
; Hu¼

�
H0

u

H−
u

�
:

ð2Þ

TABLE I. SUð2ÞL ×Uð1ÞY × Z2 quantum numbers of standard
model leptons, Higgs doublets, and vector-like leptons. The
electric charge generated after EWSB is Q ¼ T3 þ Y.

lL μR Hu Hd LL;R NL;R EL;R

FFL 2 1 2 2 2 1 1
Uð1ÞY − 1

2
−1 − 1

2
1
2

− 1
2

0 −1
Z2 þ − þ − þ þ −
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After electroweak symmetry breaking (EWSB), the
neutral components of the Higgs doublets develop VEVs

hH0
di ¼ vd and hH0

ui ¼ vu, whereby v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
v2d þ v2u

q
¼

174 GeV and their ratio is parametrized by vu=vd ¼
tan β. The diagonalization procedure for rotating these
fields to the physical basis is outlined in Appendix C
and also provided for other representations. Integrating out
the heavy lepton fields reduces the above Lagrangian to

L ⊃ −yμl̄LμRHd − CμHd
l̄LμRHdðH†

dHdÞ þ H:c:; ð3Þ
where

CμHd
¼
�
λLλEλ̄

MLME

�
≡
�
mLE

μ

v3d

�
: ð4Þ

The parameter mLE
μ would be the muon mass if yμ

were zero. The effective field theory Lagrangian addi-
tionally contains dimension-six operators such as
CμHu

l̄LμRHdðH†
uHuÞ; however, after EWSB, they vanish

at tree level and do not contribute to the muon mass. In
Sec. IV we explore nonzero contributions of these types of
operators to the muon mass at loop level via quartic
interactions in the scalar sector.
After EWSB, the physical muon mass mμ is given by

mμe
iϕmμ ≃ yμvd þmLE

μ ; ð5Þ
and the muon Yukawa coupling is

λhμμ ≃ yμ cos β þ 3mLE
μ =v ≃ ðmμe

iϕmμ þ 2mLE
μ Þ=v: ð6Þ

Since ðλhμμÞSM ¼ mμ=v, the decay rate of h → μþμ− com-
pared to its SM rate is

Rh→μþμ− ≡ BRðh → μþμ−Þ
BRðh → μþμ−ÞSM

¼ jλhμμj2
m2

μ=v2

¼ 1þ 4

�
Re½mLE

μ e−iϕmμ �
mμ

�
þ 4

�
Re½mLE

μ e−iϕmμ �
mμ

�2

þ 4

�
Im½mLE

μ e−iϕmμ �
mμ

�2

; ð7Þ

which is currently limited by Rh→μþμ− ≤ 2.2 [1].

B. Softly broken 2HDM potential

The most general scalar potential of the two-Higgs
doublets, Hd and Hu, consistent with our conventions2

while allowing soft Z2-breaking terms is given by

VðHd;HuÞ ¼ m2
1ðH†

dHdÞ þm2
2ðH†

uHuÞ

þm2
12ðH†

d ·H
†
u þHd ·HuÞ þ

1

2
λ1ðH†

dHdÞ2

þ 1

2
λ2ðH†

uHuÞ2 þ λ3ðH†
dHdÞðH†

uHuÞ
þ λ4ðH†

d ·H
†
uÞðHd ·HuÞ

þ 1

2
λ5½ðH†

d ·H
†
uÞ2 þ ðHd ·HuÞ2�; ð8Þ

where the explicit “·” contracts SUð2Þ doublets through
the antisymmetric ϵij, e.g., Hd ·Hu ¼ ϵ12ðHdÞ1ðHuÞ2 þ
ϵ21ðHdÞ2ðHuÞ1 ¼Hþ

d H
−
u −H0

dH
0
u. The exact Z2-symmetric

potential is modified by the additional free parameter m2
12

which is required to softly break the symmetry. For further
details, see Appendix A.
After diagonalization of the scalar fields to the mass

eigenstate basis, the quartic couplings λ1, λ2, λ3, λ4, and λ5
can be written as

λ1 ¼
�

1

2v2d

�
ðm2

Hcos
2αþm2

hsin
2α−m2

12 tanβÞ;

λ2 ¼
�

1

2v2u

��
m2

Hsin
2αþm2

hcos
2α−

m2
12

tanβ

�
;

λ3 ¼
�

1

2v2

��
2m2

H� þ
�
sin2α
sin2β

�
ðm2

H −m2
hÞ−

m2
12

sinβ cosβ

�
;

λ4 ¼
�

1

2v2

��
m2

A − 2m2
H� þ m2

12

sinβ cosβ

�
;

λ5 ¼−
�

1

2v2

��
m2

A −
m2

12

sinβ cosβ

�
: ð9Þ

If we consider m2
H ≃m2

A ≃m2
H� ≫ m2

h, this regime also
enforces that α → β − π=2 (i.e., the alignment limit), in
which the light eigenstate h behaves as the SMHiggs boson
[52]. In this limit, the above couplings highly simplify to

λ1 ≃
�

1

2v2d

�
ðm2

H;A;H�sin2β −m2
12 tan βÞ;

λ2 ≃
�

1

2v2u

��
m2

H;A;H�cos2β −
m2

12

tan β

�
;

λ3 ¼ −λ4 ¼ −λ5 ≃
�

1

2v2

��
m2

H;A;H� −
m2

12

sin β cos β

�
: ð10Þ

Notice that these couplings are not independent from one
another in the decoupling limit, but rather λ2 ¼ λ1=tan4β
and λ3 ¼ λ1=tan2β. In addition, the stability conditions of
Eq. (A1) all reduce to the same lower bound:

2In 2HDM models with a Z2 symmetry, the doublets are
usually defined as Φi ¼ ðϕþ

i ; vi þ ϕ0
i =

ffiffiffi
2

p ÞT , which transform as
Φ1 → −Φ1 and Φ2 → þΦ2 [52]. Matching to our definitions of
Hd;u requires rotating the fields viaΦ1 → Hd andΦ2 → −iσ2H†

u,
obtaining the potential through VðΦ1;Φ2Þ → VðHd;HuÞ.
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m2
H;A;H� >

m2
12

sin β cos β
: ð11Þ

Now, this range is further restricted by imposing per-
turbative unitarity constraints on the above couplings. The
condition for unitarity is expressed in the form of partial-
wave scattering from W� and Z bosons in the high-energy
limit, which are realized by the Goldstone boson equiv-
alence theorem through their longitudinal (scalar) modes in
2 → 2 scattering [53–55]. Applying this analysis to the
softly broken 2HDM-II (see [56–58] for details while using
the condition for unitarity in [59]), partial-wave unitarity
and perturbativity require jλ1;…;5j ≤ 4π.
Applying these unitarity constraints on each coupling,

we find that the heavy Higgs mass is bounded above:

jλ1j∶ m2
H;A;H� ≤

8πv2

tan2β
þ m2

12

sin β cos β
;

jλ2j∶ m2
H;A;H� ≤ 8πv2tan2β þ m2

12

sin β cos β
;

jλ3;4;5j∶ m2
H;A;H� ≤ 8πv2 þ m2

12

sin β cos β
: ð12Þ

For an exact Z2 symmetry, these unitarity conditions lead to
upper limits on each individual Higgs mass discussed
in [60,61], similar to the Lee-Quigg-Thacker upper mass
limit obtained in a single-Higgs-doublet model [53,54].
However, with a softly broken Z2 symmetry, m2

H ≃m2
A ≃

m2
H� can be arbitrarily large when appropriately choosing

m2
12 for a given tan β. In the limit m2

12 ≫ 8πv2, the bounds
in Eq. (12) all become equal. For sufficiently heavy
m2

H ≃m2
A ≃m2

H� , the entire range of tan β is allowed by
direct searches [62,63].

III. CONTRIBUTIONS TO THE MUON
DIPOLE MOMENTS

We turn our attention to calculating the anomalous
magnetic ðΔaμÞ and electric ðdμÞ dipole moments of the
muon. They can be extracted via the effective Lagrangian
(where we use e > 0 and the time-like metric)

L ⊃
1

2

�
e

2mμ

�
Δaμμ̄σμνμFμν −

i
2
dμμ̄σμνγ5μFμν; ð13Þ

which are both calculated via Fig. 1. The contributions to
ðg − 2Þμ discussed in [25] are not specific to any type of
2HDM and, in a similar manner, the contributions to dμ
presented here are general for any model with an extended
Higgs sector. For completeness, we list contributions to
Δaμ in addition to dμ. Couplings to mass eigenstates are
defined identically as therein but for complex Lagrangian
parameters studied here and are collected in Appendix B.

Approximate formulas for couplings relevant to ðg − 2Þμ
and dμ are given in Appendix C.
In the mass eigenstate basis, charged or neutral lepton

eigenstates fa couple to the Z boson through

L ⊃ ðf̄LaγμgZfafbL fLb þ f̄Raγμg
Zfafb
R fRbÞZμ; ð14Þ

and generate contributions to Δaμ and dμ as

ΔaZμ ¼
�

−mμ

8π2m2
Z

�X
a¼4;5

½mμðjgZμeaR j2 þ jgZμeaL j2ÞFZðxaZÞ

−meaRe½gZμeaR ðgZμeaL Þ��GZðxaZÞ�; ð15Þ

dZμ ¼
�

e
16π2m2

Z

�X
a¼4;5

mea Im½gZμeaR ðgZμeaL Þ��GZðxaZÞ; ð16Þ

where xaZ ¼ m2
ea=M

2
Z parametrizes the following loop

functions FZðxÞ and GZðxÞ:

FIG. 1. Contributions to Δaμ and dμ from diagrams involving
Z, W�, and Higgs bosons with new fermion eigenstates. The
bottom four diagrams are for representations involving doubly
charged fermions.
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FZðxÞ ¼
5x4 − 14x3 þ 39x2 − 38xþ 8− 18x2 lnðxÞ

12ð1− xÞ4 ; ð17Þ

GZðxÞ ¼ −
x3 þ 3x − 4 − 6x lnðxÞ

2ð1 − xÞ3 : ð18Þ

In a similar way, couplings of charged and neutral leptons
to the W� boson are given by

L ⊃ ð ¯̂νLaγμgWνaeb
L êLb þ ¯̂νRaγ

μgWνaeb
R êRbÞWþ

μ þ H:c: ð19Þ

The corresponding contributions to Δaμ and dμ are

ΔaWμ ¼
�

mμ

16π2m2
W

�X
a¼4;5

½mμðjgWνaμ
R j2 þ jgWνaμ

L j2ÞFWðxaWÞ

−mνaRe½gWνaμ
R ðgWνaμ

L Þ��GWðxaWÞ�; ð20Þ

dWμ ¼
�

e
32π2m2

W

�X
a¼4;5

mνa Im½gWνaμ
R ðgWνaμ

L Þ��GWðxaWÞ;

ð21Þ
where xaW ¼ m2

νa=M
2
W parametrizes the loop functions

FWðxÞ and GWðxÞ,

FWðxÞ ¼
4x4 − 49x3 þ 78x2 − 43xþ 10þ 18x3 lnðxÞ

6ð1 − xÞ4 ;

ð22Þ

GWðxÞ ¼
−x3 þ 12x2 − 15xþ 4 − 6x2 lnðxÞ

ð1 − xÞ3 : ð23Þ

For neutral Higgs scalars ϕ ¼ h, H, A, their couplings to
charged leptons are defined as

L ⊃ −
1ffiffiffi
2

p ¯̂eLaλ
ϕ
eaeb êRbϕþ H:c:; ð24Þ

where their contributions to Δaμ and dμ are given by

Δaϕμ ¼
�

mμ

32π2m2
ϕ

�X
a¼4;5

½mμðjλϕμea j2 þ jλϕeaμj2ÞFϕðxaϕÞ

þmeaRe½λϕμeaλϕeaμ�GϕðxaϕÞ�; ð25Þ

dϕμ ¼ −
�

e
64π2m2

ϕ

�X
a¼4;5

mea Im½λϕμeaλϕeaμ�GϕðxaϕÞ; ð26Þ

with xaϕ ¼ m2
ea=m

2
ϕ and

FϕðxÞ ¼
x3 − 6x2 þ 3xþ 2þ 6x lnðxÞ

6ð1 − xÞ4 ; ð27Þ

GϕðxÞ ¼
−x2 þ 4x − 3 − 2 lnðxÞ

ð1 − xÞ3 : ð28Þ

The couplings that describe interactions between charged
and neutral leptons to the charged Higgs boson H� are

L ⊃ − ¯̂νLaλH
�

νaeb êRbH
þ − ¯̂eLaλH

�
eaνb ν̂RbH

− þ H:c: ð29Þ

The contribution from the charged Higgs to Δaμ and dμ are

ΔaH�
μ ¼

�
−mμ

16π2m2
H�

�X
a¼4;5

½mμðjλH�
νaμj2 þ jλH�

μνa j2ÞFH�ðxaH�Þ

þmνaRe½λH
�

νaμλ
H�
μνa �GH�ðxa

H�Þ�; ð30Þ

dH
�

μ ¼
�

e
32π2m2

H�

�X
a¼4;5

mνa Im½λH�
νaμλ

H�
μνa �GH�ðxa

H�Þ; ð31Þ

whereby xa
H� ¼ m2

νa=m
2
H� and

FH�ðxÞ ¼ 2x3 þ 3x2 − 6xþ 1 − 6x2 lnðxÞ
6ð1 − xÞ4 ; ð32Þ

GH�ðxÞ ¼ −x2 þ 1þ 2x lnðxÞ
ð1 − xÞ3 : ð33Þ

Models involving doubly charged fermions coupling to
theW� boson and a singly charged fermion are described by

L ⊃ ð ¯̂e−−La γμgWebe−−a
L êLb þ ¯̂e−−Ra γ

μgWebe−−a
R êRbÞW−

μ þ H:c:

ð34Þ

Contributions from the W� boson to Δaμ and dμ are
given by

ΔaWμ ¼
�

mμ

16π2m2
W

�X
a¼4;5

½mμðjgWμe−−a
R j2

þ jgWμe−−a
L j2ÞF0

Wðxa−−W Þ
−me−−a Re½gWμe−−a

R ðgWμe−−a
L Þ��G0

Wðxa−−W Þ�; ð35Þ

dWμ ¼
�

e
32π2m2

W

�X
a¼4;5

me−−a Im½gWμe−−a
R ðgWμe−−a

L Þ��G0
Wðxa−−W Þ;

ð36Þ

where xa−−W ¼ m2
e−−a =M2

W parametrizes the loop functions
F0
WðxÞ and G0

WðxÞ,

F0
WðxÞ ¼ −ðFWðxÞ þ 4FZðxÞÞ; ð37Þ

G0
WðxÞ ¼ −ðGWðxÞ þ 4GZðxÞÞ; ð38Þ

as defined above. Finally, the couplings that describe
interactions between singly and doubly charged fermions
to the charged Higgs boson H� are
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L ⊃ − ¯̂eLaλH
�

eae−−b
ê−−RbH

þ − ¯̂e−−La λ
H�
e−−a eb êRbH

− þ H:c: ð39Þ

The charged Higgs contributes to Δaμ and dμ by

ΔaH�
μ ¼

�
−mμ

16π2m2
H�

�X
a¼4;5

½mμðjλH�
e−−a μj2

þ jλH�
μe−−a j2ÞF0

H�ðxa−−H� Þ
þme−−a Re½λH�

e−−a μλ
H�
μe−−a �G0

H�ðxa−−H� Þ�; ð40Þ

dH
�

μ ¼
�

e
32π2m2

H�

�X
a¼4;5

me−−a Im½λH�
e−−a μλ

H�
μe−−a �G0

H�ðxa−−H� Þ;

