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We present a study of mass spectra and electromagnetic couplings of S- and P-wave baryons containing
one, two or three heavy quarks, either charm (c) or bottom (b), in the framework of a nonrelativistic
harmonic-oscillator quark model. A simultaneous fit to 41 known masses of heavy baryons (40 singly
heavy and 1 doubly heavy) shows a rms deviation of 19 MeV. We present equal-spacing mass rules for
excited baryons which may help to assign quantum numbers to experimentally observed heavy baryons.
Explicit expressions are derived for electromagnetic couplings, both for spin-flavor matrix elements and
radial integrals.
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I. INTRODUCTION

The study of baryons with heavy quark content has taken
great relevance to understand hadron structure, the dynam-
ics of the strong interaction and heavy quark symmetry
since the discovery of a large amount of hadrons with heavy
quark flavors, either with charm c or bottom b quarks, by
the LHCb, CMS, BelleII, and BESIII Collaborations [1,2].
The new discoveries also include exotic baryons and
mesons with more than the minimal quark content [3–10].
In recent years there has been a large amount of new

experimental information on heavy baryons, especially on
singly heavy baryons with one charm c or one bottom b
quark. In particular, all but one ground-state heavy baryons
predicted by the quark model have been observed and
identified [11–15]. The only exception is the Ω�

b baryon
with JP ¼ 3=2þ.
The LHCb Collaboration discovered five narrowΩ0

c states
in the Ξþ

c K− decay channel [16] which were later confirmed
by the Belle Collaboration [17]. In a previous study it was
shown that these states can be interpreted in the quark model
as P-wave excited states [18]. In addition, predictions made
for the existence of excited Ω−

b baryons were confirmed by

the observation of the fourΩ−
b resonances in the Ξ0

bK
− mass

spectrum by the LHCb Collaboration [19]. More recently,
the LHCb Collaboration reported the discovery of two new
excited states, Ωcð3185Þ0 and Ωcð3327Þ0 in the Ξþ

c K−

channel [20], whose interpretation and quantum number
assignments are still under discussion.
The PDG compilation shows that for the strange-charm

baryons, Ξc and Ξ0
c, all ground state S-wave baryons have

been observed as well as several candidates for excited
P-wave baryons [15]. Recently, the LHCb Collaboration
reported the discovery of three new resonances in the Λþ

c K−

channel, Ξcð2923Þ0, Ξcð2939Þ0, and Ξcð2965Þ0 [21]. The
Belle Collaboration determined the spin and parity of the
charmed-strange baryon, Ξcð2970Þþ to be JP ¼ 1=2þ [22]
and measured the radiative decay widths of the excited
charm baryons Ξcð2790Þ and Ξcð2815Þ [23]. In the bottom
sector, the LHCb Collaboration claimed the observation of
Ξ−
b ð5935Þ and Ξ−

b ð5955Þ resonances close to the threshold
Ξbπ [24], and the Ξb and Ξ�

b states [25,26]. The Ξ0
bð5945Þ

baryon was observed in the Ξbπ decay [27], and Ξ−
b ð6227Þ

in both the ΛbK and Ξbπ channels [28].
For doubly heavy baryons, there is experimental

evidence from the LHCb Collaboration related to the
Ξþþ
cc ð3621Þ signal founded in the Λþ

c K−πþπþ invariant
mass [29]. The mass reported for this resonance is
3621.40� 0.72 MeV. Earlier evidence reported by the
SELEX Collaboration [30,31] for the existence of double
charm baryons, Ξþ

ccð3519Þ, could not be confirmed by the
BABAR, Belle, and LHCb Collaborations [15,32]. At
present, there is no experimental information on triply
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heavy baryons, Ωccc and Ωbbb. The study of triply heavy
baryons is of special interest to gain a better understanding
of baryon structure, heavy quark symmetry and the
dynamics of the strong interaction as these systems do
not contain any light quarks [33–36].
The physics of heavy baryons has been studied theo-

retically in a vast variety of approaches such as non-
relativistic quark models (NRQMs) [18,36–44], relativistic
quark models (RQM) [45–48], hypercentral quark models
(hCQM) [49–55], chiral quark models (χQMs) [56–59],
Regge phenomenology [60–62], QCD sum rules [63–70],
Faddeev methods [71,72], molecular states [73,74], large
Nc limit [75], heavy-baryon chiral perturbation theory
(HBχPT) [76], quark-diquark model [77] and lattice QCD
calculations (LQCD) [35,78–85]. Reviews of heavy
baryon physics together with a more complete list of
references can be found in Refs. [1,2,15,86–89].
The aim of this work is to present a simultaneous study

of mass spectra and electromagnetic couplings of S- and
P-wave baryons with one, two or three heavy quarks,
either charm c or bottom b. As such, it is an extension of
previous studies of ΩQ baryons [18,90], and ΞQ and Ξ0

Q

baryons [42] to include ΣQ, ΛQ, ΞQQ, ΩQQ, and ΩQQQ as
well. We derive equal-spacing mass rules for excited
baryons which may help to assign quantum numbers to
experimentally observed heavy baryons. Whenever pos-
sible, we compare our results to experimental data or, in its
absence, with other theoretical calculations.
This article is organized as follows. We start by review-

ing the classification of the singly, doubly, and triply heavy
baryons and the structure of the wave functions in the
harmonic-oscillator quark model in Sec. II. Next we present
the results for the mass spectra of heavy baryons in Sec. III.
In Sec. IV we derive the spin-flavor and radial matrix
elements of the electromagnetic couplings which are used
in Sec. V to calculate the radiative decay widths. Finally, in
Sec. VI we present a summary and conclusions.

II. HEAVY BARYON WAVE FUNCTIONS

In this section we review the classification of singly,
doubly, and triply heavy baryon states [15,58,91,92]. In the
quark model heavy baryons are considered as systems
made up of three constituent quarks, where light quarks are
denoted by q ¼ u, d, s and heavy quarks by Q ¼ c, b. The
baryon wave function is obtained by coupling the spatial,
spin, flavor, and color degrees of freedom.
In a four-flavor classification scheme (three light flavors

and one heavy) the ground-state baryons in the quark model
can be separated into two 20-plets; one with spin-parity
JP ¼ 1=2þ and the other with JP ¼ 3=2þ [15,91]. Each one
of these multiplets splits into various SUð3Þ flavor multip-
lets. The JP ¼ 3=2þ 20-plet consists of the light uds baryon
decuplet 10, a sextet 6 with one heavy quark, a triplet 3 with
two heavy quarks and a singlet 1 with three heavy quarks.

The JP ¼ 1=2þ 20-plet consists of the light uds baryon
octet 8, a sextet 6, and an antitriplet 3̄ with one heavy quark
and a triplet 3 with two heavy quarks. The flavor multiplets
are shown in Fig. 1.
The flavor wave function of singly heavy baryons is

written as qqQ, in which we distinguish between the light
quarks q and the heavy quark Q. The flavor sextet is
symmetric under the interchange of the two light quarks,
and the flavor antitriplet antisymmetric. The flavor sextet 6
consists of three ΣQ, two Ξ0

Q, and one ΩQ states. The flavor
wave functions with maximum charge state are given by

ΣQ ¼ uuQ;

Ξ0
Q ¼ ðusþ suÞQ=

ffiffiffi
2

p
;

ΩQ ¼ ssQ: ð1Þ

The flavor antitriplet 3̄ consists of one ΛQ and two ΞQ

charge states. The corresponding flavor wave functions
with maximum charge state are given by

ΛQ ¼ ðud − duÞQ=
ffiffiffi
2

p
;

ΞQ ¼ ðus − suÞQ=
ffiffiffi
2

p
: ð2Þ

For doubly heavy baryons QQq the flavor triplet 3 consists
of two ΞQQ and one ΩQQ charge states

ΞQQ ¼ QQu;

ΩQQ ¼ QQs; ð3Þ

FIG. 1. Singly heavy flavor sextet 6 and antitriplet 3̄, doubly
heavy flavor triplet 3 and triply heavy singlet 1 configurations.
Here n denotes the nonstrange light quarks n ¼ u, d and Q the
heavy quarks Q ¼ c, b.
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while for triply heavy baryons QQQ the flavor state is a
singlet 1

ΩQQQ ¼ QQQ: ð4Þ

The spin wave functions of baryons can be constructed
by coupling the spins of the three quarks. The complete
states with maximum spin projections are

χEρ
¼ ð↑↓ − ↓↑Þ↑=

ffiffiffi
2

p
;

χEλ
¼ ð2↑↑↓ − ↑↓↑ − ↓↑↑Þ=

ffiffiffi
6

p
;

χA1
¼ ↑↑↑; ð5Þ

where the symmetricA1, and mixed symmetric subscripts Eρ

and Eλ exhibit the symmetry properties under the permu-
tation group S3. χEρ

is antisymmetric under the interchange
of the first two quarks, whereas χEλ

and χA1
are symmetric.

