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Axial anomaly effect on three-quark and five-quark singly heavy baryons
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Effects of the U(1), axial anomaly on the mass spectrum of singly heavy baryons (SHBs) is studied in
terms of the chiral effective theory based on the chiral linear representation for light flavors. We consider
SHBs made of both three quarks (Q¢q) and five quarks (Qggqq). For the three-quark SHBs, we prove that
the inverse mass hierarchy for the negative-parity A, and E, is realized only when the U(1), anomaly is
present. For the five-quark SHBs, in contrast, it is found that the U(1),, anomaly does not change the mass
spectrum at the leading order, and accordingly, their decay properties induced by emitting a pseudoscalar
meson are not affected by the anomaly. Moreover, taking into account small mixings between the three-
quark and five-quark SHBs, we find that the observed E,. excited state, either Z.(2923) or E.(2930), can be
consistently regarded as a negative-parity SHB that is dominated by the five-quark component. We also
predict a new negative-parity five-quark dominant A,., whose mass is around 2700 MeV and the decay
width is of order a few MeV, which provides useful information for future experiments to check our

description.
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I. INTRODUCTION

Chiral symmetry for light-flavor (u, d, and s) quarks is
one of the important symmetries of quantum chromody-
namics (QCD). In fact, the spontaneous breakdown of
chiral symmetry enables us to understand the mass gen-
eration of hadrons from almost massless light quarks [1]
and simultaneously enables us to describe the low-energy
dynamics for the associated Nambu-Goldstone (NG)
bosons (such as pions) systematically [2,3]. Another
significant symmetry property of QCD is the U(1), axial
anomaly [4,5], i.e., nonconservation of the U(1), axial
charges induced by instantons [6], which is essential to
explain a large mass of 7 meson.

In view of the above symmetry aspects, the studies based
on chiral effective-model approaches have been broadly
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carried out for light mesons and baryons. In addition to
hadrons including only light flavors, heavy-light mesons
composed of one heavy quark (c or b quark) and one light
quark as well as doubly heavy baryons of two heavy quarks
and one light quark have also been explored within the
chiral models [7-12].

Since the heavy quark plays a role of a spectator due to
its large mass, studies of the heavy hadrons allow us to
extract information on the QCD symmetry properties
carried by light quarks despite being confined [13,14].
In other words, such open heavy hadrons provide us with
useful testing ground toward understanding dynamics of
light-quark clusters that are not color singlet. From those
examinations for various flavor system, it is expected that
our insights into the mechanism of flavor dependent or
independent hadron mass generations would be deepened.

In this regard, singly heavy baryons (SHBs), which are
composed of one heavy quark and one light diquark, serve
as another useful probe to unveil the dynamics of color-
nonsinglet objects [15]. That is, the diquark dynamics
stemming from chiral symmetry and the U(1), axial
anomaly is reflected to the mass and decay properties of
SHBs. Theoretical studies of SHBs focusing on the
diquarks have been done from chiral models [16-21],
quark models [22,23], and diquark-heavy-quark potential
descriptions [24-26]. Accordingly, the spectroscopy of
SHBs are being energetically explored experimentally at,
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e.g., SLAC, KEK, and LHC. In addition, the chiral-partner
structures of the SHBs at high temperature based on a chiral
model of diquarks has also been examined in Ref. [27].

In Ref. [28], a five-quark picture (Qqqgq) was proposed
to describe the so-called Roper-like baryons, A.(2765) and
E.(2970). Using the linear representation of chiral sym-
metry, the sequential decays of the five-quark SHBs
induced by emitting two NG bosons were reasonably
explained [29]. The chiral representation of the five-quark
SHBs is identical to that of the three-quark ones, but their
axial charges are different. Hence, classification of them
from the U(1), axial charges is inevitable to understand the
distinction of symmetry properties between the two types
of SHBs. Moreover, in Ref. [19], it was found that the
U(1), anomaly effects can lead to the so-called inverse
mass hierarchy where A, becomes heavier than Z. for
negative-parity three-quark SHBs. This implies that the
anomaly plays significant roles in the mass spectrum
of SHBs.

Motivated by the above observations, in this paper, we
examine influences of the U(1) , axial anomaly on the mass
spectrum and decay properties of the SHBs based on three-
quark and five-quark pictures. After such considerations,
we show our predictions of the masses and decay widths of
the negative-parity five-quark dominant A. baryon.

This paper is organized as follows. In Sec. II, we present
our effective Lagrangian including the three-quark and five-
quark SHBs based on SU(3); x SU(3), chiral symmetry
and explanations of contributions from the U(1), axial
anomaly are provided with referring to quark-line dia-
grams. In Sec. III, influences of the anomaly on mass
spectrum and decay widths of the pure three-quark SHBs
are investigated in detail, and similar considerations for the
five-quark SHBs are provided in Sec. IV. In Sec. V, mixings
between the three-quark and five-quark SHBs are incorpo-
rated, and we present predictions of the negative-parity
five-quark dominant A. baryon. In Sec. VI, we provide
discussions on the predicted A, baryon. Finally, in Sec. VII,
we conclude the present study.

II. MODEL

In this section, we present our effective model for the
SHBs based on chiral symmetry of the diquarks.

In order to describe both the ground state SHBs,
A.(2286) and E.(2470), and low lying excited states such
as the Roper like ones, A.(2765) and E(2970), from chiral
symmetry point of view, we introduce four diquarks dy, d; ,
dy, and dj whose quark contents are given by [28]

(dr)g ~ €abc€aﬁy(41€)€C(QR){’

(dL)f ~ €ijk€aﬂ7(‘]£)?c(‘]L)£v

(dR)¥ ~ €ance™ (q)y Clar)El(@L)?(qR)3);

()% ~ e (q1)7Clar )i (ar)5(qL)?). (1)

In this equation, gg) = 13;“ q is the right-handed (left-

handed) quark field. The subscripts “a,b,---” and
“i, j,---” denote right-handed and left-handed chiral indi-
ces, respectively, and the superscripts “a, f3, - - -” stand for
color indices. The 4 x 4 matrix C = iy?y° is the charge-
conjugation Dirac matrix. Thus, while dp and d; are the
conventional diquarks consisting of two quarks, d and d
are regarded as the fetra-diquarks made of three quarks and
one antiquark. The chiral representation of dg, d;, dy, d;
reads

dg ~ (1,3)+2,
d;e ~ (3’ 1)+4v

where the subscripts, e.g., +2 for dg, represent the U(1),
axial charge carried by the diquarks. Equation (2) shows
that the axial charges of the tetra-diquarks are distinct from
those of the conventional ones, which allows us to
distinguish the two types of diquarks, although dp and
d; (d; and d}) belong to the identical chiral representation.

