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We scrutinize the physical viability of the minimal nonsupersymmetric SO(10) grand unified theory with
the scalar sector 45 ⊕ 126 ⊕ 10C, in which the unified symmetry is broken by the former two
representations, and a realistic Yukawa sector is supported by the last two. Alongside the known issue
of a relatively low grand unified theory scale (and thus overly fast proton decay) encountered in minimally
fine-tuned scenarios, we identify a very general problem of the model: the inability to properly
accommodate a Standard-Model-like low-energy Higgs doublet in the perturbative regime.
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I. INTRODUCTION

The renormalizable SO(10) grand unified theory (GUT)
in which the unified gauge symmetry breaking is triggered
by the 45-dimensional adjoint scalar, followed by the rank
reduction imposed by a 126-dimensional five-index anti-
symmetric scalar representation, has recently received
quite some attention [1–13] as a candidate for a minimal
potentially realistic and calculable grand unified model of
possible baryon-number violating (BNV) phenomena like
proton decay.
What is meant by calculability here is namely the

capacity of the model to admit relatively good estimates
of the relevant proton decay widths that could be (at least in
principle) comparable with the data from the new exper-
imental facilities with detection masses in the hundreds of
kiloton range (like Hyper-K [14,15] and DUNE [16,17])
that will get online by the end of this decade. The defining
feature here is the robustness of the framework (and the
theoretical calculations within) to different types of theo-
retical uncertainties emanating from several basic sources.
These include the limited information about the relevant
hadronic matrix elements, little grip on the flavor structure
of the charged-current interactions involved, the proximity
of the GUT and Planck scale, etc., see, e.g., [18,19].
While the first two of the listed issues can be at least

partly avoided by improving the corresponding QCD

calculations (first) or focusing on flavor-blind observables
(second), there is no simple way to avoid the emergence of
uncertainties associated to Planck-scale-induced d ≥ 5
operators. The most dangerous are those operators that
smear the mass estimates of the GUT-scale vectors and
scalars that mediate BNV processes. The prominent culprit
among these is the d ¼ 5 structure FμνFμνΦ=Λ (with Φ
denoting a GUT-breaking scalar), which inflicts out-of-
control shifts in the GUT-scale matching conditions
and hence in estimates of mediator masses [20–22].
Remarkably, the minimal renormalizable SO(10) GUT
advocated above is free from these concerns at leading
order, owing to the general absence of the corresponding
d ¼ 5 cubic adjoint invariant. However, this beautiful
feature is “compensated” by the need to consider the
model at the fully quantum level, since it has no consistent
classical counterpart [23–26].
In general, the relative rigidity of the 45 ⊕ 126 Higgs

sector admits only two minimally fine-tuned [27,28] SO
(10) symmetry breaking patterns potentially compatible
with unification and proton-lifetime constraints [29]. They
feature either a SUð4ÞC × SUð2ÞL × Uð1ÞR or SUð3Þc ×
SUð2ÞL × SUð2ÞR × Uð1ÞB−L intermediate stage. How-
ever, a recent detailed analysis [13] revealed that only
the former variant can be reasonably implemented as a
consistent perturbative scenario, and even then only in a
very narrow domain of the parameter space. Moreover, the
corresponding prediction for the GUT scale falls well
below 1015 GeV, and thus the concerns about proton
lifetime are reiterated.
Nevertheless, even with such a strong observation at

hand, there are still several routes to explore before
proclaiming this scenario completely unphysical. (i) First,
the unification constraints in [13] have been implemented at
a one-loop level and a dedicated higher-loop analysis may
in principle change them. It is known that this is unlikely
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to happen in the class of minimally fine-tuned scenarios
[29–31], but this option cannot be entirely ignored if the
extended survival hypothesis [32] was not adhered to and
some of the naturally heavy scalar multiplets were brought
well into the desert [3,4]. (ii) Second, the results of the one-
loop analysis of the 45 ⊕ 126 Higgs model in [13] cannot
be passed on when it comes to physics, as there is a need for
at least one more scalar representation [typically, a 10 of
SO(10)] to accommodate a realistic Yukawa sector. Along
with that, a new source of quantum effects that were not
taken into account in [13] emerges from the 10.
Needless to say, due to the complexity of computing

the one-loop spectrum even in the 45 ⊕ 126 simplified
model [8,13], a general analysis of all the options under
point (i) above (i.e., all possible combinations of acciden-
tally light thresholds) would be extremely tedious and
unlikely to bring any decisive result. However, as we argue
in this paper, there seems to be a deeper and universal issue
plaguing even the fully physical 45 ⊕ 126 ⊕ 10C variant
of the model when it comes to its low-energy effective
structure, namely, there is a strong tension between the
need to attain a light SM Higgs-like doublet and the
perturbativity of the setting irrespective of what one does
with the rest of the scalar sector.
The study is organized as follows: In Sec. II, we

recapitulate the salient features of the minimal potentially
realistic Higgs sector containing 45 ⊕ 126 ⊕ 10C, where
the first two representations are involved in the symmetry
breaking of GUT to SM symmetry, while the complex
scalar 10C together with the 126 admits a realistic Yukawa
sector. The quantitative conditions for this to work are
formulated in Sec. II B, and then scrutinized at tree level
analytically in Sec. III and at one-loop level numerically in
Sec. IV. We conclude in Sec. V. The technical details of the
analysis are deferred to a set of Appendices.

II. THE 45 ⊕ 126 ⊕ 10 MODEL

In what follows we consider the SO(10) GUT model
with the 45 ⊕ 126 ⊕ 10C scalar sector, which is a min-
imal extension of the Higgs model from [13] by a complex
10C, thus potentially allowing for realistic Yukawa matri-
ces. We stress that the extra 10 of SO(10) must be complex
(equivalent to two copies of a real 10)—a point we discuss
in more detail later in Sec. II B. In addition, the three
generations of the Standard Model (SM) fermions (includ-
ing a right-handed neutrino in each family) are embedded
into three copies of the spinorial 16F in the usual way [33],
while the gauge fields are present in the adjoint 45G. The
model under consideration is essentially the minimal
renormalizable potentially realistic SO(10) GUT model.
For future reference, we list the scalar field content of

this model in terms of SM irreducible representations in
Table I. Each SM representation may be present with a
multiplicity number greater than 1, and we specify the

origin of each copy in terms of SO(10) irreducible
representations of scalars labeled as

45 ∼ ϕij; 126 ∼ Σijklm; 10C ∼Hi: ð1Þ
In Eq. (1) we wrote the 45 as a real antisymmetric matrix,
the 126 as a complex self-dual antisymmetric five-index
tensor, and the 10C as a vector with complex components.
All Latin indices run from 1 to 10, and are assumed to refer
to the real basis of the defining representation 10, cf.
Appendix A of [34] for more details. The complex
conjugates of Σ and H are denoted by Σ� and H�,
respectively.
Let us note that the main difference between Table I here

and an analogous table in [13] is the presence of the
complex 10C, which adds two scalars transforming as
ð1; 2;þ 1

2
Þ of the SM and two copies of ð3̄; 1;þ 1

3
Þ. From

now on, we shall refer to the representations of this type as
SM doublets and triplets.

A. The scalar potential and SO(10) breaking

1. The potential

The tree-level scalar potential of the model in the
unbroken phase can be written sector by sector as

TABLE I. The field content of the scalar sector 45 ⊕ 126 ⊕
10C of the SO(10) model under consideration in terms of the
corresponding SM components. For each SM representation R its
reality/complexity (R=C), multiplicity number and SO(10) origin
are indicated. The “WGB” column specifies the number of
massless copies corresponding to would-be Goldstone modes
when SO(10) is completely broken down to G321 ≡ SUð3Þc×
SUð2ÞL × Uð1ÞY .
R ∼ G321 R=C # WGB ⊆ SOð10Þ
(1, 1, 0) R 4 1 ϕ, ϕ, Σ, Σ�
ð1; 1;þ1Þ C 2 1 ϕ, Σ
ð1; 1;þ2Þ C 1 0 Σ
ð1; 2;þ 1

2
Þ C 4 0 Σ, Σ�, H, H�

ð1; 3;−1Þ C 1 0 Σ
(1, 3, 0) R 1 0 ϕ
ð3; 2;− 5

6
Þ C 1 1 ϕ

ð3; 2;þ 1
6
Þ C 3 1 ϕ, Σ, Σ�

ð3; 2;þ 7
6
Þ C 2 0 Σ, Σ�

ð3; 3;− 1
3
Þ C 1 0 Σ

ð3̄; 1;− 2
3
Þ C 2 1 ϕ, Σ

ð3̄; 1;þ 1
3
Þ C 5 0 Σ, Σ, Σ�, H, H�

ð3̄; 1;þ 4
3
Þ C 1 0 Σ

ð6; 3;þ 1
3
Þ C 1 0 Σ

ð6̄; 1;− 4
3
Þ C 1 0 Σ

ð6̄; 1;− 1
3
Þ C 1 0 Σ

ð6̄; 1;þ 2
3
Þ C 1 0 Σ

(8, 1, 0) R 1 0 ϕ
ð8; 2;þ 1

2
Þ C 2 0 Σ, Σ�
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V0ðϕ;Σ;Σ�; H;H�Þ
¼ V45ðϕÞ þ V126ðΣ;Σ�Þ þ Vmixðϕ;Σ;Σ�Þ
þ Ṽ10ðH;H�Þ þ Ṽmixðϕ;Σ;Σ�; H;H�Þ; ð2Þ

where

V45 ¼−
μ2

4
ðϕϕÞ0þ

a0
4
ðϕϕÞ0ðϕϕÞ0þ

a2
4
ðϕϕÞ2ðϕϕÞ2; ð3Þ

V126 ¼ −
ν2

5!
ðΣΣ�Þ0 þ

λ0
ð5!Þ2 ðΣΣ

�Þ0ðΣΣ�Þ0

þ λ2
ð4!Þ2 ðΣΣ

�Þ2ðΣΣ�Þ2 þ
λ4

ð3!Þ2ð2!Þ2 ðΣΣ
�Þ4ðΣΣ�Þ4

þ λ04
ð3!Þ2 ðΣΣ

�Þ40 ðΣΣ�Þ40 þ
η2

ð4!Þ2 ðΣΣÞ2ðΣΣÞ2

þ η�2
ð4!Þ2 ðΣ

�Σ�Þ2ðΣ�Σ�Þ2; ð4Þ

Vmix ¼
iτ
4!
ðϕÞ2ðΣΣ�Þ2 þ

α

2 · 5!
ðϕϕÞ0ðΣΣ�Þ0

þ β4
4 · 3!

ðϕϕÞ4ðΣΣ�Þ4 þ
β04
3!

ðϕϕÞ40 ðΣΣ�Þ40

þ γ2
4!
ðϕϕÞ2ðΣΣÞ2 þ

γ�2
4!
ðϕϕÞ2ðΣ�Σ�Þ2; ð5Þ

Ṽ10 ¼ −ξ2ðH�HÞ0 − ξ02ðHHÞ0 − ξ0�2ðH�H�Þ0
þ h4ðHHÞ0ðHHÞ0 þ h�4ðH�H�Þ0ðH�H�Þ0
þ h3ðHHÞ0ðHH�Þ0 þ h�3ðH�H�Þ0ðH�HÞ0
þ h2ðH�HÞ0ðH�HÞ0 þ h02ðH�H�Þ0ðHHÞ0; ð6Þ

Ṽmix ¼
κ0
2
ðH�HÞ0ðϕϕÞ0 þ κ2ðH�HÞ2ðϕϕÞ2 þ

κ00
2
ðHHÞ0ðϕϕÞ0 þ

κ00
�

2
ðH�H�Þ0ðϕϕÞ0

þ κ02ðHHÞ2ðϕϕÞ2 þ κ02
�ðH�H�Þ2ðϕϕÞ2 þ

ζ

4
ðϕϕÞ4ðHΣÞ4 þ

ζ�

4
ðϕϕÞ4ðH�Σ�Þ4

þ ζ0

4
ðϕϕÞ4ðH�ΣÞ4 þ

ζ0�

4
ðϕϕÞ4ðHΣ�Þ4 þ

ρ0
5!

ðH�HÞ0ðΣΣ�Þ0 þ
ρ2
4!

ðH�HÞ2ðΣΣ�Þ2

þ ρ00
5!

ðHHÞ0ðΣΣ�Þ0 þ
ρ00

�

5!
ðH�H�Þ0ðΣΣ�Þ0 þ

ψ2

4!
ðHHÞ2ðΣΣÞ2 þ

ψ�
2

4!
ðH�H�Þ2ðΣ�Σ�Þ2

þ ψ1

4!
ðHH�Þ2ðΣΣÞ2 þ

ψ�
1

4!
ðH�HÞ2ðΣ�Σ�Þ2 þ

ψ0

4!
ðH�H�Þ2ðΣΣÞ2 þ

ψ�
0

4!
ðHHÞ2ðΣ�Σ�Þ2

þ iτ0ðϕÞ2ðHH�Þ2 þ
φ

3!
ðHΣÞ4ðΣΣ�Þ4 þ

φ�

3!
ðH�Σ�Þ4ðΣΣ�Þ4 þ

φ0

3!
ðH�ΣÞ4ðΣΣ�Þ4 þ

φ0�

3!
ðHΣ�Þ4ðΣΣ�Þ4: ð7Þ

Note that the definitions of the “old” parts of the potential
corresponding solely to the 126 ⊕ 45 sector are identical to
those entertained in [13], while the new parts involving the
10C are denoted by a tilde.
To avoid any confusion, we explicitly wrote complex

conjugate terms where applicable. The notation for con-
tractions is a straightforward extension of the one already
specified in [13]: the subscript of an object in parentheses
indicates the number of uncontracted indices (placed
symmetrically at the end of each factor), e.g.,1

ðH�HÞ0 ≡H�
i Hi; ðH�HÞ2 ≡H�

i Hj; ð8Þ

ðHΣÞ4 ≡HmΣmijkl; ðΣΣ�Þ0 ≡ ΣijklmΣ�
ijklm; ð9Þ

ðΣΣ�Þ2 ≡ ðΣΣ�Þmn ¼ ΣijklmΣ�
ijkln; ð10Þ

ðΣΣ�Þ4 ≡ ðΣΣ�Þlmno ¼ ΣijklmΣ�
ijkno: ð11Þ

As a cross-check for the completeness of the scalar
potential, we confirmed that all invariants in Eqs. (3)–(7)
are linearly independent, while their number matches the
counting by the standard Hilbert series methods [35,36]
[assisted by the Mathematica package LieART 2.0 [37,38],
which provided the weight vectors for the SO(10)
representations].
In total, the list of dimensionless parameters in the scalar

potential now consists of 15 real and 14 complex couplings,
from which 6 and 12 are new compared to the Higgs model
[13], respectively. For further convenience we list all
couplings, both dimensionless and dimensionful, in Table II.

