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The generating functional WE½JO� of Euclidean correlators of twist-2 operators in SUðNÞ Yang-Mills
theory admits the ’t Hooft large-N expansion: WE½JO� ¼WE

sphere½JO� þWE
torus½JO� þ � � �. Nonperturba-

tively,WE
sphere½JO� is a sum of tree diagrams involving glueball propagators and vertices, whileWE

torus½JO� is
a sum of glueball one-loop diagrams. Moreover, it has been predicted that WE

torus½JO� should admit the
structure of the logarithm of a functional determinant summing glueball one-loop diagrams. We work out in
a closed form the ultraviolet (UV) asymptotics of WE

sphere½JO; λ� ∼WE
asym sphere½JO; λ� and WE

torus½JO; λ� ∼
WE

asym torus½JO; λ� in the coordinate representation as all the coordinates of the correlators are uniformly
rescaled by a factor λ → 0. The calculation is performed in two steps. First, extending our previous work,
we compute—directly from its functional-integral definition as a Gaussian integral—the generating
functional of the conformal correlators Wconf ½JO� ¼Wconf sphere½JO� þWconf torus½JO� to the lowest
perturbative order of all the twist-2 operators with maximal spin along the pþ direction, in both
Minkowskian and—by analytical continuation—Euclidean spacetimes. Thus, we provide a purely
perturbative explanation as to whyWconf ½JO� has the structure of the logarithm of a functional determinant.
Second, by means of a careful choice of the renormalization scheme that reduces the mixing of the above
operators to the multiplicatively renormalizable case to all orders of perturbation theory, we lift the
generating functional of the Euclidean conformal correlators WE

conf ½JO� to the generating functional of the
renormalization-group improved correlators WE

asym½JO; λ� ¼WE
asym sphere½JO; λ� þWE

asym torus½JO; λ� that
inherits the very same structure of the logarithm of a functional determinant. Remarkably, we verify the
above prediction thatWE

asym torus½JO; λ�—being asymptotic in the UV toWE
torus½JO; λ�—admits the structure

of the logarithm of a functional determinant as well. Hence, the computation above sets strong UV
asymptotic constraints on the nonperturbative solution of large-N Yang-Mills theory, and it may be a
pivotal guide for the search of such a solution.

DOI: 10.1103/PhysRevD.108.054023

I. INTRODUCTION, PHYSICS MOTIVATIONS,
AND CONCLUSIONS

The generating functional WE½JO� ¼WE½JO; JÕ; JS; JS̄�
of Euclidean connected correlators of single-trace gauge-
invariant twist-2 operators in SUðNÞ Yang-Mills (YM)

theory admits the ’t Hooft large-N expansion [1] in powers
of 1

N:

WE½JO� ¼WE
sphere½JO� þWE

torus½JO� þ � � � : ð1Þ
Perturbatively, in terms of the ’t Hooft gauge coupling g2 ¼
Ng2YM [1],WE

sphere½JO� contains a sum of Feynman diagrams
that—in the ’t Hooft double-line representation—have the
topology of a punctured sphere, while WE

torus½JO� includes
diagrams that have the topology of a punctured torus, the
punctures arising in both cases from the insertion of the
sources JO dual to the twist-2 operators O.
Alternatively, WE

sphere½JO� may be defined as a sum of
planar diagrams [1] and WE

torus½JO� as a sum of leading-
order (LO) nonplanar contributions.
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Nonperturbatively, in terms of the renormalization-group
(RG) invariant scale ΛYM, WE

sphere½JO� is a sum of tree
diagrams [2] involving glueball propagators and vertices,
while WE

torus½JO� is a sum of glueball one-loop diagrams,
both arising from the effective description of the—yet to
come—nonperturbative solution of large-N YM theory as a
theory of an infinite number of weakly coupled glueballs
with coupling of order 1

N [1–3].
Moreover, on the basis of the existence of a non-

perturbative glueball effective action, it has been predicted
[4] that WE

torus½JO� should admit the structure of the
logarithm of a functional determinant summing glueball
one-loop diagrams.
Presently, nothing is known quantitatively on the struc-

ture of WE
sphere½JO� and WE

torus½JO� nonperturbatively.
Hence, one of the aims of the present paper is to put
strong quantitative constraints on the aforementioned
nonperturbative structure by working out in a closed form
the ultraviolet (UV) asymptotics of WE

sphere½JO; λ� ∼
WE

asym sphere½JO; λ� and WE
torus½JO; λ� ∼WE

asym torus½JO; λ� in
the coordinate representation as all the coordinates of the
correlators are uniformly rescaled by a factor λ → 0. This is
achieved in two steps:

(I) The efficient computation in a closed form of
the generating functional of conformal correla-
tors WE

conf ½JO� ¼WE
conf sphere½JO� þWE

conf torus½JO�
of twist-2 operators to the lowest order of perturbation
theory.

(II) The RG-improvement from WE
conf ½JO� ¼

WE
conf sphere½JO� þWE

conf torus½JO� to WE
asym½JO; λ� ¼

WE
asym sphere½JO; λ� þWE

asym torus½JO; λ�, which is ob-
tained by standard RG methods in combination with
a new technique [5] that reduces the operator mixing
of twist-2 operators to the multiplicatively renorma-
lizable case to all orders of perturbation theory.

We describe the steps (I) and (II) in more detail as follows.
Recently, we have computed [6] to the lowest perturba-

tive order in YM theory n-point conformal correlators

in the coordinate GðnÞconfðx1;…; xnÞ and momentum

GðnÞconfðp1;…; pnÞ representation of the gauge-invariant
twist-2 operators with maximal spin along the pþ direction,
in both Minkowskian and—by analytic continuation—
Euclidean spacetimes.
Specifically, we have calculated the n-point conformal

correlators of the balanced O; Õ and unbalanced S; S̄
operators1 with collinear twist 2 [6] in their separate sectors
and the three-point correlators in the mixed sector as well.

We have also reconstructed [6] from then-point conformal
correlators in each separate sector the corresponding gen-
erating functionals, Γconf ½jO; jÕ� ¼ Γconf sphere½jO; jÕ� þ
Γconf torus½jO; jÕ� and Γconf ½jS; jS̄� ¼ Γconf sphere½jS; jS̄�þ
Γconf torus½jS; jS̄�, in both Minkowskian and Euclidean
spacetimes and in both the coordinate and momentum
representations that turn out [6] to have the structure of
the logarithm of functional determinants.
We have pointed out [6] that the rationale behind the

generating functionals Γconf torus½jO; jÕ� andΓconf torus½jS; jS̄�
being the logarithm of functional determinants is the pre-
diction [4] that the LO nonplanar contribution to the non-
perturbative effective action [4] should have the structure of
the logarithm of a functional determinant that sums the
glueball one-loop diagrams. Hence, in relation to the above
computations, the aim of the present paper is fourfold.
First, as opposed to the aforementioned nonperturbative

argument, since the computation of the n-point conformal
correlators is by Feynman diagrams [6], we find a pertur-
bative reason as to why the corresponding generating
functionals Γconf ½jO; jÕ� and Γconf ½jS; jS̄� are the logarithm
of functional determinants [6]: As all the aforementioned
collinear twist-2 operators are quadratic in the gauge field
in the light-cone gauge to the lowest order of perturbation
theory, the functional integral that defines their generating
functional Wconf ½JO� is Gaussian and leads to a functional
determinant involving the corresponding sources JO.
Then, once some technical difficulties are properly

understood, a tedious but straightforward computation
shows that the functional determinants Γconf ½jO; jÕ� and
Γconf ½jS; jS̄� worked out in [6] actually arise from their very
definition as Gaussian functional integrals Wconf ½JO; JÕ�
and Wconf ½JS; JS̄� in the present paper.
Second, our new method to compute the generating func-

tionalWconf ½JO� allows us to produce a vast generalization of
our previous computations. For example, we calculate the
generating functional Wconf ½JO;JÕ;JS;JS̄� in the mixed
balanced/unbalanced sector2 in YM theory, verify by means
of it our previous computation of the mixed three-point
correlators [6], and compute themixed four-point correlators.
Besides, the same technique will allow us to compute

in the future—as the logarithm of a functional (super)
determinant—the generating functional of the lowest-order
conformal correlators of the collinear twist-2 operators in
N ¼ 1, 2, 4 supersymmetric (SUSY) YM theory, QCD and
N ¼ 1 SUSY QCD—the superdeterminant arising in the
supersymmetric cases.
Remarkably, the very same technique also applies to all

the possibly higher-twist operators that are quadratic [7] in
the elementary fields in the light-cone gauge to the lowest
order of perturbation theory in all the above theories.

1In our terminology “unbalanced” and “balanced” refer to
either the different or equal numbers of dotted and undotted
indices that the aforementioned operators, respectively, possess in
the spinorial representation. Unbalanced operators are referred to
as “asymmetric” in [7] and “anisotropic” in [8].

2In [6] we could not compute the n-point correlators with
n > 3 in the mixed balanced/unbalanced sector by means of
Feynman diagrams because of their complexity. As a consequence
we could not reconstruct Γconf ½jO; jÕ; jS; jS̄� from the correlators.
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Third, we work out the UVasymptotics of the Euclidean
nonpertubative n-point correlators in a certain renormaliza-
tion scheme described below. The computation is based on
both our lowest-order calculation of theEuclidean conformal
correlators and its improvement by means of the RG.
Generally, collinear twist-2 operators Osi with maximal

spin projection si ≥ 2 mix under renormalization with total
derivatives of the same operators with lower spins, so that
an explicit evaluation of the RG-improved asymptotics of
their Euclidean n-point correlators in the MS renormaliza-
tion scheme would require the asymptotic estimate—that
seems practically impossible—of the product of the sum of
OðsiÞ terms for each Osi occurring in the n-point corre-
lators because of the triangular nature of their renormalized
mixing matrix ZðsiÞ, not to mention that in general ZðsiÞ is
actually only known to two loops [9–11] in perturbation
theory and not in its RG-improved form.
Recently, a differential-geometric approach to operator

mixing in massless QCD-like theories has been proposed
[5] precisely to overcome the above difficulty. Specifically,
it has been determined under which conditions a renorm-
alization scheme exists where each ZðsiÞ may be set in a
diagonal canonical form that is one-loop exact to all
perturbative orders—according to the nonresonant diago-
nalizable γ0

β0
case (I) [5]. Moreover, it has been verified [12]

that the balanced collinear twist-2 operators belong to the
case (I), and we show in the present paper that this is also
the case for the unbalanced ones.3

Remarkably, in such a scheme the needed terms for the
asymptotic evaluation of then-point correlators reduce to just
one, since in this scheme the operators are multiplicatively
renormalizable and in general their correlators do not vanish
to the lowest order of perturbation theory. The nonresonant
diagonal scheme may also apply to the collinear twist-2
operators in QCD and its supersymmetric extensions above.
Fourth, we employ the UV asymptotics of the Euclidean

n-pointcorrelators in thenonresonantdiagonal schemetowork
out the corresponding generating functionalWE

asym½JO;λ� that
also turns out to be the logarithm of a functional determinant.
In fact, after a suitable rescaling of the operators, it may be
decomposed for large N into the sum of the generating
functionals of the planarWE

asym sphere½JO; λ� and LOnonplanar
asymptotic correlatorsWE

asym torus½JO; λ�, which has the struc-
ture of the logarithm of a functional determinant as well.
This is our last—and perhaps most remarkable—step.

Indeed, according to the prediction in [4] the nonperturba-
tive glueball one-loop generating functional WE

torus½JO; λ�
should have the structure of the logarithm of a functional
determinant and as a consequenceWE

asym torus½JO; λ� should
inherit the very same structure as well.
In a forthcoming paper we will further investigate the

above nonperturbative interpretation. In any case the
generating functionals of planar WE

asym sphere½JO; λ� and

LO nonplanar asymptotic correlators WE
asym torus½JO; λ�

set strong UVasymptotic constraints on the nonperturbative
solution of large-N YM theory and may be a pivotal guide
for the search of such a solution.

II. PLAN OF THE PAPER

In Sec. III we compute the generating functional
Wconf ½JO� ¼Wconf ½JO; JÕ; JS; JS̄� in the coordinate repre-
sentation of all the correlators of collinear twist-2 operators
(Appendix B) to the lowest order of perturbation theory from
the YM functional integral in Minkowskian spacetime.
In Sec. IV we restrict Wconf ½JO; JÕ; JS; JS̄� to the

generating functionals in the separate balanced and unbal-
anced sectors, Wconf ½JO; JÕ� and Wconf ½JS; JS̄�, and con-
nect them to the generating functionals, Γconf ½jO; jÕ� and
Γconf ½jS; jS̄�, previously computed in [6] directly from the
corresponding correlators, finding perfect agreement.
In Sec. V we work out the generating functional

Wconf ½JO� in the momentum representation involving both
its explicit expansion and a compact representation by
means of the Gegenbauer polynomials.
In Sec. VI we calculate the three- and four-point

correlators in the mixed sector from Wconf ½JO�. The result
agrees with our previous computation [6] of the mixed
three-point correlators.
In Sec. VII we recall some recent results [5] on operator

mixing and apply them to work out the UV asymptotics in
the coordinate representation of the Euclidean n-point
correlators of collinear twist-2 operators in the aforemen-
tioned nonresonant diagonal scheme [5].
In Sec. VIII we compute the generating functional in

the coordinate representation of the RG-improved correlators
in Euclidean spacetime WE

asym½JO; λ� ¼WE
asym sphere½JO; λ�þ

WE
asym torus½JO; λ�.
In Appendix A we compute the functional determinant

that leads to the generating functional Wconf ½JO�.
In Appendix B we recall the definition of the standard

basis [6] of collinear twist-2 operators and describe its
conformal properties to the leading and next-to-leading
perturbative order.
In Appendix C we compute the normalization of the two-

point conformal correlators employing the properties of the
Gegenbauer polynomials.
In Appendix D we verify that the three-point correlators

up to s ¼ 4 are—indeed—a linear combination of the
structures implied by the conformal symmetry.

III. GENERATING FUNCTIONAL Wconf OF THE
MINKOWSKIAN CONFORMAL CORRELATORS

FROM THE YM FUNCTIONAL INTEGRAL

The Minkowskian YM action is

SYM ¼ −
1

2

Z
d4xTrFμνFμν; ð2Þ

3In both cases numerically up to s ¼ 104.
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where

Fμν ¼ ∂μAν − ∂νAμ þ i
gffiffiffiffi
N
p ½Aμ; Aν� ð3Þ

and

Aμ ¼ Aa
μTa ð4Þ

with the Hermitian generators of the SUðNÞ Lie algebra

½Ta; Tb� ¼ ifabcTc ð5Þ
in the fundamental representation normalized as

TrðTaTbÞ ¼ δab

2
ð6Þ

and g2 ¼ Ng2YM the ’t Hooft coupling [1]. We set

Vþ ¼
V0 þ V3ffiffiffi

2
p ; V− ¼

V0 − V3ffiffiffi
2
p ;

V ¼ V1 þ iV2ffiffiffi
2
p ; V̄ ¼ V1 − iV2ffiffiffi

2
p ð7Þ

for a vector Vμ. We choose the light-cone gauge

Aþ ¼ 0: ð8Þ

After integrating out A−, the YM action in the light-cone
gauge reads [13]

SYMðA;ĀÞ¼−
Z

Āa□Aa

þ2
gffiffiffiffi
N
p fabcðAa

∂þĀb
∂∂

−1þ Acþ Āa
∂þAb

∂∂
−1þ ĀcÞ

þ2
g2

N
fabcfade∂−1þ ðAb

∂þĀcÞ∂−1þ ðĀd
∂þAeÞd4x:

ð9Þ

The vacuum expectation value (VEV) of a product of local
gauge-invariant operators OiðAÞ that do not depend on
A− reads

hO1ðx1Þ � � �OnðxnÞi

¼ 1

Z

Z
DADĀeiSYMðA;ĀÞO1ðx1Þ � � �OnðxnÞ: ð10Þ

To the leading perturbative order it reduces to

hO1ðx1Þ � � �OnðxnÞi

¼ 1

Z

Z
DADĀe−i

R
d4xĀa□Aa

O1ðx1Þ � � �OnðxnÞ ð11Þ

with

□ ¼ gμν∂μ∂ν ¼ ∂
2
0 −
X3
i¼1

∂
2
i ; ð12Þ

where we employ the mostly minus metric gμν in
Minkowskian spacetime [6]. The corresponding generating
functional reads to the leading order

Zconf ½JO�

¼ 1

Z

Z
DADĀe−i

R
d4xĀa□Aa

exp
�Z

d4x
X
i

JOi
Oi

�
:

ð13Þ

A. Standard basis

The collinear twist-2 operators in the standard basis [6]
are (Appendix B)

Os ¼
1

2
ĀaðxÞY5

2

s−2ð ∂
!
þ; ∂
 
þÞAaðxÞ;

Õs ¼
1

2
ĀaðxÞH5

2

s−2ð ∂
!
þ; ∂
 
þÞAaðxÞ;

Ss ¼
1

2
ffiffiffi
2
p ĀaðxÞY5

2

s−2ð ∂
!
þ; ∂
 
þÞĀaðxÞ;

S̄s ¼
1

2
ffiffiffi
2
p AaðxÞY5

2

s−2ð ∂
!
þ; ∂
 
þÞAaðxÞ; ð14Þ

where s ¼ 2; 4; 6;… for Os, Ss, and S̄s, s ¼ 3; 5; 7;… for
Õs, the sumover repeated color indices is understood, and [6]

Y
5
2

s−2ð ∂
!
þ; ∂
 
þÞ

¼ ∂
 
þði ∂!þ þ i ∂

 
þÞs−2C

5
2

s−2

�
∂
!
þ − ∂
 
þ

∂
!
þ þ ∂
 
þ

�
∂
!
þ

¼ Γð3ÞΓðsþ 3Þ
Γð5ÞΓðsþ 1Þ i

s−2
Xs−2
k¼0

�
s

k

��
s

kþ 2

�

× ð−1Þs−k ∂ s−k−1
þ ∂
!kþ1
þ ð15Þ

for even spin, and

H
5
2

s−2ð ∂
!
þ; ∂
 
þÞ

¼ ∂
 
þði ∂!þ þ i ∂

 
þÞs−2C

5
2

s−2

�
∂
!
þ − ∂
 
þ

∂
!
þ þ ∂
 
þ

�
∂
!
þ

¼ Γð3ÞΓðsþ 3Þ
Γð5ÞΓðsþ 1Þ i

s−2
Xs−2
k¼0

�
s

k

��
s

kþ 2

�

× ð−1Þs−k ∂ s−k−1
þ ∂
!kþ1
þ ð16Þ

for odd spin. The corresponding generating functional of
conformal correlators to the leading order reads
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Zconf ½JO; JÕ; JS; JS̄�

¼ 1

Z

Z
DADĀe−i

R
d4xĀa□Aa

× exp

�Z
d4x
X
s

JOs
Os þ JÕs

Õs þ JSs
Ss þ JS̄s

S̄s

�
;

ð17Þ

where the currentsJOs
; JÕs

; JSs
; JS̄s

are defined to be zero for
s different from the spin of the corresponding operator.
Explicitly,

Zconf ½JO; JÕ; JS; JS̄�

¼ 1

Z

Z
DADĀe−i

R
d4xĀa□Aa

× exp

�
1

2

Z
d4x
X
s

JOs
ĀaðxÞY5

2

s−2ð ∂
!
þ; ∂
 
þÞAaðxÞ

þ JÕs
ĀaðxÞH5

2

s−2ð ∂
!
þ; ∂
 
þÞAaðxÞ

þ JSs

1ffiffiffi
2
p ĀaðxÞY5

2

s−2ð ∂
!
þ; ∂
 
þÞĀaðxÞ

þ JS̄s

1ffiffiffi
2
p AaðxÞY5

2

s−2ð ∂
!
þ; ∂
 
þÞAaðxÞ

�
: ð18Þ

The above functional integral is quadratic in the elementary
fields, and therefore it may be computed exactly. Employing
the symmetry properties of the Gegenbauer polynomials
(Appendix B)

Os ¼
1

4

�
ĀaðxÞY5

2

s−2ð ∂
!
þ; ∂
 
þÞAaðxÞ

þ AaðxÞY5
2

s−2ð ∂
!
þ; ∂
 
þÞĀaðxÞ

�
;

Õs ¼
1

4

�
ĀaðxÞH5

2

s−2ð ∂
!
þ; ∂
 
þÞAaðxÞ

− AaðxÞH5
2

s−2ð ∂
!
þ; ∂
 
þÞĀaðxÞ

�
; ð19Þ

we obtain

Zconf ½JO; JÕ; JS; JS̄�

¼ 1

Z

Z
DADĀe

−1
2

R
d4x

�
ĀaðxÞ AaðxÞ

�
Mab

�
AbðxÞ
ĀbðxÞ

�

ð20Þ

with

Mab ¼ δab

0
BB@

i□ − 1
2

P
s
JOs

⊗ Y
5
2

s−2 −
1
2

P
s
JÕs

⊗ H
5
2

s−2 − 1ffiffi
2
p
P
s
JSs

⊗ Y
5
2

s−2

− 1ffiffi
2
p
P
s
JS̄s

⊗ Y
5
2

s−2 i□ − 1
2

P
s
JOs

⊗ Y
5
2

s−2 þ 1
2

P
s
JÕs

⊗ H
5
2

s−2

1
CCA; ð21Þ

where we have introduced the symbol ⊗ to imply that the right and left derivatives do not act on the sources J.
Hence, performing the Gaussian integral we get

Zconf ½JO; JÕ; JS; JS̄� ¼ Det−
1
2ðMÞ; ð22Þ

where the above determinant—up to a trivial normalization factor—is computed in Eq. (A7). Hence, the generating
functional of the connected correlators reads

Wconf ½JO; JÕ; JS; JS̄� ¼ logZconf ½JO; JÕ; JS; JS̄�

¼ −
1

2
logDet

�
I þ 1

2
i□−1JOs

⊗ Y
5
2

s−2 þ
1

2
i□−1JÕs

⊗ H
5
2

s−2

�

−
1

2
logDet

�
I þ 1

2
i□−1JOs

⊗ Y
5
2

s−2 −
1

2
i□−1JÕs

⊗ H
5
2

s−2

�

−
1

2
logDet

�
I −

1

2

�
I þ 1

2
i□−1JOs

⊗ Y
5
2

s−2 −
1

2
i□−1JÕs

⊗ H
5
2

s−2

�
−1

× i□−1JS̄s1
⊗ Y

5
2

s1−2

�
I þ 1

2
i□−1JOs2

⊗ Y
5
2

s2−2 þ
1

2
i□−1JÕs2

⊗ H
5
2

s2−2

�
−1
i□−1JSs3

⊗ Y
5
2

s3−2

�
;

ð23Þ

where I is the identity in both color and spacetime and the sum over repeated spin indices is understood.
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After rescaling the operators

O0sðxÞ ¼
1

N
2Γð5ÞΓðsþ 1Þ
Γð3ÞΓðsþ 3Þ OsðxÞ ð24Þ

so that their two-point correlators are of order 1 for large N, we obtain more explicitly

Wconf ½JO0 ; JÕ0 ; JS0 ; JS̄0 � ¼ −
N2 − 1

2
logDet

�
I þ 1

N

Xs−2
k¼0

�
s

k

��
s

kþ 2

�
ði ∂!þÞs−k−1i□−1ðJO0s þ JÕ0sÞði ∂

!
þÞkþ1

�

−
N2 − 1

2
logDet

�
I þ 1

N

Xs−2
k¼0

�
s

k

��
s

kþ 2

�
ði ∂!þÞs−k−1i□−1ðJO0s − JÕ0sÞði ∂

!
þÞkþ1

�

−
N2 − 1

2
logDet

�
I −

2

N2

�
I þ 1

N

Xs−2
k¼0

�
s

k

��
s

kþ 2

�
ði ∂!þÞs−k−1i□−1ðJO0s − JÕ0sÞði ∂

!
þÞkþ1

�−1

×
Xs1−2
k1¼0

�
s1
k1

��
s1

k1 þ 2

�
ði ∂!þÞs1−k1−1i□−1JS̄0s1 ði ∂

!
þÞk1þ1

×

�
I þ 1

N

Xs2−2
k2¼0

�
s2
k2

��
s2

k2 þ 2

�
ði ∂!þÞs2−k2−1i□−1ðJO0s2 þ JÕ0s2 Þði ∂

!
þÞk2þ1

�−1

×
Xs3−2
k3¼0

�
s3
k3

��
s3

k3 þ 2

�
ði ∂!þÞs3−k3−1i□−1JS0s3 ði ∂

!
þÞk3þ1

�
; ð25Þ

where I is the identity in spacetime and we have already
performed the color trace. To obtain Eq. (25) we have
employed the definitions in Eqs. (15) and (16), and

i□−1
∂
 s−k−1
þ ¼ ð−1Þs−k−1 ∂!s−k−1

þ i□−1 ð26Þ
that follows from (minus) the propagator in the coordinate
representation [6]

1

4π2
1

jx − yj2 − iϵ
¼ i□−1ðx − yÞ: ð27Þ

IV. CONNECTION OF Wconf WITH THE
GENERATING FUNCTIONALS Γconf

Remarkably, Wconf ½JO; JÕ; JS; JS̄� is the generating
functional of all the Minkowskian conformal correlators
that extends the generating functionals in the separate
balanced and unbalanced sectors obtained [6] by guessing
their structure from the perturbative computation of the

corresponding n-point correlators. However, even restrict-
ing to the separate balanced and unbalanced sectors, the
connection with the approach in [6] is not immediately
visible. Indeed, the connected generating functionals in the
separate sectors read [6]

Γconf ½jO; jÕ� ¼ −
N2 − 1

2
logDetðI þD−1jO þD−1jÕÞ

−
N2 − 1

2
logDetðI þD−1jO −D−1jÕÞ;

Γconf ½jS; jS̄� ¼ −
N2 − 1

2
logDetðI − 2D−1jS̄D

−1jSÞ ð28Þ

in Minkowskian spacetime, where I is the identity in both
spacetime and the discrete indices defined below. By
making manifest the spacetime and discrete-indices
dependence in the kernels of the integral operators above,
Eq. (28) reads in the coordinate representation [6]

Γconf ½jO; jÕ� ¼ −
N2 − 1

2
logDet

�
δs1k1;s2k2δ

ð4Þðx − yÞ þD−1
s1k1;s2k2

ðx − yÞðjOs2k2
ðyÞ þ jÕs2k2

ðyÞÞ
�

−
N2 − 1

2
logDet

�
δs1k1;s2k2δ

ð4Þðx − yÞ þD−1
s1k1;s2k2

ðx − yÞðjOs2k2
ðyÞ − jÕs2k2

ðyÞÞ
�
;

Γconf ½jS; jS̄� ¼ −
N2 − 1

2
logDet

�
δs1k1;s2k2δ

ð4Þðx − yÞ − 2

Z
d4z
X
sk

D−1
s1k1;sk

ðx − zÞjS̄sk
ðzÞD−1

sk;s2k2
ðz − yÞjSs2k2

ðyÞ
�
; ð29Þ
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where, by a slight abuse of notation, we have displayed as
arguments of the determinants the corresponding integral
kernels, with [6]

D−1
s1k1;s2k2

ðx − yÞ ¼ is1

8π2
Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ

�
s1
k1

��
s2

k2 þ 2

�

× ð−∂þÞs1−k1þk2
1

jx − yj2 − iϵ
: ð30Þ

Equivalently, we may employ the modified kernel

D0−1s1k1;s2k2ðx − yÞ ¼ 1

8π2
Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ

�
s1
k1

��
s2

k2 þ 2

�

× ð−i∂þÞs1−k1þk2
1

jx − yj2 − iϵ
: ð31Þ

It gives origin to the same correlators, since it differs from
D−1

s1k1;s2k2
ðx − yÞ by the factor i−k1þk2 that cancels in the

loops.
The currents jOsk

are dual to the component operators
Osk that are employed to construct the conformal operators
Os [6]:

Os ¼
Xl
k¼0

Osk ð32Þ

with l ¼ s − 2 for the standard basis. Consequently, the
n-point correlators satisfy [6]

hOs1ðx1Þ � � �OsnðxnÞi

¼
Xl1
k1¼0

δ

δjOs1k1
ðx1Þ
� � �
Xln
kn¼0

δ

δjOsnkn
ðxnÞ

Γconf ½jO�: ð33Þ

Hence, we should demonstrate that

Xl1
k1¼0

δ

δjOs1k1
ðx1Þ
� � �
Xln
kn¼0

δ

δjOsnkn
ðxnÞ

Γconf ½jO�

¼ δ

δJOs1
ðx1Þ
� � � δ

δJOsn
ðxnÞ

Wconf ½JO� ð34Þ

with the functional derivatives computed at jOsk
¼ 0 and

JOs
¼ 0, respectively. While Γconf ½jO� involves determi-

nants of integral operators formally of Fredholm type, the
functional-integral computation of Wconf ½JO� involves
determinants of quadratic forms that originally arise from
their very definition in Eq. (23) by employing both left and
right derivatives in Eqs. (15) and (16). This is the source of
some technical complications that we resolve momentarily
creating a dictionary that relates Wconf ½JO� to Γconf ½jO�.

A. An example of the dictionary

We choose as an example the generating functional
Wconf ½JO; 0; 0; 0� restricted to the balanced operators with
even spin in the standard basis. We formally expand the
logarithm of the functional determinant:

Wconf ½JO;0;0;0� ¼ ðN2 − 1Þ
X∞
l¼1

ð−1Þl
2ll

Z
d4x1 � � �d4xl

X
s1k1

� � �
X
slkl

�
s1
k1

��
s1

k1 þ 2

�
� � �
�
sl
kl

��
sl

kl þ 2

�

×
Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ � � �

Γð3ÞΓðsl þ 3Þ
Γð5ÞΓðsl þ 1Þ ði ∂

!
xþ
1
Þs1−k1−1i□−1ðx1 − x2ÞJOs1

ðx2Þði ∂!xþ
2
Þk1þ1

× ði ∂!xþ
2
Þs2−k2−1i□−1ðx2 − x3ÞJOs2

ðx3Þði ∂!xþ
3
Þk2þ1 � � �× ði ∂!xþl

Þsl−kl−1i□−1ðxl − x1ÞJOsl
ðx1Þði ∂!xþ

1
Þklþ1;
ð35Þ

where, by a slight abuse of notation, ki is actually a short notation for ksi. By combining together the above derivatives with
respect to the same coordinate, we get

Wconf ½JO; 0; 0; 0� ¼ ðN2 − 1Þ
X∞
l¼1

ð−1Þl
2ll

Z
d4x1 � � � d4xl

X
s1k1

� � �
X
slkl

�
s1
k1

��
s1

k1 þ 2

�
� � �
�
sl
kl

��
sl

kl þ 2

�

×
Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ � � �

Γð3ÞΓðsl þ 3Þ
Γð5ÞΓðsl þ 1Þ ði ∂

!
xþ
1
Þs1−k1þkl i□−1ðx1 − x2ÞJOs1

ðx2Þ

× ði ∂!xþ
2
Þs2−k2þk1i□−1ðx2 − x3ÞJOs2

ðx3Þ � � � × ði ∂!xþl
Þsl−klþkl−1i□−1ðxl − x1ÞJOsl

ðx1Þ: ð36Þ

We redefine the spin labels that we sum over, s1k1 → s2k2, s2k2 → s3k3, …, sl−1kl−1 → slkl, slkl → s1k1, to get
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Wconf ½JO; 0; 0; 0� ¼ ðN2 − 1Þ
X∞
l¼1

ð−1Þl
2ll

Z
d4x1 � � � d4xl

X
s1k1

� � �
X
slkl

�
s1
k1

��
s1

k1 þ 2

�
� � �
�
sl
kl

��
sl

kl þ 2

�

×
Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ � � �

Γð3ÞΓðsl þ 3Þ
Γð5ÞΓðsl þ 1Þ ði ∂

!
xþ
1
Þs2−k2þk1i□−1ðx1 − x2ÞJOs2

ðx2Þ

× ði ∂!xþ
2
Þs3−k3þk2i□−1ðx2 − x3ÞJOs3

ðx3Þ � � � × ði ∂!xþl
Þs1−k1þkl i□−1ðxl − x1ÞJOs1

ðx1Þ: ð37Þ

Further redefining the labels of both the spin and the coordinate, xisiki → xl−iþ2sl−iþ2kl−iþ2 for 2 ≤ i ≤ l, keeping x1s1k1
fixed, we obtain

Wconf ½JO; 0; 0; 0� ¼ ðN2 − 1Þ
X∞
l¼1

ð−1Þl
2ll

Z
d4x1 � � � d4xl

X
s1k1

� � �
X
slkl

�
s1
k1

��
s1

k1 þ 2

�
� � �
�
sl
kl

��
sl

kl þ 2

�

×
Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ � � �

Γð3ÞΓðsl þ 3Þ
Γð5ÞΓðsl þ 1Þ ði ∂

!
xþ
1
Þsl−klþk1i□−1ðx1 − xlÞJOsl

ðxlÞ

× ði ∂!xþl
Þsl−1−kl−1þkl i□−1ðxl − xl−1ÞJOsl−1

ðxl−1Þ � � � × ði ∂!xþ
3
Þs2−k2þk3i□−1ðx3 − x2ÞJOs2

ðx2Þ
× ði ∂!xþ

2
Þs1−k1þk2i□−1ðx2 − x1ÞJOs1

ðx1Þ: ð38Þ
Employing

∂
sa−kaþkb
xþa

i□−1ðxa − xbÞ ¼ ð−1Þsa−kaþkb∂sa−kaþkbxþb
i□−1ðxa − xbÞ ¼ ð−∂xþb Þsa−kaþkb i□−1ðxb − xaÞ ð39Þ

we get

Wconf ½JO; 0; 0; 0� ¼ ðN2 − 1Þ
X∞
l¼1

ð−1Þl
2ll

Z
d4x1 � � � d4xl

X
s1k1

� � �
X
slkl

�
s1
k1

��
s1

k1 þ 2

�
� � �
�
sl
kl

��
sl

kl þ 2

�

×
Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ � � �

Γð3ÞΓðsl þ 3Þ
Γð5ÞΓðsl þ 1Þ ð−i ∂

!
xþl
Þsl−klþk1i□−1ðxl − x1ÞJOsl

ðxlÞ

× ð−i ∂!xþl−1
Þsl−1−kl−1þkl i□−1ðxl−1 − xlÞJOsl−1

ðxl−1Þ � � � × ð−i ∂!xþ
2
Þs2−k2þk3i□−1ðx2 − x3ÞJOs2

ðx2Þ
× ð−i ∂!xþ

1
Þs1−k1þk2i□−1ðx1 − x2ÞJOs1

ðx1Þ: ð40Þ
Rearranging the position of the various factors, we finally obtain

Wconf ½JO; 0; 0; 0� ¼ ðN2 − 1Þ
X∞
l¼1

ð−1Þl
2ll

Z
d4x1 � � � d4xl

X
s1k1

� � �
X
slkl

�
s1
k1

��
s1

k1 þ 2

�
� � �
�
sl
kl

��
sl

kl þ 2

�

×
Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ � � �

Γð3ÞΓðsl þ 3Þ
Γð5ÞΓðsl þ 1Þ ð−i ∂

!
xþ
1
Þs1−k1þk2i□−1ðx1 − x2ÞJOs2

ðx2Þ

× ð−i ∂!xþ
2
Þs2−k2þk3i□−1ðx2 − x3ÞJOs3

ðx3Þ � � � × ð−i ∂!xþl−1
Þsl−1−kl−1þkl i□−1ðxl−1 − xlÞJOsl

ðxlÞ
× ð−i ∂!xþl

Þsl−klþk1i□−1ðxl − x1ÞJOs1
ðx1Þ: ð41Þ

Given the corresponding expansion for Γconf ½jO; 0�

Γconf ½jO; 0� ¼ ðN2 − 1Þ
X∞
l¼1

ð−1Þl
2ll

Z
d4x1 � � � d4xl

X
s1k1

� � �
X
slkl

�
s1
k1

��
s1

k1 þ 2

�
� � �
�
sl
kl

��
sl

kl þ 2

�

×
Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ � � �

Γð3ÞΓðsl þ 3Þ
Γð5ÞΓðsl þ 1Þ ð−i∂xþ1 Þ

s1−k1þk2i□−1ðx1 − x2ÞjOs2k2
ðx2Þ

× ð−i∂xþ
2
Þs2−k2þk3i□−1ðx2 − x3ÞjOs3k3

ðx3Þ � � � × ð−i∂xþl−1Þsl−1−kl−1þkl i□−1ðxl−1 − xlÞjOslkl
ðxlÞ

× ð−i∂xþl Þsl−klþk1i□−1ðxl − x1ÞjOs1k1
ðx1Þ; ð42Þ
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it is clear that the functional derivatives of the two objects in Eqs. (41) and (42) yield the very same result, so that Eq. (34) is
proved.