The interpolating fields of SHBs are given by attaching a
heavy quark Q to the diquark as

Bgo~ Q%(dg)s
By~ Q%(dR)f,

B~ Q%(d.)},
B, ~ Q%(dy)s. (3)

From this definition, one can see that Bg(;) and B%(L) are

regarded as a three-quark state and five-quark state,
respectively. Besides, Eq. (2) implies that chiral trans-
formation laws of the SHBs read

B — BLQE’
B}, — B gy, (4)

Bg — BRg;,
By, > Big;.

with gg(z) € SU(3)g(z)- It should be noted that the SHBs in
Eq. (3) are heavy-quark spin-singlet (HQS-singlet) of spin
1/2 belonging to the flavor 3 representation since the
diquarks in Eq. (1) are Lorentz scalar. Thus, for instance,
the HQS-doublet baryons of spin 1/2 and 3/2 such as
¥.(2455) and X.(2520), belonging to the flavor 6 repre-
sentation, are not described by Bg(;) and B%(L).

From Eq. (4), an effective Lagrangian describing the
three-quark SHBs and five-quark SHBs coupling with light
mesons that is invariant under SU(3), x SU(3)y trans-
formation is constructed as

£SHB = £3q =+ ESq + Emix’ (5)

where
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L3, = Y (B,iv-0B,—uB,B)
x=L.R

us - _
- ]73 BL (V)T By, + Br(X7S)T By
b

g _
- i (€ijk€abcBr xZiaZjpBr +H.c.)
— ¢, (B =" Bg + H.e.), 6)

Ls,= > (Byiv-0B, — u,B,B})
x=L.,R
Hq 2 i
- f% [BR(ZX")" By, + BL(X'E)B]]

n

[(€apceinZliZh =0 (BRE BL) + H.e]

_ 9
6f2
g3 -
B 273 (eabf€ijkB;€,IZZIZZiZZjZLkB/L.d +H.c.)
V4
+ 65(BRZ By + B, X By), (7)
and
‘Cmix = _/"/1 (BRBIL + B,LBR + BLBIR + B;QBL)
— 94(BRZ*Bg + B X" B} + H.c.). (8)

In these equations, X is a light meson nonet, which belongs
to
Z~(3.3),, )

or more explicitly, X transforms under the SU(3), x
SU(3) chiral transformation as

2 g gk (10)

The dimensionless quantity » in the Lagrangian stands for
the velocity of the SHB. In Eqgs. (6)—(8), chiral symmetry
properties of the contributions including the antisymmetric
tensor are rather obscure, so here, we provide an explan-
ation of their chiral invariance by focusing on the g; term in
Eq. (6) as an example. As for this term, all of the subscripts
i, j, and k in Z;,, £, and BL,,( denote indices of the 3
representation of left-handed SU(3), group, and hence, by
contracting these indices with the antisymmetric tensor €; j,
one obtains an SU(3), chiral-singlet piece. Likewise, the
indices a, b, and ¢ in %;,, ¥, and Bg . belong to the 3
representation of SU(3)g, so the contraction with €,
leaves an SU(3)y chiral singlet. As a result, chiral invari-
ance of the term becomes manifest. Our Lagrangian
possesses SU(2), heavy-quark spin symmetry (HQSS)
as well as SU(3), x SU(3), chiral symmetry, which can
be easily understood by a fact that it does not include any
Dirac y* matrices [13,14].

Our counting scheme in constructing the Lagrangian (5)
is as follows: First, we have written down all possible terms

invariant under the U(1), axial transformation in addition
to the SU(3), x SU(3)x chiral transformation with the
smallest number of X(*). Next, we have included leading
terms that break only the U(1) , axial symmetry. Because of
these reasonings, the g, and g; terms in Eq. (7) containing
four £(1)’s, which, at first glance, seem to be higher order,
are present. In fact, the py, s, 13, ta, 91, 92, g3, and g, terms
are invariant under the U(1) , axial transformation, whereas
the remaining ¢}, ¢5, and 4} terms violate the U(1), axial
symmetry. That is, only the latter three contributions are
responsible for the U(1), axial anomaly. It should be noted
that a trace of XX that is not directly connected to quark
lines inside the SHBs, e.g., tr[X'X](B; B, + BgBy) term,
can be also included within our present counting rule, but
such contributions are ignored in our present analysis since
they do not essentially affect mass spectrum and one-
pseudoscalar-meson emission decays of the SHBs.

In order to gain insights into the U(1), axial properties
of the contributions, we depict quark-line diagrams of each
interaction term in Figs. 1-3. Figure 1 shows that chirality
flips induced by (") occur twice in one quark line for y;
term, and such flips occur in two quark lines for g; term. As
a result, U(1), symmetry for these two terms becomes
manifest since all right-handed and left-handed quark lines
are preserved. Meanwhile, as displayed in the figure, ¢}
term includes the so-called Kobayashi-Maskawa-"t Hooft
(KMT) six-point interaction [30-33], which leads to the
chirality nonconservation representing the U(1), axial
anomaly.

As for the tetra-diquarks, from Fig. 2, one can see that
the double chirality flip occurs for the antiquark line in the
Uy term since the chiral indices of the diquark are carried by
the antiquark as in Eq. (1), which is distinct from the pu3
term despite the identical coupling structure at the
Lagrangian level. Besides, in the g, term, not only the
antiquark line but also the remaining three quark lines
interact with X(*) to flip their chiralities, in which the
antisymmetric-tensor structures of the latter three quarks
are directly connected to those of €,,.€; ijIiZz szk piece.
Meanwhile, the g; term includes contributions where one
antiquark line is connected to another quark line through
(%), since, for instance, the chiral index of B/L, 4 1s related to

sz having a contraction with other meson fields by €;j;.

i

FIG. 1. Quark line diagrams for each term of the Lagrangian
(6). The heavy quark is a spectator and omitted here.
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Lg Y, Re B, I Lg oy Re
——————¢ < <
Ry Ry Ry > Ly
4 » > d/ / > > d/
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> > > >
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! ! / !
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> >
g3 — term gé — term

FIG. 2. Quark line diagrams for each term of the Lagrangian (7).

The quark line for the last ¢, term is simply understood
by replacing the eabce,»ijLszZZk piece in the g, term
by the KMT interaction, which manifestly shows the
chirality nonconservation and the U(1), axial anomaly
effects.

The diagrams for the mixing terms depicted in Fig. 3 are
rather simple. In the 4 term, the mixing between the
conventional diquark and tetra-diquark is supplemented by
the anomalous KMT interaction, and in the g, term, such a
mixing is simply provided by (") within the tetra-diquark.

Under the spontaneous breaking of chiral symmetry,
X acquires vacuum expectation values (VEVs) of the
form

(%) = fLdiag(1,1,A), (11)

where the parameter A incorporates a violation of
SU(3).,x flavor symmetry due to the presence of a large
s quark mass. In our present analysis, we take f, =
93 MeV and A = 2f1;—‘f = 1.38 (hence, fx = 111 MeV).