ð41Þ

whereby xa−−
H� ¼ m2

e−−a =m2
H� and with the functions defined

above,

F0
H�ðxÞ ¼ −ðFH�ðxÞ þ 2FϕðxÞÞ; ð42Þ

G0
H�ðxÞ ¼ −ðGH�ðxÞ þ 2GϕðxÞÞ: ð43Þ

IV. 2HDM-II EFFECTIVE FIELD THEORY

From Eqs. (A2)–(A5), one can see that the SM degrees
of freedom h;G;G� are mixed with the new scalars
H;A;H� whose masses we consider as being anywhere
between the EW scale and the masses of new leptons. It is
more convenient to work in the Higgs basis [40–43], where
the SM and additional Higgs fields are separated into two
doubletsH1 andH2, respectively. Details of the Higgs basis
are listed in Appendix A and will be used exclusively in the
effective field theory calculations from now on.
Dimension-six operators that modify the Higgs coupling

to the muon as well as generate contributions to the muon’s
dipole moments via a chiral enhancement were studied
extensively in [9,47,48,64]. Models involving UV com-
pletions where two new fermions mix with left- and right-
handed muon fields through the SM Higgs, which generate
CμH at tree level at the matching scale, are called tree
models. Completions involving either a single scalar and
two fermions (fermion-fermion-scalar [FFS]) or two scalars
and one fermion (scalar-scalar-fermion [SSF]), where CμH

is generated at one loop, are referred to as loop models.
Other kinds of models include bridge models, where UV
completions generate CμH at one loop purely from new
leptons; however, a tree-level contribution is also present,
proportional to the muon Yukawa coupling. In this paper,
the 2HDM-II extended with vector-like leptons is a type of
tree model that exhibits this same behavior, whose relevant
Lagrangian is

L ⊃ −yμ l̄LμRHd − CμHd
l̄LμRHdðH†

dHdÞ
− Cð1Þ

μHu
l̄LμRHdðH†

uHuÞ − Cð2Þ
μHu

l̄LμR ·H†
uðHd ·HuÞ

− Cð3Þ
μHu

l̄LμR ·H†
uðH†

d ·H
†
uÞ − CμBl̄LσμνμRHdBμν

− CμWl̄LσμνμRτaHdWa
μν þ H:c: ð44Þ

The mass operators with Cð1;2;3Þ
μHu

are generated at one loop
for all models we consider. In the Higgs basis, the relevant
part of the Lagrangian above containing the light doublet
H1 is

L ⊃ −yμ l̄LμRH1 cos β − CμH1
l̄LμRH1ðH†

1H1Þcos3β
− CμBl̄LσμνμRH1Bμν cos β

− CμWl̄LσμνμRτaH1Wa
μν cos β þ H:c:; ð45Þ

where CμH1
¼ CμHd

þ ðCð1Þ
μHu

þ Cð2Þ
μHu

þ Cð3Þ
μHu

Þ tan2 β,
including loop corrections. Note that there are additional
operators involving H2; however, they do not contribute
to the mass or dipole moments. After EWSB, the Wilson
coefficients CμB and CμW combine to generate the muon’s
dipole moments in Eq. (13) and we find

Δaμ ¼ −
�
4mμvd

e

�
Re½Cμγe

−iϕmμ �; ð46aÞ

dμ ¼ 2vdIm½Cμγe
−iϕmμ �; ð46bÞ

where Cμγ ¼ cos θWCμB − sin θWCμW and θW is the weak
mixing angle. We now present the contribution to Δaμ and
dμ for the five representations of vector-like leptons listed
in [7], calculated in the unbroken SUð2ÞL ×Uð1ÞY theory
from diagrams in Fig. 2. Allowing for only down-type
couplings in the limit ML;E ≫ vd × ðλL; λE; λ; λ̄Þ, Δaμ and
dμ become

Δaμ ≃ −
1

16π2

�
mμ

v2

�
Re½mLE

μ e−iϕmμ �ðQ1 þQ2 tan2 βÞ;

ð47aÞ

dμ ≃
1

32π2

�
e
v2

�
Im½mLE

μ e−iϕmμ �ðQ1 þQ2 tan2 βÞ: ð47bÞ

Notice how each representation experiences a tan2 β
enhancement in addition to the standard chiral enhance-

ment. The factors Q1 ¼ Q1ðxð1ÞL;EÞ and Q2 ¼ Q2ðxð2ÞL;EÞ
represent contributions from light (SM) and new scalar

fields, respectively, parametrized by xð1;2ÞL;E ¼ M2
L;E=M

2
1;2 for

arbitrary masses of new leptons in each representation.
Depending on the model and how the diagram is closed in
Fig. 2, contributions may also involve the λ coupling.
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To obtain Eq. (47) in a simplified way, we distinguish
situations where λ� ¼ 0 and λ� ¼ λ̄ in the following text,
while expressions containing the full mass dependence on
Q1;2 with arbitrary couplings are presented in Appendix D.
If we consider the decoupling limit where m2

H ≃m2
A ≃

m2
H� ≫ m2

h, then the mass parameterM2
2 in the Higgs basis

becomes M2
2 ¼ m2

H;A;H� − 2λ1v2= tan2 β. We find that
M2 ≃mH;A;H� ≫ mh can be easily achieved for masses
mH;A;H� and ML;E ≳ 3 TeV and couplings up to the
perturbativity limit.3 If there is one scale of new physics

such that M ≡ML;E ≃M2, then we may take xð2ÞM → 1 in
Q2. In this limit, the SM fields are significantly lighter
compared to the vector-like leptons and Q1 is well

approximated when xð1ÞM → ∞. The obtained expressions
for ðQ1 þQ2 tan2 βÞ agree with the leading-order contri-
butions of Δaμ and dμ calculated in the mass eigenstate
basis in each representation4 and are collected in Table II.
Contributions involving the λ̄ coupling arise from

diagrams where each heavy fermion propagator contains
its mass insertion. However, diagrams where each propa-
gator contains its momentum term are responsible for
generating contributions from λ. In the latter situation,
diagrams involving λ in the top row of Fig. 2 vanish
due to on-shell equations of motion for the spinors,
whereas the bottom diagram remains nonzero when

integrating over loop momentum entering the numerator.
This happens for 2−3=2 ⊕ 1−1; 2−3=2 ⊕ 3−1, and 2−1=2 ⊕
30 representations. Additionally, note that only the tan2 β
term is affected by λ; contributions from the light Higgs
doublet precisely cancel in the limit where the masses of
new leptons are much heavier than the EW scale.
However, contributions from the now-heavy doublet
H2 remain nonzero when the masses of leptons are
comparable to M2.
When we consider the other limit, mh ≲M2 ≪ M, all

terms with λ vanish and Q2 → Q1 ≡Q. For all represen-
tations given in Table II, Q reduces to 1, 5, or 9. Note that
the heavy Higgses are not required to be near the EW scale;
this is already a good approximation for M2 ≃M=4.
Scenarios involving the mixing between new heavy

leptons and the muon via only the SM Higgs were first
studied in the mass eigenstate basis in [7,8,65] and revisited

FIG. 2. Generic diagrams in the Higgs basis contributing to CμB and CμW containing heavy leptons coupling to the muon. Different
diagrams are generated for different representations of vector-like leptons. The B and Wa fields are understood to attach to all possible
locations in the loop.

TABLE II. Summary of Q1 þQ2 tan2 β factors for repre-
sentations of L ⊕ E fields entering Δaμ and dμ, evaluated in
the decoupling limit and assuming one scale of new physics,

xð1ÞM → ∞ and xð2ÞM → 1, with λ� ¼ 0 (second column) and λ� ¼ λ̄
(third column). The Z2 charge assignments for L and E are as
they are in Table I.

L ⊕ E λ� ¼ 0 λ� ¼ λ̄

2−1=2 ⊕ 1−1 1þ tan2 β 1þ tan2 β
2−1=2 ⊕ 3−1 9þ 5 tan2 β 9þ 5 tan2 β
2−3=2 ⊕ 1−1 5þ 17

6
tan2 β 5þ 3 tan2 β

2−3=2 ⊕ 3−1 5þ 11
6
tan2 β 5þ 3 tan2 β

2−1=2 ⊕ 30 1þ 11
12
tan2 β 1þ tan2 β

3This regime is a valid range for explaining Δaμ for couplings≳0.5. See [25] for details.
4Refer to Sec. III using approximate diagonalization matrices

and couplings in the mass eigenstate basis given in Appendix C,
expanding to ∼Oðv2=M2

L;EÞ.
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in [48,64] in the SMEFT landscape. To provide insight into
these scenarios, although unphysical, one can take the limit
tan β → 0 in Eq. (47) which isolates loop contributions
only from the SM doublet H1. We find agreement with
results in [64] in every representation. However, we
disagree with [7], notably, in representations including
doubly charged vector-like fields.
The quartic couplings λ1, λ2, λ3, λ4, and λ5 in the scalar

potential are relevant contributions at the one-loop level to
the Wilson coefficient CμH1

. In principle, the combination
of tan β, M2, and large couplings can generate sufficiently
large contributions to overcome loop-suppressed effects,

competing with the tree-level contribution CðtreeÞ
μH1

¼
mLE

μ =v3d. Turning our attention to the main representation
of the paper, the contribution to CμH1

assuming only down-
type couplings and the same common mass ML;E ¼ M for
new leptons up to one loop in Fig. 3 is

CμH1
¼
�
mLE

μ

v3d

��
1 −

�
3Λ3

16π2

�
Kðxð2ÞM Þtan2β

þ
�

λλ̄

16π2

�
ðLðxð1ÞM Þcos2β þ Lðxð2ÞM Þsin2βÞ

−
�

1

8π2

�
ðjλj2 þ ðλλ̄Þ� þ jλ̄j2ÞðNðxð1ÞM Þcos2β

þ Nðxð2ÞM Þsin2βÞ
�
; ð48Þ

where xð1;2ÞM parametrizes the loop functions

KðxÞ ¼ −x2 þ xþ x2 lnðxÞ
ð1 − xÞ2 ; ð49Þ

LðxÞ ¼ −x3 þ xþ 2x2 lnðxÞ
ð1 − xÞ3 ; ð50Þ

FIG. 3. Diagrams contributing to the Wilson coefficient CμH1
1-loop in the 2−1=2 ⊕ 1−1 representation. Arrows denote chiral flow.

Note that there are additional diagrams similar to the second and third row where two mass insertions are replaced with momentum lines
in the loop.
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NðxÞ ¼ −
x3 − 4x2 þ 3xþ 2x lnðxÞ

2ð1 − xÞ3 : ð51Þ

If we assume once more that xð1ÞM → ∞ while using Λ3 ¼
2λ1= tan2 β in Appendix A, the muon mass is additionally
modified by the above Wilson coefficient:

mμe
iϕmμ ≃ yμvd þmLE

μ

�
1 −

�
3λ1
8π2

�
Kðxð2ÞM Þ

þ
�

λλ̄

16π2

�
ðcos2β þ Lðxð2ÞM Þsin2βÞ

−
�

1

16π2

�
ðjλj2 þ ðλλ̄Þ� þ jλ̄j2Þðcos2β

þ 2Nðxð2ÞM Þsin2βÞ
�
: ð52Þ

In principle, for the representations listed in [7], one can
construct similar diagrams to Fig. 3 and calculate its full
one-loop correction to the muon mass from the same
dimension-six operators. However, we expect their con-
tributions to be of similar order in all cases and it suffices to
present results in the 2−1=2 ⊕ 1−1 representation. We will
discuss the impact of these loop effects in the following
section.

V. RESULTS

The current experimental world average of the muon’s
anomalous magnetic moment deviates from the SM pre-
diction by 5.1σ [2,3],

Δaμ ≡ ð2.49� 0.48Þ × 10−9; ð53Þ

and the current upper bound on the muon’s electric dipole
moment is [66]

jdμj ≤ 1.9 × 10−20e · cm: ð54Þ
The Fermilab Muon g − 2 Collaboration estimates an
improvement in dμ up to a level of [67]

jdμj < 10−21e · cm; ð55Þ

whereas the Paul Scherrer Institute (PSI) intends to host a
new experiment involving the frozen-spin technique [68],
and projects a measurement of

jdμj < 6 × 10−23e · cm: ð56Þ

Precision electroweak measurements of Z and W�
bosons constrain possible modifications of couplings to
the muon at the 0.1% level which, in the limit of small
mixing, translate to the following bounds on λL and λE [25]
specifically in the 2−1=2 ⊕ 1−1 model:

���� λLvdML

����≲ 0.04;

���� λEvdME

����≲ 0.03; ð57Þ

respectively, at 95% C.L. Additionally, we impose a bound
on the mass parameters ML and ME, such that ML >
800 GeV and ME > 200 GeV to generically satisfy con-
straints placed by searches for new leptons [69–71].

A. 2HDM-II ellipse of dipole moments

It was first pointed out in [47,48] that the connection
between the three observables h → μþμ−;Δaμ, and dμ is a
byproduct of a correlation between the Wilson coefficients
that modify the muon mass ðCμH1

Þ and generate the muon
dipole moments ðCμγÞ through a real model-dependent
factor k. In the 2HDM-II, this relation is

CμH1
¼ k

e cos2 β
Cμγ: ð58Þ

This connection parametrizes the new physics contribu-
tions to the dipole moments and modification of h → μþμ−
in a given model on an ellipse defined by

Rh→μþμ− ¼
�
kv2Δaμ
2m2

μ
− 1

�
2

þ
�
kv2dμ
emμ

�
2

: ð59Þ

This is derived from rewriting the definition of Rh→μþμ− in
Eq. (7) in terms of the moments in Eq. (46). The k factor is
defined for a class of models in which CμH1

is generated at
either tree or loop level [47,48]. Although k may include
radiative corrections, we will not consider their effects until
Sec. V C.
From Eq. (47), the k factor for the 2HDM-II extended

with vector-like leptons is

k ¼ 64π2

ðQ1 þQ2 tan2 βÞ
; ð60Þ

which is generalized for different representations as sum-
marized in Table II. As follows from Eq. (59) as well as
mentioned in [47], only models with k≲ 19 or 483≲ k≲
750 are consistent with Δaμ within 1σ and jdμj ¼ 0

assuming Rh→μþμ− ¼ 1� 10%. In other words, models
with 1.31≲ ðQ1 þQ2 tan2 βÞ≲ 33 or ðQ1 þQ2 tan2 βÞ ≲
0.84 necessarily require a nonzero value for jdμj with the
expected precision level of Rh→μþμ− at the LHC. Further
improvement of the precision of Rh→μþμ− to 1% would
extend these ranges to 1.28≲ ðQ1 þQ2 tan2 βÞ≲ 427

or ðQ1 þQ2 tan2 βÞ≲ 0.86.
When heavy Higgses are significantly lighter than

vector-like leptons, we saw in the previous section that
Q1 ¼ Q2 ≡Q ¼ 1, 5, or 9 for all five representations. In
this limit, the k factors become k ¼ 64π2=Qð1þ tan2 βÞ. In
Fig. 4, we see that as Q increases for fixed tan β, the center
of the ellipse shifts to larger vales of Δaμ and dμ. The
experimental value of Δaμ restricts the parameter space of
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models to specific ranges of dμ and Rh→μþμ− . For example,
for tan β ¼ 1, models with Q ¼ 9, 5, and 1 predict jdμj
between ∼ð6–12Þ × 10−22e · cm, ∼ð5–8Þ × 10−22e · cm,
and ∼2 × 10−22e · cm, respectively, while explaining Δaμ
and assuming Rh→μþμ− lies within 10% of the SM pre-
diction (left plot). Predictions from an extensive range of
tan β for Q ¼ 1 are shown in the right plot. Note that in
different ranges of tan β, there are constraints on mH;A;H� .
The results do not depend significantly on these masses and
we assume they are sufficiently large to evade the limits.
In Fig. 5, we show the full range of dμ allowed for

Rh→μþμ− ≤ 2.2 with Q ¼ 1. For tan β ¼ 1 and 5, the
region is limited up to jdμj ∼ 3 × 10−22e · cm and up to
jdμj ∼ 33 × 10−22e · cm, respectively. As tan β increases,
larger couplings are needed to explainΔaμ for fixed masses
of new leptons. Limiting couplings only by perturbativity
[while satisfying precision measurements as in Eq. (57)],
jdμj can reach up to ∼300 × 10−22e · cm for tan β ¼ 50.
This is just above the current experimental limit.
We show the full range of Rh→μþμ− consistent with

experiment and predicted values of jdμj for the central value
of Δaμ as tan β varies in Fig. 6 for models withQ ¼ 1. The
solid and dashed lines represent the smaller and larger of the
two solutions for tan β [or k through Eq. (60)] that predict
the samevalue of jdμj andRh→μþμ− .When 0.41≲ tanβ≲ 6.4,
Rh→μþμ− ¼ 1� 10% necessarily requires values of dμ that
can be seen at PSI. As tan β increases, the predicted range of
jdμj extends from zero to current experimental limits. Further
assuming Rh→μþμ− ¼ 1� 1% extends the range of tan β that
can be fully tested at PSI to 0.38≲ tan β ≲ 21. Note that the
blue hatched region is where the top Yukawa coupling
becomes nonperturbative.