1Note that four-index objects have two possible contractions,
namely, ðXÞ4ðYÞ4 ≡ XijklYijkl and ðXÞ40 ðYÞ40 ≡ XijklYikjl.
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2. Symmetry breaking

Let us now turn to the spontaneous symmetry breaking
(SSB) of the GUT symmetry. The scalar sector contains
two real SM singlets in the 45 and one complex SM singlet
in the 126, with no extra SM singlets in the added 10C.
The SSB thus proceeds identically as in the pure Higgs
model [13].
In short, the SM singlet fields obtain nonzero vacuum

expectation values (VEVs) defined as

hð1; 1; 1; 0Þ45i≡
ffiffiffi
3

p
ωBL;

hð1; 1; 3; 0Þ45i≡
ffiffiffi
2

p
ωR;

hð1; 1; 3;þ2Þ126i≡
ffiffiffi
2

p
σ; ð12Þ

where the numbers in parentheses refer to their SUð3Þc ×
SUð2ÞL × SUð2ÞR × Uð1ÞB−L transformation properties
and the subscripts 45 and 126 denote their SO(10) origin.
The redefinition of the overall phase of Σ can make σ real
and positive, while a sign redefinition of ϕ allows one to
choose ωR positive.
It is convenient to define the dimensionless universal

VEV ratio

χ ≔
ωBLωR

jσj2 ; ð13Þ

which is a quantity that appears in the solution of the
stationarity conditions for the SM vacuum, as well as in
loop corrections to the effective one-loop scalar masses.
Perturbativity requires jχj ≲ 1, thus greatly constraining the
set of viable breaking patterns, see [13]. As mentioned in
the Introduction, we focus only on the regime jωBLj ≪
jσj ≪ jωRj (to be referred to as ωBL → 0) featuring the
SUð4ÞC × SUð2ÞL ×Uð1ÞR intermediate symmetry, abbre-
viated as G421, which turns out to be much more promising
than any of the other options, see [13].
The large hierarchy between the VEVs in Eq. (12) allows

us to imagine the SSB as a two stage process:

SOð10Þ
↓ωR

SUð4ÞC × SUð2ÞL × Uð1ÞR
↓ σ

SUð3Þc × SUð2ÞL × Uð1ÞY;

where, phenomenologically, ωR is the GUT-breaking scale
and σ plays the role of the seesaw scale for neutrinos. The
ωBL VEV is irrelevant for the symmetry breaking here and
obtains only an induced value ωBL ¼ χjσj2=ωR.
The dimensionful parameters fμ; ν; τg are related to the

fωBL;ωR; σg VEVs via the vacuum stationarity conditions,
which take the tree-level form

μ2 ¼ ð8a0 þ 2a2Þω2
R þ 2ða2χ þ 2αþ 2β04Þjσj2; ð14Þ

ν2 ¼ 2ðαþ 3β04 þ a2χÞω2
R þ ð4λ0 þ 12β04χ þ 5a2χ2Þjσj2;

ð15Þ

τ ¼ ð4β04 þ a2χÞωR; ð16Þ

whereOðωBL
ωR

Þ terms were neglected in the ωBL → 0 regime.
One can thus consider the VEVs ωR and σ, along with

the ratio χ, to be the input parameters, and take the fμ; ν; τg
parameter values computed from the vacuum conditions, as
in [13]. Note that with the addition of the 10C, new mass
scales are introduced through the fξ; ξ0; τ0g parameters.
Since, at the tree level, these influence only the doublets
and triplets (see Sec. II A 3), the aforementioned interpre-
tation of ωR and σ can be retained, assuming that none of
the new dimensionful parameters is parametrically larger
than ωR.

3. The tree-level mass spectrum

Since there are no GUT or intermediate-scale VEVs in
the newly introduced 10C, all new couplings in Table II
impact only those tree-level scalar-mass matrices, which
include a state from 10C. Consequently, almost all scalar
mass matrices of the 45 ⊕ 126 ⊕ 10C model at stake are
identical to those of the 45 ⊕ 126 Higgs model [13], with
the only exceptions of the SM doublets ð1; 2;þ 1

2
Þ and

triplets ð3̄; 1;þ 1
3
Þ. Similarly, the gauge boson masses are

identical in these two cases as well.
For those tree-level mass matrices that are common to

both scenarios, the interested reader is referred to [2,8] (with
minor corrections included in the latter); their approximate
forms in the ωBL → 0 limit are given in [13]. The enlarged
matrices for doublets and triplets, in which the vacuum of
Eqs. (14)–(16) has been inserted (and only the dominant
contributions in the ωBL → 0 regime were retained), read

TABLE II. The parameters of the scalar potential of Eq. (2)
arranged according to their novelty (i.e., whether they have
already been present in [13] or not), reality/complexity (R=C)
and their mass dimension D.

D ¼ 0 D ¼ 1 D ¼ 2

Old R a0; a2; λ0; λ2; λ4; λ04; α; β4; β
0
4 τ μ2, ν2

New R h2; h02; κ0; κ2; ρ0; ρ2 τ0 ξ2

Old C γ2, η2
New C h4; h3; κ00; κ

0
2; ζ; ζ

0; ρ00;ψ2;ψ1;ψ0;φ;φ0 ξ02
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M2
�
1;2;þ1

2

�
tree

¼

0
BBBBBBBB@

�
β4
2
−9β04−3a2χ

�
ω2
R −2γ2ω2

R −
ffiffiffi
6

p
ζ0χjσj2 −

ffiffiffi
6

p
ζχjσj2

−2γ�2ω2
R

�
β4
2
−β04−a2χ

�
ω2
R

ffiffiffi
6

p ð16ϕ� þ ζ�χÞjσj2 ffiffiffi
6

p ð16ϕ0� þ ζ0�χÞjσj2

−
ffiffiffi
6

p
ζ0�χjσj2 ffiffiffi

6
p ð16ϕþ ζχÞjσj2 −ξ2− τ0ωR

24
þð2κ0þ κ2Þω2

R −2ξ02þ2ð2κ00þ κ02Þω2
R

−
ffiffiffi
6

p
ζ�χjσj2 ffiffiffi

6
p ð16ϕ0 þ ζ0χÞjσj2 −2ξ02� þ2ð2κ0�0 þ κ0�2 Þω2

R −ξ2þ τ0ωR
24

þð2κ0þ κ2Þω2
R

1
CCCCCCCCA
;

ð17Þ

M2

�
3̄;1þ1

3

�
tree

¼

0
BBBBBBBB@

ðβ4−4β04−2a2χÞω2
R 4γ2ω

2
R 2

ffiffiffi
2

p ðβ4χ−8λ04Þjσj2 −
ffiffiffi
2

p
ζω2

R −
ffiffiffi
2

p
ζ0ω2

R

4γ�2ω
2
R ðβ4−4β04−2a2χÞω2

R 0 −
ffiffiffi
2

p
ζ0�ω2

R −
ffiffiffi
2

p
ζ�ω2

R

2
ffiffiffi
2

p ðβ4χ−8λ04Þjσj2 0 ð2β4−4β04−2a2χÞω2
R −4ð8φþζχÞjσj2 −4ð8φ0þζ0χÞjσj2

−
ffiffiffi
2

p
ζ�ω2

R −
ffiffiffi
2

p
ζ0ω2

R −4ð8φ�þζ�χÞjσj2 −ξ2þ2κ0ω
2
R −2ξ0�2þ4κ0�0 ω

2
R

−
ffiffiffi
2

p
ζ0�ω2

R −
ffiffiffi
2

p
ζω2

R −4ð8φ0�þζ0�χÞjσj2 −2ξ02þ4κ00ω
2
R −ξ2þ2κ0ω

2
R

1
CCCCCCCCA
;

ð18Þ

where the basis of the row states is defined as follows:

for

�
1;2;þ1

2

�
∶
��

15;2;þ1

2

�
Σ
;

�
15;2;−

1

2

��

Σ�
;

×

�
1;2;þ1

2

�
H
;

�
1;2;−

1

2

��

H�

�
; ð19Þ

for

�
3̄; 1;þ 1

3

�
∶fð6; 1; 0ÞΣ; ð6; 1; 0Þ�Σ� ; ð10; 1; 0ÞΣ;

× ð6; 1; 0ÞH; ð6; 1; 0Þ�H�g: ð20Þ

The basis states are unambiguously specified by their
intermediate SUð4ÞC × SUð2ÞL × Uð1ÞR and GUT sym-
metry origin in the parentheses and in the subscripts,
respectively; their ordering is consistent with the one
suggested by Table I. The basis for column states is
conjugate to that of the basis for rows.
Note that in this basis the upper-left 2 × 2 block of

Eq. (17) and the upper-left 3 × 3 block of Eq. (18) depend
only on the old couplings. These sub-blocks are identical to
the Higgs model expressions [13], while all other entries
(the enlarged part) involve only the new couplings.
Furthermore, in the limit2 σ → 0 one recovers the inter-
mediate G421 symmetry with the mixing occurring solely
between the same type of representations within the bases
of Eqs. (19) and (20). In particular, the doublet mass matrix
becomes block diagonal in this limit.
The tree-level spectrum, however, is qualitatively not the

end of the story in the model under consideration. A key
observation was made in [24,25] that certain scalar states

cannot be made simultaneously nontachyonic at tree-level
unless the breaking proceeds through an intermediate
(flipped) SU(5) symmetry. The problematic states include
the SM triplet (1, 3, 0) and octet (8, 1, 0), along with the
singlet (1, 1, 0) as pointed out in [8]. Given their specific
behavior in various limits, these states were dubbed the
pseudo-Goldstone bosons (PGBs), and we shall refer to
them as such from now on.
It is very instructive to consider the PGBs in the strict

ωBL → 0 regime. In such a case the field ð3̄; 1;− 2
3
Þ, sharing

the same parent (15, 1, 0) multiplet of G421 with (8, 1, 0)
and (1, 1, 0), also joins the list of states whose masses
acquire a particularly simple form. Taking the limit σ → 0,
we find the dominant parts of the tree-level masses of these
fields to be

M2
Sð1; 3; 0Þ ¼ 4a2ω2

R; ð21Þ

M2
Sð8; 1; 0Þ ¼ −2a2ω2

R; ð22Þ

M2
Sð1; 1; 0Þ3 ¼ −2a2ω2

R; ð23Þ

M2
S

�
3̄; 1;−

2

3

�
2

¼ −2a2ω2
R: ð24Þ

Note that subscripts are used when multiple states with the
same G321 quantum numbers are present, and they label the
relevant mass eigenstates in an ascending mass order.
Observe also that no choice of a2 (except for the singular
a2 ¼ 0 case) can make all these states simultaneously
nontachyonic.
Remarkably, this situation can be remedied by loop

corrections (as first discussed in [1]) if one takes ja2j ≪ 1,
so that the tree-level PGB masses become suppressed.

2Note that the σ → 0 limit is properly taken by keeping the
universal ratio χ in Eq. (13) fixed.
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However, this also means that any in-depth analysis of
the model requires access to the one-loop scalar spectrum;
for that sake the numerical methods developed for the
45 ⊕ 126 Higgs model in [13] have been extended to the
45 ⊕ 126 ⊕ 10C case.

B. The Yukawa sector

1. General considerations

With both the 126 and 10C at play, the renormalizable
Yukawa Lagrangian consists schematically of the terms
[39] [with the SO(10) indices and Lorentz structures
suppressed]

LY ¼ 16aFðYab
1010Cþ Ỹab

1010
�
CþYab

126126
�Þ16bF þH:c:; ð25Þ

where 16aF contains fermions, a; b ¼ 1;…; 3 denote family
indices, and the matrices Y10, Ỹ10, and Y126 are complex
symmetric 3 × 3 matrices in family space.
The electrically neutral components of the SM weak

doublets with hypercharges �1=2 acquire VEVs in the
electroweak broken phase. They are labeled by

vu10 ¼
	�

1; 2;þ 1

2

�
10



;

vd10 ¼
	�

1; 2;−
1

2

�
10



;

vu126 ¼
	�

1; 2;þ 1

2

�
126



;

vd126 ¼
	�

1; 2;−
1

2

�
126



: ð26Þ

The notation above is straightforward: the subscripts denote
their SO(10) origin and their superscripts u and d indicate
the þ1=2 and −1=2 hypercharges, respectively. The tree-
level (GUT-scale) quark and lepton mass matrices then take
the following form:

MU ¼ Y10vu10 þ Ỹ10vd�10 þ Y126vu126; ð27Þ

MD ¼ Y10vd10 þ Ỹ10vu�10 þ Y126vd126; ð28Þ

ME ¼ Y10vd10 þ Ỹ10vu�10 − 3Y126vd126; ð29Þ

MD
ν ¼ Y10vu10 þ Ỹ10vd�10 − 3Y126vu126; ð30Þ

where U, D, and E refer, respectively, to the up, down, and
charged lepton sectors, whileMD

ν is the Dirac type neutrino
mass matrix. The EW VEVs are normalized such that

v2SM ¼ jvu10j2 þ jvd10j2 þ jvu126j2 þ jvd126j2; ð31Þ

where vSM ≐ 174 GeV. Furthermore, the seesaw type I and
II Majorana mass matrices read

MM;type I
ν ∝ Y126σ; MM;type II

ν ∝ Y126w; ð32Þ
where

w ¼ hð1; 3;þ1Þ126i ð33Þ

is the induced EWVEVof the scalar SUð2ÞL triplet relevant
for the type II seesaw.
Renormalizable Yukawa sectors of SO(10) GUTs

have been studied in great detail in the literature, see,
e.g., [6,39–51]. Let us just summarize the salient points
below:
(1) Due to the SO(10) decomposition 16 ⊗ 16 ¼ 10 ⊕

120 ⊕ 126 [52], the most general renormalizable
Yukawa sector includes scalar representations 126,
10, and/or 120, with the latter requiring an anti-
symmetric Yukawa matrix. Since at least two Yu-
kawa matrices are required for a successful fit of
fermion masses and mixing, the Higgs model 45 ⊕
126 requires an upgrade to become potentially
realistic; the addition of an extra 10 represents the
obvious option here.3

(2) The added 10 should better be complex (or equiv-
alently, two copies of a real 10 should be consid-
ered), otherwise the relation vu10 ¼ vd10

� among the
SM VEV projections emerges, and the fit of SM
fermion masses and mixing is not possible, since it
clashes with the phenomenological requirement [39]���� vu10vd10

���� ≈ mt

mb
≫ 1: ð34Þ

(3) Two different Yukawa terms can be constructed with
the complex 10C (in the non-SUSY case), so the
resulting theory has three Yukawa matrices in total
and a good fermion-sector fit is easily attained. In
fact, such a fit is already possible with a single
Yukawa matrix associated to a real 10 along with the
one associated to 126, which is a scenario arising in
the SUSY case [53,54] or if a Peccei-Quinn-like
(PQ) global U(1) symmetry is introduced [39–47].
In the latter case the typical assignment of the PQ
charges reads

½16F�PQ ¼ þ1; ½45�PQ ¼ 0;

½126�PQ ¼ þ2; ½10�PQ ¼ −2: ð35Þ

3The extension with an additional 10 is clearly minimal in
terms of extra degrees of freedom, but it also has the advantage of
the symmetry of the corresponding Yukawa matrices. The
antisymmetric Yukawa of the 120 with only one more symmetric
Yukawa matrix of the 126 does not lead to realistic fermion mass
matrices [41].
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These charges forbid the Ỹ10 Yukawa coupling in
Eq. (25), thus increasing the predictivity of the fit.
Furthermore, the PQ symmetry forbids a number of
couplings in the scalar potential (2)–(7) which,
naively, may look as a good way to greatly simplify
the current analysis. Unfortunately, any nontrivial
assignment of the PQ charge to Σ necessarily forbids
the same γ2 term in Eq. (4) that was found to be
necessary for curing the tachyonicity of PGB states
in the Higgs model 45 ⊕ 126, cf. [13], so we shall
not entertain this option at all.

