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We investigate a separability criterion based on the computable cross-norm (CCNR), and a related
quantity called the CCNR negativity. We introduce a reflected version of the CCNR negativity, and discuss
its connection with other well-established entanglement-related quantities, namely the reflected entropy
and the operator entanglement entropy. For free fermionic and bosonic theories, we derive exact formulas
in terms of two-point correlation functions, which allow for systematic numerical investigations and, in
principle, analytical treatments. For systems with a global U(1) symmetry, we study the symmetry-
resolved reflected entropy and CCNR negativity. We provide conformal field theory results for the charged
moments in the case of adjacent intervals, finding perfect agreement with the numerics. We observe an
equipartition of reflected entropies and CCNR negativities, both for free-fermions and free-boson models.
The first charge-dependent corrections are conjectured for fermions and worked out from the conformal

field theory calculations for bosons.
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I. INTRODUCTION

A fundamental problem [1,2] in quantum information
theory is the detection of entanglement for general quantum
states. Since the pioneering work of Werner [3] concerning
the problem of separability of mixed states, several criteria
have been proposed to decide whether a given quantum
state is entangled or not. Among them stand out the positive
partial transposition (PPT) criterion [4,5] and the comput-
able cross-norm or realignment (CCNR) criterion [6,7],
providing simple necessary conditions for separability.
These two independent criteria are based on permutations
of density matrix elements [8,9], and neither is stronger in
general.

Based on the PPT criterion, the PPT logarithmic neg-
ativity [10-12] is a well-established entanglement measure
for bipartite mixed states, in particular in the context of
quantum many-body systems [13—18]. Recently, a CCNR
negativity based on the CCNR criterion has been discussed
in conformal field theory (CFT) [19], holography [20] and
topological systems [21].
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Entanglement plays a prominent role in quantum many-
body systems [22-24], particularly in relation to critical
properties [25-34] and topological order [35-37]. In the
context of quantum many-body systems with a global
conserved charge, an important issue is to understand how
each symmetry sector contributes to the total entanglement.
This symmetry resolution of entanglement is the object
of intense research, both theoretical and experimental
[38-45]. Symmetry-resolved entanglement entropies have
notably been investigated in the context of critical systems
[39-41,46-53], integrable field theories and lattice models
[54-59], topological phases [60—65] and quantum many-
body systems out of equilibrium [66—74]. In addition, other
entanglement-related quantities possess a meaningful sym-
metry resolution [45,75-82]. In this paper, we investigate
the symmetry resolution of two related quantities, the
CCNR negativity and reflected entropies, in the context
of CFT and free theories.

This paper is organized as follows. We begin in Sec. II
with the definition of the (Rényi) CCNR negativity, and its
reflected generalization that we introduce. We discuss the
relations between the Rényi CCNR negativities and two
other important quantities, namely the reflected entropy
and the operator entanglement entropy. In Sec. III, we
derive general formulas for the Rényi reflected entropies
and CCNR negativities, valid for free fermionic and
bosonic fields in arbitrary dimensions. The resulting
expressions are fully determined in terms of the two-point
correlation functions, making them suitable for lattice
calculations. We study the symmetry resolution of reflected
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entropy and CCNR negativity in Sec. IV. We present CFT
results for two adjacent regions, which we verify against
numerical calculations for free fermions and bosons. We
conclude in Sec. V with a summary of our main results, and
give an outlook on future study. Finally, some technical
details can be found in the three appendices that complete
this work.

II. QUANTITIES OF INTEREST

In this section we define the CCNR negativity, the
reflected entropy and the operator entanglement entropy.
We discuss various connections between these quantities
and their important properties.

A. Definition of the CCNR negativity

Let p, 5 be the density matrix of a bipartite system A U B
in a general state. By definition, p,p is a positive semi-
definite Hermitian operator with trace one. We assume that
the total Hilbert space factorizes as the product of local
Hilbert spaces H, ® Hp, and define {|a)} and {|b)} to be
orthonormal basis states of H, and Hp, respectively. With
this choice of bases, the density matrix reads

pas =YY (ablpssla'b')|ab)(a'b, (1)

a,d bbb

where |ab) = |a) ® |b). We introduce the realignment
matrix of p,p, denoted R = R(p4p) as

R=Y "% (ablpgla'b)|ad’) (bl (2)

a,a b,b

by swapping basis elements |b) and |a’) of p,p. By
definition, R is not necessarily a square matrix, though
the product RR' is. The latter operator acts on H, ® H,,

RR' = 375" Ty, (alpasla’) @ |pas|a)) ac) @d]. (3)

a,d a,d

For separable states, ||R|| = Tr(VRR") <1, which con-
stitutes the CCNR separability criterion [6,7]. A state is
thus guaranteed to be entangled if ||R|| > 1.

