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We present a study of mass spectra and electromagnetic couplings of S- and P-wave baryons containing
one, two or three heavy quarks, either charm (c¢) or bottom (b), in the framework of a nonrelativistic
harmonic-oscillator quark model. A simultaneous fit to 41 known masses of heavy baryons (40 singly
heavy and 1 doubly heavy) shows a rms deviation of 19 MeV. We present equal-spacing mass rules for
excited baryons which may help to assign quantum numbers to experimentally observed heavy baryons.
Explicit expressions are derived for electromagnetic couplings, both for spin-flavor matrix elements and

radial integrals.
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I. INTRODUCTION

The study of baryons with heavy quark content has taken
great relevance to understand hadron structure, the dynam-
ics of the strong interaction and heavy quark symmetry
since the discovery of a large amount of hadrons with heavy
quark flavors, either with charm ¢ or bottom b quarks, by
the LHCb, CMS, Bellell, and BESIII Collaborations [1,2].
The new discoveries also include exotic baryons and
mesons with more than the minimal quark content [3-10].

In recent years there has been a large amount of new
experimental information on heavy baryons, especially on
singly heavy baryons with one charm ¢ or one bottom b
quark. In particular, all but one ground-state heavy baryons
predicted by the quark model have been observed and
identified [11-15]. The only exception is the Qj baryon
with JP = 3/2%.

The LHCb Collaboration discovered five narrow QU states
in the 2 K~ decay channel [16] which were later confirmed
by the Belle Collaboration [17]. In a previous study it was
shown that these states can be interpreted in the quark model
as P-wave excited states [18]. In addition, predictions made
for the existence of excited €2, baryons were confirmed by
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the observation of the four Q; resonances in the EgK ~ mass
spectrum by the LHCb Collaboration [19]. More recently,
the LHCb Collaboration reported the discovery of two new
excited states, Q.(3185)° and Q.(3327)° in the EfK~
channel [20], whose interpretation and quantum number
assignments are still under discussion.

The PDG compilation shows that for the strange-charm
baryons, 2, and E,., all ground state S-wave baryons have
been observed as well as several candidates for excited
P-wave baryons [15]. Recently, the LHCb Collaboration
reported the discovery of three new resonances in the A7 K~
channel, 2.(2923)°, £.(2939)°, and E.(2965)° [21]. The
Belle Collaboration determined the spin and parity of the
charmed-strange baryon, Z.(2970)" to be J© = 1/2% [22]
and measured the radiative decay widths of the excited
charm baryons E.(2790) and E.(2815) [23]. In the bottom
sector, the LHCb Collaboration claimed the observation of
5, (5935) and E; (5955) resonances close to the threshold
Eyp7 [24], and the B, and E} states [25,26]. The E)(5945)
baryon was observed in the Z,7 decay [27], and E; (6227)
in both the A,K and E,z channels [28].

For doubly heavy baryons, there is experimental
evidence from the LHCb Collaboration related to the
B/ (3621) signal founded in the AfK z"z" invariant
mass [29]. The mass reported for this resonance is
3621.40 +0.72 MeV. Earlier evidence reported by the
SELEX Collaboration [30,31] for the existence of double
charm baryons, 21.(3519), could not be confirmed by the
BABAR, Belle, and LHCb Collaborations [15,32]. At
present, there is no experimental information on triply
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heavy baryons, Q... and €,;,. The study of triply heavy
baryons is of special interest to gain a better understanding
of baryon structure, heavy quark symmetry and the
dynamics of the strong interaction as these systems do
not contain any light quarks [33-36].

The physics of heavy baryons has been studied theo-
retically in a vast variety of approaches such as non-
relativistic quark models (NRQMs) [18,36-44], relativistic
quark models (RQM) [45—48], hypercentral quark models
(hCQM) [49-55], chiral quark models (yQMs) [56-59],
Regge phenomenology [60-62], QCD sum rules [63-70],
Faddeev methods [71,72], molecular states [73,74], large
N,. limit [75], heavy-baryon chiral perturbation theory
(HByPT) [76], quark-diquark model [77] and lattice QCD
calculations (LQCD) [35,78-85]. Reviews of heavy
baryon physics together with a more complete list of
references can be found in Refs. [1,2,15,86-89].

The aim of this work is to present a simultaneous study
of mass spectra and electromagnetic couplings of S- and
P-wave baryons with one, two or three heavy quarks,
either charm c¢ or bottom b. As such, it is an extension of
previous studies of Q, baryons [18,90], and Z, and E/Q
baryons [42] to include ZQ, AQ, EQQ, QQQ, and QQQQ as
well. We derive equal-spacing mass rules for excited
baryons which may help to assign quantum numbers to
experimentally observed heavy baryons. Whenever pos-
sible, we compare our results to experimental data or, in its
absence, with other theoretical calculations.

This article is organized as follows. We start by review-
ing the classification of the singly, doubly, and triply heavy
baryons and the structure of the wave functions in the
harmonic-oscillator quark model in Sec. II. Next we present
the results for the mass spectra of heavy baryons in Sec. III.
In Sec. IV we derive the spin-flavor and radial matrix
elements of the electromagnetic couplings which are used
in Sec. V to calculate the radiative decay widths. Finally, in
Sec. VI we present a summary and conclusions.

II. HEAVY BARYON WAVE FUNCTIONS

In this section we review the classification of singly,
doubly, and triply heavy baryon states [15,58,91,92]. In the
quark model heavy baryons are considered as systems
made up of three constituent quarks, where light quarks are
denoted by g = u, d, s and heavy quarks by Q = ¢, b. The
baryon wave function is obtained by coupling the spatial,
spin, flavor, and color degrees of freedom.

In a four-flavor classification scheme (three light flavors
and one heavy) the ground-state baryons in the quark model
can be separated into two 20-plets; one with spin-parity
JP = 1/2" and the other with J© = 3/2% [15,91]. Each one
of these multiplets splits into various SU(3) flavor multip-
lets. The J¥ = 3/2% 20-plet consists of the light uds baryon
decuplet 10, a sextet 6 with one heavy quark, a triplet 3 with
two heavy quarks and a singlet 1 with three heavy quarks.

Y (nnQ)
2] =6 E(nsQ)
Qq(s5Q)
_ i Aq(nnQ)
[11]=3
Eq(nsQ)
v Eqe(QQn)
3] =3
Q00 (QQs)
0] =1 ® 2000(QRQ)
FIG. 1. Singly heavy flavor sextet 6 and antitriplet 3, doubly

heavy flavor triplet 3 and triply heavy singlet 1 configurations.
Here n denotes the nonstrange light quarks n = u, d and Q the
heavy quarks Q = ¢, b.

The J¥ = 1/2% 20-plet consists of the light uds baryon
octet 8, a sextet 6, and an antitriplet 3 with one heavy quark
and a triplet 3 with two heavy quarks. The flavor multiplets
are shown in Fig. 1.

The flavor wave function of singly heavy baryons is
written as ggQ, in which we distinguish between the light
quarks ¢ and the heavy quark Q. The flavor sextet is
symmetric under the interchange of the two light quarks,
and the flavor antitriplet antisymmetric. The flavor sextet 6
consists of three X, two E’Q and one €, states. The flavor

wave functions with maximum charge state are given by

ZQ = MMQ,
By, = (us + su)Q/ V2.
Qp = s50. (1)

The flavor antitriplet 3 consists of one Ay and two E
charge states. The corresponding flavor wave functions
with maximum charge state are given by
Ag = (ud — du)Q/V2,
Ep = (us— su)Q/V2. (2)
For doubly heavy baryons QQgq the flavor triplet 3 consists
of two Ey, and one Q) charge states
Eoo = Q0u,
Qoo = Q00s, (3)
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while for triply heavy baryons QQQ the flavor state is a
singlet 1

Qpoo = 000. (4)

The spin wave functions of baryons can be constructed
by coupling the spins of the three quarks. The complete
states with maximum spin projections are

xe, = (ML= IM1/V2,
xe, = (211 =111 = 1)/ V6,
xa, =M1, (5)

where the symmetric A, and mixed symmetric subscripts £,
and E; exhibit the symmetry properties under the permu-
tation group S3. XE, is antisymmetric under the interchange
of the first two quarks, whereas yz, and y,, are symmetric.

The orbital part is constructed by considering the
harmonic-oscillator potential to describe the interaction
between the three constituent quarks

Hyy=2m+m' + P2 P2 +p2 (6)
zm l<j
where we have taken m; =my, =m#m =m5. It is
convenient to introduce Jacobi coordinates [93]
I S
P = —2 (Fi = 7,)
- 1 .
/1:—(7'1 +r2—2r3)
6
ﬁzm(71+72)+mr3 (7)
2m+m
and their conjugate momenta
by = —= (1 - )
p/) \/z P1 P2)s
B, = \/Em/(ﬁl + P2) —2mp;
4 2 2m +m' ’
= P1+ P2+ D (8)

With this transformation, Eq. (6) reduces to

P2 p 3 3
H,=M-+— ) 22,
ho = +2M+2 +2 1+2C +2C (9)

with M = 2m + m’. The new Hamiltonian now includes
two independent harmonic oscillators in the p- and A-modes,
with the same spring constant C, but different reduced
masses

3mm’

2m+m'’ (10)

m, =m, my =
Consequently, the orbital wave functions are given by

- 1

wilpAR) = G WEGD. ()

with i = {0,p, 4}, and the relative wave functions are
expressed by

1

V(3. 2) = —=== W, Wi, (D (12)
\/ﬁ plpMp Ay,
For the ground state one has
O
7)) = H o= /2 13
wooo (H) i 73 € (13)

with ¢ = {p, 1}, and for one excited oscillator quantum

| 8a;, R
Wiim, (H) = 3\/7—#9_“%”2/21/1%(#)7 (14)

where the corresponding oscillator size parameters and

frequencies are given by
=4/3C/m,. (15)

The oscillator size parameters are related by

Im’ 1/4
a, :ap (m) . (16)

The ground-state baryon wave function y, is symmetric,
whereas the baryon wave function with one quantum of
orbital excitation, y, and y;, are symmetric and antisym-
metric under the interchange of the first two quarks.

If we consider systems containing two light quarks and
one heavy quark gqgQ with m' > m, then m;, > m,, and
w; < w,, i.e., the 1 state is less energetic than p state. The
last condition obtained suggest that states with one quan-
tum of excitation in A4 will be very relevant for this
configuration. By contrast, for the other case where m’ <
m is associated with QQg, the conclusion is the opposite,
and the first contribution for baryons with two heavy
quarks will be the p mode. The last case, QQQ, when
all quarks have the same mass m’ = m, then , = w,, and
both modes have the same frequency. In Fig. 2 the
corresponding energy levels for these modes are shown.

a, = (3Cm,)"/4,
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FIG. 2. Orbital excitations in the 4, p, and the doubly degen-

erate E mode, associated to the configurations; ggQ with m < m’
(left), QQq with m > m' (center), and QQQ with m = m’ (right).