In the left plot of Fig. 7, we plot curves explaining Δaμ
within 1σ for a common scale of new physics versus the
size of couplings for different values of tan β ¼ 1, 2, 5, 20,
and 50 as well as the SM+VL scenario for Q ¼ 1. As tan β
increases, the slope of the contours increases and further
limits the allowed range of the predicted mass spectrum.
In the right panel, the red and blue curves highlight the
behavior of, respectively, Rh→μþμ− ¼ 0.9 and 0.99. With
increasing levels of precision on Rh→μþμ− , we see that the
maximum scale of new physics becomes more limited,
decreasing as Rh→μþμ− → 1. According to Eq. (59), a
nonzero dμ may increase Rh→μþμ− , meaning that measuring
dμ ≠ 0will infer a scale of new physics that is always lower
than the corresponding maximum scale allowed in the
left plot of Fig. 7. Given the current upper limit on
Rh→μþμ− ≤ 2.2, the absolute maximum scale of new physics
occurs at ∼47 TeV, agreeing with numerical results for
randomized scenarios with couplings up to the perturba-
tivity limit in [25,26]. Even when the precision increases
closer to the SM-like scenario Rh→μþμ− ¼ 1, the scale
will only slightly decrease to ∼45 TeV from above. Due
to the quadratic form of Eq. (59), when a given value of
Rh→μþμ− < 1, there are two positive, distinct solutions for k
[or for tan β through Eq. (60)] corresponding to the same
value of Rh→μþμ− . In the right panel, the dashed (solid)
curves represent the smaller (larger) of the two k solutions.
Conversely, when Rh→μþμ− > 1, there is only one solution
that is positive and one that is negative. From Eq. (60)
and Table II, we see that k is always positive [even

when considering the full mass dependence of Q2ðxð2ÞM Þ],
meaning that solutions where k < 0 for Rh→μþμ− > 1 are
never possible (as opposed to some specific FFS- and SSF-
type scenarios considered in [48]). For example, when

FIG. 4. Contours of Rh→μþμ− in the Δaμ − dμ plane for tan β ¼ 1 when Q ¼ 1, 5, and 9 (left) and Q ¼ 1 when tan β ¼ 1, 2, 5 and 50
(right). Solid lines correspond to the SM prediction, Rh→μþμ− ¼ 1, while the shaded region extends to�10%. Dashed lines correspond to
the current upper limit on Rh→μþμ− ¼ 2.2. A colored × corresponds to the center of its ellipse. Dark and light green regions correspond to
the �1σ and �2σ regions of Δaμ, respectively.
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dμ → 0 for the dashed red (blue) curves, future LHC
precision measurements of λhμμ at the 10% (1%) level will
rule out models with tan β ≲ 6.4ð21Þ, restricting the mass
spectrum to M ≲ 18ð10Þ TeV for Yukawa couplings up to

the perturbativity limit,
ffiffiffiffiffiffi
4π

p
. However, if we consider the

other solid red (blue) branches, the mass limit approaches
M ∼ 45 TeV for both Rh→μþμ− ¼ 0.9ð0.99Þ, restricting
tan β to ≲0.31ð0.26Þ, respectively, which is close to (in)

FIG. 6. Left: contours of tan β for predictions of jdμj with respect to Rh→μþμ− assuming the central value of Δaμ for Q ¼ 1. Projected
sensitivities from Fermilab and PSI experiments are shown respectively by dash-dotted and dotted lines. The blue hatched region is
where the top Yukawa coupling becomes nonperturbative. Right: contours for tan β when Rh→μþμ− ¼ 1� 0.1.

FIG. 5. Contours of Rh→μþμ− in the Δaμ − dμ plane forQ ¼ 1 when tan β ¼ 1 (top left), tan β ¼ 2 (top right), tan β ¼ 5 (bottom left),
and tan β ¼ 50 (bottom right). Solid purple lines correspond to Rh→μþμ− ¼ 1 (SM prediction), while the purple shaded region extends to
�10%, if possible. An × corresponds to the center of the ellipses. Dashed black lines represent the boundary excluded by Rh→μþμ− > 2.2
in shaded grey (this region is not relevant for tan β ¼ 50). The hatched grey region shown for tan β ¼ 50 is restricted by both
perturbativity and EW precision constraints on couplings.
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the region where the top Yukawa coupling is nonperturba-
tive, as indicated by the light blue region. These branches
can be extrapolated to the left figure and lie between the
black and cyan curves.
When comparing with the FFS-type models with dou-

blets and singlets discussed in [48], both model types have
k ∝ M4 and thus have identical profiles and shapes up to
some scaling. For the same factor of Q between models,
one can obtain the FFS-type curves through scaling the
contours in the right panel of Fig. 7 by ðπ=9Þ1=4.

B. Complex k factor

In the previous section, contributions involving λ van-
ished in the limit of leptons being the heaviest particles in
the spectrum. Because of this, the correlation was direct
between CμH1

and Cμγ , enforcing k∈R. However, for a
general spectrum of leptons and heavy Higgses, contribu-
tions from λwill not vanish and attribute to the moments, as
in Eqs. (D10), (D14), and (D18) in Appendix D. Hence, if
argðλ̄Þ ≠ argðλÞ, k will necessarily be complex. When k ¼
jkjeiϕk becomes complex, the ellipse equation in Eq. (59) is
modified to

Rh→μþμ− ¼
�jkjv2Δaμ

2m2
μ

− cosϕk

�
2

þ
�jkjv2dμ

emμ
− sinϕk

�
2

;

ð61Þ

where the axes of the ellipse in the Δaμ − dμ plane are
shifted by the phase angle ϕk. The center of the ellipse is
now located at ð2m2

μ cosϕk=jkjv2; emμ sinϕk=jkjv2Þ, which

is no longer symmetric along jdμj ¼ 0. The asymmetry
along with a large complex phase suggests that certain
models may shift the entire ellipse to a region where a
nonzero jdμj is always predicted. This occurs when the
edge of the semiminor axis intersects with jdμj ¼ 0 and is
satisfied whenever Rh→μþμ− ≤ sin2 ϕk.
In Fig. 8 we demonstrate this behavior for a variety

of phases of k ¼ 50eiϕk for ϕk¼0;−π=4;−π=3;−π=2.
Models generating a large complex phase can be extended

FIG. 7. Left: common scale of new physics for models withQ ¼ 1 for the SMþ vector-like leptons (VL) case, tan β ¼ 1, 2, 5, 20, and
50 required to explain the central value of Δaμ (solid) and the 1σ region (shaded) for a given overall size of couplings with dμ ¼ 0.
Right: range of jdμj with respect to the maximum mass needed to explain the central value of Δaμ for several values of Rh→μþμ− ¼ 0.5,
0.9, 0.99, 1, and 2.2. Dashed and solid lines represent the smaller and larger of the two solutions of Eq. (59). The dash-dotted maroon
line corresponds to tan β ¼ 1. The shaded light blue region is where the top Yukawa coupling becomes nonperturbative. Projected
sensitivities from Fermilab and PSI experiments are given by grey dash-dotted and dotted lines, respectively. The grey shaded region is
where the model violates electroweak precision constraints.

FIG. 8. Ellipses of Rh→μþμ− ¼ 1 when k ¼ 50eiϕk for phases
ϕk ¼ 0;−π=4;−π=3, and −π=2. Each colored × marks the center
of the ellipse. The dark and light green bands represent the region
of Δaμ within 1σ and 2σ, respectively.
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to ones where the λ coupling is present alongside λ̄,
such as the 2−3=2 ⊕ 1−1 model, and similar arguments
can apply to 2−3=2 ⊕ 3−1; 2−1=2 ⊕ 30 models as well.
In the limit that M ≃M2 for arbitrary λ, k ¼ 64π2=
ð5þ tan2 βð17þ λ�=λ̄Þ=6Þ. In order to generate jkj ¼ 50
with phases between ϕk ¼ −π=4 and −π=2 for tan β ¼ 2,
the magnitude of jλ�=λ̄j ≃ 17.4–31.0 and its phase should
lie between ϕλ�=λ̄ ≃ −0.88þ π and −0.66þ πrad, respec-
tively. Notice that the π phase shift is required for
Re½λ�=λ̄� to cancel with the other real terms in order
to generate a large magnitude of k, which prefers a larger
tan β for a more comparable size of couplings (or vice
versa, as presented here). Im½λ�=λ̄� is responsible for
generating the phase of k. We note that a wide variety of
scenarios can accommodate these large ratios of cou-
plings while respecting perturbativity and EW precision
constraints needed to explain Δaμ. However, for Δaμ,
because of the partial cancellation from the real part of
λ�=λ̄, a large complex phase in the combination λLλEλ̄ is
required.5

C. One-loop corrections to k

In the Higgs basis, additional contributions from
quartic couplings can appear from one-loop corrections
to the mass operator CμH1

[Eq. (48)]. The full one-
loop corrected k factor for our main model of interest,
new leptons with quantum numbers identical to SM
leptons, is

k ¼ 64π2

ð1þQ2ðxð2ÞM Þtan2βÞ

�
1 −

�
3λ1
8π2

�
Kðxð2ÞM Þ

þ
�

λλ̄

16π2

�
ðcos2β þ Lðxð2ÞM Þsin2βÞ

−
�

1

16π2

�
ðjλj2 þ ðλλ̄Þ� þ jλ̄j2Þ

× ðcos2β þ 2Nðxð2ÞM Þsin2βÞ
�
: ð62Þ

Notice that CμH1
now also involves λ at loop level, which

in general can generate a nonzero phase for complex
Lagrangian parameters.
The one-loop contribution can be relatively large due to

the fact that KðxÞ, LðxÞ, and 2NðxÞ > 0 when x > 0 and of
similar order for x ≤ 1, while the range of the quartic
coupling λ1 is limited to 0 < λ1 ≤ 4π, required by the
stability of the scalar potential and perturbativity. The
Yukawa couplings are only limited by perturbativity in both
directions: jλj; jλ̄j ≤ ffiffiffiffiffiffi

4π
p

. Additionally, when the Higgs
masses are split from the leptons, in the limit when M2

2 ≃

m2
H;A;H� becomes large, xð2ÞM → 0 and the functions KðxÞ,

LðxÞ, and NðxÞ → 0 when the heavy Higgses decouple,
leaving only contributions from the lightH1 doublet. Hence,
in Fig. 9 the dashed and dash-dotted lines when mH;A;H� ¼
3 ×M and 5 ×M, respectively, reduce the relative loop
contribution compared tomH;A;H� ¼ M (solid lines) in both
plots. Notice that the behaviors in both plots plateau for
tan β ≳ 4 as both the quartic piece and heavy scalar con-
tribution remain when cos β → 0 and sin β → 1.
According to Fig. 9, when mH;A;H� ¼ M, we see that the

one-loop corrections can affect its tree-level contribution at
most when all couplings are near their perturbativity limits,

FIG. 9. Curves representing the ratio of the one-loop contributions to k normalized to its tree-level value kone-loop=ktree when
λ ¼ −λ̄ ¼ ffiffiffiffiffi

4π
p

(left) and λ ¼ λ̄ ¼ ffiffiffiffiffi
4π

p
(right) are real, assuming M ¼ 3 TeV. The dashed and dash-dotted lines correspond to

mH;A;H� ¼ 3 ×M and 5 ×M, respectively, in both plots.

5On a side note, models may also generate a complex k factor
induced by loop corrections (see, for example, the 2−1=2 ⊕ 1−1
model in the next section).
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such as ∼37–32% for tan β ¼ 1–50 when λ1 ¼ 4π (green
solid line) and λ̄ ¼ −λ ¼ ffiffiffiffiffiffi

4π
p

(left plot). For an even
smaller quartic coupling λ1 ¼ 1 (red solid line), the con-
tribution is at most ∼14%. In the other direction, λ̄ ¼ λ ¼ffiffiffiffiffiffi
4π

p
(right plot) when λ1 ¼ 4π (green solid line), the

relative contribution is almost ∼40% throughout the entire
domain of tan β, while the contribution is nearly ∼16%
everywhere for λ1 ¼ 1. We note that the behavior is similar
in both plots because, irrespective of sign, there is a partial
cancellation between λλ̄ and ðλλ̄Þ� terms, leaving terms
such as jλj2; jλ̄j2 unaffected by their relative sign. In fact, the
difference LðxÞ − 2NðxÞ < 0, meaning that when λλ̄ ¼
−4π the contribution in each scenario is slightly reduced
when comparing to λλ̄ ¼ 4π. In any case, the magnitude of
k will be reduced by the loop corrections.

VI. CONCLUSIONS

Building upon previous works, we demonstrated that in
the 2HDM-II extended with vector-like leptons, there can
be multiple sources of chiral enhancement to the muon
dipole moments, generating a correlation to h → μþμ−
through a single, model-dependent complex factor. This
correlation parametrizes deviations of these observables
from their SM values through an ellipse. We explored
representations of new leptons that were previously con-
sidered in SM extensions and, by expanding on calcula-
tions of previous works, we found new radiative corrections
relevant for this correlation.
The ellipse of muon dipole moments allows for novel

constraints on the scale of new physics and the 2HDM-II
parameter space that are not accessible by colliders. For
example, assuming that the central value of Δaμ stays the
same, future measurements of h → μþμ− imply predicted
values of dμ that could be probed at future muon electric
dipole experiments. We found that for models with new
leptons that have analogous quantum numbers to SM
leptons, Q ¼ 1, measuring Rh→μþμ− within 10% leads to
values of dμ up to the projected sensitivity at PSI for
0.41≲ tan β ≲ 6.4. Increasing the precision to �1% leads
to a range of 0.38≲ tan β ≲ 21. These bounds imply an
upper bound on the scale of new leptons that is ∼18 and
10 TeV, respectively. On the other hand, if dμ is not seen at
PSI, the precision of h → μþμ− at 10% and 1% requires
tan β ≳ 6.4 and 21, respectively, and with the same upper
limit on the scale of new leptons. Furthermore, other
solutions allowed by the ellipse would lead to an upper
bound on the scale of new leptons, ∼45 TeV, but would
require pushing the values of tan β to the limit of pertur-
bativity related to the top Yukawa coupling.
We obtained similar bounds for all other models we

explored. For example, if the central value of Δaμ is
assumed with Rh→μþμ− ¼ 1� 10%, models with 1.31≲
ðQ1 þQ2 tan2 βÞ≲ 33 necessarily require nonzero dμ.