(4) A successful fermion mass fit accomplished via the
tree-level relations of Eqs. (27)–(30) requires a
significant admixture of the weak doublets from
both 10C and 126 within the SM Higgs doublet,
otherwise either vu;d126 ≈ 0 or vu;d10 ≈ 0, for which the
Yukawa fit does not work.4

2. The structure of the doublet mass matrix

The last point above has very important ramifications for
the structure of the doublet mass matrix of Eq. (17). In the
basis of Eq. (19) it can be schematically written as

M2

�
1; 2;þ 1

2

�
¼
 
M2

126 M2
mix

M2†
mix M2

10

!
; ð36Þ

where the 2 × 2 block structures M2
126, M

2
10, and M2

mix
encompass contributions of different SO(10) origin. To this
end, the former two mix doublets solely within the 126 and
10C, respectively, while the last one controls their crosstalk.
Since no mixing among the 126 and 10C is possible until
the intermediate G421 symmetry gets broken, the M2

mix
block must vanish for σ → 0. Furthermore, the expected
magnitudes of entries in the M2

126 and M2
10 blocks are

Oðω2
RÞ while M2

mix is expected at the jσj2 level,5 with
jσj2 ≪ ω2

R assumed. This should be the case at all pertur-
bative orders, and can be explicitly verified for the tree-
level expression in Eq. (17).
The requirement of accommodating the SM Higgs

doublet implies that one eigenvalue of the matrix in
Eq. (36) should be fine-tuned to about ð125 GeVÞ2. On
top of that, the doublet-admixture condition of Sec. II B
requires the SM Higgs doublet to have a sufficiently large
projection to both the 126 and 10C sectors. Since, however,
M2

mix is of the order of jσj2, this boils down to a need for an

initial pretuning of at least one eigenvalue in bothM2
126 and

M2
10 from their natural scale of ω2

R down to roughly jσj2.
The pretuning requirement can be brought into sharper

quantitative form by estimating the required weight of the
126-components within the SM Higgs. The corresponding
VEV ratio obeys

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jvu126j2þjvd126j2

v2SM

s
¼ 1

4

jTrMD−TrMEj
vSM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ jrj2jsj2

p
jTrY126j

≳ jTrMD−TrMEj
vSM

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þjrj2jsj2

p
4

; ð37Þ

whereMD andME are defined in Eqs. (28) and (29), r and s
stand for the usual ratios [46]

r ≔
vu10
vd10

; s ≔
vu126
vd126

vd10
vu10

; ð38Þ

and perturbativity has been assumed for Y126 in the form of
Tr½Y126�≲ 1. Inspecting the existing Yukawa sector fits like
[46], one obtains a conservative estimate6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jvu126j2 þ jvd126j2

v2SM

s
≳ 3 × 10−2 ≡ ϵ: ð39Þ

In terms of the eigenvalues of the two diagonal blocks
(denoted by m2

126� for M2
126 and m2

10� for M2
10, with þ

referring to the larger and − to the smaller ones), the
pretuning conditions can be recast as

m2
10− ∼ jσj2; m2

126− ∼ jσj2=ϵ; ð40Þ

with ϵ ¼ 3 × 10−2. For better numerical intuition, the 45 ⊕
126 Higgs model analysis [13] suggests ωR ≳ 1014.8 GeV
and jσj < 1011.8 GeV, and hence jσj2 ≲ 10−6ω2

R, which
translates the conditions in Eq. (40) into7

4Note that the case vu;d126 ≈ 0 implies a (GUT-scale) SU(5)-like
relation MD ≈ME, while the case vu;d10 ≈ 0 yields MD ≈ −3ME,
none of which is realistic.

5There can be no σωR contribution in M2
mix due to gauge

symmetry. This can be seen by considering the SUð4ÞC factor,
under which the doublet/antidoublet product transforms as a
15-plet, while σ ∼ 10 and ωR ∼ 1.

6Taken strictly, the fermion fit in [46] assumes a PQ-like
setting with only two Yukawa matrices, but it is still to a large
degree applicable to Eq. (37) in the more general three Yukawa
case. Namely, the size of MD −ME is enforced by the difference
yb − yτ at the GUT scale (unrelated to Ỹ10), while only a large jrsj
can simultaneously achieve a suitably large MU (large top
Yukawa) and a small MD

ν . Note that the seesaw scale jσj ∼
1011 GeV is rather small in the current case, therefore within type
I seesaw a small MD

ν is indeed needed to suppress the enhanced
inverse of MM;type I

ν for suitable neutrino masses.
7Note that in [13] the estimates for ωR and jσj have been

obtained in a simplified setting without 10C; however, since these
follow from the unification analysis where the presence/absence
of the extra 10C plays a marginal role, one can expect very similar
constraints to be relevant also for the full-model case, see
Appendix A.

TROUBLE WITH THE MINIMAL RENORMALIZABLE SO(10) … PHYS. REV. D 108, 055003 (2023)

055003-7



m2
10− ∼ 10−6ω2

R; m2
126− ∼ 3.3 × 10−5ω2

R: ð41Þ

The M2
10 block is the only part of the tree-level scalar

spectrum that depends on the new couplings κ00, κ
0
2, and τ0.

The pretuning of m2
10− is thus easily achieved via these

parameters.
On the other hand, it is namely the condition on

m2
126− in Eq. (40) that turns out to be difficult to conform

to in the potentially realistic and perturbative parts of
the model parameter space, thus heavily disfavoring the
45 ⊕ 126 ⊕ 10C setting as a basis for a robust and
calculable GUT scenario. This pretuning issue is demon-
strated in Sec. III at tree-level analytically, and then in
Sec. IV at one-loop level numerically.
To summarize, the arrangement of a SM-compatible

Higgs doublet mass in the M2ð1; 2;þ 1
2
Þ mass matrix first

requires a pretuning to the intermediate scale in each of the
M2

126 and M2
10 blocks, before the full fine-tuning down to

the EW scale should be performed. This procedure brings
in an additional set of constraints on the scalar potential
parameters. The obstructions to pretuning in the 126 sector
and the associated implications are the main focus of the
remainder of this study.

III. DOUBLET FINE-TUNING AT TREE
LEVEL—ANALYTICALLY

It is instructive to first consider the pretuning obstruction
for doublets in M2

126 of Eq. (36) at tree level, since one has
analytic grip on the tree-level mass expressions, see
Eq. (17). A possible reservation of the reader may be that
the model’s first consistent perturbative order is only at one
loop, but note that these intricacies are intimately connected
only to the PGB sector of scalars. Quantitatively, the
quantum corrections thus play no bigger role in the non-
PGB sectors, e.g., in the doublet sector, than in the usual
perturbative situation with a consistent tree order. A tree-
level consideration of doublets will thus offer valuable
insight, while the quantum nature of the model will
percolate into the analysis only through limitations on
the parameter space, as will become apparent in due course.
The tree-level eigenvaluesm2

126�;ð0Þ of theM
2
126 block are

m2
126�;ð0Þ ¼

�
β4
2
−5β04−2a2χ�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð4β04þa2χÞ2þ4jγ2j2

q �
ω2
R;

ð42Þ

where only the dominant contributions are considered
given the VEV hierarchy jσj ≪ jωRj. Doublet pretuning
demands that m2

126−;ð0Þ is brought down roughly to jσj2=ϵ,
cf. Eq. (40).
The pretuning of m2

126−;ð0Þ is most conveniently viewed
as a constraint on jγ2j, since this parameter is present at
tree-level only in the mass expressions for multiplets
ð15; 2;þ 1

2
Þ and (6, 1, 0) of theG421 intermediate symmetry,

to which the SM doublets ð1; 2;þ 1
2
Þ and triplets ð3̄; 1;þ 1

3
Þ,

respectively, belong, cf. Tables VII and IX in [13].
Consequently, the constraint on jγ2j is directly entangled
only with the nontachyonicity of triplets, which thus
warrants special attention.
Nontachyonicity of the SM triplets requires the mass-

square matrix in Eq. (18) to be positive (semi)definite.
Applying Sylvester’s criterion for positive-definiteness
requires the leading principal minors (the determinants
of the 1 × 1, 2 × 2, etc. upper-left submatrices) of
M2ð3̄; 1;þ 1

3
Þtree to be positive. The relevant constraints

are already given by the first three minors, which involve
the triplet states from the representation 126 only:

0 < M2
1×1 ¼ ðβ4 − 4β04 − 2a2χÞω2

R; ð43Þ

0 < M2
2×2 ¼ θω4

R; ð44Þ

0 < M2
3×3 ¼ θðβ4 − 4β04 − 2a2χÞω6

R þOðjσj2ω2
RÞ; ð45Þ

where the entire γ2 dependence is conveniently packaged
into a single parameter θ defined by

θ≡ ðβ4 − 4β04 − 2a2χÞ2 − 16jγ2j2: ð46Þ

The triplet nontachyonicity conditions in Eqs. (43)–(45)
(allowing now for the semidefinite case) simplify to

θ ≥ 0; β4 − 4β04 − 2a2χ ≥ 0; ð47Þ

and these need to be amended by the nontachyonicity
requirements from all other non-PGB scalar fields at tree-
level (cf. Table IX in [13]):

4β04 þ a2χ ≤ 0;

2β04 þ a2χ ≤ 0;

β4 − 2β04 − a2χ ≥ 0;

β4 − 10β04 − 4a2χ ≥ 0: ð48Þ

Furthermore, the comprehensive analysis of the 45 ⊕ 126
SO(10) Higgs model in [13] gives the viable ranges for
these parameters:

β4 ∈ ½0.2; 1�; β04 ∈ ½−0.2;−0.01�;
a2 ∈ ½−0.05; 0.05�; χ ∈ ½−1; 1�: ð49Þ

The viable region must therefore lie in the multidimen-
sional box defined by Eq. (49). Note that restricting to this
box is precisely where the necessary requirements for PGB
nontachyonicity (at one-loop level) have slipped in.
Interestingly, the ranges of Eq. (49) make all inequalities
in Eq. (48) except for the second one redundant.
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We now return to the quantity m2
126−;ð0Þ that we wish to tune, and rewrite it in terms of θ instead of jγ2j:

m2
126−;ð0ÞðθÞ ¼

�
β4
2
− 5β04 − 2a2χ −

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð4β04 þ a2χÞ2 þ ðβ4 − 4β04 − 2a2χÞ2 − θ

q �
ω2
R: ð50Þ

Notice that m2
126−;ð0ÞðθÞ is an increasing function of θ, i.e.,

∂m2
126−;ð0Þ
∂θ

¼ 1

4

ω2
Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4ð4β04 þ a2χÞ2 þ ðβ4 − 4β04 − 2a2χÞ2 − θ
p > 0: ð51Þ

Triplet nontachyonicity in Eq. (47) requires a non-negative θ, and thus

m2
126−;ð0ÞðθÞ ≥ m2

126−;ð0Þð0Þ ¼
�
β4
2
− 5β04 − 2a2χ −

1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð4β04 þ a2χÞ2 þ ðβ4 − 4β04 − 2a2χÞ2

q �
ω2
R ð52Þ

for any fixed choice of β4, β04, and a2χ. As a numerical
exercise, we can then find the lowest numerical value for
m2

126−;ð0Þ at θ ¼ 0 given the parameter restrictions of
Eq. (47)–(49):

min
β4;β04;a2χ

½m2
126−;ð0Þð0Þ� ≳ 0.008ω2

R; ð53Þ

which is obtained for β4 ¼ 0.2, β04 ¼ −0.01, a2χ ¼ 0.02.
Comparing with the requirement of Eq. (41), we see that
doublet pretuning cannot be directly achieved at tree level.
Incidentally, solving θ ¼ 0 for the minimal point gives

jγ2j ¼ 0.05, which is smaller than the rough lower bound
jγ2j≳ 0.1 from [13], indicating the estimate in Eq. (53) to
actually be conservative andmaking the fine-tuning situation
worse. An attainable value is, e.g., for ðβ4; β04; a2χ; jγ2jÞ ¼
ð0.4;−0.01; 0.02; 0.1Þ:

m2
126− ≈ 0.009ω2

R: ð54Þ

To summarize, we demonstrated at tree level that doublet
pretuning in the 126-block is obstructed by the nontachyo-
nicity constraints of other scalars. This, however, does not
conclude the analysis; the tree-level value in Eq. (54) is
sufficiently suppressed that quantum corrections (shown to
be easily at 10% of ω2

R or larger in Sec. IV) may bridge the
pretuning gap, provided they properly align for the doublets
and the obstruction states.
Ironically, the burden of making the model realistic is

thus again placed on quantum corrections, as it was for
attaining a suitable vacuum. We show in the next section
that the obstruction to doublet pretuning is instead signifi-
cantly reinforced at one-loop level, leading to bleak
prospects for the model.

