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In this paper, we examine a modification of the Kazakov-Migdal (KM) model with gauge group U(N,.),
where the adjoint scalar fields in the conventional KM model are replaced by N fundamental scalar fields
(FKM model). After tuning the coupling constants and eliminating the fundamental scalar fields, the
partition function of this model is expressed as an integral of a graph zeta function weighted by unitary
matrices. The FKM model on cycle graphs at large N, exhibits the Gross-Witten-Wadia (GWW) phase
transition only when N > N_. In the large N limit, we evaluate the free energy of the model on a general

graph in two distinct parameter regimes and demonstrate that the FKM model generally consists of multiple
phases. The effective action of the FKM model reduces to the standard Wilson action by taking an
appropriate scaling limit when the graph consists of plaquettes (fundamental cycles) of the same size, as in
the square lattice case. We show that, for the FKM model on such a graph, the third-order GWW phase

transition universally occurs in this scaling limit.
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I. INTRODUCTION

Quantum chromodynamics (QCD) is the quintessential
theory that describes the dynamics of gluons and quarks.
In general, gauge invariant operators play a pivotal role in
gauge theory, but the Wilson loops are especially important
among them. In fact, the Yang-Mills theory, which char-
acterizes quantum gluodynamics (QGD), can be compre-
hended through the Wilson loops as fundamental degrees of
freedom: The action of lattice QCD, a powerful formulation
that presents QCD in a nonperturbative manner, is given by
the sum of Wilson loops on the plaquettes [1]. The
Schwinger-Dyson equation that the Wilson loops obey
forms a closed equation at large N [2,3], which plays a
major role in understanding the duality between large N
gauge theory and string theory.

The Kazakov-Migdal (KM) model is a gauge
theory defined originally on a D-dimensional square
lattice as [4]
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@(1) = 3O, ()

Skm = NZTr{mg

x<I>(x—|—,u)U;(x)}, (1.1)

where U,(x) is a unitary variable living on the link
extending from the site (vertex) x to the neighbor sites
along the direction of u and ®(x) is a scalar field in the
adjoint representation of the gauge group living on x. The
distinctive feature of the KM model is that the effective
action resulting from the integration of the scalar fields is
comprised of the sum of (the square of the absolute value of)
possible Wilson loops on the lattice. Therefore, this simple
model was expected to induce QCD (QGD in precise) in
arbitrary dimensions and was vigorously studied [5-11].
Despite early expectations of the KM model inducing QGD,
however, it has become clear that the presence of an extra
local U(1) symmetry

U,(x) = e WU, (x), (1.2)
and the absence of the first-order phase transition preclude
its induction of QGD [12-17].

Even though the objective of inducing QGD was not
attained, the KM model, with its capability to be solved
exactly at large N, remains a noteworthy subject of study.
In [18], the correspondence between the large N KM model
and string theory was pointed out. The work of [19,20] has
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demonstrated that the D-dimensional KM model serves
as a description of the high-temperature limit of the
D + 1-dimensional Yang-Mills theory. Additional insights
into the relationship between the KM model and the Penner
model can be found in [21,22]. More recently, in [23,24],
the authors of this paper generalized the KM model to the
one defined on an arbitrary graph and pointed out a
relation to the graph zeta functions [25-31]. Essentially,
the graph zeta function is a function that enumerates
cycles in a graph, and its compatibility with the Wilson
loop counting provides a powerful tool for the analysis of
KM models. As a result, in the large N limit, the partition
function of the KM model on arbitrary graphs can be
directly evaluated exactly.

Despite the failure of the KM model to induce QGD
being primarily attributed to its extra local symmetry,
it remains a compelling endeavor to modify the model.
The first strategy attempted was to modify the theory so
that the unwanted local symmetry is broken by a first-order
phase transition and to expect QGD to be induced after the
phase transition. In [32], the adjoint scalar of the KM model
is replaced by adjoint fermions and it was suggested that
the theory undergoes a first order phase transition. In [33],
heavy fundamental fermions were added to the original KM
model, suggesting that there is a region that induces QGD.
In [34], fundamental scalars were added to the original KM
model, and numerical simulations showed that this model
possesses a rich phase structure.

While these modifications are interesting in the sense that
they leave open the possibility of inducing QGD, in this
paper, we focus on the model proposed in [35] where QGD
is realized directly by a simpler mechanism. The model is
obtained by replacing the adjoint scalar field in the original
FKM model by complex scalar fields in the fundamental
representation, which breaks the unwanted local symmetry
explicitly. In [35], the author considered mainly on the case
with the same number of the scalar fields with the rank of
the gauge group. Therefore, the scalar fields are still N x N
matrices, but the action is modified to

= NZTr{ 207 (x)® Z

u=1

xX)U,(x)®(x + p)

Fo(x +u>U;<x><1><x>]}, (13)
which apparently does not have extra local U(1) symmetry
(1.2). After integrating out the fields ® and ®' by the
Gaussian integral, we obtain an effective action,

1
=N ———=Tr
. Ec: £(C)ym©

where C and #(C) represent all possible loops (cycles) on
the D-dimensional lattice and the “naive” length of C which
counts also the backtrackings, and U is the Wilson loop

(Uc+UL),  (1.4)

defined along C. Since the possible loops C on the lattice, of
course, contain the Wilson loop associated with each
plaquette, the effective action (1.4) contains the standard
Wilson action in the leading terms of the shortest loops. In
order to make the model (1.3) equivalent to the Wilson
action, a mechanism to suppress the longer loops is
necessary. In [35], it has been discussed that it is achieved
by introducing the large number of the fundamental scalar
fields with appropriately controlling the mass parameter.
Since the model (1.3) has the same number of the funda-
mental scalar fields with the rank of the gauge group N, it
has been expected to induce QGD by taking the limit of
N — oo. The author then has mainly considered the model
on a single plaquette in the limit of N — oo to investigate a
relation to the Eguchi-Kawai reduction.

However, there is a naive point in this scenario: The
problem is that £(C) does not represent the net length of the
Wilson loop because the cycle C contains backtrackings in
general. Since there are infinitely many cycles with different
£(C) which reduce to the same Wilson loop, it is nontrivial
if the long Wilson loops are really suppressed by simply
increasing the number of the fundamental scalar fields. We
have to estimate the coefficients of the Wilson loops
accurately to confirm it. One of the purpose of this paper
is to solve this problem by defining the model (1.3) on an
arbitrary graph and consider the number of the fundamental
scalar fields N as a parameter independent of the rank of
the gauge group N.. We call this model the FKM model in
the following. The FKM model does not have the extra
U(1) symmetry that the conventional KM model. A
remarkable consequence of this generalization is that the
effective action is expressed by an analytic function called
the graph zeta function. In the previous papers of the present
authors [23,24], the graph zeta function played a central role
to count the Wilson loops of the original KM model, and we
can use the same technology to analyze the FKM model. In
particular, it supplies a way to estimate the coefficients of
the Wilson loops in the effective action. As a result, we can
show that the effective action of the FKM model actually
reduces to the Wilson action in an appropriate limit of the
theory parameters. Furthermore, the FKM model in general
parameters includes higher derivative terms arising from
longer Wilson loops. The use of graph zeta functions is a
great advantage to be able to treat such general lattice gauge
theories analytically.1

'We note that another possible model is obtained by replacing
the fundamental scalars in the FKM model to fundamental
fermions, which leads a sort of the Venetiano model [36]. Of
course, we cannot expect the same mechanism to realize QGD
with the FKM model because the signature of the effective action
becomes opposite to the Wilson action. However, it is still
interesting approach to analyze general gauge theories since the
introduction of the fundamental fermions is expected to produce a
rich phase structure to the model in general [37]. We would like to
thank the reviewer of PRD for pointing out this possibility.
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Another important result of the present paper is that the
FKM model universally undergoes the Gross-Witten-
Wadia (GWW) phase transition in large N, regardless
of the details of the graph structure. The GWW phase
transition was discovered as a large N, phase transition in
the one-plaquette model obtained from two-dimensional
lattice gauge theory [38,39], but is now recognized as a
transition between disjoint/connected distribution of the
eigenvalues of the Polyakov loops on the circumference,
which is closely related to the confinement/deconfinement
transition of QCD [40—43]. Interestingly, the original
KM model does not enjoy the GWW phase transition.
This is due to the inability of the attractive force between
eigenvalues of the unitary matrix to surpass the repulsive
force emanating from the measures, as the contribution of
Wilson loops with finite area is suppressed in the limit of
N, — oo. The mechanism is the same in the FKM model:
In order for the FKM model to undergo the GWW phase
transition, the condition N, 2 N, must be satisfied for the
attractive force from the action to exceed the repulsive
force from the measure. This is a parameter region that had
not been considered in the [35]. Our analysis using the
graph zeta function employed in [23,24] proves useful
even in this case, allowing us to rigorously evaluate the
partition function of the FKM model on an arbitrary graph
at large N,. This analysis necessitates the utilization of
different evaluation methods for N. < Ny and gNy < N,
with a coupling constant ¢, leading to dissimilar expres-
sions for the free energy in each region. A close exami-
nation of this result provides evidence that the model
possesses multiple phases in general. Considering that the
FKM model includes the Wilson action as a limit, this
suggests the usefulness of the FKM model (especially in
the region Ny > N.) as a model for studying QCD.