The orbital part is constructed by considering the
harmonic-oscillator potential to describe the interaction
between the three constituent quarks

Hho¼2mþm0 þp1
2þp2

2

2m
þp3

2

2m0 þ
1

2
C
X3
i<j

jr⃗i− r⃗jj2; ð6Þ

where we have taken m1 ¼ m2 ¼ m ≠ m0 ¼ m3. It is
convenient to introduce Jacobi coordinates [93]

ρ⃗ ¼ 1ffiffiffi
2

p ðr⃗1 − r⃗2Þ;

λ⃗ ¼ 1ffiffiffi
6

p ðr⃗1 þ r⃗2 − 2r⃗3Þ;

R⃗ ¼ mðr⃗1 þ r⃗2Þ þm0r⃗3
2mþm0 ; ð7Þ

and their conjugate momenta

p⃗ρ ¼
1ffiffiffi
2

p ðp⃗1 − p⃗2Þ;

p⃗λ ¼
ffiffiffi
3

2

r
m0ðp⃗1 þ p⃗2Þ − 2mp⃗3

2mþm0 ;

P⃗ ¼ p⃗1 þ p⃗2 þ p⃗3: ð8Þ

With this transformation, Eq. (6) reduces to

Hho ¼ M þ P2

2M
þ pρ

2

2mρ
þ pλ

2

2mλ
þ 3

2
Cρ2 þ 3

2
Cλ2; ð9Þ

with M ¼ 2mþm0. The new Hamiltonian now includes
two independent harmonic oscillators in the ρ- and λ-modes,
with the same spring constant C, but different reduced
masses

mρ ≡m; mλ ≡ 3mm0

2mþm0 : ð10Þ

Consequently, the orbital wave functions are given by

ψ iðρ⃗; λ⃗; R⃗Þ ¼
1

ð2πÞ3=2 e
P⃗·R⃗ψ rel

i ðρ⃗; λ⃗Þ; ð11Þ

with i ¼ f0; ρ; λg, and the relative wave functions are
expressed by

ψ rel
i ðρ⃗; λ⃗Þ ¼ 1ffiffiffiffiffiffiffiffiffi

3
ffiffiffi
3

pp ψnρlρmρ
ðρ⃗Þψnλlλmλ

ðλ⃗Þ: ð12Þ

For the ground state one has

ψ000ðμ⃗Þ ¼
α3=2μ

π3=4
e−α

2
μμ

2=2; ð13Þ

with μ ¼ fρ; λg, and for one excited oscillator quantum

ψ11mμ
ðμ⃗Þ ¼

ffiffiffiffiffiffiffiffiffi
8α5μ
3

ffiffiffi
π

p
s

μe−α
2
μμ

2=2Y1mμ
ðμ̂Þ; ð14Þ

where the corresponding oscillator size parameters and
frequencies are given by

αμ ¼ ð3CmμÞ1=4; ωμ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3C=mμ

q
: ð15Þ

The oscillator size parameters are related by

αλ ¼ αρ

�
3m0

2mþm0

�
1=4

: ð16Þ

The ground-state baryon wave function ψ0 is symmetric,
whereas the baryon wave function with one quantum of
orbital excitation, ψρ and ψλ, are symmetric and antisym-
metric under the interchange of the first two quarks.
If we consider systems containing two light quarks and

one heavy quark qqQ with m0 > m, then mλ > mρ, and
ωλ < ωρ, i.e., the λ state is less energetic than ρ state. The
last condition obtained suggest that states with one quan-
tum of excitation in λ will be very relevant for this
configuration. By contrast, for the other case where m0 <
m is associated with QQq, the conclusion is the opposite,
and the first contribution for baryons with two heavy
quarks will be the ρ mode. The last case, QQQ, when
all quarks have the same mass m0 ¼ m, then ωλ ¼ ωρ, and
both modes have the same frequency. In Fig. 2 the
corresponding energy levels for these modes are shown.
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The total baryon wave function is given in terms of the
coupled product of the spatial, spin, flavor, and color parts
ψ ¼ ψoχsϕfψ c. Since all hadrons are colorless, the color
wave function is a singlet, and in particular for baryons it
corresponds to a completely antisymmetric wave function
of three colors. Since the total baryon wave function is
antisymmetric, this implies that the orbital and spin-flavor
parts have the same symmetry for light qqq baryons and
triply heavy ccc and bbb baryons under the interchange of
any of the three quarks. For singly heavy qqQ and doubly
heavy QQq baryons the orbital and spin-flavor parts have
the same symmetry under the interchange of the first two
quarks.
With this information, it is now straightforward to write

the total wave functions of heavy baryons. For singly heavy
baryons of the flavor sextet 6, the flavor part is combined
with the symmetric spin-orbit part to obtain

2ðΣQÞJ ¼ uuQ½ψ0 × χEλ
�J¼1=2;

4ðΣQÞJ ¼ uuQ½ψ0 × χA1
�J¼3=2;

2ρðΣQÞJ ¼ uuQ½ψρ × χEρ
�J;

2λðΣQÞJ ¼ uuQ½ψλ × χEλ
�J;

4λðΣQÞJ ¼ uuQ½ψλ × χA1
�J; ð17Þ

for the ΣQ hyperons,

2ðΞ0
QÞJ ¼

1ffiffiffi
2

p ðusþ suÞQ½ψ0 × χEλ
�J¼1=2;

4ðΞ0
QÞJ ¼

1ffiffiffi
2

p ðusþ suÞQ½ψ0 × χA1
�J¼3=2;

2ρðΞ0
QÞJ ¼

1ffiffiffi
2

p ðusþ suÞQ½ψρ × χEρ
�J;

2λðΞ0
QÞJ ¼

1ffiffiffi
2

p ðusþ suÞQ½ψλ × χEλ
�J;

4λðΞ0
QÞJ ¼

1ffiffiffi
2

p ðusþ suÞQ½ψλ × χA1
�J; ð18Þ

for the Ξ0
Q hyperons, and

2ðΩQÞJ ¼ ssQ½ψ0 × χEλ
�J¼1=2;

4ðΩQÞJ ¼ ssQ½ψ0 × χA1
�J¼3=2;

2ρðΩQÞJ ¼ ssQ½ψρ × χEρ
�J;

2λðΩQÞJ ¼ ssQ½ψλ × χEλ
�J;

4λðΩQÞJ ¼ ssQ½ψλ × χA1
�J; ð19Þ

for the ΩQ hyperons.
Similarly, the singly heavy baryons of the antitriplet 3 are

combined with the antisymmetric spin-orbit part

2ðΛQÞJ ¼
1ffiffiffi
2

p ðud − duÞQ½ψ0 × χEρ
�J¼1=2;

2ρðΛQÞJ ¼
1ffiffiffi
2

p ðud − duÞQ½ψρ × χEλ
�J;

4ρðΛQÞJ ¼
1ffiffiffi
2

p ðud − duÞQ½ψρ × χA1
�J;

2λðΛQÞJ ¼
1ffiffiffi
2

p ðud − duÞQ½ψλ × χEρ
�J; ð20Þ

for the ΛQ hyperons, and

2ðΞQÞJ ¼
1ffiffiffi
2

p ðus − suÞQ½ψ0 × χEρ
�J¼1=2;

2ρðΞQÞJ ¼
1ffiffiffi
2

p ðus − suÞQ½ψρ × χEλ
�J;

4ρðΞQÞJ ¼
1ffiffiffi
2

p ðus − suÞQ½ψρ × χA1
�J;

2λðΞQÞJ ¼
1ffiffiffi
2

p ðus − suÞQ½ψλ × χEρ
�J; ð21Þ

for the ΞQ hyperons.
The total wave function for the doubly heavy baryons of

the flavor triplet 3 (as maximum charge states) are given by

2ðΞQQÞJ ¼ QQu½ψ0 × χEλ
�J¼1=2;

4ðΞQQÞJ ¼ QQu½ψ0 × χA1
�J¼3=2;

2ρðΞQQÞJ ¼ QQu½ψρ × χEρ
�J;

2λðΞQQÞJ ¼ QQu½ψλ × χEλ
�J;

4λðΞQQÞJ ¼ QQu½ψλ × χA1
�J; ð22Þ

for the ΞQQ hyperons, and by

FIG. 2. Orbital excitations in the λ, ρ, and the doubly degen-
erate Emode, associated to the configurations; qqQ withm < m0
(left),QQq withm > m0 (center), andQQQ withm ¼ m0 (right).
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2ðΩQQÞJ ¼ QQs½ψ0 × χEλ
�J¼1=2;

4ðΩQQÞJ ¼ QQs½ψ0 × χA1
�J¼3=2;