IV. DOUBLET FINE-TUNING AT ONE
LOOP—NUMERICALLY

In the tree-level analysis of Sec. III it was made clear that
a successful pretuning in the 126-sector may happen only if
loop-corrections to various fields properly align. To assess
the feasibility of such a situation, a complete one-loop
analysis along the lines of [13] is required for the full
model. The usual perturbativity and nontachyonicity con-
straints are, however, to be amended by the pretuning
requirements.
Such an analysis involves numeric scans of the parameter

space, for which at every considered point the tree-level
and one-loop scalar spectrum is computed. The one-loop
calculation is performed by numerically evaluating the
one-loop regularized effective mass squares.8

The one-loop analysis in this section is organized as
follows: the technical requirements of pretuning in the
context of perturbation theory are discussed and formulated
in Sec. IVA, the necessary criteria for a parameter point to
be considered viable are summarized in Sec. IV B, the
parameter inputs of the analysis are listed in Sec. IV C, and
the results of the parameter space scans are presented in
Sec. IV D.

A. Fine-tuning of doublets in perturbation theory

The block structure of the doublet mass matrix in
Eq. (36) and the required level of pretuning in Eq. (40)
as described in Sec. II B 2 refer to quantities that would
ideally be computed to all orders in perturbation theory
(with an optimal truncation due to the asymptotic nature of
this series). In practice, however, one only has access to the

8The regularized effective scalar mass is the scalar mass
computed from the one-loop effective potential in which IR
diverging logarithmic contributions are tamed by mimicking the
shift from the effective to the physical mass. The associated
techniques are given in [13].
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few lowest orders, while the effect of higher-order correc-
tions, despite not being readily accessible, should none-
theless be anticipated. The goal of the discussion below is
to formulate a technical criterion for the desired pretuning
in the 126 sector in the context of perturbation theory.
In Sec. II B 2 the eigenstates in the 126 and 10 blocks of

the scalar doublet mass matrix (36) were labeled by m2
126�

and m2
10�, respectively. In full analogy, let us label the

n-loop estimates for these quantities, respectively, by
m2

126�;ðnÞ and m2
10�;ðnÞ, where the tree-level case corre-

sponds to n ¼ 0. Furthermore, the pure n-loop corrections
contributing to these quantities will be denoted by
δm2

126�;ðnÞ and δm2
10�;ðnÞ for n ≥ 1, so that

m2
126�;ðnþ1Þ ¼ m2

126�;ðnÞ þ δm2
126�;ðnþ1Þ; ð55Þ

m2
10�;ðnþ1Þ ¼ m2

10�;ðnÞ þ δm2
10�;ðnþ1Þ: ð56Þ

As long as loop corrections to the smaller eigenvalues are
larger than the required threshold of pretuning in Eq. (40),
a milder pretuning condition may be formulated. At any
given loop order n, pretuning needs to be performed only
down to the (estimated) next-order corrections:

jm2
126−;ðnÞj≲ jδm2

126−;ðnþ1Þj;
jm2

10−;ðnÞj≲ jδm2
10−;ðnþ1Þj: ð57Þ

This is only a necessary and not a sufficient condition at any
given perturbative order, since one relies on the correct
alignment of the (nþ 1)th-order (and higher) corrections.
We refer to Eq. (57) as n-PL pretuning, where “n-PL” stands
for “nth perturbative level.” To this end, We relied on 0-PL
pretuning in Sec. III to keep the hope alive beyond tree level.
If for any given n (assuming n is low enough that n-loop
corrections are larger than the tuning threshold) n-PL
pretuning fails, then all-order pretuning is not possible.
A practical limitation of implementing the n-PL pretun-

ing consists in the fact that the left-hand side of Eq. (57)
typically corresponds to the highest really computed order,
so the corrections of even higher orders on the right-hand
side are not readily accessible. The (nþ 1)th order correc-
tions must thus be estimated in some way.
To keep track of perturbative orders in a mass-square m2

x,
we introduce a loop expansion parameter ηx which should
encode the characteristic size of the loop corrections to m2

x.
Needless to say, thus defined ηx depends on the specific
parameter-space point as well as on the field x under
consideration. The n-loop correction tom2

x should then obey

jδm2
x;ðnÞ=m

2
x;ð0Þj ∼ ηnx: ð58Þ

Note, however, that this estimate makes sense only when
m2

x;ð0Þ is not spuriously small or tuned, i.e., a generic-sized

tree-level mass m2
x;ð0Þ is required. In the case of the lighter

doublet in each block, which are to be pretuned, the heavier
eigenstate tree-level mass may be (and will be) used as a
replacement.
Focusing from now on the shape of the one-loop

spectrum (i.e., setting n ¼ 1) the 1-PL pretuning must
happen down to the level of two-loop corrections whose
sizes can be estimated by

jδm2
126−;ð2Þj ≈ η2126jm2

126þ;ð0Þj;
jδm2

10−;ð2Þj ≈ η210jm2
126þ;ð0Þj; ð59Þ

where the loop-suppression factors η126 and η10 in the spirit
of Eq. (58) are taken as separate quantities for the blocks
M2

126 and M2
10 (due to different scalar parameters involved

in those blocks).
Notice that m2

126þ;ð0Þ was used as the tree-level quantity

of comparison in both cases, since this is the only
eigenvalue that is necessarily of a generic size and, thus,
suitable for the task. Namely, the smaller eigenvalues
m2

126−;ð0Þ andm
2
10−;ð0Þ are pretuned and hence inappropriate,

while pretuning in the M2
10 block might give a smaller

value9 also for m2
10þ;ð0Þ.

The loop suppression factors η126 and η10 relevant for the
M2

126 and M2
10 blocks, respectively, can be estimated by

comparing the one-loop corrections to the generic tree-level
contribution identified above:

η126≂
���� δm

2
126þ;ð1Þ

m2
126þ;ð0Þ

���� ¼
����m

2
126þ;ð1Þ −m2

126þ;ð0Þ
m2

126þ;ð0Þ

����; ð60Þ

η10≂
���� δm

2
10þ;ð1Þ

m2
126þ;ð0Þ

���� ¼
����m

2
10þ;ð1Þ −m2

10þ;ð0Þ
m2

126þ;ð0Þ

����: ð61Þ

It is also convenient to define suppression ratios R126 and
R10 of the smaller eigenvalues m2

126− and m2
10− at one-loop

with respect to the generic tree-level contribution by

R126 ≔
����m

2
126−;ð1Þ

m2
126þ;ð0Þ

����; R10 ≔
���� m

2
10−;ð1Þ

m2
126þ;ð0Þ

����; ð62Þ

where the mass m2
126þ;ð0Þ was again used as a proxy for the

generic (nontuned) tree-level mass square.
Finally, the above insights are combined in the following

measures of the quality/strictness of the 1-PL pretuning
used in the parameter space scans (smaller Ss indicating
better pretuning levels achieved):

9Unlike m2
126þ;ð0Þ, a suppressed m2

10þ;ð0Þ is possible due to the
large number of only loosely restricted new parameters that were
introduced through the addition of 10C.
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S126 ≔
R126

η2126
; S10 ≔

R10

η210 × 10−2
: ð63Þ

Note the safety factor 10−2 introduced into the denominator
of S10; the artificially increased strictness here is meant to
compensate for the use of m2

126þ;ð0Þ from the 126 sector as

the generic tree-level quantity. Since there is no obstruction
to attaining doublet pretuning in the M2

10 block (as it is
achieved with parameters not directly involved anywhere
else in tree-level mass formulas) there is no danger from
overly strict tuning demands potentially imposed on S10 on
other parts of the analysis.
The access to the tree-level and one-loop spectrum

allows for explicit numeric evaluation of the η and R
quantities, and thus of the measures S126 and S10. A
successful 1-PL pretuning, i.e., a situation compatible
with the basic requirements in Eq. (57), is then charac-
terized by S126; S10 ≲ 1, which is a direct consequence of
Eqs. (60)–(62). This is also the technical form in which the
doublet 1-PL pretuning is imposed as a scan constraint, as
reiterated in Sec. IV B.

B. Viability and fine-tuning constraints at one-loop

Before any doublet fine-tuning considerations, we list
the general viability constraints that valid parameter points
must satisfy. The conditions are analogous to the analysis
in [13], which also provides further technical details, while
we only give a summary and describe any updates to the
conditions below:
(1) Nontachyonicity of the scalar spectrum:

The broken phase of the model has to be devel-
oped around a vacuum in which all physical scalar
masses are nontachyonic. This criterion is checked
on the numerically evaluated one-loop regularized
effective masses squared. The computation is up-
dated from the previous study [13] by including the
contributions from the 10C, both inside the loops and
in the outer legs of diagrams.

(2) Gauge coupling unification:
In GUTs, the SM gauge couplings are required to

unify at some high energy scale—the unification
scale. To check this, a top-down analysis is per-
formed, where the SO(10) gauge coupling g at the
GUT scale is run down to the Z-boson mass scale
through a sequence of effective QFTs via renormal-
ization group equations (RGEs). There, we demand
the SM gauge couplings to have computed values
within χ2 < 9 of their experimental ones. In contrast
to the previous study [13], the unification analysis is
upgraded to two-loop RGEs with one-loop threshold
corrections, see Appendix B for further technical
details.

(3) Perturbativity:
All calculations we perform rely on perturbative

methods, so perturbativity criteria have to be devised
that every viable point will have to pass. This, in
turn, ensures the self-consistency of the computation
as a whole.
(a) The global mass-perturbativity test (GMP test)

restricts the relative size of one-loop corrections
with respect to the average tree-level mass of
heavy scalars.10 As in [13], it is imposed by
requiring Δ̄ < 1, where the GMP measure Δ̄ is
defined by

Δ̄ ≔
maxi;j∈HF½jM2

ij;one-loop −M2
ij;treej�

M2
heavy

; ð64Þ

where HF is the set of heavy fields.
(b) The next perturbativity requirement demands

stability under RG running, since the one-loop
effective scalar masses, and consequently the
GMP test, possess residual renormalization-
scale dependence. Stability of the scalar spec-
trum is studied via the complete set of one-loop
RGEs for dimensionless couplings, see Appen-
dix C. The associated perturbativity measure t̄ is
defined by

t̄ ≔
ffiffiffiffiffiffiffiffiffi
tþt−

p
; t� ≔ log10

μR�
μR

; ð65Þ

where μR is the initial renormalization scale and
μR� are the upper/lower renormalization scales
where a dimensionless scalar coupling hits a
Landau-pole instability. We impose tþ > 0.5 on
all points, i.e., one can run the points at least half
an order of magnitude up in energy without any
parameter blowing up. Note that some datasets
considered in the following sections have stricter
additional requirements implemented on t̄.

(c) We compute the one-loop ðμ2; ν2; τÞ position of
the vacuum and determine the shift from its
initial tree-level position. The test is repeated
after running the scalar parameters up half an
order of magnitude in scale with the RGEs in
Appendix C. As in [13], we require sufficient
stability of VEVs, because their shift translates
to shifts in one-loop effective scalar masses.
Since such a perturbativity test is fast to evaluate,
it is used as an initial perturbativity check before
the full one-loop spectrum is computed.

10Heavy scalar fields are those whose masses are not jσj–
proportional and they do not belong among the would-be Gold-
stone bosons or pseudo-Goldstone bosons.
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(d) The calculation of regularized effective masses
(see Appendix A in [13] for details) is not
reliable if the PGB masses are overly sensitive
to the mass used for these same PGBs inside the
loops. We test for this instability by performing
an iterative computation of PGB masses, and
then by comparing the converged (fixed-point)
PGB mass to the initial value. The criterion for
iterative convergence of PGBs is technically the
same as in [13].

If a point in the parameter space satisfies all the afore-
mentioned viability criteria, it is referred to as viable.
While the constraints 1 and 3 are purely theoretical, i.e.,
required for mathematical consistency or computational
stability, constraint 2 is phenomenological in nature. Note
also that since there is no unambiguous measure of
“perturbativity,” the constraints under point 3 are to some
degree arbitrary.
In addition to viability constraints, we also impose a limit

on the quality of the pretuning in the doublet sector,
cf. Sec. II B 2. Specifically, the lightest one-loop eigenvalue
in each of the blocks M2

126;one-loop and M2
10;one-loop of matrix

(36) is required to be at most of the size of two-loop
corrections, as was discussed in Sec. IVA. Technically,
the relevant 1-PL pretuning conditions are imposed by
demanding

S126 ≤ 1; S10 ≤ 1; ð66Þ

where the S tuning measures were defined in Eq. (63).
Taken all together, a candidate parameter point is

considered SM compatible if it is viable (satisfies the
general viability criteria of cases 1–3) and its doublets
are 1-PL pretuned [satisfying Eq. (66)]. We emphasize that
all the aforementioned criteria actually represent necessary
and not sufficient conditions: the perturbativity require-
ments (Δ̄ < 1 and tþ > 0.5) are rather mild in the sense that
any parameter point under “reasonable” perturbative control
should easily fulfil them, and the discarded points are only
those that are badly nonperturbative, while the pretuning
condition tacitly assumes that two-loop corrections properly
align. As we shall see from the results of numeric scans,
these necessary conditions already limit the parameter space
to very specific regions, which however are in strong tension
with stricter perturbativity requirements one might find
reasonable to impose (especially in the t̄ measure).