The organization of this paper is as follows: In Sec. II,
we explain the terms of graph theory and define the FKM
model on an arbitrary graph. We demonstrate that the
partition function of the model can be expressed by the
unitary matrix integrals of a matrix-weighted graph zeta
function. We also show that the effective action of the
FKM model reduces to the Wilson action by taking an
appropriate scaling limit. In Sec. III, we establish that the
FKM model on cycle graphs experiences a third-order
GWW phase transition when N, > N,.. In Sec. 1V, we
calculate the partition function of the FKM model on a
general graph for large N, and discuss the phase structure
of the FKM model on a general graph. We also show that
the FKM model on the graph which consists of plaquettes
of the same size universally undergoes the third-order
GWW phase transition in an appropriate scaling limit.
Section V is dedicated to the conclusions and discussion.
In Appendix, we summarize the definition and essential
properties of the graph zeta functions to make the paper
self-contained.

II. KAZAKOV-MIGDAL MODEL IN THE
FUNDAMENTAL REPRESENTATION

A. Notations in graph theory

Let us consider a connected simple directed graph G. The
set of vertices and edges are denoted as V and E,
respectively, with cardinalities |V| = ny and |E| = ng. A
directed edge is symbolized as a pair of vertices e = (v, V'),
where v = s(e) and v = t(e) the “source” and “target” of
the edge arrow of e, respectively. The inverse of an edge e is
defined as a reversed arrow edge, denoted by e~! = (v, v).
The set of edges and their inverses are combined to
form the set Ep, defined as Ep = {e,|la = 1,...,2ng}=
{er.....e,,. er!, ...,e;El .

A path P = (ey,....e;) (e, €Ep) is a sequence of the
edges that satisfies t(e,) =s(e, ) (a=1,....k—1),
where k is called the length of the path P which is
expressed as |P|. If two paths P = (ey,...,e;) and P’ =

(€. ....e)) satisty t(e;) = s(e}), we can construct a new
path of length k + [ by connecting as PP = (e, -- -, ey,
e\, ....e)). A backtracking in P is two consecutive edges in

P such that e, =,

When a path C = (ey, ..., e;) satisfies s(e;) = t(e;), Cis
referred to as a cycle of length k, which is denoted as |C|. A
cycle C is called primitive when C does not satisfy C # B”
forany cycle Band r > 2. Acycle C = (e, ..., e) is called
tailless when e; ! # e;, which is equivalent to that C* has no
backtracking. Backtracking or tail is also called bump, the
number of bumps in a cycle C is denoted by b(C).

Two cycles C = (ey,....e;) and C' = (e}, ...,e,) are
called equivalent when there exists an integer m such that
e, =€, (mod k)" The equivalence class including cycle C is

denoted as [C]. A cycle C is defined as reduced if it lacks
both a backtracking and a tail. The set of representatives of
the equivalence classes of all kinds of cycles containing
bumps is denoted as [P], and we the set of representatives
of reduced cycles is denoted as [Pg] C [P].

Since a primitive reduced cycle C has its inverse C~! also
be a primitive reduced cycle of equal length, the set [Pg|
can be partitioned into two disjoint unions; [Pg| =
[IT, JU[IT_], where [IT_] consists of the inverses of elements
in [II,]. These elements in [I1,] are referred to as (the
representatives of) chiral primitive reduced cycles.

B. Definition of the model

We propose a model on a simple directed graph G,
generalizing the model presented in [35]. Each edge
ec€E on the graph G is assigned a unitary matrix
U,€U(N,). N; complex scalar fields, denoted as @,; =
(®y); I =1,....Np,i=1,....N,), reside on each vertex
veV and are in the fundamental representation of U(N,.).
Note that these scalar fields can also be expressed as
rectangular matrices of size N, X Ny, as @, = (®,);;. Then
we define a gauge theory on the graph G by the action,
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s=Y maojle, - qZ( @, 'UP,,

veV ecE

+ 0, UL, (2.1)

t(e)
where m? is a mass parameter of the scalar fields ®/ which
is uniform for all 7€ {l,...,N;} and ¢ is a coupling
constant. In contrast to the original model in [35], where m?
was fixed, we now adjust m?2 based on the relationship
between the vertex v and the surrounding edges, as

m2 =1

—¢*(1—u)® +¢*(1 —u) degv, (2.2)
where deg v is the number of edges whose source or target
is the vertex v. This parametrization is necessary for the
interpretation of the model’s partition function as a graph
zeta function in the following subsection, as established
in [23,24]. While the model retains the U(N,) gauge
symmetry, it lacks the extra U(1) symmetry present in
the original KM model (1.1). Henceforth, we refer to this
model as the FKM model.

C. Partition function in terms of the graph zeta function

The integration over the scalar fields in the definition of
the partition function of this model is a Gaussian integral;

Zc = / [[a®. a0 [[av.e 7

veV eecFE

N,
= ﬂ/ Hd‘l’vldq’”'HdUee—ﬁ@'”Av”d’m,
I=1

veV ecE

(2.3)

where the action is given by (2.1) and A is a square matrix
of size N_.ny with the elements defined by

ALU, = 6UD11N[. - q(AU)vv/ + (1 - u)q2

J
X 51:L 1NC7

(degv— (1 —u))
(2.4)
and the matrix Ay is the matrix-weighted adjacency matrix

whose elements are given by
|

{ol(q, u;U) = Vg(q,u)

Celm,]

where V;(q, u) and f(q,u) are defined by

Ve(q,u) =
Ce(B]

- 1 n
VT e Z;fc<q,u>"(TrUz+TrUL)>,

n=1

H 1
1 = glClub©°

(2.5)

v Z Ue(S(v,v’),e'

eckp

Although f can be absorbed into the scalar fields by
rescaling, it is deliberately retained in the expression.
The matrix A is the same matrix appearing in the vertex
representation of the matrix-weighted Bartholdi zeta func-
tion [23,24],

e (1 — (1 —_ u)2q2>_Nr(nE_nV)
x det(1ly_,, —qAy + (1 —u)
xq*(D = (1= u)ly,,))"".

Z:G(qv u; U)

(2.6)

where D is a diagonal matrix whose elements are given by
D,;"’ = degv8,”5;/. Therefore, by integrating out the
scalar fields, the partition function (2.3) can be written as

2 NyN.ny
“o = <ﬁ”> T (1= gy
X/HdUeCG(q, u; U)Ns (2.7)
eeE

The matrix-weighted Bartholdi zeta function {;(q, u; U) is
originally defined as the Euler product over all possible
Wilson loops along primitive cycles of the graph:

H det(1

6(q. u; U) v, — g%t OUue)t, (2.8)

where U, is the Wilson loop associated with the cycle
C=(e ,M) and Uc =U,, - ”U”"\cw‘ If the cycle C
contains a bump ee!, the unitary matrices at the bump in
U are canceled as U, U, = U,U,;' = 1y . Therefore, the
Wilson loop on such a cycle is equivalent to the Wilson
loop on the reduced cycle obtained by recursively collaps-
ing all bumps in C, and the Euler product in (2.8) is
rewritten as a product over the equivalence class of chiral
primitive reduced cycles as (for derivation, see [23])

(2.9)

3 glur©), (2.10)

celB(o)]

respectively. [By] and [B(C)]| are the sets of the representatives of primitive cycles that reduce to a point and a primitive
reduced cycle C, respectively, by eliminating all bumps. Combining (2.7) and (2.9), we can write the partition function as
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N¢N.n
zG—(z—”)f 0= (1 - upg?

/HdU I exp <Nfz felg.u "(TrU"+TrU*"))

e€EE Celll,]

Therefore, the effective action of the FKM model obtained
by integrating the scalar field is

-y Nfz felg.u (TrU'g+TrUTC").

Celll.