2ρðΩQQÞJ ¼ QQs½ψρ × χEρ
�J;

2λðΩQQÞJ ¼ QQs½ψλ × χEλ
�J;

4λðΩQQÞJ ¼ QQs½ψλ × χA1
�J; ð23Þ

for the ΩQQ hyperons.
Finally, the total wave function of the ΩQQQ flavor

singlet 1 is given as follows:

4ðΩQQQÞJ ¼ QQQ½ψ0 × χA1
�J¼3=2;

2EðΩQQQÞJ ¼
1ffiffiffi
2

p QQQ½ψρ × χEρ
þ ψλ × χEλ

�J: ð24Þ

III. MASS SPECTRA

The mass spectra of heavy baryons with either charm or
bottom quark content are calculated by considering the
Hamiltonian (or mass operator)

H ¼ Hho þ AS⃗2 þ BS⃗ · L⃗þ EI⃗2 þ GC2SUfð3Þ: ð25Þ

The term Hho corresponds to the sum of the constituent
quark masses and the harmonic-oscillator Hamiltonian,
previously defined in Eq. (9). The remaining terms denote
the spin-flavor dependent contributions for which we use a
Gürsey-Radicati form, i.e., the sum of a spin term, a spin-
orbit splitting, an isospin term and a flavor term [18,94].
Consequently, the mass spectrum of heavy baryons is
analyzed with the mass formula

M ¼ 2mþm0 þωρnρ þωλnλ þASðSþ 1Þ

þB
1

2
½JðJþ 1Þ−LðLþ 1Þ− SðSþ 1Þ�

þEIðIþ 1Þ þG
1

3
½pðpþ 3Þ þ qðqþ 3Þ þpq�: ð26Þ

Here nρ and nλ denote the number of quanta in the ρ- and
λ-oscillator, respectively. The ground state ψ0 has ðnρ; nλÞ ¼
ð0; 0Þ, whereas the states with one quantum of excitation in
the ρ mode ψρ or the λ mode ψλ are characterized by (1, 0)
and (0, 1), respectively. The labels L, S, J, and I denote the
orbital angular momentum, spin, total angular momentum
and isospin, respectively. The labels ðp; qÞ represent the
SUð3Þ flavor multiplets; the flavor sextets are labeled by
ð2; 0Þ≡ 6, the antitriplets by ð0; 1Þ≡ 3̄, the triplets by
ð1; 0Þ≡ 3, and the singlets by ð0; 0Þ≡ 1̄. The isospin term
in Eq. (26) splits the baryons with different values of isospin
within the same flavor multiplet, whereas the flavor term can
be determined from the mass difference between the anti-
triplet ΞQ and the sextet Ξ0

Q baryons.

In this study we adopt a harmonic-oscillator quark model
to describe the spectroscopy of 1S- and 1P-wave heavy
baryons associated with the ground state (nρ þ nλ ¼ 0) and
excited state (nρ þ nλ ¼ 1), respectively. It is well-known
from the study of nonstrange baryons that the harmonic-
oscillator quark model has difficulties in reproducing the
relative mass of the RoperNð1440Þ1=2þ and theNð1520Þ3=2−
resonance, since the former is associated with a 2S-wave and
the latter with a 1P-wave. For this reason, we limit the
present study to 1S- and 1P-wave heavy baryons whose
properties can reasonably well described in an effective way
by the mass formula of Eq. (26) as was shown in previous
work on the ΩQ baryons [18] and the ΞQ and Ξ0

Q

baryons [42].

A. Determination of parameters

There are a total of 14 parameters in the mass formula of
Eq. (26); the four constituent quark masses mu ¼ md, ms,
mc, and mb, and the parameters C, A, B, E, and G, five for
the charm and five for the bottom baryon sector.
In order to determine the values of these parameters as

well as their uncertainties, we fit the experimental data on
the available Breit-Wigner masses of 41 heavy baryon
resonances, 25 single-charm and 15 single-bottom baryons
and one double-charm baryon as listed in Tables IV and V.
The recently observed Ωc baryons [20] were not included
in the fitting procedure. We use the maximum likelihood
estimation technique [95], where we consider the masses of
the experimental data, Mexp, to be Gaussian distributed
around the central value such that their uncertainties
represent the widths of the distributions.
We construct the likelihood function L, by taking the

product of our Gaussian distributions for each measured
mass Mexp

i as follows:

L ¼
Y41
i¼1

1ffiffiffiffiffiffiffiffiffi
2πσi

p exp

�
−
ðMth

i −Mexp
i Þ2

2σ2i

�
; ð27Þ

where σ2i is the standard deviation of each of the exper-
imental masses Mexp

i . The interest is on maximizing the
likelihood function, with the aim of obtaining the optimal
value of the 14 parameters, which is equivalent to mini-
mizing the negative of its logarithm. For this purpose, we
use Nelder-Mead method implemented in Python library
scipy.optimize [96]. Furthermore, we compute the
uncertainty of the optimal parameters, by resampling the
parameters from likelihood using the nested sampling
technique [97–99]. We obtain the confidence intervals
from the samples above, and report the uncertainties up
to 1 sigma. The resulting parameter values and their
uncertainties are shown in Tables I and II.
Next, we use these values to calculate the masses of all

heavy baryons listed in Tables IV–VI, and proceed to make
the error propagation by extracting the standard deviation
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of the theoretical masses Mth. In the tables we show a
comparison with the available experimental information.
We find a good overall fit for 41 resonances (40 singly
heavy and 1 doubly heavy) with an rms deviation of
δrms ¼ 19 MeV. In previous studies of light qqq baryons
(with q ¼ u, d, s) in the framework of a collective string-
like model of baryons the rms deviation was found to be
39 MeV for 25 nonstrange baryons and 33 MeV for 48
nonstrange and strange-baryon resonances [100,101].
Table IV and Figs. 3 and 4 show that in the charm sector

all ground-state S-wave baryons have been observed, and in
the bottom sector all with the exception of 4ðΩbÞ3=2. The
mass spectra of the charm and bottom baryons are very
similar. For example, the mass differences between the
ground-state charm and bottom baryons are almost the same
(see Table III). The assignment of quantum numbers is
mostly based on energy systematics, such as the observed
equal-spacing mass rule for the sextet baryons [21,42]

MðΩcð3050Þ0Þ −MðΞcð2923Þ0Þ
≃MðΩcð3065Þ0Þ −MðΞcð2939Þ0Þ
≃MðΩcð3090Þ0Þ −MðΞcð2965Þ0Þ
≃ 125 MeV; ð28Þ

which in the present approach for λ-mode excited baryons is
equal to a constant

Mð2Sþ1λðΩQÞJÞ −Mð2Sþ1λðΞ0
QÞJÞ

¼ ms −mu=d þ ωλðΩQÞ − ωλðΞ0
QÞ −

3

4
E

¼
�
126 MeV ðQ ¼ cÞ
120 MeV ðQ ¼ bÞ; ð29Þ

in close agreement with the experimental value for single
charm baryons. A similar equal-spacing mass rule holds for
the antitriplet baryons

MðΞcð2790ÞÞ −MðΛcð2595ÞÞ
≃MðΞcð2815ÞÞ −MðΛcð2625ÞÞ
≃ 195 MeV; ð30Þ

compared to

Mð2λðΞQÞJÞ −Mð2λðΛQÞJÞ

¼ ms −mu=d þ ωλðΞQÞ − ωλðΛQÞ þ
3

4
E

¼
�
161 MeV ðQ ¼ cÞ
164 MeV ðQ ¼ bÞ: ð31Þ

For the other single charm or single bottom baryons there is
little experimental information available. The mass differ-
ence between Ξ0

Q and ΣQ can be calculated as

Mð2Sþ1λðΞ0
QÞJÞ −Mð2Sþ1λðΣQÞJÞ

¼ ms −mu=d þ ωλðΞ0
QÞ − ωλðΣQÞ −

5

4
E

¼
�
101 MeV ðQ ¼ cÞ
93 MeV ðQ ¼ bÞ: ð32Þ

The equal-spacing mass rules for ρ-mode excited sextet
baryons are given by

Mð2ρðΩQÞJÞ −Mð2ρðΞ0
QÞJÞ

¼ ms −mu=d þ ωρðΩQÞ − ωρðΞ0
QÞ −

3

4
E

¼
�
102 MeV ðQ ¼ cÞ
101 MeV ðQ ¼ bÞ;

Mð2ρðΞ0
QÞJÞ −Mð2ρðΣQÞJÞ

¼ ms −mu=d þ ωρðΞ0
QÞ − ωρðΣQÞ −

5

4
E

¼
�
68 MeV ðQ ¼ cÞ
66 MeV ðQ ¼ bÞ: ð33Þ

TABLE II. Fitted parameters using Eq. (25) for heavy baryons
with Q ¼ c and Q ¼ b.