C. Input parameters and their ranges

A point in the parameter space of the model under
consideration is fully specified by providing the values of
the following set of quantities:

fg;ωR; jσj; χ; λR; jλCj; arg λC; τ0; ξ2; jξ02j; arg ξ02g; ð67Þ

where g is the unified gauge coupling, ωR, jσj and χ encode
the three relevant symmetry-breaking VEVs via Eqs. (12)
and (13), λR and λC are generic symbols for the 15 real and
14 complex dimensionless couplings in the scalar potential
of Eq. (2) and τ0, ξ, and ξ0 are their dimensionful counter-
parts related to the extra 10C, cf. Table II. The other potential
parameters μ2, ν2, and τ are related to those in the list of
Eq. (67) via the stationarity conditions in Eqs. (14)–(16). In
total, the list represents a real vector in a 51-dimensional
space to be explored.
Besides trivial limits on the values assumed by the

periodic parameters 0 ≤ argðλCÞ; argðξ02Þ < 2π, the follow-
ing perturbativity conditions have been imposed:

jχj; jλRj; jλCj < 1;

1 GeV < jτ0j; jξj; jξ0j < 10ωR; ð68Þ
along with the correct hierarchy of the physical scales
MZ < jσj < ωR < MPl (with MPl and MZ denoting the
Planck and the Z-boson mass, respectively).

D. Results of the numerical analysis

The searches for viable parameter points, as defined in
Sec. IV B, with various degrees of pretuning (as measured
by S126 and S10) were performed using the same methods
as in [13], namely the stochastic version of the differential
evolution algorithm [55] [version “DE=rand=1” with
randomly selected F ∈ ð0.5; 2Þ for every point]. Every
undesired feature or restriction on a parameter point was
implemented as a non-negative penalization. The algo-
rithm then iteratively improves upon generations of points
by constructing new candidates from the preceding gen-
eration. One can use the algorithm in two modes: (i) the
minimization mode, in which one tries to find the best
possible point with certain features, and (ii) the search
mode, where one accepts all newly found points with zero
penalization and thus explores the parameter space of
points with desired features.

1. A SM-compatible benchmark point

We first present in Table III a SM-compatible benchmark
point (BP), i.e., a point that is both viable and satisfies the
1-PL pretuning requirements S10 ≤ 1 and S126 ≤ 1 of
Eq. (66). It was obtained as the best point (with the lowest
S126) after a considerable computational effort of about 105

generations using differential evolution. While the basic
viability (as defined in Sec. IV B) and the S10 ≤ 1 criteria
were quickly satisfied in the course of minimization, it
turned out to be very difficult to satisfy S126 ≤ 1. Ultimately,
the minimal attained value corresponds to the BP at

SBP126 ¼ 0.915: ð69Þ

We remind the reader that S126 defines the level of 1-PL
pretuning in the M2

126 block of the doublet mass matrix in
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Eq. (36). The 1-PL pretuning difficulty in the 126 sector,
however, was not entirely unexpected given the obstructions
arising already for 0-PL pretuning in Sec. III. Note that the
value in Eq. (69) is not claimed to be the absolute minimum,
since the minimization was stopped manually for practical
(time) reasons. Nevertheless, given the clear convergence
trends in the spread of parameter values in successive
generations and the exponentially increasing difficulty in
finding better points as the search progressed, any further
improvement of the value quoted above—if it exists—
should be very small.
In any case, the benchmark point of Table III represents

an existence proof that SM-compatible points do in
principle exist. However, it is important to recall that the
imposed viability criteria of Sec. IV B are not very strict
regarding perturbativity; indeed, the corresponding t̄ per-
turbativity measure (65) attains a rather small value at the
BP, namely

t̄BP ¼ 0.38: ð70Þ

The RG flow of the scalar parameters thus hits a pole within
0.38 orders of magnitude around the GUT scale (up-down

average), which hardly provides confidence in the pertur-
bative stability of such a point. As it turns out, this is
actually a rather general pattern: attainability of the desired
level of fine-tuning in the doublet sector strongly correlates
with the regions of parameter space that are perturbatively
disfavored.

2. Tension between doublet fine-tuning and perturbativity

As the claim above is the central point of the current
study, it deserves a closer look and a more detailed
analysis. For that sake, we have used the DE algorithm
in search mode, i.e., as a tool for exploring the parameter
space with different penalization functions corresponding
to various thresholds of strictness in the imposed con-
straints, cf. Table IV.
All points accepted into the datasets are viable as defined

in Sec. IV B, but differ in the acceptance threshold either
for the level of doublet fine-tuning or for the level of their
perturbative stability. To this end, the dataset D in Table IV
is a mere reference sample with no further imposed
constraints on S10, S126, and t̄, and as such represents a
general map of the viable part of parameter space in the
45 ⊕ 126 ⊕ 10C model.11 The SðxÞ datasets for x ¼ 2.0,
1.5, and 1.0 conform to the 1-PL pretuning requirement in
the M2

10 block of Eq. (36) imposed by S10 ≤ 1, along with
an increasingly demanding constraint on the level of 1-PL
pretuning in the M2

126 block implemented via the corre-
sponding S126 ≤ x condition. In essence, such SðxÞ datasets
explore smaller and smaller neighborhoods around the
benchmark point of Table III. Finally, the dataset T defined
by t̄ ≥ 1 explores the parameter-space domains with
extended RG-flow perturbativity/stability.
Even a quick glance at Table IValready reveals a tension

between the T dataset and the SðxÞ datasets. Indeed, by
increasing the demands on the level of pretuning in M2

126

(corresponding to the progression from x ¼ 2.0 to x ¼ 1.0
in SðxÞ), the maximum attainable t̄ (reflecting the level of

TABLE IV. The computed datasets of parameter points along
with the constraints imposed on top of viability in each case. The
last column provides the resulting ranges of t̄ in the datasets.

Dataset # of points Constraints t̄ range

D 20000 Unconstrained 0.36–1.06
Sð2.0Þ 2000 S10 ≤ 1, S126 ≤ 2 0.34–0.49
Sð1.5Þ 2000 S10 ≤ 1, S126 ≤ 1.5 0.34–0.52
Sð1.0Þ 2000 S10 ≤ 1, S126 ≤ 1 0.34–0.41
T 20000 t̄ ≥ 1 1.00–1.20

TABLE III. Parameter input values for the SM-compatible
benchmark point. For the values of dimensionful parameters,
the “sign-log” function lgðxÞ ≔ signðxÞ · log10ðjxj=GeVÞ has
been employed.

Parameter Value Parameter Value

a0 0.096 arg κ02 1.917
a2 0.023 jζj 0.483
λ0 0.139 arg ζ 0.440
λ2 0.613 jζ0j 0.432
λ4 −0.735 arg ζ0 1.502
λ04 0.040 jρ00j 0.076
α −0.050 arg ρ00 1.841
β4 0.739 jψ0j 0.238
β04 −0.153 argψ0 0.003
jγ2j 0.286 jψ1j 0.177
arg γ2 1.978 argψ1 0.741
jη2j 0.355 jψ2j 0.658
arg η2 0.709 argψ2 1.502
h2 −0.379 jφj 0.016
h02 0.301 argφ 0.756
κ0 0.212 jφ0j 0.160
κ2 −0.457 argφ0 1.647
ρ0 −0.564 g 0.550
ρ2 −0.707 χ −0.873
jh3j 0.481 lgωR 14.752
arg h3 3.472 lg σ 11.082
jh4j 0.496 lg τ0 −15.706
arg h4 0.104 lg jξj 0.189
jκ00j 0.005 signξ2 þ1

arg κ00 1.369 lg jξ0j 10.853
jκ02j 0.008 arg ξ0 2.409

11The D dataset makes it also possible to compare the viable
parameter space regions between the current 45 ⊕ 126 ⊕ 10C
model and the simpler 45 ⊕ 126 setting studied previously in
Ref. [13], see Appendix A.
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perturbativity) is diminishing and never reaches above
t̄ ∼ 0.52.
The same effect is easily seen in Fig. 1, where each point

from the datasets is positioned according to its one-loop
“tuning capacity” R126 of Eq. (62) and the loop expansion
parameter η126 of Eq. (60). The color coding for points from
different datasets of Table IV in Fig. 1 and later plots is as
follows: the points of the unconstrained dataset D are
colored black, the dataset T with enhanced perturbativity is
colored green, while the datasets Sð2.0Þ, Sð1.5Þ, and Sð1.0Þ
with increased tuning attained in the doublet sector are
colored blue, magenta, and red, respectively.
Intuitively, the horizontal axis in Fig. 1 indicates how

large in relative terms the loop corrections are, while
the vertical axis quantifies how much the one-loop mass
of the light doublet in the M2

126 block is tuned compared to
the corresponding heavy eigenstate. The straight gray line in

the figure (corresponding to R126 ¼ η126) represents the
points where the one-loop mass of the light doublet is of the
size of a typical one-loop contribution, while the orange
curve labeled by η2 defines the upper boundary of the region
where the light doublet in M2

126 has been successfully 1-PL
pretuned down to the typical scale of two-loop effects. One
can see that with decreasing x the points of the SðxÞ datasets
are receding further and further away from the black bulk of
the unconstrained dataset D, in accordance with the S126 ≤
x limits depicted by the relevant x · η2 curves, cf. definition
in Eq. (63). Notice also that for smaller x the corresponding
SðxÞ conditions are fulfilled in gradually shrinking domains
moving to the right rather than down in the plot, which
means that the tuning of the light doublet mass in the M2

126

down to the desired level of typical two-loop effects is
achieved by enlarging the expected size of the loop
corrections η126 rather than suppressing the light eigenstate

FIG. 1. The plot compares the one-loop tuning ability R126 to the loop expansion parameter η126 for points in the datasets of Table IV.
On the vertical axis the ratio R126 determines the relative size of the smaller eigenvalue (i.e., the one to be suppressed as much as possible
upon pretuning) of the one-loopM2

126 block of the mass matrix in Eq. (36) as compared to the larger one. Physically, the lower limit on
R126 at around 0.08 indicates that the two eigenvalues of M2

126 cannot be separated arbitrarily, i.e., points cannot enter the gray region,
and hence the only way to attain the desired level of pretuning is to resort to large loop corrections. The estimate of the relative size of
such loop corrections (encoded in the η126 parameter) for any point in the plot is quantified by its horizontal coordinate. The typical
nontuned points are around the gray line R126 ¼ η126, while the properly tuned points satisfying S126 < 1 are below the orange-colored
η2 curve. The plot makes it clear that the more pretuning inM2

126 is imposed, the more to the right one has to push, and hence larger loop
corrections have to be invoked.
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mass. As a consequence, the desired level of fine-tuning in
M2

126 is attained only for relatively large η126 ≳ 0.28, i.e., at
the expense of significantly reduced perturbativity (i.e.,
small t̄) of the corresponding points. On the contrary, the
points with improved perturbative behavior (corresponding
to the T dataset with t̄ > 1) generally cluster in the η126 <
0.15 domain, hence indicating a fundamental clash among
the two criteria.
The noncompatibility of SðxÞ with T is also apparent

from the shape of the parameter space regions that support
each of these datasets, see Figs. 2–4. In particular, there is a
clear tension between the values of λ2, λ4, and jη2j, which
for the S-type datasets are generally driven towards
relatively large (absolute) values, while the same couplings
tend to be suppressed across the T dataset, cf. Fig. 2. This
pattern can be understood qualitatively as a consequence of
the complexity of the doublet-sector fine-tuning, which
generally requires a nontrivial conspiracy among certain
parameters; these, in turn, tend to assume values away from
their “natural” perturbativity domains in the vicinity of 0.
The tension is further illustrated in the λ2-λ4 plane in

Fig. 5, which not only depicts the strong anticorrelation of
the two parameters across all datasets (a feature that has
been observed already in the simplified 45 ⊕ 126 case of
Ref. [13]), but makes it very clear that the T and S regions
are fundamentally incompatible.
Let us conclude this section with a few more comments

concerning the results presented above, which may eluci-
date some further details of the underlying numerical
analysis:
(1) Gauge unification constraints along with perturba-

tivity push g, ωR, and σ into very narrow ranges,
cf. Figs. 2 and 4, thus fixing the unification scale and
to a large degree also the spectrum of the GUT-scale

gauge leptoquarks. A similar effect is observed for the
majority of the “old” dimensionless parameters of the
45 ⊕ 126 Higgs model of Ref. [13], cf. Fig. 2;
indeed, these parameters dominate the leading con-
tributions to the masses of most scalar fields in the
model, and are hence restricted by viability con-
straints even in the generic dataset D.

(2) On the other hand, most of the parameters specific to
the 10C extension in Fig. 3 stretch over relatively
large domains12—this should not be surprising,
since these parameters influence only a small part
of the tree-level spectrum [only the doublet and
triplet mass matrices of Eqs. (17) and (18) are
affected]. Similarly, the limited number of additional
degrees of freedom the extra 10C brings in should
not have a big impact on the shape of the RGEs for
the “old” scalar parameters, which play a major role
in the determination of the perturbative stability
domains.

(3) The tension between the viable parameter space
domains favored by the dataset T with enhanced
perturbative stability and the fine-tuned datasets
SðxÞ, cf. Figs. 2–4, is not limited to the aforemen-
tioned λ2–λ4–jη2j subset. Indeed, a similar (though
perhaps less pronounced) behavior is observed also
in χ, β04, κ2, jζj, jζ0j, and φ0.

(4) There is a relatively large qualitative difference
between the behavior of the τ0 parameter in the T
and D datasets as compared to the SðxÞ ones, in
which the doublet pretuning has been implemented,

FIG. 2. The ranges of the “old” dimensionless scalar parameters from Table II (i.e., those appearing already in the 45 ⊕ 126 Higgs
model of Ref. [13]) along with the universal VEV ratio χ of Eq. (13) for different datasets defined in Table IV. The same general color
scheme as in Fig. 1 has been adopted, with decreasing color opacities representing the 1-, 2-, and 3-σ highest density intervals (HDIs) for
each quantity. In the Bayesian interpretation these would correspond to HDIs of marginal probability distributions in a single parameter
when the sampling of acceptable regions is performed by the differential evolution algorithm. The values corresponding to the
benchmark point in Table III are marked by a red cross.

12This behavior, however, is not entirely universal, as some of
the new parameters such as φ and φ0 still turn out to be quite
constrained.
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cf. Fig. 4. This is a mere consequence of the
additional algebraic constraint implemented in the
M2

10 block of the doublet mass matrix of Eq. (36) in
the latter case.

(5) The phases of the complex parameters (such as η2,
γ2, etc.) are not displayed in Figs. 2 and 3, because
the values they assume are not critical to the key
observations made above. Nevertheless, as shown
in Fig. 6, they are not entirely insensitive to the
stringent pretuning constraints imposed in the dou-
blet sector and interesting correlations may emerge,
especially for the SðxÞ datasets with small x.