Seff<U)

(2.12)

It would be worthwhile to mention the existence of a
limit in which this effective action becomes the Wilson
action. To this end, we recall that, for a primitive reduced
cycle C, the cycle with the shortest length in [B(C)] is [C]
because bumps generally increase the length of a cycle.
Therefore, from the definition (2.10), the function f(q, u)
behaves as

felg.u) — ¢, (2.13)
if g is sufficiently small regardless of the value of u. Here,
let / be the minimum length of the primitive reduced cycles
of the graph. Then, by setting,

=, 2.14
Y= (2.14)
and taking the limit,
1 .

q — 0, y — 00, A=—: fixed, (2.15)

1

the effective action (2.12) reduces to

N. +

Senl(U) === > (TrUc + TrUC), (2.16)

cem!]

where [IT'] is the set of representatives of chiral primary
reduced cycles of the minimal length /. When the graph
consists of the fundamental cycles (plaquettes) of the same
length (size) / as the standard square lattice, this is nothing
but the Wilson action with the *t Hooft coupling 1 = N ¢
This indicates that the FKM model reproduces the lattice
gauge theory with the Wilson action at least classically.2

“Although this limit has already been mentioned in [35], the
capacity for precise evaluation in the limit has become attainable
due to the expression of the partition function in terms of the
graph zeta function.

)NfN (ng—ny VG<C], )NfN{,

(2.11)

For the latter purpose, we note that the matrix-weighted
Bartholdi zeta function (2.8) can also be expressed as

Colq, u; U) = det (Loy,, — q(Wy +udy))™"', (2.17)
where the matrices W, and J; are referred to as the edge
adjacency matrix and bump matrix, respectively, and are
defined as

U, if t(e) =s(e')ande~! #e
(WU)ee’ = { s
0 others
U, ife!'=e
J ;= 2.18
R A (.18)

respectively [24].

Setting N. =1 and U, =1 in the expressions (2.6),
(2.8), and (2.17) results in the standard Bartholdi zeta
function {g(q, u) [28],

H (1 — glClyb(€))=1
CelP]
= (1= (1 - w22y
x det(1,, —gA + (1 —u)g*(D —
— det(L,,, — (W +uJ))"

Colg,u) =

(1-u)1,,))™"
(2.19)

where the matrices A, W and J are obtained by setting
N.,=1land U, = 1for Ay, Wy and J; in (2.5) and (2.18),
respectively. Furthermore, taking u = 0 yields the Ihara
zeta function [25-27],

IT =g
Ce[Pg]
= (1= g?)~(e=mv) det(1
= det(1y,, — gW)™!

Colg) =

-gA+4¢*(D-1,))"
(2.20)

ny

These expressions will be also utilized later on.

III. GWW PHASE TRANSITION IN THE FKM
MODEL ON CYCLE GRAPHS

Let us examine the FKM model on a cycle graph
G = C,, which has ny = ng =n and degv = 2 for all
vertices as depicted in Fig. 1. The cycle graph has a single
chiral primitive reduced cycle C = (e, ---¢e,), so we can
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FIG. 1. A cycle graph C, with n vertices and edges.

simplify the notation for U to U. In this instance, we can
calculate V;(q, u) and fc(g, u) explicitly as [24]

Volq.u)=&(qu)™,  felqu)=q"é, (q,u)™, (3.1)

where

claw=g(1+0-w)

+ \/1 21+ u*)g*> + (1 = u2)2q4). (3.2)

We assume 0 < ¢ < 1 and O < u < 1, in which region the
Bartholdi zeta function on the cycle graph is well defined.
We define

a=fclq.u)=q"¢ (q,u)™", (3.3)

which runs in the range 0 < a < 1. By fixing the gauge as
U,=U3="--U, =1y, the partition function of the
FKM model can be expressed as

NyN.ny _
ZC — 27 s aNcNf dUeN/ Z::l§(TrU"’+TrU ")
n ﬂqn

N,
z Ne 0= )
| | _,, log | sin—=|-N log (1-2acos 0;+a?)
— N d@ieZ/#( 2 fz: i s

=1

(3.4)

where A is an irrelevant normalization constant.

Let us next evaluate the free energy of this system in
the limit of N. — oo and Ny — oo with fixing the ratio y as
in (2.14), by following the strategy in [38,39]. In this
limit, the eigenvalues 6; can be treated as a continuous

variable 6(x) (x€][0,1]), and the free energy can be
expressed as

.1
Fe = _Nl(.linoo V2 logZ¢,

c

1
= —][ dxdylog
0

I
+ y/ dxlog(1 —2acosO(x) + a?),
0

sin

0(x) - H(y)‘
2

(3.5)

up to an inessential constant, where the symbol  denotes
the principal value integral.

Since the saddle point approximation becomes exact in
large N, the free energy is determined by solving the
saddle point equation,

][dy cot (L) > o0 )> - ][Zodﬁlp(ﬁl) cot (e . ‘9/>

2a8in 0

~ 1 2acosf + (36)
where p(60) is the density of the eigenvalues,
2
p(0) =" 6(0-6), (3.7)

¢ i=1

and +6, (0 < 6, < ) are the boundaries of the support
of the density function, namely, we have assumed that
p(0) > 0 in the region —6) < 6 < 6, and p(0) = 0 outside.
If 6, = =, the eigenvalues are dispersed around the circle,
whereas if 6, < 7, the eigenvalues are distributed over only
a portion of the circle around € = 0 (Fig. 2). Under either
boundary condition, the equation is easily solved [44] and
the result is

X S — 12

% (142 pogetses), (6 =)

/)(9) - 2(y —1a cos § - 20, Y
2 1 —2acos0+a? Sm” 5 — sm- 5, (90 < ”)
(3.8)

where
6 1—a)? 2y—1

sin? =2 = (1-a)* 2 (3.9)

2 da  (y—1)*"
The phase transition between these two phases is known as
the GWW phase transition [38,39].

We should here note that the occurrence of the GWW
phase transition in this model depends on the value of y: If y
is too small, the attractive force between the eigenvalues,
induced by the potential [the second term of (3.5)], will be
unable to adequately counteract the repulsive force caused
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p(0)
/\
—T (a) ™

p(0)

(b)

FIG. 2. This show that an example of the eigenvalue distributions in the different phases. We set y = 10, then the critical point is

1

a* =+ =0.0526316- - -. (a) For a < a*, the eigenvalue distribution is attached at § = +x with the periodicity. (b) For a > a*, the

19

eigenvalue distribution behaves in the same manner as Wigner’s semi-circle.

by the Jacobian term (the first term), resulting in a
circumferential distribution of eigenvalues, regardless of
the value of a. In fact, in the phase of 6, = z, the condition
p(£x) > 0 suggests that 0 < a <5 'y for y > 5 and a >

2}%1 for y < 1. Recalling the range of a, 0 < a < 1, this

means that p(+x) = 0 can be realized at

¢ =7tlog(l —a?)
¢, =

F& =02y —1log(l —a) +3loga+ f(y) (af <a<1)

where f(y) is a function of y which is determined by the
requirement that both expressions have the same value at
a = a*. Since the first and the second derivative by a of
F% at @ = a* are equal;

dFe, dFe, -2 +v
da la=a* N da a=a* N 2(7/— 1) '
and
PFe, _PFL (22242 1)(2r 1)
do? la=a* do? la=a’ 4(y — 1)2 ’

while the third derivative jumps;

&PFe
do?

3
$FE

a=a* da3 a=a* ’

This phase transition is third-order, which is the same as the
original GWW phase transition.

It is instructive to observe that, upon taking the
limit (2.15) with ¢" = a, the density (3.8) and the free
energy (3.11) converge to those of the original GWW
model as

for y > 1, while p(+x) is always positive for y < 1. In
particular, for y = 1, the value of the o* is at the boundary
of the range of a. Therefore, the GWW phase transition
occurs only when y > 1, that is, N > N..

Let us evaluate the free energy in both phases and
determine the degree of the phase transition. This is
achieved by substituting (3.8) into (3.5). After straightfor-
ward computations, we obtain

0<a<aY) Gul)
I
i(l—k%cose), 0y = 7)
() = . @12
2cos\[A—sin*d, (6 <)
and
Fz =—1% (O<a<a®)
Fe, —{ N ) . (3.13)
F{ =—4—3logi+const. (a"<a<l)

respectively. This is consistent with the result that the
effective action of the FKM model becomes that of the
GWW model (represented by the Wilson action in a single
plaquette) in the limit (2.15).