B. Dictionary in the general case

The dictionary in the general case is constructed as follows. We expand the traces of the logarithms in Eq. (23)

Wconf ½JO; JÕ; JS; JS̄� ¼
N2 − 1

2

X∞
n¼1

ð−1Þn
n

Tr

�
1

2
i□−1

�
JOs

⊗ Y
5
2

s−2þ JÕs
⊗H

5
2

s−2

��
n

þN2 − 1

2

X∞
n¼1

ð−1Þn
n

Tr

�
1

2
i□−1

�
JOs

⊗ Y
5
2

s−2 − JÕs
⊗H

5
2

s−2

��
n

þN2 − 1

2

X∞
n¼1

1

n
Tr

�
1

2

�
Iþ 1

2
i□−1

�
JOs

⊗ Y
5
2

s−2 − JÕs
⊗H

5
2

s−2

��
−1

× i□−1JS̄s1
⊗ Y

5
2

s1−2

�
Iþ 1

2
i□−1

�
JOs2

⊗ Y
5
2

s2−2þ JÕs2
⊗H

5
2

s2−2

��
−1
i□−1JSs3

⊗ Y
5
2

s3−2

�
n
: ð43Þ

Further expanding

�
I þ 1

2
i□−1ðJOs

⊗ Y
5
2

s−2 � JÕs
⊗ H

5
2

s−2Þ
�

−1
¼
X∞
n¼0
ð−1Þn

�
1

2
i□−1ðJOs

⊗ Y
5
2

s−2 � JÕs
⊗ Y

5
2

s−2Þ
�

n
; ð44Þ

we obtain

Wconf ½JO; JÕ; JS; JS̄� ¼
N2 − 1

2

X∞
n¼1

ð−1Þn
n

Tr

�
1

2
i□−1ðJOs

⊗ Y
5
2

s−2 þ JÕs
⊗ H

5
2

s−2Þ
�

n

þ N2 − 1

2

X∞
n¼1

ð−1Þn
n

Tr

�
1

2
i□−1ðJOs

⊗ Y
5
2

s−2 − JÕs
⊗ H

5
2

s−2Þ
�

n

þ N2 − 1

2

X∞
n¼1

1

n
Tr

�
1

2

X∞
m1¼0
ð−1Þm1

�
1

2
i□−1ðJOs

⊗ Y
5
2

s−2 − JÕs
⊗ H

5
2

s−2Þ
�

m1

× i□−1JS̄s1
⊗ Y

5
2

s1−2

X∞
m2¼0
ð−1Þm2

�
1

2
i□−1ðJOs2

⊗ Y
5
2

s2−2 þ JÕs2
⊗ H

5
2

s2−2Þ
�

m2

i□−1JSs3
⊗ Y

5
2

s3−2

�
n
:

ð45Þ

Though the above expansion looks complicated, it suffices
to observe that a generic term of the expansion has the
structure

Tri□−1JYi□−1JYi□−1JYi□−1 � � �
× i□−1JHi□−1JHi□−1JHi□−1 � � � i□−1JYi□−1JY;

ð46Þ

where the trace Tr includes all the objects to its right.
Therefore, the left derivatives in the products of
i□−1Yi□−1 or i□−1Hi□−1 may be rearranged thanks to
the cyclicity of the trace to build the corresponding kernels
of integral operators that only involve the right derivatives
acting on the same i□−1, as in the previous example of the

dictionary. Analogously, after a suitable relabeling of the
indices, the contribution of each trace to the generating
functional may be rewritten in a form that matches the
corresponding structure in terms of the kernel D−1 and the
currents jOsk

dual to the component operators Osk.

C. Generating functional Γconf

Hence, the construction above may be condensed into
the single formula

Γconf ½jO; jÕ; jS; jS̄� ¼ −
N2 − 1

2
logDetM ð47Þ

with
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M ¼
�
I þD−1jO þD−1jÕ

ffiffiffi
2
p

D−1jSffiffiffi
2
p

D−1jS̄ I þD−1jO −D−1jÕ

�
ð48Þ

and

D−1
s1k1;s2k2

¼ is1

2

Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ

�
s1
k1

��
s2

k2 þ 2

�

× ð−∂þÞs1−k1þk2i□−1: ð49Þ

Equivalently, we may employ the modified kernel in
Eq. (31). The above determinant reads (Appendix A)

Γconf ½jO; jÕ; jS; jS̄�

¼ −
N2 − 1

2
Tr log ðI þD−1jO þD−1jÕÞ

−
N2 − 1

2
Tr log ðI þD−1jO −D−1jÕÞ

−
N2 − 1

2
Tr log½I − 2ðI þD−1jO −D−1jÕÞ−1

×D−1jS̄ðI þD−1jO þD−1jÕÞ−1D−1jS�: ð50Þ

The generating functional immediately reduces—by setting
the corresponding sources to zero—to the generating func-
tionals in the separate balanced and unbalanced sectors [6]

Γconf ½jO; jÕ� ¼ Γconf ½jO; jÕ; 0; 0�

¼ −
N2 − 1

2
Tr log ðI þD−1jO −D−1jÕÞ

−
N2 − 1

2
Tr log ðI þD−1jO þD−1jÕÞ

ð51Þ

and

Γconf ½jS; jS̄� ¼ Γconf ½0; 0; jS; jS̄�

¼ −
N2 − 1

2
Tr log ðI − 2D−1jS̄D

−1jSÞ: ð52Þ

Moreover, the generating functional of the Euclidean corre-
lators reads

ΓE
conf ½jOE ; jÕE ; jSE ; jS̄E �

¼ −
N2 − 1

2
Tr log ðI þD−1

E jOE þD−1
E jÕEÞ

−
N2 − 1

2
Tr log ðI þD−1

E jOE −D−1
E jÕEÞ

−
N2 − 1

2
Tr log½I − 2ðI þD−1

E jOE −D−1jÕEÞ−1

×D−1
E jSEðI þD−1

E jOE þD−1
E jÕEÞ−1D−1

E jSE � ð53Þ

with [6]

D−1
E s1k1;s2k2

¼ð−iÞ
k1−k2

2

Γð3ÞΓðs1þ3Þ
Γð5ÞΓðs1þ1Þ

�
s1
k1

��
s2

k2þ2

�
∂
s1−k1þk2
z △−1

ð54Þ

obtained by Wick rotation [6]

xþ ¼ x0 þ x3ffiffiffi
2
p → −ixz ¼ −i

x4 þ ix3ffiffiffi
2
p ; ð55Þ

where

△ ¼ δμν∂μ∂ν ¼ ∂
2
4 þ

X3
i¼1

∂
2
i ð56Þ

and [6]

△−1ðx − yÞ ¼ −
1

4π2
1

ðx − yÞ2 : ð57Þ

Equivalently, we may employ the modified kernel:

D0−1E s1k1;s2k2
¼1

2

Γð3ÞΓðs1þ3Þ
Γð5ÞΓðs1þ1Þ

�
s1
k1

��
s2

k2þ2

�
∂
s1−k1þk2
z △−1:

ð58Þ

V. GENERATING FUNCTIONAL IN THE
MOMENTUM REPRESENTATION

The generating functional in the momentum representa-
tion is defined by the functional integral

Zconf ½JO� ¼
Z

DADĀe−i
R

d4xĀa□Aa

× exp

�Z
d4p
ð2πÞ4

X
i

JOi
ð−pÞOiðpÞ

�
: ð59Þ

Correspondingly, the correlators read

hOs1ðp1Þ � � �OsnðpnÞi

¼ ð2πÞ4 δ

δJOs1
ð−p1Þ

� � � ð2πÞ4 δ

δJOsn
ð−pnÞ

Wconf ½JO�:

ð60Þ
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Employing the dictionary we get as well

hOs1ðp1Þ � � �OsnðpnÞi

¼
Xl1
k1¼0
ð2πÞ4 δ

δjOs1k1
ð−p1Þ

� � �
Xln
kn¼0
ð2πÞ4 δ

δjOsnkn
ð−pnÞ

Γconf ½jO�: ð61Þ

A. Generating functional as a Fredholm determinant

To find the explicit form of the generating functional in
the momentum representation we choose again as example

Γconf ½jO� ¼ −ðN2 − 1Þ logDet
�
δs1k1;s2k2δ

ð4Þðx − yÞ

þD−1
s1k1;s2k2

ðx − yÞjOs2k2
ðyÞ
�
; ð62Þ

where the argument of the determinant is the kernel

Ks1k1;s2k2ðx;yÞ
¼ δs1k1;s2k2δ

ð4Þðx−yÞþD−1
s1k1;s2k2

ðx−yÞjOs2k2
ðyÞ ð63Þ

of the integral operator

ψ s1k1ðxÞ ¼
X
s2k2

Z
Ks1k1;s2k2ðx; yÞϕs2k2ðyÞd4y: ð64Þ

To obtain the kernel in the momentum representation [6]
we perform the Fourier transform of the left-hand side
(LHS)

ψ s1k1ðqÞ¼
Z

ψ s1k1ðxÞe−iq·xd4x

¼
X
s2k2

Z
Ks1k1;s2k2ðx;yÞϕs2k2ðyÞe−iq·xd4xd4y ð65Þ

and write the right-hand side (RHS) in terms of the Fourier-
transformed fields

ψ s1k1ðqÞ ¼
X
s2k2

Z
Ks1k1;s2k2ðx; yÞϕs2k2ðpÞeip·ye−iq·x

× d4xd4y
d4p
ð2πÞ4 : ð66Þ

Substituting the kernel in Eq. (63)

ψs1k1ðqÞ ¼
X
s2k2

Z
δs1k1;s2k2δ

ð4Þðx − yÞϕs2k2ðpÞeipye−iqx

þD−1
s1k1;s2k2

ðx − yÞjOs2k2
ðyÞϕs2k2ðpÞeipye−iqx

× d4xd4y
d4p
ð2πÞ4 ; ð67Þ

we get

ψ s1k1ðqÞ ¼
X
s2k2

Z
δs1k1;s2k2ð2πÞ4δð4Þðp − qÞϕs2k2ðpÞ

d4p
ð2πÞ4

þ
X
s2k2

Z
D−1

s1k1;s2k2
ðx − yÞjOs2k2

ðyÞϕs2k2ðpÞ

× eip·ye−iq·xd4xd4y
d4p
ð2πÞ4 : ð68Þ

The second line in the above equation becomes

X
s2k2

Z
D−1

s1k1;s2k2
ðk1ÞjOs2k2

ðk2Þϕs2k2ðpÞ

× eik1·ðx−yÞeik2·yeip·ye−iq·xd4xd4y
d4p
ð2πÞ4

d4k1
ð2πÞ4

d4k2
ð2πÞ4

ð69Þ
that reduces to

X
s2k2

Z
D−1

s1k1;s2k2
ðqÞjOs2k2

ðq − pÞϕs2k2ðpÞ
d4p
ð2πÞ4 : ð70Þ

Therefore, the kernel in the momentum representation is

Ks1k1;s2k2ðq1; q2Þ ¼ δs1k1;s2k2ð2πÞ4δð4Þðq1 − q2Þ
þD−1

s1k1;s2k2
ðq1ÞjOs2k2

ðq1 − q2Þ ð71Þ

that defines the integral operator

ψ s1k1ðq1Þ ¼
X
s2k2

Z
Ks1k1;s2k2ðq1; q2Þϕs2k2ðq2Þ

d4q2
ð2πÞ4 ð72Þ

with

D−1
s1k1;s2k2

ðpÞ ¼ is1

2

Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ

�
s1
k1

��
s2

k2 þ 2

�

× ð−ipþÞs1−k1þk2
−i

jpj2 þ iϵ
: ð73Þ

Equivalently, we may employ the kernel

D0−1s1k1;s2k2ðpÞ ¼
1

2

Γð3ÞΓðs1 þ 3Þ
Γð5ÞΓðs1 þ 1Þ

�
s1
k1

��
s2

k2 þ 2

�

× ps1−k1þk2þ
−i

jpj2 þ iϵ
: ð74Þ

Hence, the generating functional in the momentum repre-
sentation reads [6]

Γconf ½jO� ¼ −ðN2 − 1Þ logDet
�
δs1k1;s2k2ð2πÞ4δð4Þðq1 − q2Þ

þD−1
s1k1;s2k2

ðq1ÞjOs2k2
ðq1 − q2Þ

�
: ð75Þ
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To obtain the correlators we expand the generating functional

Γconf ½jO� ¼ −ðN2 − 1Þ
X∞
n¼1

ð−1Þnþ1
n

Z
d4q1
ð2πÞ4 � � �

d4qn
ð2πÞ4

X
s1k1

� � �
X
snkn

D−1
s1k1;s2k2

ðq1ÞjOs2k2
ðq1 − q2Þ

×D−1
s2k2;s3k3

ðq2ÞjOs3k3
ðq2 − q3Þ � � � ×D−1

snkn;s1k1
ðqnÞjOs1k1

ðqn − q1Þ: ð76Þ
We change variables defining pi ¼ qi − qiþ1 with qnþ1 ≡ q1 that automatically ensures

P
n
i¼1 pi ¼ 0

q1 ¼ qn − pn;

q2 ¼ q1 − p1 ¼ qn − pn − p1;

q3 ¼ q2 − p2 ¼ qn − pn − p2 − p1;

..

.

qn−1 ¼ qn − pn −
Xn−2
i¼1

pi;

qn ¼ qn−1 − pn−1; ð77Þ
so that, setting qn ≡ q and inserting in the RHS of Eq. (76) the integral

R d4pn
ð2πÞ4 ð2πÞ4δð4Þðp1 þ p2 þ � � � þ pnÞ to keep pn

while enforcing
P

n
i¼1 pi ¼ 0, we obtain

Γconf ½jO� ¼ −ðN2 − 1Þ
X∞
n¼1

ð−1Þnþ1
n

Z
d4p1

ð2πÞ4 � � �
d4pn

ð2πÞ4 ð2πÞ
4δð4Þðp1 þ p2 þ � � � þ pnÞ

Z
d4q
ð2πÞ4

X
s1k1

� � �
X
snkn

D−1
s1k1;s2k2

ðq − pnÞjOs2k2
ðp1ÞD−1

s2k2;s3k3
ðq − p1 − pnÞjOs3k3

ðp2Þ � � � ×D−1
snkn;s1k1

ðqÞjOs1k1
ðpnÞ: ð78Þ

Moreover, making the substitution pi → −pi, we get

Γconf ½jO� ¼ −ðN2 − 1Þ
X∞
n¼1

ð−1Þnþ1
n

Z
d4p1

ð2πÞ4 � � �
d4pn

ð2πÞ4 ð2πÞ
4δð4Þðp1 þ p2 þ � � � þ pnÞ

Z
d4q
ð2πÞ4

X
s1k1

� � �
X
snkn

D−1
s1k1;s2k2

ðqþ pnÞjOs2k2
ð−p1ÞD−1

s2k2;s3k3
ðqþ p1 þ pnÞjOs3k3

ð−p2Þ � � � ×D−1
snkn;s1k1

ðqÞjOs1k1
ð−pnÞ: ð79Þ

Explicitly, by Eq. (74)

Γconf ½jO� ¼ ðN2 − 1Þ
X∞
n¼1

ð−1Þn
2nn

X
s1…sn

Z
d4q
ð2πÞ4

d4p1

ð2πÞ4 � � �
d4pn

ð2πÞ4 ð2πÞ
4δð4Þðp1 þ p2 þ � � � þ pnÞ

×
Γðs1 þ 3ÞΓð3Þ
Γð5ÞΓðs1 þ 1Þ � � �

Γðsn þ 3ÞΓð3Þ
Γð5ÞΓðsn þ 1Þ

Xs1−2
k1¼0
� � �
Xsn−2
kn¼0

�
s1
k1

��
s1

k1 þ 2

�
� � �
�
sn
kn

��
sn

kn þ 2

�

× jOs1k1
ð−pnÞ

−iðqþ pnÞs1−k1þk2þ
jqþ pnj2 þ iϵ

jOs2k2
ð−p1Þ

−iðqþ p1 þ pnÞs2−k2þk3þ
jqþ p1 þ pnj2 þ iϵ

� � � × jOsnkn
ð−pn−1Þ

−iqsn−knþk1þ
jqj2 þ iϵ

: ð80Þ

We now relabel pn → p1, p1 → p2, …, pn−1 → pn so that

Γconf ½jO� ¼ ðN2 − 1Þ
X∞
n¼1

ð−1Þn
2nn

X
s1…sn

Z
d4q
ð2πÞ4

d4p1

ð2πÞ4 � � �
d4pn

ð2πÞ4 ð2πÞ
4δð4Þðp1 þ p2 þ � � � þ pnÞ

×
Γðs1 þ 3ÞΓð3Þ
Γð5ÞΓðs1 þ 1Þ � � �

Γðsn þ 3ÞΓð3Þ
Γð5ÞΓðsn þ 1Þ

Xs1−2
k1¼0
� � �
Xsn−2
kn¼0

�
s1
k1

��
s1

k1 þ 2

�
� � �
�
sn
kn

��
sn

kn þ 2

�

× jOs1k1
ð−p1Þ

−iðqþ p1Þs1−k1þk2þ
jqþ p1j2 þ iϵ

jOs2k2
ð−p2Þ

−iðqþ p1 þ p2Þs2−k2þk3þ
jqþ p1 þ p2j2 þ iϵ

� � � × jOsnkn
ð−pnÞ

−iqsn−knþk1þ
jqj2 þ iϵ

: ð81Þ
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We employ Eq. (61) to obtain the correlators�
2Γð5ÞΓðs1 þ 1Þ
Γð3ÞΓðs1 þ 3Þ

�
� � �
�
2Γð5ÞΓðsn þ 1Þ
Γð3ÞΓðsn þ 3Þ

�
hOs1ðp1Þ � � �OsnðpnÞi

¼ ðN2 − 1Þð2πÞ4inδð4Þðp1 þ � � � þ pnÞ
Xs1−2
k1¼0
� � �
Xsn−2
kn¼0

�
s1
k1

��
s1

k1 þ 2

�
� � �
�
sn
kn

��
sn

kn þ 2

�

×
1

n

X
σ∈Pn

Z
d4q
ð2πÞ4

ðpσð1Þ þ qÞsσð1Þ−kσð1Þþkσð2Þþ
jpσð1Þ þ qj2

ðpσð1Þ þ pσð2Þ þ qÞsσð2Þ−kσð2Þþkσð3Þþ
jpσð1Þ þ pσð2Þ þ qj2 � � � × ð

P
n−1
l¼1 pσðlÞ þ qÞsσðn−1Þ−kσðn−1ÞþkσðnÞþ
jPn−1

l¼1 pσðlÞ þ qj2

×
ðqÞsσðnÞ−kσðnÞþkσð1Þþ

jqj2 ð82Þ

that coincide with the computation in [6]. More generally,
the generating functional in the momentum representation
reads from Eq. (50) with the kernel in the momentum
representation defined by Eq. (73) or Eq. (74).