E

The total baryon wave function is given in terms of the
coupled product of the spatial, spin, flavor, and color parts
W = WoxPry.. Since all hadrons are colorless, the color
wave function is a singlet, and in particular for baryons it
corresponds to a completely antisymmetric wave function
of three colors. Since the total baryon wave function is
antisymmetric, this implies that the orbital and spin-flavor
parts have the same symmetry for light ggq baryons and
triply heavy ccc and bbb baryons under the interchange of
any of the three quarks. For singly heavy ggQ and doubly
heavy QQgq baryons the orbital and spin-flavor parts have
the same symmetry under the interchange of the first two
quarks.

With this information, it is now straightforward to write
the total wave functions of heavy baryons. For singly heavy
baryons of the flavor sextet 6, the flavor part is combined
with the symmetric spin-orbit part to obtain

o)y =uuQly, X xals (17)

(us + su)Olwo X x&,] 1125

(us + su)Qwo X xa,]7=3/2-

1

V2

1

V2
1

2P(E/Q)J — ﬁ (us + su)Q[l//,, X)(E,,]J’

1

E (us + su) Q) X xg,] ;.
1

NG

_2(“S+SM)Q[‘I//1 X xa,ls (18)

for the E/, hyperons, and

2(QQ)J = ssQ\Wo X XE,| /- 1/2
4(QQ)J = 55QWo X x4,

[ ]
[ lr=3/2>
ZP(QQ)J = ssQ[‘/’p X)(E,]J’
2}L(QQ)J = SSQ[‘//A XZEA]J’
41(QQ)J =550y X xa,ly (19)

for the Q, hyperons. 3
Similarly, the singly heavy baryons of the antitriplet 3 are
combined with the antisymmetric spin-orbit part

1
((Ag); = NG (ud — du)Qlwo X xg,)j-1/2:
1
p(Ng); = 7 (ud = du)Qlw, X xg,);,
1
4P(AQ)J = E (ud - d”)Q[‘l’p X)(A,]J?

(M), = \% (ud = du) Ol % 1] (20)

for the Ay hyperons, and

(Z0)s = 5 (s =500y 2,112
P(Eg); = \2 (us —su)Qlw, Xy, ;.
p(Eg)y = \2 (us = su)Qw, X xal;»
(Ze)y = 75 (us = suw)0lw 1,1 @)

for the £, hyperons.
The total wave function for the doubly heavy baryons of
the flavor triplet 3 (as maximum charge states) are given by

H(Eog); = QQulwo X x£,) =120
HEog); = QQulyo X xa,lj=32-
*p(Egg); = QQuly, X xg ;.
M(Bg0); = QQulw; X xg,;.
WEg0); = QQulw; X xal; (22)

for the £y hyperons, and by
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7= 00sly, X XAl (23)

for the €y, hyperons.
Finally, the total wave function of the Qy, flavor
singlet 1 is given as follows:

HQop0); = QOQwo X xa,]1=3/2-
1
*E(Qppo)s = %QQQ[% Xxe, +wixxgl;.  (24)

III. MASS SPECTRA

The mass spectra of heavy baryons with either charm or
bottom quark content are calculated by considering the
Hamiltonian (or mass operator)

H = Hy, +AS* + BS - L+ EI’ + GCy5y,3.  (25)

The term H,,, corresponds to the sum of the constituent
quark masses and the harmonic-oscillator Hamiltonian,
previously defined in Eq. (9). The remaining terms denote
the spin-flavor dependent contributions for which we use a
Giirsey-Radicati form, i.e., the sum of a spin term, a spin-
orbit splitting, an isospin term and a flavor term [18,94].
Consequently, the mass spectrum of heavy baryons is
analyzed with the mass formula

M =2m+m' 4+ w,n, +wn; +AS(S+1)

+Bgu1+n_Lu¢+n-sm+1ﬂ

+mu+n+G%@@+$+qm+$+p@ (26)

Here n, and n; denote the number of quanta in the p- and
A-oscillator, respectively. The ground state y has (n,,n,;) =
(0,0), whereas the states with one quantum of excitation in
the p mode y, or the 4 mode y, are characterized by (1, 0)
and (0, 1), respectively. The labels L, S, J, and I denote the
orbital angular momentum, spin, total angular momentum
and isospin, respectively. The labels (p,q) represent the
SU(3) flavor multiplets; the flavor sextets are labeled by
(2,0) =6, the antitriplets by (0,1) =3, the triplets by
(1,0) = 3, and the singlets by (0,0) = 1. The isospin term
in Eq. (26) splits the baryons with different values of isospin
within the same flavor multiplet, whereas the flavor term can
be determined from the mass difference between the anti-
triplet 2 and the sextet E’Q baryons.

In this study we adopt a harmonic-oscillator quark model
to describe the spectroscopy of 1S- and 1P-wave heavy
baryons associated with the ground state (n, + n; = 0) and
excited state (n, + n, = 1), respectively. It is well-known
from the study of nonstrange baryons that the harmonic-
oscillator quark model has difficulties in reproducing the
relative mass of the Roper N(1440), ,+ and the N(1520)5 -
resonance, since the former is associated with a 2S-wave and
the latter with a 1P-wave. For this reason, we limit the
present study to 1S- and 1P-wave heavy baryons whose
properties can reasonably well described in an effective way
by the mass formula of Eq. (26) as was shown in previous
work on the Q, baryons [18] and the E, and E’Q
baryons [42].

A. Determination of parameters

There are a total of 14 parameters in the mass formula of
Eq. (26); the four constituent quark masses m, = my, my,
m,., and m,,, and the parameters C, A, B, E, and G, five for
the charm and five for the bottom baryon sector.

In order to determine the values of these parameters as
well as their uncertainties, we fit the experimental data on
the available Breit-Wigner masses of 41 heavy baryon
resonances, 25 single-charm and 15 single-bottom baryons
and one double-charm baryon as listed in Tables IV and V.
The recently observed €. baryons [20] were not included
in the fitting procedure. We use the maximum likelihood
estimation technique [95], where we consider the masses of
the experimental data, M*P, to be Gaussian distributed
around the central value such that their uncertainties
represent the widths of the distributions.

We construct the likelihood function £, by taking the
product of our Gaussian distributions for each measured
mass M;'" as follows:

Mt_h _ M?"P 2
207

41
1

L= E \2mo; ;
where 67 is the standard deviation of each of the exper-
imental masses M;'. The interest is on maximizing the
likelihood function, with the aim of obtaining the optimal
value of the 14 parameters, which is equivalent to mini-
mizing the negative of its logarithm. For this purpose, we
use Nelder-Mead method implemented in Python library
scipy.optimize [96]. Furthermore, we compute the
uncertainty of the optimal parameters, by resampling the
parameters from likelihood using the nested sampling
technique [97-99]. We obtain the confidence intervals
from the samples above, and report the uncertainties up
to 1 sigma. The resulting parameter values and their
uncertainties are shown in Tables I and II.

Next, we use these values to calculate the masses of all
heavy baryons listed in Tables IV-VI, and proceed to make
the error propagation by extracting the standard deviation
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TABLE I. Parameter values for the quark masses.

m, = my 291.53 +0.60 MeV
m 461.24 £0.73 MeV
m,. 1606.80 £+ 1.01 MeV
m, 494434 + 1.62 MeV

of the theoretical masses Mth. In the tables we show a
comparison with the available experimental information.
We find a good overall fit for 41 resonances (40 singly
heavy and 1 doubly heavy) with an rms deviation of
Oms = 19 MeV. In previous studies of light ggg baryons
(with ¢ = u, d, s) in the framework of a collective string-
like model of baryons the rms deviation was found to be
39 MeV for 25 nonstrange baryons and 33 MeV for 48
nonstrange and strange-baryon resonances [100,101].
Table IV and Figs. 3 and 4 show that in the charm sector
all ground-state S-wave baryons have been observed, and in
the bottom sector all with the exception of %(€,);,. The

mass spectra of the charm and bottom baryons are very
similar. For example, the mass differences between the
ground-state charm and bottom baryons are almost the same
(see Table III). The assignment of quantum numbers is
mostly based on energy systematics, such as the observed
equal-spacing mass rule for the sextet baryons [21,42]

M(.(3050)°) — M(Z.(2923)°)

~ M(Q.(3065)) — M(E,(2939)°)
~ M(R,(3090)°) — M(E,(2965)°)
~ 125 MeV, (28)

TABLE II.  Fitted parameters using Eq. (25) for heavy baryons
with Q = c and Q = b.
Q=c Q=0b

C 0.02712 £ 0.00008 0.02377 £ 0.00014 GeV?
A 22.08 £0.19 7.37+£0.25 MeV
B 21.84 +0.28 4.33+£0.55 MeV
E 30.47 £0.40 35.68 £0.61 MeV
G 56.19 £0.34 61.77£0.28 MeV
TABLE IIl. Mass differences between ground-state charm and
bottom baryons AMy = M(*(Bg), ;) = M(*(Ag), ).

B. AM. B, AM,
A, 0.0 Ay 0.0
B, 182.6 gy 174.9
P 167.0 Zp 193.5
=, 292.0 =4 315.4
Q. 408.7 Q, 425.6

which in the present approach for A-mode excited baryons is
equal to a constant

M*HA(Qg),) = M(*TA(ED),)

3
=my —my g+ @;(Qp) — 0,(Ep) — ZE

B { 126 MeV  (Q = ¢)

- 120 MeV  (Q = b), (29)

in close agreement with the experimental value for single
charm baryons. A similar equal-spacing mass rule holds for
the antitriplet baryons

M(E.(2790)) — M(A,(2595))
~ M(E,(2815)) — M(A,(2625))
~ 195 MeV, (30)

compared to

M(CA(Eq);) = M(PA(Ag),)
=mg—my,;+0,)(Eg) —0,(Ag) —l—%E

_ { 161 MeV  (Q =¢)

164 MeV  (Q = b). 1)

For the other single charm or single bottom baryons there is
little experimental information available. The mass differ-
ence between E/Q and X, can be calculated as

MFTAED),) = M(PHA(Ze),)

_ 5
=my —my g+ w;(Ep) —0,)(Zg) - ZE

_ { 101 MeV  (Q = ¢)

93 MeV  (Q = b). (32)

The equal-spacing mass rules for p-mode excited sextet
baryons are given by

M(p(Qq),) = M(p(Ep),)

_ 3
=mg—my, + a)p(QQ) - wp(:‘,Q) - ZE

{ 102 MeV  (Q =¢)
101 MeV (0 = b),

M(p(Ep),) = M(p(Zo),)

_ 5
- mu/d + wp(:‘lQ) - a)p(ZQ) - ZE

_ [68MeV (Q=0c)
B { 66 MeV  (Q = b). (33)
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TABLE IV. Mass spectra of single charm and single bottom S- and P-wave baryons. The states are labeled according to Egs. (17)—(21)
and the quantum numbers (n,,n;), I, L, S, and J”. The parity is given by P = (—1)X. The experimental values are taken from