More specifically, in the cases with Q1 ¼Q2 ¼ 1, 5, 9
and tan β ¼ 1, these models predict jdμj ¼ 2 × 10−22e · cm;
ð5 − 8Þ × 10−22e · cm, and ð6 − 12Þ × 10−22e · cm, respec-
tively. For tan β ¼ 50 and limiting couplings only by pertur-
bativity, the maximum predicted value of jdμj is ∼300×
10−22e · cm, for Q ¼ 1. This limit is already at the range
of current sensitivity and other models would only give
larger jdμj.
In addition to our main results, we explored new

radiative corrections to the muon mass and dipole
moments, appearing only in models where new leptons
transform as 2−3=2 ⊕ 1−1; 2−3=2 ⊕ 3−1, and 2−1=2 ⊕ 30.
We found that these corrections become clear in the
Higgs basis, where contributions to the dipole moments
scale as ðQ1 þQ2 tan2 βÞ, where each factor behaves
differently when leptons are much heavier than the SM
doublet, Q1ðxð1ÞM → ∞Þ, or comparable to heavy Higgses,

Q2ðxð2ÞM → 1Þ. By happenstance, if we compare the SM
contributions of each representation with that in the
2HDM-II as in Table II, the same pattern of contributions
occurs for both when λ� ¼ λ̄ and produce integer values.
The additional corrections modify the ellipse equation

through an additional phase in thek factor. In fact, for k∈C, a
striking feature occurs: situations exist where the prediction
fordμ is asymmetric and sign-preferred, shifting the ellipse to
a region where a portion of the parameter space can be ruled
out while being consistent with Δaμ. This behavior appears
for models whose contribution to Cμγ also comes from an
additional source for generally complex λ�, whenever ϕλ� ≠
ϕλ̄ þ πn for n ¼ 0; 1;… and M2 ≃M. Other sources of
complex k can occur via subleading corrections to the muon
mass, generating up to 40% of the contribution compared to
the tree-level piece when all couplings are near their
perturbativity limits in nearly the entire range of tan β.
However, this will reduce the magnitude of k by the same
amount, causing the center of the ellipse to shift to largerΔaμ
while predicting a large nonzero dμ within the range of
Rh→μþμ− ¼ 1� 10% [47], increasing the discovery potential
of these effects in near-future experiments.
The mass and couplings of the muon remain among the

last vestiges of indirect hints of new physics beyond the SM.
The need to precisely measure these quantities is currently
driving new experimental efforts [67,68] and inspiring the
next generation of particle colliders [72–77]. The comple-
mentarity of future measurements of the muon dipole
moments and h → μþμ− will provide an important road
map to understanding high scales of new physics whose
presence may already be leaving clues in experiments.
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APPENDIX A: DETAILS ABOUT THE 2HDM
SCALAR POTENTIAL

The parameters m2
1; m

2
2; λ1; λ2; λ3, and λ4 of the scalar

potential in Eq. (8) are real by Hermiticity, while m2
12

and λ5 are taken to be real to preserve CP symmetry in
the Higgs sector. The stability of the potential further
requires [52,78–80]

λ1; λ2 > 0;
ffiffiffiffiffiffiffiffiffi
λ1λ2

p
þ λ3 > 0; andffiffiffiffiffiffiffiffiffi

λ1λ2
p

þ λ3 þ λ4 − jλ5j > 0: ðA1Þ
After EWSB when the neutral components of the

doublets acquire a VEV, hH0
di ¼ vd and hH0

ui ¼ vu, the
rotation angle α diagonalizes the CP-even scalar fields h
and H to the physical basis and yields

H0
d ¼ vd þ

1ffiffiffi
2

p ð−h sin αþH cos αÞ

þ iffiffiffi
2

p ðG cos β − A sin βÞ; ðA2Þ

H0
u ¼ vu þ

1ffiffiffi
2

p ðh cosαþH sinαÞ− iffiffiffi
2

p ðG sinβþA cosβÞ;

ðA3Þ

H�
d ¼ G� cos β −H� sin β; ðA4Þ

H�
u ¼ −G� sin β −H� cos β: ðA5Þ

From the original basis, we can rotate via the angle β to
the Higgs basis where the SM and additional scalar fields
become separated:

�
H1

−iσ2H†
2

�
¼
�

cos β sin β

− sin β cos β

��
Hd

−iσ2H†
u

�
: ðA6Þ

We see that in the alignment limit when β − α ¼ π=2 the
two doublets simplify to

H1 ¼
� Gþ

vþ 1ffiffi
2

p ðh sinðβ − αÞ þH cosðβ − αÞ þ iGÞ
�

→

� Gþ

vþ 1ffiffi
2

p ðhþ iGÞ
�
; ðA7Þ

H2 ¼
� 1ffiffi

2
p ðh cosðβ − αÞ −H sinðβ − αÞ − iAÞ

−H−

�

→

�− 1ffiffi
2

p ðH þ iAÞ
−H−

�
; ðA8Þ

where H1 contains only the SM degrees of freedom and
H2 contains the additional Higgs fields in this new basis.
From Eqs. (A7) and (A8), one notices that hH0

1i ¼ v and
hH0

2i ¼ 0, such that H1 becomes the SM Higgs doublet in
the alignment limit. Inverting Eq. (A6), the transformations
ðHd;HuÞ → ðH1; H2Þ are

Hd → H1 cos β þ ϵH†
2 sin β; ðA9Þ

Hu → −H†
1ϵ sin β þH2 cos β; ðA10Þ

where we used the fact that iσ2 ¼ ϵ and ϵ12 ¼ þ1. Inserting
these definitions into the 2HDM-II scalar potential (8), we
find in this basis

VðH1; H2Þ ¼ M2
1ðH†

1H1Þ þM2
2ðH†

2H2Þ þM2
12ðH†

1 ·H
†
2 þH1 ·H2Þ þ

1

2
Λ1ðH†

1H1Þ2 þ
1

2
Λ2ðH†

2H2Þ2 þ Λ3ðH†
1H1ÞðH†

2H2Þ

þ Λ4ðH†
1 ·H

†
2ÞðH1 ·H2Þ þ

1

2
Λ5½ðH†

1 ·H
†
2Þ2 þ ðH1 ·H2Þ2� þ Λ6ðH†

1H1Þ½H†
1 ·H

†
2 þH1 ·H2�

þ Λ7ðH†
2H2Þ½H†

1 ·H
†
2 þH1 ·H2�: ðA11Þ

If we utilize the extrema conditions of the potential in Eq. (8), 1
vd

∂V
∂Hd

jv ¼ m2
1 −m2

12 tan β þ λ1v2d þ λ345v2u ¼ 0 and
1
vu

∂V
∂Hu

jv ¼ m2
2 −

m2
12

tan β þ λ2v2u þ λ345v2d ¼ 0 using the shorthand notation λ345 ≡ λ3 þ λ4 þ λ5, the dimensionful parameters
listed below can be simplified as

M2
1 ¼ m2

1cos
2β þm2

2sin
2β − 2m2

12 sin β cos β

¼ −v2ðλ1cos4β þ λ2sin4β þ 2λ345sin2βcos2βÞ;
M2

2 ¼ m2
1sin

2β þm2
2cos

2β þ 2m2
12 sin β cos β

¼ m2
12

sin β cos β
− v2ððλ1 þ λ2 − 2λ345Þsin2βcos2β þ λ345Þ;
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M2
12 ¼ ðm2

1 −m2
2Þ sin β cos β þm2

12ðcos2β − sin2βÞ
¼ v2ðð−λ1 þ λ345Þ sin βcos3β þ ðλ2 − λ345Þsin3β cos βÞ; ðA12Þ

as well as the quartic couplings,

Λ1 ¼ λ1cos4β þ λ2sin4β þ 2λ345sin2βcos2β;

Λ2 ¼ λ1sin4β þ λ2cos4β þ 2λ345sin2βcos2β;

Λ3 ¼ λ3 þ ðλ1 þ λ2 − 2λ345Þsin2βcos2β;
Λ4 ¼ λ4 þ ðλ1 þ λ2 − 2λ345Þsin2βcos2β;
Λ5 ¼ λ5 þ ðλ1 þ λ2 − 2λ345Þsin2βcos2β;
Λ6 ¼ ðλ1 − λ345Þ sin βcos3β þ ð−λ2 þ λ345Þsin3β cos β;
Λ7 ¼ ðλ1 − λ345Þsin3β cos β þ ð−λ2 þ λ345Þ sin βcos3β; ðA13Þ

which agree with results in [43]. Using the exact definitions of couplings in Eq. (9), we may also express these parameters in
terms of the physical Higgs masses and mixing angles:

M2
1 ¼ −

1

2
ðm2

Hcos
2ðβ − αÞ þm2

hsin
2ðβ − αÞÞ;

M2
2 ¼

m2
12

sin β cos β
−
1

2

�
m2

H

�
sin2ðβ − αÞ þ sin 2α

sin 2β

�
þm2

h

�
cos2ðβ − αÞ − sin 2α

sin 2β

��
;

M2
12 ¼ −

1

2
ðm2

H −m2
hÞ sinðβ − αÞ cosðβ − αÞ; ðA14Þ

and

Λ1 ¼ −M2
1=v

2;

Λ2 ¼
�

1

8v2sin2βcos2β

��
−
4m2

12cos
22β

sin β cos β
þm2

Hðsinðβ þ αÞ − sinðβ − αÞ cos 2βÞ2

þm2
hðcosðβ þ αÞ þ cosðβ − αÞ cos 2βÞ2

�
;

Λ3 ¼
�

1

2v2

��
2m2

H� −
2m2

12

sin β cos β
þm2

H

�
sin2ðβ − αÞ þ sin 2α

sin 2β

�
þm2

h

�
cos2ðβ − αÞ − sin 2α

sin 2β

��
;

Λ4 ¼
�

1

2v2

�
½m2

A − 2m2
H� þm2

Hsin
2ðβ − αÞ þm2

hcos
2ðβ − αÞ�;

Λ5 ¼
�

1

2v2

�
½−m2

A þm2
Hsin

2ðβ − αÞ þm2
hcos

2ðβ − αÞ�;

Λ6 ¼ −M2
12=v

2;

Λ7 ¼
�

1

2v2 sin β cos β

��
m2

12 cos 2β
sin β cos β

−m2
H sinðβ − αÞðcosðβ − αÞ sin β cos β − sinðβ þ αÞÞ

þm2
h cosðβ − αÞðsinðβ − αÞ sin β cos β − cosðβ þ αÞÞ

�
: ðA15Þ

Finally, working in the decoupling limit (m2
H ≃m2

A ≃m2
H� ≫ m2

h, which also enforces β − α → π=2) while writing the
parameters in terms of a single quartic coupling λ1 from Eq. (10), we find
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M2
1 ¼ 0;

M2
2 ¼ m2

H;A;H� − 2λ1v2=tan2β;

M2
12 ¼ 0;

Λ1 ¼ 0;

Λ2 ¼ λ1ð2 − 1=sin2βÞ2;
Λ3 ¼ 2λ1=tan2β;

Λ4 ¼ Λ5 ¼ Λ6 ¼ 0;

Λ7 ¼ λ1ð2 − 1=sin2βÞ= tan β: ðA16Þ

These are the relevant formulas used for the discussion in
the main text.

APPENDIX B: MODELS AND MASS
EIGENSTATE BASIS

First, we introduce models and define their mass
eigenstate basis in each of the five representations. We
additionally present couplings of lepton eigenstates to
SM bosons Z, W�, h and new bosons H;A;H�. These
couplings are defined with a common notation and will be
further characterized by diagonalization and Yukawa matri-
ces in each individual representation.

1. 2− 1 ⊕ 1− 1
After EWSB, the Lagrangian of Eq. (1) gives the charged

lepton mass matrix,

ðμ̄L; L̄−
L; ĒLÞMe

0
B@

μR

L−
R

ER

1
CA ¼ ðμ̄L; L̄−

L; ĒLÞ

0
B@

yμvd 0 λEvd
λLvd ML λvd
0 λ̄vd ME

1
CA
0
B@

μR

L−
R

ER

1
CA; ðB1Þ

and the neutral lepton mass matrix,

ðν̄L; L̄0
L; N̄LÞMν

0
B@

νR ¼ 0

L0
R

NR

1
CA ¼ ðν̄L; L̄0

L; N̄LÞ

0
B@

0 0 κNvu
0 ML κvu
0 κ̄vu MN

1
CA
0
B@

νR ¼ 0

L0
R

NR

1
CA: ðB2Þ

We construct the mass eigenstate basis in the following steps. First, we findUL;R such that U†
LMM†UL andU†

RM
†MUR are

diagonal. In this procedure, U†
LMUR becomes diagonal where the diagonal entries are the physical masses up to possible

phases. Applying this procedure to the mass matrices Me and Mν above, we have

Ue†
L

0
B@

yμvd 0 λEvd
λLvd ML λvd
0 λ̄vd ME

1
CAUe

R ¼

0
B@

mμe
iϕmμ 0 0

0 me4e
iϕme4 0

0 0 me5e
iϕme5

1
CA; ðB3Þ

Uν†
L

0
B@

0 0 κNvu
0 ML κvu
0 κ̄vu MN

1
CAUν

R ¼

0
B@

0 0 0

0 mν4e
iϕmν4 0

0 0 mν5e
iϕmν5

1
CA; ðB4Þ

wheremμ; me4 ; me5 ; mν4 , andmν5 are the physical masses of
the leptons. Further, we define

Ũe
R ≡Ue

R

0
B@

e−iϕmμ 0 0

0 e−iϕme4 0

0 0 e−iϕme5

1
CA; ðB5Þ

Ũν
R ≡Uν

R

0
B@

1 0 0

0 e−iϕmν4 0

0 0 e−iϕmν5

1
CA; ðB6Þ

so that

Ue†
L

0
B@
yμvd 0 λEvd
λLvd ML λvd
0 λ̄vd ME

1
CAŨe

R¼

0
B@
mμ 0 0

0 me4 0

0 0 me5

1
CA; ðB7Þ

and

Uν†
L

0
B@

0 0 κNvu
0 ML κvu
0 κ̄vu MN

1
CAŨν

R ¼

0
B@

0 0 0

0 mν4 0

0 0 mν5

1
CA: ðB8Þ
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The diagonalization matrices UL and ŨR represent rota-
tions to the mass eigenstate basis eL → Ue

LêL, eR → Ũe
RêR

and νL → Uν
Lν̂L, νR → Ũν

Rν̂R. This procedure will be also
followed for other representations of leptons.
In Appendix C we present approximate formulas for

the diagonalization matrices and resulting couplings. Those
formulas are valid only when following the above procedure.