IV. ANALYSIS AT LARGE N,
FOR GENERAL GRAPHS

In this section, we evaluate the partition function of the
FKM model on a general graph G at large N.,.
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A. Evaluation by a large N decomposition
of Wilson loops

Let us first rewrite the partition function (2.11) by using
the identity,

p@ ) Syl )

ﬂ)—n

where 1 is a partition of n expressed as A = (I}" -+ [}')
(I > - > 1, >0) with 3% mil; =n, a, =[], az_’i,
and z; = [T, m;!I"". Applying this identity to the expres-
sion in (2.9), we obtain

/HdU H exp (Z

eeE

- [ Tav. 1

( 00
e€E Cellly] \nc.mc=0Ackne pct-me

Although it is hard to carry out this unitary matrix integral
in finite NV, it is decomposed in large N, as [45-47] (see
also [24])

/ Hd@( II mUc)T,,C(UZ))

eeE CE[H+]
= 11 (/ HdUeTzc(Uc)Tﬂc(UZ)>+O(1/NC),
celm,] ¢€E

(4.5)

and the integral can be evaluated as [23]

/ HdUeT/lc (UC)TMC (Uz‘) = 6mc,ncéic,ucz/lc + O(I/Nc)’

eckE

(4.6)

in large N.. Combining them, the integration (4.4) can be
rewritten as

/HdU IT e (Z felg u) (TrUL + TrUY ))

¢€E Celll]

=11 (Z felgouyey N>(1 +O(1/N,))

CelM] \nc=0 Ackne A

1
- = | (1 4+ O(1/N,.)). 4.7
<C£!1+] (1-fclq. M)Z)Nf>( (1/Nc)) (4.7)

N
S % 5 el

21

m=1
) N’;”C
= felguwe) =", (Uc). (42)
ne=0 Ackne e
where we have defined m; = Y ¥ | m; and
k
T,(U) =[] Te(Uh)m (4.3)
i1

Therefore, the unitary matrix integral in the partition
function (2.11) can be rewritten as

c(q, u)" (TrU% + TrU}”))

my e+,

(4.4)

T/IC(UC)T/AC(UTC)>-
ZacZuc

In deriving the third line from the second line, we have used
the identity,

(s8] M 1
Sy ey 43)
n=0  AFn
for M €N. This is derived from the generating function of
the power sum symmetric polynomials,

Hl_tx —Zf"Zp‘

n=0 JAkn

(4.9)

=TI, (X xﬁ)m is the power sum sym-
metric polynomial corresponding to the partition A =
(I ™). By setting x; =---=xy =1 and xp;, =
Xp40 = -+ =0, we obtain (4.8).

The terms of the order of O(1/N.) in (4.7) merit
scrutiny. This is because this expression contains power
series of Ny and fc(q,u), and if N¢f (g, u) ~ O(N,), the
contribution of these terms can be finite. Hence, to dismiss
the O(1/N,.) terms in Eq. (4.7), it is necessary to consider
the limit of N, — co while maintaining N;f(q,u) < N,,
equivalently gN; < N, yielding the asymptotic form of
the partition function:

where p,(x)

27\ NiNeny
zo= ()" (== upg v gy

< 11

Cell,] 1—fc(‘]7 ))NZ

(4.10)
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B. Evaluation by the saddle point approximation

Next, we evaluate the unitary matrix integral of the
partition function (2.7),

[ avcota.uv™.

ecE

in the limit of large N,. First, the gauge is fixed appro-
priately by utilizing the gauge invariance of {; (g, u; U) and
the left-right invariance of the Haar measure. This is
achieved by setting U, =1y on the edges within a
spanning tree of the connected graph G, resulting in r =
ng —ny + 1 unitary matrices, which are the Wilson loops
corresponding to the fundamental cycles of the graph G,
remaining. The edges out of the spanning tree are labeled as
{eqJa =1, ...,r} and the remaining matrices are renamed
as U, = U, . Subsequently, the integral becomes

/HdU ¢o(q u; U) f—/HdU e~ NsSIU]

At large Ny, the integral (4.11) can be precisely
evaluated through the application of the saddle-point
approximation. From the expression (2.17), the “action”
S[U] can be written as

(4.11)

S[U] = —log{g(q. u; U)
=Trlog(1-q(Wy+ uJy)). (4.12)
By defining

8A, = —isU,U;", (4.13)

the variation of the action can be represented as

U= =i S felgu)Te(6A,(Ue - UL), (4.14)

a=1 C€ER,

where R, constitutes the set of reduced but not necessarily
primitive cycles that commence with e,, and fc(q,u)
designates a function of g and u specific to C, defined
similarly as in (2.10). To satisfy 6S[U] = O for any value of
q and u, it is necessary that

Ue= UL (4.15)
be satisfied by all Wilson loops. In particular, the same
condition must be satisfied by the Wilson loops along the
fundamental cycles:

Ul =U,. (4.16)

Since any Wilson loop is generated by U, (a =1, ...,7),
the conditions (4.15) and (4.16) entail

Uan = ([]al]b)1L = UbUa (417)
for Ya,be{l...,r}. As aresult, U, (a =1, ...,7) can be
diagonalized simultaneously and the saddle points are
given by
U, = diag(+1, ..., £1), (4.18)

modulo (global) unitary transformation.

The value of the action at one of the saddle points is
evaluated as

Ullgp = — Z Z felq,u Nc+NC( ")
Ce[Pg| m=1
+ const., (4.19)

where N£ signifies the number of +1 in the eigenvalues of
U on the saddle point and the constant term corresponds
to the contribution from V;(gq,u). The saddle point
yielding the minimal action is

(4.20)

forall a € {1, ..., r} and the values of e~V5lU] at this point

is expressed by the Bartholdi zeta function (2.19) as
e~ NSIUY]

= {g(q. wNe

—NS[U]

(4.21)

Compared to it, the values of e at other saddle points
are negligible in the order of e~ in the limit of large N .

However, it is important to note that the value of N,
determines the validity of disregarding saddle points other
than (4.20). Since the number of the saddle points is of the
order of eVe, if N, > O(N f), the total contribution from all
saddle points cannot be dismissed even if each individual
contribution is proportional to e~"s. Therefore, in contrast
to the previous subsection, we evaluate (4.11) in the region
of N. < Ny and take the limit of N, — oo in the rest of this
subsection.

In this region, it is only necessary to calculate the second
derivative of the action (4.12) about the vacuum (4.20) to
evaluate (4.11):

S[U) = ~N.Tog olq. 1) = 3 Try, (34,4,) (M),

a,b=1
+ O(5A3), (4.22)
where M; is a square matrix of size r, which is comprised
of the elements of the matrix appearing in the edge
expression of the Bartholdi zeta function (2.19),

g(W+uJ))™!

Y= (1, - (4.23)
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as

(MG)ab - 2( eqe, Oap + Yo ebYebe - Yeue;] Ye;'ea>'
(4.24)

Therefore, in the limit of N. — co with N, < Ny, the
integral (4.11) can be exactly evaluated as

/HdU ¢o(q u; U) f—/HdU e~ NsSIU]

= No(g. )V (det Mg) %
(4.25)

with an irrelevant constant A/, and we see that the partition
function (2.7) behaves asymptotically as

27\ NyNeny
ZG_)N(?) (1= (1=u)2g?)NNe=m) Vg (g,u

X( 1l (1= fc(qlu))”\’fN(»)(detMG)_N;- (4.26)

Celll

C. Phase structure in general graphs
From (4.10) and (4.26), we see that the free energy

Fg = —ﬁlog Z¢ of the model in large N, behaves as
Fg—Fg=7 Z log(1 = fc(g,u)?) (4.27)
Cell]
in the region ¢ < and
Fg— F&=2y z log(1 = fc(q.u))
Cel,]
1
+ = Tr log M + const. (4.28)

2

in the region y > 1 up to common irrelevant terms. As
already discussed, the FKM model on a graph with r
fundamental cycles is characterized by r mutually inde-
pendent unitary matrices. The qualitative discussion in
the previous section remains applicable in this context: The
distribution of eigenvalues of the unitary matrices is the
result of the interplay between the measure-induced repul-
sive forces and the attractive forces derived from the
potential term. Hence, when N is small, the eigenvalues
of all unitary matrices are dispersed along the circles due to
the insufficient attractive force, conversely, when Nf is
substantial, the eigenvalues tend to cluster near the origins.
This indicates that Fi;; and F; correspond to the free energy
in the phases where the eigenvalue densities of all unitary

YNiNe

matrices are dispersed along the circles or concentrated near
the origins, respectively.

This can be understood more clearly by applying (4.27)
and (4.28) to cycle graphs. In fact, the cycle graph G = C,
has only one fundamental cycle and the “matrix” M, is

2a
MC” - (1 _a)27

(4.29)
with @ = f(g,u) for the unique fundamental cycle C.
Therefore, the free energies (4.27) and (4.28) can be
written as

Fe = y*log(1 — a?), (4.30)

and

=2y —1)log(l —a)+ %loga + const.,  (4.31)
respectively, which reproduce the exact result (3.11).