[15,20,21].
Single-charm baryons Q = ¢ Single-bottom baryons Q = b
State (nyomy) 1 L S JP M™MeV) M (MeV) Name x  M" (MeV) M (MeV) Name *
(Zo)1)2 (0,0 1 0 % %* 2455+2 24535+£0.1 X.(2455) 4 58103 5813.1+0.2 %, 3
(Z0)32 (0,0) 1 0 % %* 2521 +£2 2518.1+£0.2 X.(2520) 3 5832+3 5832.5+0.2 xz; 3
P(Z0)12 (1,0) L 1= 291 +2 6300 £ 3
P(Z0)32 (1,0) 1 1 % %— 2994 £2 e e 6307 £3 e e
2/1(2Q)1/2 0,1) 1 1 % %— 2789 +2 2800 £ 4 2.(2800) 3 6108+3 6096.9+12 X,(6097) 3
2/1(ZQ)3/2 0,1) 1 1 % %— 2822 £2 6114 £3
4/1(ZQ)1/2 0,1) 11 3 = 282242 6123 +£3
4/1(2Q)3/2 0.1) 1 1 % %— 2855+2 6130 £3
4/1(2Q)5/2 0,1) 1 1 % = 2910+2 6141 £3
Z(E’Q)l/2 (0,0 % 0 % %* 2586+2 25785+04 ZF(2578) 3 59354+2 59350+0.1 Ej(5935) 3
4(E‘/Q)3/2 ©0 1 0 % %Jr 2653 +2 2645.6+0.2 ZE.(2645) 3 5957+2 5953.8+03 E(5955) 3
2p(E’Q)l/2 (1o 5 1 1 1= 3029+2 30559+04 E.(3055) 3 6366=+3 B
ip(f:Q)3/2 (1,0) % 1 % %_ 3062 +2 3078.6+£0.7 E.(3080) 3 63733
2/1(fQ)1/2 ©on 3 1 3 7 2890 £ 2 e ~ e 6201 £3
MEp)32 on 51 % % 2922 +£2  29385+£0.3 E.(2939) 6207 +£3
4/1(E’Q)1/2 on 3 1 3 1= 2923+2 2923.0+03 E.(2923) 2 6216+3
41(3’(2)3/2 on 3 1 3 3 2956+£2 29649 +£03 E.(2965) 6223 £3 e B
41(5/(2)5/2 O,1) % 1 % 3= 3011+2 e 6234 +£3  62263+09 E,(6227) 3
2(Qp) 12 ©0©0 0 O % $T2733+£2 26952+ 17 Q.(2695) 3  6078+2 6045.2+1.2 Q, 3
4(.QQ)3/2 00 0 O % %Jr 2799 £2  27659+£2.0 Q. (2770) 3 6100+3 e
2/)(QQ)I/2 (1o o 1 I 1= 3131+2 6467 £ 3
2p(QQ)3/2 (1,o) 0 1 1 3 3164+2 3I85.1+£1.7 Q.(3185) 6474 £3
2/1(SZQ)1/2 o1n 0 1 % %— 3016 £2 30004 £0.2 Q.(3000) 3 63212 6315.6+0.6 Q,(6316) 1
2/1(QQ)3/2 on o 1 3 %— 3048 £2  30655+£0.3 Q.(3065) 3 6328+2 6330.3+0.6 Q,(6330) 1
4/1(QQ)1/2 on o0 1 % 7 3049+£2  30502+0.1 Q.(3050) 3 63373  6339.7+£0.6 €,(6340) 1
4/1(QQ)3/2 ©on o0 1 3 3 3082+2 3090.1+£05 Q.(309) 3 6343+£3 6349.8+0.6 ©Q,(6350) 1
2Q )s/2 o,1n 0 1 % 37 3136+2 3119.1+1.0 Q.(3120) 3 6354+3
(A2 ©0 0 0 % %* 2281 +£2  2286.5+0.1 A, 4 5615+£2 5619.6+£0.2 A, 3
P(No)i )2 (Loy 0 1 % 7 2788+2  2766.6+24 A(2765) 1 6106+2 e
P(Ng)s)n (1,0 0 1 3 %— 2821 £2 6112 +2
4p(AQ)1/2 (1o o 1 3 1= 282142 6121 £3
“p(AQ)\g/2 (Loy 0 1 % %— 2854 £2 e e 6128 £3
4P(AQ)5/2 (L,o) 0 1 % %— 2909 £2  2939.6£1.5 A.(2940) 3 6138+3 e e
2/1(/\Q)1/2 ©on o0 1 I 1= 26162 25923+£03 A, (2595) 3 59132 59122402 A,(5912) 3
2/1(AQ)3/2 on 0 1 I 3= 2648+2 26281+£02 A (2625) 3 5919+£2  5920.1£0.2 A,(5920) 3
2(EQ)1/2 ©0 1 0 I 1 247442  2469.1+£02 E.(2469) 4 5812+2 57945+04 E,(5794) 3
2p(EQ)l/2 (1,0) % 1 % %— 2917+£2 e 6243 £3 e
2p(EQ)3/2 (Lo 4 1 % %— 2950 £2 6249 +£3
4p(EQ)1/2 (Lo 4 1 % I 2950+2 6258 +£3
4p(EQ)3/2 (1,0) % 1 % %— 2983 £2 6265 £3
4p(EQ)5/2 (1,0) % 1 % 3= 3038+2 e e 6276 £ 3
2/1(EQ)1/2 on 4 1 % %— 2777+2  27929+04 E.(2790) 3 6077 £3 e e
2/1(EQ)3/2 on 51 % %— 2810+2 28182+0.2 E.(2815) 3 6084+3 6100.3+0.6 E,(6100) 3
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3200} 0.(3185) —=
= 3164 (3/27)
& 3136 %o 2- ;
0.(3120) —& 3131 (1/2°
- Q:(3090) —a& 3082 (3/27)
Z0(3080) —a e aE
=iose) = a0023/27) 0069+ 9 (1/2)
= 3038 (5/27) - 3020 (1/2 ; £2:(3050) 3048 (3/27)
3000 = 2083 (3/2) = 2094 (3/27) =—3011(5/2° €.(3000) —a = 73016 (1/2)
= 2950 (1/2°) = 2061 (1/27)  Zc(2965)—# o 2056 (3/27)
Ac(2940) —= 2950 (3/27) Ec(2939) = 2923(1/2*;
= 2909 (5/27) =T2017(1/27) =-2010(5/27)  Ec(2923) 2022 (3/2~
=—9890 (1/27)
o 2854 (3/27) - 2855 (3/27)
2821 (1/27) 5)—a - .. 2822(1/27)
2800} : 2821 (32) ;g%o; D E0E/2) g ) ;?gg(i/i) = 2799 (3/2")
z A2res)—a  ZT /) =2/ e Q(2770) =
= = 2733 (1/2%)
- 02.(2695) —=
w0
= = 2648 (3/2) ,(2645) —a ® 2053 (3/27)
- \e(2625) —= 2616 (1/27)
2600} 505)—a
A.(2595) —= =/(2578)—a * 2586 (1/27)
$.(2520) —a =—2521(3/27)
=(2469) —e = — 2474 (1/2F
Ec(2469) /) ¥,(2455) —a = —2455 (1/2F)
2400
A—a 9981 (1/2 Present work ™
‘ /2 Exp. data, PDG
2200 1 1 1 1 1

A, = e =y Qe

FIG. 3. Comparison between experimental data (red triangles) and our quark model calculations (blue squares) of the mass spectra for
the single charm baryons; A. and E. from the baryon antitriplet 3, and X, E., and Q. from the baryon sextet 6 [15]. The suggested
assignment of J¥ quantum numbers for each state us given in parenthesis.

3 0174(3/27)
6467 (1/2°)
6400}
3 (¢ 6354 (5/2°
B R Qs e At R
gh(ggig) £ i)
276 (5 6307 (3/2°) ,(0330) — & ® =328 (3/2°)
. 2523 8?3*; B 6300 (172 2,(6316) 6321 (1/27)
i 6258g1?2’; 6234 (5/27)
6249 (3/2 6223 (3/2
6243 (1/2°) 5,(6227) — = i (;216?1?2’%
6200} 6207 (3/27)
6138 E5/2’; 6141 (5/27) 6201 (1/27)
. 6128 (3/2° = 6130 (3/27)
N i ?138??; 612351?2’; .
5112 (3/27)  5,(6100) — = Loy Sy(6097)— = ® 6114 (3/2° = 6100 (3/2*)
E 6106 (1/27) 'y gg%mg; (6097) 6108 (1/27) = —6078 (1/2%)
= Q—*
wn
ﬁ 6000F
= =7(5954) — a =—5957 (3/2)
A, (5920 5019 (3/2- =}(5935) — + ®—5935 (1/2")
f\tg‘)l?; ts 591351?27%
i N S e m—5832(3/2")
5800k o) T 5812 (1/2+) Ly w5810 (1/24)
Present work ™
5600 A= =—5615(1/2%) Exp. data, PDG 4
Ay = > E;} Q

FIG. 4. As Fig. 3, but for single-bottom baryons.
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For p-mode excited antitriplet baryons the equal-spacing
mass rule is given by

M(ZSHP(EQ)ﬂ - M(2S+1/)(AQ)J>
_ 3
=mg—my;+a,(Eg) —0,(Ag) +ZE

B { 129 MeV  (Q =¢) (34)
~ 137 MeV  (Q = b).

Finally, the mass splitting between the S :% and %
ground-state baryons of the flavor sextet is ~65-70 MeV
in the charm sector and =20 MeV in the bottom sector.

In the following subsections, we discuss the results
of the calculated masses of ground-state S- and P-wave
heavy baryons, which could be used as benchmarks for
future measurements as well as lattice QCD calculations
[102-105].

B. £, and A baryons

We start by studying singly heavy nnQ baryons made up
of two nonstrange quarks with n = u, d, and one heavy
quark with Q = ¢, b. The nnQ baryons can be divided into
an isospin triplet 29 belonging to the flavor sextet 6 and an
isospin singlet A, of the flavor antitriplet 3, see Fig. 1.

The most recent PDG compilation [15] shows that there
are three known X, states as well as three X, states. In the
charm sector, the X.(2455) and X.(2520) resonances [106]
correspond to the ground states with J© = §¥ = 1/2% and
3/2%, respectively, while £.(2800) is assigned as a A-mode
excitation with J¥ =1/27. Similarly, the ¥, and X
resonances observed by LHCD [14] are assigned as ground
state S-wave with J© = S = 1/2% and 3/2*, respectively,
and X,(6097) as a P-wave excitation in the A-mode
with J© = 1/2".

For the A, states there is more experimental data
available. In Table IV we have omitted A,(2860),
A.(2880), A,(6070) A,(6146) and A,(6152), since
according to PDG [15] the most likely assignment of
these resonances is as excited 25-wave or D-wave states.
Here we focus on the five A, states and three A, states that
can be assigned as ground-state S-wave or excited P-wave
states. In the bottom sector, A, corresponds to the ground
state S-wave with J¥ =S¥ = 1/2%, whereas the A,(5912)
and A,(5920) resonances are assigned as a A-mode
excitation with S = 1/2, and J¥ = 1/2 and J* =3/2",
respectively [107]. The corresponding states in the charm
sector are A., A.(2595) and A.(2625). The A} spin was
determined recently by the BESIII Collaboration to be J¥ =
1/2% [108]. In addition, one-star A.(2765) and three-star
A,(2940) resonances are assigned as a p-mode excitation
with S =1/2,J =1/27, and S = 3/2, J¥ =5/2".