V. CONCLUSIONS

The renormalizable SO(10) model with the 45 ⊕ 126 ⊕
10C Higgs sector (with C denoting complexification of the
relevant representation) has all the features to be considered
minimal of its kind, and at the same time potentially
realistic. The 45 ⊕ 126 part of its scalar sector is sufficient
to implement the desired GUT symmetry breaking down to
the SM level, whilst the realistic Yukawa sector fits are
known to be possible with 126 ⊕ 10C at play.
In practice, however, the model is rather complicated to

work with because of the general tachyonic instability of its
tree-level scalar spectrum encountered along all physically
viable symmetry breaking chains; this in turn makes it
purely quantum in nature and calls for a detailed approach
with loop corrections taken into account. Moreover, the
recent thorough one-loop analysis [13] (focusing on the
45 ⊕ 126 part of the scalar sector) revealed that in major
parts of its parameter space the underlying Higgs model
suffers from perturbativity issues, which can be alleviated
only in a very specific regime featuring an intermediate
SUð4ÞC × SUð2ÞL × Uð1ÞR symmetry stage with the GUT
scale localized below 1015 GeV.
Remarkably enough, even with such a low scale

governing the d ¼ 6 baryon number violating processes,

FIG. 3. The HDIs (same conventions as in Fig. 2) for the new dimensionless scalar parameters specific to the model with the added
10C, cf. Table II.

FIG. 4. The HDIs (same conventions as in Fig. 2) for the
dimensionful input parameters.

FIG. 5. The correlation plot in the inputs λ2 and λ4 for the
datasets of Table IV. Enhanced perturbativity (the T dataset) and
1-PL pretuning (the Sð1.0Þ dataset) are incompatible.
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one should be very careful with discarding the 45 ⊕ 126
type of models on the basis of their alleged incompatibility
with existing proton lifetime limits for at least three
reasons: in [13] (i) the position of the GUT scale quoted
above has been estimated only at the lowest nontrivial
order of perturbative expansion; (ii) the possible effects of
the additional 10C present in the minimal potentially
realistic setup have not been taken into account; and
(iii) little attention has been paid to the special regions in
the parameter space which may support accidentally light

thresholds in the GUT desert with a potentially large
impact on MGUT, cf. [3,4].
In the current analysis, we carefully addressed points (i)

and (ii) above and revealed a remarkable feature of the
full 45 ⊕ 126 ⊕ 10C setting that makes the concern
(iii) entirely obsolete. In particular, we argued that in the
perturbative regime the model cannot accommodate a
sufficiently large component of the 126 scalar admixed
within the SM Higgs doublet; hence, realistic fits of the
quark and lepton masses and mixings are inconceivable at
the perturbative level in the 45 ⊕ 126 ⊕ 10C scenario. This
important observation, hinted at semianalytically already
by the doublet mass matrix at tree level (once the one-loop
parameter ranges from [13] are taken into account), is fully
supported by a detailed numerical analysis of its quantum-
level structure.
Beyond the specific GUT model under consideration,

this study further illustrates the general importance of
quantum corrections in models with a large number of
degrees of freedom. Perturbativity considerations of the
type implemented in this paper greatly restrict the domain
where the model is calculable, and may in fact be
incompatible with the set of other demands or limitations
imposed on the model (such a fine-tuning).
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APPENDIX A: COMPARING THE FULL MODEL
WITH THE HIGGS MODEL

In this appendix, we compare the shape of the viable
parameter space of the 45 ⊕ 126 Higgs model from [13]
with that of the full SO(10) model 45 ⊕ 126 ⊕ 10C studied
in this paper.
The full model includes an additional complexified

representation 10C in the scalar sector, and hence new
couplings in the scalar potential; for a full list of parameters
see Table II. Moreover, unlike in the previous study [13],
where the gauge coupling RG analysis has been done at the
one-loop level, the unification constraints in the current
study have been implemented at two loops.13 Nevertheless,
since 10C is a small representation that is not involved in

FIG. 6. Correlations of the phases of two selected pairs of
complex parameters (γ2-η2 at the top and ζ-ζ0 at the bottom) in the
SðxÞ datasets of Table IV. Note that points from the datasetsD and
T are not shown, since the phases there are uniformly distributed
over the entire ½0; 2πÞ interval and no interesting correlations
emerge.

13Note that in this two-loop unification analysis, the SUð2ÞL
doublets are assumed to have been successfully fine-tuned, and
thus their masses are set to correspond to the physically desired
setup: one light eigenstate is identified with the SM Higgs,
another lies at around the σ scale, while the remaining two have
masses near the GUT scale.
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the symmetry breaking, and since the contributions driven
by the parameters which are shared by both variants
(namely, those of the 45 ⊕ 126 sector, cf. Table II) domi-
nate most of the tree-level scalar masses, it has always been
implicitly assumed in previous analyses that the corre-
sponding regions of the viable parameter space of the two
model variants is very similar, with perhaps only minor
quantitative differences. With the results of the current
study at hand, this proposition can now be tested.
In practice we compare the dataset B composed of the

viable parameter-space points of the 45 ⊕ 126 Higgs
model [13] (labeled Bþ therein) with the dataset D of
the viable points of the full 45 ⊕ 126 ⊕ 10C model
discussed in Sec. IV D 2. At the technical level, these
two datasets are compared in Table V.
In analogy to Sec. IV D 2, we display the HDI ranges for

the common parameters of the two scenarios of interest
(i.e., those parameters denoted as “old” in Table II along
with the ratio χ, and the VEVs jσj and ωR) in Fig. 7. Note
that one can view the 45 ⊕ 126 Higgs model as a special
case of the full 45 ⊕ 126 ⊕ 10C setting with all the “new”
parameters set to zero.
One can see that the salient features of the new datasetD

are practically identical to those of the old dataset B; hence,
their understanding developed in [13] is readily applicable
also to the model with 10C of this study.

There are, however, some minor differences that are
worth commenting on:
(1) The VEVs ωR and σ and coupling g: The quantities

ωR, jσj, and g are essentially determined by the
gauge coupling unification pattern, so small shifts in
these parameters between the B and D dataset are
expected due to the upgrade from one- to two-loop
RGEs. According to [29], the GUT scale (and thus
ωR) is expected to decrease for the two-loop case,
which is indeed seen in Fig. 7. Interestingly, the
slight increase in jσj asserted in [29] is not repro-
duced here; rather a slight tendency for its decrease
is observed. This can be tracked down to the
threshold effects associated to the pretuned doublet
at the intermediate scale of the D dataset, which
counteract the generic behavior predicted by [29].

(2) The “old” parameters: Interestingly, the spread in
all the “old” dimensionless parameters of Table II as
well as in the ratio χ and the VEV jσj tend to shrink
in theD dataset (as compared toB of [13]), cf. Fig. 7.
This may sound a bit counterintuitive, since the new
couplings, due to the extra 10C in the full model,
might be expected to help with countering large
perturbative corrections, thus presumably extend-
ing these ranges. It turns out though that two-loop
gauge unification in combination with tachyonicity
and perturbativity constraints actually leads to more
stringent restrictions. The central values of the
“old” parameters remain largely unchanged, small
shifts are seen only in a2, β04, and γ2.

(3) Phases of complex parameters: The distributions of
the phases arg η2 and arg γ2 across both the B and D
datasets, cf. Tables IV and V, are almost uniform
over the entire ½0; 2πÞ domain and, hence, they have
been omitted from the plots.

TABLE V. Comparison of the B and D datasets containing
viable points within the two variants of the model as discussed in
[13] and in the current study.

Dataset # of points Scalar content Gauge RGEs

B of [13] 30000 45 ⊕ 126 One-loop
D 20000 45 ⊕ 126 ⊕ 10C Two-loop

FIG. 7. The 1-, 2-, and 3-σ HDI ranges (distinguished by decreasing opacity) of the old dimensionless scalar parameters with ratio χ
(left panel) and VEVs ωR, σ (right panel) for datasets B and D.
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APPENDIX B: TWO-LOOP GAUGE
UNIFICATION CONSTRAINTS

The requirement of unification of gauge couplings at
MGUT is implemented for any given point in the parameter
space via the standard goodness-of-fit χ2 measure applied
to the values of the three SM running gauge couplings
evolved from the common GUT-scale value g down to the
electroweak scale. This evolution is governed by the
relevant two-loop RG flow passing through several thresh-
olds corresponding to a sequence of effective theories,
which in the ωBL → 0 limit (and for jσj ≪ jωRj) can be
written as

T 10⟶
MGUTT 421þ⟶

MPGBT 421⟶
Mσ T 321; ðB1Þ

where MGUT > MPGB > Mσ denote the three crucial
matching scales around which various heavy fields are
integrated out, cf. Table VI. Note that the gauge structure
changes only at MGUT and Mσ, where the heavy gauge
fields effectively disappear, but there is no such change at
MPGB, where only the scalar PGBs drop from the spectrum.
The details of the entire procedure are summarized below in
three subsections: the structure of the four effective theories
of Eq. (B1) and the RGEs for the corresponding gauge
couplings are given in Appendix B 1, the matching con-
ditions in Appendix B 2, and the details of their practical
implementation in Appendix B 3.

1. Two-loop RGEs for gauge couplings

In an effective field theory with the gauge symmetry
composed of N factors G1 ×G2 ×… ×GN [with at most
one Uð1Þ involved], while the fermions and scalars are
in irreducible representations Ff and Ss, the two-loop

evolution equations for the gauge couplings gi (i ¼ 1…N)
can be written as [29,56]

d
dt
α−1i ¼ −

1

2π

�
ai þ

1

4π

XN
j¼1

bijαj −
1

16π2
X
f

ηFf
YðiÞ
4 ðFfÞ

�
;

ðB2Þ

where αi ¼ g2i =4π and

t ¼ log

�
μR
MZ

�
; ðB3Þ

with μR denoting the renormalization scale. The one- and
two-loop coefficients ai and bij are defined as

ai ¼ −
11

3
CiðGiÞ þ

1

3

X
s

ηSsDiðSsÞ þ
2

3

X
f

ηFb
DiðFfÞ;

ðB4Þ

bij ¼ 4
X
s

ηSsDiðSsÞCjðSsÞ þ 2
X
f

ηFf
DiðFfÞCjðFfÞ

þ δij

�
−
34

3
CiðGiÞ2 þ

2

3

X
s

ηSsDiðSsÞCiðGiÞ

þ 10

3

X
f

ηFf
DiðFfÞCiðGiÞ



: ðB5Þ

In the sums above, the indices f and s run over all
fermionic and scalar representations involved, Di and Ci
label the Dynkin index and quadratic Casimir with respect
to the gauge factor Gi of the representation in their
arguments, ηS ¼ 1

2
or 1 for real or complex scalars and

TABLE VI. The sequence of different effective-theory stages defining the two-loop RG evolution of gauge couplings from the GUT
scale down to the EW scale. For each stage the labels of the corresponding gauge couplings are listed along with the relevant fermionic
and scalar degrees of freedom [cf. Eqs. (B6)–(B10)], as well as the one- and two-loop beta coefficients ai and bij.

Theory Symmetry Couplings Fermions Scalars ai bij

T 10 SO(10) (α10) 3 × 16F 45R ⊕ 126C ⊕ 10C (−12) ð3223
2
Þ

T 421þ SUð4ÞC × SUð2ÞL × Uð1ÞR ðαC; αL; αRÞ 3 × F421 S421 ⊕ S421þ ð− 19
3
;− 1

3
; 10Þ 0

B@
1019
6

57
2

43
2

285
2

143
3

8
645
2

24 51

1
CA

T 421 SUð4ÞC × SUð2ÞL × Uð1ÞR ðαC; αL; αRÞ 3 × F421 S421 ð−7;− 2
3
; 10Þ 0

B@
265
2

57
2

43
2

285
2

115
3

8
645
2

24 51

1
CA

T 321 SUð3Þc × SUð2ÞL × Uð1ÞY ðαc; αL; α1Þ 3 × F321 S321 ð−7;− 19
6
; 41
10
Þ 0

B@
−26 9

2
11
10

12 35
6

9
10

44
5

27
10

199
50

1
CA
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ηF ¼ 1
2
or 1 for Weyl or Dirac fermions, respectively. The

specific values of ai and bij for different effective theories
in the chain of Eq. (B1) are given in Table VI, with a few
accompanying definitions (B6)–(B10) provided below:

F421 ≡ ð4; 2; 0Þ ⊕
�
4̄; 1;þ 1

2

�
⊕
�
4̄; 1;−

1

2

�
; ðB6Þ

F321 ≡
�
3; 2;

1

6

�
⊕
�
3̄; 1;−

2

3

�
⊕
�
3̄; 1;þ 1

3

�
⊕

⊕
�
1; 2;−

1

2

�
⊕ ð1; 1;þ1Þ; ðB7Þ

S421≡ð10;1;−1ÞC⊕
�
15;2;þ1

2

�
C
⊕
�
1;2;þ1

2

�
C
; ðB8Þ

S421þ ≡ ð1; 3; 0ÞR ⊕ ð15; 1; 0ÞR; ðB9Þ

S321 ≡
�
1; 2;þ 1

2

�
C
: ðB10Þ

The Yukawa contribution YðiÞ
4 ðFfÞ in Eq. (B2) is

computed via [29]

YðiÞ
4 ðFfÞ ¼

X
y

Tr½CiðFfÞYyY
†
y�= dimðGiÞ; ðB11Þ

where the sum runs over all Yukawa matrices in the theory
(indexed by y), and the trace has to be taken over all gauge
and family indices. To avoid unnecessary complication
with Yukawa matching, and assuming the full dominance
of the top Yukawa coupling yt, the last term in Eq. (B2) is
approximated by

X
f

ηFf
YðiÞ
4 ðFfÞ ¼ b̃iy2t ; ðB12Þ

with b̃i ¼ f2; 3
2
; 17
10
g for the T 321 stage and b̃i ¼ f2; 2; 2g

for the T 421 and T 421þ stages. For the same reason the
running of the yt parameter is approximated by a purely
SM-like evolution

d
dt

yt ¼
1

16π2
9

2
y3t −

1

4π
yt
X

i∈fc;L;1g
ãiαi; ðB13Þ

where fαc; αL; α1g are the three SM gauge coupling factors
(calculated in the T 421 and T 421þ stages from the values of
fαC; αL; αRg as α−11 ¼ 3

5
α−1R þ 2

5
α−1C and α−1c ¼ α−1C ) and

fãc; ãL; ã1g ¼ f8; 9
4
; 17
20
g. Several additional remarks are

noteworthy here:
(1) Since the procedure of top-down unification starts at

MGUT, the a and b factors for the unified theory T 10

are not needed. We provide them regardless for
completeness.