In general, however, there are 2" potentially possible
phases that can be realized, dependent upon whether the
eigenvalue distributions of the r unitary matrices are dis-
persed or concentrated on the circles. The expressions (4.27)
and (4.28) are believed to correspond to the free energies
of the two most disparate phases, respectively. As the
parameter of the theory shifts from the phase with the free
energy (4.27), where all eigenvalue distributions are dis-
persed, it is anticipated that the eigenvalue distributions of
the r unitary matrices will sequentially be separated, until the
phase with the free energy (4.28) is eventually realized. In
essence, in a general graph with r > 1, we expect that the
FKM model will have r+ 1 different phases, with the
GWW phase transitions occurring at their boundaries. Note
that the order of these phase transitions is not necessarily
third-order because, unlike the cycle graph discussed in
the previous section, there is nontrivial interaction between
the unitary matrices through the infinitely many primitive
cycles in general. Therefore, the two expressions of the free
energy (4.27) and (4.28) will not be directly contiguous, and
an attempt to connect them would appear as if a first-order
phase transition were occurring.

For a graph with larger symmetry, it is natural to assume
that multiple unitary matrices should behave in a similar
manner. In this case, the intermediate phases should collapse
and the number of transitions should be smaller than r
unless the symmetry of the graph is spontaneously broken.
In particular, if the graph consists of repetitions of the
same plaquette, such as a symmetric square lattice, all the
intermediate phases will collapse and there should remain
only two phases where the eigenvalues of all the unitary
matrices are dispersed seamlessly around the circles as in (a)
of Fig. 2 or concentrated near the origins as in (b) of Fig. 2.
This is the special case where it will make sense to discuss
the phase transition between (4.27) and (4.28).
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FIG. 3.
six edges.

A triangle-square (TS) graph with five vertices and

In order to see it explicitly, let us consider the case of

u = 0 where the Bartholdi zeta function becomes the Thara
zeta function. In this case, Vs (g, u) and f¢(q, u) reduce to
|

Ve(q,u=0)=1,

felqu=0)=4  (432)

and therefore (4.27) and (4.28) can be written through the
Thara zeta function {;(g) as

y?
FGly—o = —?logCG(qz),

1
Fllu—o = —7logls(q) + ETr log Mg + const,  (4.33)

which can be explicitly evaluated by using the determinant
expression of the Thara zeta function in (2.20).

As an example of an asymmetric graph, we consider
such a graph that a triangle and a square are joined by one
edge, called TS. (See Fig. 3.) The Ihara zeta function and
det M for G = TS is evaluated as

1

CTS =

det MTS =

1-AA+qg+¢-q"-2¢) 1 -qg+¢* -2¢ +q¢* - 2¢°)’
49" (1 +q+3¢*+ ¢ +3¢* + ¢ + ¢%)

and the free energies Frq and Fig are obtained by
substituting them into (4.33). In order to compare the
behavior of the free energies in the limit of (2.15), we set
g = (yA)~'/3 and regard A as the coupling constant of the
order of O(1).” Since it is difficult to compare the free
energy directly due to the presence of the constant term
in (4.31), the first-order derivatives are compared instead.
We expect that they represent the free energies of two non-
adjacent phases and thus they cannot be smoothly con-
nected. Fig. 4 is the typical behavior of 4 (Fzs — F1g) for
large y. The curves never cross nor touch the A-axis, which
means that Frg and F cannot be connected smoothly as
expected. It is natural to assume that there is another phase
in the middle of these phases.

Next, as an example of a symmetric graph, let us evaluate
(4.27) and (4.28) for a graph of two triangles pasted
together by one edge, which we call the double triangle
(DT). (See Fig. 5.) The Ihara zeta function and det M; for
G = DT are given by

1
Corl(g) = (1-¢H(1+q*-2¢*)(1-¢*-24%)’
det My — dg(Lta) (4.39)

(1+¢*)(1+4*=2¢*)*(1-¢* =2¢°)*

3Although we see a fluctuating behavior in the derivative of the
free energy in the region of |4| < 1 with finite y, it is thought to be
non-universal since this behavior vanishes in the limit of y — 0.

(I+q+d¢*—q*"-2¢°) (1 —qg+ ¢* —2¢* + ¢* = 2¢°)*"

(4.34)

[

and the free energies Fpp and Fi; are again obtained by
substituting them into (4.33). As in the TS case, we set
g = (yA)~'3 and regard A as the coupling constant.
Figure 6 is the behavior of < (Fp — Ffi;) for large y.
In this case, we expect that the phases expressed by Fpp
and Fy; are adjacent to each other. We see that the phase
transition is at most second-order for y < co since the
derivative of the free energy crosses the A-axis, even though
we cannot estimate the point of the phase transition exactly
due to the existence of the constant term in the free energy.4
Remarkably, 4 (Fp; — Fiir) becomes tangent to the A-axis
at 1 =2 in the limit of y — oo, namely, in the limit
of (2.15). In the next subsection, we see that this indicates
that the transition indeed reduces to a third-order GWW
phase transition in the limit of (2.15) and the same
phenomenon occurs in a wide class of graphs.

D. Free energies in the Wilson action limit

Let us again consider the limit (2.15) where the
effective action of the model becomes the standard
Wilson action (2.16). It is easy to see the first terms of
the free energies (4.27) and (4.28) become

* Another possibility is that there is an intermediate phase and
we cannot connect F ]%T directly. In that case, it means that the
symmetry of the graph should be spontaneously broken.
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FIG. 4. For the triangle-square asymmetric graph, this plot shows the behavior of % (Frs — Fig) for y = 20, 200, 2000 and the y - oo
limit in the region of the coupling A ~ O(1), with setting ¢ = (y4)~'/3. Since these curves do not cross nor touch the A-axis, F1g and Fig

cannot be connected smoothly in this region.

FIG. 5. A double triangle (DT) graph with four vertices and
five edges.

-
7 log(l=felg.up) = =2,
Cell]
27
2r Y log(1=felg.uw) = == (4.36)
Cell]

respectively, where 7 is the number of the representative
of cycles with the minimal length /. The term with
log det M,; can be evaluated by considering the meaning
of the matrix element (4.24): The diagonal element
(M) 4q 18 (twice of) the summation of f(q, u) for such
reduced cycles C that start from e,. Therefore, in the limit
of ¢ — 0, only the leading contribution 2¢/C! survives. On

the other hand, the off-diagonal element (M), is the
summation of f (g, u) for such reduced cycles C that start
from e, and include ¢;. Then the off-diagonal elements of
M; behave in higher order than O(¢!C!) for any « in the
limit of ¢ — 0. Therefore, the leading behavior of det M

in small g is 2’q22:1 Gl As a result, in the limit (2.15),
the free energies (4.27) and (4.28) converge to

27 11
Fi — _Tr -5 (72 |Ca|> log A + const,  (4.37)
a=1

respectively. For the special case where all fundamental
cycles C, are of the same length [/ such as the square
lattice, (4.37) reduces to

r

F(_; —)—/1*2,

2
F§ — e Ilogﬂ + const, (4.38)

A2

For example, when the graph is the double triangle, we can
read det Mpr ~4¢°® for small ¢ from (4.35), which is
consistent with the result with / =3 and r = 2.

It is no coincidence that this representation is equal to r
times the free energy of the cycle graph (3.13) in the same
limit. As seen in Sec. IVA, we can decompose all the
primitive reduced cycles in the evaluation of the unitary
matrix integral at least in the phase with dispersed
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d _
J(FDT_FST)

0.4+

0.2f

-0.2}

FIG. 6. For the double triangle (DT) graph, this plot shows that the behavior of %(FBT — Fjip) for y =20, 200, 2000 and
the y — co limit with setting ¢ = (yA)~'/3. We see that the third-order phase transition never occurs for the finite y, since the
corresponding curves cross the A-axis. The curve for y — oo contacts with the A-axis at A = 2, which is the third-order phase transition

point of the GWW model.

eigenvalue distribution. If we take the limit (2.15), only the
cycles of minimal length survive and it yields r copies of
cycle graphs effectively. We have seen that the FKM model
on the cycle graph shows the third-order GWW phase
transition and the transition point is A = 2 in the limit (2.15).
This strongly suggests that the phase transition point of the
present graph is also at A =2 and the third-order phase
transition occurs universally in this class of graphs.

In the case where the graph is a two-dimensional square
lattice, this is consistent with the result that the effective
action of the FKM model reduces to the Wilson action in the
limit of (2.15) since the Wilson action on a two-dimensional
square lattice is equivalent to the GWW model. Notably,
however, this result extends to arbitrary-dimensional lattice
Yang-Mills theories represented by the Wilson action,
owing to the sole assumption that all fundamental cycles
are of the same length. This implies that the third-order
GWW phase transition is present in large N lattice gauge
theories of arbitrary dimensions.