2. 2− 1=2 ⊕ 3− 1
In this representation, the doublet L and triplet E are

defined as

LL;R ¼
 
L0
L;R

L−
L;R

!
; τaEa

L;R ¼
 

E−
L;R

ffiffiffi
2

p
E0
L;Rffiffiffi

2
p

E−−
L;R −E−

L;R

!
;

ðB9Þ

and couple to Hd and SM leptons via the following
Lagrangian:

L ⊃ −λEl̄LτaHdEa
R − λLL̄LμRHd − λL̄Lτ

aHdEa
R

− λ̄H†
dτ

aLRĒa
L −MLL̄LLR −MEĒa

LE
a
R þ H:c: ðB10Þ

After EWSB, the mass matrices are

ðμ̄L; L̄−
L; Ē

−
LÞ

0
B@

yμvd 0 −λEvd
λLvd ML −λvd
0 −λ̄vd ME

1
CA
0
B@

μR

L−
R

E−
R

1
CA

→ ¯̂eLU
e†
L

0
B@

yμvd 0 −λEvd
λLvd ML −λvd
0 −λ̄vd ME

1
CAŨe

RêR; ðB11Þ

ðν̄L; L̄0
L; Ē

0
LÞ

0
B@

0 0
ffiffiffi
2

p
λEvd

0 ML

ffiffiffi
2

p
λvd

0
ffiffiffi
2

p
λ̄vd ME

1
CA
0
B@

νR ¼ 0

L0
R

E0
R

1
CA

→ ¯̂νLU
ν†
L

0
B@

0 0
ffiffiffi
2

p
λEvd

0 ML

ffiffiffi
2

p
λvd

0
ffiffiffi
2

p
λ̄vd ME

1
CAŨν

Rν̂R: ðB12Þ

Additionally, there is a doubly charged mass eigenstate E−−

with mass ME. Hence,

Ue−−
L ¼ Ũe−−

R ¼ I3×3: ðB13Þ

3. 2− 3=2 ⊕ 1− 1
The doublet with singly and doubly charged components

is defined as

LL;R ¼
�
L−
L;R

L−−
L;R

�
: ðB14Þ

The Lagrangian for this representation becomes

L ⊃ −λEl̄LERHd − λLL̄L ·H†
dμR − λH†

d · L̄LER

− λ̄LR ·HdĒL −MLL̄LLR −MEĒLER þ H:c: ðB15Þ

We remind the reader that the explicit · corresponds to
contracting SUð2Þ indices by ϵij, such that LR ·Hd ¼
ϵ12ðLRÞ1ðHdÞ2þ ϵ21ðLRÞ2ðHdÞ1 ¼L−

RH
0
d −L−−

R Hþ
d , where

ϵ12 ¼ −ϵ21 ¼ þ1. Alternatively, we could continue to
contract SUð2Þ indices with δij by introducing ϵH†

d ≡ H̃d.
The difference between the two notations is an overall
minus sign for the term λH̃dL̄LER. After EWSB, the mass
matrices are

ðμ̄L; L̄−
L; Ē

−
LÞ

0
B@

yμvd 0 λEvd
λLvd ML −λvd
0 λ̄vd ME

1
CA
0
B@

μR

L−
R

E−
R

1
CA

→ ¯̂eLU
e†
L

0
B@

yμvd 0 λEvd
λLvd ML −λvd
0 λ̄vd ME

1
CAŨe

RêR; ðB16Þ

which is diagonalized byUe
L and Ũ

e
R as in Eq. (B7), but with

the replacement of λ → −λ. There is one massless neutral
eigenstate νμ and one doubly charged eigenstate L−− with
mass ML. Hence,

Uν
L ¼ Ũν

R ¼ Ue−−
L ¼ Ũe−−

R ¼ I3×3: ðB17Þ

4. 2− 3=2 ⊕ 3− 1
The doublet L containing both a singly and doubly

charged field as well as the triplet E are defined as

LL;R ¼
�
L−
L;R

L−−
L;R

�
; τaEa

L;R ¼
 

E−
L;R

ffiffiffi
2

p
E0
L;Rffiffiffi

2
p

E−−
L;R −E−

L;R

!
;

ðB18Þ

which couple to the SM leptons in the following way:

L ⊃ −λEl̄LτaHdEa
R − λLL̄L ·H†

dμR − λL̄Lτ
a ·H†

dE
a
R

− λ̄Hd · Ēa
Lτ

aLR −MLL̄LLR −MEĒa
LE

a
R þ H:c:

ðB19Þ
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After EWSB, the mass matrices are

ðμ̄L; L̄−
L; Ē

−
LÞ

0
B@

yμvd 0 −λEvd
λLvd ML λvd
0 −λ̄vd ME

1
CA
0
B@

μR

L−
R

E−
R

1
CA

→ ¯̂eLU
e†
L

0
B@

yμvd 0 −λEvd
λLvd ML λvd
0 −λ̄vd ME

1
CAŨe

RêR; ðB20Þ

ð0; L̄−−
L ; Ē−−

L Þ

0
B@

0 0 0

0 ML

ffiffiffi
2

p
λvd

0 −
ffiffiffi
2

p
λ̄vd ME

1
CA
0
B@

0

L−−
R

E−−
R

1
CA

→ ¯̂e−−L Ue−−†
L

0
B@

0 0 0

0 ML

ffiffiffi
2

p
λvd

0 −
ffiffiffi
2

p
λ̄vd ME

1
CAŨe−−

R ê−−R : ðB21Þ

5. 2− 1=2 ⊕ 30
Finally, this representation is described by the following

doublet L and triplet E:

LL;R ¼
�
L0
L;R

L−
L;R

�
; τaEa

L;R ¼
 

E0
L;R

ffiffiffi
2

p
Eþ
L;Rffiffiffi

2
p

E−
L;R −E0

L;R

!
:

ðB22Þ

These fields interact with the SM leptons in the following
way:

L ⊃ −λEl̄Lτa ·H
†
dE

a
R − λLL̄LμRHd − λL̄Lτ

a ·H†
dE

a
R

− λ̄Hd · Ēa
Lτ

aLR −MLL̄LLR −MEĒa
LE

a
R þ H:c:

ðB23Þ

The mass matrices after EWSB are

ðμ̄L; L̄−
L; Ē

−
LÞ

0
B@

yμvd 0
ffiffiffi
2

p
λEvd

λLvd ML

ffiffiffi
2

p
λvd

0 −
ffiffiffi
2

p
λ̄vd ME

1
CA
0
B@

μR

L−
R

E−
R

1
CA

→ ¯̂eLU
e†
L

0
B@

yμvd 0
ffiffiffi
2

p
λEvd

λLvd ML

ffiffiffi
2

p
λvd

0 −
ffiffiffi
2

p
λ̄vd ME

1
CAŨe

RêR ðB24Þ

and

ðν̄L; L̄0
L; Ē

0
LÞ

0
B@

0 0 λEvd
0 ML λvd
0 −λ̄vd ME

1
CA
0
B@

νR ¼ 0

L0
R

E0
R

1
CA

→ ¯̂νLU
ν†
L

0
B@

0 0 λEvd
0 ML λvd
0 −λ̄vd ME

1
CAŨν

Rν̂R: ðB25Þ

6. Couplings of leptons to Z and W� bosons

The couplings of leptons to the Z boson come from
kinetic terms in the Lagrangian,

L ⊃ ¯̂eLai=DaêLa þ ¯̂eRai=DaêRa þ ¯̂e−−La i=Daê−−La þ ¯̂e−−Ra i=Daê−−Ra ;

ðB26Þ

whereby the covariant derivative is

Dμa ¼ ∂μ − i
g

cos θW
ðT3

a − sin2 θWQaÞZμ: ðB27Þ

For couplings of left- and right-handed singly charged
leptons to the Z boson, we have

L ⊃ ¯̂eLaγμg
Zeaeb
L êLbZμ þ ¯̂eRaγμg

Zeaeb
R êRbZμ; ðB28Þ

whereby

gZeaebL ¼ g
cos θW

��
−
1

2
þ sin2θW

�
δab þ ξZLðUe†

L Þa4ðUe
LÞ4b

þ χZL
2
ðUe†

L Þa5ðUe
LÞ5b

�
ðB29Þ

and

gZeaebR ¼ g
cos θW

�
sin2θWδab þ

ξZR
2
ðŨe†

R Þa4ðŨe
RÞ4b

þ χZRðŨe†
R Þa5ðŨe

RÞ5b
�
: ðB30Þ

The couplings to W� bosons are defined by

L ⊃ ð ¯̂νLaγμgWνaeb
L êLb þ ¯̂νRaγ

μgWνaeb
R êRbÞWþ

μ

þ ð ¯̂e−−La γμgWebe−−a
L êLb þ ¯̂e−−Ra γ

μgWebe−−a
R êRbÞW−

μ þ H:c:;

ðB31Þ
where

gWνaeb
L ¼ gffiffiffi

2
p ½ðUν†

L Þa2ðUe
LÞ2b þ ξWL ðUν†

L Þa4ðUe
LÞ4b

þ χWL ðUν†
L Þa5ðUe

LÞ5b� ðB32Þ
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and

gWνaeb
R ¼ gffiffiffi

2
p ½ξWR ðŨν†

R Þa4ðŨe
RÞ4b þ χWR ðŨν†

R Þa5ðŨe
RÞ5b�:

ðB33Þ

Additionally, for representations with doubly charged
fermions, the left- and right-handed couplings are

gWebe−−a
L ¼ gffiffiffi

2
p ½ξW−−ðUe†

L Þb4ðUe−−
L Þ4aþχW−−ðUe†

L Þb5ðUe−−
L Þ5a��;

ðB34Þ

gWebe−−a
R ¼ gffiffiffi

2
p ½ξW−−ðŨe†

R Þb4ðŨe−−
R Þ4aþχW−−ðŨe†

R Þb5ðŨe−−
R Þ5a��:

ðB35Þ

The representation-dependent ξi and χi factors for each set
of left- and right-handed Z and W� gauge couplings are
collected in Table III.

7. Couplings to Higgs bosons

The softly broken 2HDM-II scalar potential is given by
Eq. (8) and is diagonalized to the mass eigenstate basis
through Eqs. (A2)–(A5). We also work in the alignment
limit where β − α ¼ π=2 such that couplings to the light
eigenstate h are SM-like. For singly charged leptons in a
given model, the Lagrangian for Yukawa couplings to
neutral Higgs bosons is defined by

Lh;H;A ¼ −
1ffiffiffi
2

p ¯̂eLaλheaeb êRbh −
1ffiffiffi
2

p ¯̂eLaλHeaeb êRbH

−
1ffiffiffi
2

p ¯̂eLaλAeaeb êRbAþ H:c:; ðB36Þ

where

λheaeb ¼ cos βðUe†
L YEŨe

RÞab;
λHeaeb ¼ sin βðUe†

L YEŨe
RÞab;

λAeaeb ¼ −i sin βðUe†
L YA

EŨ
e
RÞab; ðB37Þ

where YE and YA
E are Yukawa matrices defined per

representation for CP-even ðh;HÞ and CP-odd (A) bosons,
respectively. The notations of Eq. (B37) are the same for all
representations except for their respective diagonalization
and Yukawa matrices.
Yukawa couplings of the charged Higgs boson H� to

leptons are defined by

LH� ¼ − ¯̂νLaλH
�

νaeb êRbH
þ − ¯̂eLaλH

�
eaνb ν̂RbH

−

− ¯̂eLaλH
�

eae−−b
ê−−RbH

þ − ¯̂e−−La λ
H�
e−−a eb êRbH

− þ H:c:

ðB38Þ
The last two terms are relevant for representations with
doubly charged leptons. The couplings are defined as

λH
�

νaeb ¼ ðUν†
L YH�

N Ũe
RÞab;

λH
�

eaνb ¼ ðUe†
L YH�

E Ũν
RÞab;

λH
�

e−−a eb ¼ ðUe−−†
L YH�

N0 Ũe
RÞab;

λH
�

eae−−b
¼ ðUe†

L YH�
E0 Ũe−−

R Þab: ðB39Þ

The matrices YH�
E0;N0 are the Yukawa matrices present for

doubly charged fermions coupling to singly charged ones.
For the 2−1=2 ⊕ 1−1 model, the Yukawa matrices for

neutral Higgs bosons are

YE ¼

0
B@

yμ 0 λE

λL 0 λ

0 λ̄ 0

1
CA; YA

E ¼

0
B@

yμ 0 λE

λL 0 λ

0 −λ̄ 0

1
CA: ðB40Þ

The Yukawa matrices for charged Higgs bosons are

YH�
N ¼ − sin β

0
B@

yμ 0 λE

λL 0 λ

0 κ̄= tan β 0

1
CA;

YH�
E ¼ − cos β

0
B@

0 0 κN

0 0 κ

0 λ̄ tan β 0

1
CA: ðB41Þ

In the 2−1=2 ⊕ 3−1 representation, the Yukawa matrices
for neutral Higgs bosons are

YE ¼

0
B@

yμ 0 −λE
λL 0 −λ
0 −λ̄ 0

1
CA; YA

E ¼

0
B@

yμ 0 −λE
λL 0 −λ
0 λ̄ 0

1
CA:

ðB42Þ

TABLE III. Representation-dependent factors for left- and
right-handed couplings to Z and W� gauge bosons.

2−1=2 ⊕ 1−1 2−1=2 ⊕ 3−1 2−3=2 ⊕ 1−1 2−3=2 ⊕ 3−1 2−1=2 ⊕ 30

ξZL 0 0 1 1 0
χZL 1 1 1 1 −1

ξZR −1 −1 1 1 −1
χZR 0 0 0 0 −1

ξWL 1 1 � � � 0 1
χWL 0 −

ffiffiffi
2

p � � � −
ffiffiffi
2

p ffiffiffi
2

p

ξWR 1 1 � � � 0 1
χWR 0 −

ffiffiffi
2

p � � � −
ffiffiffi
2

p ffiffiffi
2

p

ξW−− � � � 0 1 1 � � �
χW−− � � � ffiffiffi

2
p

0
ffiffiffi
2

p � � �
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The Yukawa matrices for charged Higgs bosons are

YH�
N ¼ − sin β

0
B@

yμ 0 λE

λL 0 λ

0 0 0

1
CA; YH�

E ¼ − cos β

0
B@

0 0 0

0 0 0

0 λ̄ tan β 0

1
CA;

YH�
N0 ¼ − sin β

0
B@

0 0 0

0 0 0

0
ffiffiffi
2

p
λ̄ 0

1
CA; YH�

E0 ¼ − sin β

0
B@

0 0
ffiffiffi
2

p
λE

0 0
ffiffiffi
2

p
λ

0 0 0

1
CA: ðB43Þ

Then, for the 2−3=2 ⊕ 1−1, we have the following Yukawa matrices for neutral Higgs bosons:

YE ¼

0
B@

yμ 0 λE

λL 0 −λ
0 λ̄ 0

1
CA; YA

E ¼

0
B@

yμ 0 λE

−λL 0 λ

0 λ̄ 0

1
CA: ðB44Þ

The Yukawa matrices for charged Higgs bosons are

YH�
N ¼ − sin β

0
B@

yμ 0 λE

0 0 0

0 0 0

1
CA; YH�

E ¼ 03×3;

YH�
N0 ¼ − sin β

0
B@

0 0 0

−λL 0 λ

0 0 0

1
CA; YH�

E0 ¼ − sin β

0
B@

0 0 0

0 0 0

0 −λ̄ 0

1
CA: ðB45Þ

The Yukawa matrices for neutral Higgs bosons in the 2−3=2 ⊕ 3−1 model are

YE ¼

0
B@

yμ 0 −λE
λL 0 λ

0 −λ̄ 0

1
CA; YA

E ¼

0
B@

yμ 0 −λE
−λL 0 −λ
0 −λ̄ 0

1
CA: ðB46Þ

The Yukawa matrices for charged Higgs bosons are

YH�
N ¼ − sin β

0
B@

yμ 0 λE

0 0 0

0
ffiffiffi
2

p
λ̄ 0

1
CA; YH�

E ¼ − sin β

0
B@

0 0 0

0 0 −
ffiffiffi
2

p
λ

0 0 0

1
CA;

YH�
N0 ¼ − sin β

0
B@

0 0 0

−λL 0 λ

0 0 0

1
CA; YH�

E0 ¼ − sin β

0
B@

0 0
ffiffiffi
2

p
λE

0 0 0

0 −λ̄ 0

1
CA: ðB47Þ

For the last model we consider, 2−1=2 ⊕ 30, we find that the Yukawa matrices involving neutral Higgs bosons are

YE ¼

0
B@

yμ 0
ffiffiffi
2

p
λE

λL 0
ffiffiffi
2

p
λ

0 −
ffiffiffi
2

p
λ̄ 0

1
CA; YA

E ¼

0
B@

yμ 0 −
ffiffiffi
2

p
λE

λL 0 −
ffiffiffi
2

p
λ

0 −
ffiffiffi
2

p
λ̄ 0

1
CA: ðB48Þ

The Yukawa matrices for the charged Higgs are

YH�
N ¼ − sin β

0
B@

yμ 0 0

λL 0 0

0 −λ̄ 0

1
CA; YH�

E ¼ − sin β

0
B@

0 0 λE

0 0 λ

0 0 0

1
CA: ðB49Þ
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APPENDIX C: APPROXIMATE FORMULAS
FOR DIAGONALIZATION MATRICES AND COUPLINGS

We present in full detail approximate diagonalization matrices for our main representation, as defined in Eqs. (B3) and
(B4), and the other four models. We also give a complete list of approximate couplings to bosons in our representation.
Computing approximate couplings in other representations is straightforward and follows similar arguments as those
presented for our model.