Analogously to the PPT logarithmic negativity, the
CCNR negativity is defined as

& =log Tr(V RR"). (4)

The trace norm ||R|| is challenging to compute in practice.
Fortunately, a replica formulation of (4) can be imple-
mented [19]. The replica method relates the trace norm of R
to the moments of RRT,

Z, = Tr(RR')", (5)

where ||R|| is obtained by analytic continuation from
integer values n to 1/2. A Rényi generalization of (4)
can be defined as

&, =1log Tr(RR")", (6)

such that £ = lim,,_,, , £,. For n = 1 we retrieve the purity
Tr(RR") = Trp}p such that £, = —S,(pyp) where S, (p) =
(1 —n)~'log Trp" is the Rényi entropy of p.

For pure states, it is straightforward to show that

E, =2logTrph = 2(1 —n)S,(pa). (7)

where p4 = Try, pap, such that the CCNR negativity is the
Rényi entropy of order 1/2, £=S,,,(ps). For simple

separable states, pup = >, Pt ® pi) where pif) are

projectors with orthogonal support, we have

£, — log (Zp) (8)

which yields a vanishing CCNR negativity for n = 1/2
since Y, px = 1, in accordance with the criterion £ < 0 for
separable states.

B. A generalization of the realignment matrix
We may generalize the realignment matrix of p,p to that
of p* with me Z* as

Ry = (ablpjg’la'b')|ad’){bb]. ©)

a,d b,b

For m = 2 it reduces to R. Similarly to the special case
m = 2 discussed above, we introduce the moments

Zn = Tr(R,,Ri)", (10)
and define the (m,n)-Rényi CCNR negativity as
Epn = log Tr(R,,R})", (11)

such that &,, =&,. For pure states, it still holds that
Epmn =2(1—-n)S,(py), irrespective of m. Moreover, we
have the relation Tr(R,,R},) = Trpyp such that £, =
(1 =m)S,(pag)-

C. Relation to reflected entropy and operator
entanglement entropy

In this subsection, we discuss the relations between
three information theoretic quantities of recent interest: the
CCNR negativity, the reflected entropy and the operator
entanglement entropy.
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The reflected entropy [83] has attracted much attention
[84-96] since its introduction as a correlation measure for
mixed states in the holographic context. However, it has
recently been shown that the reflected entropy is not a
measure of physical correlations in general, since it is not
monotonically nonincreasing under partial trace [97].
Nevertheless, this quantity has a meaningful relationship
to entanglement, in particular with tripartite entanglement
[98,99] (see also Appendix C), and with mutual informa-
tion [88,100]. To define the reflected entropy, we consider a
purification of p’y, with m €27", denoted |Q,,), such that
Try, @, (|Q0n) (Qn]) = Trp’" = pig. It can be constructed

using the Choi-Jamiotkowski isomorphism [101,102] as

ZZ (ab|pP2a'b')|ab) ®|a'b').  (12)
V TrpAB a.a bbb

by doubling the original Hilbert space. A replica formulation
of the reflected entropy gives a practical handle for compu-
tations. This replica trick involves two replica indices, m and
n. The latter represents the usual Rényi index while the
former is related to the purification. One then defines the

reflected density matrix pg'? = Ty, e, (|Qn) (2,]), and
introduces the (m, n)-Rényi reflected entropy as

1 m)\n
St = T log Tr(p}))". (13)

1
The n-Rényi reflected entropy is recovered by analytic
continuation m — 1, and the reflected entropy by further
taking the limit n — 1.

The reflected density matrix pXZ) , constructed using the
Choi-Jamiotkowski isomorphism as described above, can

also be defined using the realignment matrix of pm/ ’
[see (9)] as
o= L g i (14)
AA TI‘,D,TB mivm

Comparing the (m, n)-Rényi CCNR negativity in (11) with
the (m, n)-Rényi reflected entropy in (13), we have

gm.n = (1 - n)Sl’R;ln + n(l - m)Sm(pAB)’ (15)
such that setting m = 2 we get the Rényi CCNR negativity
E,. The (m,n)-Rényi CCNR negativity can be viewed as
the unnormalized (m,n)-Rényi reflected entropy. With
expression (15), it can be checked that, for topological
systems, the results of [21] on CCNR negativity match
earlier work on reflected entropy [87].

The operator entanglement entropy of a density matrix
[45,103-105], denoted E,, (for its Rényi generalization), is
the (Rényi) Shannon entropy of the squared probability
distribution values of the operator Schmidt decomposition

of that density matrix. It is direct to realize that the reflected
entropy is the operator entanglement entropy of /pap,
that is

1
E, = - nlogTr(pﬁ)” = Sgn, (16)

implying that £, = (1 — n)E, — nSy(pap)-

D. CCNR negativity is not a correlation measure

Here we point out that, contrary to what has been
commonly stated in the recent literature, the CCNR
negativity, similarly to the reflected entropy [97], is not
a correlation measure.