The comparison between the calculated (blue squares)
and experimental masses (red triangles) in Fig. 3 for single
charm baryons X. and A, and in Fig. 4 for single bottom
baryons, X, and A, shows a good overall agreement with
the available experimental information.

C. Ey and E), baryons

Next we consider singly heavy nsQ baryons consisting
of a nonstrange quark with n = u, d, a strange quark s, and
a heavy quark with Q = ¢, b. The nsQ baryons are isospin
doublets belonging to the flavor sextet 6 or the antitriplet
3, called E’Q and Z,, respectively. Since for 2, and E’Q
baryons we distinguish between the mass of the two light
quarks, m, = m,; # my, the reduced masses are taken as
m, = (m, 4+ my)/2, ie., the average of the strange and
nonstrange quark masses, and m,; = 3m,mg/(2m, 4+ mg).
The approximation to take the average of the strange
and nonstrange quark masses is justified in the limit of
mg — mu/d < I’VlQ.

Over the last couple of years there has been a lot of
progress in the understanding of charmed-strange baryons,
Ey and Ej. The LHCb Collaboration reported the discov-
ery of three new resonances in the AJK~ channel,
E.(2923)%, 5,(2939)° and E.(2965)° [21]. In our previous
analysis we established the following assignment of these
states *A(E(), o- = 2c(2923), *A(EL)3/- — E.(2939) and
‘AEL)3)- = Bc(2965) [42]. The Belle Collaboration
determined the spin and parity of the charmed-strange
baryon, E.(2970)" to be J¥ = 1/2" [22] and studied the
electromagnetic decay of the excited charm baryons
E.(2790) and E.(2815) [23].

The ground-state S-wave E. and E. baryons have all
been identified. There are in total seven P-wave states for
the flavor sextet and another seven for the flavor antitriplet.
Table IV shows that for the flavor sextet five candidates
have been assigned tentatively, only for the 2A(EL.), /> and
(EL)s /> states there are no obvious candidates. For the
antitriplet, the E.(2790) and ZE.(2815) baryons are
assigned as the doublet 2A(E.); with JP =1/2" and
3/27, respectively. The latter assignment is based both
on masses and electromagnetic decay widths [23,42].

In the bottom sector, there is much less experimental
information. The LHCb Collaboration has observed the
B, (5935) and E, (5954) resonances close to the threshold
E,7 [24], which are assigned as the ground-state S-wave
baryons of the flavor sextet with spin and parity J© =
1/2% and 3/2", respectively. Also the ground-state
S-wave E, baryon of the flavor antitriplet has been
identified. The =,(6227) baryon is assigned as the
A(E))s /2 state of the flavor sextet. The E,(6100) baryon
which was recently observed by the CMS Collaboration in
the 5, z "z~ invariant mass spectrum [109], is assigned as
the 2A(E,); /> state of the flavor antitriplet.
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In Figs. 3 and 4 we present a comparison between our
results for the Z, and E’Q mass spectrum and the exper-
imental data. The conclusions of Ref. [42] remain valid.

D. ©Q, baryons

The LHCb Collaboration made the identification of five
resonances .(3000), Q.(3050), Q.(3065), 2.(3090), and
Q.(3120) [16,17]. At the same time, a further resonance
was reported Q. (3188), but because the absence of enough
statistic, they did not claim it as an authentic resonance. All
these signals were discovered in the Ef K~ decay channel.
One year later, the Belle Collaboration confirmed the
observation of the first four resonances together with
Q.(3188), however, they do not observe the Q.(3119).
Very recently the LHCb Collaboration observed two new
excited states, Q.(3185) and Q.(3327) [20], whose inter-
pretation and assignment of quantum numbers is still under
discussion. The ©.(3327) resonance is most often inter-
preted as a D-wave state [110,111], or alternatively as a 25
state [112]. Our calculations suggest to assign the Q.(3185)
resonance as a P-wave “p-excited state with J© = 3/27.

The experimental knowledge on €, has been expanded
recently with the inclusion of more resonances to the spectra
since the observation of four excited Q; states in the Z)K~
mass spectrum by the LHCb Collaboration; Q,(6316),
Q,(6330), €,(6340), and Q,(6350) [19]. The masses
and widths of these resonances were predicted in a quark

model analysis of Q, baryons before their experimental
discovery [18]. The present study is an extension of this
earlier work as well as of a previous analysis of =, and E’Q
baryons [42] in which now all singly, doubly, and triply
heavy baryons of the type By, By, and B are included.

In Table IV we present the assignment of quantum
numbers and compare our predictions for the mass spectra
with the experimental data. Table I'V and Figs. 3 and 4 show
a good agreement with the available experimental data.

E. Eyp and Q;, baryons

In this section, we extend the previous discussion of
single charm and single bottom baryons to doubly heavy
Ego and Q,( baryons using the mass formula of Eq. (26).
The only doubly heavy baryon resonance observed by the
LHCb Collaboration [29], Z,*, is assigned as the (=), »
ground state with J” = 1/2%. The calculated mass of
3619 + 2 MeV is in excellent agreement with the exper-
imental value of 3621.6 £ 0.4 MeV as is shown in Table V.
The analogous state in the bottom sector associated to
*(Epp)1 ), has a calculated mass of 10295 43 MeV. The
JP = 3/2" counterparts of these baryons, =, and =, are
assigned as 4(E..);, and *(E,4);/,. The corresponding
Qpo ground states assignments in our notation are
Z(Qcc)uz’ Z(be)uz’ 4(Qcc)3/2 and 4(be)3/2- In addition
to the S-wave ground state baryons, we also present the

TABLE V. Mass spectra of double charm and double bottom S- and P-wave baryons. The states are labeled according to Egs. (22 and 23)
and the quantum numbers (n,,n,), I, L, S, and J*. The parity is given by P = (—1)". The experimental value is taken from [15].

Double-charm baryons Q = ¢

Double-bottom baryons Q = b

State (nyom;)) I L § J° MD MeV) M MeV) Name * MM" MeV) M (MeV) Name
(E00)1/2 ©00 1 0o I I+ 3619+2 3621.6+04 E 3 1029543 e Epp
(Eo0)32 0o 1 o0 3 3 3686+2 Efe 10317 +4 e B,
2(E00)1)2 (Lo L o1 L 1= 382342 10411 £3 e
p(Ego)32 Loy L 1 1 3 385542 10417 £3
o012 on L1 3 1= 404842 10700 + 4
o032 on o1 13- 40812 10707 + 4
“WEo0)1/2 on L1 3 1= 4082+2 10716 +4
(E00)3)2 on L1 3 3 414+2 10722 + 4
(E00)s)2 on L o1 3 = 4169+2 10733 £ 4
2(Qp0)1)2 ©o 0 o0 LI It 3766+2 Q.. 10438 +3 e Q
*Qp0)3/2 ©00 0 0 3 3+ 3833+2 Q. 10460 + 4 e Q;,
p(Qoo)i, (1L 0 1 1 1= 39702 10554 +3

p(Qgp)s, (1O 01 L3 4002+2 10560 =+ 3

A(Qo0)i, O 0 1 Lol 4lnnx2 10762 + 4

MQpp)s, O 0 1 13 414442 10768 + 4
Qo)1 O 0 1 3 = 4145+2 10778 -4
WUQpo)s, O 0 13 41772 10784 + 4
(Q00)s)2 on o0 1 3 = 423242 10795 £ 4
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4300 5100
= 4232 (5/27) 5073 (3/2
1200k i 5073 (3/27)
4169 (5/27) 145 E%Ti 5050k
= 4144 (3/2 =04 0
owp g R0 0/)
= 4081 (1?2 ;
— 4048 (1/2 =
= 4000f . 4002 (3/27) % 5000
= =—3970 (1/27) %
5 3900F 2
z = 3855 (3/27) S 4950
s - 3803 (1/2- = 3833 (3/2%) 0, =
3823 (1/2
= 3s800[ W
= 3766 (1/27) Qu
37001 - 3686 (3/24) 2 4900} Qece = 4903 (3/27)
oo — = = 3619 (1/2%) =, Present work ® Present work ®
3600 (2= Exp. data, PDG &
. . 4850 .
Zee Qee Qece
FIG. 5. Comparison between the experimental data (red tri-

angles) and our quark model calculations (blue squares) of the
mass spectra for the double-charm baryons, E.. and Q.., and
triple-charm baryons, Q...

results for the P-wave baryons with one quantum of
excitation in the p and A coordinates in Table V and
Figs. 5 and 6.

The masses of the doubly heavy baryons are comparable
to the values reported in a quark model descriptions
by Yoshida et al. [39] and Karliner and Rosner [38],
Regge phenomenology [60], heavy diquark-light quark
model [61], and lattice QCD calculations [15,35]. In
Table VII we present a comparison of the present results
for the masses of ground state baryons with those obtained
in constituent quark models [38,39] and lattice QCD
calculations [35]. In general, there is a good agreement
between the three different calculations and the available
experimental data. For double bottom baryons there is no
experimental information. For these baryons our values as
well as the CQM results of [39] are about 150 MeV higher
than the lattice QCD calculations [35].

Finally, we present the equal-spacing mass rules for the
doubly heavy baryons. For the A-mode excited baryons
one has

[ 10795 (5/2 L
10800 L oo 149600 14961 (3/27)
10733 (5/27) 10778 (3/27) r 14954 (1/27)
183?2 E;gi) 10768 (1/27) [
10700F i 10%07(1/27§ 10762 (1/27) 149400
10700 (172~ ¥
— —~ 14920
.\_‘% Hooor 10560 (3/27) 5 :
- ol - F
< = 0551 (12) < 14900f
2 105 2 r
Z 10500 K :
= 10160 (3/2) @, <~ 14880F
T 10438 (1/27) [
10400 10411 (1/27) 148601 s E 561 (3/21)
10300F x }SQ%ZE‘I‘?Z’EL: Present work ® 14840F  Present work ®
Zp Qupy Qi
FIG. 6. As Fig. 5, but for double- and triple-bottom baryons.

MHA(Qpg) ;) = M(*H1A(Egg),)

_ 3
=my — My + 0,(Qpg) — w,(Egp) — ZE

63 MeV (Q=c)
= (35)
62 MeV (Q=0).
For the p-mode excitations the frequencies are the same,
@,(Qpp) = @,(Egp), and the equal-spacing mass rule
reduces to

M(p(Rp0);) —M(p(Ego),)

= my _m“/d_é_lE

B { 147 MeV (0 =

(36)
143 MeV

F. Qg baryons

Even though triply heavy baryons, Q... and €, have
not yet been observed experimentally, there are many
ongoing efforts to study these states and understand their
implications for hadron structure and the strong interaction.
According to the quark model classification the ground
state of these baryons has spin and parity J* = 3/27, and is
labeled as *(Qccc)3n and *(Qypp)3/. Just as for three
identical light quarks, for three identical heavy quarks
the p- and A-modes become degenerate. The wave function
of triply heavy P-wave baryons is given by Eq. (24), a
single state *E(Qppp), with J# = 1/27 and 3/2".