(2) The representations listed in Eqs. (B6)–(B10) are
written in notation appropriate for the symmetry at
that stage. The index R or C for a scalar represen-
tation denotes whether it carries real or complex
degrees of freedom, respectively.

(3) The presence of the scalar set S421 [cf. Eq. (B8)] in
the T 421 and T 421þ stages is consistent with the
extended survival hypothesis. Indeed, the breakdown
of SUð4ÞC proceeds through the first [SUð2ÞL-
singlet] representation therein, whilst the latter two
multiplets [SUð2ÞL doublets] accommodate the SM
Higgs doublet, cf. Sec. II B. The extra S421þ scalars
present at the T 421þ stage are the PGBs.

(4) T 321 is the usual Standard Model that includes one
Higgs doublet. Note that the hypercharges in
Eqs. (B7) and (B10) refer to the values of Y in
the usual SM normalization (with Q ¼ T3

L þ Y),
while the traditional GUT normalization with α1 ¼
5
3
αY is used for the a and b coefficients in Table VI.

(5) The approximate treatment of Yukawa contributions
via Eqs. (B12) and (B13) is justified by noting their
minuscule effect on unification. In particular, in a
top-down fit of the low energy gauge coupling data,
switching on separately the gauge and Yukawa part
of the two-loop RGE induces a relative change of
1.5% and 10−4, respectively, in the log of the GUT
scale [in the quantity log10ðMGUT=GeVÞ] compared
to the fit with one-loop RGE. The Yukawa contri-
bution in Eq. (B2) is thus a negligible part of the
two-loop RGE upgrade, and hence the details of its
treatment have little impact on the current analysis.

2. Matching conditions for gauge couplings

At each of the symmetry-breaking steps defined in
Table VI, the gauge couplings associated to the higher-
scale gauge symmetry G ¼ G1 ×G2 ×… × GN (encoded
in αj ≡ g2j=4π with j ¼ 1…N) must be matched to those of
the lower-scale effective theory with the gauge structure
G̃ ¼ G̃1 × G̃2 ×… × G̃M (and couplings α̃i, i ¼ 1…M).
The corresponding matching conditions then read14 [56–58]

α̃−1i ðμRÞ ¼
XN
j¼1

cijα−1j ðμRÞ − 4πλiðμRÞ; ðB14Þ

where μR is the matching scale, the cij ∈ R coefficients are
determined by the embedding of G̃ into G (see Table VII),
and the one-loop threshold factors λi are defined as

14Here it is implicitly assumed that there is at most one Abelian
factor among the Gjs, and at most one among G̃is. This ensures
that there is no kinetic mixing between different U(1), which
simplifies the situation significantly.
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λiðμRÞ ¼
1

8π2

�X
g

D̃iðVgÞ
�
1

6
−
11

3
log

MVg

μR

�

þ 4

3

X
f

ηFf
D̃iðFfÞ log

MFf

μR

þ 1

3

X
s

ηSsD̃iðSsÞ log
MSs

μR



: ðB15Þ

Here the sums over g, f, and s, respectively, run over all
irreducible representations (of the G̃ symmetry) containing
massive gauge bosons Vg, fermions Ff, and scalars Ss that
are integrated out at μR. The ηFf

and ηSs coefficients are

defined as in Eqs. (B4) and (B5) and D̃i are Dynkin indices
relative to the G̃i factor in G̃. The MVg

, MFf
, and MSs

quantities in arguments of logs denote the (tree-level)
masses of the corresponding fields; the would-be
Goldstone bosons are formally included with a mass equal
to the mass of the associated gauge fields. More specific
information on the elements entering the formulas above at
different matching scales is given in Table VII.
Note that the threshold corrections λi effectively take into

account the details of the spectrum of the fields integrated
out around the matching scale μR, which is in principle
arbitrary (as long as it is not far from the typical mass scale
of the fields being integrated out), since its specific position
influences the result only at next order in the perturbative
expansion. The details of determination of the matching
scales MGUT, MPGB, and Mσ are given in Sec. B 3.

3. Implementation of the two-loop gauge
unification constraints

For the sake of explicitness, a short note on the practical
implementation of two-loop gauge unification constraints
is provided in the form of a step-by-step procedure, which
is applied to every parameter-space point from the numeri-
cal scans described in Sec. IV:

(1) The unification-scale value of the unified gauge
coupling is called g and it is one of the inputs. Then
MGUT is calculated as the barycenter of the ωR-
proportional dominant terms of the tree-level gauge
boson masses:

MGUT ¼
ffiffiffiffiffi
8

13

r
gωR: ðB16Þ

The GUT-scale initial condition for the top
quark Yukawa coupling is always taken to be
ytðMGUTÞ ¼ 0.494, which is the value obtained from
the bottom-up yt running in the SM (at one loop)
to 1015 GeV.

(2) Match T 10 → T 421þ at MGUT, including threshold
corrections.

(3) Run ðαC; αL; αRÞ and yt in the T 421þ framework
from MGUT to the pseudo-Goldstone-boson scale
MPGB, which is defined as the weighted average of
the PGB masses:

MPGB ¼
P

XdXMXP
XdX

; ðB17Þ

where the sum goes over all PGB multiplets X
(cf. row 2 of Table VII), while dX andMX denote the
size (in terms of real degrees of freedom) and mass
of X, respectively.

(4) Match T 421þ → T 421 at MPGB, including threshold
corrections.

(5) Run ðαC; αL;αRÞ and yt in the theory T 421 from
MPGB to the seesaw scale Mσ. The scale Mσ is
determined as the barycenter of σ-proportional tree-
level gauge boson masses, i.e.,

Mσ ¼
ffiffiffiffiffi
22

7

r
gjσj: ðB18Þ

TABLE VII. The inputs of the matching conditions in Eqs. (B14) and (B15) when transitioning from the theory T to T̃ at the matching
scale μR. The cij coefficients entering Eq. (B14) and the fields to be integrated out at μR [i.e., those that contribute to the threshold
corrections in Eq. (B15)] are given for each transition in the effective-theory chain of Eq. (B1). The index C=R reflects the complex/real
nature of the scalars in the relevant representation, while GC=GR and WGBC=WGBR indicate complexity/reality of gauge bosons and
the corresponding scalar WGBs, respectively.

μR T → T̃ cij Fields to integrate out

MGUT T 10 → T 421þ
 
1

1

1

! ð6; 2;þ 1
2
ÞGC

⊕ ð1; 1;þ1ÞGC
⊕ ð6; 2;þ 1

2
ÞWGBC

⊕ ð1; 1;þ1ÞWGBC
,

ð10; 1;þ1ÞC ⊕ ð10; 1; 0ÞC ⊕ ð10; 3; 0ÞC ⊕ ð15; 2;− 1
2
ÞC ⊕ ð6; 1; 0ÞC ⊕ ð6; 1; 0ÞC ⊕

ð1; 2;þ 1
2
ÞC

MPGB T 421þ → T 421

0
@ 1 0 0

0 1 0

0 0 1

1
A ð1; 3; 0ÞR ⊕ ð15; 1; 0ÞR

Mσ T 421 → T 321

0
@ 1 0 0

0 1 0
2
5

0 3
5

1
A ð3; 1;þ 2

3
ÞGC

⊕ ð1; 1; 0ÞGR
⊕ ð3; 1;þ 2

3
ÞWGBC

⊕ ð1; 1; 0ÞWGBR
, ð6̄; 1;− 1

3
ÞC ⊕ ð1; 1; 0ÞR ⊕

ð8; 2;þ 1
2
ÞC ⊕ ð3̄; 2;− 1

6
ÞC ⊕ ð3; 2;þ 7

6
ÞC ⊕ ð1; 2; 1

2
ÞC
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(6) Match T 421 → T 321 at Mσ, including threshold
corrections.

(7) Run ðαc; αL;α1Þ and yt in the theory T 321 from Mσ

to the Z-boson mass MZ ¼ 91.19 GeV [59].
(8) Calculate χ2 based on the computed gauge couplings

αcðMZÞ; αLðMZÞ; α1ðMZÞ compared to their exper-
imental values [60–64]

α−1c ðMZÞ ¼ 8.550� 0.065; ðB19Þ

α−1L ðMZÞ ¼ 29.6261� 0.0051; ðB20Þ

α−11 ðMZÞ ¼ 59.1054� 0.0031: ðB21Þ

A value of χ2 ≤ 9 is required for the parameter space
point to pass the unification test without penalization.
Note that the procedure above assumes a spectrum where

doublet fine-tuning has been hypothetically achieved along
the lines of Sec. IVA. In that case, out of the four SM-
doublet scalars ð1; 2;þ 1

2
Þ in the model, two have masses

around the unification scale MGUT, one has a mass around
the seesaw scaleMσ, and the remaining mass is at the level
of the SM Higgs. For that sake, we fix the corresponding
masses by hand to

MS

�
1; 2;þ 1

2

�
4

¼ MS

�
1; 2;þ 1

2

�
3

¼ MGUT; ðB22Þ

MS

�
1; 2;þ 1

2

�
2

¼ Mσ10
z=2; ðB23Þ

MS

�
1; 2;þ 1

2

�
1

¼ 125 GeV; ðB24Þ

where the newly introduced parameter z [assuming random
values in the ð−1; 1Þ interval] models the possible offsets of
the mass of the ð1; 2;þ 1

2
Þ2 scalar around theMσ scale. The

specific choice of z does not influence the results of the
current study in any appreciable way.

APPENDIX C: β FUNCTIONS OF SCALAR
COUPLINGS OF THE 45 ⊕ 126 ⊕ 10C MODEL

The list of one-loop β functions of all dimensionless
couplings governing the scalar potential of the 45 ⊕ 126 ⊕
10C model (i.e., the D ¼ 0 couplings of Table II) is given
below. The computation was performed using the effective
potential method described in Appendix C of Ref. [13].
The β functions for the real couplings of the “old” setting

of Table II [i.e., those entering the V45, V126, and Vmix terms
of Eq. (2)], extended for the presence of 10C, read

16π2βa0 ¼ 126α2 þ 56αβ4 þ 112αβ04 þ 424a20 þ 152a0a2 þ 12a22 þ
33

2
β24 þ 26β4β

0
4 þ 106β024

− 56jγ2j2 þ 12jζj2 þ 12jζ0j2 þ 10κ20 þ 4κ0κ2 þ 40jκ00j2 þ 8κ00κ
0�
2 þ 8κ0�0 κ

0
2 þ

9

2
g4 − 96a0g2; ðC1Þ

16π2βa2 ¼ 96a0a2 þ 76a22 − 5β24 þ 60β4β
0
4 − 100β024 þ 560jγ2j2 − 24jζj2 − 24jζ0j2 þ 4κ22 þ 16jκ02j2 þ 3g4 − 96a2g2; ðC2Þ

16π2βλ0 ¼ 90α2 þ 40αβ4 þ 80αβ04 þ 10β24 þ 80β024 þ 520λ20 þ 2440λ0λ2 þ 2680λ0λ4 þ 4960λ0λ
0
4

þ 3460λ22 þ 7880λ2λ4 þ 12320λ2λ
0
4 þ 4660λ24 þ 13280λ4λ

0
4 þ 16960λ024 þ 10ρ20 þ 10ρ0ρ2

þ 40jρ00j2 þ 5ρ22 þ 3840jφj2 þ 3840jφ0j2 þ 135

2
g4 − 150λ0g2; ðC3Þ

16π2βλ2 ¼ −4β24 − 32β024 − 32jγ2j2 − 1264jη2j2 þ 24λ0λ2 − 180λ22 − 584λ2λ4 − 160λ2λ
0
4 − 656λ24

− 800λ4λ
0
4 − 2560λ024 − ρ22 − 4jψ0j2 − 2jψ1j2 − 4jψ2j2 − 1408jφj2 − 1408jφ0j2 − 24g4 − 150λ2g2; ðC4Þ

16π2βλ4 ¼ 2β24 þ 16β024 þ 32jγ2j2 þ 1328jη2j2 þ 24λ0λ4 þ 16λ22 þ 112λ2λ4 þ 128λ2λ
0
4 þ 268λ24

þ 640λ4λ
0
4 þ 1408λ024 þ 4jψ0j2 þ 2jψ1j2 þ 4jψ2j2 þ 768jφj2 þ 768jφ0j2 þ 12g4 − 150λ4g2; ðC5Þ

16π2βλ0
4
¼ 4β4β

0
4 − 4β024 þ 32jη2j2 þ 24λ0λ

0
4 − 4λ22 − 8λ2λ4 − 16λ2λ

0
4 þ 4λ24 þ 112λ4λ

0
4 − 240λ024

− 416jφj2 − 416jφ0j2 − 3g4 − 150λ04g
2; ðC6Þ
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16π2βα ¼ 8α2 þ 508αλ0 þ 1220αλ2 þ 1340αλ4 þ 2480αλ04 þ 376αa0 þ 80a0β4 þ 160a0β04 þ 76αa2

þ 16a2β4 þ 32a2β04 þ 4β24 þ 16β4β
0
4 þ 112β4λ0 þ 272β4λ2 þ 288β4λ4 þ 512β4λ

0
4 þ 144β024

þ 224β04λ0 þ 544β04λ2 þ 576β04λ4 þ 1024β04λ
0
4 þ 64jγ2j2 þ 20κ0ρ0 þ 10κ0ρ2

þ 40κ00ρ
0�
0 þ 40κ0�0 ρ

0
0 þ 4κ2ρ0 þ 2κ2ρ2 þ 8κ02ρ

0�
0 þ 8κ0�2 ρ

0
0 þ 12g4 − 123αg2; ðC7Þ

16π2ββ4 ¼ 16αβ4 þ 16a0β4 þ 16a2β04 þ 48β24 þ 80β4β
0
4 þ 4β4λ0 − 8β4λ2 þ 32β4λ4 þ 16β4λ

0
4

þ 16β024 þ 16β04λ2 þ 48β04λ4 þ 640β04λ
0
4 þ 64jγ2j2 þ 24jζj2 þ 96ζφ� þ 96ζ�φþ 24jζ0j2