Beside the nonnegativeness required of a bipartite
correlation measure C(A: B), which is clearly not satisfied
by the (Rényi) CCNR negativity, one fundamental require-
ment is that correlation cannot increase under local oper-
ations. This means that a correlation measure should not
increase under the local discarding of information, i.e. the
following inequality must hold

C(A:BUC) > C(A:B). (17)

A quantity satisfying this inequality is said to be mono-
tonically nonincreasing under partial trace. We prove in
Appendix A that the Rényi CCNR negativity is not
monotonically nonincreasing under partial trace in the
range n€ (0,1) U (1, 0), by providing counterexamples
to inequality (17). As a byproduct, we prove that the (m, n)-
Rényi reflected entropy SX ,, which reduces to the Rényi
operator entanglement entropy E, for m =2, is not
monotonically nonincreasing under partial trace in the
range m > 0 and n€(0,2). We thus conclude that the
CCNR negativity and operator entanglement entropies are
not correlation measures.

Nevertheless, the CCNR negativity provides a useful
entanglement witness, which is computable for quantum
many-body states and exhibits new universal features [19].
Moreover, the operator entanglement entropy is a key
quantifier of the complexity of a reduced density matrix,
notably in out-of-equilibrium situations, and it can be
measured experimentally [45].

III. REFLECTED ENTROPIES AND CCNR
NEGATIVITY FOR FREE THEORIES

In this section, we compute the (m, n)-Rényi reflected
entropies and CCNR negativities for Gaussian (free)
fermionic and bosonic systems in any dimension from
the two-point correlation functions of the theory. Doing so,
we generalize the results of [85,88] for the m = 1 reflected
entropy to arbitrary m.
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A. Free fermions

Consider the (diagonalized) fermionic Gaussian state

'
e EkCCr

PAB:®

= @[(1 = 1) |0 Ok + mi[ 1) (1el], — (18)

where e~ = n; /(1 — n;) with n; being the occupation
number at a given wave vector k, and the ¢;s are fermionic
operators satisfying {c;, cJT} = 0;;. The generalized purifi-
cation |Q,,), see (12), can be constructed as

1 m ~ 0
&1 - )™+ 1[0 [0, (19)

V Ttpyp &

where ¢, are copies of ¢, introduced in the vectorization
process. The correlation matrix of the state |Q,,) reads

|Qm> =

T
m C ~
c;k?—<szm|(f)<ck/ )12

Ck
(ng(1—=ny))™/?

(I=np)™ > '
(20)

_ Ok ( ny!'
nf 4+ (T=n)" \ (ng(1—ny))m/?

Performing a Fourier transform leads to the correlation
matrix in the spatial basis

Cly (Cag(1=Cpp))™?
Chz+(1-Cap)"” Crp+(1=Cap)"

(Cap(1=Cap))""? (1=Cap)™
Chpt(1=Cap)" Chg+(1=Cpp)"

Cm = . (21)

where C,p is the two-point correlation matrix for pyp.

Introducing CE{") as the restriction of C") to subsystem A,

the Rényi reflected entropy S% , is obtained as

SE, =——Trlog[(C{")" + (1-C{")]. (22)

1—n
For m = 1, this formula reduces to that for the n-Rényi
reflected entropy derived in [85], while we recover the
operator entanglement entropy [45] for m = 2. The (m, n)-
Rényi CCNR is obtained using (15), explicitly

Emn = Trlog [(Cf{”))” +(1- CE{"))”]
For n = 1, we recover £, = log Trpf's. Moreover, for p,p

pure we get &, , = 2logTrp}, in agreement with (7).
Indeed, in that case we have C3, = Cup such that

CE{”) = C, @ (1 — Cy), where C, is the correlation matrix
Cyp restricted to region A.

B. Free bosons

For Gaussian scalar theories invariant under time reflec-
tion, the relevant two-point functions to consider are that of
the scalar and the conjugate momentum. Let ¢; and x;,
i=1,...,N,be asystem of scalars and conjugate momenta
acting on the Hilbert space H, ® Hp. These Hermitian
operators satisfy the canonical commutation relations
[pi, m;] = i6;; and [¢;, ¢)] = [m;, ;] = 0.

Given a density matrix p,p acting on Hy ® Hp, a
purification |Q,) of py can be constructed using the
Choi-Jamiolkowski isomorphism by doubling the original
Hilbert space of p, 5 and extending accordingly the bosonic
algebra with additional operators ¢; and 7%; acting on the
second copy of H, ® Hpg. We refer the reader to [88] for
details on the doubling of Hilbert space for scalar fields. As
conveniently done in [88], let us define V9 = ¢;, V! = x;,
and similarly for ‘i’?, a = 0, 1. We find that the correlators
for |Q,,) read

<Qm|‘P?11 a lP?: li}jb'll o lilf: |Qm>
(=12t

_ m/2\gya a, m/2\3
—W“(PAB lPill "'lPiPIpAB ¥

b b

jZ---\I‘jl‘). (24)
Organizing the scalars in a single field ® where ®; = ¢;
and ®, y =¢; with i =1,...,N, and similarly for the
momenta I1;, we are interested in the following two-point
correlation functions:

@} = (Q,|0®|Q,). T} =(Q,[ILIL[Q,).  (25)
with k, [l =1, ...,2N. These two-point functions have been
computed in [88] using (24) derived for m = 1. They
depend on the density matrix p,p for the first N scalars
only. Performing the traces, we obtain

o (Tm(XP)X g, (XP)X
= (o o)
—Pgm(XP) me(XP)
where we defined
WM A2+ (M= 12"
D=5 i - =12
(M) = ——— M=V i o

(VM +1/2)" = (VM = 1/2)"
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and le = Tr(pAB¢i¢j) and Plj ES Tr(/)ABﬂ',»ﬂ:j) are the
usual two-point correlation functions. The (m, n)-Rényi
reflected entropy follows from the correlation matrix

c = /o"ny, ie.