The mass spectrum of triply heavy S- and P-wave
baryons consists of three states with angular momentum
JP =3/2%,1/27 and 3/2". The results are presented in
Table VI and the right panel of Figs. 5 and 6. Table VI
shows that the splitting between the masses of S- and P-
wave baryons is about 150 MeV for Q... and 100 MeV for
Q,1p, in comparison with values of more than 300 MeVin a
recent calculation in a nonrelativistic constituent quark
model [36].

The PDG review of lattice calculations of the mass of
the ground state ... baryon shows a range of 4700—
4800 MeV [15]. The same approximate range was found in
recent reviews of theoretical values in both model and
lattice calculations [36,40]. Our calculation yields a slightly
higher value of 4903 MeV which is about 100 MeV above
the result of the lattice calculation of Brown et al. [35] (see
Table VII).

Similarly, recent reviews of the ground state mass of the
triple bottom €,,, baryon show a range of 14,000—
15,000 MeV [36,40,60]. We calculate the ground-state
mass to be 14861 MeV which is within the this range, and
about 500 MeV higher than the lattice calculation of Brown
et al. [35] (see Table VII).
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TABLE VI.
quantum numbers (7,7,

Mass spectra of triple charm and triple bottom S- and P-wave baryons. The states are labeled according to Eq. (24) and the
), I, L, S, and J”. The parity is given by P =

(=D~

Triple-charm baryons Q = ¢

Triple-bottom baryons Q = b

State (n,m)) I L S JP M™(MeV) NRCQM [36] Name M% (MeV) NRCQM [36] Name
“Q000)32 00 0 0 3 3  4903+3 4828 Qe 14861 £ 5 14432 Qv
E(Qppo)1y (10 0 1 1 = 5040£3 5142 14954 £ 5 14773
E(Qppo)s, (10 0 1 1 3 5073+3 5162 14961 £ 5 14779

IV. ELECTROMAGNETIC COUPLINGS

Electromagnetic couplings provide an important tool to
investigate the properties of baryons since they are far more
sensitive to wave functions (and models) than masses.
Recently, the Belle II Collaboration reported the first
measurement of radiative decay widths of charmed bary-
ons. It was found that the widths of the neutral Z,(2790)°
and E,(2815)° baryons are large, whereas for the widths of
the charged E.(2790)" and E.(2815)" baryons only an
upper limit was established [23]. In the following we
analyze the radiative decay widths of heavy baryons in
the harmonic-oscillator quark model.

TABLE VII. Mass spectra of single, double and triple charm
and bottom ground-state S-wave baryons. The first uncertainty in
the lattice calculations is statistical and the second systematic.

State QM [39] KR [38] LQCD [35] Present M (MeV)
A, 2285 22865 2254(48)(31) 2281  2286.5(1)
Y. 2460 24440 2474(41)(25) 2455  2453.5(1)
i 2523 25077 2551(43)(25) 2521 2518.1(2)
E, 24753 2433(35)(30) 2474  2469.1(2)
= 25654  2574(37)(23) 2586  2578.5(4)
i 2632.6  2648(38)(25) 2653  2645.6(2)
Q. 2731 2692.1 267937)(20) 2733 2695.2(17)
Q2779 27628 275537)(24) 2799  2765.9(20)
E. 3685 3627(12) 3610(23)(22) 3619  3621.6(4)
Er. 3754 3690(12) 3692(28)(21) 3686
Q.. 3832 3738(20)(20) 3766
Q. 3883 3822(20)(22) 3833
Qe 4796(8)(18) 4903
A, 5618 56194  5626(52)(29) 5615  5619.6(2)
T, 5823 5805.1 5856(56)(27) 5810 5813.1(2)
TE 5845 58267 5877(55)(27) 5832  5832.5(2)
g, 5801.5 S771(41)(24) 5812 5794.5(4)
= 59213 5933(47)(24) 5935  5935.0(1)
o 5944.1  5960(47)(25) 5957  5953.8(3)
Q, 6076 60428 6056(47)(20) 6078 6045.2(12)
Q6094 60667 6085(47)(20) 6100
g, 10314 10162(12) 10143(30)(23) 10295
g, 10339 10184(12) 10178(30)(24) 10317
Q,, 10447 10273(27)(20) 10438
Q, 10467 10308(27)(21) 10460
Qs 14366(9)(20) 14861

The Hamiltonian for electromagnetic couplings is given
by [113]

H=e / PxIH(F)A, (). (37)

where A, (X) is the electromagnetic field and J¥(X) is the
quark current

(38)

Zeq (X)rtq(x

q

where the sum runs over all quark flavors. For each flavor
g, there is a quark field ¢(x) (Dirac spinor field) and e, is
the corresponding electromagnetic charge.

The electromagnetic decay of an initial baryon B to a
final baryon B’ is described by the emission of a left-
handed photon, B — B’ + y (see Fig. 7). The final baryon is
a ground-state baryon without radial excitation. The non-
relativistic interaction Hamiltonian for the electromagnetic
couplings for the emission of a left-handed photon is given
by [100,114]

BI

B

FIG. 7. Photon emission from a heavy baryon in the radiative
decay B — B’ +y.
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3

3 . 1.
Hem:ZHem.jzz —Zﬂ] ksj,—Uj__Tj,— s
— ko — g
j=1 Jj=1
f]j _ e—il??j’
A 1 - -
Tj-=3 (Pj,—e_'k'” + e Pj;—)’ (39)

where 7}, p;, 5, and y; are the coordinate, momentum, spin
and magnetic moment of the jth constituent quark, respec-

tively. The photon energy is denoted by &, and k = k2 is the
momentum carried by the emitted photon along the quan-
tization axis, z. The coefficient g is related to the quark-scale
magnetic moment, g = 1.

The electromagnetic decay widths of a given baryon is
expressed in terms of the helicity amplitudes which in turn
correspond to the transition matrix elements of the inter-
action Hamiltonian of Eq. (39)

A, = (wp,J v —1[Hemlwg, J, V), (40)

where v is the helicity quantum number. For three identical
quarks, the contribution of each one of the quarks is the
|

same and one can write
-Av: <l//B’vJ/vU_1|3Hem,3|l//BvJvl/>’ (41)

whereas for two identical quarks which are different from
the third one has

Av = <WB’7J/’V_ 1|2Hem,l + Hem,3|l//B7J’ l/>' (42)

In order to calculate the helicity amplitudes of the baryons,
we expand the coupled basis |(n,l,)(n,l;)L, S;JM) into
the uncoupled basis

(L.S)J.M)=">"(L.M,.S.M|J.M)|LM;SMy), (43)
M Mg

and use that the final state is a ground-state baryon with
L' =0 and J' = §'. The helicity amplitude can be reex-
pressed in the following way

Al/(k) = Z <L’ML’S9MS|J’ U><WB/’070;S/ = J/’MS/ =v- 1|Hem|l//B’L7ML;S7MS>

M Mg

3
T
_ 2\/;0; {k<L,o; S.v

1
——(L,1;S,v—1
g

A. Radial integrals

The helicity amplitudes for the emission of a left-handed
photon can be expressed in terms of the radial integrals

U= <V/O|Uj|l//i>v
Ti,j = <V/0|T',—|ll/i>» (45)

with i = 0 for ground-state S-wave baryons and i = p, 4 for
excited-state P-wave baryons. The radial integrals can be
evaluated by using Jacobi coordinates and their conjugate
momenta of Eq. (7). For ground-state baryons one has

12 2_3m’k2242
UO,l = U0,2 = ¥ /8¢ (2m+m’ )/ a/17

2m+m'

_(_3m k2 2
Ups =¢e ( y/ee,

TO,I = T0.2 = T0,3 =0. (46)

J. V) (wp,0,0;8, v— ll/thj‘_f]j‘l//B,L,O;S, v)

TV (g, 0,08 v = 1w T, _|yg, L 1;S,0— 1>}. (44)

For the radially excited states one finds

U/),l = _U/),Z
_ i K s k24
2a,
Up_?, - O,
Uﬂ.l = U/LZ
!
_ k 3m K2 /8a2 —( 3m’ ,k)2/24(x§
l —\/_ 72 7 c e 2mtm s
2(1/1 32m+m
k 3m _(_3m 2 2
l]/1 3 c (2m+m/k) /6a)v s (47)

S R
' a;\/32m+m'

and
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TABLE VIII.  Values of oscillator size parameters @, and a; in
MeV calculated using Eqgs. (15) and (16) for heavy baryons with
Q=cand Q =b.

TABLE IX. Spin-flip and nonvanishing orbit-flip amplitudes
for the decays Zy(uuQ) — ?Tp(uuQ) +y and Ty (uuQ) +y
with helicities v = 1/2 and 3/2.

Q=c Q=0b Spin-flip v (1s1.-) (H252.-) (M3s3.-)
a/) a a/) a 42Q g 22"Q % _ﬁ/’lu _ﬁ/’lu @/lQ
20, Ao 392 478 380 486 5~ g — b Lo
= =/
Eop. Ep 418 500 405 514 Zp](EQ) _)22Q % _\/%#u \/%#u 0
Q, 440 517 426 537 ) H ) ) O
- ﬂJ(EQ) el ZQ 3 3Hu 3Hy 3HQ
E00 601 425 771 a7 D o o E
Qoo 601 471 771 466 J\=e ¢ > a2k 3k 3 Ho
Qo0 601 601 771 771 3 M v R
2pJ(ZQ) g 42Q % \/Lg,uu _%ﬂu 0
o WEe) =T 3 ghm spme =L
Pl P2 4)'1(2Q) - 4ZQ % %/’lu %#u %/’lQ
=i m—\k/o‘ e/ /2 S 1 S Jiko
a,V?2
P P
T 0 Orbit-flip v (k1) (u2) (u3)
p3 —
2)%1(2Q) - 22Q % Hy Hu Ho
T]“‘l = T]“‘z % Hu Hu Ho
_ mky  3m’ K82 o= (k) /24 1(Zg) = *Zo 3 Hu Hu Ho
a,l\/azm + m/ ’ % Hu Hu Ho
m'kov2 3m _(_wm
Ty = —i 0V2 oGk /60 (48)

—i
a3 2m+m

Here a,, and a; are the harmonic-oscillator size parameters
of Table VIII. Their values can be calculated by using the
quark masses of Table I and the string constants C of
Table II, and are summarized in Table VIIIL.