B. Generating functional as determinant of a quadratic
form in terms of the Gegenbauer polynomials

Alternatively, we write the generating functional employ-
ing the functional-integral definition in Eq. (25)with (minus)
the propagator in the momentum representation

i□−1ðpÞ ¼ −i
jpj2 þ iϵ

ð83Þ

and correspondingly

ði∂þÞs−k1þk2i□−1ðpÞ ¼ ð−pþÞs−k1þk2i□−1ðpÞ: ð84Þ
In fact, especially in the conformal setting (Appendix B),
it may be convenient to express the generating functional
in a more compact—but more implicit—form in terms of
the Gegenbauer polynomials. For example, the analog of
Eq. (62) reads

Wconf ½JO; 0; 0; 0� ¼ − logDet

�
I þ 1

2
i□−1JOs

⊗ Y
5
2

s−2

�
ð85Þ

with

Y
5
2

s−2ð ∂
!
þ; ∂
 
þÞ ¼ ∂

 
þði ∂!þ þ i ∂

 
þÞs−2

× C
5
2

s−2

�
∂
!
þ − ∂
 
þ

∂
!
þ þ ∂
 
þ

�
∂
!
þ: ð86Þ

Expanding Eq. (85) we get

Wconf ½JO; 0; 0; 0�

¼ ðN2 − 1Þ
X∞
n¼1

ð−1Þn
2nn

X
s1…sn

Z
d4x1 � � �d4xn

× i□−1ðx1 − x2ÞJOs2
ðx2Þ ⊗ Y

5
2

s2−2ð ∂
!

xþ
2
; ∂
 

xþ
2
Þ

� � � × i□−1ðxn − x1ÞJOs1
ðx1Þ ⊗ Y

5
2

s1−2ð ∂
!

xþ
1
; ∂
 

xþ
1
Þ:
ð87Þ

Employing the Fourier transformed sources and propagators

i□−1ðxi − xjÞ ¼
Z

d4q
ð2πÞ4 e

iq·ðxi−xjÞ −i
jqj2 þ iϵ

;

JOsi
ðxiÞ ¼

Z
d4p
ð2πÞ4 e

ip·xiJOsi
ðpiÞ; ð88Þ

we obtain

Wconf ½JO;0;0;0� ¼ ðN2−1Þ
X∞
n¼1

ð−1Þn
2nn

X
s1…sn

Z
d4x1 � � �d4xn

Z
d4p1

ð2πÞ4 � � �
d4pn

ð2πÞ4
d4q1
ð2πÞ4 � � �

d4qn
ð2πÞ4

×e−ix1·ðqn−q1−p1Þe−ix2·ðq1−q2−p2Þe−ix3·ðq2−q3−p3Þ � � �×e−ixn·ðqn−1−qn−pnÞ −i
jq1j2þ iϵ

JOs1
ðp1Þ

×q1þðq2þ−q1þÞs2−2C
5
2

s2−2

�
q2þþq1þ
q2þ−q1þ

�
q2þ

−i
jq2j2þ iϵ

JOs2
ðp2Þq2þðq3þ−q2þÞs3−2C

5
2

s3−2

�
q2þþq3þ
q3þ−q2þ

�
q3þ

�� �× −i
jqn−1j2þ iϵ

JOsn−1
ðpn−1Þqn−1þðqnþ−qn−1þÞsn−2C

5
2

sn−2

�
qnþþqn−1þ
qnþ−qn−1þ

�
qnþ

−i
jqnj2þ iϵ

JOsn
ðpnÞ

×qnþðq1þ−qnþÞs1−2C
5
2

s1−2

�
q1þþqnþ
q1þ−qnþ

�
q1þ ð89Þ
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that, grouping together the qiþ on the left and right of the Gegenbauer polynomials, we rewrite as

Wconf ½JO; 0; 0; 0� ¼ ðN2 − 1Þ
X∞
n¼1

ð−1Þn
2nn

X
s1…sn

Z
d4x1 � � � d4xn

Z
d4p1

ð2πÞ4 � � �
d4pn

ð2πÞ4
d4q1
ð2πÞ4 � � �

d4qn
ð2πÞ4

× e−ix1·ðqn−q1−p1Þe−ix2·ðq1−q2−p2Þe−ix3·ðq2−q3−p3Þ � � � × e−ixn·ðqn−1−qn−pnÞ −iq21þ
jq1j2 þ iϵ

JOs1
ðp1Þ

× ðq2þ − q1þÞs2−2C
5
2

s2−2

�
q2þ þ q1þ
q2þ − q1þ

�
−iq22þ
jq2j2 þ iϵ

JOs2
ðp2Þðq3þ − q2þÞs3−2C

5
2

s3−2

�
q2þ þ q3þ
q3þ − q2þ

�

� � � × −iq2n−1þ
jqn−1j2 þ iϵ

JOsn−1
ðpn−1Þðqnþ − qn−1þÞsn−2C

5
2

sn−2

�
qnþ þ qn−1þ
qnþ − qn−1þ

�
−iq2nþ
jqnj2 þ iϵ

JOsn
ðpnÞ

× ðq1þ − qnþÞs1−2C
5
2

s1−2

�
q1þ þ qnþ
q1þ − qnþ

�
: ð90Þ

Integrating over the coordinates and momenta we get

q1 ¼ qn − p1;

q2 ¼ q1 − p2 ¼ qn − p1 − p2;

q3 ¼ q2 − p3 ¼ qn − p1 − p2 − p3;

..

.

qn−2 ¼ qn−3 − pn−2 ¼ qn −
Xn−2
i¼1

pi;

qn−1 ¼ qn−2 − pn−1 ¼ qn −
Xn−1
i¼1

pi: ð91Þ

The last integration enforces
P

n
i¼1 pi ¼ 0, so that, inserting in the RHS of Eq. (90) the integral

R d4pn
ð2πÞ4 ð2πÞ4δð4Þðp1 þ

p2 þ � � � þ pnÞ to keep pn, we obtain

Wconf ½JO; 0; 0; 0� ¼ ðN2 − 1Þ
X∞
n¼1

ð−1Þn
2nn

X
s1;…;sn

Z
d4q
ð2πÞ4

d4p1

ð2πÞ4 � � �
d4pn

ð2πÞ4 ð2πÞ
4δð4Þðp1 þ p2 þ � � � þ pnÞ

×
−iðq − p1Þ2þ
jq − p1j2 þ iϵ

JOs1
ðp1Þð−p1þÞs1−2C

5
2

s1−2

�
2qþ − p1þ

−p1þ

�
−iðq − p1 − p2Þ2þ
jq − p1 − p2j2 þ iϵ

JOs2
ðp2Þ

× ð−p2þÞs2−2C
5
2

s2−2

�
2qþ − 2p1þ − p2þ

−p2þ

�
−iðq − p1 − p2 − p3Þ2þ
jq − p1 − p2 − p3j2 þ iϵ

JOs3
ðp3Þ

× ð−p3þÞs3−2C
5
2

s3−2

�
2qþ − 2p1þ − 2p2þ − p3þ

−p3þ

�
� � � × −iq2þ

jqj2 þ iϵ
JOsn
ðpnÞ

× ð−pnþÞsn−2C
5
2

sn−2

�
2qþ − 2

P
n−1
i¼1 piþ − pnþ

−pnþ

�
ð92Þ

with qn ¼ q. Finally, substituting pi → −pi we get
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Wconf ½JO; 0; 0; 0� ¼ ðN2 − 1Þ
X∞
n¼1

ð−1Þn
2nn

X
s1…sn

Z
d4q
ð2πÞ4

d4p1

ð2πÞ4 � � �
d4pn

ð2πÞ4 ð2πÞ
4δð4Þðp1 þ p2 þ � � � þ pnÞ

×
−iðqþ p1Þ2þ
jqþ p1j2 þ iϵ

JOs1
ð−p1Þðp1þÞs1−2C

5
2

s1−2

�
2qþ þ p1þ

p1þ

�
−iðqþ p1 þ p2Þ2þ
jqþ p1 þ p2j2 þ iϵ

JOs2
ð−p2Þ

× ðp2þÞs2−2C
5
2

s2−2

�
2qþ þ 2p1þ þ p2þ

p2þ

�
−iðqþ p1 þ p2 þ p3Þ2þ
jqþ p1 þ p2 þ p3j2 þ iϵ

JOs3
ð−p3Þ

× ðp3þÞs3−2C
5
2

s3−2

�
2qþ þ 2p1þ þ 2p2þ þ p3þ

p3þ

�
� � � × −iq2þ

jqj2 þ iϵ
JOsn
ð−pnÞ

× ðpnþÞsn−2C
5
2

sn−2

�
2qþ þ 2

P
n−1
i¼1 piþ þ pnþ
pnþ

�
: ð93Þ

We verify the equivalence with the dictionary expanding the Gegenbauer polynomials

ps−2þ C
5
2

s−2

�
2lþ þ pþ

pþ

�
¼ Γðsþ 3ÞΓð3Þ

Γð5ÞΓðsþ 1Þ
Xs−2
k¼0

�
s

k

��
s

kþ 2

�
lkþðlþ pÞs−k−2þ ð94Þ

according to their definition (Appendix B)

C
5
2

s−2ðxÞ ¼
Γðsþ 3ÞΓð3Þ
Γð5ÞΓðsþ 1Þ

Xs−2
k¼0

�
s

k

��
s

kþ 2

��
x − 1

2

�
k
�
xþ 1

2

�
s−k−2

ð95Þ

and substituting back in Eq. (93)

Wconf ½JO; 0; 0; 0� ¼ ðN2 − 1Þ
X∞
n¼1

ð−1Þn
2nn

X
s1…sn

Z
d4q
ð2πÞ4

d4p1

ð2πÞ4 � � �
d4pn

ð2πÞ4 ð2πÞ
4δð4Þðp1 þ p2 þ � � � þ pnÞ

×
Γðs1 þ 3ÞΓð3Þ
Γð5ÞΓðs1 þ 1Þ � � �

Γðsn þ 3ÞΓð3Þ
Γð5ÞΓðsn þ 1Þ

Xs1−2
k1¼0
� � �
Xsn−2
kn¼0

�
s1
k1

��
s1

k1 þ 2

�
� � �
�
sn
kn

��
sn

kn þ 2

�

× JOs1
ð−p1Þ

−iðqþ p1Þs1−k1þk2þ
jqþ p1j2 þ iϵ

JOs2
ð−p2Þ

−iðqþ p1 þ p2Þs2−k2þk3þ
jqþ p1 þ p2j2 þ iϵ

� � � × JOsn
ð−pnÞ

−iqsn−knþk1þ
jqj2 þ iϵ

ð96Þ

that essentially coincides with Eq. (81).

VI. MIXED THREE- AND FOUR-POINT CONFORMAL CORRELATORS

We employ the generating functional to calculate the three- and four-point correlators in the mixed balanced/unbalanced
sector.

A. Three-point correlators in Minkowskian spacetime

The generating functional of the mixed O, S, and S̄ correlators reads

Γconf ½jO; 0; jS; jS̄� ¼ −
N2 − 1

2
Tr log½I − 2ðI þD−1jOÞ−1D−1jS̄ðI þD−1jOÞ−1D−1jS�: ð97Þ

Only two terms contribute to the mixed three-point correlator hOs1ðxÞSs2ðyÞS̄s3ðzÞi
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Γconf ½jO; 0; jS; jS̄� ¼
N2 − 1

2
2Tr½ðI þD−1jOÞ−1D−1jS̄ðI þD−1jOÞ−1D−1jS� þ � � �

¼ N2 − 1

2
2Tr½ðI −D−1jOÞD−1jS̄ðI −D−1jOÞD−1jS� þ � � �

¼ −
N2 − 1

2
2TrðD−1jOD−1jS̄D

−1jSÞ −
N2 − 1

2
2TrðD−1jS̄D

−1jOD−1jSÞ þ � � � : ð98Þ

Hence,

hOs1ðxÞSs2ðyÞS̄s3ðzÞi ¼
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

δ

δjOs1k1
ðxÞ

δ

δjSs2k2
ðyÞ

δ

δjS̄s3k3
ðzÞΓconf ½jO; jÕ; jS; jS̄�

¼ −
N2 − 1

2
2
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

δ

δjOs1k1
ðxÞ

δ

δjSs2k2
ðyÞ

δ

δjS̄s3k3
ðzÞ
Z

d4x1d4x2d4x3

×
X
k0
1
s0
1

X
k0
2
s0
2

X
k0
3
s0
3

�
D−1

s0
1
k0
1
;s0
2
k0
2
ðx1 − x2ÞjOs0

2
k0
2

ðx2ÞD−1
s0
2
k0
2
;s0
3
k0
3
ðx2 − x3ÞjSs0

3
k0
3

ðx3ÞD−1
s0
3
k0
3
;s0
1
k0
1
ðx3 − x1ÞjS̄s0

1
k0
1

ðx1Þ

þD−1
s0
1
k0
1
;s0
2
k0
2
ðx1 − x2ÞjS̄s0

2
k0
2

ðx2ÞD−1
s0
2
k0
2
;s0
3
k0
3
ðx2 − x3ÞjOs0

3
k0
3

ðx3ÞD−1
s0
3
k0
3
;s0
1
k0
1
ðx3 − x1ÞjSs0

1
k0
1

ðx1Þ
�

¼ −ðN2 − 1Þ
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

�
D−1

s1k1;s2k2
ðx − yÞD−1

s2k2;s3k3
ðy − zÞD−1

s3k3;s1k1
ðz − xÞ

þD−1
s2k2;s3k3

ðy − zÞD−1
s3k3;s1k1

ðz − xÞD−1
s1k1;s2k2

ðx − yÞ
�

¼ −2ðN2 − 1Þ
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

D−1
s1k1;s2k2

ðx − yÞD−1
s2k2;s3k3

ðy − zÞD−1
s3k3;s1k1

ðz − xÞ: ð99Þ

Employing Eq. (30), we obtain

hOs1ðxÞSs2ðyÞS̄s3ðzÞi ¼ −
1

ð4π2Þ3 2
�
2

4!

