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We derive covariant equations describing the three-quark bound state in terms of quark and diquark
degrees of freedom. The equations are exact in the approximation where three-body forces are neglected. A
feature of these equations is that they unify two often-used but seemingly unrelated approaches that model
baryons as quark-diquark systems; namely, (i) the approach using Poincaré covariant quark + diquark
Faddeev equations driven by a one-quark-exchange kernel [pioneered by Cahill ez al., Aust. J. Phys. 42,
129 (1989) and Reinhardt, Phys. Lett. B 244, 316 (1990)], and (ii) the approach using the quasipotential
quark-diquark bound-state equation where the kernel consists of the lowest-order contribution from an
underlying quark-quark potential [pioneered by Ebert et al., Z. Phys. C 76, 111 (1997)]. In particular, we
show that each of these approaches corresponds to the unified equations with its kernel taken in different,

nonoverlapping, approximations.
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I. INTRODUCTION

The use of diquarks as effective degrees of freedom
in describing hadrons has a long history, as evidenced by
a number of reviews over the past thirty years [1-4].
Documented are different quark-diquark approaches for
baryons, but to the best of our knowledge, no attempt has
been made for their comparison on the basis of quantum
field theory. In the present work, we would like to make
such a comparison, demonstrating that two of the most
often-used quark-diquark models of baryons, which have
usually been considered as separate, unrelated models of
baryons, are in fact two nonoverlapping parts of the same
quark-diquark model.

The first of these models, proposed more than 30 years
ago [5,6], is based on a description of three quarks using
covariant Faddeev equations where the quark-quark t
matrix is approximated by one or more diquark-pole terms
(i.e., terms with a pole at the diquark mass, and with a
residue that is expressed as an outer product of form factors
I" and I for the transition between the diquark and two free
quarks). The resulting coupled set of bound-state equations
is illustrated in Fig. 1. Sometimes referred to as Poincaré
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covariant quark 4 diquark Faddeev equations [4,7], and
sometimes as quark-diquark Bethe-Salpeter equations [8,9],
they have been used extensively over the years, see [7—18]
for a representative selection of works.

The second model, proposed more that 25 years ago [19],
is a relativistic description of the quark-diquark system
using quasipotential equations (we will refer to it as the
“quasipotential quark-diquark model”), which has likewise
been often used over the years [19-29]. In this model one
first constructs a quark-quark potential of the form

qu = Vgluon + Veonts (1)

where Vg,0q 18 the quark-quark (gg) one-gluon-exchange
potential and V¢ is a local confining potential, and then
uses this to construct the quark-diquark potential which
then forms the kernel of a relativistic quark-diquark quasi-
potential equation for the baryon. Illustrated in Fig. 2, this
bound-state equation again has the form of a Faddeev
equation, but with a kernel corresponding to a single
rescattering of two quarks via potential V, [specified in
the diagram as quarks a and c¢ scattering via a potential K,
(= V,,) with quark b being a spectator].

In the following, we derive covariant triquark bound-
state equations that are exact for the case where three-body
forces are neglected. These equations are illustrated in
Fig. 3, and have the form of Faddeev equations where the
kernel consists of an infinite series involving successive
numbers of quark exchanges between quark-diquark states.
It is evident that the Poincaré covariant quark + diquark
Faddeev equations of Refs. [5,6] correspond to keeping just
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FIG. 1. Poincaré covariant quark + diquark Faddeev equations
of Refs. [5,6]. The amplitudes ®, and ®_. are Faddeev compo-
nents coupling the baryon to quark (single line) and diquark
(double-line) states. The equation kernel corresponds to one-
quark exchange, with I", and T",, being vertex functions describing
the disintegration and formation of the diquark.
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FIG. 2. Equations corresponding to the quasipotential quark-
diquark model of Ref. [19]. Similar to Fig. 1, amplitudes ®, and
@, are Faddeev components coupling the baryon to quark-
diquark states, with I', and T, being diquark vertex functions.
However, the kernel of this equation involves a single scattering
of two quarks (quarks @ and c in this case) via a potential K.

the first term in the infinite series, and the quasipotential
equations of Ref. [19] correspond to keeping just the
second term in this series. As such, our triquark equations
unify these two popular approaches for modeling baryons
in terms of quark and diquark degrees of freedom.
Moreover, it is evident that these two approaches should
not be viewed as unrelated competing models of baryons,
but rather, as different approximations of the same model.
Indeed, any competition between these models at describ-
ing data needs to be assessed by comparing their kernels, as
these are nonoverlapping terms appearing in the unified
equations.