Q ¼ c Q ¼ b

C 0.02712� 0.00008 0.02377� 0.00014 GeV3

A 22.08� 0.19 7.37� 0.25 MeV
B 21.84� 0.28 4.33� 0.55 MeV
E 30.47� 0.40 35.68� 0.61 MeV
G 56.19� 0.34 61.77� 0.28 MeV

TABLE I. Parameter values for the quark masses.

mu ¼ md 291.53� 0.60 MeV
ms 461.24� 0.73 MeV
mc 1606.80� 1.01 MeV
mb 4944.34� 1.62 MeV

TABLE III. Mass differences between ground-state charm and
bottom baryons ΔMQ ¼ Mð2ðBQÞ1=2Þ −Mð2ðΛQÞ1=2Þ.
Bc ΔMc Bb ΔMb

Λc 0.0 Λb 0.0
Ξc 182.6 Ξb 174.9
Σc 167.0 Σb 193.5
Ξ0
c 292.0 Ξ0

b 315.4
Ωc 408.7 Ωb 425.6
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TABLE IV. Mass spectra of single charm and single bottom S- and P-wave baryons. The states are labeled according to Eqs. (17)–(21)
and the quantum numbers ðnρ; nλÞ, I, L, S, and JP. The parity is given by P ¼ ð−1ÞL. The experimental values are taken from
[15,20,21].

Single-charm baryons Q ¼ c Single-bottom baryons Q ¼ b

State ðnρ; nλÞ I L S JP Mth (MeV) Mexp (MeV) Name � Mth (MeV) Mexp (MeV) Name �
2ðΣQÞ1=2 (0,0) 1 0 1

2
1
2
þ 2455� 2 2453.5� 0.1 Σcð2455Þ 4 5810� 3 5813.1� 0.2 Σb 3

4ðΣQÞ3=2 (0,0) 1 0 3
2

3
2
þ 2521� 2 2518.1� 0.2 Σcð2520Þ 3 5832� 3 5832.5� 0.2 Σ�

b 3
2ρðΣQÞ1=2 (1,0) 1 1 1

2
1
2
− 2961� 2 � � � � � � 6300� 3 � � � � � �

2ρðΣQÞ3=2 (1,0) 1 1 1
2

3
2
− 2994� 2 � � � � � � 6307� 3 � � � � � �

2λðΣQÞ1=2 (0,1) 1 1 1
2

1
2
− 2789� 2 2800� 4 Σcð2800Þ 3 6108� 3 6096.9� 1.2 Σbð6097Þ 3

2λðΣQÞ3=2 (0,1) 1 1 1
2

3
2
− 2822� 2 � � � � � � 6114� 3 � � � � � �

4λðΣQÞ1=2 (0,1) 1 1 3
2

1
2
− 2822� 2 � � � � � � 6123� 3 � � � � � �

4λðΣQÞ3=2 (0,1) 1 1 3
2

3
2
− 2855� 2 � � � � � � 6130� 3 � � � � � �

4λðΣQÞ5=2 (0,1) 1 1 3
2

5
2
− 2910� 2 � � � � � � 6141� 3 � � � � � �

2ðΞ0
QÞ1=2 (0,0) 1

2
0 1

2
1
2
þ 2586� 2 2578.5� 0.4 Ξ0

cð2578Þ 3 5935� 2 5935.0� 0.1 Ξ0
bð5935Þ 3

4ðΞ0
QÞ3=2 (0,0) 1

2
0 3

2
3
2
þ 2653� 2 2645.6� 0.2 Ξcð2645Þ 3 5957� 2 5953.8� 0.3 Ξ0�

bð5955Þ 3
2ρðΞ0

QÞ1=2 (1,0) 1
2

1 1
2

1
2
− 3029� 2 3055.9� 0.4 Ξcð3055Þ 3 6366� 3 � � � � � �

2ρðΞ0
QÞ3=2 (1,0) 1

2
1 1

2
3
2
− 3062� 2 3078.6� 0.7 Ξcð3080Þ 3 6373� 3 � � � � � �

2λðΞ0
QÞ1=2 (0,1) 1

2
1 1

2
1
2
− 2890� 2 � � � � � � 6201� 3 � � � � � �

2λðΞ0
QÞ3=2 (0,1) 1

2
1 1

2
3
2
− 2922� 2 2938.5� 0.3 Ξcð2939Þ 6207� 3 � � � � � �

4λðΞ0
QÞ1=2 (0,1) 1

2
1 3

2
1
2
− 2923� 2 2923.0� 0.3 Ξcð2923Þ 2 6216� 3 � � � � � �

4λðΞ0
QÞ3=2 (0,1) 1

2
1 3

2
3
2
− 2956� 2 2964.9� 0.3 Ξcð2965Þ 6223� 3 � � � � � �

4λðΞ0
QÞ5=2 (0,1) 1

2
1 3

2
5
2
− 3011� 2 � � � � � � 6234� 3 6226.3� 0.9 Ξbð6227Þ 3

2ðΩQÞ1=2 (0,0) 0 0 1
2

1
2
þ 2733� 2 2695.2� 1.7 Ωcð2695Þ 3 6078� 2 6045.2� 1.2 Ωb 3

4ðΩQÞ3=2 (0,0) 0 0 3
2

3
2
þ 2799� 2 2765.9� 2.0 Ωcð2770Þ 3 6100� 3 � � � � � �

2ρðΩQÞ1=2 (1,0) 0 1 1
2

1
2
− 3131� 2 � � � � � � 6467� 3 � � � � � �

2ρðΩQÞ3=2 (1,0) 0 1 1
2

3
2
− 3164� 2 3185.1� 1.7 Ωcð3185Þ 6474� 3 � � � � � �

2λðΩQÞ1=2 (0,1) 0 1 1
2

1
2
− 3016� 2 3000.4� 0.2 Ωcð3000Þ 3 6321� 2 6315.6� 0.6 Ωbð6316Þ 1

2λðΩQÞ3=2 (0,1) 0 1 1
2

3
2
− 3048� 2 3065.5� 0.3 Ωcð3065Þ 3 6328� 2 6330.3� 0.6 Ωbð6330Þ 1

4λðΩQÞ1=2 (0,1) 0 1 3
2

1
2
− 3049� 2 3050.2� 0.1 Ωcð3050Þ 3 6337� 3 6339.7� 0.6 Ωbð6340Þ 1

4λðΩQÞ3=2 (0,1) 0 1 3
2

3
2
− 3082� 2 3090.1� 0.5 Ωcð3090Þ 3 6343� 3 6349.8� 0.6 Ωbð6350Þ 1

4λðΩQÞ5=2 (0,1) 0 1 3
2

5
2
− 3136� 2 3119.1� 1.0 Ωcð3120Þ 3 6354� 3 � � � � � �

2ðΛQÞ1=2 (0,0) 0 0 1
2

1
2
þ 2281� 2 2286.5� 0.1 Λc 4 5615� 2 5619.6� 0.2 Λb 3

2ρðΛQÞ1=2 (1,0) 0 1 1
2

1
2
− 2788� 2 2766.6� 2.4 Λcð2765Þ 1 6106� 2 � � � � � �

2ρðΛQÞ3=2 (1,0) 0 1 1
2

3
2
− 2821� 2 � � � � � � 6112� 2 � � � � � �

4ρðΛQÞ1=2 (1,0) 0 1 3
2

1
2
− 2821� 2 � � � � � � 6121� 3 � � � � � �

4ρðΛQÞ3=2 (1,0) 0 1 3
2

3
2
− 2854� 2 � � � � � � 6128� 3 � � � � � �

4ρðΛQÞ5=2 (1,0) 0 1 3
2

5
2
− 2909� 2 2939.6� 1.5 Λcð2940Þ 3 6138� 3 � � � � � �

2λðΛQÞ1=2 (0,1) 0 1 1
2

1
2
− 2616� 2 2592.3� 0.3 Λcð2595Þ 3 5913� 2 5912.2� 0.2 Λbð5912Þ 3

2λðΛQÞ3=2 (0,1) 0 1 1
2

3
2
− 2648� 2 2628.1� 0.2 Λcð2625Þ 3 5919� 2 5920.1� 0.2 Λbð5920Þ 3

2ðΞQÞ1=2 (0,0) 1
2

0 1
2

1
2
þ 2474� 2 2469.1� 0.2 Ξcð2469Þ 4 5812� 2 5794.5� 0.4 Ξbð5794Þ 3

2ρðΞQÞ1=2 (1,0) 1
2

1 1
2

1
2
− 2917� 2 � � � � � � 6243� 3 � � � � � �

2ρðΞQÞ3=2 (1,0) 1
2

1 1
2

3
2
− 2950� 2 � � � � � � 6249� 3 � � � � � �

4ρðΞQÞ1=2 (1,0) 1
2

1 3
2

1
2
− 2950� 2 � � � � � � 6258� 3 � � � � � �

4ρðΞQÞ3=2 (1,0) 1
2

1 3
2

3
2
− 2983� 2 � � � � � � 6265� 3 � � � � � �

4ρðΞQÞ5=2 (1,0) 1
2

1 3
2

5
2
− 3038� 2 � � � � � � 6276� 3 � � � � � �

2λðΞQÞ1=2 (0,1) 1
2

1 1
2

1
2
− 2777� 2 2792.9� 0.4 Ξcð2790Þ 3 6077� 3 � � � � � �

2λðΞQÞ3=2 (0,1) 1
2

1 1
2

3
2
− 2810� 2 2818.2� 0.2 Ξcð2815Þ 3 6084� 3 6100.3� 0.6 Ξbð6100Þ 3
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FIG. 4. As Fig. 3, but for single-bottom baryons.