�
3N2 − 1

8
is1þs2þs32s1þs2þs3ðs1 þ 1Þðs1 þ 2Þðs2 þ 1Þðs2 þ 2Þðs3 þ 1Þðs3 þ 2Þ

×
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

�
s1
k1

��
s1

k1 þ 2

��
s2
k2

��
s2

k2 þ 2

��
s3
k3

��
s3

k3 þ 2

�

× ðs1 − k1 þ k2Þ!ðs2 − k2 þ k3Þ!ðs3 − k3 þ k1Þ!
ðx − yÞs1−k1þk2þ
ðjx − yj2Þs1þ1−k1þk2

ðy − zÞs2−k2þk3þ
ðjy − zj2Þs2þ1−k2þk3

×
ðz − xÞs3−k3þk1þ
ðjz − xj2Þs3þ1−k3þk1 ð100Þ

that agrees with [6]. We also infer from the generating functional that [6]

hÕs1ðxÞSs2ðyÞS̄s3ðzÞi ¼ 0: ð101Þ

Indeed,

Γconf ½0; jÕ; jS; jS̄� ¼ −
N2 − 1

2
Tr log½I − 2ðI −D−1jÕÞ−1D−1jS̄ðI þD−1jÕÞ−1D−1jS� ð102Þ

contributes two terms linear in jÕ with opposite signs that cancel each other.
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B. Four-point correlators in Minkowskian spacetime

Only three terms contribute to the mixed four-point correlator hOs1ðx1ÞOs2ðx2ÞSs3ðx3ÞS̄s4ðx4Þi

Γconf ½jO; 0; jS; jS̄� ¼
N2 − 1

2
2Tr½ðI −D−1jO þD−1jOD−1jOÞÞD−1jS̄ðI −D−1jO þD−1jOD−1jOÞD−1jS� þ � � �

¼ N2 − 1

2
2TrðD−1jOD−1jS̄D

−1jOD−1jSÞ þ
N2 − 1

2
2TrðD−1jOD−1jOD−1jS̄D

−1jSÞ

þ N2 − 1

2
2TrðD−1jS̄D

−1jOD−1jOD−1jSÞ þ � � � : ð103Þ
Hence,

hOs1ðx1ÞOs2ðx2ÞSs3ðx3ÞS̄s4ðx4Þi ¼
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

δ

δjOs1k1
ðx1Þ

δ

δjOs2k2
ðx2Þ

δ

δjSs3k3
ðx3Þ

δ

δjS̄s4k4
ðx4Þ

Γconf ½jO; jÕ; jS; jS̄�

¼ N2 − 1

2
2
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

δ

δjOs1k1
ðx1Þ

δ

δjOs2k2
ðx2Þ

δ

δjSs3k3
ðx3Þ

δ

δjS̄s4k4
ðx4ÞZ

d4y1d4y2d4y3d4y4
X
k0
1
s0
1

X
k0
2
s0
2

X
k0
3
s0
3

X
k0
4
s0
4�

D−1
s0
1
k0
1
;s0
2
k0
2
ðy1 − y2ÞjOs0

2
k0
2

ðy2ÞD−1
s0
2
k0
2
;s0
3
k0
3
ðy2 − y3ÞjS̄s0

3
k0
3

ðy3Þ

×D−1
s0
3
k0
3
;s0
4
k0
4
ðy3 − y4ÞjOs0

4
k0
4

ðy4ÞD−1
s0
4
k0
4
;s0
1
k0
1
ðy4 − y1ÞjSs0

1
k0
1

ðy1Þ
þD−1

s0
1
k0
1
;s0
2
k0
2
ðy1 − y2ÞjOs0

2
k0
2

ðy2ÞD−1
s0
2
k0
2
;s0
3
k0
3
ðy2 − y3ÞjOs0

3
k0
3

ðy3Þ
×D−1

s0
3
k0
3
;s0
4
k0
4
ðy3 − y4ÞjS̄s0

4
k0
4

ðy4ÞD−1
s0
4
k0
4
;s0
1
k0
1
ðy4 − y1ÞjSs0

1
k0
1

ðy1Þ
þD−1

s0
1
k0
1
;s0
2
k0
2
ðy1 − y2ÞjOs0

2
k0
2

ðy2ÞD−1
s0
2
k0
2
;s0
3
k0
3
ðy2 − y3ÞjOs0

3
k0
3

ðy3Þ

×D−1
s0
3
k0
3
;s0
4
k0
4
ðy3 − y4ÞjSs0

4
k0
4

ðy4ÞD−1
s0
4
k0
4
;s0
1
k0
1
ðy4 − y1ÞjS̄s0

1
k0
1

ðy1Þ
�
: ð104Þ

Performing the functional derivatives and employing the symmetry properties of the Gegenbauer polynomials (Appendix B),
we get

hOs1ðx1ÞOs2ðx2ÞSs3ðx3ÞS̄s4ðx4Þi ¼
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

δ

δjOs1k1
ðx1Þ

δ

δjOs2k2
ðx2Þ

δ

δjSs3k3
ðx3Þ

δ

δjS̄s4k4
ðx4Þ

Γconf ½jO; jÕ; jS; jS̄�

¼ ðN2 − 1Þ
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

X
σ∈P2

�
D−1

s3k3;sσð1Þkσð1Þ ðx3 − xσð1ÞÞD−1
sσð1Þkσð1Þ;s4k4ðxσð1Þ − x4Þ

×D−1
s4k4;sσð2Þkσð2Þ ðx4 − xσð2ÞÞD−1

sσð2Þkσð2Þ;s3k3ðxσð2Þ − x3Þ þ 2D−1
s3k3;sσð1Þkσð1Þ ðx3 − xσð1ÞÞ

×D−1
sσð1Þkσð1Þ;sσð2Þkσð2Þ ðxσð1Þ − xσð2ÞÞD−1

sσð2Þkσð2Þ;s4k4ðxσð2Þ − x4ÞD−1
s4k4;s3k3

ðx4 − x3Þ
�
: ð105Þ
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Explicitly,

24
Γð5ÞΓðs1 þ 1Þ
Γð3ÞΓðs1 þ 3Þ

Γð5ÞΓðs2 þ 1Þ
Γð3ÞΓðs2 þ 3Þ

Γð5ÞΓðs3 þ 1Þ
Γð3ÞΓðs3 þ 3Þ

Γð5ÞΓðs4 þ 1Þ
Γð3ÞΓðs4 þ 3Þ hOs1ðx1ÞOs2ðx2ÞSs3ðx3ÞS̄s4ðx4Þi

¼ ðN2 − 1Þ 1

ð4π2Þ4 2
P

4

l¼1 sl i
P

4

l¼1 sl
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

�
s1
k1

��
s1

k1 þ 2

��
s2
k2

��
s2

k2 þ 2

��
s3
k3

��
s3

k3 þ 2

��
s4
k4

��
s4

k4 þ 2

�

×
X
σ∈P2

�
ðs3 − k3 þ kσð1ÞÞ!ðsσð1Þ − kσð1Þ þ k4Þ!ðs4 − k4 þ kσð2ÞÞ!ðsσð2Þ − kσð2Þ þ k3Þ!

ðx3 − xσð1ÞÞs3−k3þkσð1Þþ
ðjx3 − xσð1Þj2Þs3−k3þkσð1Þþ1

×
ðxσð1Þ − x4Þsσð1Þ−kσð1Þþk4þ
ðjxσð1Þ − x4j2Þsσð1Þ−kσð1Þþk4þ1

ðx4 − xσð2ÞÞs4−k4þkσð2Þþ
ðjx4 − xσð2Þj2Þs4−k4þkσð2Þþ1

ðxσð2Þ − x3Þsσð2Þ−kσð2Þþk3þ
ðjx4 − x1j2Þs4−k4þk1þ1

þ 2ðs3 − k3 þ kσð1ÞÞ!ðsσð1Þ − kσð1Þ þ kσð2ÞÞ!ðsσð2Þ − kσð2Þ þ k4Þ!ðs4 − k4 þ k3Þ!

×
ðx3 − xσð1ÞÞs3−k3þkσð1Þþ
ðjx3 − xσð1Þj2Þs3−k3þkσð1Þþ1

ðxσð1Þ − xσð2ÞÞsσð1Þ−kσð1Þþkσð2Þþ
ðjxσð1Þ − xσð2Þj2Þsσð1Þ−kσð1Þþkσð2Þþ1

ðxσð2Þ − x4Þsσð2Þ−kσð2Þþk4þ
ðjxσð2Þ − x4j2Þsσð2Þ−kσð2Þþk4þ1

ðx4 − x3Þs4−k4þk3þ
ðjx4 − x3j2Þs4−k4þk3þ1

�
ð106Þ

that in the momentum representation reads

24
Γð5ÞΓðs1 þ 1Þ
Γð3ÞΓðs1 þ 3Þ

Γð5ÞΓðs2 þ 1Þ
Γð3ÞΓðs2 þ 3Þ

Γð5ÞΓðs3 þ 1Þ
Γð3ÞΓðs3 þ 3Þ

Γð5ÞΓðs4 þ 1Þ
Γð3ÞΓðs4 þ 3Þ hOs1ðp1ÞOs2ðp2ÞSs3ðp3ÞS̄s4ðp4Þi

¼ ðN2 − 1Þð2πÞ4i4δð4Þðp1 þ p2 þ p3 þ p4Þ
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

�
s1
k1

��
s1

k1 þ 2

��
s2
k2

��
s2

k2 þ 2

��
s3
k3

��
s3

k3 þ 2

�

×

�
s4
k4

��
s4

k4 þ 2

�X
σ∈P2

Z
d4q
ð2πÞ4

�ðp3 þ qÞs3−k3þkσð1Þþ
jp3 þ qj2 þ iϵ

ðp3 þ pσð1Þ þ qÞsσð1Þ−kσð1Þþk4þ
jp3 þ pσð1Þ þ qj2 þ iϵ

ðp3 þ pσð1Þ þ p4 þ qÞsσð4Þ−kσð4Þþkσð2Þþ
jp3 þ pσð1Þ þ p4 þ qj2

×
ðqÞsσð2Þ−kσð2Þþk3þ
jqj2 þ iϵ

þ 2
ðp3 þ qÞs3−k3þkσð1Þþ
jp3 þ qj2 þ iϵ

ðp3 þ pσð1Þ þ qÞsσð1Þ−kσð1Þþkσð2Þþ
jp3 þ pσð1Þ þ qj2 þ iϵ

ðp3 þ pσð1Þ þ pσð2Þ þ qÞsσð2Þ−kσð2Þþk4þ
jp3 þ pσð1Þ þ pσð2Þ þ qj2 þ iϵ

ðqÞs4−k4þk3þ
jqj2 þ iϵ

�
:

ð107Þ

Similarly, we obtain

hÕs1ðx1ÞÕs2ðx2ÞSs3ðx3ÞS̄s4ðx4Þi ¼
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

δ

δjÕs1k1
ðx1Þ

δ

δjÕs2k2
ðx2Þ

δ

δjSs3k3
ðx3Þ

δ

δjS̄s4k4
ðx4Þ

Γconf ½jO; jÕ; jS; jS̄�

¼ ðN2 − 1Þ
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

X
σ∈P2

�
−D−1

s3k3;sσð1Þkσð1Þ ðx3 − xσð1ÞÞD−1
sσð1Þkσð1Þ;s4k4ðxσð1Þ − x4Þ

×D−1
s4k4;sσð2Þkσð2Þ ðx4 − xσð2ÞÞD−1

sσð2Þkσð2Þ;s3k3ðxσð2Þ − x3Þ þ 2D−1
s3k3;sσð1Þkσð1Þ ðx3 − xσð1ÞÞ

×D−1
sσð1Þkσð1Þ;sσð2Þkσð2Þ ðxσð1Þ − xσð2ÞÞD−1

sσð2Þkσð2Þ;s4k4ðxσð2Þ − x4ÞD−1
s4k4;s3k3

ðx4 − x3Þ
�
: ð108Þ

Explicitly, in the coordinate and momentum representation, respectively,
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24
Γð5ÞΓðs1 þ 1Þ
Γð3ÞΓðs1 þ 3Þ

Γð5ÞΓðs2 þ 1Þ
Γð3ÞΓðs2 þ 3Þ

Γð5ÞΓðs3 þ 1Þ
Γð3ÞΓðs3 þ 3Þ

Γð5ÞΓðs4 þ 1Þ
Γð3ÞΓðs4 þ 3Þ hÕs1ðx1ÞÕs2ðx2ÞSs3ðx3ÞS̄s4ðx4Þi

¼ ðN2 − 1Þ 1

ð4π2Þ4 2
P

4

l¼1 sl i
P

4

l¼1 sl
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

�
s1
k1

��
s1

k1 þ 2

��
s2
k2

��
s2

k2 þ 2

��
s3
k3

��
s3

k3 þ 2

�

×

�
s4
k4

��
s4

k4 þ 2

�X
σ∈P2

�
−ðs3 − k3 þ kσð1ÞÞ!ðsσð1Þ − kσð1Þ þ k4Þ!ðs4 − k4 þ kσð2ÞÞ!ðsσð2Þ − kσð2Þ þ k3Þ!

×
ðx3 − xσð1ÞÞs3−k3þkσð1Þþ
ðjx3 − xσð1Þj2Þs3−k3þkσð1Þþ1

ðxσð1Þ − x4Þsσð1Þ−kσð1Þþk4þ
ðjxσð1Þ − x4j2Þsσð1Þ−kσð1Þþk4þ1

ðx4 − xσð2ÞÞs4−k4þkσð2Þþ
ðjx4 − xσð2Þj2Þs4−k4þkσð2Þþ1

ðxσð2Þ − x3Þsσð2Þ−kσð2Þþk3þ
ðjx4 − x1j2Þs4−k4þk1þ1

þ 2ðs3 − k3 þ kσð1ÞÞ!ðsσð1Þ − kσð1Þ þ kσð2ÞÞ!ðsσð2Þ − kσð2Þ þ k4Þ!ðs4 − k4 þ k3Þ!
ðx3 − xσð1ÞÞs3−k3þkσð1Þþ
ðjx3 − xσð1Þj2Þs3−k3þkσð1Þþ1

×
ðxσð1Þ − xσð2ÞÞsσð1Þ−kσð1Þþkσð2Þþ
ðjxσð1Þ − xσð2Þj2Þsσð1Þ−kσð1Þþkσð2Þþ1

ðxσð2Þ − x4Þsσð2Þ−kσð2Þþk4þ
ðjxσð2Þ − x4j2Þsσð2Þ−kσð2Þþk4þ1

ðx4 − x3Þs4−k4þk3þ
ðjx4 − x3j2Þs4−k4þk3þ1

�
; ð109Þ

24
Γð5ÞΓðs1þ1Þ
Γð3ÞΓðs1þ3Þ

Γð5ÞΓðs2þ1Þ
Γð3ÞΓðs2þ3Þ

Γð5ÞΓðs3þ1Þ
Γð3ÞΓðs3þ3Þ

Γð5ÞΓðs4þ1Þ
Γð3ÞΓðs4þ3ÞhÕs1ðp1ÞÕs2ðp2ÞSs3ðp3ÞS̄s4ðp4Þ⟫

¼ðN2−1Þð2πÞ4i4δð4Þðp1þp2þp3þp4Þ
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

�
s1
k1

��
s1

k1þ2

��
s2
k2

��
s2

k2þ2

��
s3
k3

��
s3

k3þ2

�

×

�
s4
k4

��
s4

k4þ2

�X
σ∈P2

Z
d4q
ð2πÞ4

�
−
ðp3þqÞs3−k3þkσð1Þþ
jp3þqj2þ iϵ

ðp3þpσð1Þ þqÞsσð1Þ−kσð1Þþk4þ
jp3þpσð1Þ þqj2þ iϵ

ðp3þpσð1Þ þp4þqÞsσð4Þ−kσð4Þþkσð2Þþ
jp3þpσð1Þ þp4þqj2

×
ðqÞsσð2Þ−kσð2Þþk3þ
jqj2þ iϵ

þ2
ðp3þqÞs3−k3þkσð1Þþ
jp3þqj2þ iϵ

ðp3þpσð1Þ þqÞsσð1Þ−kσð1Þþkσð2Þþ
jp3þpσð1Þ þqj2þ iϵ

ðp3þpσð1Þ þpσð2Þ þqÞsσð2Þ−kσð2Þþk4þ
jp3þpσð1Þ þpσð2Þ þqj2þ iϵ

ðqÞs4−k4þk3þ
jqj2þ iϵ

�
:

ð110Þ

C. Four-point correlators in Euclidean spacetime

In Euclidean spacetime we obtain as well

24
Γð5ÞΓðs1 þ 1Þ
Γð3ÞΓðs1 þ 3Þ

Γð5ÞΓðs2 þ 1Þ
Γð3ÞΓðs2 þ 3Þ

Γð5ÞΓðs3 þ 1Þ
Γð3ÞΓðs3 þ 3Þ

Γð5ÞΓðs4 þ 1Þ
Γð3ÞΓðs4 þ 3Þ hO

E
s1ðx1ÞOE

s2ðx2ÞSE
s3ðx3ÞS̄E

s4ðx4Þi

¼ ðN2 − 1Þ 1

ð4π2Þ4 2
P

4

l¼1 slð−1Þ
P

4

l¼1 sl
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

�
s1
k1

��
s1

k1 þ 2

��
s2
k2

��
s2

k2 þ 2

��
s3
k3

��
s3

k3 þ 2

�

×

�
s4
k4

��
s4

k4 þ 2

�X
σ∈P2

�
ðs3 − k3 þ kσð1ÞÞ!ðsσð1Þ − kσð1Þ þ k4Þ!ðs4 − k4 þ kσð2ÞÞ!ðsσð2Þ − kσð2Þ þ k3Þ!

×
ðx3 − xσð1ÞÞs3−k3þkσð1Þz

ððx3 − xσð1ÞÞ2Þs3−k3þkσð1Þþ1
ðxσð1Þ − x4Þsσð1Þ−kσð1Þþk4z

ððxσð1Þ − x4Þ2Þsσð1Þ−kσð1Þþk4þ1
ðx4 − xσð2ÞÞs4−k4þkσð2Þz

ððx4 − xσð2ÞÞ2Þs4−k4þkσð2Þþ1
ðxσð2Þ − x3Þsσð2Þ−kσð2Þþk3z

ððx4 − x1Þ2Þs4−k4þk1þ1

þ 2ðs3 − k3 þ kσð1ÞÞ!ðsσð1Þ − kσð1Þ þ kσð2ÞÞ!ðsσð2Þ − kσð2Þ þ k4Þ!ðs4 − k4 þ k3Þ!
ðx3 − xσð1ÞÞs3−k3þkσð1Þz

ððx3 − xσð1ÞÞ2Þs3−k3þkσð1Þþ1

×
ðxσð1Þ − xσð2ÞÞsσð1Þ−kσð1Þþkσð2Þz

ððxσð1Þ − xσð2ÞÞ2Þsσð1Þ−kσð1Þþkσð2Þþ1
ðxσð2Þ − x4Þsσð2Þ−kσð2Þþk4z

ððxσð2Þ − x4Þ2Þsσð2Þ−kσð2Þþk4þ1
ðx4 − x3Þs4−k4þk3z

ððx4 − x3Þ2Þs4−k4þk3þ1
�

ð111Þ
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and

24
Γð5ÞΓðs1 þ 1Þ
Γð3ÞΓðs1 þ 3Þ

Γð5ÞΓðs2 þ 1Þ
Γð3ÞΓðs2 þ 3Þ

Γð5ÞΓðs3 þ 1Þ
Γð3ÞΓðs3 þ 3Þ

Γð5ÞΓðs4 þ 1Þ
Γð3ÞΓðs4 þ 3Þ hÕ

E
s1ðx1ÞÕE

s2ðx2ÞSE
s3ðx3ÞS̄E

s4ðx4Þi

¼ ðN2 − 1Þ 1

ð4π2Þ4 2
P

4

l¼1 slð−1Þ
P

4

l¼1 sl
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

Xs4−2
k4¼0

�
s1
k1

��
s1

k1 þ 2

��
s2
k2

��
s2

k2 þ 2

��
s3
k3

��
s3

k3 þ 2

�

×

�
s4
k4

��
s4

k4 þ 2

�X
σ∈P2

�
−ðs3 − k3 þ kσð1ÞÞ!ðsσð1Þ − kσð1Þ þ k4Þ!ðs4 − k4 þ kσð2ÞÞ!ðsσð2Þ − kσð2Þ þ k3Þ!