On the other hand, if the fundamental cycles {C,}
contain cycles of length larger than /, no third-order phase
transition occurs between Fg because the coefficient of
log A changes. This can be interpreted as the result that the
multiple phases that arise due to the smaller symmetry of the
graph survive in this limit as well. However, this result does
not directly reflect the phase structure of the lattice gauge
theory with the Wilson action on such a graph, since the
contribution of cycles with large lengths disappears and the
effective action (2.12) does not coincide with the Wilson
action on the graph under consideration in this limit.

V. CONCLUSION AND DISCUSSION

In this paper, we have generalized the model proposed
in [35] onto an arbitrary simple directed graph. This model,
which is referred to as the FKM model, constitutes a
variation of the KM model in which the adjoint scalar
fields are replaced by N, fundamental scalar fields. It was
demonstrated that the partition function of the FKM model
can be expressed as a unitary matrix integral of a matrix-
weighted Bartholdi zeta function. The effective action of
the FKM model is comprised of a sum of all Wilson loops,
in a form analogous to that of the Wilson action in lattice
gauge theory. This is a consequence of the fact that this
model, unlike the original KM model, has no extra local
U(1) symmetry. We showed that, by taking a suitable
scaling limit, the effective action converges to the standard
Wilson action on the graph. We evaluated the free energy
of the FKM model on a cycle graph (one plaquette) at large
N. and showed that this model undergoes a third-order
GWW phase transition exclusively when N, > N.. We
also evaluated the free energy of the FKM model in the
limiting regions of gN; < N, and Ny > N at large N, on
a general graph. The large N decomposition of Wilson
loops is applied for the former calculation, and the saddle
point method for the latter. We argued that the FKM model
on general graphs has multiple phases at large N, and that
these two expressions are the free energy corresponding to
the phases at both ends of the weakly and strongly coupled
sides, respectively. When we consider a graph with larger
symmetry like the square lattice, the intermediate phases
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collapse and a transition occurs between these two phases.
We evaluated a scaling limit of the free energies and
showed that for graphs in which the fundamental cycles
(all plaquettes in other words) consist of cycles of the
same length, a third-order GWW phase transition occurs
between them at that limit. Since this condition holds for
square lattices of arbitrary dimension, this implies that the
third-order GWW phase transition occurs in large N lattice
gauge theories of arbitrary dimension.

The property that the Wilson action can be reproduced
by taking the scaling limit of the FKM model makes this
model intriguing because it would open up the possibility
of investigating the Yang-Mills theory through the FKM
model. Although this result is obtained at the tree level, the
nonperturbative analysis performed in the concrete graphs
in the limit of large N, suggests that the same conclusion
can be obtained in quantum theory. In addition, similar
results are obtained in our ongoing preliminary numerical
simulations (we will publish it soon). From these obser-
vations, it seems certain that the FKM model does indeed
contain a lattice gauge theory with the Wilson action. The
most important conclusion of this paper is that the FKM
model undergoes the GWW phase transition at large N,
regardless of the detail of the graph. As mentioned in
Introduction, this transition is closely related to the confine-
ment/deconfinement phase transition of QCD. This is
because, in the process where the eigenvalues of the
Polyakov loop transits from being localized in a part of
the circumference to being uniformly distributed and the
expectation value of the Polyakov loop vanishes, a phe-
nomenon that the eigenvalue distributions join on the
circumference always occurs [40—43]. Thus, considered
in conjunction with our conclusion that the FKM model
encompasses the Wilson action as a limit of the parameters,
this result suggests that the Wilson lattice gauge theory
shares the same properties. Therefore, we can expect that
the FKM model will be used to clarify the nature of the
confinement/deconfinement transition in QCD.

Although the phase transition in this paper is considered
at large N, with fixing a graph, it is natural to assume, as is
the case with the original GWW phase transition, that these
transitions are not mere lattice artifacts but are related to
the large N phase transitions observed in the continuum
Yang-Mills theory in each dimension (See, e.g., [48] and
references therein). The FKM model has the remarkable
feature that its effective action is represented by the graph
zeta function, which can be analytically connected to the
complex plane at least in the region where |g| and |u| are
sufficiently small and have properties similar to the famous
Riemann zeta function. Although the properties of the
matrix-weighted graph zeta function proposed in [23,24]
have not yet been fully investigated, its similarity to the
Artin L-function and its connection to covering graphs
have been suggested. If a more comprehensive analysis of
properties can be conducted, it could lead to the creation of

a novel analytical approach to probe the non-perturbative
aspects of Yang-Mills theory. A similar unitary matrix model
to the FKM is also discussed in [49,50] where the multi-
critical phase transition is suggested by using the Tracy-
Widom distribution of the random partitions. This implies
that the Schur-Weyl duality and the random partitions can be
an alternative way to analyze the FKM model. These present
promising prospects for future research.

As stated in the primary text, we expect that the FKM
model is anticipated to exhibit multiple phases at large V...
In order to confirm it, a promising approach would be
numerical simulations. It is straightforward to carry out a
Monte-Carlo analysis for asymmetric graphs like Fig. 3. In
addition to the large N, limit, it is also interesting to
examine the continuous limit of the FKM model. If the
FKM model indeed belongs to the same universality class
as the Yang-Mills theory, the results of the Yang-Mills
theory should be reflected in the continuous limit of the
FKM model. Verifying this through numerical simulations
constitutes a significant area of inquiry.

In [23,24], the partition function of the KM model on the
cycle graph was computed at finite N ., whereas the value at
finite N, of the partition function of the FKM model on the
cycle graph for arbitrary N, is not known. The only
exception is when N, =1 where we can carry out the
unitary matrix integral exactly by using results in [51] and
the result is

ZN=1 <2”>NC (g u)™
“ B) 1=q¢(qu)

Unfortunately, there is no known integral formula available
when N, > 1, and current technology can only reach
complicated forms involving the Weingarten functions.
However, the evaluation of the unitary matrix integral
undoubtedly changes at Ny = N because the rank of the
rectangular matrix @, changes here. As demonstrated, the
phase transition occurs exclusively when N, > N, for
substantial values of N .. It is anticipated that the background
of this change in model properties at N, = N.. is related to
its property at finite N .. Clarification of this point would be
of great interest.

The expressions of the free energy (4.27) and (4.28) with
u # 0 are still formal unless we know how to compute
fc(g,u) in a general graph. For (4.28), we can instead
rewrite F; by using the Bartholdi zeta function as

(5.1)

1
F§ = —ylogés(q,u) +§Tr log Mg, (5.2)

up to a constant term, which can be evaluated explicitly by
using the determinant formulas to express the Bartholdi
zeta function. However, it is still an open question if F

in (4.27) can be expressed by appropriate graph zeta
functions. It is the case for u = 0 as shown in (4.33),
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but it is still unclear for u # 0 because we cannot express

the term HCE[H+]W by using known graph zeta

functions. It would be useful to define a novel graph zeta
function. To this end, we recursively reduce all bumps
contained in a primitive cycle C. The obtained cycle is a
reduced cycle and is a positive power of a primitive reduced
cycle C. Calling this power w(C), we can define a function
by the Euler product with “fermionic” signature,

Colg,u) = H (1 = (=1)"(CO)glClybEN)=1,

CelP]

(5.3)

If (=1)"©) is omitted, it becomes the Bartholdi zeta
function. Repeating the same computation to show

C6(q.u) =V(q.u) [Tcerp(l = felg.u))™" (see [24]),

we can show

Zo(g.u) =Volq.u) [ 1+ felgw)™  (54)
Ce[Pgl
Therefore, we can write F; as
r .
Fg= —Zlog (Calq. u)lg(q.u)), (5.5)

up to a constant term. If the function (5.3) has a
determinant expression, not only we can express the free
energy in both regions explicitly for u # 0, but also the
function (5.3) would serve as an interesting new graph
zeta function. A richer relationship may be found between
lattice gauge theory and the graph zeta function by
exploring this possibility.
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APPENDIX: GRAPH ZETA FUNCTIONS

In this appendix, we summarize the definition and some
properties of the lhara and Bartholdi zeta functions. For
more detail, see [23,24].

1. Ihara and Bartholdi zeta functions

The graph zeta functions are defined by the Euler
product associated with primitive cycles of a given graph.
The simplest graph zeta function is called the Ihara zeta

function [25-27] which is defined as the Euler product over
the equivalence classes of primitive reduced cycles of a
given graph G

1

{elq) = =g

Ce[Pr

(A1)

The Thara zeta function counts only reduced cycles,
whereas the Bartholdi zeta function counts all cycles
including bumps [28]5:

Co(q.u) = H :

—_—. (A2)
cl, b(C

celp 1 — ¢/C1yb(©)

We concentrate on the Bartholdi zeta function in the

following since the Bartholdi zeta function reduces to

the Thara zeta function by setting u = O:

{6(q,u=0)="{s(q).