FIG. 3. Comparison between experimental data (red triangles) and our quark model calculations (blue squares) of the mass spectra for
the single charm baryons; Λc and Ξc from the baryon antitriplet 3̄, and Σc, Ξ0

c, and Ωc from the baryon sextet 6 [15]. The suggested
assignment of JP quantum numbers for each state us given in parenthesis.
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For ρ-mode excited antitriplet baryons the equal-spacing
mass rule is given by

Mð2Sþ1ρðΞQÞJÞ −Mð2Sþ1ρðΛQÞJÞ

¼ ms −mu=d þ ωρðΞQÞ − ωρðΛQÞ þ
3

4
E

¼
�
129 MeV ðQ ¼ cÞ
137 MeV ðQ ¼ bÞ: ð34Þ

Finally, the mass splitting between the S ¼ 3
2
and 1

2
ground-state baryons of the flavor sextet is ≈65–70 MeV
in the charm sector and ≈20 MeV in the bottom sector.
In the following subsections, we discuss the results

of the calculated masses of ground-state S- and P-wave
heavy baryons, which could be used as benchmarks for
future measurements as well as lattice QCD calculations
[102–105].

B. ΣQ and ΛQ baryons

We start by studying singly heavy nnQ baryons made up
of two nonstrange quarks with n ¼ u, d, and one heavy
quark with Q ¼ c, b. The nnQ baryons can be divided into
an isospin triplet ΣQ belonging to the flavor sextet 6 and an
isospin singlet ΛQ of the flavor antitriplet 3̄, see Fig. 1.
The most recent PDG compilation [15] shows that there

are three known Σc states as well as three Σb states. In the
charm sector, the Σcð2455Þ and Σcð2520Þ resonances [106]
correspond to the ground states with JP ¼ SP ¼ 1=2þ and
3=2þ, respectively, while Σcð2800Þ is assigned as a λ-mode
excitation with JP ¼ 1=2−. Similarly, the Σb and Σ�

b
resonances observed by LHCb [14] are assigned as ground
state S-wave with JP ¼ SP ¼ 1=2þ and 3=2þ, respectively,
and Σbð6097Þ as a P-wave excitation in the λ-mode
with JP ¼ 1=2−.
For the ΛQ states there is more experimental data

available. In Table IV we have omitted Λcð2860Þ,
Λcð2880Þ, Λbð6070Þ Λbð6146Þ and Λbð6152Þ, since
according to PDG [15] the most likely assignment of
these resonances is as excited 2S-wave or D-wave states.
Here we focus on the five Λc states and three Λb states that
can be assigned as ground-state S-wave or excited P-wave
states. In the bottom sector, Λb corresponds to the ground
state S-wave with JP ¼ SP ¼ 1=2þ, whereas the Λbð5912Þ
and Λbð5920Þ resonances are assigned as a λ-mode
excitation with S ¼ 1=2, and JP ¼ 1=2− and JP ¼ 3=2−,
respectively [107]. The corresponding states in the charm
sector are Λc, Λcð2595Þ and Λcð2625Þ. The Λþ

c spin was
determined recently by the BESIII Collaboration to be JP ¼
1=2þ [108]. In addition, one-star Λcð2765Þ and three-star
Λcð2940Þ resonances are assigned as a ρ-mode excitation
with S ¼ 1=2, JP ¼ 1=2−, and S ¼ 3=2, JP ¼ 5=2−.

The comparison between the calculated (blue squares)
and experimental masses (red triangles) in Fig. 3 for single
charm baryons Σc and Λc, and in Fig. 4 for single bottom
baryons, Σb and Λb, shows a good overall agreement with
the available experimental information.

C. ΞQ and Ξ0
Q baryons

Next we consider singly heavy nsQ baryons consisting
of a nonstrange quark with n ¼ u, d, a strange quark s, and
a heavy quark withQ ¼ c, b. The nsQ baryons are isospin
doublets belonging to the flavor sextet 6 or the antitriplet
3̄, called Ξ0

Q and ΞQ, respectively. Since for ΞQ and Ξ0
Q

baryons we distinguish between the mass of the two light
quarks, mu ¼ md ≠ ms, the reduced masses are taken as
mρ ¼ ðmu=d þmsÞ=2, i.e., the average of the strange and
nonstrange quark masses, andmλ ¼ 3mρmQ=ð2mρ þmQÞ.
The approximation to take the average of the strange
and nonstrange quark masses is justified in the limit of
ms −mu=d ≪ mQ.
Over the last couple of years there has been a lot of

progress in the understanding of charmed-strange baryons,
ΞQ and Ξ0

Q. The LHCb Collaboration reported the discov-
ery of three new resonances in the Λþ

c K− channel,
Ξcð2923Þ0, Ξcð2939Þ0 and Ξcð2965Þ0 [21]. In our previous
analysis we established the following assignment of these
states 4λðΞ0

cÞ1=2− → Ξcð2923Þ, 2λðΞ0
cÞ3=2− → Ξcð2939Þ and

4λðΞ0
cÞ3=2− → Ξcð2965Þ [42]. The Belle Collaboration

determined the spin and parity of the charmed-strange
baryon, Ξcð2970Þþ to be JP ¼ 1=2þ [22] and studied the
electromagnetic decay of the excited charm baryons
Ξcð2790Þ and Ξcð2815Þ [23].
The ground-state S-wave Ξ0

c and Ξc baryons have all
been identified. There are in total seven P-wave states for
the flavor sextet and another seven for the flavor antitriplet.
Table IV shows that for the flavor sextet five candidates
have been assigned tentatively, only for the 2λðΞ0

cÞ1=2 and
4λðΞ0

cÞ5=2 states there are no obvious candidates. For the
antitriplet, the Ξcð2790Þ and Ξcð2815Þ baryons are
assigned as the doublet 2λðΞcÞJ with JP ¼ 1=2− and
3=2−, respectively. The latter assignment is based both
on masses and electromagnetic decay widths [23,42].
In the bottom sector, there is much less experimental

information. The LHCb Collaboration has observed the
Ξ−
b ð5935Þ and Ξ−

b ð5954Þ resonances close to the threshold
Ξbπ [24], which are assigned as the ground-state S-wave
baryons of the flavor sextet with spin and parity JP ¼
1=2þ and 3=2þ, respectively. Also the ground-state
S-wave Ξb baryon of the flavor antitriplet has been
identified. The Ξbð6227Þ baryon is assigned as the
4λðΞ0

bÞ5=2 state of the flavor sextet. The Ξbð6100Þ baryon
which was recently observed by the CMS Collaboration in
the Ξ−

bπ
þπ− invariant mass spectrum [109], is assigned as

the 2λðΞbÞ3=2 state of the flavor antitriplet.
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In Figs. 3 and 4 we present a comparison between our
results for the ΞQ and Ξ0

Q mass spectrum and the exper-
imental data. The conclusions of Ref. [42] remain valid.

D. ΩQ baryons

The LHCb Collaboration made the identification of five
resonancesΩcð3000Þ,Ωcð3050Þ,Ωcð3065Þ,Ωcð3090Þ, and
Ωcð3120Þ [16,17]. At the same time, a further resonance
was reported Ωcð3188Þ, but because the absence of enough
statistic, they did not claim it as an authentic resonance. All
these signals were discovered in the Ξþ

c K− decay channel.
One year later, the Belle Collaboration confirmed the
observation of the first four resonances together with
Ωcð3188Þ, however, they do not observe the Ωcð3119Þ.
Very recently the LHCb Collaboration observed two new
excited states, Ωcð3185Þ and Ωcð3327Þ [20], whose inter-
pretation and assignment of quantum numbers is still under
discussion. The Ωcð3327Þ resonance is most often inter-
preted as a D-wave state [110,111], or alternatively as a 2S
state [112]. Our calculations suggest to assign theΩcð3185Þ
resonance as a P-wave 2ρ-excited state with JP ¼ 3=2−.
The experimental knowledge on Ωb has been expanded

recently with the inclusion of more resonances to the spectra
since the observation of four excited Ω−

b states in the Ξ0
bK

−

mass spectrum by the LHCb Collaboration; Ωbð6316Þ,
Ωbð6330Þ, Ωbð6340Þ, and Ωbð6350Þ [19]. The masses
and widths of these resonances were predicted in a quark

model analysis of ΩQ baryons before their experimental
discovery [18]. The present study is an extension of this
earlier work as well as of a previous analysis of ΞQ and Ξ0

Q

baryons [42] in which now all singly, doubly, and triply
heavy baryons of the type BQ, BQQ, and BQQQ are included.
In Table IV we present the assignment of quantum

numbers and compare our predictions for the mass spectra
with the experimental data. Table IVand Figs. 3 and 4 show
a good agreement with the available experimental data.