] m m
Sk =——7Trlog (172 = (i —1/2)7.  (29)
n —_—
For m =1, this formula reduces to that for the n-Rényi
reflected entropy derived in [88]. For m = 2, we have the
operator entanglement entropy which was considered for
free fermions only in [45]. The (m,n)-Rényi CCNR is

obtained using (15), explicitly

gm,n =-Tr 10g [(Cﬁxm) + 1/2)11 - (C,(Qm) - 1/2),1]
—nTrlog [(Cap +1/2)" = (Cap —1/2)"].  (30)

where C,p =V XP. For p,p pure, we recover &,,, =
2log Trp!, since Cyp = 1/2 such that C{" = C, & C,.
with CA = \/XAPA'

IV. SYMMETRY RESOLUTION

In this section we investigate the symmetry resolution of
the reflected entropies and the CCNR negativity in the
context of quantum many-body systems with a global
conserved U(1) charge Q.

A. Definitions

Let us consider a state p,p which commutes with a
global charge Q = Q4 + Qp, and we further assume
Q = Q7. Here, Q4 and Qp are the local charges for each
subsystem. As we show in Appendix B (see also [20,45]),
the reflected density matrix pg"/:) commutes with the charge
imbalance operators of the two copies of H,,

[Qa. Y] =0, (31)

where

QU =0,QI -4, ® Q4. (32)

The commutation relation (31) implies that PXZ) has a
block-diagonal structure where the blocks pertain to differ-
ent eigenvalues g of Q4. We have

P =@y p () (33)

with 3, pi" = 1 and Tr(p} (¢)) = 1. Here p{" is the
probability of measuring the eigenvalue g of the charge Q4
in the state p{") and p'") (g) is the reflected density matrix
of the charge sector g.

The symmetry-resolved (m, n)-Rényi reflected entropies
are defined as

1 m n
Shala) = T log Tr(pf (@) (34)
Using (16), the symmetry-resolved operator entangle-
ment entropies read

E,(q) = % ,(q), (35)

and this definition corresponds to that introduced in [45].

Similarly as for the standard entanglement entropy, there
is a simple relation between the total reflected entanglement
entropy and the symmetry-resolved ones,

ml_zpq

By analogy with entanglement entropy [42], we call the
first term the configurational reflected entropy, and the
second one the number reflected entropy. There is a similar,
but more cumbersome, relation for reflected entropies with
Rényi index n # 1 that we do not reproduce here.
Combining the relation (14) and the commutation
relation (31), it follows that [QA,Rmen] =0, and hence

RmRL also has a block-diagonal structure. However, since

=S piMogpi™. (36)
q

the matrix RmRL does not have unit trace, there is no
natural (normalized) definition for the symmetry-resolved
(m, n)-CCNR negativity. By analogy with (15), we choose
to define it as

gm,n(Q) = (1 - n)Slyfm(q) + I’l(l - m)‘sm(pAB)’ (37)
and the symmetry-resolved CCNR negativity is obtained
by setting m = 2 and taking the limit n — 1/2. The relation
between total and symmetry-resolved CCNR negativities
reads

) eEmanla (38)

= Yl

similarly to the charge-imbalance-resolved PPT logarith-
mic negativity [70,75,76].

B. Charged moments

Extracting the contribution of each charge sector to the
total entanglement is a challenging task, since, in principle,
it requires the knowledge of the total density matrix.
Fortunately, a way to circumvent this issue was proposed
in [39], where the idea is to compute so-called charged
moments and their Fourier transform. We adapt these ideas
to the reflected density matrix and define the corresponding
charged moments as
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ZE (@) = Te((ply) )reias). (39)

Taking the Fourier transform yields the symmetry-resolved
moments,

T

Zhala)= [“SreZhala). p =250, @0

and the symmetry-resolved Rényi reflected entropies are

R _ 1 Z§1 n(q)
Shato) = e () 0

Taking m = 2 in (41) yields the symmetry-resolved oper-
ator entanglement entropies [45], while taking the limit
m — 1 yields the symmetry-resolved reflected entropies.

For the CCNR Rényi negativity, the natural charged
moments to consider are [20]

Zyn(@) = Tr((R,,Riy)"e'91),

= Z.1 (@) (Trplip)", (42)

and their Fourier transform yields the symmetry-resolved
CCNR moments

Zuala) = [ Zala). @)
We have
-~ Znan(q)
gm,n(‘]) - log((p;’"))n > 5
= (1=n)S}.u(q) +n(1 =m)S,,(pap).  (44)

C. Conformal field theory results

In the context of one-dimensional quantum critical
system described by a CFT, a large body of results
regarding entanglement measures can be obtained by
means of the replica trick [13,23,26] and twist fields
correlation functions [106]. Reflected entropies and the
CCNR partition functions Z,,,, see (10), can also be
computed using similar methods [19,83].