Replacing (%) by its VEVs (11) in our model (5), masses of
the SHBs are evaluated.

In the following sections, we present our results of the
analyses of our effective Lagrangian. We first switch off the
mixing term, Eq. (8), in Secs. III and IV, so as to explore
influences of the U(1), axial anomaly on the mass
spectrum of the three-quark SHBs and the five-quark
SHBs separately. Then, in Sec. V, we revive the mixing
to investigate the full spectrum and decay properties
of SHBs.

S el S B~
S

4

‘:U|h
S

R L Ry Ry R
dr g R R Ry
Wy — term ga — term
FIG. 3. Quark line diagrams for each term of the Lagrangian (8).

III. ANALYSIS OF THREE-QUARK SHBS

Here, we investigate the masses and decay widths of
SHBs that contain only three-quark states from Eq. (6) in
the absence of mixing effects (8).

Flavor basis of the SHBs is obtained by the diagonal
components of SU(3), and SU(3) groups, i.e., by putting
i = a in the interpolating fields (3). Then, from Eq. (3)
together with Eq. (1), one can find that parity eigenstates of
the three-quark SHBs are obtained as linear combinations
of Bp and B as

_ b
V2

where the sign of B.; in the left-hand side (LHS)
represents the parity. Accordingly, mass eigenvalues of
the three-quark SHBs read

By, (Bri F Br.). (12)

3
c](i)] =mg+py +pu3 F fo(91 +Ad).

MEZ ()] = my + 1 + A% F fo(Agi +6,). (13)

M|

>

In this equation, EE’](:I:) and A[g’](j:) are the SHBs
composed of suc (sdc) and udc carrying the parity =,
respectively, where the superscript [3] is shown to empha-
size that they are three-quark SHBs. The quantity mjp is a
mass parameter introduced to defined a heavy-baryon
effective theory [13,14], so that we can choose its value
arbitrarily. Equation (13) indicates that, when we focus on
M [A?](j:)], (5s) contributions denoted by A are incorpo-
rated into the mass through the anomalous ¢ term,

although A[f] does not contain the s-quark content. Such

peculiar structure is understood by the KMT interaction
as displayed in Fig. 1, which mixes all flavors u (&), d (d),
and s (5).

The positive-parity SHBs A?](—i—) and E?](—i—) corre-
spond to the experimentally observed ground-state
A.(2286) and E.(2470), and hence, we use their masses
as inputs [34]:

MAE (4)] = 2286 MeV,
MIEP (+)] = 2470 MeV, (14)

which allows us to fix two of the parameters y, p3, g;, and
g, in Eq. (13)." As for the unobserved negative-parity
SHBs, we assume that their masses are larger than the
positive-parity ones sharing the same flavor contents:

'As explained below Eq. (13), my is not a model parameter to
be fixed, but we can determine freely. In fact, the mp dependence
can be absorbed into ;.
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E

MIAZ ()] > M[A?
MEP (-)] > ME?

<

(15)

since the negative-parity SHBs are regarded as orbitally
excited states.”

Taking into account those properties, the mass ordering
of the negative-parity three-quark SHBs is classified into
the following three patterns:

MIAZ (4)] < MAD(-)] < MIEP (+)] < MEP (-)],

MIAZ ()] < MIE(+)] < MIAP (=) < MED (),
MIAZ (=),
(16)

In the first and second orderings, the negative-parity SHBs
satisfy M [AE’](—)] <M [E?](—)] similarly to the positive-
parity ones, as naively expected from their flavor contents.
For this reason, we call this mass ordering the normal mass
hierarchy. In contrast, the third ordering in Eq. (16)
indicates M [EE]( ) <M [AB](—)] which contradicts with
the naive expectation, and this is referred to as the inverse
mass hierarchy [19].

The three mass hierarchies (16) for A[S]( —) and 5[63](—)
are displayed in Fig. 4. In this figure, the colored regions
(D, (I), and (IIT) correspond to the first, second, and third
hierarchies in Eq. (16), respectively. In Fig. 4, the mass
hierarchy satisfied with ¢; = 0 is denoted by the blue line,
which always lies in the region of the normal mass
hierarchy. That is, the inverse mass hierarchy for the
negative-parity three-quark SHBs does not manifest itself
unless the U(1), anomaly effects are present. The orange
line with y3 = 0 corresponds to the result in Ref. [19],
which is included as a prominent example where the U(1),
anomaly effects are present. In fact, when p3; = 0, one can
prove the inverse mass hierarchy analytically as

MIAZ (=) - MED (-)]
= MED ()] - MAT (+)] > 0. (17)

from Eqgs. (13) and (14). The vertical and horizontal dashed

lines represent a theoretical prediction of M [A[L.s](—)] =
2890 MeV from a quark model [23] and that of

M [E[g](—)] = 2765* MeV from a diquark-heavy-quark

*Note that the experimentally observed states, A,(2595)(JF =
1/27) and its flavor partner [34], are not chiral-partner states that
we concern here. In a quark-model description, A.(2595) is
regarded as the so-called 1-mode excited baryon since being the
ground state of J¥ = 1/27. Thus, the chiral-partner state that
corresponds to the p-mode excited baryon must be heavier than
A (2595) [23].

3400

3200

3000

MGE (=) [Mev]

2800
2765

2600

2470

2286 2470 2600 28002890 3000 3200
M(ALY-) [Mev]

FIG. 4. Three types of the mass hlerarchy listed in Eq. (16):
M M[A”( +)] < MAY ()] < MES (1)) < MED ()], @

MIAY (+)] < MED (+)] < MIAZ ()] < M[E “]< )]. and (I
M[A L ()] < MED(+)] < MED (=) < MAF (-)]. The de-
tail is explained in the text.

potential model [24], respectively.3 As seen from Fig. 4,
a significant anomaly effect is necessary when we repro-
duce these theoretical predictions in our present approach.

We note that lower limits of M [Am( —)] and M [E[g] (—)] are
constrained by Eq. (15).

In what follows, we evaluate decay widths of the
negative-parity SHBs induced by one-pseudoscalar-meson
emissions in the absence of the mixing effects (8). Those
coupling properties are read by taking fluctuations of the
pseudoscalar mesons denoted by P in addition to the VEVs
(11) for the meson field X as

Y > (%) +iP, (18)
with
P=v2
X - 3—— ”T '77 KO . (19)
K- K° B

In Eq. (19), n; and g are isospin-singlet pseudoscalar
mesons belonging to flavor SU(3);,, singlet and octet,

3The asterisk in 2890* is added to emphasize that the mass is a
theoretical prediction. Throughout this article, we attach the
asterisk (*) when referring to a theoretical prediction.
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respectively, which are not physical states due to a mixing
between them. The physical states 7 and 7’ are defined by

<r//> :<Cf)sep —sin9P><n8>’ (20)
n sinfp  cosfp m
where the mixing angle 0 is fixed to be 8, = —11.3° by
the particle data group (PDG) [34].