B. Spin-flavor matrix elements

The spin-flavor matrix contribution to the helicity
amplitudes can be evaluated in a straightforward manner.
In Table IX, we present the results for the spin-flip and
nonvanishing orbit-flip amplitudes for the decays
Zo(uuQ) - 2y (uuQ) +y and *y(uuQ) + y. The con-
tributions for the other members of the flavor sextet can be
obtained by the replacements

1
Hy = 5 (/’lu + :ud):ZQ(udQ)7

Hu = Ha'Zo(ddQ),

1 =
Hu = E(/’lu +ﬂs>:':‘/Q(uSQ)’
1 =
Hu = 5 (pa + 1) 1B (ds Q)
Hy _))us:QQ(SSQ)' (49)

In Table X, we present the results for the spin-flip
and nonvanishing orbit-flip amplitudes for the decays

2o (udQ) - *Ay(udQ) + y. The spin-flavor contributions
for the other couplings for transitions from the flavor sextet
to the flavor antitriplet can be obtained by the replacements

Hu = Ha = iy — By Ep(usQ),
Hu = Ha = Ha = Hs *Ep(dsQ). (50)

TABLE X. As Table IX, but for the decay X,(udQ) —

Spin-flip v (u151-) (H252.-) (u353.-)
To—=No 3 —yr—Ha) —5E—na) 0
To-oNe 3 s ma) —szMu—p) O
5 = ma) —5sMe—pa) O
2)'1 (ZQ) - 2AQ % _ﬁ (.uu - /’ld) - 23 (ﬂu - /’ld) 0
W(EZo) =g 3 —szu—n) —5u—na) O
% _ﬁ(/’lu _/"d) _ﬁf(ﬂu _,ud) 0
Orbit-flip v (u1) (u2) (u3)
PiEo) =N 3 A ma) 3 —pa) 0
3 Awe—na) =3 (= pa) 0
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TABLE XI. As Table IX, but for the decays Ay (udQ) —
%o (udQ) +y and *Ey(udQ) + 7.

TABLE XIII. ~ Spin-flip amplitudes for the decay Qppp
(Q00Q) = *Qppp(QQQ) + y. Orbit flip amplitudes are zero.

Spin-flip v (1s1-) (H282.-) (M3s3.-) Spin-flip v (151 (H282,-) (M383.-)
Ao~ Zg 3 —ra—ma) —5me—pa) O A1(Qo00) = Qo0 3 ke sate =L
i) =20 5 Sl —pa) =5~ ) 0 1(Q000) = Q000 3 Mo  ~gHo 0
Pihg) > Zp 3 —gls—ra) gt — pa) 0
3 ok Spe—pa) 0
2 2 1 1 1
2’1’ (Ag) =2 3 ~5 W = Ha) =55 (= pa) 0 other members of the flavor antitriplet can be obtained
Ao = Zg 3 e —ra) 5 (e — ) 0 by the replacements
Piho) > 2o 5 ssu—Ha) —gmu—na) O
oiBo) = 2o 5 Fmu—pad) =5 (=) 0 o + g = Hy + s Ep(usQ),
3 1 — —_1 — 0 —_
. o2 aalem i) s i) fu + Ha = Ha+ i Bg(dsQ). (52)
(M) = Fo 3 spa—na) 57 (a — pa) 0
Orbit-fli e .
P v ) {pa) {hs) The contributions of the spin-flavor part for the doubly
pi(Ag) = g 3 5 (W = ) =3 (b = Ha) 0 heavy baryon decays can be obtained from those for the
5 5 (p— Ha) — 35 (Hu = Ha) 0 decays Xy (uuQ) —» *Zp(uuQ) +y and *Ly(uuQ) +y in
1(Ag) = *Zg T A= pa) — 3wy = ta) 0 Table IX by interchanging the light and heavy quarks
5 se—pa)  —3(—pg) O

In Table XI, we present the results for the spin-flip
and nonvanishing orbit-flip amplitudes for the decays
Ap(udQ) - Zp(udQ) +y and “*T,(udQ)+y. The
spin-flavor contributions for the other couplings for tran-
sitions from the flavor antitriplet to the flavor sextet can be
obtained by the replacements

Hu = Ha = Hy — Ky Eg(usQ),
oy = Mg = g — iy Ep(dsQ). (51)

In Table XII, we present the results for the spin-flip
and nonvanishing orbit-flip amplitudes for the decays
Ap(udQ) - *Ap(udQ) +y. The contributions for the

TABLE XII. As Table IX, but for the decays Ay(udQ) —
Ao (udQ) + 7.
Spin-flip v (u1s1.-) (H252.-) (M3s3.-)
PiNg) >N 5 —3AW ) Mt O
PiBhg) =g 5 =5t ma) 5 (e pa) 0
3 salatud saGtps) 0
Orbit-flip v (u1) (H2) (u3)
MA) = Ng 3 F(atua) () Ho
50 sltua) st ko

[1]

Hu = po &g =y Bgp(QQu),
Hu = po & g = 1y Egp(00Qd),
Hu = Ho & pg = 11 Qoo (Q05). (53)

Finally, the spin-flavor matrix elements for triply heavy
baryons are given in Table XIII.

C. Helicity amplitudes

The helicity amplitudes of Eq. (44) can be obtained by
combining the results for the radial integrals and the spin-
flavor matrix elements. In Tables XIV-XVIII we present
the results. Obviously, for the helicity amplitudes one has
the same symmetry relations of Eqs. (49)—(53) as for the
spin-flavor matrix elements.

For triply heavy baryons QQQ the helicity amplitude is
given by

7 11, 1
Ap=-2,/—(1,0,=,=-|J,5)U
=2 0,05 1.0
7 11, 1 ik 2 6.2
:_2 i 1709_7_ J9_ ——e* /6(1’
Vgl 0333 5
A3/2:07 (54)

with m = m’ = mg and a, = a; = a. The explicit expres-
sions are given in Table XVIIL.

V. RADIATIVE DECAY WIDTHS

The radiative decay width is related to the helicity
amplitudes
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TABLE XIV. Helicity amplitudes for the decays Z,(uuQ) — *Zp(uuQ) +y (top) and *Ey(uuQ) + y (bottom).

J Aij2/2+/7/ko Aspa/2+/ 7/ ko
4 3
Zo B k?(—ﬂqu,l +1oUos) k\/g(—ﬂqu.l +uoUos)
ZP(ZQ)j % k%ﬂuUp,l 0
3
) ? _k%zﬂul]p,l 0
1 0
AZo),s 2 —kﬁg(“llu Uy —1oU;3) — % \/%(ZIMMTA,I +poT,3)
3 i
2 k%(“lluUA.L —1oU;3) = 575 (2uuTo1 + uoT,3) =y @u o1+ poTis)
4 1
MZg), 2 k%(ﬂuU/l,l —uoU,3) 0
3
2 k%(ﬂuuﬂ‘] _ﬂQU/lﬁ) k\/%(,uuU/l,l _MQU/L3)
5 k2 _
? _k\/%(ﬂuUm —poU;3) k5 (mUst = poU,3)
zp(ZQ)J % _k\/Tzﬂu Up,l 0
% k%”uUp,l 0
2 1
A(Zo), 3 _k%(”u(]ﬁ.l —uoU,3) 0
% kﬁg(ﬂuUl,l _//‘QU/LS) 0
WUZo), % —k325 uUsy +poUs3) = 4z Ton + 1oT)3) 0
2 —k3 7= uUsi +1Uss) — \/%(2%7‘&.1 +uoT)3) —k = 2 Uj1 + 1oUss) =5 \@(2%@.1 +poT)3)
5
2 k\/%(zﬂuUm +upU;3) = é \/%(2ﬂuTl.l +ppT)3) k\/%(zﬂuUm +uoU;3) = é ﬁ(zﬂuTﬁ,l +poT)3)

1 2
LB~ B +7) = 2mp w5577 D MUKIP. (55)
v>0

The widths are calculated in the rest frame of the initial
baryon B. In this reference frame, the momentum of the
emitted photon is given by

2 _ 2
k="8""p (56)

2mB

TABLE XV. As Table XIV, but for the decays X,(udQ) —

J Aip2/2y/7/ky Asja/2y/7]ky
g 3 ~k 5 (4 = 1a) U1 0
g 5 k(i —wa)Uos =k (= pa)Uos
2 1 0
o) 2 -l \/§<uu —pa)T

% _é%(ﬂu _'ud)T/’J _é(:uu _ﬂcl)Tp.l
2/1(2Q)J % k%(:“u _/"d)Uﬂ.l 0

3

2 _k\(TE(ﬂu —Ha)Up, 0
Uzo)y 3 kﬁ(ﬂu —pa)Us 0

3 1

2 km(ﬂu _.ud)UA.l k\/%(ﬂu _/’td)U/L]

% _kﬁ(ﬂzt —ua)Up —k\/%(/tu —u)Uj,

and the space phase factor has the form

EB/kz
mpg ’

p=4rn (57)

The energy of the final baryon is Ey = y/m32, + k*. The

value of ¢ is taken as g = 1 for all electromagnetic decays.

The quark magnetic moments of the light quarks are
determined by the magnetic moments of the proton,
neutron, and A hyperon as u, = 1.852 uy, uy, = —0.972
Uy, and g, = —0.613 uy. In the absence of experimental
information on the magnetic moments of heavy baryons,
the magnetic moments of the heavy quarks are calculated
from the heavy quark masses as py = egmy/mg puy to
give p. = 0.390 uy and p;, = —0.063 uy.

A. Singly heavy baryons

For electromagnetic decays of singly heavy baryons the
final baryon B’Q is a ground state S-wave baryon, i.e.,
(By), /2 Or 4Bp)3 /2 of the flavor sextet 6 or (By), /> of the
flavor antitriplet 3.

First, in Table XIX we present the radiative decay widths
for ground-state S-wave baryons. In the absence of exper-
imental data, we make a comparison with the predictions of
other approaches: light cone QCD sum rules (LCQSR), bag
model (BM), vector-meson dominance (VMD), chiral
quark model, nonrelativistic quark model, heavy baryon
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TABLE XVI.  As Table XIV, but for the decays Ay (udQ) — £, (udQ) + y (top) and *E,(udQ) + y (bottom).
J Aijp /27 [ky Aspa/2+/ 7/ ko
2 1 0
p(AQ)J 2 —kig(ﬂu _/'{d)Up,l _é\/%(ﬂu _ﬂd)Tp,l
3 1
2 K3 (= 1)U = 5 (= ) T ol )Ty
(Ag)y ! ke (= 1a) Uy 0
% kﬁ(”u _ﬂd)U/)‘l k\/%_o(ﬂu _/"d)Up,l
% _k\/%(:uu _;“d)Up.l —kﬁ(//lu _'ud)Uﬂvl
MAg), 3 k3 (= pa) Uy 0
3
2 _kg(ﬂu _/"d)U/l.l 0
2:O(AQ)J % _k% (/’lu - ﬂd) U/),l 0
3 ke (u, — /td)U 0
4:0(AQ)J % k \/7; (/‘u /’ld)U - q \/‘ /"u /"d)T 0
3
D kel U =S )T ks G = k) U = = 00T
5
2 k\/L]_S ('Llu - /’td) U/),l - (ll \/%(/Jlu - ,Md)T/,,] k\/7 Mu /’ld pl = \/’(”u /’ld)T/i‘l
2’KAQ)J % _kﬁ (/"u - /"d) U/L] 0
% k%(ﬂu _,ud)ULl 0
TABLE XVIL  As Table XIV, but for the decays Ag(udQ) — *Ap(udQ) +
J A2 /7 ]k As/2/a/ko
0(Ag); ! kX (uy + p1a) Uy 0
3
2 —k 2 (i + 1)Uy 0
4/)(AQ)J % kﬁ(”u +/’ld)Up,l 0
3 1
3 k55 (i + ) Uyt k\/%(,u“ + 1)U,
% _k\/l'im(/‘u +.ud)Up.l _kﬁ(ﬂu +/’td)Up.l
2 1 0
A(No), 2 _kL\/—/"QUAS —l\ﬁ[(ﬂu + #a) i1+ poTss]
3 1
2 ky/3oUss = ¢ [y + 1a)Tox + 1oT 5] o[+ 10T+ ol

chiral perturbation theory, relativistic quark model (RQM),
and hypercentral quark model (hCQM). The different
theoretical calculations are in qualitative agreement with

transitions ‘2" - 22 +y and 220 —
somewhat smaller widths, and the remaining transitions
have very small widths.