We take the regions A and B to be adjacent segments of
respective lengths £, and ¢, see Fig. 1. Introducing the
relevant twist operator conformal weights [83,106]

c 1
hy =~ (n——
" 24(” n>’
, c 1
Ryw=nh,=n—m-—|, (45)

where ¢ is the central charge of the CFT, the partition
function Z,, for two adjacent intervals can be expressed
as [19]

A B
————— —_—
l I

FIG. 1. Two adjacent intervals A and B of length #, and 7,
respectively, in an infinite system.

Zop & (Loly) ™ (L + €)=, (46)

and for the more generic reflected case we find

& (E,L5) (€, + €)Hnimn, (47)

To investigate charged CCNR moments, we follow the
approach developed in the context of charged [107-109]
and symmetry-resolved Rényi entropies [39,41,55], where
charged moments correspond to partition functions on
multisheeted Riemann surfaces with twisted boundary
conditions, such that the total phase accumulated upon
going through the entire surface is a. Entanglement-related
quantities are then obtained as correlation functions of
modified twist fields. In particular, the partition function
Z, ,(a) corresponds to a correlation function of modified
twist fields in 2n copies of the original theory. These are
operators obtained by the fusion of standard twist fields of
weight /1, with operators generating the flux a, with weight
h,. The resulting composite twist fields behave as primaries
with weight

h
o) = B+ (48)

As an example, for the ground state of a Luttinger liquid
with parameter K, the weight £, reads [39,41]

hy = g (;)2 (49)

To maintain charge neutrality in the correlation function
corresponding to Z, , (), fields with charge a are inserted
on odd copies, and fields with opposite charge are inserted
on even copies. In the case of adjacent intervals, twist fields
at the ends of the interval A U B connect copies of different
parities, and therefore fields with opposite charge cancel.
However, at the interface between A and B, odd and even
copies are decoupled [19] and hence the only charge
dependence arises from that part. Generalizing the argu-
ment to arbitrary reflected index m, we find

f 4 —4h, (a)
aaw«( b) (64 +£,)-n0 (50)
‘. +0,

where we assumed h,, = h, and h,,(0) = h,,. We note that
the reflected moments ZX ,(a) are simply obtained by
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/

setting h;,, = 0 in (47), and the charged reflected
moments are by retaining the first factor only in (50),

IARA —4h,(a)
azb ) . (51)

ZR
l?’l,i’l(a) & (fa + fb

For a = 0, we recover the known result for the reflected
moments [83]. In particular, the reflected entropies do not
depend on m at leading order for adjacent regions.

D. Symmetry resolution for fermions

For critical free fermions (¢ = 1, K = 1) in one dimen-
sion, we have [39,41]

1/ a)\?
ha = E <ﬂ> s (52)
finding
£ fb —4hf (a) ;
7 a 7 £ —4nht, (0) 53
(@ (7)1 ) (53)
with

(@) = 55 (n - %) oo (%)2 (54)

To check our CFT predictions, we consider the one-
dimensional tight-binding model with Hamiltonian

H=-

J

L
(c;+1cj +H.c.). (55)
=

Here, c;

L is the length of the chain and we assume periodic
boundary conditions. This model has a U(1) symmetry

generated by the charge operator Q =}, c;cj, and its

diagonalization is standard. The ground-state two-point
correlation functions in the large-L limit reads
sin(3 (i — J))
(i —Jj)

, ¢j are fermion creation and annihilation operators,

Using results from Sec. III A and standard free-fermion
techniques [39,110,111], we express the charged moments
Z,,.»(a) defined in (42) in terms of the two-point correla-
tion matrix as

10g Z,,,,(a) = Trlog [(CY")"ei + (1 = C§")]
+ nTrlog [Chy + (1 = Cyp)™]. (57)

We note that the logarithmic charged moments have a
trivial imaginary part, Im(logZ, ,(a)) = af,. We thus
redefine the fermionic charged moments as

T T T T ]
m=2,n=1/2
m=2,n=1
m=3,n=1/2

0.25 -

© > O O

[
0 m=3,n=1
= 02508 g 4
S ]
s
N 050 4
a0
S
-0.75 " o
(%)
o1 I I I I
0 /5 27 /5 37/5 47 /5 T

(%

FIG. 2. Charged CCNR moments for free critical fermions on
the infinite chain for two adjacent intervals of same length . The
solid lines correspond to the analytical prediction —4(hf(a) +
nhf,(0)) where hf () is given in (54).

Zy (@) > €77, ,(a) (58)

so that logZ,, ,() is real. This redefinition is merely a
convention which sets the average value of the charge
imbalance to zero.