×
ðx3 − xσð1ÞÞs3−k3þkσð1Þz

ððx3 − xσð1ÞÞ2Þs3−k3þkσð1Þþ1
ðxσð1Þ − x4Þsσð1Þ−kσð1Þþk4z

ððxσð1Þ − x4Þ2Þsσð1Þ−kσð1Þþk4þ1
ðx4 − xσð2ÞÞs4−k4þkσð2Þz

ððx4 − xσð2ÞÞ2Þs4−k4þkσð2Þþ1
ðxσð2Þ − x3Þsσð2Þ−kσð2Þþk3z

ððx4 − x1Þ2Þs4−k4þk1þ1

þ 2ðs3 − k3 þ kσð1ÞÞ!ðsσð1Þ − kσð1Þ þ kσð2ÞÞ!ðsσð2Þ − kσð2Þ þ k4Þ!ðs4 − k4 þ k3Þ!
ðx3 − xσð1ÞÞs3−k3þkσð1Þz

ððx3 − xσð1ÞÞ2Þs3−k3þkσð1Þþ1

×
ðxσð1Þ − xσð2ÞÞsσð1Þ−kσð1Þþkσð2Þz

ððxσð1Þ − xσð2ÞÞ2Þsσð1Þ−kσð1Þþkσð2Þþ1
ðxσð2Þ − x4Þsσð2Þ−kσð2Þþk4z

ððxσð2Þ − x4Þ2Þsσð2Þ−kσð2Þþk4þ1
ðx4 − x3Þs4−k4þk3z

ððx4 − x3Þ2Þs4−k4þk3þ1
�
: ð112Þ

VII. UV ASYMPTOTICS OF EUCLIDEAN n-POINT
CORRELATORS

A. Operator mixing

The Euclidean n-point correlator at distinct points of
local renormalized operators OiðxÞ that mix under renorm-
alization

hOk1ðx1Þ � � �OknðxnÞi ¼ GðnÞk1…kn
ðx1;…; xn; μ; gðμÞÞ ð113Þ

satisfies the Callan-Symanzik equation

�Xn
α¼1

xα ·
∂

∂xα
þ βðgÞ ∂

∂g
þ
Xn
α¼1

DOα

�
GðnÞk1���kn

þ
X
a

�
γk1aðgÞGðnÞak2���kn þ γk2aðgÞGðnÞk1ak3���kn

� � � þ γknaðgÞGðnÞk1���a

�
¼ 0; ð114Þ

where DOi
is the canonical dimension of OiðxÞ and γijðgÞ

the matrix of the anomalous dimensions. Its solution reads

GðnÞk1���knðλx1;…; λxn; μ; gðμÞÞ
¼
X
j1���jn

Zk1j1ðλÞ � � �ZknjnðλÞλ−
P

n
i¼1 DOi

× GðnÞj1…jn
ðx1;…; xn; μ; gð

μ

λ
ÞÞ; ð115Þ

where in matrix notation

�
∂

∂g
þ γðgÞ
βðgÞ

�
ZðλÞ ¼ 0 ð116Þ

with g≡ gðμÞ and

ZðλÞ ¼ P exp

�Z
gðμλÞ

gðμÞ

γðg0Þ
βðg0Þ dg

0
�
: ð117Þ

Hence, the corresponding UV asymptotics as λ → 0 reads

GðnÞk1���knðλx1;…; λxn; μ; gðμÞÞ
∼
X
j1…jn

Zk1j1ðλÞ � � �ZknjnðλÞλ−
P

n
i¼1 DOi GðnÞconfj1…jn

ðx1;…; xnÞ

ð118Þ

provided that GðnÞconf j1���jnðx1;…; xnÞ—the conformal corre-
lators to the lowest order of perturbation theory—do not
vanish.
The evaluation of the asymptotics above involves the

estimate of each term in Eq. (118) that in turn involves the
computation of the path-ordered exponential defining
ZijðλÞ in Eq. (117). Both the computations are technically
challenging, even in the special case where γðgÞ is
triangular so that the expansion of the path-ordered
exponential in Eq. (117) terminates to a finite order [14].
Therefore, it is of the utmost importance to establish

whether a renormalization scheme exists where ZðλÞ is
diagonalizable to all perturbative orders. Indeed, in such a
scheme the sum in Eq. (118) would reduce to just one term
and the path-ordered exponential to just the ordinary
exponential, as in the multiplicatively renormalizable case.
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B. Nonresonant diagonal renormalization scheme

The question above has been addressed on the basis of
the differential-geometric interpretation [5] of the operator
mixing in massless QCD-like theories to all orders of
perturbation theory that we summarize in the following.
We interpret a finite change of the basis of renormalized
operators in matrix notation

O0ðxÞ ¼ SðgÞOðxÞ ð119Þ
as a formal real-analytic invertible gauge transformation
SðgÞ that depends on g [5]. Under the action of the
aforementioned gauge transformation, the matrix

AðgÞ ¼ −
γðgÞ
βðgÞ ¼

1

g

�
γ0
β0
þ � � �

�
; ð120Þ

associated with the differential equation for ZðλÞ�
∂

∂g
− AðgÞ

�
ZðλÞ ¼ 0; ð121Þ

defines a connection AðgÞ

AðgÞ ¼ 1

g

�
A0 þ

X∞
n¼1

A2ng2n
�

ð122Þ

with a regular singularity at g ¼ 0 that transforms as

A0ðgÞ ¼ SðgÞAðgÞS−1ðgÞ þ ∂SðgÞ
∂g

S−1ðgÞ ð123Þ

with

D ¼ ∂

∂g
− AðgÞ ð124Þ

the corresponding covariant derivative. Consequently, ZðλÞ
is interpreted as a Wilson line that transforms as

Z0ðλÞ ¼ SðgðμÞÞZðλÞS−1ðgðμ
λ
ÞÞ ð125Þ

for the gauge transformation SðgÞ. Moreover, everything
that we have mentioned also applies by allowing the
coupling g to be complex valued. It follows from the
Poincaré-Dulac theorem that [5], if any two eigen-
values λ1; λ2;… of the matrix γ0

β0
, in nonincreasing order

λ1 ≥ λ2 ≥ � � �, do not differ by a positive even integer

λi − λj − 2k ≠ 0 ð126Þ

for i ≤ j and k a positive integer, then a formal holomor-
phic gauge transformation exists that sets AðgÞ in the
canonical nonresonant form [5]

A0ðgÞ ¼ γ0
β0

1

g
ð127Þ

that is one-loop exact to all orders of perturbation theory.
As a consequence, if in addition γ0

β0
is diagonalizable, ZðλÞ

is diagonalizable as well and its eigenvalues ZOi
ðλÞ are

computed by [5]

ZOi
ðλÞ ¼

�
gðμÞ
gðμλÞ

�γ0Oi
β0 ð128Þ

with γ0Oi
the eigenvalues of γ0. Correspondingly, in the

nonresonant diagonal scheme

GðnÞk1���knðλx1;…; λxn; μ; gðμÞÞ

∼
ZOj1
ðλÞ � � �ZOjn

ðλÞ
λDO1

þ���þDOn
GðnÞconfj1���jnðx1;…; xnÞ ð129Þ

provided that GðnÞconf j1���jnðx1;…; xnÞ does not vanish, with

g2
�
μ

λ

�
∼

1

β0 log
�

μ2

λ2Λ2
YM

�
0
B@1 −

β1
β20

log log
�

μ2

λ2Λ2
YM

�
log
�

μ2

λ2Λ2
YM

�
1
CA

∼
1

β0 log
�

1
λ2

�
0
B@1 −

β1
β20

log log
�

1
λ2

�
log
�

1
λ2

�
1
CA; ð130Þ

where the second asymptotic equality holds within the
universal—i.e., scheme independent—leading and next-to-
leading logarithmic accuracy as λ → 0.
To make the present paper self-contained we provide the

construction [5] of the nonresonant diagonal scheme to all
orders of perturbation theory under the above assumptions
starting from a generic renormalization scheme—for exam-
ple, the MS scheme.
The construction proceeds by induction on k ¼ 1; 2;…

by demonstrating that, once A0 and the first k − 1 matrix
coefficients A2;…; A2ðk−1Þ in Eq. (122) have been set in
the canonical nonresonant form in Eq. (127)—i.e., A0

diagonal and A2;…; A2ðk−1Þ ¼ 0—a formal holomorphic
gauge transformation exists that leaves them invariant and
also sets the kth coefficient A2k to 0.
The 0 step of the induction consists just in setting A0

in diagonal form—with the eigenvalues in nonincreasing
order—by a global (i.e., constant) gauge transformation.
At the kth step we choose the holomorphic gauge

transformation in the form

SkðgÞ ¼ 1þ g2kH2k ð131Þ

with H2k a matrix to be found momentarily. Its inverse is

S−1k ðgÞ ¼ ð1þ g2kH2kÞ−1 ¼ 1 − g2kH2k þ � � � ; ð132Þ

where the dots represent terms of order higher than g2k. The
gauge action of SkðgÞ on the connection AðgÞ furnishes
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A0ðgÞ ¼ 2kg2k−1H2kð1 − g2kH2kÞ−1 þ ð1þ g2kH2kÞAðgÞð1 − g2kH2kÞ−1

¼ 2kg2k−1H2kð1 − g2kH2kÞ−1 þ ð1þ g2kH2kÞ
1

g

�
A0 þ

X∞
n¼1

A2ng2n
�
ð1 − g2kH2kÞ−1

¼ 2kg2k−1H2kð1 − � � �Þ þ ð1þ g2kH2kÞ
1

g

�
A0 þ

X∞
n¼1

A2ng2n
�
ð1 − g2kH2k þ � � �Þ

¼ 2kg2k−1H2k þ
1

g

�
A0 þ

Xk
n¼1

A2ng2n
�
þ g2k−1ðH2kA0 − A0H2kÞ þ � � �

¼ g2k−1ð2kH2k þH2kA0 − A0H2kÞ þ A2ðk−1ÞðgÞ þ g2k−1A2k þ � � � ; ð133Þ

where we have skipped in the dots all the terms that
contribute to an order higher than g2k−1, and we have set

A2ðk−1ÞðgÞ ¼
1

g

�
A0 þ

Xk−1
n¼1

A2ng2n
�

ð134Þ

that is the part of AðgÞ that is not affected by the gauge
transformation SkðgÞ, and thus verifies the hypotheses of
the induction—i.e., that A2;…; A2ðk−1Þ vanish.
Therefore, by Eq. (133) the kth matrix coefficient A2k

may be eliminated from the expansion of A0ðgÞ to the order
g2k−1 provided that an H2k exists such that

A2kþð2kH2kþH2kA0−A0H2kÞ¼A2kþð2k−adA0
ÞH2k¼0
ð135Þ

with adA0
Y ¼ ½A0; Y�.

If the inverse of adA0
− 2k exists, the unique solution for

H2k is

H2k ¼ ðadA0
− 2kÞ−1A2k: ð136Þ

Hence, to complete the induction, we should demonstrate
that, under the above assumptions, adA0

− 2k is invertible,
i.e., its kernel is trivial.
Now adΛ − 2k, as a linear operator that acts on matrices,

is diagonal, with eigenvalues λi − λj − 2k and the matrices
Eij, whose only nonvanishing entries are ðEijÞij, as
eigenvectors.
The eigenvectors Eij, normalized in such a way that
ðEijÞij ¼ 1, form an orthonormal basis for the matrices.
Thus, Eij belongs to the kernel of adΛ − 2k if and only if
λi − λj − 2k ¼ 0. As a consequence, since λi − λj − 2k ≠ 0

for every i, j by the above assumptions, the kernel
of adΛ − 2k only contains 0, and the construction is
complete.

C. Anomalous dimensions of twist-2 operators

We define the bare operators with s ≥ 2 and k ≥ 0 [9]

OðkÞBs ¼ ð−i∂þÞkOBs ð137Þ

that, to the leading order of perturbation theory, for k > 0
are conformal descendants [15] of the corresponding

primary conformal operator Oð0ÞBs ¼ OBs in the standard
basis. As a consequence of the operator mixing we obtain
[9,15] for the renormalized operators

OðkÞs ¼
Xs
i

ZsiO
ðkþs−iÞ
Bi ð138Þ

with the mixing matrix Z and the matrix of the anomalous
dimensions

γðgÞ ¼ −
∂Z

∂ log μ
Z−1 ¼

X∞
j¼0

γjg2jþ2 ð139Þ

lower triangular and γ0 diagonal in the MS scheme
[9,15]. In our notation the eigenvalues of γ0 are given
by [9,13]

γ0s ¼
2

ð4πÞ2
�
4ψðsþ 1Þ − 4ψð1Þ − 11

3

− 8
s2 þ sþ 1

ðs − 1Þsðsþ 1Þðsþ 2Þ
�

ð140Þ

for OðkÞs with even s ≥ 2, and

γ0s ¼
2

ð4πÞ2
�
4ψðsþ 1Þ − 4ψð1Þ − 11

3

− 8
s2 þ s − 2

ðs − 1Þsðsþ 1Þðsþ 2Þ
�

ð141Þ

for ÕðkÞs with odd s ≥ 3. γ02 ¼ 0 consistently with the
conservation of the stress-energy tensor. The eigenvalues of

γ0 for SðkÞs and S̄ðkÞs are given by [13]
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γ0s ¼
2

ð4πÞ2
�
4ψðsþ 1Þ − 4ψð1Þ − 11

3

�
ð142Þ

with even s ≥ 2.
Interestingly, from the above equations it follows that in

SUðNÞ YM theory γ0 is independent of N and thus has no
nonplanar contribution [12].
Moreover, we have verified numerically that the non-

resonant condition in Eq. (126) is satisfied for all the
collinear twist-2 operators in the standard basis up
to s ¼ 104.
Hence, the nonresonant diagonal basis exists for the

collinear twist-2 operators and restricts to the lowest order

of perturbation theory to the standard basis because γ0 is
diagonal in this basis.
Therefore, the standard basis may be employed to

compute the conformal correlators in Eq. (129).

VIII. GENERATING FUNCTIONAL OF
EUCLIDEAN RG-IMPROVED CORRELATORS

From the vantage point of view of the ’t Hooft large-N
expansion it is convenient to employ the rescaled operators
in Eq. (24) in Euclidean spacetime, so that the two-point
correlators are of order 1 for large N. The corresponding
asymptotic connected correlators acquire the simpler form
in the balanced

hO0Es1 ðλx1Þ � � �O0Esn ðλxnÞÕ0Esnþ1ðλxnþ1Þ � � � Õ0Esnþ2mðλxnþ2mÞi

∼
ZOs1
ðλÞ

λ2þs1
� � �ZOsn

ðλÞ
λ2þsn

ZÕsnþ1
ðλÞ

λ2þsnþ1
� � �

ZÕsnþ2m
ðλÞ

λ2þsnþ2m
ðN2−n−2m − N−n−2mÞ 1

ð4π2Þnþ2m 2
P

nþ2m
l¼1 slð−1Þ

P
nþ2m
l¼1 sl

×
Xs1−2
k1¼0
� � �

Xsnþ2m−2
knþ2m¼0

�
s1
k1

��
s1

k1 þ 2

�
� � �
�

snþ2m
k nþ2m

��
snþ2m

k nþ2m þ 2

�

×
1

nþ 2m

X
σ∈Pnþ2m

ðsσð1Þ − kσð1Þ þ kσð2ÞÞ! � � � ðsσðnþ2mÞ − kσðnþ2mÞ þ kσð1ÞÞ!

×
ðxσð1Þ − xσð2ÞÞsσð1Þ−kσð1Þþkσð2Þz

ððxσð1Þ − xσð2ÞÞ2Þsσð1Þ−kσð1Þþkσð2Þþ1
� � � ðxσðnþ2mÞ − xσð1ÞÞsσðnþ2mÞ−kσðnþ2mÞþkσð1Þz

ððxσðnþ2mÞ − xσð1ÞÞ2Þsσðnþ2mÞ−kσðnþ2mÞþkσð1Þþ1
ð143Þ

and unbalanced sectors

hS0Es1 ðλx1Þ � � �S0Esn ðλxnÞS̄0Es0
1
ðλy1Þ � � � S̄0Es0n ðλynÞi

∼
ZSs1
ðλÞ

λ2þs1
� � �ZSsn

ðλÞ
λ2þsn

ZS̄s0
1

ðλÞ
λ2þs01

� � �
ZS̄s0n
ðλÞ

λ2þs0n
ðN2−2n − N−2nÞ 1

ð4π2Þ2n 2
P

n
l¼1 slþs0lð−1Þ

P
n
l¼1 slþs0l

×
Xs01−2
k0
1
¼0
� � �
Xs0n−2
k0n¼0

�
s01
k01

��
s01

k01 þ 2

�
� � �
�
s0n
k0n

��
s0n

k0n þ 2

�

×
2n−1

n

X
σ∈Pn

X
ρ∈Pn

ðsσð1Þ − kσð1Þ þ k0ρð1ÞÞ!ðs0ρð1Þ − k0ρð1Þ þ kσð2ÞÞ!

� � � × ðsσðnÞ − kσðnÞ þ k0ρðnÞÞ!ðs0ρðnÞ − k0ρðnÞ þ kσð1ÞÞ!

×
ðxσð1Þ − yρð1ÞÞ

sσð1Þ−kσð1Þþk0ρð1Þ
z

ððxσð1Þ − yρð1ÞÞ2Þsσð1Þ−kσð1Þþk
0
ρð1Þþ1

ðyρð1Þ − xσð2ÞÞ
s0
ρð1Þ−k

0
ρð1Þþkσð2Þ

z

ððyρð1Þ − xσð2ÞÞ2Þs
0
ρð1Þ−k

0
ρð1Þþkσð2Þþ1

� � � × ðxσðnÞ − yρðnÞÞ
sσðnÞ−kσðnÞþk0ρðnÞ
z

ððxσðnÞ − yρðnÞÞ2ÞsσðnÞ−kσðnÞþk
0
ρðnÞþ1

ðyρðnÞ − xσð1ÞÞ
s0
ρðnÞ−k

0
ρðnÞþkσð1Þ

z

ððyρðnÞ − xσð1ÞÞ2Þs
0
ρðnÞ−k

0
ρðnÞþkσð1Þþ1

ð144Þ

according to Eqs. (25), (55), and (129). Correspondingly,
the generating functional of the Euclidean n-point corre-
lators of twist-2 operators decomposes into its planar
WE

sphere and LO-nonplanar WE
torus contributions.