Ideally, the two approaches should be combined, with a
kernel that is the sum of the first two terms of the infinite
series illustrated in Fig. 3. Additionally, in light of the
unification embodied in Fig. 3, all sorts of form factors
(electromagnetic, axial-vector, pseudoscalar, etc.) should

also be unified correspondingly. This can be done by
gauging the equation of Fig. 3 [30], thereby obtaining
contributions to the baryon form factors coming from
both of the first two kernels in this figure. By contrast,
the current situation is that the baryon form factors are
being pursued intensively in each of the two approaches
separately (just in the past few years, the Poincaré covariant
quark + diquark Faddeev equations have been used to
calculate such form factors in Refs. [31-38] and the
quasipotential quark-diquark approach has been used to
calculate them in Refs. [39-46]).

It is worth noting that analogous unified equations were
derived for the tetraquark [47].

II. DERIVATION

A. Triquark equations for distinguishable quarks

For clarity of presentation, we first consider the case of
three distinguishable quarks. To describe such a system
where only pairwise interactions are taken into account, we
follow the formulation of Faddeev [48]. Thus, assigning
labels 1, 2 and 3 to the quarks, and using a notation where
(abc) is a cyclic permutation of (123), the three-body (3¢)
kernel, K, is written as

K=K, (2)

where K, is the kernel where quarks b and c are interacting
while quark a is a spectator, as illustrated in Fig. 4.

The 3g bound-state wave function for distinguishable
quarks is then

Y = GyKY, (3)
where G, is the fully disconnected part of the full 3¢ Green
function G. The three-body kernels K, can be used to
define the Faddeev components ¥, as

‘Pa = GOKalP’ (4)

so that

v=>V, (5)

a
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FIG. 3.

Unified quark + diquark equations derived in this paper. The kernel of this equation is an infinite series whose first two terms,

separately, correspond to the model of Refs. [5,6] as illustrated in Fig. 1, and the model of Ref. [19] as illustrated in Fig. 2, respectively.
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FIG. 4. Structure of the terms K, (a = 1, 2, 3) making up the three-body kernel K where only two-body forces are included. The
colored circles represent two-body kernels K. for the scattering of quarks » and c, as indicated.

From Egq. (3) follow Faddeev’s equations for the compo-
nents,

\Pa = ZGOTaSab‘Pb’ (6)
b

where 6, = 1 — 8,, and T, is the t matrix corresponding to
kernel K,, so that

T, =K, + K,GyT,. (7)

Assuming that the g¢ interaction admits the creation of a
diquark, the Green function G, describing the scattering of
quarks b and ¢ will contain a corresponding pole at the
diquark mass, so that one can write

G, =GP + GE, (8)

where G is the Green function’s pole term while G~ is its
regular part. Then, because

Ta = Ka + KMGHKH’ (9)
the t matrix 7', can be written as
Ta = Ka + Tg + Tac’ (10)

where TF is T,’s pole term, while the sum K, + TS
constitutes its regular part. It is important to note that there
is no overcounting in this decomposition; that is, the terms
K,, TP and TS do not overlap. Note that in the case of
unconfined quarks, the analytic structure of 7, would be
represented by its pole part, 77, its part with the 2¢g branch
point, 7€, and the part K, again with a branch point, but
above the 2¢g mass.
We write Eq. (6) in matrix form as

¥ =TV, (11)

where W is a column matrix of elements ¥,, and 7 is a
square matrix whose (a, b)th element is 7 ,;, = GoT ;0.
Similarly we write Eq. (10) in matrix form as

T=K+7TF+7T€, (12)

where K., = GoK b, TP, = GoTES,,, and T¢ =
GoT,€5,,. Equation (11) can then be recast as

Y=(1-K-T TPy, (13)
Using the separable form of the pole term,
TP =1,D,I,, (14)

where I, (similarly T",) and D,, are the diquark form factor
and propagator, respectively, Eq. (13) implies that

o, = zfasub[(l -K- ,TC)_l}chOI—‘chq)c7 (15)
be

where
q)a = Zfasable. (16)
b

Expanding the inverse term in Eq. (15) as
1-K-TH"'=1+K+T+ -, (17)
we obtain

q)a = Zfa(_sab(ébc =+ GOKbSbc + - ')GOFCDC(DC’ (18)
bc

which is illustrated in Fig. 3.

It is apparent that the first two terms of this series
correspond to the models of Refs. [5,6] and Ref. [19],
respectively. Indeed, keeping just the first term in the series
results in the bound-state equation

D, = > [.8,Gol,Dp @, (19)
b

which is illustrated in Fig. 1 and coincides with the
Poincaré covariant quark + diquark Faddeev equations of
Refs. [5,6], and keeping just the second term in the series
results in the bound-state equation

q)a = ZfasabGOKbschOFch(Dc7 (20)
bc

which is illustrated in Fig. 2 and coincides with the
quasipotential quark-diquark equations of Ref. [19].
Although each of the approaches of Refs. [5,6] and
Ref. [19], can be viewed as different approximations of the
same unified equations, Eq. (18), the reality is that the
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quark-diquark picture of a baryon is described by a kernel
that consists of at least the sum of the first two terms of the
series in Eq. (18). This observation should clarify the true
picture of quark-diquark dynamics in baryons.