With all this in hand, we now investigate the charged
CCNR moments Z,, ,(a) for adjacent intervals of equal
length # embedded in an infinite chain. In the limit of large
¢ we expect

log Z,, ,(a) = =4(h (@) + nht,(0))log# +---  (59)

where hf(a) is given in (54). We compare this CFT
prediction with exact numerical diagonalization in Fig. 2
and find a perfect agreement. Each numerical point is
obtained by fitting the leading coefficient of log Z,, ,, (a) for
increasing values of £ and fixed m, n, a.

Computing the Fourier transform of (53) yields the
symmetry-resolved CCNR and reflected moments as

nm na*q*
200 (q) = Zn(0) S 7.2, SXP (‘ —Hb)
2 log(m) 2 10g(fﬂ+fb)

(60)

valid both for Z,,,(q) and Z&  (q), since these charged
moments have same a dependence. Expression (60) being
exact at leading order, we do not check it numerically.

As both symmetry-resolved CCNR negativity &,,,(q)
and reflected entropies S® ,(q) have the same charge
dependence, see (37), we focus our discussion on the
latter. Combining (41) and (60), we find
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Ca
Srlft,n(q) = S§1,n - ilog IOg (f I Zl;b>
1 ant/(1-n)
“log— 4 ... 1
tolog———+--, (61)

where SR , is the total (m, n)-Rényi reflected entropy. This
result implies that, at leading order, the symmetry-resolved
reflected entropies do not depend on the charge sector. This
phenomena has been observed for symmetry-resolved
entanglement entropies in numerous physical situations,
and has been dubbed equipartition of entanglement [40].
Of course, (61) is a CFT prediction and thus holds in the
large-¢ limit. At finite size, we expect a subleading
g-dependent correction. For the entanglement entropies
this correction is of order (g/log?#)? see [41], and we
expect a similar behavior for the reflected entropies. It is an
important open problem to perform exact finite-size cal-
culation of symmetry-resolved reflected entropies to deter-
mine the charge-dependent corrections. We leave this issue
for further investigations.

E. Symmetry resolution for complex bosons

Consider a complex scalar field ¢ of mass p with
Lagrangian density £=0,¢"0*¢—u’>¢’¢. This Lagrangian
exhibits a U(1) symmetry, i.e. it is invariant under phase
transformations of the field ¢ — e?¢p. The complex scalar
field can be written in terms of two real ones defining
¢ = (¢ +1i9,)//2. Its Hamiltonian H is the sum of two
identical Hamiltonians corresponding to each real scalars,
H=73% 1,3 [dx(n} + (0,9;)* + u?>?). Introducing the
creation and annihilation operators a (p),a;(p) with
momentum p for each real scalars i=1, 2, the
Hamiltonian and the conserved charge Q associated to the
U(1) symmetry can be written in terms of particles and

antiparticles modes operators a, = (a;(p) +iay(p))/ V2

and b, = (a}(p) +ia}(p))/V2:
H— / ;’_Zw,,(aj;a,,+b;tb,,), (62)
0= / ‘21_5<a;a,,_b;b,,>, (63)

where w3 = u? + p?. In real space, the value of the con-
served charge in a given subsystem A reads

0, = / dx(a(x)'a(x) - b(x)'b(x)) = N§ — Nb.  (64)
A

which is the difference between the number of particles and
the number of antiparticles.

Using (64), the charge imbalance operators Q4 of the
two copies of H, that commutes with the reflected density
matrix can be written as Q4 = N4 — N4, where

=N{®I, -1, ® Ng, (65)

and similarly for V4. Since the Hamiltonian of a complex
scalar field is identical to that of two decoupled real scalar
fields, the density matrix factorizes accordingly. The
charged moments of the reflected density matrix for the
complex scalar field can be written in terms of those for a
single scalar field, i.e.

ZE () = |Tr((py) e V) P, (66)

where we used (65), and pﬁ{f‘) corresponds to the reflected

density matrix for a single scalar field.

On the lattice, the (complex) scalar field is realized by
the (complex) harmonic chain. Using the results of Sec. I1I
for bosonic states, the charged moments for the complex
harmonic chain are obtained as
17272 (67)

ZR (@) =det|(C{" +1/2)" —eio(C"

where the correlation matrix C!") is defined in terms of the
two-point functions of the real harmonic chain.

Let us now focus on adjacent subsystems A and B, of
respective lengths £, and ¢, In the critical (massless) limit
u — 0, the charged reflected moments take the same form
as in CFT, i.e.

A —4h} (a)
a® b > ’ (68)

ZR
m,n(a) x (fa +fb

only with a nonstandard weight A% (), where a linear term
in a is present (see, e.g., [54,55] for similar findings
concerning the charged entanglement entropies),

1 1 la] 1 [a)?
b —— —— S N
fin(a) = 12 <n n) + 4nn 2n <2JZ’> - (69)

Similarly, the charged CCNR moments are given by

£l —4i ()
Zn(@) > (Cq+ )70 (70)
: £, + ¢

As a check of our formulas, we have numerically
computed the charged CCNR moments for the complex
boson in the critical regime ¢ < 1. We take two adjacent
regions of same length # on the infinite chain. From (70),
we expect log Z,, (@) = —4(hS(a) + nhb,(0)) log £ + - - -.
We report in Fig. 3 our numerical results for the leading
logarithmic coefficient of log Z,, ,(«) as a function of « for
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FIG. 3. Charged CCNR moments for the free complex boson
on the line in the critical regime u < 1 for two adjacent intervals
of same length #. The solid lines correspond to the CFT
prediction —4(h%(a) + nhb,(0)), where i%(a) is given in (69).

different m and n. We observe a perfect agreement between
(70) and the numerics.