Having derived the coupling constant for decays of the
one-pseudoscalar-meson emissions analytically, one can

find that they are related to mass differences between the
chiral partners as

AM(E,)
e A Y 2

_AM(A) + AM(E,)

GADAT () VAL 1)
sm@
(cos@P—i- 7 ), (22)
AM(A,) + AM(E,)
Gl A¥ 1k = VL ALD) (23)
and
AM(A,) + AM(E,)
GA[g](_)Ele)K: V2f (A1) ) (24)
with
AM(A,) = MIAZ (-)] = MIAS (+)).
AM(E,) = M[EZ (-)] - MIED (+)). (25)

Here, for instance, Eq. (21) stands for the coupling constant

for a decay of E' (=) — E2(+)x. The relations (21)~(24)
are understood as extended-Goldberger-Treiman (GT)
relations in our chiral model for the SHBs [19,21]. In
other words, the decay widths are solely determined by the
masses of SHBs regardless of details of the model
parameters, when the axial coupling is fixed to be unity
as in the present linear sigma model. Among the relations,
Ggpl(_yzh (), does notinclude the mass difference AM (A.)
since both the initial and final states are Z. baryons.
Equation (22) indicates that the coupling G AP (=)A (4 is
not only determined by AM(A,) but also AM(E,.) despite
the absence of E, in the reaction. Such a peculiar structure
is induced by the anomaly effect which mixes all flavors.

To see this, we rewrite G AZ (A (4 to

AM(A,) 2
G A = <— — AN Udl)

< V3f. V3
s1n9
X <cost9p + 7 ) (26)

This equation indeed shows that the coupling constant is
determined by only AM(A,) in the absence of the anomaly
effect: ¢; = 0. Also, when ¢ > 0, Eq. (26) indicates that

the decay width of AP (=) is suppressed compared with a
simple estimation obtained from the naive use of GT
relation, G = AM/V/3f, [21].

Using the coupling constants in Egs. (21)—(24), partial
decay widths of the negative-parity SHBs for arbitrary

values of M[E =2 ]( -)] and M [A?] (—)] are evaluated as
displayed in Fig. 5. The four subfigures show, by the color

map, the decay widths of (a) A?](—) - Am(—&—)n,
b AP(-) -2k, © 2 (-) > 2 (4)r and
(d) EE’](—) - A?](—i-)K . The blue line represents ¢} = 0,
denoting the absence of the anomaly effects, and the orange

one represents pu3 = 0, corresponding to the analysis in
Ref. [19]. The vertical and horizontal dashed lines are

theoretical predictions of M[A (=)] = 2890 MeV [23]

and M|[E [”[3]( )] = 2765* MeV [24], respectively.

Figure 5 indicates that the decay widths become large
immediately when the thresholds open. Within the chiral
model where relevant couplings are controlled by the
extended GT relations, the decay widths are proportional
to the square of mass differences between the chiral
partners as seen from Eqs. (21)—(24). Moreover, S-wave
decay rates are proportional to the momentum of the
emitted pseudoscalar meson which are basically deter-
mined by the mass differences again. Hence, in total, the
decay widths are found to be proportional to the third
power of the mass differences, which results in the rapid
growth of the decay widths when the mass difference

increases. We note that the decay width of E?](—) —

g (4)x is not affected by the mass of M [A?] (—)] since the
coupling is given by AM(E,) solely. We also note that, for

A?](—) - AB]( +)n, there is a rather wide area for com-
parably small decay width, particularly in the region where
the inverse mass hierarchy is realized, thanks to the n — %’
mixing as explained in Ref. [21]. We emphasize that there
is no room to discuss such a broad detectable region unless
the anomaly effects denoted by a nonzero value of ¢ are

present. When we take M [A?](—)] = 2890* MeV and

M [E?](—)] = 2765* MeV from the theoretical predictions,
the resultant partial decay widths read 120 MeV for

A=) > AP+ and 264 MeV for EP(-) >
5?] (4)7, and the remaining two decay modes are closed.
As indicated in the PDG, E,(2923) or E,(2930) whose

spin and parity are unknown can be candidates of E[Cs] (=) in
our present analysis [34]. Experimentally, the total decay
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FIG. 5. Partial decay widths of the negative-parity SHBs for arbitrary values of M [E?] (-)] and M [A?] (=)]- The blue and orange lines
represent ¢ = 0 and u3 = 0, respectively. The vertical and horizontal dashed lines are theoretical predictions of M [A[Cs](—)} =

2890* MeV and M [E?] (—)] = 2765* MeV, respectively.

widths of E.(2923) and E.(2930) are known to be

T sy = 159 MeV [T =102+ 1.4 MeV],

whereas our prediction yields significantly larger decay
widths as seen from Fig. 5(c) and 5(d). For this reason, we
conclude that the observed E.(2923) or E.(2930) is not

identified as a three-quark =5 (=). In Sec. V, we show that
E.(2923) or E.(2930) would be identified with a five-
quark dominant SHB where only a small fraction of the

three-quark one enters.

IV. ANALYSIS OF FIVE-QUARK SHBS

In this section, we investigate mass spectrum and decay
widths of the five-quark SHBs from Eq. (7). Similarly to
the analysis in Sec. III, here, we switch off mixings from
the three-quark SHBs by omitting Eq. (8) so as to gain clear
insight into properties of the five-quark SHBs from chiral
symmetry and the U(1), anomaly.

Parity eigenstates, i.e., mass eigenstates of the five-quark
SHBs, are obtained by linear combinations of By and B} as

1
B, = \E(Bﬁe ¥ BL), (27)

and from Eq. (7), the corresponding mass eigenvalues
read

MIAS (£)] = mp + pp + A%py
T Af[A(9 + 93) + 5.
MEF (+)] = my + iy + pa + f1[A(g2 + 63) + ch). (28)

The notation in these equations follows Eq. (13), and the
quark contents are udsiic (udsdc) in E[Cs](j:) and udssc in
AP (£). Equation (28) indicates that the mass formulas for
AP (+) and g (4) share a common piece of A(g, + g3) +
g’2 in the last term, and thereby, we can absorb the three
parameters ¢,, g3, and ¢, into a single parameter / as

MIAS ()] = mp + py + A2y = Afh,

MIES(£)] = mg + pa + py £ f1h.

(29)
For this reason, now the number of free parameters is three:
Uas Mg, and h. From Eq. (29), one can conclude that the
leading contributions from the U(1), anomaly incorpo-
rated by the g’2 term do not affect the mass formula, which is
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distinct from the case of three-quark SHBs where the
anomalous term plays a significant role for the mass
hierarchy. Accordingly, the U(1), anomaly does not
contribute to the decay widths stemming from one-
pseudoscalar-meson emissions due to the extended-GT
relation for the five-quark SHBs. Another characteristic
feature is the influence of the violation of SU(3), .
flavor symmetry; that is, A% appears as a coefficient of

uy for M [A[S] (£)], which is again distinct from the case of
three-quark SHBs where A2u; appears for M[E [”[3] (£)]-
Such a noteworthy feature is understood by the quark-line
diagram in Fig. 2. In fact, as seen from the diagram for the
1y term, when we focus on the A[Cs] (£) baryons composed
of udssc, the two X(f) couples with an 5 line, which
generates A2 contributions in the mass formula.