1. 2 − 1 ⊕ 1− 1
In the limit when the mass eigenstates e4 and ν4 are mostly doublet-like, while e5 and ν5 are singlet-like,

the masses approximately become me4e
iϕme4 ≃mν4e

iϕmν4 ≃ jMLjeiϕML and me5e
iϕme5 ≃ jMEjeiϕME ;mν5e

iϕν5 ≃ jMN jeiϕMN ,
respectively. From now on, eigenstates corresponding to the SUð2Þ vector-like doublet are labeled with index L, whereas
the SUð2Þ charged and neutral singlet states are indexed with labels E and N. In this approximation,
one can also expand the diagonalization matrices Ue

L;R Uν
L;R in terms of ϵE ¼ vd × ðλL; λE; λ; λ̄Þ=ML;E and ϵN ¼

vu × ðκN; κ; κ̄Þ=ML;N for jϵE;N j ≪ 1. Keeping terms up to Oðϵ2E;NÞ, we find for the diagonalization matrices

Ue
L ¼

0
BBBBB@

1 − v2d
jλEj2
2jMEj2 −v2d

�
λEðλ̄M�

Eþλ�MLÞ
MLðjMEj2−jMLj2Þ −

yμλ�L
jMLj2

	
vd

λE
ME

v2d
ðλ̄�λ�EML−y�μλLM�

EÞ
jMLj2M�

E
1 − v2d

jλ�MEþλ̄M�
Lj2

2ðjMEj2−jMLj2Þ2 vd
ðλ̄�MLþλM�

EÞ
jMEj2−jMLj2

−vd
λ�E
M�

E
−vd

ðλ̄M�
Lþλ�MEÞ

jMEj2−jMLj2 1 − v2d
jλEj2
2jMEj2 − v2d

jλ̄�MLþλM�
Ej2

2ðjMEj2−jMLj2Þ2

1
CCCCCA; ðC1Þ

Ue
R ¼

0
BBBBB@

1 − v2d
jλLj2
2jMLj2 vd

λ�L
M�

L
v2d
�

λ�Lðλ̄�MLþλM�
EÞ

M�
EðjMEj2−jMLj2Þ þ

y�μλE
jMEj2

	
−vd

λL
ML

1 − v2d
jλLj2
2jMLj2 − v2d

jλ�MLþλ̄M�
Ej2

2ðjMLj2−jMEj2Þ2 vd
ðλ̄�MEþλM�

LÞ
jMEj2−jMLj2

v2d
ðλLλ̄M�

E−yμλ
�
EMLÞ

MLjMEj2 −vd
ðλ̄M�

Eþλ�MLÞ
jMEj2−jMLj2 1 − v2d

jλM�
Lþλ̄�MEj2

2ðjMEj2−jMLj2Þ2

1
CCCCCA; ðC2Þ

Ũe
R ¼ Ue

R

0
B@

e−iϕmμ 0 0

0 e−iϕML 0

0 0 e−iϕME

1
CA; ðC3Þ

Uν
L ¼

0
BBBBB@

1 − v2u
jκN j2
2jMN j2 −v2u

κNðκ�MLþκ̄M�
NÞ

MLðjMN j2−jMLj2Þ vu
κN
MN

v2u
κ�N κ̄

�

M�
LM

�
N

1 − v2u
jκ̄M�

Lþκ�MN j2
2ðjMN j2−jMLj2Þ2 vu

ðκ̄�MLþκM�
NÞ

jMN j2−jMLj2

−vu
κ�N
M�

N
−vu

ðκ̄M�
Lþκ�MNÞ

jMN j2−jMLj2 1 − v2u
jκN j2
2jMN j2 − v2u

jκ̄�MLþκM�
N j2

2ðjMN j2−jMLj2Þ2

1
CCCCCA; ðC4Þ

Uν
R ¼

0
BBB@

1 0 0

0 1 − v2u
jκ�MLþκ̄M�

N j2
2ðjMN j2−jMLj2Þ2 vu

ðκM�
Lþκ̄�MNÞ

jMN j2−jMLj2

0 −vu
ðκ�MLþκ̄M�

NÞ
jMN j2−jMLj2 1 − v2u

jκM�
Lþκ̄�MN j2

2ðjMN j2−jMLj2Þ2

1
CCCA; ðC5Þ

and

Ũν
R ¼ Uν

R

0
B@

1 0 0

0 e−iϕML 0

0 0 e−iϕMN

1
CA: ðC6Þ
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Note that exact couplings of fermions to Z;W�; H; h; A;H, andH� bosons in the mass eigenstate basis were defined first
in Appendices A1 and A2 of [25]. Those definitions apply identically in this paper, except that one must replace the
diagonalization matrices with their complex versions Ue;ν

L and Ũe;ν
R .

In this limit, couplings of charged fermions to the Z boson are approximated by

gZμLL ¼ g
2 cos θW

�
v2dλEðλ�ME þ λ̄M�

LÞ
MEðjMEj2 − jMLj2Þ

�
; ðC7Þ

gZμLR ¼ g
2 cos θW

vdλ�L
M�

L
eiϕmμ

�
1 − v2d

jλLj2
2jMLj2

− v2d
jλ�ML þ λ̄M�

Ej2
2ðjMLj2 − jMEj2Þ2

�
e−iϕML

≃
g

2 cos θW

vdλ�L
jMLj

eiϕmμ ; ðC8Þ

gZμEL ¼ −
g

2 cos θW

vdλE
ME

�
1 − v2d

jλEj2
2jMEj2

− v2d
jλ̄�ML þ λM�

Ej2
2ðjMEj2 − jMLj2Þ2

�

≃ −
g

2 cos θW

vdλE
ME

; ðC9Þ

gZμER ¼ g
2 cos θW

v2dλ
�
Lðλ̄�ME þ λM�

LÞ
M�

LðjMEj2 − jMLj2Þ
eiϕmμe−iϕME : ðC10Þ

Couplings of charged and neutral fermions to the W� boson are approximated below:

gWLμ
L ¼ gffiffiffi

2
p
�
v2d

�
1 − v2u

jκ̄M�
L − κ�MN j2

2ðjMN j2 − jMLj2Þ2
��ðλ̄�λ�EML − y�μλLM�

EÞ
jMLj2M�

E

�

−v2u
�

κ�NðκM�
L þ κ̄�MNÞ

M�
LðjMN j2 − jMLj2Þ2

��
1 − v2d

jλ2Ej
2jMEj2

��

≃
gffiffiffi
2

p
�
−v2u

κ�N
M�

L

�
κM�

L þ κ̄�MN

jMN j2 − jMLj2
�
þ v2d

�
λ̄�λ�E

M�
LM

�
E

��
; ðC11Þ

gWLμ
R ¼ −

gffiffiffi
2

p vdλL
ML

e−iϕmμ

�
1 − v2u

jκ�ML þ κ̄M�
N j2

2ðjMN j2 −M2
LÞ2
�
eiϕML

≃ −
gffiffiffi
2

p vdλL
jMLj

e−iϕmμ ; ðC12Þ

gWNμ
L ¼ gffiffiffi

2
p
�
vuκ�N
M�

N

�
1 − v2d

jλEj2
2jMEj2

�
þ vuv2d

�ðκ̄M�
L þ κ�MNÞ

jMN j2 − jMLj2
��ðλ̄�λ�EML − y�μλLM�

EÞ
jMLj2M�

E

��

≃
gffiffiffi
2

p vuκ�N
M�

N
; ðC13Þ

gWNμ
R ¼ −

gffiffiffi
2

p vuvdλL
ML

ðκ�ML þ κ̄M�
NÞ

jMN j2 − jMLj2
e−iϕmμeiϕMN : ðC14Þ

Approximate couplings of charged fermions to the light SM Higgs boson h are given below:

λhμμ ¼
�
yμ cos β

�
1 −

3v2djλEj2
2jMEj2

−
3v2djλLj2
2jM2

Lj
�
þ 3 cos βv2dλLλEλ̄

MLME

�
e−ϕmμ ; ðC15Þ

λhμL ¼
�
−
cos βvdλEλ̄

ME
−
cos βvdðλEλ̄M�

E þ λEλ
�MLÞ

jMEj2 − jMLj2
�
e−iϕML ; ðC16Þ

λhμE ¼ cos βλEe
−iϕME ; ðC17Þ

λhLμ ¼ cos βλLe
−iϕmμ ; ðC18Þ
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λhEμ ¼
�
−
cos βvdλLλ̄

ML
þ cos βvdðλLλ̄M�

L þ λLλ
�MEÞ

jMEj2 − jMLj2
�
e−iϕmμ ; ðC19Þ

λhLL ¼ cos β

�
vdjλLj2
M�

L
− vd

λðλ̄M�
E þ λ�MLÞ

jMEj2 − jMLj2
− vd

λ̄ðλ̄�ML þ λM�
EÞ

jMEj2 − jMLj2
�
e−iϕML ; ðC20Þ

λhLE ¼ cos βλe−iϕME ; ðC21Þ

λhEE ¼ cos β

�
vdjλEj2
M�

E
þ vd

λðλ̄M�
L þ λ�MEÞ

jMEj2 − jMLj2
þ vd

λ̄ðλ̄�ME þ λM�
LÞ

jMEj2 − jMLj2
�
e−iϕME ; ðC22Þ

λhEL ¼ cos βλ̄e−iϕML : ðC23Þ

Couplings to the CP-even heavy Higgs fieldH can be found by simply replacing cos β → sin β in the above couplings to
h. Couplings to the CP-odd heavy Higgs field A are given below:

iλAμL ¼
�
sin βvdλEλ̄

ME
−
sin βvdðλEλ̄M�

E þ λEλ
�MLÞ

jMEj2 − jMLj2
�
e−iϕML ; ðC24Þ

iλAμE ¼ sin βλEe
−iϕME ; ðC25Þ

iλALμ ¼ sin βλLe
−iϕmμ ; ðC26Þ

iλAEμ ¼
�
sin βvdλLλ̄

ML
þ sin βvdðλLλ̄M�

L þ λLλ
�MEÞ

jMEj2 − jMLj2
�
e−iϕmμ ; ðC27Þ

iλALL ¼ sin β

�
vdjλLj2
M�

L
− vd

λðλ̄M�
E þ λ�MLÞ

jMEj2 − jMLj2
þ vd

λ̄ðλ̄�ML þ λM�
EÞ

jMEj2 − jMLj2
�
e−iϕML ; ðC28Þ

iλALE ¼ sin βλe−iϕME ; ðC29Þ

iλAEE ¼ sin β

�
vdjλEj2
M�

E
þ vd

λðλ̄M�
L þ λ�MEÞ

jMEj2 − jMLj2
− vd

λ̄ðλ̄�ME þ λM�
LÞ

jMEj2 − jMLj2
�
e−iϕME ; ðC30Þ

iλAEL ¼ − sin βλ̄e−iϕML : ðC31Þ

Finally, the approximate couplings of fermions to the charged Higgs field H� are given by

λH
�

Lμ ¼ − sin βλLe
−iϕmμ ; ðC32Þ

λH
�

Nμ ¼
�
cos βvdλLκ̄

ML
−
sin βvuðλLκ̄M�

L þ λLκ
�MNÞ

jMN j2 − jMLj2
�
e−iϕmμ ; ðC33Þ

λH
�

LL ¼ − sin β

�
vdjλLj2
M�

L
−
vdλðλ̄M�

E þ λ�MLÞ
jMEj2 − jMLj2

þ vuκ̄ðκ̄�ML þ κM�
NÞ

tan βðjMN j2 − jMLj2Þ
�
e−iϕML ; ðC34Þ

λH
�

LE ¼ − sin βλe−iϕME ; ðC35Þ

λH
�

NE ¼ − sin β

�
vuλEκ�N
M�

N
þ vuλðκ̄M�

L þ κ�MNÞ
jMN j2 − jMLj2

þ vdκ̄ðλ̄�ME þ λM�
LÞ

tan βðjMEj2 − jMLj2Þ
�
e−iϕME ; ðC36Þ

λH
�

NL ¼ − cos βκ̄e−iϕML ; ðC37Þ

λH
�

μL ¼
�
sin βvdλEλ̄

ME
þ cos βvuðκN κ̄M�

N þ κNκ
�MLÞ

jMN j2 − jMLj2
�
e−iϕML ; ðC38Þ

λH
�

μN ¼ − cos βκNe
−iϕMN ; ðC39Þ
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λH
�

LL ¼ − cos β

�
−
vuκðκ�ML þ κ̄M�

NÞ
jMN j2 − jMLj2

−
vd tan βλ̄ðλ̄�ML þ λM�

EÞ
jMEj2 − jMLj2

�e−iϕML ; ðC40Þ

λH
�

EL ¼ − sin βλ̄e−ϕML ; ðC41Þ

λH
�

EN ¼ − cos β

�
vdλ�EκN
M�

E
þ vdκðλ̄M�

L þ λ�MEÞ
jMEj2 − jMLj2

þ vu tan βλ̄ðκM�
L þ κ̄�MNÞ

jMN j2 − jMLj2
�
e−iϕMN ; ðC42Þ

λH
�

LN ¼ − cos βκe−iϕMN : ðC43Þ

2. 2− 1=2 ⊕ 3− 1
In the same expansion limit as for the main model above, the diagonalization matrices become