Perturbatively, according to general principles of the ’t
Hooft large-N expansion [1], WE

torus involves a sum of
Feynman diagrams that have the topology of a punctured
torus in the ’t Hooft double-line representation.
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Nonperturbatively, WE
torus must involve the sum of

the glueball one-loop diagrams, and it has been predicted
in [4]—on the basis of the existence of a large-N non-
perturbative effective action for the glueballs—that it
should have the structure of the logarithm of a functional
determinant.
The UV asymptotics as λ → 0 of WE

sphere and WE
torus for

twist-2 operators in the nonresonant diagonal scheme follows
from the computation of the RG-improved correlators
(Sec. VII)

WE
sphere½JO0E ; λ� ∼WE

asym sphere½JO0E ; λ� ð145Þ
and

WE
torus½JO0E ; λ� ∼WE

asym torus½JO0E ; λ� ð146Þ
with

WE
asym sphere½JO0E ; λ� ¼ −N2WE

asym torus½JO0E ; λ� ð147Þ
according to Eq. (25), where

WE
asym torus½JO0E ; JÕ0E ; JS0E ; JS̄0E ; λ�

¼ þ 1

2
logDet

 
I þ

Xs−2
k¼0

�
s

k

��
s

kþ 2

�
ð− ∂
!

zÞs−k−1△−1
ðZO0sðλÞJO0Es þ ZÕ0s

ðλÞJÕ0Es Þ
Nλ2þs

ð− ∂
!

zÞkþ1
!

þ 1

2
logDet

 
I þ

Xs−2
k¼0

�
s

k

��
s

kþ 2

�
ð− ∂
!

zÞs−k−1△−1
ðZO0sðλÞJO0Es − ZÕ0s

ðλÞJÕ0Es Þ
Nλ2þs

ð− ∂
!

zÞkþ1
!

þ 1

2
logDet

"
I − 2

 
I þ

Xs−2
k¼0

�
s

k

��
s

kþ 2

�
ð− ∂
!

zÞs−k−1△−1
ðZO0sðλÞJO0Es − ZÕ0s

ðλÞJÕ0Es Þ
Nλ2þs

ð− ∂
!

zÞkþ1
!−1

×
Xs1−2
k1¼0

�
s1
k1

��
s1

k1 þ 2

�
ð− ∂
!

zÞs1−k1−1△−1
ZS0s1
ðλÞ

Nλ2þs1
JS̄0Es1 ð− ∂

!
zÞk1þ1

×

 
I þ

Xs2−2
k2¼0

�
s2
k2

��
s2

k2 þ 2

�
ð− ∂
!

zÞs2−k2−1△−1
ðZO0s2

ðλÞJO0Es2 þ ZÕ0s2
ðλÞJÕ0Es2 Þ

Nλ2þs2
ð− ∂
!

zÞk2þ1
!−1

×
Xs3−2
k3¼0

�
s3
k3

��
s3

k3 þ 2

�
ð− ∂
!

zÞs3−k3−1△−1
ZS0s3
ðλÞ

Nλ2þs3
JS0Es3 ð− ∂

!
zÞk3þ1

#
ð148Þ

that follows fromEqs. (25), (27), (55), (57), and (129). By the
above computation we verify the aforementioned prediction
[4] that the generating functional WE

asym torus of the LO
nonplanar Euclidean RG-improved collinear twist-2 corre-
lators should inherit the very same loop structure—specifi-
cally, the one of the logarithm of a functional determinant—
of the corresponding nonperturbative object that involves the
sum of glueball one-loop diagrams.
Hence, the aforementioned asymptotic results strongly

constrain the nonperturbative solution of the large-N YM
theory and may actually provide an essential guide to find it.

APPENDIX A: DETERMINANTS OF BLOCK
MATRICES

The matrix in Eq. (21) has a block structure with
noncommutative entries

M ¼
�
A B

C D

�
; ðA1Þ

where A, B, C, D are operators. Correspondingly, the
determinant of M reads [16]

DetM ¼ DetðAÞDetðD − CA−1BÞ ðA2Þ

or [17]

DetM ¼ DetðDÞDetðA − BD−1CÞ ðA3Þ

provided that A−1 or D−1 exist, respectively. The above
formulas may be rewritten as

DetM ¼ DetðAÞDetðDÞDetð1 −D−1CA−1BÞ ðA4Þ

or

DetM ¼ DetðDÞDetðAÞDetð1 − A−1BD−1CÞ ðA5Þ

provided that both A−1 and D−1 exist. In our case
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Mab ¼ δab

0
B@

i□ − 1
2

P
s
JOs

⊗ Y
5
2

s−2 −
1
2

P
s
JÕs

⊗ H
5
2

s−2 − 1ffiffi
2
p
P
s
JSs

⊗ Y
5
2

s−2

− 1ffiffi
2
p
P
s
JSs

⊗ Y
5
2

s−2 i□ − 1
2

P
s
JOs

⊗ Y
5
2

s−2 þ 1
2

P
s
JÕs

⊗ H
5
2

s−2

1
CA; ðA6Þ

and we employ Eq. (A4). Hence, up to a trivial constant normalization, we get

DetM ¼ Det

�
I þ 1

2
i□−1JOs

⊗ Y
5
2

s−2 þ
1

2
i□−1JÕs

⊗ H
5
2

s−2

�
Det

�
I þ 1

2
i□−1JOs

⊗ Y
5
2

s−2 −
1

2
i□−1JÕs

⊗ H
5
2

s−2

�

× Det
�
I −

1

2

�
I þ 1

2
i□−1JOs

⊗ Y
5
2

s−2 −
1

2
i□−1JÕs

⊗ H
5
2

s−2

�
−1
i□−1JS̄s1

⊗ Y
5
2

s1−2

×

�
I þ 1

2
i□−1JOs2

⊗ Y
5
2

s2−2 þ
1

2
i□−1JÕs2

⊗ H
5
2

s2−2

�
−1
i□−1JSs3

⊗ Y
5
2

s3−2

�
; ðA7Þ

where the sum over repeated spin indices is understood.

APPENDIX B: CONFORMAL PROPERTIES OF
THE STANDARD BASIS

The gauge-invariant collinear twist-2 operators in the
light-cone gauge in the standard basis read [6]

Os ¼ Tr∂þĀðxÞði ∂!þ þ i ∂
 
þÞs−2

× C
5
2

s−2

�
∂
!
þ − ∂
 
þ

∂
!
þ þ ∂
 
þ

�
∂þAðxÞ; ðB1Þ

Õs ¼ Tr∂þĀðxÞði ∂!þ þ i ∂
 
þÞs−2

× C
5
2

s−2

�
∂
!
þ − ∂
 
þ

∂
!
þ þ ∂
 
þ

�
∂þAðxÞ; ðB2Þ

Ss ¼
1ffiffiffi
2
p Tr∂þĀðxÞði ∂!þ þ i ∂

 
þÞs−2

× C
5
2

s−2

�
∂
!
þ − ∂
 
þ

∂
!
þ þ ∂
 
þ

�
∂þĀðxÞ; ðB3Þ

S̄s ¼
1ffiffiffi
2
p Tr∂þAðxÞði ∂!þ þ i ∂

 
þÞs−2

× C
5
2

s−2

�
∂
!
þ − ∂
 
þ

∂
!
þ þ ∂
 
þ

�
∂þAðxÞ; ðB4Þ

where Cα0
l ðxÞ are the Gegenbauer polynomials that are a

special case of the Jacobi polynomials [6]

Cα0
l ðxÞ ¼

Γðlþ 2α0ÞΓ
�
α0 þ 1

2

�
Γð2α0ÞΓ

�
lþ α0 þ 1

2

�Pðα0−1
2
;α0−1

2
Þ

l ðxÞ ðB5Þ

with the symmetry properties

Cα0
l ð−xÞ ¼ ð−1ÞlCα0

l ðxÞ: ðB6Þ
They are the restriction, up to perhaps normalization and
linear combinations [6], to the component with maximal-
spin projection s along the pþ direction of the balanced,
OT ¼2

s ; ÕT ¼2
s , and unbalanced, ST ¼2

s , twist-2 operators that
to the leading order of perturbation theory transform as
primary operators with respect to the conformal group [7]

OT ¼2
s ¼ TrFμ

ðρ1D
↔

ρ2 � � �D
↔

ρs−1FρsÞμ − traces;

ÕT ¼2
s ¼ TrF̃μ

ðρ1D
↔

ρ2 � � �D
↔

ρs−1FρsÞμ − traces;

ST ¼2
s ¼ TrðFμðν þ iF̃μðνÞD

↔

ρ1…D
↔

ρs−2ðFλÞσ þ iF̃λÞσÞ
− traces; ðB7Þ

where the parentheses stand for symmetrization of all the
indices in between and the subtraction of the traces ensures
that the contraction of any two indices is zero.
The above statement about the conformal properties

needs some refinements. In a conformal field theory the
propagator of a vector field VμðxÞ with conformal dimen-
sion 1 is purely longitudinal [18]

hVμðxÞVνð0Þi ¼ C2

�
gμν − 2

xμxν
jxj2

�
1

jxj2 ¼
C2
2
∂μ∂ν log jxj2:

ðB8Þ
Therefore, there is no Lorentz-covariant gauge where the
field Aμ may be primary with respect to the conformal
group to the lowest order of perturbation theory. Yet, Fμν

decomposes into the ð1; 0Þ ⊕ ð0; 1Þ representations of the
Lorentz group [6]

Fa _ab _b ¼ 2ðfabϵ _a _b − ϵabf _a _bÞ; ðB9Þ
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where [6]

Fa _ab _b ¼ σμa _aσ
ν
b _b
Fμν ðB10Þ

and

fab ¼
i
2
ðσμνÞabFμν;

f _a _b ¼ −
i
2
ðσ̄μνÞ _a _bFμν ðB11Þ

with

f̄ab ¼ f _a _b: ðB12Þ
It turns out that to the leading order of perturbation theoryfab
and f _a _b are local primary fieldswith respect to the conformal
group [7]. Consequently, it follows the construction [7] in
Eq. (B7) of the local gauge-invariant operators that are
conformal primaries to the leading order, with the caveat
above that the corresponding representation of the conformal
group does not extend outside the local gauge-invariant
sector by including the field Aμ in a covariant gauge.
Besides, by projecting on the maximal-spin component

along the pþ direction the aforementioned gauge-invariant
operators restrict to [6]

Os ¼ Trf11ðxÞðiD⃗þ þ iD⃖þÞs−2

× C
5
2

s−2

�
D⃗þ − D⃖þ
D⃗þ þ D⃖þ

�
f _1 _1ðxÞ; ðB13Þ

Õs ¼ Trf11ðxÞðiD⃗þ þ iD⃖þÞs−2

× C
5
2

s−2

�
D⃗þ − D⃖þ
D⃗þ þ D⃖þ

�
f _1 _1ðxÞ; ðB14Þ

Ss ¼
1ffiffiffi
2
p Trf11ðxÞðiD⃗þ þ iD⃖þÞs−2

× C
5
2

s−2

�
D⃗þ − D⃖þ
D⃗þ þ D⃖þ

�
f11ðxÞ; ðB15Þ

S̄s ¼
1ffiffiffi
2
p Trf _1 _1ðxÞðiD⃗þ þ iD⃖þÞs−2

× C
5
2

s−2

�
D⃗þ − D⃖þ
D⃗þ þ D⃖þ

�
f _1 _1ðxÞ ðB16Þ

that are primaries with respect to the collinear conformal
subgroup SLð2; RÞ [9] and reduce in the light-cone
gauge to the operators in Eq. (B1) with f11 ¼ −∂þĀ. By
allowing operator mixing with derivatives of operators with
lower spin they may be extended to primary conformal
operators to the next-to-leading order in the conformal
renormalization scheme [15] that differs from the MS
scheme by a finite renormalization.
In fact, the fields f ≡ f11 and f̄ ≡ f _1 _1 may be realized as

primary operators for the collinear conformal subgroup to

the leading order of perturbation theory in a noncanonical
path-integral quantization of the YM theory in the light-
cone gauge by a suitable change of variables [13]

SYMðf; f̄Þ

¼
Z

f̄a∂−2þ □fa

þ2
gffiffiffiffi
N
p fabcð∂−1þ f̄afb∂∂−2þ f̄cþ∂

−1þ faf̄b∂∂−2þ fcÞ

−2
g2

N
fabcfade∂−1þ ð∂−1þ f̄bfcÞ∂−1þ ð∂−1þ fdf̄eÞd4x; ðB17Þ

where

hO1ðx1Þ � � �OnðxnÞi

¼ 1

Z

Z
DfDf̄eiSYMðf;f̄ÞO1ðx1Þ � � �OnðxnÞ: ðB18Þ

APPENDIX C: NORMALIZATION
OF TWO-POINT CORRELATORS

The normalization of the two-point correlators has been
computed [6] by means of a technique [19] involving the
orthogonality of the Gegenbauer polynomials that makes
apparent the vanishing of two-point correlators with differ-
ent spins. In the standard basis the twist-2 operators Os are
normalized so that [6]

hOs1ðxÞOs2ðyÞi ¼ hOs1ðxÞOs2ðyÞi
¼ hSs1ðxÞS̄s2ðyÞi; s1; s2 even;

hOs1ðxÞOs2ðyÞi ¼ hÕs1ðxÞÕs2ðyÞi; s1; s2 odd: ðC1Þ
Hence, for example, it suffices to evaluate [6]

hOs1ðxÞOs2ðyÞi
¼ ðN2 − 1ÞY5

2

s1−2ð∂xþ1 ; ∂xþ2 ÞY
5
2

s2−2ð∂yþ1 ; ∂yþ2 Þ
× i□−1ðx1 − y2Þi□−1ðy1 − x2Þjy1¼y2¼yx1¼x2¼x; ðC2Þ

where

i□−1ðx − yÞ ¼ 1

4π2
1

jx − yj2 − iϵ
ðC3Þ

and

Y
5
2

s−2ð ∂
!
þ; ∂
 
þÞ

¼ ∂
 
þði ∂!þ þ i ∂

 
þÞs−2C

5
2

s−2

�
∂
!
þ − ∂
 
þ

∂
!
þ þ ∂
 
þ

�
∂
!
þ: ðC4Þ

We restrict the correlators to ðx − yÞ⊥ ¼ 0, so that
jx − yj2 ¼ 2ðx − yÞþðx − yÞ−. For x− > y− we obtain
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ΓðkÞ
ðx − yÞk−

¼
Z

∞

0

dττk−1e−τðx−yÞ− : ðC5Þ

By the above formula we convert derivatives into multi-
plications

∂xþ
1
→ −τ1; ∂xþ

2
→ −τ2;

∂yþ
1
→ τ2; ∂yþ

2
→ τ1: ðC6Þ

By the symmetry property

Cα
l ð−xÞ ¼ ð−1ÞlCα

l ðxÞ; ðC7Þ

it follows

C
5
2

s1−2

�
−
τ2 − τ1
τ1 þ τ2

�
¼ ð−1Þs1C5

2

s1−2

�
τ2 − τ1
τ1 þ τ2

�
;

C
5
2

s2−2

�
τ1 − τ2
τ2 þ τ1

�
¼ ð−1Þs2C5

2

s2−2

�
τ2 − τ1
τ1 þ τ2

�
: ðC8Þ

Hence, we obtain

hOs1ðxÞOs2ðyÞi

¼ 1

ð4π2Þ2
N2 − 1

4
is1þs2−4

1

4ðx − yÞ2þ
ð−1Þs1þs2

×
Z

∞

0

dτ1dτ2ðτ1 þ τ2Þs1þs2−4τ21τ22e−ðτ1þτ2Þðx−yÞ−

× C
5
2

s1−2

�
τ2 − τ1
τ1 þ τ2

�
C

5
2

s2−2

�
τ2 − τ1
τ1 þ τ2

�
: ðC9Þ

From the substitution

τ1 ¼ τγ; τ2 ¼ τð1 − γÞ; ðC10Þ

it follows

hOs1ðxÞOs2ðyÞi

¼ 1

ð4π2Þ2
N2 − 1

4
is1þs2−4

1

4ðx − yÞ2þ
ð−1Þs1þs2

×
Z

∞

0

dτ
Z

1

0

dγτs1þs2þ1γ2ð1 − γÞ2e−τðx−yÞ−

× C
5
2

s1−2ð1 − 2γÞC5
2

s2−2ð1 − 2γÞ: ðC11Þ

The τ integral yields

Z
∞

0

dττs1þs2þ1e−τðx−yÞ− ¼ Γðs1 þ s2 þ 2Þ
ðx − yÞs1þs2þ2−

: ðC12Þ

We rewriteZ
1

0

dγγ2ð1 − γÞ2C5
2

s1−2ð1 − 2γÞC5
2

s2−2ð1 − 2γÞ ðC13Þ

as Z
1

−1

du
2

�
1 − u2

4

�
2

C
5
2

s1−2ðuÞC
5
2

s2−2ðuÞ ðC14Þ

with u ¼ 1–2γ. The orthogonality of the Gegenbauer
polynomials readsZ

1

−1
dzð1 − z2Þα0−1

2Cα0
n1ðzÞCα0

n2ðzÞ

¼ δn1n2
π21−2α

0Γðn1 þ 2α0Þ
n1!ðn1 þ α0ÞΓðα0Þ2 : ðC15Þ

Hence, for α0 ¼ 5
2Z

1

−1
duð1−u2Þ2C5

2

s1−2ðuÞC
5
2

s2−2ðuÞ

¼ δs1s22
−4 16ðs1þ2Þ!
9ðs1−2Þ!ð2s1þ1Þ : ðC16Þ

Collecting all the above factors we get

hOs1ðxÞOs2ðyÞi

¼ δs1s2
1

ð4π2Þ2
N2 − 1

4
is1þs2−4ð−1Þs1þs2 1

24
1ðs1 þ 2Þ!
32ðs1 − 2Þ!

×
Γðs1 þ s2 þ 2Þ

2s1 þ 1

1

4ðx − yÞ2þðx − yÞs1þs2þ2−
: ðC17Þ

Going back outside the plane ðx − yÞ⊥ ¼ 0,

1

4ðx − yÞ2þðx − yÞs1þs2þ2−
→ 2s1þs2

ðx − yÞs1þs2þ
ðjx − yj2Þs1þs2þ2 ;

ðC18Þ

we obtain

hOs1ðxÞOs2ðyÞi ¼ δs1s2
1

ð4π2Þ2
N2 − 1

4
is1þs2−42s1þs2ð−1Þs1þs2 1

2432
ðs1 þ 2Þ!
ðs1 − 2Þ!