It is remarkable that the Bartholdi zeta function (and
thus also the Thara zeta function) is represented as the
inverse of a polynomial, even though the graph generally
has infinitely many equivalence classes of cycles. Let us
define 2ny; x 2ny matrices W and J whose elements are
defined by

1 if t(e) = s(¢')ande™! #e
Wee’ = ’
0 others

1 ife'=e
Jee/ — N

A3
0 others (A3)

where e, e’ € Epp, which are called the edge adjacency

matrix and the bump matrix, respectively. Using these
matrices, the Bartholdi zeta function can be expressed as

Co(q,u) = det(1y,, — g(W +ulJ))™", (A4)

which is the inverse of a polynomial of ¢ and u as
announced.

The expression (A4) is sometimes called the edge
Bartholdi zeta function because it is described through
matrices W and J that characterize the relation among the
edges of the graph. Apart from this expression, there is
another expression focusing on the relation among the
vertexes;

Colg.u) = (1, — (1 —u)?q*)~e=v) det(1,,, — gA

+ (1 =u)g*(D - (1-u)1,,))™". (AS)

3See also [29] for a generalization.
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where D is the diagonal matrix defined by D = diag,cy
(deg(v)) and the matrix A is a square matrix of size ny
called the vertex adjacency matrix defined by

Avv’_ 2511} ).e-

eckEp

v, v €V). (A6)

2. Matrix-weighted Bartholdi zeta function

We here consider placing an invertible K x K matrix X,
to each edge e of the graph. We assume that the matrix on the
inverse edge ¢! is the inverse of the matrix on the edge e;

X, = X5 (A7)
For a cycle C = (e;, ---e; ), we assign a matrix,
Xe=X, X, .

1 n

The matrix-weighted Bartholdi zeta function [23] is
defined by the Euler product as

Co(gq. u; X) H det(1x — ¢/“lu?©X )~ (A8)
Ce[P]
Like the original Bartholdi zeta function, the matrix-

weighted Bartholdi zeta function (A8) can be expressed
as the inverse of the determinant of a matrix. This is
achieved by extending the edge adjacency matrix and the
bump matrix (A3) as

(W) = {Xe if 1(e) = s(¢')ande’~' #e
Xee 0  others '
X, ifel=e
J /= ¢ . A9
R (49)

We can show that the matrix-weighted Bartholdi zeta
function can be written as
|

{6(q, u; X) = det(1pg,, — q(Wx + uly))™! (A10)

We can further show that the matrix-weighted Bartholdi
zeta function can be expressed through the matrix-weighted
vertex adjacency matrix of the size Kny,

(AX)M;’ = er5(ﬂ,v’>ﬁev

ecEp

(Al1)

as
(o(q w:X) = (1= (1= u)?q?) K0 det(1,, — gAx
+(1=u)g*(D = (1 -u)lg,,))"".  (Al2)
where D has been redefined as
D,y ; = deg(v)8,,6;;. (i,j=1,...,K) (Al13)

Note that the equivalence between (A10) and (A12) is
spoiled if the condition (A7) is not satisfied.

3. Reduction of the cycles

When a cycle has backtracking as C = P ee”' P,, the
matrix Xz can be rewritten as Xe = Xp X, X1 Xp, =
Xp,Xp, because we have assumed X, = X !, Therefore,
if a cycle C becomes a reduced cycle C by reducing all the
bumps repeatedly, we see the matrices on the cycles C and C
are identical; X# = X . Noting that a reduced cycle is a
positive power of a primitive reduced cycle C by definition,
we denote the set of representatives of primitive cycles that
are equivalent to C* (k € N) after eliminating the bumps by
[B(CK)] € [P]. We also denote the set of the representatives
of primitive cycles that reduce to a point (vertex) by
eliminating the bumps by [By] C [P]. Using this notation,
we can rewrite (A8) as

Lo(q, u; X) = Vo(q, u) H H det x — q/Clut©OxE)!
Ce [Py k=1
=1
=Vo(q.w)* J] exp Z—fc(q,u)"Tr(X’é)) (A14)
CE[Py] =1
where
felg.u) = q<ub), (A15)
Ce[B(0)]
and
1
Ve(g.u) = H m (Al6)
Ce|(By)

We note that the matrix-weighted Bartholdi zeta function can be further rewritten as
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Lo(qwX) = Ve(g,w)* [ det(lg = felg w)Xe)™,
Ce[Pg]

which can be regarded as an extension of the Thara zeta function in the sense that we count rather f (g, u) not q'¢ for a

primitive reduced cycle C.

[1] Kenneth G. Wilson, Confinement of quarks, Phys. Rev. D
10, 2445 (1974).

[2] Yu M. Makeenko and Alexander A. Migdal, Exact equation
for the loop average in multicolor QCD, Phys. Lett. 88B,
135 (1979).

[3] Spenta R. Wadia, Dyson-Schwinger equations approach to
the large-n limit: Model systems and string representation of
Yang-Mills theory, Phys. Rev. D 24, 970 (1981).

[4] V. A. Kazakov and A. A. Migdal, Induced gauge theory at
large n, Nucl. Phys. B397, 214 (1993).

[5] A. A. Migdal, 1/n expansion and particle spectrum in
induced QCD, Mod. Phys. Lett. A 08, 139 (1993).

[6] Andreas Gocksch and Yue Shen, Phase Diagram of the n = 2
Kazakov-Migdal Model, Phys. Rev. Lett. 69, 2747 (1992).

[7]1 S. Khokhlachev and Yu Makeenko, The problem of the
large-n phase transition in the Kazakov-Migdal model of
induced QCD, Phys. Lett. B 297, 345 (1992).

[8] Michele Caselle, A. d’Adda, and S. Panzeri, Exact solution
of d = 1 Kazakov-Migdal induced gauge theory, Phys. Lett.
B 293, 161 (1992).

[9]1 S. Aoki and Andreas Gocksch, The spectrum of the
Kazakov-Migdal model, Nucl. Phys. B404, 173 (1993).

[10] Sinya Aoki, Andreas Gocksch, and Yue Shen, Study of the
n = 2 Kazakov-Migdal model, Phys. Rev. D 47, 1645
(1993).

[11] Yu Makeenko, An exact solution of induced large-n lattice
gauge theory at strong coupling, arXiv:hep-th/9303138.

[12] Ian I. Kogan, Gordon W. Semenoff, and Nathan Weiss,
Induced QCD and Hidden Local z n Symmetry, Phys. Rev.
Lett. 69, 3435 (1992).

[13] Ian I. Kogan, A. Morozov, G. W. Semenoff, and N. Weiss,
Area law and continuum limit in “induced QCD”, Nucl.
Phys. B395, 547 (1993).

[14] Ian I. Kogan, A. Morozov, G. W. Semenoff, and N. Weiss,
Continuum limits of “induced QCD”: Lessons of the
Gaussian model at d = 1 and beyond, Int. J. Mod. Phys.
A 08, 1411 (1993).

[15] A. A. Migdal, Bose condensation and zn symmetry breaking
in the mixed model of induced QCD, Mod. Phys. Lett. A 08,
259 (1993).

[16] J. M. Cline and S. Paban, Is induced QCD really QCD? the
preservation of asymptotic freedom by matter interactions,
Phys. Lett. B 316, 158 (1993).

[17] B.S. Balakrishna, Difficulties in inducing a gauge theory at
large n, Phys. Rev. D 49, R24 (1994).

[18] D. V. Boulatov, Infinite-tension strings atd > 1, Mod. Phys.
Lett. A 8, 557 (1993).

[19] Michele Caselle, A. D’Adda, and S. Panzeri, The Kazakov-
Migdal model as a high temperature lattice gauge theory,
Phys. Lett. B 302, 80 (1993).

[20] Michele Caselle, A.D. ’Adda, Lorenzo Magnea, and S.
Panzeri, Two-dimensional QCD is a one-dimensional
Kazakov-Migdal model, Nucl. Phys. B416, 751 (1994).

[21] Yu Makeenko, Some remarks about the two-matrix Penner
model and the Kazakov-Migdal model, Phys. Lett. B 314,
197 (1993).

[22] Lori Paniak and Nathan Weiss, Kazakov-Migdal model with
logarithmic potential and the double Penner matrix model,
J. Math. Phys. (N.Y.) 36, 2512 (1995).

[23] So Matsuura and Kazutoshi Ohta, Kazakov-Migdal model
on the graph and Ihara zeta function, J. High Energy Phys.
09 (2022) 178.

[24] So Matsuura and Kazutoshi Ohta, Graph zeta functions and
Wilson loops in a Kazakov—Migdal model, Prog. Theor.
Exp. Phys. 2022, 123B03 (2022).

[25] Yasutaka Ihara, On discrete subgroups of the two by two
projective linear group over p-adic fields, J. Math. Soc. Jpn.
18, 219 (1966).