2=0
=, +y have

each other; the transitions %, — *Ay +y and ‘T, —

Next, the electromagnetic decay widths for singly heavy

2AQ +y are calculated to have the largest widths, the P-wave baryons are shown in Tables XX and XXI for single
charm baryons and in Tables XXII and XXIII for single

bottom baryons. We compare our results with those obtained

TABLE XVIIL As Table XIV, but for the decays in the chiral quark model Q(QM) of.Wang et al. [58]. In
Qo00 = “Qpop +7- Ref. [§ 8], the electromagnetic Qecay widths are calculate.d by
combining the masses obtained by Ebert et al. in a

J Ain/2 Vlky Asp/2 V7lky relat?v?st?c heavy—ql'lark—li.ght—diquark picturg [46] with non-

E(Zyg) 1 P 0 relativistic harmonic-oscillator wave functions. Moreover,
0oo/y 2 Nl s the yQM results for the decays of the P-wave p-mode states

3 —ky /210U, 5 0 of the antitriplet baryons in Tables XXI and XXIII were

obtained assuming the same masses as for the A-mode
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TABLE XIX. Radiative decay widths of single charm and bottom S-wave baryons in keV.

hCQM
LCQSR BM VMD 4QM NRQM HByPT RQM
By — By  Present [63,64.66] [115] [116] [58] [117] [76] [118] [119]  [120]  [49]
gt 2k, 21 2.65+1.60 0826 3567 394 115 1.20 1.32 0.85
D) 00 0404022 0004 0.187 0004 <10* 004  014+0004 1x10* 9x 105
450, 250, 1.8 008+0042 108 1.049 343 LI2 0.49 1.072 120 155
254 5 20ty 872 50.0+17.0 46.1 80.60  60.55 65.6 607+15 7120  58.13
4SE S 2\Fy 1994 130435 126 4093 373 15448 1618 151 +4 171.9 14397 2133
dEr Lm0l 0.274 0.011 0485 0.004 0.07
40 _, 2300, 1.4 2.142 1.03 1317 3.03 0.42
=, 2%, 206 85425 102 423 5.43 127£15
220 _, 250, 04 0274006 0.0015 0.00 046  0.17 +0.002
dm L 2m, 742 52432 443 1524 139 63.32 21.6 5443 17.48
40 _, 230, 1.6 0.66+041 0908 1318 000 030 1.84  0.68+0.04 045 091
400 - 200, 1.0 0.932 1.07 1439 089  2.02 0.32 0.34 1.44
DO % 0.1 046+028 0054 0.137 025 008 0.05
450 _ 250, 00 0.0284+0.02 0005 0.006 002 <102 3x1073
i 2y 00 0.114+0076 001 0040 006 001 0.013
250 270 128.1 152.0+60.0 589 130 9479  108.0
450 5 270y 1688  114+62  81.1 2215 335 12862  142.1
4510 _, 2510, 0.0 0.131 0.004 0281 5.19 1.5 % 1073
agls L 2mly 0.0 0.303 0.005 0.702 15.0 8.2 x 1073
220 _, 250, 284 4704210 147 84.6 13.0
=L 2y 0.6 33413 0.118 0.00 1.0
4g10 _, 250, 452 135485 247 2708 104  18.79 17.2
agl L 2y 1.0 1.504+0.095 0278 2246 000  0.09 1.4
Q- 20y 0.0 0.092 0.006 2873 0.1  0.03 0.031

excitations. In the present calculation, we have calculated the
mass spectra and the radiative widths in a consistent manner
in the framework of a nonrelativistic harmonic-oscillator
quark model. The largest widths are obtained for the decays
of the p-mode excitations, in particular p(X}), — 2A} +7,
2p(EF); = 2Af +y, and the corresponding decays in the
bottom sector p(X0), = 2AY +y, p(EP), = 2AY + .
The only available experimental information is the meas-
urement of the radiative decay widths of the excited
E.(2790) and Z.(2815) baryons by the Belle II
Collaboration [23]. It was found that the electromagnetic
decay widths for neutral baryons are large (albeit with a large
uncertainty), I'(£2(2815) — E0 + y) = 320 £+ 45 keV and
[(22(2790) — E2 +y) = 800 + 320 keV,  while  for
charged baryons only an upper limit was obtained
['(E(2815) - Ef +7) <80 keV and T'(Ef(2790) —
El +y) <350 keV. Inspection of Tables XX and XXI
shows that this behavior is in agreement with the assignment
of the E.(2790) and Z.(2815) baryons as A(E.), states
with J® = 1/2~ and 3/2, respectively, which confirms the
prediction made in Ref. [58]. In Table XXIV we show a
comparison with other theoretical calculations. We find a
reasonable agreement between our calculation and the
experimental data, as well as with the yQM results.

The decay widths of E.(2790) in Ref. [121] in which
charmed baryons are interpreted as meson-baryon molecular
states are calculated to be ~250 keV for the charged baryon
and ~120 keV for the neutral baryon. Even though these
results are in qualitative agreement with the data (which have
large error bars) their behavior is very different from the
present results and the yQM. In the light cone QCD sum rule
approach of [65] the radiative decay width of the charged
E/(2790) baryon is calculated to be much larger than that of
the neutral E2(2790) baryon, in contradiction with the
experimental data. Finally, a calculation in the relativistic
quark model shows a larger radiative width for the neutral
E.(2815)° than for the charge =.(2815)" state [118],
although the calculated value of I'(Z.(2815)" — Ef +7)
is much larger than the upper limit from experiment.

B. Doubly and triply heavy baryons

For electromagnetic decays of doubly-heavy baryons
the final baryon By, is either *(By,), /2. OF “(Byp)s j2 of
the flavor triplet 3. The electromagnetic decay widths
for doubly heavy S- and P-wave baryons are shown in
Tables XXV and XXVI. We compare our results with those
obtained in the chiral quark model (yQM) of Xiao et al
[58] in which the electromagnetic decay widths are
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TABLE XX. Radiative decay widths of sextet singly heavy
charm P-wave baryons in keV.

TABLE XXI.

Radiative decay widths of antitriplet single charm
P-wave baryons in keV.

Present 2QM [57,58] Present 7QM [58]
A, . . 2A, . %, A D) Py A D) Py
U )2 67.1 34 283 304 2UA[),,, 01 10 00 026 045 005
()3 5518 5.6 210 147 (A 0.7 25 02 030 117 026
A1) 12.5 1.7 854 387 (A1) 96 973 15 159 416  0.02
A3 486  68.8 17.5 181 DALy, 118 4470 25 235 480 0.9
A5 497 4503 136 168 Yp(Af),, 5.8 5.3 60 080 008 681
%(EE )1 178.1  56.6 D(AL)s, 194 211 790 329 055 174
2(ZE )3 2155 722 D(A)s, 161 222 3628
WEH), 1100 46 03 483  1.60 0.31 =, = )
2/1(2*)3/2 132.9 4.9 05 873 4.64 1.55
¢ (=t
U 66.7 1.1 15 521 092 175 2’1(:1)1/2 74 1.3 0.1 465 143 044
ALy, 2209 45 20 105 186 068 21(21 )32 1;'2 ]4?2 ?‘(3) ?'22 21235 8'22
AZHs, 1798 47 23 594 146 089 2p(fi )ij2 : ' : : '
b ). 6182 101 32 4,)(21)3/2 162 481.6 17 1.8 110 052
pEe €46 122 4l p(E)1)2 7.8 37 137 075 041 434
N 4p(Ej)3/2 28.0 152 1115 281 1.85 581
2/1(28)1/2 156.1 0.6 205 0.39 4p(5j)5/2 257 16.5 367.7
/1(26)3/2 4322 0.9 245 1.82 Yo 005 26
9(20), 20 139 102 289 AEy, 202 0.0 00 263 00 00
A(D), 75 1097 212 159 AEYD;, 2926 01 00 292 00 00
20(52)1 5 491 156 %(E)s, 265 102 00 750 00 00
2/7(22)3/2 594 19.9 ) 58)1/2 12.8 0.1 03 3.00 0.0 0.0
- — 0 - — PEY, 459 0.3 24 112 00 00
e R S S B H@EYs, 421 04 T8
WE)y, 379 00 03 464 003 1.61
29 (= + .. .
4/1(::i)3/2 202187 0.5 461 12.1 1.59 calculated by combining the masses obtained by Ebert ez al.
AE iy 25.2 13 01 145 033 0.16 in a relativistic light-quark-heavy-diquark picture [45] with
WE )3 90.6 52 09 546 206 1.64 nonrelativistic harmonic-oscillator wave functions. Once
WEE)s, 834 58 141 320 163 2.35 again, we note that in the present calculation mass spectra
PED Ly, 7095 127 3.5 and radiative widths in a consistent manner in the frame-
PE L), 7605 16.4 4.8 work of a nonrelativistic harmonic-oscillator quark model.
(=) 08 1583 01 00 472 1.00 Tables XXV and XXVI show that the radiative decay
2/1(;,5)1/2 11 3393 03 00 30 105 widths of %p(Byp), baryons are very small. This can be
5 e O. 5 0' 6 1 8. 5 0' 0 020 1.2 5 understood as follows. Just as for the case of singly heavy
(Fe)iya ’ ’ ’ ' ' baryons, for doubly heavy baryons the main contribution to
AE9) 19 25 1080 00 121 187 o ; :
P ’ ’ ’ ’ ’ the radiative decay widths comes from the light quarks.
2/1(: 8)5/2 1.8 2.7 248200093 192 Inspection of Table IX and Eq. (53) shows that the light
P(E) ) 150 207 5.7 quarks do not contribution to the spin-flip amplitudes for
P(ED)3) 16.1 268 7.8 the decays 20(Z90); =2* Egg and %(Qp0); =24 Qpp. In
0, Q. 0, Q. addition, for these decays the orbit-flip amplitude vanishes
— identically. As a consequence, the electromagnetic decay
A1 135.7 0.0 0-36 0.02 widths of %p(B), baryons are very small.
2905 2516 0.1 035 <00l , ,
4110 For electromagnetic decays of triply heavy baryons the
A(Q0), ) 02 175 020  0.08 . : 4
final baryon is the ground-state S-wave *(Q 00 )5/, state of
2Q0) 07 909 <001 033 . 700032,
ar gt A2 ’ ’ ’ : the flavor singlet 1. The electromagnetic decay widths of
2’1(93)5/2 0.7 1770 <001 018 triple heavy baryons Q,,, are shown in Table XXVIL
P(Q)1)2 8.1 1.9 Since in this case there are only heavy quarks the radiative
()30 11.0 29 decays are highly suppressed.
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TABLE XXII. Radiative decay widths of sextet singly heavy TABLE XXIII. Radiative decay widths of antitriplet singly
bottom P-wave baryons in keV. heavy bottom P-wave baryons in keV.
Present ¥QM [58] Present QM [58]
2Ab ZZb 42b 2Ab 2217 4217 2Ab 22[) 42[7 2Ah 22/7 42})
AEh 267.7 5.3 1016 169  Z(A)),, 407 0.2 00 502 014  0.09
2(Z )32 864.7 5.8 483 156 Z(A));, 434 03 00 528 021 0.5
AU 89 192 531 867 %p(AY),, 102 933 20 162 162 0.02
A3 272 209.6 131 527 (AY),, 106 3156 22 181 151 0.03
WD) 200  589.4 807 426 4p(AY),, 56 35 62 081 002 825
(2 1821 793 DNy, 162 106 739 254 007 9.90
()3 1892 828 DAY)s), 110 78 2165
(20 156.2 21.3 0.3 133 74.9 1.03 2= 20 = 25 20 4t
b/1/2 =b =p =p =b =p =p
ALYy, 1622 593 03 129 379 095
AED ) 85.3 0.5 19 636 032  63.6 2ED),,, 831 0.6 0.1 63.6 132 2.04
AED)s, 2474 L5 162 170 080 398  A(F));, 889 0.7 02 683 1.68  2.64
ALY, 1682 L1 395 833 049 326  (E)),, 133 1445 17 1.86 943 0.62
(), 5265 103 45 »(EY);, 140 3772 19 210 694 0.80
(), 5231 107 47 DEY,, 75 29 147 093 016 800
()1 50.9 15 22 436 ‘P(EDs, 222 88 1097 294 080 780
%(Z5)s)2 1962 16 o4 402 PE)sp 154 65 2452
A2 25 27 137182 gy, 915 00 00 135 00 00
UZy)sp 77 416 339107 (g;),, 96l 0.0 00 147 00 0.0
UZY)s) 57 1370 208 853 %(gp),, 218 3.1 00 719 0.0 0.0
()i 502 219 »(Ey)s, 230 8.0 00 813 0.0 0.0
(2332 521 228 DE;), 123 0.1 03 359 00 0.0
D(Ey)s, 253 0.1 52
WEY),, 507 529 03 722 763  0.89
2/1(5/2)3/2 539 111.5 0.3 72.8 43.9 0.90
WY, 293 0.6 69 340 025 695
UEs, 8T L7388 940 067 475 VI. SUMMARY AND CONCLUSIONS
WUED)s, 616 13 694 477 044 415
(), 708.1 13.4 5.5 In this article we presented a study of masses and
2(210) 7147 141 59 electromagnetic couplings of singly, doubly, and triply
, b heavy baryons where the heavy quark can either be charm
== o s e . .
AE 2 11 0.8 0.5 0.0 190 3.54 or bottom. We adopted a nonrelativistic harmonic-oscillator
ME} )3 L1 1281 06 00 923 360  guark model in which we use a Giirsey-Radicati form for
AUE D)) 0.6 1.0 56 00 148 164 the spin-flavor dependence. The parameters are determined
AE})s) 1.8 3.0 385 00 294 104 in a simultaneous fit to 41 heavy baryon masses, 25 single
AEY)s ) 1.3 22 82.7 0.0 188 88.2 charm, 15 single bottom and one double charm, with an rms
PED 15.0 21.9 9.0 deviation of 19 MeV.
PE )3 152 23.0 9.6 In the harmonic-oscillator quark model there are two
> : 8 ; radial excitations for g¢Q and Q Qg baryons; a p-mode for
2 2 2 2 the relative motion between the two identical quarks and a
)12 36.0 0.2 154 1.49 A-mode for the relative motion between the pair of
2253 73.7 0.2 83.4 1.51 identical quarks and the third quark. For ggQ baryons
WU 0.4 51 0.64 9923  the A-mode has a lower frequency than the p-mode, while
D) 1.1 26.7 181 7068 for QQq baryons the situation is reversed. In this study
4/1(9_)‘/ 0.9 45.1 121 6326  We focused on ground-state S-wave baryons and excited
zp(Qb_)S/ ? 8.7 34 P-wave baryons. The assignment of quantum numbers to
b )12 . g . .
the experimentally observed heavy baryons is based
2(Q5)3)2 92 37 P y y bary