Γðs1 þ s2 þ 2Þ
2s1 þ 1

ðx − yÞs1þs2þ
ðjx − yj2Þs1þs2þ2

¼ δs1s2
1

ð4π2Þ2
N2 − 1

4

22s1þ2

ð4!Þ2 ð−1Þ
s1ðs1 − 1Þs1ðs1 þ 1Þðs1 þ 2Þð2s1Þ!

ðx − yÞ2s1þ
ðjx − yj2Þ2s1þ2 : ðC19Þ

Analogously, the above equation extends to the balanced operators Õs with odd s.
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APPENDIX D: CONFORMAL STRUCTURE OF THREE-POINT CORRELATORS

We work out the various conformal structures that contribute to the three-point correlators up to s ¼ 4.
The nonvanishing three-point correlators of twist-2 operators Os in the standard basis all have the same structure [6]

hOs1ðx1ÞOs2ðx2ÞOs3ðx3Þi ¼ hOs1ðx1ÞOs2ðx2ÞOs3ðx3Þi
¼ hOs1ðx1ÞSs2ðx2ÞS̄s3ðx3Þi; s1; s2; s3 even;

hOs1ðx1ÞOs2ðx2ÞOs3ðx3Þi ¼ hOs1ðx1ÞÕs2ðx2ÞÕs3ðx3Þi; s1 even and s2; s3 odd; ðD1Þ

where [6]

hOs1ðx1ÞOs2ðx2ÞOs3ðx3Þi ¼ −
1

ð4π2Þ3 2
�
2

4!

�
3N2 − 1

8
is1þs2þs32s1þs2þs3

× ðs1 þ 1Þðs1 þ 2Þðs2 þ 1Þðs2 þ 2Þðs3 þ 1Þðs3 þ 2Þ

×
Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

�
s1
k1

��
s1

k1 þ 2

��
s2
k2

��
s2

k2 þ 2

��
s3
k3

��
s3

k3 þ 2

�

× ðs1 − k1 þ k2Þ!ðs2 − k2 þ k3Þ!ðs3 − k3 þ k1Þ!

×
ðx1 − x2Þs1−k1þk2þ
ðjx1 − x2j2Þs1þ1−k1þk2

ðx2 − x3Þs2−k2þk3þ
ðjx2 − x3j2Þs2þ1−k2þk3

ðx3 − x1Þs3−k3þk1þ
ðjx3 − x1j2Þs3þ1−k3þk1

: ðD2Þ

We set xi − xj ¼ xij and—with an abuse of notation4—x2ij ≡ jxijj2. Hence,

hOs1ðx1ÞOs2ðx2ÞOs3ðx3Þi ¼ Cs1s2s3

Xs1−2
k1¼0

Xs2−2
k2¼0

Xs3−2
k3¼0

�
s1
k1

��
s1

k1 þ 2

��
s2
k2

��
s2

k2 þ 2

��
s3
k3

��
s3

k3 þ 2

�

× ðs1 − k1 þ k2Þ!ðs2 − k2 þ k3Þ!ðs3 − k3 þ k1Þ!

×
xs1−k1þk212þ

ðx212Þs1þ1−k1þk2
xs2−k2þk323þ

ðx223Þs2þ1−k2þk3
xs3−k3þk131þ

ðx231Þs3þ1−k3þk1
ðD3Þ

with

Cs1s2s3 ¼ −
1

ð4π2Þ3 2
�
2

4!

�
3N2 − 1

8
is1þs2þs32s1þs2þs3ðs1 þ 1Þðs1 þ 2Þðs2 þ 1Þðs2 þ 2Þðs3 þ 1Þðs3 þ 2Þ: ðD4Þ

A generic three-point correlator of primary conformal operators Os admits the structure [19]

hOs1ðx1ÞOs2ðx2ÞOs3ðx3Þi ¼
X

n12;n13;n23≥0
λn12;n13;n23

Vs1−n12−n13
1 Vs2−n12−n23

2 Vs3−n13−n23
3 Hn12

12 H
n13
13 H

n23
23

P
1
2
ðq1þq2−q3Þ
12 P

1
2
ðq1þq3−q2Þ
13 P

1
2
ðq2þq3−q1Þ
23

ðD5Þ

with s1 − n12 − n13 ≥ 0, s2 − n12 − n23 ≥ 0, s3 − n13 − n23 ≥ 0, and qi ¼ di þ si, where di is the conformal dimension of
the operators and

4In the main body of the paper jxj2 and x2 are the squares of the Minkowskian and Euclidean lengths, respectively.

BOCHICCHIO, PAPINUTTO, and SCARDINO PHYS. REV. D 108, 054023 (2023)

054023-28



Pij ¼ x2ij;

Hij ¼ −2x2ijþ;

V1 ¼
x21þx213 − x31þx212

x223
;

V2 ¼
x32þx221 − x12þx223

x213
;

V3 ¼
x13þx223 − x23þx213

x212
: ðD6Þ

For twist-2 operators qi ¼ 2si þ 2, so that

hOs1ðx1ÞOs2ðx2ÞOs3ðx3Þi ¼
X

n12;n13;n23≥0
λn12;n13;n23

Vs1−n12−n13
1 Vs2−n12−n23

2 Vs3−n13−n23
3 Hn12

12 H
n13
13 H

n23
23

ðx212Þs1þs2−s3þ1ðx213Þs1þs3−s2þ1ðx223Þs2þs3−s1þ1
: ðD7Þ

As a preliminary step we work out the useful identity

xn12þx
n
13þx

n
23þ ¼

1

2n

�
V1V2V3 þ

1

2
ðV1H23 þ V2H13 þ V3H12Þ

�
n

ðD8Þ

and the more trivial one

x2n12þx
2n
13þx

2n
23þ ¼

�
−
1

8

�
n
Hn

12H
n
13H

n
23 ðD9Þ

so that we have two ways of writing the product xn12þx
n
13þx

n
23þ. We are now in the position to identify the conformal tensor

structures.
For s1 ¼ s2 ¼ s3 ¼ 2 we get

hO2ðx1ÞO2ðx2ÞO2ðx3Þi ¼ C222

x212þ
x612

x223þ
x623

x231þ
x631

¼ 1

8
C2;2;2

ðV1V2V3 þ 1
2
ðV1H23 þ V2H13 þ V3H12ÞÞ2 − 1

2
H12H13H23

x612x
6
13x

6
23

: ðD10Þ

Indeed, there are precisely 1þ 3þ 6 terms by expanding the square, plus 1 extra term, so that there are exactly 11 distinct
structures, as predicted by Eq. (D7).
For s1 ¼ s2 ¼ 2 and s3 ¼ 4,

hO2ðx1ÞO2ðx2ÞO4ðx3Þi ¼ 576C224

�
x212þx

4
23þx

2
13þ

x612x
10
23x

6
31

− 2
x212þx

3
23þx

3
13þ

x612x
8
23x

8
31

þ x212þx
2
23þx

4
13þ

x612x
6
23x

10
31

�
: ðD11Þ

To identify the conformal tensor structures we factorize the maximal common divisor of the numerators and the
denominator in Eq. (D7)

hO2ðx1ÞO2ðx2ÞO4ðx3Þi ¼ 576C224

x212þx
2
23þx

2
13

x212x
10
13x

10
23

�
x223þx

4
31

x412
− 2

x23þx13þx223x
2
31

x412
þ x213þx

4
23

x412

�
: ðD12Þ

The sum of terms inside the parentheses is exactly V2
3

hO2ðx1ÞO2ðx2ÞO4ðx3Þi ¼ 576C224

x212þx
2
23þx

2
13

x212x
10
13x

10
23

V2
3 ðD13Þ

so that
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hO2ðx1ÞO2ðx2ÞO4ðx3Þi ¼ 288C224

ðV1V2V3 þ 1
2
ðV1H23 þ V2H13 þ V3H12ÞÞ2 − 1

2
H12H13H23

x212x
10
13x

10
23

V2
3: ðD14Þ

For s1 ¼ 2 and s2 ¼ s3 ¼ 3 we get

hO2ðx1ÞO3ðx2ÞO3ðx3Þi ¼ 216C233

�
3
x312þx

3
23þx

2
13þ

x812x
8
23x

6
31

þ 4
x212þx

4
23þx

2
13þ

x612x
10
23x

6
31

− 3
x312þx

2
23þx

3
13þ

x812x
6
23x

8
31

− 3
x212þx

3
23þx

3
13þ

x612x
8
23x

8
31

�
: ðD15Þ

Similarly, after the above factorization we obtain

hO2ðx1ÞO3ðx2ÞO3ðx3Þi ¼ 216C233

x212þx
2
23þx

2
13þ

x612x
10
23x

6
31

�
3
x12þx23þx223

x212
þ 4x223þ − 3

x12þx13þx423
x212x

2
31

− 3
x23þx13þx223

x231

�
: ðD16Þ

The terms inside the parentheses read

hO2ðx1ÞO3ðx2ÞO3ðx3Þi ¼ 216C233

x212þx
2
23þx

2
13þ

x612x
10
23x

6
31

�
3V2V3 −

1

2
H23

�
: ðD17Þ

Then

hO2ðx1ÞO3ðx2ÞO3ðx3Þi ¼ 108C233

ðV1V2V3 þ 1
2
ðV1H23 þ V2H13 þ V3H12ÞÞ2 − 1

2
H12H13H23

x612x
10
23x

6
31

�
3V2V3 −

1

2
H23

�
:

ðD18Þ
For s1 ¼ 2, s2 ¼ s3 ¼ 4 we get

hO2ðx1ÞO4ðx2ÞO4ðx3Þi ¼ 6912C244

�
6
x412þx

4
23þx

2
13þ

x1012x
10
23x

6
31

þ 20
x312þx

5
23þx

2
13þ

x812x
12
23x

6
31

þ 15
x212þx

6
23þx

2
13þ

x612x
14
23x

6
31

− 12
x412þx

3
23þx

3
13þ

x1012x
8
23x

8
31

− 32
x312þx

4
23þx

3
13þ

x812x
10
23x

8
31

− 20
x212þx

5
23þx

3
13þ

x612x
12
23x

8
31

þ 6
x412þx

2
23þx

4
13þ

x1012x
6
23x

10
31

þ 12
x312þx

3
23þx

4
13þ

x812x
8
23x

10
31

þ 6
x212þx

4
23þx

4
13þ

x612x
10
23x

10
31

�
: ðD19Þ

Again factorizing we obtain

hO2ðx1ÞO4ðx2ÞO4ðx3Þi ¼ 6912C244

x212þx
2
23þx

2
13þ

x612x
14
23x

6
31

�
6
x212þx

2
23þx

4
23

x412
þ 20

x12þx323þx
2
23

x212
þ 15x423þ

− 12
x212þx23þx13þx

6
23

x412x
2
31

− 32
x12þx223þx13þx

4
23

x212x
2
31

− 20
x323þx13þx

2
23

x231
þ 6

x212þx
2
13þx

8
23

x412x
4
31

þ 12
x12þx23þx213þx

6
23

x212x
4
31

þ 6
x223þx

2
13þx

4
23

x431

�
: ðD20Þ

Hence,

hO2ðx1ÞO4ðx2ÞO4ðx3Þi ¼ 6912C244

x212þx
2
23þx

2
13þ

x612x
14
23x

6
31

�
6ðV2V3Þ2 − 4ðV2V3ÞH23 þ

1

4
H2

23

�
ðD21Þ

so that

hO2ðx1ÞO4ðx2ÞO4ðx3Þi ¼ 3456C244

ðV1V2V3 þ 1
2
ðV1H23 þ V2H13 þ V3H12ÞÞ2 − 1

2
H12H13H23

x612x
14
23x

6
31

×

�
6ðV2V3Þ2 − 4ðV2V3ÞH23 þ

1

4
H2

23

�
: ðD22Þ
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For s1 ¼ 4, s2 ¼ s3 ¼ 3 we get

hO4ðx1ÞO3ðx2ÞO3ðx3Þi ¼ 5184C433

�
15

x512þx
3
23þx

2
13þ

x1212x
8
23x

6
31

þ 12
x412þx

4
23þx

2
13þ

x1012x
10
23x

6
31

− 15
x512þx

2
23þx

3
13þ

x1212x
6
23x

8
31

− 33
x412þx

3
23þx

3
13þ

x1012x
8
23x

8
31

− 24
x312þx

4
23þx

3
13þ

x812x
10
23x

8
31

þ 32
x412þx

2
23þx

4
13þ

x1012x
6
23x

10
31

þ 33
x312þx

3
23þx

4
13þ

x812x
8
23x

10
31

þ 12
x212þx

4
23þx

4
13þ

x612x
10
23x

10
31

− 15
x312þx

2
23þx

5
13þ

x812x
6
23x

12
31

− 15
x212þx

3
23þx

5
13þ

x66x
8
23x

12
31

�
: ðD23Þ

Factorizing as above,

hO4ðx1ÞO3ðx2ÞO3ðx3Þi ¼ 5184C433

x212þx
2
23þx

2
13þ

x1012x
6
23x

10
31

�
15

x312þx23þx
4
31

x212x
2
23

þ 12
x212þx

2
23þx

4
31

x423
− 15

x312þx13þx
2
31

x212

− 33
x212þx23þx13þx

2
31

x223
− 24

x12þx223þx13þx
2
12x

2
31

x423
þ 32x212þx

2
13þ þ 33

x12þx23þx213þx
2
12

x223

þ 12
x223þx

2
13þx

4
12

x423
− 15

x12þx313þx
2
12

x231
− 15

x23þx313þx
4
6

x223x
2
31

�
: ðD24Þ

The terms in the parentheses above arise from the following combination of conformal tensor structures:

hO4ðx1ÞO3ðx2ÞO3ðx3Þi ¼ 10368C433

ðV1V2V3 þ 1
2
ðV1H23 þ V2H13 þ V3H12ÞÞ2 − 1

2
H12H13H23

x212x
10
13x

10
23

× ð18V2
1V2V3 − 6V1V3H12 − 6V1V2H13 − 3V2

1H23 þH12H13Þ: ðD25Þ
For s1 ¼ s2 ¼ s3 ¼ 4 we get

hO4ðx1ÞO4ðx2ÞO4ðx3Þi ¼ 55296C444

�
135

x612þx
4
23þx

2
13þ

x1412x
10
23x

6
31

þ 300
x512þx

5
23þx

2
13þ

x1212x
12
23x

6
31

þ 135
x412þx

6
23þx

2
13þ

x1012x
14
23x

6
31

− 270
x612þx

3
23þx

3
13þ

x1412x
8
23x

8
31

− 660
x512þx

4
23þx

3
13þ

x1212x
10
23x

8
31

− 660
x412þx

5
23þx

3
13þ

x1012x
12
23x

8
31

− 270
x312þx

6
23þx

3
13þ

x812x
14
23x

8
31

þ 135
x612þx

2
23þx

4
13þ

x1412x
6
23x

10
31

þ 660
x512þx

3
23þx

4
13þ

x1212x
8
23x

10
31

þ 1132
x412þx

4
23þx

4
13þ

x1012x
10
23x

10
31

þ 660
x312þx

5
23þx

4
13þ

x812x
12
23x

10
31

þ 135
x212þx

6
23þx

4
13þ

x612x
14
23x

10
31

− 300
x512þx

2
23þx

5
13þ

x1212x
6
23x

12
31

− 660
x412þx

3
23þx

5
13þ

x1012x
8
23x

12
31

− 660
x312þx

4
23þx

5
13þ

x812x
10
23x

12
31

− 300
x212þx

5
23þx

5
13þ

x612x
12
23x

12
31

þ 135
x412þx

2
23þx

6
13þ

x1012x
6
23x

14
31

þ 270
x312þx

3
23þx

6
13þ

x812x
8
23x

14
31

þ 135
x212þx

4
23þx

6
13þ

x612x
10
23x

14
31

�
: ðD26Þ

As above

hO4ðx1ÞO4ðx2ÞO4ðx3Þi ¼ 55296C444

x212þx
2
23þx

2
13þ

x1012x
10
23x

10
31

�
135

x412þx
2
23þx

4
31

x412
þ 300

x312þx
3
23þx

4
31

x212x
2
23

þ 135
x212þx

4
23þx

4
31

x423

− 270
x412þx23þx13þx

2
23x

2
31

x412
− 660

x312þx
2
23þx13þx

2
31

x212
− 660

x212þx
3
23þx13þx

2
31

x223

− 270
x12þx423þx13þx

2
12x

2
31

x423
þ 135

x412þx
2
13þx

4
23

x412
þ 660

x312þx23þx
2
13þx

2
23

x212
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þ 1132x212þx
2
23þx

2
13þ þ 660

x12þx323þx
2
13þx

2
12

x223
þ 135

x423þx
2
13þx

4
12

x423

− 300
x312þx

2
13þx

4
23

x212x
2
31

− 660
x212þx23þx

3
13þx

2
23

x231
− 660

x12þx223þx
3
13þx

2
12

x231

− 300
x323þx

3
13þx

4
12

x223x
2
31

þ 135
x212þx

4
13þx

4
23

x431
þ 270

x12þx23þx413þx
2
12x

2
23

x431
þ 135

x223þx
4
13þx

4
12

x431

�
: ðD27Þ

The terms in the parentheses above arise from the following combination of conformal tensor structures:

hO4ðx1ÞO4ðx2ÞO4ðx3Þi ¼ 13824C444

ðV1V2V3 þ 1
2
ðV1H23 þ V2H13 þ V3H12ÞÞ2 − 1

2
H12H13H23

x1012x
10
23x

10
31

× ð90ðV1V2V3Þ2 − 90V1V2
2V3H13 − 90V2

1V2V3H23 − 90V1V2V2
3H12

− 13H12H23H13 þ 15V1V3H12H23 þ 15V2V3H12H23 þ 15V1V2H23H13Þ: ðD28Þ

The algorithm to extract the conformal tensor structures from the three-point correlators is clear enough—according to our
examples—though cumbersome in practice for increasing spins.
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