E. ΞQQ and ΩQQ baryons

In this section, we extend the previous discussion of
single charm and single bottom baryons to doubly heavy
ΞQQ and ΩQQ baryons using the mass formula of Eq. (26).
The only doubly heavy baryon resonance observed by the
LHCb Collaboration [29], Ξþþ

cc , is assigned as the 2ðΞccÞ1=2
ground state with JP ¼ 1=2þ. The calculated mass of
3619� 2 MeV is in excellent agreement with the exper-
imental value of 3621.6� 0.4 MeV as is shown in Table V.
The analogous state in the bottom sector associated to
2ðΞbbÞ1=2 has a calculated mass of 10295� 3 MeV. The
JP ¼ 3=2þ counterparts of these baryons, Ξ�

cc and Ξ�
bb, are

assigned as 4ðΞccÞ3=2 and 4ðΞbbÞ3=2. The corresponding
ΩQQ ground states assignments in our notation are
2ðΩccÞ1=2, 2ðΩbbÞ1=2, 4ðΩccÞ3=2 and 4ðΩbbÞ3=2. In addition
to the S-wave ground state baryons, we also present the

TABLE V. Mass spectra of double charm and double bottom S- and P-wave baryons. The states are labeled according to Eqs. (22 and 23)
and the quantum numbers ðnρ; nλÞ, I, L, S, and JP. The parity is given by P ¼ ð−1ÞL. The experimental value is taken from [15].

Double-charm baryons Q ¼ c Double-bottom baryons Q ¼ b

State ðnρ; nλÞ I L S JP Mth (MeV) Mexp (MeV) Name � Mth (MeV) Mexp (MeV) Name

2ðΞQQÞ1=2 (0,0) 1
2

0 1
2

1
2
þ 3619� 2 3621.6� 0.4 Ξcc 3 10295� 3 � � � Ξbb

4ðΞQQÞ3=2 (0,0) 1
2

0 3
2

3
2
þ 3686� 2 � � � Ξ�

cc 10317� 4 � � � Ξ�
bb

2ρðΞQQÞ1=2 (1,0) 1
2

1 1
2

1
2
− 3823� 2 � � � � � � 10411� 3 � � � � � �

2ρðΞQQÞ3=2 (1,0) 1
2

1 1
2

3
2
− 3855� 2 � � � � � � 10417� 3 � � � � � �

2λðΞQQÞ1=2 (0,1) 1
2

1 3
2

1
2
− 4048� 2 � � � � � � 10700� 4 � � � � � �

2λðΞQQÞ3=2 (0,1) 1
2

1 1
2

3
2
− 4081� 2 � � � � � � 10707� 4 � � � � � �

4λðΞQQÞ1=2 (0,1) 1
2

1 3
2

1
2
− 4082� 2 � � � � � � 10716� 4 � � � � � �

4λðΞQQÞ3=2 (0,1) 1
2

1 3
2

3
2
− 4114� 2 � � � � � � 10722� 4 � � � � � �

4λðΞQQÞ5=2 (0,1) 1
2

1 3
2

5
2
− 4169� 2 � � � � � � 10733� 4 � � � � � �

2ðΩQQÞ1=2 (0,0) 0 0 1
2

1
2
þ 3766� 2 � � � Ωcc 10438� 3 � � � Ωbb

4ðΩQQÞ3=2 (0,0) 0 0 3
2

3
2
þ 3833� 2 � � � Ω�

cc 10460� 4 � � � Ω�
bb

2ρðΩQQÞ1=2 (1,0) 0 1 1
2

1
2
− 3970� 2 � � � � � � 10554� 3 � � � � � �

2ρðΩQQÞ3=2 (1,0) 0 1 1
2

3
2
− 4002� 2 � � � � � � 10560� 3 � � � � � �

2λðΩQQÞ1=2 (0,1) 0 1 1
2

1
2
− 4111� 2 � � � � � � 10762� 4 � � � � � �

2λðΩQQÞ3=2 (0,1) 0 1 1
2

3
2
− 4144� 2 � � � � � � 10768� 4 � � � � � �

4λðΩQQÞ1=2 (0,1) 0 1 3
2

1
2
− 4145� 2 � � � � � � 10778� 4 � � � � � �

4λðΩQQÞ3=2 (0,1) 0 1 3
2

3
2
− 4177� 2 � � � � � � 10784� 4 � � � � � �

4λðΩQQÞ5=2 (0,1) 0 1 3
2

5
2
− 4232� 2 � � � � � � 10795� 4 � � � � � �
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results for the P-wave baryons with one quantum of
excitation in the ρ and λ coordinates in Table V and
Figs. 5 and 6.
The masses of the doubly heavy baryons are comparable

to the values reported in a quark model descriptions
by Yoshida et al. [39] and Karliner and Rosner [38],
Regge phenomenology [60], heavy diquark-light quark
model [61], and lattice QCD calculations [15,35]. In
Table VII we present a comparison of the present results
for the masses of ground state baryons with those obtained
in constituent quark models [38,39] and lattice QCD
calculations [35]. In general, there is a good agreement
between the three different calculations and the available
experimental data. For double bottom baryons there is no
experimental information. For these baryons our values as
well as the CQM results of [39] are about 150 MeV higher
than the lattice QCD calculations [35].
Finally, we present the equal-spacing mass rules for the

doubly heavy baryons. For the λ-mode excited baryons
one has

Mð2Sþ1λðΩQQÞJÞ −Mð2Sþ1λðΞQQÞJÞ

¼ ms −mu=d þ ωλðΩQQÞ − ωλðΞQQÞ −
3

4
E

¼
�
63 MeV ðQ ¼ cÞ
62 MeV ðQ ¼ bÞ: ð35Þ

For the ρ-mode excitations the frequencies are the same,
ωρðΩQQÞ ¼ ωρðΞQQÞ, and the equal-spacing mass rule
reduces to

Mð2ρðΩQQÞJÞ −Mð2ρðΞQQÞJÞ

¼ ms −mu=d −
3

4
E

¼
�
147 MeV ðQ ¼ cÞ
143 MeV ðQ ¼ bÞ: ð36Þ

F. ΩQQQ baryons

Even though triply heavy baryons, Ωccc and Ωbbb, have
not yet been observed experimentally, there are many
ongoing efforts to study these states and understand their
implications for hadron structure and the strong interaction.
According to the quark model classification the ground
state of these baryons has spin and parity JP ¼ 3=2þ, and is
labeled as 4ðΩcccÞ3=2 and 4ðΩbbbÞ3=2. Just as for three
identical light quarks, for three identical heavy quarks
the ρ- and λ-modes become degenerate. The wave function
of triply heavy P-wave baryons is given by Eq. (24), a
single state 2EðΩQQQÞJ with Jp ¼ 1=2− and 3=2−.
The mass spectrum of triply heavy S- and P-wave

baryons consists of three states with angular momentum
Jp ¼ 3=2þ, 1=2− and 3=2−. The results are presented in
Table VI and the right panel of Figs. 5 and 6. Table VI
shows that the splitting between the masses of S- and P-
wave baryons is about 150 MeV for Ωccc and 100 MeV for
Ωbbb, in comparison with values of more than 300MeV in a
recent calculation in a nonrelativistic constituent quark
model [36].
The PDG review of lattice calculations of the mass of

the ground state Ωccc baryon shows a range of 4700–
4800 MeV [15]. The same approximate range was found in
recent reviews of theoretical values in both model and
lattice calculations [36,40]. Our calculation yields a slightly
higher value of 4903 MeV which is about 100 MeV above
the result of the lattice calculation of Brown et al. [35] (see
Table VII).
Similarly, recent reviews of the ground state mass of the

triple bottom Ωbbb baryon show a range of 14,000–
15,000 MeV [36,40,60]. We calculate the ground-state
mass to be 14861 MeV which is within the this range, and
about 500 MeV higher than the lattice calculation of Brown
et al. [35] (see Table VII).