As for the five-quark SHBs, we identify A[S]( +) and

E£ ] (4) with the experimentally observed Roper-like states,
A.(2765) and E.(2970), respectively. Then [34]

MIAS ()] = 2765 MeV,

MIEF(+)] = 2967 MeV. (30)
Here, the five-quark SHBs include one antiquark whose
intrinsic parity is —1, so we expect that A[cs](_) and E[CS] ()

are regarded as the ground states, while AP (+) and g (+)

are the orbitally excited states. Hence, one can naturally
assume the following mass hierarchies:

MIAT(=)] < MIAS (+),
MEF ()] < MEF (+). (31)

Other constraints for the mass hierarchy are obtained from
decay widths of A.(2765) and E.(2970). Experimentally,
the total decay widths of these SHBs are known to be
re ‘(2765 ~ 50 MeV and F“"(2970 ~20.9 MeV [34]. Thus,

these values are regarded as the upper limits of the partial
decay widths due to one-pseudoscalar-meson emissions:

I(E.(2970) - EF(=)x) + T(E,(2970) —» AP (-)K)
$20.9 MeV,

I(A.(2765) - B (—)K) + T(A(2765) = AS (<))
<50 MeV. (32)

Similarly to decays of the three-quark SHBs whose
couplings are determined by mass differences of the chiral
partners as in Eqs. (21)-(24), decay widths of the five-
quark SHBs shown in Eq. (32) are also expressed by the
mass differences regardless of details of the model. In other

words, Eq. (32) enables us to get constraints on the masses
of AP (=) and B (=) directly, which yields

2551 MeV < M[AF ()],
2811 MeV < MEP (-)). (33)

Notably, under these constraints, the decay modes,
£.(2970) > AP (-)k,  A.(2765) - E¥(-)K,  and

A (2765) — A[CS](—)n, are closed, and only E.(2970) —

ELS] (—)m is allowed, resulting in the disappearance of decays

of A.(2765) induced by the one-pseudoscalar-meson emis-
sion. The main decay modes of A.(2765) are sequential
decays emitting two pions via X, resonances [29,35,36],
which are not treated in our present model.* Combining
Egs. (31) and (33), the mass hierarchy of the five-quark SHBs
is uniquely determined to be

MIAT ()] < MIAZ (1)) < MED (-)] < MET (+)].

(34)

This mass ordering may not be intuitive since A[Cs](:l:) is

heavier than = (+) despite their quark contents: AP (+) ~
=05l

udsscand E¢” (&) ~ udsiic (udsd c). A possible scenario to
obtain such unnatural mass ordering is discussed in
Appendix.

The experimentally observed E,.(2923) or E.(2930) are

expected to be candidates of = H(—), since the mass of
2,(2923) or E,(2930) satisfies the inequality in Eq. (34).”
In Sec. V, indeed, we show that E.(2923) or E.(2930) can
be identified with the negative-parity five-quark dominant
&, from its decay properties.

As for A (=), one can see that AP (=) does not exhibit
strong decays from the constraint on the mass in Eq. (34),
as long as the dynamics is governed by exact HQSS. Such
stable behavior holds even after introducing mixings with
the three-quark SHBs. Its possible strong decay induced by
a violation of HQSS is discussed in Sec. VI. We note that,

when we identify 5 (—) with E,(2923) or E,(2930), the

mass  of AP (-) reads M [A[CS] ()] = 2704 MeV
or M[AF (=)] = 2726 MeV.
“We have employed the PDG value of Y e = 50 MeV to

find the constraints (33) although, e.g., the elle collaboration
reported a larger value of FA‘(2765> =73+ 5 MeV [37]. How-
ever, the constramts in Eq. (33) are not significantly affected by
variations of I'{* N, (2765) which are dominated by the sequential two-
p10n emission decays.

>The masses of Z,(2923) and Z,(2930) read M[E,(2923)] ~
2923 MeV and M[E.(2930)] =~ 2939 MeV, respectively [34].
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V. ANALYSIS WITH MIXINGS BETWEEN
THREE-QUARK AND FIVE-QUARK SHBS

From the analysis in Secs. III and IV, we have learned
that the U(1), axial anomaly can lead to the inverse mass
hierarchy for the negative-parity three-quark SHBs, while it
does not affect the mass spectrum of the five-quark SHBs.
In this section, we generalize the discussion by including
mixings between the three-quark and five-quark SHBs to
delineate the realistic spectrum of the SHBs and present
predictions based on our model.

A. Mass formula

Here, we present the mass formula of the SHBs with
mixings between the three-quark and five-quark components.
In the presence of the mixings, mass eigenstates take the

form of [28]
B% . cosfp,  sinbp, \ / By,
(o' )= Cogr ) () 09
B:t.i — S1n 9Bi,; COS HBL[ Bi,i
where  the mixing angles satisfy tan20p =

(Zﬁzi,i)/(m[ﬁi - m[i]l) and the corresponding mass eigen-

values read

M(B"EY = my + = [+ m

/(P -l a2 ) (36)
with
2
m[i].izl.z = + A%z F f(Ag + ¢)).

2
m[i].i:3 =u +p3 F fo(91 +Ad)).

m[i].izl.z =py +ps £ frh,
m s =y + A2y £ Af 4,
i1y =My F frba
iy = Py F Afna- (37)

In Egs. (35) and (36), the subscripts “+” and “i” in the
BZ’/I-L stand for the parity and flavor indices, respectively.
Besides, the superscript H (L) represents the higher (lower)
mass eigenstate corresponding to the plus (minus) sign in
front of the square root in the right-hand side (RHS) of
Eq. (36). As for Eq. (37), 7y ; is responsible for the

mixings, and m[ﬁi and m[ﬂi correspond to the masses of the

pure diquarks (gq) and the tetra-diquarks (gqgqq), respec-
tively. We note that masses (36) satisfy

M(Bji-12) =
p=+.n=LH

— 2042 = 1) — ). (38)

> M(B)

p=+.n=LH

which can be understood as a generalization of the simple
mass formula found in Ref. [28]:

M(BZJ=1.2> =
p=+.n=L.H

Y M(B ). (39)

p=+.n=L.H

The p; term produces differences between the parity-

averaged masses of A?] and E?], and so does the u, one

for A[Cs] and E[CS], as seen from Egs. (13) and (28). Such
effects are generated by O(X?) and were not incorporated
in Ref. [28].