Ue
L ¼

0
BBBBB@

1 − v2d
jλEj2
2jMEj2 v2d

�
λEλ

�MLþλEλ̄M�
E

MLðjMLj2−jMEj2Þ þ
yμλ�L
jMLj2

	
−vd

λE
ME

−v2d
y�μλL
jMLj2 þ v2d

λ�Eλ̄
�

M�
LM

�
E

1 − v2d
jλ̄M�

Lþλ�MEj2
2ðjMLj2−jMEj2Þ2 vd

ðλ̄�MLþλM�
EÞ

jMLj2−jMEj2

vd
λ�E
M�

E
−vd

ðλ̄M�
Lþλ�MEÞ

jMLj2−jMEj2 1 − v2d
jλEj2
2jMEj2 − v2d

jλ̄�MLþλM�
Ej2

2ðjMLj2−jMEj2Þ2

1
CCCCCA; ðC44Þ

Ue
R ¼

0
BBBBB@

1 − v2d
jλLj2
2jMLj2 vd

λ�L
M�

L
v2d
�

λ�LλM
�
Eþλ�Lλ̄

�ML

M�
EðjMLj2−jMEj2Þ −

y�μλE
jMEj2

	
−vd

λL
ML

1 − v2d
jλLj2
2jMLj2 − v2d

jλ̄M�
Eþλ�MLj2

2ðjMLj2−jMEj2Þ2 vd
ðλM�

Lþλ̄�MEÞ
jMLj2−jMEj2

v2d
yμλ�E
jMEj2 − v2d

λLλ̄
MLME

−vd
ðλ�MLþλ̄M�

EÞ
jMLj2−jMEj2 1 − v2d

jλM�
Lþλ̄�MEj2

2ðjMLj2−jMEj2Þ2

1
CCCCCA; ðC45Þ

Ũe
R ¼ Ue

R

0
B@

e−iϕmμ 0 0

0 e−iϕML 0

0 0 e−iϕME

1
CA; ðC46Þ

Uν
L ¼

0
BBBBB@

1 − v2d
jλEj2
jMEj2 2v2d

�
λEλ

�MLþλEλ̄M�
E

MLðjMLj2−jMEj2Þ
	 ffiffiffi

2
p

vd
λE
ME

2v2d
λ�Eλ̄

�

M�
LM

�
E

1 − v2d
jλ̄M�

Lþλ�MEj2
ðjMLj2−jMEj2Þ2 −

ffiffiffi
2

p
vd

ðλ̄�MLþλM�
EÞ

jMLj2−jMEj2

−
ffiffiffi
2

p
vd

λ�E
M�

E

ffiffiffi
2

p
vd

ðλ̄M�
Lþλ�MEÞ

jMLj2−jMEj2 1 − v2d
jλEj2
jMEj2 − v2d

jλ̄M�
Lþλ�MEj2

ðjMLj2−jMEj2Þ2

1
CCCCCA; ðC47Þ

Uν
R ¼

0
BB@

1 0 0

0 1 − v2d
jλ�MLþλ̄M�

Ej2
ðjMLj2−jMEj2Þ2 −

ffiffiffi
2

p
vd

ðλM�
Lþλ̄�MEÞ

jMLj2−jMEj2

0
ffiffiffi
2

p
vd

ðλ�MLþλ̄M�
EÞ

jMLj2−jMEj2 1 − v2d
jλM�

Lþλ̄�MEj2
ðjMLj2−jMEj2Þ2

1
CCA; ðC48Þ

and

Ũν
R ¼ Uν

R

0
B@

1 0 0

0 e−iϕML 0

0 0 e−iϕME

1
CA: ðC49Þ

3. 2− 3=2 ⊕ 1− 1
The diagonalization matrices for this model are the same as in the 2−1=2 ⊕ 1−1 model, Eqs. (C1)–(C3), with the exception

that λ → −λ.
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4. 2− 3=2 ⊕ 3− 1
In the same mass limit, the diagonalization matrices for this representation are

Ue
L ¼

0
BBBBB@

1 − v2d
jλEj2
2jMEj2 v2d

�
yμλ�L
jMLj2 −

λ�λEML−λE λ̄M�
E

MLðjMLj2−jMEj2Þ
	

−vd
λE
ME

−v2d
y�μλL
jMLj2 þ v2d

λ̄�λ�E
M�

LM
�
E

1 − v2d
jλ̄M�

L−λ
�MEj2

2ðjMLj2−jMEj2Þ2 vd
ðλ̄ML−λM�

EÞ
jMLj2−jMEj2

vd
λ�E
M�

E
−vd

ðλ̄M�
L−λ

�MEÞ
jMLj2−jMEj2 1 − v2d

jλEj2
2jMEj2 − v2d

jλ̄�ML−λM�
Ej2

2ðjMLj2−jMEj2Þ2

1
CCCCCA; ðC50Þ

Ue
R ¼

0
BBBBB@

1 − v2d
jλLj2
2jMLj2 vd

λ�L
M�

L
−v2d

�
y�μλE
jMEj2 þ

λλ�LM
�
E−λ

�
Lλ̄

�ML

M�
EðjMLj2−jMEj2Þ

	
−vd

λL
ML

1 − v2d
jλLj2
2jMLj2 − v2d

jλ�ML−λ̄M�
Ej2

2ðjMLj2−jMEj2Þ2 −vd
ðλM�

L−λ̄
�MEÞ

jMLj2−jMEj2

v2d
yμλ�E
jMEj2 − v2d

λ̄λL
MLME

vd
ðλ�ML−λ̄M�

EÞ
jMLj2−jMEj2 1 − v2d

jλM�
L−λ̄

�MEj2
2ðjMLj2−jMEj2Þ2

1
CCCCCA; ðC51Þ

and

Ũe
R ¼ Ue

R

0
B@

e−iϕmμ 0 0

0 e−iϕML 0

0 0 e−iϕME

1
CA: ðC52Þ

The diagonalization matrices for doubly charged fermions are

Ue−−
L ¼

0
BB@

1 0 0

0 1 − v2d
jλ�ML−λ̄M�

Ej2
ðjMLj2−jMEj2Þ2

ffiffiffi
2

p
vd

ðλ̄�ML−λM�
EÞ

jMLj2−jMEj2

0 −
ffiffiffi
2

p
vd

ðλ̄M�
L−λ

�MEÞ
jMLj2−jMEj2 1 − v2d

jλM�
L−λ̄

�MEj2
ðjMLj2−jMEj2Þ2

1
CCA; ðC53Þ

Ue−−
R ¼

0
BB@

1 0 0

0 1 − v2d
jλ�ML−λ̄M�

Ej2
ðjMLj2−jMEj2Þ2 −

ffiffiffi
2

p
vd

ðλM�
L−λ̄

�MEÞ
jMLj2−jMEj2

0
ffiffiffi
2

p
vd

ðλ�ML−λ̄M�
EÞ

jMLj2−jMEj2 1 − v2d
jλM�

L−λ̄
�MEj2

ðjMLj2−jMEj2Þ2

1
CCA; ðC54Þ

as well as

Ũe−−
R ¼ Ue−−

R

0
B@

1 0 0

0 e−iϕML 0

0 0 e−iϕME

1
CA: ðC55Þ

5. 2− 1=2 ⊕ 30
Evaluating the same mass limit as above, the diagonalization matrices are

Ue
L ¼

0
BBBBB@

1 − v2d
jλEj2
jMEj2 v2d

�
2ðλEλ�ML−λE λ̄M�

EÞ
MLðjMLj2−jMEj2Þ þ

yμλ�L
jMLj2

	 ffiffiffi
2

p
vd

λE
jME

−2v2d
λ̄�λ�E

M�
LM

�
E
− v2d

y�μλL
jMLj2 1 − v2d

jλ�ME−λ̄M�
Lj2

ðjMLj2−jMEj2Þ2
ffiffiffi
2

p
vd

ðλ̄�ML−λM�
EÞ

jMLj2−jMEj2

−
ffiffiffi
2

p
vd

λ�E
M�

E
−
ffiffiffi
2

p
vd

ðλ̄M�
L−λ

�MEÞ
jMLj2−jMEj2 1 − v2d

jλEj2
jMEj2 − v2d

jλ̄�ML−λM�
Ej2

ðjMLj2−jMEj2Þ2

1
CCCCCA; ðC56Þ
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Ue
R ¼

0
BBBBB@

1 − v2d
jλLj2
2jMLj2 vd

λ�L
M�

L

ffiffiffi
2

p
v2d
�

y�μλE
jMEj2 þ

ðλ�Lλ̄�ML−λ�LλM
�
EÞ

M�
EðjMLj2−jMEj2Þ

	
−vd

λL
ML

1 − v2d
jλLj2
2jMLj2 − v2d

jλ�ML−λ̄M�
Ej2

ðjMLj2−jMEj2Þ2
ffiffiffi
2

p
vd

ðλ̄�ME−λM�
LÞ

jMLj2−jMEj2

−
ffiffiffi
2

p
v2d

λLλ̄
MLME

−
ffiffiffi
2

p
v2d

yμλ�E
jMEj2 −

ffiffiffi
2

p
vd

ðλ̄M�
E−λ

�MLÞ
jMLj2−jMEj2 1 − v2d

jλM�
L−λ̄

�MEj2
ðjMLj2−jMEj2Þ2

1
CCCCCA; ðC57Þ

Ũe
R ¼ Ue

R

0
B@

e−iϕmμ 0 0

0 e−iϕML 0

0 0 e−iϕME

1
CA: ðC58Þ

The diagonalization matrices for the neutral sector are

Uν
L ¼

0
BBBBB@

1 − v2d
jλEj2
2jMEj2 v2d

λEðλ�ML−λ̄M�
EÞ

MLðjMLj2−jMEj2Þ vd
λE
ME

−v2d
λ�E λ̄

�

M�
LM

�
E

1 − v2d
jλ̄M�

L−λ
�MEj2

2ðjMLj2−jMEj2Þ2 vd
ðλ̄�ML−λM�

EÞ
jMLj2−jMEj2

−vd
λ�E
M�

E
−vd

ðλ̄M�
L−λ

�MEÞ
jMLj2−jMEj2 1 − v2d

jλEj
2jMEj2 − v2d

jλ̄�ML−λM�
Ej2

2ðjMLj2−jMEj2Þ2

1
CCCCCA; ðC59Þ

Uν
R ¼

0
BB@

1 0 0

0 1 − v2d
jλ�ML−λ̄M�

Ej2
2ðjMLj2−jMEj2Þ2 −vd

ðλM�
L−λ̄

�MEÞ
jMLj2−jMEj2

0 vd
ðλ�ML−λ̄M�

EÞ
jMLj2−jMEj2 1 − v2d

jλM�
L−λ̄

�MEj2
2ðjMLj2−jMEj2Þ2

1
CCA; ðC60Þ

Ũν
R ¼ Uν

R

0
B@

1 0 0

0 e−iϕML 0

0 0 e−iϕME

1
CA: ðC61Þ

APPENDIX D: CONTRIBUTIONS TO THE DIPOLE MOMENTS IN THE HIGGS BASIS

In this appendix, we list the full contributions of CμB and CμW in the context of SUð2Þ singlets, doublets, and triplets
discussed in [7]. For compactness, we use the shorthand notation cos β≡ cβ and sin β≡ sβ. Loop functions can be found in
Eqs. (D20)–(D26) in this appendix and their useful limits can be found in Eqs. (D27)–(D33).
For the main representation of the paper, 2−1=2 ⊕ 1−1, and translating the Lagrangian of Eq. (1) to the Higgs basis, while

omitting up-type couplings, the Wilson coefficients are

CμB ¼ −
�

λLλEλ̄

64π2MLME

�
g0c2β

�
YEFðxð1ÞE Þ þ 2YLFðxð1ÞL Þ − 1

2
Gðxð1ÞE Þ þ Gðxð1ÞL Þ

�

−
�

λLλEλ̄

64π2MLME

�
g0s2β

�
YEFðxð2ÞE Þ þ 2YLFðxð2ÞL Þ − 1

2
Gðxð2ÞE Þ þGðxð2ÞL Þ

�
; ðD1Þ

and

CμW ¼
�

λLλEλ̄

128π2MLME

�
gc2βGðxð1ÞE Þ þ

�
λLλEλ̄

128π2MLME

�
gs2βGðxð2ÞE Þ; ðD2Þ

where YL;E are the hypercharges of the new fermions and xð1;2ÞL;E ¼ M2
L;E=M

2
1;2. In the limit where M2

L;E ≫ M2
1 and M2

L;E ≃
M2

2 while inserting their respective hypercharges, we find

Cμγ ¼
�

λLλEλ̄

64π2MLME

�
ec2βð1þ tan2 βÞ: ðD3Þ

If we consider the limit where M2
L;E ≫ M2

1 and M2
2, we find the same expression.
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Next, the Wilson coefficients for the 2−1=2 ⊕ 3−1 representation, using the Lagrangian of Eq. (B10) in the Higgs
basis, are

CμB ¼ −
�

3λLλEλ̄

64π2MLME

�
g0c2β

�
YEFðxð1ÞE Þ − 1

2
Gðxð1ÞE Þ

�
−
�

3λLλEλ̄

64π2MLME

�
g0s2β

�
YEFðxð2ÞE Þ − 1

2
Gðxð2ÞE Þ

�
; ðD4Þ

and

CμW ¼ −
�

λLλEλ̄

64π2MLME

�
gc2β

�
2Fðxð1ÞE Þ þ Fðxð1ÞL Þ þ 1

2
Gðxð1ÞE Þ þGðxð1ÞL Þ

�

−
�

λLλEλ̄

64π2MLME

�
gs2β

�
2Fðxð2ÞE Þ þ Fðxð2ÞL Þ þ 1

2
Gðxð2ÞE Þ þ Gðxð2ÞL Þ

�
: ðD5Þ

Taking the same mass limits xð1ÞL;E → ∞ and xð2ÞL;E → 1 while inserting respective hypercharges, we find

Cμγ ¼
�

λLλEλ̄

64π2MLME

�
ec2βð9þ 5 tan2 βÞ: ðD6Þ

Considering the other limit where xð1;2ÞL;E → ∞, we have

Cμγ ¼ 9

�
λLλEλ̄

64π2MLME

�
ec2βð1þ tan2 βÞ: ðD7Þ

For the 2−3=2 ⊕ 1−1 representation, using the Lagrangian of Eq. (B15) in the Higgs basis, the Wilson coefficients are

CμB ¼ −
�

λLλEλ̄

64π2MLME

�
g0c2β½YEðAðxð1ÞE ; xð1ÞL Þ þ Bðxð1ÞE ; xð1ÞL ÞÞ

þ YLðAðxð1ÞL ; xð1ÞE Þ þ Bðxð1ÞL ; xð1ÞE Þ þ 2Fðxð1ÞL ÞÞ−Cðxð1ÞL ; xð1ÞE Þ −Gðxð1ÞL Þ�

−
�

λLλEλ̄

64π2MLME

�
g0s2β½YEðAðxð2ÞE ; xð2ÞL Þ þ Bðxð2ÞE ; xð2ÞL ÞÞ

þ YLðAðxð2ÞL ; xð2ÞE Þ þ Bðxð2ÞL ; xð2ÞE Þ þ 2Fðxð2ÞL ÞÞ−Cðxð2ÞL ; xð2ÞE Þ −Gðxð2ÞL Þ�

þ
�

λLλEλ
�

64π2MLME

�
g0c2β

�
YE

�
2Iðxð1ÞE ; xð1ÞL Þ þ

�
ME

ML

�
Aðxð1ÞE ; xð1ÞL Þ

�

þ YL

�
2Iðxð1ÞL ; xð1ÞE Þ þ

�
ML

ME

�
Aðxð1ÞL ; xð1ÞE Þ

�
þ Jðxð1ÞL ; xð1ÞE Þ

�

þ
�

λLλEλ
�

64π2MLME

�
g0s2β

�
YE

�
2Iðxð2ÞE ; xð2ÞL Þ þ

�
ME

ML

�
Aðxð2ÞE ; xð2ÞL Þ

�

þ YL

�
2Iðxð2ÞL ; xð2ÞE Þ þ

�
ML

ME

�
Aðxð2ÞL ; xð2ÞE Þ

�
þ Jðxð2ÞL ; xð2ÞE Þ

�
; ðD8Þ

and

CμW ¼
�

λLλEλ̄

64π2MLME

�
gc2β

�
1

2
ðAðxð1ÞL ; xð1ÞE Þ þ Bðxð1ÞL ; xð1ÞE ÞÞ þ Cðxð1ÞL ; xð1ÞE Þ

�

þ
�

λLλEλ̄

64π2MLME

�
gs2β

�
1

2
ðAðxð2ÞL ; xð2ÞE Þ þ Bðxð2ÞL ; xð2ÞE ÞÞ þ Cðxð2ÞL ; xð2ÞE Þ

�

−
�

λLλEλ
�

64π2MLME

�
gc2β

�
1

2

�
2Iðxð1ÞL ; xð1ÞE Þ þ

�
ML

ME

�
Aðxð1ÞL ; xð1ÞE Þ

�
− Jðxð1ÞL ; xð1ÞE Þ

�

−
�

λLλEλ
�

64π2MLME

�
gs2β

�
1

2

�
2Iðxð2ÞL ; xð2ÞE Þ þ

�
ML

ME

�
Aðxð2ÞL ; xð2ÞE Þ

�
− Jðxð2ÞL ; xð2ÞE Þ

�
: ðD9Þ
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Note that the combination 2Iðx; yÞ þ ffiffiffiffiffiffiffiffi
x=y

p
Aðx; yÞ multiplying the λ coupling vanishes in the limit x; y → ∞. In the limit

xð1ÞL;E → ∞ and xð2ÞL;E → 1,

Cμγ ¼
�

λLλEλ̄

64π2MLME

�
ec2β

�
5þ 17

6
tan2 β

�
þ
�

λLλEλ
�

64π2MLME

�
ec2β

�
1

6
tan2 β

�
; ðD10Þ

and in the limit where xð1;2ÞL;E → ∞, we find

Cμγ ¼ 5

�
λLλEλ̄

64π2MLME

�
ec2βð1þ tan2 βÞ: ðD11Þ

Likewise, using the Lagrangian of Eq. (B19) in the Higgs basis for the 2−3=2 ⊕ 3−1 representation, the Wilson
coefficients are

CμB ¼ −
�

3λLλEλ̄

64π2MLME

�
g0c2β

h
YE

�
Aðxð1ÞE ; xð1ÞL Þ þ Bðxð1ÞE ; xð1ÞL Þ

	
þ YL

�
Aðxð1ÞL ; xð1ÞE Þ þ Bðxð1ÞL ; xð1ÞE Þ

	
− Cðxð1ÞL ; xð1ÞE Þ

i
−
�

3λLλEλ̄

64π2MLME

�
g0s2β
h
YE

�
Aðxð2ÞE ; xð2ÞL Þ þ Bðxð2ÞE ; xð2ÞL Þ

	
þ YL

�
Aðxð2ÞL ; xð2ÞE Þ þ Bðxð2ÞL ; xð2ÞE Þ

	
− Cðxð2ÞL ; xð2ÞE Þ

i
þ
�

3λLλEλ
�

64π2MLME

�
g0c2β

�
YE

�
2Iðxð1ÞE ; xð1ÞL Þ þ

�
ME

ML

�
Aðxð1ÞE ; xð1ÞL Þ

�

þ YL

�
2Iðxð1ÞL ; xð1ÞE Þ þ

�
ML

ME

�
Aðxð1ÞL ; xð1ÞE Þ

�
þ Jðxð1ÞL ; xð1ÞE Þ

�

þ
�

3λLλEλ
�

64π2MLME

�
g0s2β

�
YE

�
2Iðxð2ÞE ; xð2ÞL Þ þ

�
ME

ML

�
Aðxð2ÞE ; xð2ÞL Þ

�

þ YL

�
2Iðxð2ÞL ; xð2ÞE Þ þ

�
ML

ME

�
Aðxð2ÞL ; xð2ÞE Þ

�
þ Jðxð2ÞL ; xð2ÞE Þ

�
; ðD12Þ

CμW ¼ −
�

λLλEλ̄

64π2MLME

�
gc2β

�
−Fðxð1ÞL Þ − Gðxð1ÞL Þ þ 2

�
Aðxð1ÞE ; xð1ÞL Þ þ Bðxð1ÞE ; xð1ÞL Þ

	

þ 1

2
ðAðxð1ÞL ; xð1ÞE Þ þ Bðxð1ÞL ; xð1ÞE ÞÞ þ Cðxð1ÞL ; xð1ÞE Þ

�

−
�

λLλEλ̄

64π2MLME

�
gs2β

�
−Fðxð2ÞL Þ −Gðxð2ÞL Þ þ 2

�
Aðxð2ÞE ; xð2ÞL Þ þ Bðxð2ÞE ; xð2ÞL Þ

	

þ 1

2

�
Aðxð2ÞL ; xð2ÞE Þ þ Bðxð2ÞL ; xð2ÞE Þ

	
þ Cðxð1ÞL ; xð1ÞE Þ

�

þ
�

λLλEλ
�

64π2MLME

�
gc2β

�
2

�
2Iðxð1ÞE ; xð1ÞL Þ þ

�
ME

ML

�
Aðxð1ÞE ; xð1ÞL Þ

�

þ 1

2

�
2Iðxð1ÞL ; xð1ÞE Þ þ

�
ML

ME

�
Aðxð1ÞL ; xð1ÞE Þ

�
− Jðxð1ÞL ; xð1ÞE Þ

�

þ
�

λLλEλ
�

64π2MLME

�
gs2β

�
2

�
2Iðxð2ÞE ; xð2ÞL Þ þ

�
ME

ML

�
Aðxð2ÞE ; xð2ÞL Þ

�

þ 1

2

�
2Iðxð2ÞL ; xð2ÞE Þ þ

�
ML

ME

�
Aðxð2ÞL ; xð2ÞE Þ

�
− Jðxð2ÞL ; xð2ÞE Þ

�
: ðD13Þ
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Taking the limits xð1ÞL;E → ∞ and xð2ÞL;E → 1, we find

Cμγ ¼
�

λLλEλ̄

64π2MLME

�
ec2β

�
5þ 11

6
tan2 β

�
þ
�

λLλEλ
�

64π2MLME

�
ec2β

�
7

6
tan2 β

�
: ðD14Þ

In the limit where xð1;2ÞL;E → ∞, we have

Cμγ ¼ 5

�
λLλEλ̄

64π2MLME

�
ec2βð1þ tan2 βÞ: ðD15Þ

Finally, for the last representation 2−1=2 ⊕ 30, we translate the Lagrangian of Eq. (B23) to the Higgs basis and compute
the following Wilson coefficients:

CμB ¼
�

3λLλEλ̄

64π2MLME

�
g0c2β

�
YE

�
Aðxð1ÞE ; xð1ÞL Þ þ Bðxð1ÞE ; xð1ÞL Þ þ Fðxð1ÞE Þ

	

þ YLðAðxð1ÞL ; xð1ÞE Þ þ Bðxð1ÞL ; xð1ÞE ÞÞ þ Cðxð1ÞL ; xð1ÞE Þ þ 1

2
Gðxð1ÞE Þ

�

þ
�

3λLλEλ̄

64π2MLME

�
g0s2β

�
YE

�
Aðxð2ÞE ; xð2ÞL Þ þ Bðxð2ÞE ; xð2ÞL Þ þ Fðxð2ÞE Þ

	

þ YLðAðxð2ÞL ; xð2ÞE Þ þ Bðxð2ÞL ; xð2ÞE ÞÞ þ Cðxð2ÞL ; xð2ÞE Þ þ 1

2
Gðxð2ÞE Þ

�

−
�

3λLλEλ
�

64π2MLME

�
g0c2β

�
YE

�
2Iðxð1ÞE ; xð1ÞL Þ þ

�
ME

ML

�
Aðxð1ÞE ; xð1ÞL Þ

�

þ YL

�
2Iðxð1ÞL ; xð1ÞE Þ þ

�
ML

ME

�
Aðxð1ÞL ; xð1ÞE Þ

�
− Jðxð1ÞL ; xð1ÞE Þ

�

−
�

3λLλEλ
�

64π2MLME

�
g0s2β

�
YE

�
2Iðxð2ÞE ; xð2ÞL Þ þ

�
ME

ML

�
Aðxð2ÞE ; xð2ÞL Þ

�

þ YL

�
2Iðxð2ÞL ; xð2ÞE Þ þ

�
ML

ME

�
Aðxð2ÞL ; xð2ÞE Þ

�
− Jðxð2ÞL ; xð2ÞE Þ

�
; ðD16Þ

CμW ¼
�

λLλEλ̄

64π2MLME

�
gc2β

�
2
�
Aðxð1ÞE ; xð1ÞL Þ þ Bðxð1ÞE ; xð1ÞL Þ þ Fðxð1ÞE Þ

	

þ 1

2
ðAðxð1ÞL ; xð1ÞE Þ þ Bðxð1ÞL ; xð1ÞE ÞÞ þ Cðxð1ÞL ; xð1ÞE Þ þ 1

2
Gðxð1ÞE Þ

�

þ
�

λLλEλ̄

64π2MLME

�
gs2β

�
2
�
Aðxð2ÞE ; xð2ÞL Þ þ Bðxð2ÞE ; xð2ÞL Þ þ Fðxð2ÞE Þ

	

þ 1

2
ðAðxð2ÞL ; xð2ÞE Þ þ Bðxð2ÞL ; xð2ÞE ÞÞ þ Cðxð2ÞL ; xð2ÞE Þ þ 1

2
Gðxð2ÞE Þ

�

−
�

λLλEλ
�

64π2MLME

�
gc2β

�
2

�
2Iðxð1ÞE ; xð1ÞL Þ þ

�
ME

ML

�
Aðxð1ÞE ; xð1ÞL Þ

�

þ 1

2

�
2Iðxð1ÞL ; xð1ÞE Þ þ

�
ML

ME

�
Aðxð1ÞL ; xð1ÞE Þ

�
− Jðxð1ÞL ; xð1ÞE Þ

�

−
�

λLλEλ
�

64π2MLME

�
gs2β

�
2

�
2Iðxð2ÞE ; xð2ÞL Þ þ

�
ME

ML

�
Aðxð2ÞE ; xð2ÞL Þ

�

þ 1

2

�
2Iðxð2ÞL ; xð2ÞE Þ þ

�
ML

ME

�
Aðxð2ÞL ; xð2ÞE Þ

�
− Jðxð2ÞL ; xð2ÞE Þ

�
: ðD17Þ
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Taking xð1ÞL;E → ∞ and xð2ÞL;E → 1, we have

Cμγ ¼ −
�

λLλEλ̄

64π2MLME

�
ec2β

�
2þ 11

6
tan2 β

�
−
�

λLλEλ
�

64π2MLME

�
ec2β

�
1

6
tan2 β

�
; ðD18Þ

and in the limit xð1;2ÞL;E → ∞, we find

Cμγ ¼ −2
�

λLλEλ̄

64π2MLME

�
ec2βð1þ tan2 βÞ: ðD19Þ

Note that for this representation mLE
μ ¼ −2 × λLλEλ̄v3d=MLME when rewriting Cμγ in terms of CμH1

.

The loop functions relevant for contributions to tree models are given by

FðxÞ ¼ xGϕðxÞ ¼ −
x3 − 4x2 þ 3xþ 2x lnðxÞ

ð1 − xÞ3 ; ðD20Þ

GðxÞ ¼ xGH�ðxÞ ¼ x − x3 þ 2x2 lnðxÞ
ð1 − xÞ3 ; ðD21Þ

Aðx; yÞ ¼ xy
2

�
−3yþ xð1þ xþ yÞ
ðx − 1Þ2ðx − yÞ2 þ 2ðx3 þ x2yðx − 3Þ þ y2Þ lnðxÞ

ð1 − xÞ3ðx − yÞ3 −
2y2 lnðyÞ

ðx − yÞ3ð1 − yÞ
�
; ðD22Þ

Bðx; yÞ ¼ xy
2ðx − yÞ

�ð1 − yÞðy − 3Þ − 2 lnðyÞ
ð1 − yÞ3 −

ð1 − xÞðx − 3Þ − 2 lnðxÞ
ð1 − xÞ3

�
− Aðy; xÞ; ðD23Þ

Cðx; yÞ ¼ xy
2

�
xþ xyþ y − 3

ð1 − xÞ2ð1 − yÞ2 −
2x lnðxÞ

ðx − yÞð1 − xÞ3 þ
2y lnðyÞ

ðx − yÞð1 − yÞ3
�
; ðD24Þ

Iðx; yÞ ¼
ffiffiffiffiffi
xy

p
12

�
3ðx2ð3 − xÞ þ xyðx − 3Þð1þ xÞ þ y2ð2þ xðx − 1ÞÞÞ

ð1 − xÞ2ðx − yÞ2ð1 − yÞ þ 2yð4x2 − 2xyþ y2Þ lnðx=yÞ
ðx − yÞ4

þ 2ð3x4 þ x2yðx2ðx − 6Þ − 4Þ þ xy2ð2þ 6xþ x3Þ þ y3ðx2ðx − 3Þ − 1ÞÞ lnðxÞ
ð1 − xÞ3ðx − yÞ4

þ 2yðxyðyðy − 5Þ − 2Þ þ x2ð4þ yðy − 2ÞÞ þ y2ð1þ yþ y2ÞÞ lnðyÞ
ð1 − yÞ2ðx − yÞ4

�
; ðD25Þ

Jðx; yÞ ¼
ffiffiffiffiffi
xy

p
2

�
1þ xþ y − 3xy
ð1 − xÞ2ð1 − yÞ2 þ

2x2 lnðxÞ
ð1 − xÞ3ðx − yÞ −

2y2 lnðyÞ
ð1 − yÞ3ðx − yÞ

�
: ðD26Þ

Additionally, we list limits useful to the discussion in the
text, namely, when both doublets are light compared to

ML;E ðxð1;2ÞL;E → ∞Þ, or when M2 ≃ML;E ðxð2ÞL;E → 1Þ:

lim
x→∞

FðxÞ ¼ 1; lim
x→1

FðxÞ ¼ 2

3
; ðD27Þ

lim
x→∞

GðxÞ ¼ 1; lim
x→1

GðxÞ ¼ 1

3
; ðD28Þ

lim
x;y→∞

Aðx; yÞ ¼ 1

6
; lim

x;y→1
Aðx; yÞ ¼ 1

12
; ðD29Þ

lim
x;y→∞

Bðx; yÞ ¼ 1

3
; lim

x;y→1
Bðx; yÞ ¼ 1

6
; ðD30Þ

lim
x;y→∞

Cðx; yÞ ¼ 1

2
; lim

x;y→1
Cðx; yÞ ¼ 1

12
; ðD31Þ

lim
x;y→∞

Iðx; yÞ ¼ −
1

12
; lim

x;y→1
Iðx; yÞ ¼ −

1

12
; ðD32Þ

lim
x;y→∞

Jðx; yÞ ¼ 0; lim
x;y→1

Jðx; yÞ ¼ 1

12
: ðD33Þ
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