FIG. 5. Comparison between the experimental data (red tri-
angles) and our quark model calculations (blue squares) of the
mass spectra for the double-charm baryons, Ξcc and Ωcc, and
triple-charm baryons, Ωccc.

FIG. 6. As Fig. 5, but for double- and triple-bottom baryons.
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IV. ELECTROMAGNETIC COUPLINGS

Electromagnetic couplings provide an important tool to
investigate the properties of baryons since they are far more
sensitive to wave functions (and models) than masses.
Recently, the Belle II Collaboration reported the first
measurement of radiative decay widths of charmed bary-
ons. It was found that the widths of the neutral Ξcð2790Þ0
and Ξcð2815Þ0 baryons are large, whereas for the widths of
the charged Ξcð2790Þþ and Ξcð2815Þþ baryons only an
upper limit was established [23]. In the following we
analyze the radiative decay widths of heavy baryons in
the harmonic-oscillator quark model.

The Hamiltonian for electromagnetic couplings is given
by [113]

H ¼ e
Z

d3xĴμðx⃗ÞAμðx⃗Þ; ð37Þ

where Aμðx⃗Þ is the electromagnetic field and Jμðx⃗Þ is the
quark current

Ĵμðx⃗Þ ¼
X
q

eqq̄ðx⃗Þγμqðx⃗Þ; ð38Þ

where the sum runs over all quark flavors. For each flavor
q, there is a quark field qðx⃗Þ (Dirac spinor field) and eq is
the corresponding electromagnetic charge.
The electromagnetic decay of an initial baryon B to a

final baryon B0 is described by the emission of a left-
handed photon, B → B0 þ γ (see Fig. 7). The final baryon is
a ground-state baryon without radial excitation. The non-
relativistic interaction Hamiltonian for the electromagnetic
couplings for the emission of a left-handed photon is given
by [100,114]

TABLE VI. Mass spectra of triple charm and triple bottom S- and P-wave baryons. The states are labeled according to Eq. (24) and the
quantum numbers ðnρ; nλÞ, I, L, S, and JP. The parity is given by P ¼ ð−1ÞL.

Triple-charm baryons Q ¼ c Triple-bottom baryons Q ¼ b

State ðnρ; nλÞ I L S JP Mth (MeV) NRCQM [36] Name Mth (MeV) NRCQM [36] Name

4ðΩQQQÞ3=2 (0,0) 0 0 3
2

3
2
þ 4903� 3 4828 Ωccc 14861� 5 14432 Ωbbb

2EðΩQQQÞ1=2 (1,0) 0 1 1
2

1
2
− 5040� 3 5142 � � � 14954� 5 14773 � � �

2EðΩQQQÞ3=2 (1,0) 0 1 1
2

3
2
− 5073� 3 5162 � � � 14961� 5 14779 � � �

TABLE VII. Mass spectra of single, double and triple charm
and bottom ground-state S-wave baryons. The first uncertainty in
the lattice calculations is statistical and the second systematic.

State QM [39] KR [38] LQCD [35] Present Mexp (MeV)

Λc 2285 2286.5 2254(48)(31) 2281 2286.5(1)
Σc 2460 2444.0 2474(41)(25) 2455 2453.5(1)
Σ�
c 2523 2507.7 2551(43)(25) 2521 2518.1(2)

Ξc 2475.3 2433(35)(30) 2474 2469.1(2)
Ξ0
c 2565.4 2574(37)(23) 2586 2578.5(4)

Ξ�
c 2632.6 2648(38)(25) 2653 2645.6(2)

Ωc 2731 2692.1 2679(37)(20) 2733 2695.2(17)
Ω�

c 2779 2762.8 2755(37)(24) 2799 2765.9(20)
Ξcc 3685 3627(12) 3610(23)(22) 3619 3621.6(4)
Ξ�
cc 3754 3690(12) 3692(28)(21) 3686

Ωcc 3832 3738(20)(20) 3766
Ω�

cc 3883 3822(20)(22) 3833
Ωccc 4796(8)(18) 4903

Λb 5618 5619.4 5626(52)(29) 5615 5619.6(2)
Σb 5823 5805.1 5856(56)(27) 5810 5813.1(2)
Σ�
b 5845 5826.7 5877(55)(27) 5832 5832.5(2)

Ξb 5801.5 5771(41)(24) 5812 5794.5(4)
Ξ0
b 5921.3 5933(47)(24) 5935 5935.0(1)

Ξ�
b 5944.1 5960(47)(25) 5957 5953.8(3)

Ωb 6076 6042.8 6056(47)(20) 6078 6045.2(12)
Ω�

b 6094 6066.7 6085(47)(20) 6100
Ξbb 10314 10162(12) 10143(30)(23) 10295
Ξ�
bb 10339 10184(12) 10178(30)(24) 10317

Ωbb 10447 10273(27)(20) 10438
Ω�

bb 10467 10308(27)(21) 10460
Ωbbb 14366(9)(20) 14861 FIG. 7. Photon emission from a heavy baryon in the radiative

decay B → B0 þ γ.
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Hem ¼
X3
j¼1

Hem;j ¼ 2

ffiffiffiffiffi
π

k0

r X3
j¼1

μj

�
ksj;−Ûj −

1

g
T̂j;−

�
;

Ûj ¼ e−ik⃗·r⃗j ;

T̂j;− ¼ 1

2

�
pj;−e−ik⃗·r⃗j þ e−ik⃗·r⃗jpj;−

	
; ð39Þ

where r⃗j, p⃗j, s⃗j, and μj are the coordinate, momentum, spin
and magnetic moment of the jth constituent quark, respec-
tively. The photon energy is denoted by k0 and k⃗ ¼ kẑ is the
momentum carried by the emitted photon along the quan-
tization axis, z. The coefficient g is related to the quark-scale
magnetic moment, g ¼ 1.
The electromagnetic decay widths of a given baryon is

expressed in terms of the helicity amplitudes which in turn
correspond to the transition matrix elements of the inter-
action Hamiltonian of Eq. (39)

Aν ¼ hψB0 ; J0; ν − 1jHemjψB; J; νi; ð40Þ
where ν is the helicity quantum number. For three identical
quarks, the contribution of each one of the quarks is the

same and one can write

Aν ¼ hψB0 ; J0; ν − 1j3Hem;3jψB; J; νi; ð41Þ

whereas for two identical quarks which are different from
the third one has

Aν ¼ hψB0 ; J0; ν − 1j2Hem;1 þHem;3jψB; J; νi: ð42Þ

In order to calculate the helicity amplitudes of the baryons,
we expand the coupled basis jðnρlρÞðnλlλÞL; S; JMi into
the uncoupled basis

jðL;SÞJ;Mi¼
X
MLMS

hL;ML;S;MSjJ;MijLML;SMSi; ð43Þ

and use that the final state is a ground-state baryon with
L0 ¼ 0 and J0 ¼ S0. The helicity amplitude can be reex-
pressed in the following way

AνðkÞ ¼
X
MLMS

hL;ML; S;MSjJ; νihψB0 ; 0; 0; S0 ¼ J0;MS0 ¼ ν − 1jHemjψB; L;ML; S;MSi

¼ 2

ffiffiffiffiffi
π

k0

r X3
j¼1

n
khL; 0; S; νjJ; νihψB0 ; 0; 0; S0; ν − 1jμjsj;−ÛjjψB; L; 0; S; νi

−
1

g
hL; 1; S; ν − 1jJ; νihψB0 ; 0; 0; S0; ν − 1jμjT̂j;−jψB; L; 1; S; ν − 1i

o
: ð44Þ

A. Radial integrals

The helicity amplitudes for the emission of a left-handed
photon can be expressed in terms of the radial integrals

Ui;j ¼ hψ0jÛjjψ ii;
Ti;j ¼ hψ0jT̂j;−jψ ii; ð45Þ

with i ¼ 0 for ground-state S-wave baryons and i ¼ ρ, λ for
excited-state P-wave baryons. The radial integrals can be
evaluated by using Jacobi coordinates and their conjugate
momenta of Eq. (7). For ground-state baryons one has

U0;1 ¼ U0;2 ¼ e−k
2=8α2ρe−ð

3m0
2mþm0kÞ2=24α2λ ;

U0;3 ¼ e−ð
3m

2mþm0kÞ2=6α2λ ;

T0;1 ¼ T0;2 ¼ T0;3 ¼ 0: ð46Þ

For the radially excited states one finds

Uρ;1 ¼ −Uρ;2

¼ −i
k
2αρ

e−k
2=8α2ρe−ð

3m0
2mþm0kÞ2=24α2λ ;

Uρ;3 ¼ 0;

Uλ;1 ¼ Uλ;2

¼ −i
k

2αλ
ffiffiffi
3

p 3m0

2mþm0 e
−k2=8α2ρe−ð

3m0
2mþm0kÞ2=24α2λ ;

Uλ;3 ¼ i
k

αλ
ffiffiffi
3

p 3m
2mþm0 e

−ð 3m
2mþm0kÞ2=6α2λ ; ð47Þ

and
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Tρ;1 ¼ −Tρ;2

¼ i
mk0
αρ

ffiffiffi
2

p e−k
2=8α2ρe−ð

3m0
2mþm0kÞ2=24α2λ ;

Tρ;3 ¼ 0;

Tλ;1 ¼ Tλ;2

¼ i
mk0
αλ

ffiffiffi
6

p 3m0

2mþm0 e
−k2=8α2ρe−ð

3m0
2mþm0kÞ2=24α2λ ;

Tλ;3 ¼ −i
m0k0

ffiffiffi
2

p

αλ
ffiffiffi
3

p 3m
2mþm0 e

−ð 3m
2mþm0kÞ2=6α2λ : ð48Þ

Here αρ and αλ are the harmonic-oscillator size parameters
of Table VIII. Their values can be calculated by using the
quark masses of Table I and the string constants C of
Table II, and are summarized in Table VIII.