þ 96ζ0φ0� þ 96ζ0�φ0 þ 12g4 − 123β4g2; ðC8Þ

16π2ββ0
4
¼ 16αβ04 þ 16a0β04 þ 2a2β4 − 4a2β04 − β24 − 28β4β

0
4 þ 2β4λ2 þ 6β4λ4 þ 80β4λ

0
4

− 124β024 þ 4β04λ0 − 12β04λ2 þ 20β04λ4 − 144β04λ
0
4 þ 16jγ2j2 − 48ζφ� − 48ζ�φ

− 48ζ0φ0� − 48ζ0�φ0 − 3g4 − 123β4
0g2; ðC9Þ

while those for the “old” complex couplings get extended to

16π2βγ2 ¼ 16αγ2 þ 16a0γ2 þ 36a2γ2 þ 28β4γ2 þ 56β04γ2 þ 4γ2λ0 þ 40γ2λ2 þ 180γ2λ4

þ 160γ2λ
0
4 þ 440γ�2η2 þ 12ζζ0 þ 2κ2ψ1 þ 4κ02ψ0 þ 4κ0�2 ψ2 − 123γ2g2; ðC10Þ

16π2βη2 ¼ 16γ22 þ 24η2λ0 þ 160η2λ2 þ 600η2λ4 þ 640η2λ
0
4 þ 4ψ0ψ2 þ ψ2

1 − 150η2g2: ðC11Þ

For the “new” real couplings of Table II one has

16π2βh2 ¼ 56h22 þ 16h2h02 þ 16h022 þ 72jh3j2 þ 64jh4j2 þ 90κ20 þ 36κ0κ2 þ 10κ22 þ 32jκ02j2

þ 126ρ20 þ 126ρ0ρ2 þ 49ρ22 þ 140jψ0j2 þ 56jψ1j2 þ 140jψ2j2 þ
15

8
g4 − 54h2g2; ðC12Þ

16π2βh0
2
¼ 24h2h02 þ 40h022 þ 36jh3j2 þ 224jh4j2 þ 180jκ00j2 þ 36κ00κ

0�
2 þ 36κ0�0 κ

0
2 þ 8κ22

þ 4jκ02j2 þ 252jρ00j2 −
35

2
ρ22 − 14jψ0j2 þ 70jψ1j2 − 14jψ2j2 þ

3

2
g4 − 54h20g2; ðC13Þ

16π2βκ0 ¼ 252αρ0 þ 126αρ2 þ 376a0κ0 þ 72a0κ2 þ 76a2κ0 þ 8a2κ2 þ 56β4ρ0 þ 28β4ρ2

þ 112β04ρ0 þ 56β04ρ2 − 28γ2ψ
�
1 − 28γ�2ψ1 þ 84jζj2 þ 84jζ0j2 þ 44h2κ0 þ 8h2κ2

þ 8h02κ0 þ 48h3κ0�0 þ 8h3κ0�2 þ 48h�3κ
0
0 þ 8h�3κ

0
2 þ 8κ20 þ 32jκ00j2 þ 4κ22 þ 16jκ02j2 þ

3

2
g4 − 75g2κ0; ðC14Þ

16π2βκ2 ¼ 16a0κ2 þ 36a2κ2 þ 140γ2ψ
�
1 þ 140γ�2ψ1 − 84jζj2 − 84jζ0j2 þ 4h2κ2 þ 8h02κ2

þ 8h3κ0�2 þ 8h�3κ
0
2 þ 16κ0κ2 þ 32κ00κ

0�
2 þ 32κ0�0 κ

0
2 þ 20κ22 þ 80jκ02j2 þ

9

2
g4 − 75κ2g2; ðC15Þ

16π2βρ0 ¼ 180ακ0 þ 36ακ2 þ 40β4κ0 þ 8β4κ2 þ 80β04κ0 þ 16β04κ2 þ 24jζj2 þ 44h2ρ0

þ 20h2ρ2 þ 8h02ρ0 þ 8h02ρ2 þ 48h3ρ0�0 þ 48h�3ρ
0
0 þ 508λ0ρ0 þ 252λ0ρ2 þ 1220λ2ρ0

þ 692λ2ρ2 þ 1340λ4ρ0 þ 788λ4ρ2 þ 2480λ04ρ0 þ 1232λ04ρ2 þ 4ρ20 þ 16jρ00j2 þ 4ρ22

þ 24jψ1j2 þ 96jψ2j2 þ 9984jφj2 þ 1536jφ0j2 þ 15

2
g4 − 102ρ0g2; ðC16Þ

16π2βρ2 ¼ −24jζj2 þ 24jζ0j2 þ 4h2ρ2 − 8h02ρ2 þ 4λ0ρ2 − 164λ2ρ2 − 236λ4ρ2 þ 16λ04ρ2
þ 8ρ0ρ2 þ 4ρ22 þ 96jψ0j2 − 96jψ2j2 − 8448jφj2 þ 8448jφ0j2 − 102ρ2g2; ðC17Þ
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and, similarly, for the “new” complex ones

16π2βh4 ¼ 24h2h4 þ 96h02h4 þ 18h23 þ 90κ020 þ 36κ00κ
0
2 þ 18κ022 þ 126ρ020 þ 126ψ�

0ψ2 − 54h4g2; ðC18Þ

16π2βh3 ¼ 72h2h3 þ 72h02h3 þ 144h�3h4 þ 180κ0κ
0
0 þ 36κ0κ

0
2 þ 36κ00κ2 þ 36κ2κ

0
2 þ 252ρ0ρ

0
0

þ 126ρ00ρ2 þ 126ψ�
0ψ1 þ 126ψ�

1ψ2 − 54h3g2; ðC19Þ
16π2βκ0

0
¼ 252αρ00 þ 376a0κ00 þ 72a0κ02 þ 76a2κ00 þ 8a2κ02 þ 56β4ρ

0
0 þ 112β04ρ

0
0 − 28γ2ψ

�
0

− 28γ�2ψ2 þ 84ζζ0� þ 4h2κ00 þ 40h02κ
0
0 þ 8h02κ

0
2 þ 24h3κ0 þ 4h3κ2 þ 96h4κ0�0

þ 16h4κ0�2 þ 16κ0κ
0
0 þ 8κ2κ

0
2 − 75κ00g

2; ðC20Þ
16π2βκ0

2
¼ 16a0κ02 þ 36a2κ02 þ 140γ2ψ

�
0 þ 140γ�2ψ2 − 84ζζ0� þ 4h2κ02 þ 4h3κ2 þ 16h4κ0�2

þ 16κ0κ
0
2 þ 16κ00κ2 þ 40κ2κ

0
2 − 75κ2

0g2; ðC21Þ
16π2βζ ¼ 8αζ þ 16a0ζ − 8a2ζ þ 64β4ζ þ 160β4φþ 48β04ζ − 640β04φþ 96γ2ζ

0� þ 8ζκ0 − 8ζκ2

þ 2ζρ0 − 4ζρ2 þ 24ζ�ψ2 þ 16ζ0κ00 − 16ζ0κ02 þ 4ζ0ρ00 þ 12ζ0�ψ1 − 99ζg2; ðC22Þ
16π2βζ0 ¼ 8αζ0 þ 16a0ζ0 − 8a2ζ0 þ 64β4ζ

0 þ 160β4φ
0 þ 48β04ζ

0 − 640β04φ
0 þ 96γ2ζ

� þ 16ζκ0�0
− 16ζκ0�2 þ 4ζρ0�0 þ 12ζ�ψ1 þ 8ζ0κ0 − 8ζ0κ2 þ 2ζ0ρ0 þ 6ζ0ρ2 þ 24ζ0�ψ0 − 99ζ0g2; ðC23Þ

16π2βρ0
0
¼ 180ακ00 þ 36ακ02 þ 40β4κ

0
0 þ 8β4κ

0
2 þ 80β04κ

0
0 þ 16β04κ

0
2 þ 12ζζ0� þ 4h2ρ00 þ 40h02ρ

0
0

þ 24h3ρ0 þ 12h3ρ2 þ 96h4ρ0�0 þ 508λ0ρ
0
0 þ 1220λ2ρ

0
0 þ 1340λ4ρ

0
0 þ 2480λ04ρ

0
0

þ 8ρ0ρ
0
0 þ 4ρ00ρ2 þ 24ψ�

0ψ1 þ 24ψ�
1ψ2 þ 5760φφ0� − 102ρ00g

2; ðC24Þ
16π2βψ2

¼ 32γ2κ
0
2 þ 12ζ2 þ 440η2ψ

�
0 þ 4h2ψ2 þ 4h3ψ1 þ 16h4ψ0 þ 4λ0ψ2 þ 40λ2ψ2 þ 180λ4ψ2

þ 160λ04ψ2 þ 8ρ0ψ2 þ 8ρ00ψ1 − 16ρ2ψ2 þ 3840φ2 − 102ψ2g2; ðC25Þ
16π2βψ1

¼ 32γ2κ2 þ 24ζζ0 þ 440η2ψ
�
1 þ 4h2ψ1 þ 8h02ψ1 þ 8h3ψ0 þ 8h�3ψ2 þ 4λ0ψ1 þ 40λ2ψ1

þ 180λ4ψ1 þ 160λ04ψ1 þ 8ρ0ψ1 þ 16ρ00ψ0 þ 16ρ0�0 ψ2 þ 4ρ2ψ1 þ 7680φφ0 − 102ψ1g2; ðC26Þ
16π2βψ0

¼ 32γ2κ
0�
2 þ 12ζ02 þ 440η2ψ

�
2 þ 4h2ψ0 þ 4h�3ψ1 þ 16h�4ψ2 þ 4λ0ψ0 þ 40λ2ψ0 þ 180λ4ψ0

þ 160λ04ψ0 þ 8ρ0ψ0 þ 8ρ0�0 ψ1 þ 24ρ2ψ0 þ 3840φ02 − 102ψ0g2; ðC27Þ

16π2βφ ¼ β4ζ − 4β04ζ þ 12λ0φ − 8λ2φþ 40λ4φ − 656λ04φþ 6ρ0φþ 12ρ00φ
0 − 8ρ2φþ 48ψ2φ

�

þ 24ψ1φ
0� − 126φg2; ðC28Þ

16π2βφ0 ¼ β4ζ
0 − 4β04ζ

0 þ 12λ0φ
0 − 8λ2φ

0 þ 40λ4φ
0 − 656λ04φ

0 þ 6ρ0φ
0 þ 12ρ0�0 φþ 14ρ2φ

0

þ 24ψ1φ
� þ 48ψ0φ

0� − 126φ0g2: ðC29Þ

Several remarks may again be worth making here:
(1) In the full 45 ⊕ 126 ⊕ 10C scenario the β functions

of the “old” couplings relevant for the 45 ⊕ 126
Higgs model of Ref. [13] receive contributions from
the “new” couplings as well. Note that some minor
errors present in the expressions for βλ2, βλ4 , βγ2 , and
βη2 in [13] have been corrected. It has also been
verified that the corresponding changes have only
very minor quantitative effects and the results of [13]
remain unchanged.

(2) The beta functions of all real scalar couplings are
manifestly real, as they should be.

(3) The beta functions of complex couplings (associated
to the presence of two complex scalar representations
Σ and H) exhibit the standard patterns associated to
phase redefinitions of complex representations,
which greatly restricts the form the individual terms
within might take. To illustrate this, one can consider,
e.g., the phase redefinition of Σ → eiϵΣ; absorbing
the phases that appear in the scalar potential into the
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(complex) couplings, one can verify readily that the
system of the RGEs above will change consistently
with this (unphysical) transformation. A systematic
way to track this is to define a Uð1ÞΣ transformation,
under which the charge of Σ is defined to be þ1,
with all other scalar representations remaining neu-
tral and the charges of all couplings (playing the
role of spurions) set so that the scalar potential of
Eqs. (2)–(7) is Uð1ÞΣ invariant. Analogously, one can
define another phase transformation Uð1ÞH acting
solely on H (with the associated charge þ1) and set
the Uð1ÞH charges of all couplings so that the scalar
potential is again Uð1ÞH invariant. The correspond-
ing Uð1ÞΣ × Uð1ÞH charges of all dimensionless
scalar couplings are shown in Table VIII. Since each
beta function βλ in the list above should have the
same Uð1ÞΣ × Uð1ÞH charge as the corresponding
coupling λ, all terms in βλ must have that same
charge; for instance, all terms of βγ2 must have the
Uð1ÞΣ × Uð1ÞH charge ð−2; 0Þ, as they do. One can
indeed confirm that all structures in Eqs. (C2)–(C29)
do adhere to this rule. This pattern leads to a number
of interesting consequences:
(a) Given the information in Table VIII, the scalar

potential (with couplings promoted to fields) is
invariant under Uð1ÞΣ × Uð1ÞH, and hence also
under any linear combination of the two U(1)

factors. In particular, we can define the PQ
charge of a field/coupling x as

½x�PQ ≔ 2½x�Σ − 2½x�H; ðC30Þ

which is indeed consistent with Eq. (35). This
also implies that the β-functions above must
preserve the PQ charge thus defined.

(b) Coming back to the plain scalar potential with
couplings interpreted as mere parameters rather
than spurions, only those with a zero PQ charge
are allowed if Uð1ÞPQ is supposed to be a good
symmetry of the model. In such a case, besides
the real couplings, the only allowed complex
ones are ζ, ψ2, and φ; at the same time, the
system of RGEs consistently reduces to a sub-
system for these PQ-allowed couplings only,
while the beta functions of all the remaining
(PQ-charged) couplings vanish identically.
Analogous considerations apply for an alterna-
tive PQ-like charge ½x�PQ0 ≔ 2½x�Σ þ 2½x�H, or
more generally for any linear combination of the
primary charges Uð1ÞΣ and Uð1ÞH.

(c) A coupling has a nontrivial Uð1ÞΣ × Uð1ÞH
charge if and only if it is complex. Since the
gauge coupling g is real, it must have charge
(0,0), and thus the g4 contributions must vanish
in the β functions of all complex couplings, as
confirmed by the results above. Interestingly, the
g4 term also vanishes in the β function of the real
parameter ρ2 with no specific insight from this
type of arguments.

(d) Charge conservation provides nontrivial con-
straints in all beta functions, including those
for real couplings. If a coupling is real, then its
beta function must be both real and Uð1ÞΣ ×
Uð1ÞH neutral, e.g., a contribution like κ00κ

0�
2 þ

c:c: is allowed but κ00κ
0
2 þ c:c: is not.
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