In what follows, similarly to the analysis in Secs. III and
IV, we employ the notation of M[AY / L(4)] and
M[EH ()] to refer to the corresponding masses as
follows:

MIAY"(£)]
MIE" (£)]

m(BYES),
M(BYE ). (40)

B. Without anomaly effects

In this subsection, toward a clear understanding of the
mixing effects on the mass and decay properties of the
negative-parity SHBs, we proceed with the investigation
without the U(1), anomaly effects.

In the absence of the anomaly effects, there are seven
model parameters to be fixed: uy, My, Mz, H4s 91,
h=A(g, + g3), and g4. Four of them are fixed from the
masses of positive-parity SHBs, where the ground-state and
the Roper-like SHBs are assumed to be three-quark and

five-quark dominant, respectively. For this reason, we

assume m[f]l < m[ﬂi. Besides, as a typical value for the

mass of negative-parity A., we take the quark-model
prediction of M[A.(—)] = 2890* MeV for another input.
Furthermore, we employ the mass of Z.(2930) as an input.
As explained at the end of Sec. III, E.(2930) cannot be
identified with the three-quark dominant SHB from its
decay width, and thus we suppose E.(2930) is five-quark
dominant. The input masses are summarized in Table. L.

TABLE I. Input masses for the analysis in Sec. V B. For the
negative-parity SHBs, the mass orderings are obscure so that the
superscript H or L is not attached.

M[AL(4)] = 2286 MeV M[EL(+)] = 2470 MeV
M[AH (+)] = 2765 MeV MIEH (+)] = 2967 MeV

M[A,.(-)] = 2890* MeV M[E.(-)] = 2939 MeV
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FIG. 6. Decay width of 5,(2930) as a function of the ratio of
three-quark states in Z.(2930), where the horizontal axis is
defined by 100 x (cos 937.‘:1.2)2. The decay modes that can be
treated in our present framework are £.(2930) — E.(2470)x and
E.(2930) - A.(2286)K. Typically, only the colorless area is

allowed from the experimental data of decays of =.(2930).

Now, we can work with only one parameter. Choosing the
mixing angle 0 ;_, , as the last parameter, for instance, we
can examine the decay width of Z.(2930) as a function of
the ratio of three-quark states in Z.(2930), as depicted in
Fig. 6. In this figure, the horizontal axis is defined by
100 x (cos @ . ,)*. The decay modes that can be treated in

our present framework are E.(2930) — E.(2470)z and
E.(2930) - A.(2286)K, where E.(2470) and A,(2286)
are reduced to pure three-quark SHBs when the mixings
are switched off. Hence, the decay width vanishes when the
three-quark component in Z.(2930) is zero due to the
orthogonality of the initial and final states, corresponding
to the consideration in Sec. IV. Then, the width begins
to grow as the ratio increases through the small overlaps.
The PDG reads tE":(2930)+ =15+ 9 MeV [1"‘50:(2930)0 =
10.2 + 1.4 MeV] so that typically, the ratio is allowed to
be less than ~5.1% from which the width becomes
~10 MeV, as denoted by the colorless area in Fig. 6.
When we fix the last parameter at which the mixing of
three-quark states in E.(2930) is 5.1%, all the seven

parameters are determined to be

py=-518MeV, p,=413MeV, u;=309MeV,
py=-236MeV, ¢, =288, g,=-0.687,
h=0.0259. (41)

We note that we have taken mp = 2780 MeV in obtaining
parameters (41) such that mp coincides with the averaged
mass of all eight SHBs. We also note that the dimensionless
parameter & originating from the O(Z*) contributions is
indeed suppressed compared to g; and g, terms. With the

mass [MeV]

( Ratio is Qqq : Qqqdq ) 3230
94:9% : 5.1%
2967
2890 1.7% - 98.3% 512;)_-3951)90/
2765 74.0% : 26.0% 1% : 94.9%
3.5% : 96.5% 2689

26.0% : 74.0% 92470
98.3% : 1.7%
2286

96.5% : 3.5%

v3) ~G) =G) =G)

FIG.7. Mass spectrum of all SHBs treated in our present model
with the parameter set (41). The details are provided in the text.

[11

parameter set (41), the mass spectrum of all SHBs treated in
our present model is obtained as displayed in Fig. 7. In this
figure, the mass values indicated by black and blue colors
are inputs for the positive-parity SHBs and negative-parity
SHBs, respectively, whereas the red values are outputs (see
Table I). The percentage below the mass values denotes the
ratio of three-quark and five-quark states: Qgq and Qgqgq.
The figure indicates that, for the positive-parity sector,
the Roper-like SHBs are mostly five-quark states, while
the ground-state ones are mostly three-quark states.
Meanwhile, for the negative-parity sector, the tendency
is opposite; the higher-mass SHBs are three-quark domi-
nant, while the lower-mass ones are five-quark dominant.
Such a characteristic result follows our intuitive assumption
for the positive-parity SHBs m[f]l < m[ﬂi
small decay width of E.(2930).

Here, we discuss properties of AL (=) and Z(-), which
are our outputs. As for AL(-), the mass reads
MIAL(=)] = 2689 MeV, which is smaller than the result
without the mixings estimated at the end of Sec. IV:
M [ALS] ()] = 2726 MeV. Such a mass reduction is under-

stood by a level repulsion owing to the mixing with the
three-quark state. In fact, the mass lies in a range of

and a comparably

2689 MeV < M[AL(=)] < 2726 MeV,  (42)

corresponding to the allowed region in Fig. 6. From this
consideration, we can find that the A.(2890*) must be
three-quark dominant, which is consistent with the fact that
A.(2890%) is indeed predicted as a p-mode excitation by
the quark model including only three quarks [23].° Besides,

%The mass of the negative-parity five-quark (dominant) state is
expected to be smaller than the threshold of A,(2286) and #:
~2834 MeV, due to a binding energy to generate the compact
five-quark (dominant) state. This would be an intuitive reason
why the five-quark dominant state is lighter than the three-quark
dominant one for the negative-parity sector.
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AL (=) becomes stable within our present approach where
SU(2), HQSS is exact. In fact, AL(—) can decay into .z
only when we include a violation of SU(2), HQSS as
discussed in Sec. VI, leading to the width of order a few
MeV.’ Therefore, we conclude that possible existence of
such a very narrow A.(—) in the mass region given by
Eq. (42) will be a challenge to experiment as a good test of
our description based on mixings between the three-quark
and five-quark SHBs.

On the other hand, 2 (—) can decay into, e.g., EL(+)x,
easily due to its large mass of M[EX (—)] = 3230 MeV, as
analogously understood from Fig. 5. We note that

3230 MeV < M[EH(-)] < 3301 MeV, (43)
corresponding to the allowed area in Fig. 6, which is always
larger than E.(2930). Accordingly, the decay width of
EM(-) is expected to be always catastrophically broad.
Qualitatively, a similar argument follows when we assign
2.(2923) to EL(-).