We are interested in the Fourier transform of (68). In the
saddle point approximation, the term in & in (69) can be
neglected, yielding

£t
754,

2.2.2 2(Lalh \"
n*mq” + log* (744

nlog(

Zfl,n(CI) = Zﬁ,n (0) (71)

Similarly as for free fermions, we only investigate the
symmetry-resolved reflected entropies since they have the
same charge dependence as the symmetry-resolved CCNR
negativities. Combining (41) and (71) we find

L.t
SR (q) —Sﬁi.n—loglog< a’t )

o+ 0,
logn na’q? L (72)
1-n 10g2 (ff{f;/) ’

where the subleading terms are of order (log #)~3. We thus
observe an equipartition of the reflected entropies for free
bosons. However, as opposed to the free-fermion case, the
CFT prediction yields the first charge-dependent sublead-
ing correction, which is of order (g/log #)?. These results
are very similar to those obtained for the standard sym-
metry-resolved entropies for free bosons [54,55].

V. CONCLUSION

In this paper, we have investigated the (m,n)-Rényi
reflected entropies and CCNR negativities for CFTs and
free theories. We first defined a reflected version of the
CCNR negativity, denoted &,,,, and discussed its con-
nections with other quantities of interest, namely the

reflected entropies and the operator entanglement entro-
pies. On general ground, we have shown that the CCNR
negativity and operator entanglement entropy are not
monotonically nonincreasing under partial trace; hence,
they are not correlation measures for mixed state.
Nevertheless, these quantities present interesting universal
properties. We have derived general formulas for the
(m, n)-Rényi reflected entropies and CCNR negativities,
valid for free fermionic and scalar fields in arbitrary
dimensions. The resulting expressions are fully determined
in terms of the fields’ correlators, making them suitable for
lattice calculations.

The main part of this work concerned the symmetry
resolution of reflected entropies and CCNR negativities in
the context of quantum many-body systems with a global
U(1) conserved charge. For two adjacent regions in an
infinite system described by a (1 + 1)-dimensional CFT,
we have obtained the charged reflected moments and
CCNR moments, see (50) and (51), focusing then on the
former as they share the same charge dependence. Since
the exact form of these charged moments depends on the
details of the underlaying theory, we have considered both a
free fermionic model and a free bosonic model. Using our
general formulas for the reflected entropies and CCNR
negativities in free theories, we have tested our CFT
predictions, finding perfect agreement in both cases. Our
numerical investigations also confirm the CFT results of
[19] for the (uncharged) CCNR negativity, for two new
examples—free fermions and bosons—which were not
considered in [19]. For free fermions, the symmetry-
resolved reflected entropies do not depend on the charge
sector up to subleading terms, which we conjecture to be of
order (q/ log £)?, thereby implying equipartition, similarly
to the entanglement entropy. For free bosons, the CFT
prediction yields the first charge-dependent subleading
correction, which is of order (g/log#)% Note that we
worked with infinite systems for simplicity, but our results
can easily be generalized to periodic systems with finite
size L by replacing each subregion length £; by %Sin %

There are several future avenues worth exploring. An
important direction would be to study the symmetry
resolution of reflected entropies and CCNR negativities
for disjoint subsystems. The CFT calculation in this case is
more involved than for adjacent regions, and we expect
would yield new insights on multipartite entanglement.
One could also generalize our findings to finite temperature
states, and to quench dynamics. Note that the symmetry-
resolved operator entanglement entropy was investigated
in [45] in out-of-equilibrium situations, and we expect
similar results for the CCNR negativities and reflected
entropies, in particular the presence of an entanglement
barrier. It would be interesting to derive new exact lattice
results for the reflected entropies and CCNR negativities,
both in and out of equilibrium. In higher dimensions, the
study of skeletal regions [112], i.e. regions A, B that have
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no volume, could lead to new analytical results for reflected
entropies and CCNR negativities. Finally, it is worth
investigating reflected entropies and CCNR negativities
for other mixed quantum states, such as Rokhsar-Kivelson
states [113,114] whose Hilbert space is spanned by the
configurations of an underlying statistical model (see
Refs. [115,116] for recent developments on their entangle-
ment structure).
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APPENDIX A: PROOF OF NONMONOTONICITY
OF CCNR NEGATIVITY AND OPERATOR
ENTANGLEMENT ENTROPY

In this appendix, we show that the CCNR Rényi
negativity and the Rényi operator entanglement entropy
are not monotonically nonincreasing under partial trace. To
do so, it suffices to find counterexamples to the inequality
(17), as was done in [97] for the reflected entropy S’f’ .