mostly on energy systematics.
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TABLE XXIV. Radiative decay widths in keV of the E,(2790) and E,(2815) baryons.

Present 2QM [58] MB [121] LCQSR [65] RQM [118] Exp [23]
E.(2790)* - Efy 7.4 4.6 249.6 419 265 + 106 < 350
Z.(2790)° — 2%y 202.5 263.0 119.3 £21.7 2.74+0.8 800 £+ 320
E.(2815) - Efy 4.8 2.8 190 £ 5 < 80
E.(2815)0 — 250y 292.6 292.0 497 + 14 320 + 4578
TABLE XXV. Radiative decay widths of triplet double charm TABLE XXVI. Radiative decay widths of triplet doubly heavy

S- and P-wave baryons in keV.

bottom P-wave baryons in keV.

Present 2QM [56] Present 2QM [56]
Eee Bee Bee Bec By = By =
YE4)s) 2.1 16.7 429,)3 0.1 1.19
EL 373.1 23.0 105 17 4(E) ), 674.1 35.0 455 235
AEL )3 172.7 32.1 495 196 2(29,)s 387.8 37.2 984 265
AWEL )1 55.9 0.5 35.7 287 AEY,) 492 2.2 555 1330
AEL )32 196.5 41.0 147 212 AEY)s 1452 127.8 172 773
AUEL s 173.9 403.1 136 181 AEY,)s) 101.7 555.6 121 569
2(E) ) 0.1 0.0 <05 <05 %(E), 0.0 0.0 1.15 0.72
(B )3 0.2 0.0 <20 <20 2(EY)s5 0.0 0.0 3.30 2.66
YEh)s) 1.9 14.6 YE5)30 0.0 0.24
2EL)1 300.7 5.6 250 246 UE) 150.0 9.7 71.1 59.3
2EL)s 241.2 7.7 442 407 A(E;,)s 79.4 103 182 67.1
UEL) )2 133 6.9 747 208 AE;) 13.7 0.0 14.0 271
AEL)s) 46.5 83.2 30.5 189 (E;,)3 403 23.6 435 149
AUEL)s) 40.8 303.4 28.0 198 4U(E5,)s) 28.2 128.9 30.5 104
(&)1 0.1 0.0 <05 <05 ()1 0.0 0.0 1.15 0.72
(B3 0.2 0.0 <20 <20 () 0.0 0.0 3.30 2.66
Q.. Q.. Q.. Q.. Qy, ‘Qy, Qy “Qy
“Qr {(Qpp)3/2 0.0 0.08
25‘(2@33)/2 17;'; o5 62'992:’ T 63.6 13 76.9 262
2/1(916)1/2 o7 s 50 M@ 45.6 1.4 151 30.0
‘%(QT)M U 5 1o A T I 2.1 2.9 6.38 188
ol s oy 00 s M) 6.3 20.6 20.0 117
M c+c>3/z . 1o o s M) 46 445 14.2 90.9
21(9“)5/2 ' ' ‘ (@)1 )0 0.0 0.0 1.41 111
P 01 00 <04 <040 0.0 0.0 3.38 3.16
()32 0.2 0.0 <20 <20 bh73/2
All ground-state S-wave single charm baryons have TABLE XXVII. Radiative decay widths of singlet triply heavy

been observed, and all but one for the case of single bottom
baryons. In addition, there are seven P-wave excited
baryons, five of which correspond to the A-mode and
two to the p-mode for the sextet baryons, X, E’Q, and Q.
For the antitriplet baryons, AQ and EQ, there are two P-
wave excitations of the 2-mode and five of the p-mode. For
Q. baryons we have made (tentative) assignments of six
(out of seven) P-wave excitations (54 and 1p), compared to

P-wave baryons in keV.

Present
ZE(Q:TC(?)I/Z - 493;'07 00]
2E(Qj“)3/2 —Qlcy 0.04
2E(ngb)l/Z - 4921,1,7 0.00
E(QYy)32 = )y 0.00
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five for B, baryons (34 and 2p), one for X baryons (14),
four for A, baryons (24 and 2p) and two for E, baryons
(24). For single bottom baryons there is much less exper-
imental information available. We have been able to make
the following identifications: €, (44), Z, (14), Z,, (1), A,
(22), and E, (14).

In Sec. IIl we discussed equal-spacing mass rules for
A- and p-mode excited baryons. For the case of -mode Q.
and E. baryons the equal-spacing mass rule of Eq. (29) is
satisfied to a good precision. The other equal-spacing mass
rules, Eqs. (31)-(34) for singly heavy baryons and
Eqgs. (35)—(36) for doubly heavy baryons, may help to
identify the missing heavy baryons in the charm and bottom
sectors.

The calculated masses in the present harmonic-oscil-
lator quark model are in good agreement with the
available experimental data. For ground state baryons
our results are comparable to those obtained in a quark
model description by Karliner and Rosner [38] and lattice
QCD calculations [35].

In the second part of the article we presented the results
for electromagnetic couplings. We presented explicit results
for all spin-flavor matrix elements and the radial integrals in
the harmonic-oscillator quark model. The radiative widths
are dominated by the contribution of the light quarks. As a
consequence the radiative decay widths of triply heavy
baryons Q. are very small. The experimental informa-
tion on radiative widths is rather scarce. A comparison with
the observed widths for the charged and neutral E.(2790)
and E.(2815) baryons confirms the assignment of these
resonances as “A(E.); states with J* =1/27 and 3/2",
respectively. Our results are in reasonable agreement with
those obtained in the yQM of Wang et al. [58].

The study of heavy baryons is important to gain a
better understanding of hadron structure and the strong
interaction. In this paper we focused on mass spectra
and radiative decay widths. The study of strong decay
widths will be published separately [122], as well as the
extension to charm-bottom heavy baryons, Q.;, E.,, Q..p
and chb-

ACKNOWLEDGMENTS

It is a pleasure to thank Mikhail Mikhasenko for
interesting discussions. This work was supported in part
by Programa de Apoyo a Proyectos de Investigacién e
Innovaciéon Tecnolégica (PAPIIT)-DGAPA (UNAM,
Mexico) Grant No. 1G101423, and by CONACYT
(Mexico) Grant No. 251817. E. O.P. acknowledges the
Projects No. P1-0035 and No. J1-3034 were financially
supported by the Slovenian Research Agency. Special
thanks to Blaz Bortolato for his useful and interesting
discussion during the fitting of the parameters.

Note added.—After this work had been completed, new
results were announced by the LHCb Collaboration [123]
on the confirmation of the E,(6100)~ baryon and the
discovery of 2,(6087)° and Z,(6095)". We interpreted the
E,(6100) state as a member of the isospin doublet
*A(Ep) —3/2- The recently discovered E,(6095)° baryon
could be its isospin partner, whereas the Z;,(6087)° baryon
could then be assigned as a member of the isospin doublet
A(Ep) - ,2- The corresponding theoretical masses are
6084 MeV and 6077 MeV, respectively, in good agreement
with the observed values.
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