Our demonstration in this subsection implies that the
normal mass hierarchy for the negative-parity three-quark
dominant SHBs remains satisfied even in the presence of
the mixings: M[AX(-)] < M[EH(-)], as displayed in
Fig. 7, similarly to our previous analysis without anomaly
effects in Sec. III. This ordering does not change as long as
we employ the mass and small decay width of E.(2930) in
addition to the mass of A.(2890*) as inputs. On the other
hand, in Ref. [24], a three-quark (dominant) E. was
predicted at 2765 MeV based on the diquark-heavy-quark
potential approach. If we take this value as an input, then
the scenario is drastically different from the spectrum in
Fig. 7, since in this case, the inverse mass hierarchy for the
three-quark (dominant) SHBs emerges: M[A.(2890%)] >
M[Z,.(2765%)], and indeed one can show that there is no
solution unless the anomaly effects enter. Hence, in Sec. V C,
we demonstrate the roles of the U(1), anomaly effects with
the mixings by taking M[E.(2765%)] as another input.

C. With anomaly effects

In this subsection, we include the U(1), anomaly effects
together with the mixing of three-quark and five-quark
SHBs where the inverse mass hierarchy holds in the three-
quark dominant SHBs, by adding ¢} and 4/} to the analysis
in Sec. VB.

Now we have nine parameters of uy, u}, po, i3, s 91, 9,
h = A(g, + g3) + d5, and gy. First we use the masses of the
four positive-parity SHBs as inputs to reduce the param-
eters. Next, we employ theoretically predicted A.(2890%)
and E.(2765%) as well as the experimentally observed
E.(2930) as other inputs. The input masses are summarized

"The analysis in Sec. VI is done in the presence of the U(1)
axial anomaly effect, but the resultant decay width of AL(-) is
qualitatively the same as the one without the anomaly.

TABLE II. Input masses for the analysis in Sec. V C.

M(AL(+)) = 2286 MeV M(ZL(+4)) = 2470 MeV
M(AH(+)) = 2765 MeV M(ZH(+)) = 2967 MeV
M(EL(=)) = 2765* MeV
M(EH(-)) = 2939 MeV

Output
M(AH(=)) = 2890 MeV

in Table. II. In this table, A.(2890%), which is three-
quark dominant, is assigned to Af(=): M[AZ(-)] =
2890* MeV, from the discussion around Eq. (42).
Besides, for E.(2765*) and Z.(2930), obviously
M[EL(-)] =2765* MeV and M([EH(-)] = 2930 MeV
from their mass ordering. Here, E.(2765%) is three-quark
dominant since the prediction is based on a three-quark
picture, while E.(2930) is five-quark dominant to explain
its small decay width as already explained. These properties
force us to impose another constraint that m[—4,]i:1.2 >
2]

mZ_ ,; i.e., when the mixing disappears, the mass of
the five-quark SHBs must be larger than that of the three-
quark SHBs. We note that the three-quark dominant SHBs
satisfy the inverse mass hierarchy M[A.(2890%)] >
M[E.(2765")], which is realized only when the U(1),
axial anomaly is present. From the inputs in Table. II, seven
parameters are fixed, and only two parameters are left.
As for the remaining parameters, we take u| and g,
which are both responsible for the mixing strength. In
Fig. 8, we demonstrate how the undetermined mass of
five-quark dominant AL(—) is constrained within our
approach. In this figure the purple and green lines
represent boundaries constrained from the decay widths
of E.(2970) and E.(2930), respectively. That is, only the
colored area enclosed by both the lines are allowed for the
mass of AL(—). The resultant allowed mass is typically

150 F T T T T T T 2750
[(2,(2970))=20.9 MeV —
r (£,(2930))=10 MeV —
2700
100 b
2650
50 -+ 4 _
= 2
> 2600 s
2 of o5
— »
oy 2550 @5
-50 >
2500
-100 1~ A
2450
-150 ud 1 1 1 1 1 i 2400
1.5 -1 -0.5 0 0.5 1 1.5
94
FIG. 8. Mass of AL(—) in y}—g, plane. The purple and green

lines represent boundaries constrained from the decay widths of
E.(2970) and E.(2930), respectively.
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M[AL(=)] ~2700 MeV, where the wide value of g
stemming from the U(1), anomaly effects is allowed.
Therefore, even when the anomaly effects play a significant
role so as to lead to the inverse mass hierarchy of the
negative-parity three-quark dominant SHBs, the mass of
predicted five-quark dominant A.(—) again lies approx-
imately in the range of Eq. (42) whose decay width is of
order a few MeV as estimated in Sec. VI. It should be noted
that points with 4/ = 0 do not correspond to the absence of
anomaly effects since ¢| is always nonzero in the colored
region.

VI. DISCUSSION

Our analysis in Sec. V predicts the existence of a
negative-parity five-quark dominant A.(—) baryon whose
mass is of order 2700 MeV. However, within our present
model where exact SU(2), HQSS works, the predicted
A.(—) baryon does not decay by the strong interaction. In
this section, we incorporate a violation of SU(2), HQSS to
estimate the decay width of the A.(-).

The main decay mode of the five-quark dominant A,.(—)
is expected to be A.(—) — Z.x, and here, we evaluate its
decay width. We note that this process is triggered by the
violation of SU(2), HQSS, since the spin and parity of the
initial- and final-state diquarks are 0~ and 17, respectively,
and the one-pion-emission decay cannot preserve the light-
spin conservation. The diquark * as a building block of the
HQS-doublet SHBs is Lorentz vector, and in the chiral
basis, d* takes the form of (d%)* ~ e (g7 ) Cy*(qp)h
from the Pauli principle [19]. That is, d* belongs to the
(3, 3) representation of SU(3), x SU(3)g chiral symmetry,
and accordingly, the HQS-doublet SHBs S§%, ~ Q%(d%, )
transform as S¥ — g; S*g% under the chiral transformation.
We note that the HQS-doublet SHBs S* are described by
pure three-quark states as seen from the quark contents of
the Lorentz-vector diquark a*. Hence, an interaction
Lagrangian, Lyqsp, describing couplings among the
HQS-doublet $#, HQS-singlet B;e( L) and light mesons
Y, is obtained as

K _
EHQSB = meﬂyﬂﬂ(el]ksﬂz-r ,szvyaf)ﬁBlL’h

ai“aj
— €apeSH T 1" 6" By ;) +He., (44)

where SU(3), x SU(3)g chiral symmetry is respected. In
Eq. (44), 67 = L[y”,y°] is the antisymmetric Dirac matrix
representing magnetic interactions, and the minus sign of
the second term stems from the parity invariance. It should
be noted that we have defined the dimensionless coupling
constant ¥ by employing the mass of the ground-state A,
M, = 2286 MeV, as a normalization factor in order to
emphasize that the Lagrangian (44) is HQSS-violating
contributions. Besides, in Eq. (44), we have introduced

T T L T T L T 5
150 F -
100 - ) 1Pd 4
50 F -
[y 33
o =3
E of T 5
-3 g o
50 - ; =
-100 \ 11 4
~
-150 F -
1 1 1 1 . | 1 1 0

2 15 1 05 0 05 1 15 2

FIG. 9. Decay width of A.(—) — Z .7 in the allowed region of
4| —g; plane.

couplings involving only the five-quark SHBs for the HQS-
singlet, based on the fact that the three-quark components
in the A.(—) is small.