[26] Jean-Pierre Serre, Trees (Springer-Verlag, Berlin, 1980),
Translated from the French by John Stillwell.

[27] Toshikazu Sunada, L-functions in geometry and some
applications, in Curvature and Topology of Riemannian
Manifolds (Springer, New York, 1986), pp. 266-284.

[28] Laurent Bartholdi, Counting paths in graphs, arXiv:math/
0012161.

[29] Hirobumi Mizuno and Iwao Sato, Bartholdi zeta functions
of digraphs, Eur. J. Combinatorics 24, 947 (2003).

[30] Iwao Sato, Weighted Bartholdi zeta functions of graphs,
Eur. J. Combinatorics 27, 644 (2006).

[31] Young-Bin Choe, Jin Ho Kwak, Yong Sung Park, and Iwao
Sato, Bartholdi zeta and 1-functions of weighted digraphs,
their coverings and products, Adv. Math. 213, 865 (2007).

[32] S. Khokhlachev and Yu Makeenko, Adjoint fermions induce
QCD, Mod. Phys. Lett. A 07, 3653 (1992).

[33] A. A. Migdal, Mixed model of induced QCD, Mod. Phys.
Lett. A 08, 245 (1993).

[34] A. Iichev, M. Moodley, and A. Welter, A mixed funda-
mental-adjoint model of induced QCD, Phys. Lett. B 332,
387 (1994).

[35] L. Ya. Arefeva, A Simple model inducing QCD, Phys. Lett.
B 308, 347 (1993).

054504-17


https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.1103/PhysRevD.10.2445
https://doi.org/10.1016/0370-2693(79)90131-X
https://doi.org/10.1016/0370-2693(79)90131-X
https://doi.org/10.1103/PhysRevD.24.970
https://doi.org/10.1016/0550-3213(93)90342-M
https://doi.org/10.1142/S0217732393000155
https://doi.org/10.1103/PhysRevLett.69.2747
https://doi.org/10.1016/0370-2693(92)91273-C
https://doi.org/10.1016/0370-2693(92)91496-V
https://doi.org/10.1016/0370-2693(92)91496-V
https://doi.org/10.1016/0550-3213(93)90477-7
https://doi.org/10.1103/PhysRevD.47.1645
https://doi.org/10.1103/PhysRevD.47.1645
https://arXiv.org/abs/hep-th/9303138
https://doi.org/10.1103/PhysRevLett.69.3435
https://doi.org/10.1103/PhysRevLett.69.3435
https://doi.org/10.1016/0550-3213(93)90047-S
https://doi.org/10.1016/0550-3213(93)90047-S
https://doi.org/10.1142/S0217751X9300059X
https://doi.org/10.1142/S0217751X9300059X
https://doi.org/10.1142/S021773239300026X
https://doi.org/10.1142/S021773239300026X
https://doi.org/10.1016/0370-2693(93)90672-5
https://doi.org/10.1103/PhysRevD.49.R24
https://doi.org/10.1142/S0217732393000581
https://doi.org/10.1142/S0217732393000581
https://doi.org/10.1016/0370-2693(93)90639-Y
https://doi.org/10.1016/0550-3213(94)90553-3
https://doi.org/10.1016/0370-2693(93)90449-R
https://doi.org/10.1016/0370-2693(93)90449-R
https://doi.org/10.1063/1.531048
https://doi.org/10.1007/JHEP09(2022)178
https://doi.org/10.1007/JHEP09(2022)178
https://doi.org/10.1093/ptep/ptac146
https://doi.org/10.1093/ptep/ptac146
https://doi.org/10.2969/jmsj/01830219
https://doi.org/10.2969/jmsj/01830219
https://arXiv.org/abs/math/0012161
https://arXiv.org/abs/math/0012161
https://doi.org/10.1016/j.ejc.2003.07.001
https://doi.org/10.1016/j.ejc.2005.03.002
https://doi.org/10.1016/j.aim.2007.01.013
https://doi.org/10.1142/S0217732392003086
https://doi.org/10.1142/S0217732393000258
https://doi.org/10.1142/S0217732393000258
https://doi.org/10.1016/0370-2693(94)91269-6
https://doi.org/10.1016/0370-2693(94)91269-6
https://doi.org/10.1016/0370-2693(93)91296-Y
https://doi.org/10.1016/0370-2693(93)91296-Y

SO MATSUURA and KAZUTOSHI OHTA

PHYS. REV. D 108, 054504 (2023)

[36] Gabriele Veneziano, Some aspects of a unified approach to
gauge, dual and Gribov theories, Nucl. Phys. B117, 519
(1976).

[37] Tian-Lun, Chen and Tan, Chung-I, Phase structure for one-
plaquette lattice quantum chromodynamics with fermions in
a 1/N topological expansion, Phys. Rev. D 26, 2018 (1982).

[38] D.J. Gross and Edward Witten, Possible third order phase
transition in the large N lattice gauge theory, Phys. Rev. D
21, 446 (1980).

[39] Spenta R. Wadia, N = infinity phase transition in a class of
exactly soluble model lattice gauge theories, Phys. Lett.
93B, 403 (1980).

[40] Masanori Hanada, Goro Ishiki, and Hiromasa Watanabe,
Partial Deconfinement, J. High Energy Phys. 03 (2019) 145;
10 (2019) 029.

[41] Masanori Hanada, Antal Jevicki, Cheng Peng, and Nico
Wintergerst, Anatomy of deconfinement, J. High Energy
Phys. 12 (2019) 167.

[42] Masanori Hanada and Brandon Robinson, Partial-symmetry-
breaking phase transitions, Phys. Rev. D 102, 096013
(2020).

[43] Hiromasa Watanabe, Georg Bergner, Norbert Bodendorfer,
Shotaro Shiba Funai, Masanori Hanada, Enrico Rinaldi,

Andreas Schifer, and Pavlos Vranas, Partial deconfinement
at strong coupling on the lattice, J. High Energy Phys. 02
(2021) 004.

[44] J. Jurkiewicz and Kasper Zalewski, Phase structure of
u(n — o) gauge theory on a two-dimensional lattice for
a broad class of variant actions, Nucl. Phys. B220, 167
(1983).

[45] V. A. Kazakov, U(infinity) lattice gauge theory as a free
lattice string theory, Phys. Lett. 128B, 316 (1983).

[46] I. K. Kostov, Multicolor QCD in terms of random surfaces,
Phys. Lett. 138B, 191 (1984).

[47] K. H. O’Brien and J.-B. Zuber, Strong coupling expansion
of large-n QCD and surfaces, Nucl. Phys. B253, 621 (1985).

[48] Biagio Lucini and Marco Panero, SU(N) gauge theories at
large N, Phys. Rep. 526, 93 (2013).

[49] Taro Kimura and Ali Zahabi, Universal edge scaling in
random partitions, Lett. Math. Phys. 111, 1 (2021).

[50] Taro Kimura and Ali Zahabi, Unitary matrix models and
random partitions: Universality and multi-criticality, J. High
Energy Phys. 07 (2021) 100.

[51] Z. Puchata and J. A. Miszczak, Symbolic integration with
respect to the Haar measure on the unitary groups, Bull. Pol.
Acad. Sci. 65, 21 (2017).

054504-18


https://doi.org/10.1016/0550-3213(76)90412-0
https://doi.org/10.1016/0550-3213(76)90412-0
https://doi.org/10.1103/PhysRevD.26.2018
https://doi.org/10.1103/PhysRevD.21.446
https://doi.org/10.1103/PhysRevD.21.446
https://doi.org/10.1016/0370-2693(80)90353-6
https://doi.org/10.1016/0370-2693(80)90353-6
https://doi.org/10.1007/JHEP03(2019)145
https://doi.org/10.1007/JHEP10(2019)029
https://doi.org/10.1007/JHEP12(2019)167
https://doi.org/10.1007/JHEP12(2019)167
https://doi.org/10.1103/PhysRevD.102.096013
https://doi.org/10.1103/PhysRevD.102.096013
https://doi.org/10.1007/JHEP02(2021)004
https://doi.org/10.1007/JHEP02(2021)004
https://doi.org/10.1016/0550-3213(83)90221-3
https://doi.org/10.1016/0550-3213(83)90221-3
https://doi.org/10.1016/0370-2693(83)90267-8
https://doi.org/10.1016/0370-2693(84)91898-7
https://doi.org/10.1016/0550-3213(85)90549-8
https://doi.org/10.1016/j.physrep.2013.01.001
https://doi.org/10.1007/s11005-020-01338-1
https://doi.org/10.1007/JHEP07(2021)100
https://doi.org/10.1007/JHEP07(2021)100
https://doi.org/10.1515/bpasts-2017-0003
https://doi.org/10.1515/bpasts-2017-0003