Let us consider the Hilbert space Hy ® Hpg & H of
two qutrit A and B and one qubit C. The counterexample
states, labeled by a single parameter p, are given by [97]

1
Papc = m(p(\oooxoom + [110)(110]

+ 200)(200| 4 [210)(210))
+ 1020)(020] + [121)(121]), (A1)

and we further define pyp = Try papc. It is straightfor-

ward to obtain the reflected densities pﬁ;?(c) and p\") on

H4 ® H, from the purifications of p’f's~ and p'{;, respec-
tively [see (12)]. They are given by

m _ 1
Paa(c) 4pm 12

+(22)(00] + [11)(11] 4+ [11)(22] + [22)(11])

(p™(100){00] + 2[22) (22| + 00) (22

+100)(00] + [11)(11]), (A2)
(m) _(m) 1

Their corresponding (nonzero) eigenvalues are

Spec(piiyc))
m m 2m _ m
_Jp +1’1+3p +vIp 2p™ +1 C(A4)
4p™ 42 2(4p™ +2)
S (m)
PeC(PAA)
n 24 3p™ 4+ /9p*" —4p™ 4 4
_ 14 7 +3p p p" + . (AS)
4p™ 42 2(4p™+2)

Using these expressions, one can compute S& , and &,,,,
defined in (13) and (15), respectively, for any value of p
and m, n. For large p we find that

1 1-2" (2\n _1
=gy G)' 5 . on<l
R __ ) _1llogp™ | . _
ASy, = 6 p" + , n=1, (A6)
_3n—2

where ASK | = SR (A:BuUC)— SR, (A:B) and the ellip-
sis denotes terms strictly smaller than 1/p™ in the limit
p — oo. The difference ASR , is thus negative for large p in
the range 0 < n <2 and m > 0. It can be shown to be
positive for n > 2 for any p > 0. This implies that the
Rényi reflected entropy SX ,, which reduces to the Rényi
operator entanglement entropy E, for m =2, is not
monotonically nonincreasing under partial trace.
Since Trp}p- = Trpp, we have the difference

2 n
Tr(PAA(c))

E(AIBUC)—E,(A ,
Tr(p )"

:B) =log (A7)

where we set m = 2. Forn€ (0, 1) U (1, o0), there exists a
critical value py ~ 1.284210838876, solution to the equa-

tion 9, (Tr(pﬁ(c))”/Tr(pﬁ)") |,—1 = 0, for which we have
E(A:BUC)—-E,(A:B) <0, implying that the CCNR
Rényi negativity is not monotonically nonincreasing under
partial trace.

APPENDIX B: COMMUTATION
AND CHARGE IMBALANCE

In this section, following [45], we prove the commuta-
tion relation (31) between the reflected density matrix pX:;)
and the charge imbalance Q,.

Let us consider an operator O which acts on H, ® Hp
and commutes with the charge Q = Q4 + Qp, namely
[0, 0] = 0. It follows that O takes the form

0=3> 470 ® 05}
q J

where ¢ labels the eigenvalues of Q,

(B1)
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Tr{(O (04,0 =40, (B2)

q.9' J]’

Doy =5

and similarly for (’)g}. We recast O in components as

0=3> > 4"

q.j a,d b

(aO0]a") (b|OG2 ') ab) (V.

(B3)

where {|a)} and {|b)} are orthonormal basis states of Hy,
and Hp. We choose the basis states to be eigenvectors of the
charges,

Qula) = qula).  Qplb) = qplb).  (B4)

The commutation relation (B2) together with (B4) implies

(alO]a) (b0 Db o 6

The vector version of O reads

=" NN A Oy (6O 8 ab) @ a'b)

q.j a,a bb

5‘111—‘],/4’ qy —4v-9"° <B5)

(B6)
and we have

TrHB®H3(|O><OD

=22y

q ] ad
AA

|a')(A'|(O)T]A) |aa') (A,

(B7)

where we used the orthogonality relation (B2). Finally, with
(B5) we conclude that each operator |aa’) (AA’| in the sum
commutes with the charge imbalance

O =0,4Q0, -1, ® Oy, (B8)

and therefore

[Qa Tryem, (I0)(O])] = (B9)

APPENDIX C: THE GENERALIZED
MARKOYV GAP

We consider a generalization of the Markov gap [99,117],
defined as the difference of the m-reflected entropy with
mutual information /

n =Sk

m,1 (Cl)
where we recall that mutual information between two
subsystems A and B is given by I(A:B) = S(ps) + S(pp) —
S(paug)- The reflected entropy m =1 is lower bounded
by mutual information [83], hence the Markov gap is a
nonnegative quantity M = M; > 0. As argued in [117],
anonvanishing M indicates irreducible tripartite entanglement.

Using our results of Sec. I, we numerically compute
M, for two adjacent subsystems, both for free fermions and
free bosons. In the thermodynamic limit, we find

Y {%log 2m,
" 1log2m —1logm, bosons

fermions
(C2)

For m = 1, we retrieve the expected universal CFT result
[117] that M = $log?2. However, for m # 1 we observe
discrepancy between fermions and bosons. It would be
interesting to understand if M, is a meaningful quantity in
general.
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