The X, baryons belong to 6 representation of SU(3), , »
flavor symmetry carrying positive parities. More con-
cretely, X, baryons are described by replacing S¥ — S%
with the flavor-sextet SHB fields

Iy=1p 1 5I3=0u | ==
X %Zc 7§dc
ou — | 1 yl=0u L=—lp 1 gll=—
S =| 5z ¥ L= . (45)
gl 1 gl o
Nk V2 ¢ c

The spin 3/2 and 1/2 components of the HQS-doublet
(45), S*# and S°, are separated by the following decom-
position:

|
S = S0 — 7 (7 + v")y5SS,. (46)

Inserting Eqgs. (45) and (46) into the Lagrangian (44)
together with Egs. (19) and (27), we can evaluate a decay
width of A.(—) — X,z It should be noted that A.(—) —
Xz is forbidden by the conservation of total angular
momentum.

The magnitude of x in Eq. (44) would be of O(1) as
naturally expected. When we assume x = 1, the decay
width of A.(—) — .z can be estimated to be 1-3 MeV as
shown in Fig. 9 with the same setup of the analysis in
Sec. V C. This value is substantially small compared to the
widths of Roper-like SHBs whose total width is typically of
order 50 MeV. Such a small width reflects the fact that the
decay processes violate SU(2), HQSS.
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VII. CONCLUSIONS

In this paper, we have investigated effects of the U(1),
axial anomaly on the mass spectrum of singly heavy
baryons composed of three quarks (Qgq) and five quarks
(Q0994q), based on the linear representation of SU(3), x
SU(3)g chiral symmetry. For pure three-quark SHBs, we
have shown that the inverse mass hierarchy for negative-
parity SHBs, where the mass of A, becomes larger than that
of E. despite of quark contents, is triggered only when the
U(1), anomaly effects are present. In contrast, we have
found that the anomaly effects do not have influence on a
mass spectrum of SHBs containing pure five-quark states at
the leading order, and accordingly, their decay properties
are not affected.

When mixings between three-quark and five-quark
SHBs are switched on, transitions between these two states
become possible by emitting a pseudoscalar meson. Having
focused on this feature, we have shown that the exper-
imentally observed Z.(2923) or E.(2930) can be a five-
quark dominant SHB, and its comparably small decay
width is understood by a small mixing of the three-quark
SHB. As one of consequences of our present description,
we have predicted the existence of a negative-parity five-
quark dominant A, baryon, mass, and decay width, which
are of order 2700 MeV and a few MeV, respectively,
regardless of the strength of the anomaly effects. Therefore,
the predicted A, baryon is expected to provide a good
experimental test of our picture for SHBs based on the
conventional diquark (gq) and the tetra-diquark (¢qgq).
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APPENDIX: POSSIBLE INTERPRETATION
OF THE UNNATURAL ORDERING,

MIAZ (£)] < M[ES (+)]
In Sec. IV, we have found that the pure five-quark

SHBs satisfy the unnatural mass ordering M [A[CS](i)] <
M [ELS] (£)] for both the positive-parity and negative-parity
states, although the quark contents of A (£) and P (£)
read udssc and udsiic (udsdc), respectively. Such a
peculiar mass ordering is mostly triggered by a negative
contribution of y, term to their masses. In this appendix, we
present a possible interpretation of obtaining u4 < 0 by
introducing couplings with excited five-quark SHBs B}Q< L)

To begin with, we introduce the following orbitally
excited tetra-diquarks as building blocks of B;Q( L)’

(dfré)? ~ €jkz€aﬂ7(417e)§c(611e)£[(‘_IR)%(CIR)?]7

(d7 ) ~ €peac™ (a7}, Clqr)el(Gr Vodqr)3)-

The chiral representation and U(1), axial charge of
dp;, read

(A1)

dp~(1.3) . d~(3.1),, (A2)

which is distinct from those of d’R(L> in Eq. (2) due to
excitation properties stemming from ¢. The corresponding
SHB fields are simply given by B%(L) ~ Qd;é(L)' Thus, an
interaction Lagrangian describing couplings among By L)’ ,
B;é@) and X, which is invariant under SU(3); x SU(3)x
chiral transformation, is obtained as

Ly = —gs(BRZ*By + B/=*B; + Hc.).  (A3)

In Eq. (A3), we have included only the leading order of ()
to see roles of the excited SHBs B () in a clear way. From

Eq. (A3), classical equation of motions (EOMs) for B%( L)
are evaluated to be

(ig = M5,)B] = gsX" By,

(if — M5,)B, = gs' By, (A4)

where M5, denotes the mass of B = (B; ¥ By)/ V2 in
the chiral symmetric phase. The kinetic terms in Eq. (A4)
can be neglected since the mass MY, P is much larger than the

typical energy scale of QCD, Aqcp. That is, the classical
EOMs (A4) are approximated to be

9s
BZ = ——Z*B/L,
MY,
9s
B = 3l >TBY,. (AS)
q

Integrating out the heavier B%( L) in Eq. (A3) with Eq. (AS),
we arrive at a reduced interaction Lagrangian of the form
g

"
5q

i~ B (52N BY + By (S'5)TB)). (A6)

Therefore, comparing this expression with the 4 term in

Eq. (7), we can find

gif3
M,

pim =55 <, (A7)

and the mass ordering of M[A[CS](j:)] <M[E£5](i)] is
derived.

In the above derivation, we have integrated out the

excited By, to yield M[AZ (£)] < ME®)(£)]. Intuitively
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| A2 s

v

=0
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A AP+

Ags](7> I‘Qf/\f,r/l‘

FIG. 10. Schematic picture of generating the mass ordering of M [A[L.S](i)] <M [E[CS](i)].

speaking, the mass ordering is driven by the level repulsion
between Bg)' and By ;)" with the magnitude of |uy| for
= and |A%u,| for AP as depicted in Fig. 10. In this figure,
A[Cs]/ and E[Cs]’ are the SHBs consisting of dg ;)" It should be

noted that the /& contributions induced by O(X*) terms and

the U(1), anomaly effects are expected to be of higher
order as explicitly shown in Eq. (41). Thus, the fine
splitting of E[CS](+) and EES](—) or of A[CS](—I—) and

ALS](—) is relatively small as indicated in Fig. 10.
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