B. Triquark equations for indistinguishable quarks

To take into account the antisymmetry of identical
quarks, we first note that the Faddeev equations for
distinguishable particles, Eq. (6), possess fully antisym-
metric solutions (as well as symmetric ones) where the
component wave functions have the symmetry properties

Pyp¥, ==Y, PR, ==Y, Py ¥ = =Y,

Py ¥, = =Y, Py = =¥, PpY, = -¥,

Pp¥s = -, Py ¥ = -, Py¥; = -,
(21)

where P,, is the operator that exchanges the quantum
numbers of particles a and b. Choosing a solution with
these symmetry properties, Eq. (6) for ¥, reduces to

¥ =-GoT 1 P,Y¥. (22)

where T results from antisymmetrizing the t matrix for
distinguishable particles, 7¢, using

Ty = (1-Py)TY. (23)
Equation (22) can be seen most easily by using Eq. (21):
¥ = GoT{ (¥, +¥3) = GoT{(1 = P3)¥,

= Go(1 — Py3)T¢¥Y,
= —Go(1 — Py)T{P,Y¥,. (24)

We can then again express 7 as
Tl :Kl +T{)+TC, (25)

where 7! and K| + T¢ are the pole and regular parts
of Ty, but this time with all quantities antisymmetric under
the interchange of quark 2 and 3’s quantum numbers.
Equation (22) can then be recast as

Y =—[1+ (K +T)Pp] ' TTPLY,. (26

where K| = GoK, TV = G,T¥, and T¢ = G,T¢. Using
the separable form of the pole term,

Tf — F]D]F] N (27)
where the diquark form factors are now antisymmetric,

Py I’y = =Ty and ', P,; = —I;, we obtain the equation for
the Faddeev component

@) = TPl + Go(Ky +TF)Ppo] ™' Gol' D@y, (28)
where

@, =T,P,¥,. (29)
Expanding the inverse term in Eq. (28) as

(14 Go(Ki +T§)Pp] ™' =1-Go(Ky +T)Ppp+ - -
(30)

leads to the final form of our unified equations for three
identical quarks,

@ = - Py[l = Go(Ky + T$)Pyy + - |Gl D @y
(31)

Keeping only the first two terms of the series for the kernel,
and making the further approximation, 7€ = 0, leads to the
equation

@) =[1Pp[l + K Pplld @ (32)
which covers both approaches of Refs. [5,6] and Ref. [19].

II1. DISCUSSION

We have derived covariant equations that describe the
bound state of the triquark in terms of quark and diquark
degrees of freedom. These equations are illustrated in
Fig. 3, with exact expressions given for distinguishable
quarks in Eq. (18), and for indistinguishable quarks in
Eq. (31). An essential aspect of these equations is that they
are exact in the approximation where only two-body forces
are retained.

It is worth noting that our procedure leading to Eq. (15),
and hence to Eqs. (18) and (31), is similar to the one used
by Alt, Grassbeger, and Sandhas (AGS) to reduce three-
particle Faddeev equations to that of coupled two-particle
equations [49]; however, it differs from AGS in its details,
and also in one essential way, namely, we have shown that
the two-body matrix (in three-body space) T,, can be
decomposed into three mutually exclusive parts, as in
Eq. (10), where the two-body kernel K, appears explicitly
(AGS and related prior works, decomposed two-body t
matrices into two parts, a separable one, and the rest). It is
just this decomposition of 7', into three parts involving K,
which has led to the unification of previous works, as
outlined above.

This unification is demonstrated explicitly for two of the
most prominent and longest-used approaches in the liter-
ature, namely the one using the covariant quark + diquark
Faddeev equations of Refs. [5,6], and the one using quasi-
potential quark-diquark equations of Ref. [19]. In particu-
lar, the covariant quark 4 diquark Faddeev equations
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correspond to keeping just the first term of the kernel in our
equations (the one-quark-exchange diagram in Fig. 3), and
the quasipotential quark-diquark equations correspond to
keeping just the second term of the kernel in our equations
(the gq rescattering diagram in Fig. 3). It is noteworthy that
our equations reveal that these two approaches, which have
been pursued separately for more than 25 years in order to
model not only bound states of baryons, but also various
types of baryon form factors (electromagnetic, axial-vector,
scalar, etc.), use equations with two, different, nonoverlap-
ping, kernels. Our equations indicate that it is the sum of the
first two terms in the kernel (at least) that should have been

used instead. Although this is not an issue for cases where
only one pair of quarks (out of three possible pairs) can
form a diquark, in which case only the kernel of the
quasipotential quark-diquark equations contributes [19,22],
it may be a serious problem for other cases, like that of
three identical quarks where both kernels contribute and
therefore should be summed [29].
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