B. Spin-flavor matrix elements

The spin-flavor matrix contribution to the helicity
amplitudes can be evaluated in a straightforward manner.
In Table IX, we present the results for the spin-flip and
nonvanishing orbit-flip amplitudes for the decays
ΣQðuuQÞ → 2ΣQðuuQÞ þ γ and 4ΣQðuuQÞ þ γ. The con-
tributions for the other members of the flavor sextet can be
obtained by the replacements

μu →
1

2
ðμu þ μdÞ∶ΣQðudQÞ;

μu → μd∶ΣQðddQÞ;

μu →
1

2
ðμu þ μsÞ∶Ξ0

QðusQÞ;

μu →
1

2
ðμd þ μsÞ∶Ξ0

QðdsQÞ;
μu → μs∶ΩQðssQÞ: ð49Þ

In Table X, we present the results for the spin-flip
and nonvanishing orbit-flip amplitudes for the decays

ΣQðudQÞ → 2ΛQðudQÞ þ γ. The spin-flavor contributions
for the other couplings for transitions from the flavor sextet
to the flavor antitriplet can be obtained by the replacements

μu − μd → μu − μs∶Ξ0
QðusQÞ;

μu − μd → μd − μs∶Ξ0
QðdsQÞ: ð50Þ

TABLE VIII. Values of oscillator size parameters αρ and αλ in
MeV calculated using Eqs. (15) and (16) for heavy baryons with
Q ¼ c and Q ¼ b.

Q ¼ c Q ¼ b

αρ αλ αρ αλ

ΣQ, ΛQ 392 478 380 486
ΞQ, Ξ0

Q 418 500 405 514
ΩQ 440 517 426 537
ΞQQ 601 425 771 417
ΩQQ 601 471 771 466
ΩQQQ 601 601 771 771

TABLE IX. Spin-flip and nonvanishing orbit-flip amplitudes
for the decays ΣQðuuQÞ → 2ΣQðuuQÞ þ γ and 4ΣQðuuQÞ þ γ
with helicities ν ¼ 1=2 and 3=2.

Spin-flip ν hμ1s1;−i hμ2s2;−i hμ3s3;−i
4ΣQ → 2ΣQ

1
2

− 1

3
ffiffi
2

p μu − 1

3
ffiffi
2

p μu
ffiffi
2

p
3
μQ

3
2

− 1ffiffi
6

p μu − 1ffiffi
6

p μu
ffiffi
2

pffiffi
3

p μQ
2ρJðΣQÞ → 2ΣQ

1
2

− 1ffiffi
3

p μu
1ffiffi
3

p μu 0
2λJðΣQÞ → 2ΣQ

1
2

2
3
μu

2
3
μu − 1

3
μQ

4λJðΣQÞ → 2ΣQ
1
2

− 1

3
ffiffi
2

p μu − 1

3
ffiffi
2

p μu
ffiffi
2

p
3
μQ

3
2

− 1ffiffi
6

p μu − 1ffiffi
6

p μu
ffiffi
2

pffiffi
3

p μQ
2ρJðΣQÞ → 4ΣQ

1
2

1ffiffi
6

p μu − 1ffiffi
6

p μu 0
2λJðΣQÞ → 4ΣQ

1
2

1

3
ffiffi
2

p μu
1

3
ffiffi
2

p μu −
ffiffi
2

p
3
μQ

4λJðΣQÞ → 4ΣQ
1
2

2
3
μu

2
3
μu

2
3
μQ

3
2

1ffiffi
3

p μu
1ffiffi
3

p μu
1ffiffi
3

p μQ

Orbit-flip ν hμ1i hμ2i hμ3i
2λJðΣQÞ → 2ΣQ

1
2

μu μu μQ
3
2

μu μu μQ
4λJðΣQÞ → 4ΣQ

1
2

μu μu μQ
3
2

μu μu μQ

TABLE X. As Table IX, but for the decay ΣQðudQÞ →
2ΛQðudQÞ þ γ.

Spin-flip ν hμ1s1;−i hμ2s2;−i hμ3s3;−i
2ΣQ → 2ΛQ

1
2

− 1

2
ffiffi
3

p ðμu − μdÞ − 1

2
ffiffi
3

p ðμu − μdÞ 0
4ΣQ → 2ΛQ

1
2

− 1

2
ffiffi
6

p ðμu − μdÞ − 1

2
ffiffi
6

p ðμu − μdÞ 0
3
2

− 1

2
ffiffi
2

p ðμu − μdÞ − 1

2
ffiffi
2

p ðμu − μdÞ 0
2ρJðΣQÞ → 2ΛQ

1
2

0 0 0
2λJðΣQÞ → 2ΛQ

1
2

− 1
2
ffiffi
3

p ðμu − μdÞ − 1
2
ffiffi
3

p ðμu − μdÞ 0
4λJðΣQÞ → 2ΛQ

1
2

− 1

2
ffiffi
6

p ðμu − μdÞ − 1

2
ffiffi
6

p ðμu − μdÞ 0
3
2

− 1

2
ffiffi
2

p ðμu − μdÞ − 1

2
ffiffi
2

p ðμu − μdÞ 0

Orbit-flip ν hμ1i hμ2i hμ3i
2ρJðΣQÞ → 2ΛQ

1
2

1
2
ðμu − μdÞ − 1

2
ðμu − μdÞ 0

3
2

1
2
ðμu − μdÞ − 1

2
ðμu − μdÞ 0
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In Table XI, we present the results for the spin-flip
and nonvanishing orbit-flip amplitudes for the decays
ΛQðudQÞ → 2ΣQðudQÞ þ γ and 4ΣQðudQÞ þ γ. The
spin-flavor contributions for the other couplings for tran-
sitions from the flavor antitriplet to the flavor sextet can be
obtained by the replacements

μu − μd → μu − μs∶ΞQðusQÞ;
μu − μd → μd − μs∶ΞQðdsQÞ: ð51Þ

In Table XII, we present the results for the spin-flip
and nonvanishing orbit-flip amplitudes for the decays
ΛQðudQÞ → 2ΛQðudQÞ þ γ. The contributions for the

other members of the flavor antitriplet can be obtained
by the replacements

μu þ μd → μu þ μs∶ΞQðusQÞ;
μu þ μd → μd þ μs∶ΞQðdsQÞ: ð52Þ

The contributions of the spin-flavor part for the doubly
heavy baryon decays can be obtained from those for the
decays ΣQðuuQÞ → 2ΣQðuuQÞ þ γ and 4ΣQðuuQÞ þ γ in
Table IX by interchanging the light and heavy quarks

μu → μQ& μQ → μu∶ΞQQðQQuÞ;
μu → μQ& μQ → μd∶ΞQQðQQdÞ;
μu → μQ& μQ → μs∶ΩQQðQQsÞ: ð53Þ

Finally, the spin-flavor matrix elements for triply heavy
baryons are given in Table XIII.

C. Helicity amplitudes

The helicity amplitudes of Eq. (44) can be obtained by
combining the results for the radial integrals and the spin-
flavor matrix elements. In Tables XIV–XVIII we present
the results. Obviously, for the helicity amplitudes one has
the same symmetry relations of Eqs. (49)–(53) as for the
spin-flavor matrix elements.
For triply heavy baryons QQQ the helicity amplitude is

given by

A1=2 ¼ −2
ffiffiffiffiffi
π

k0

r
h1; 0; 1

2
;
1

2
jJ; 1

2
iUλ;3

¼ −2
ffiffiffiffiffi
π

k0

r
h1; 0; 1

2
;
1

2
jJ; 1

2
i ik

α
ffiffiffi
3

p e−k
2=6α2 ;

A3=2 ¼ 0; ð54Þ

with m ¼ m0 ¼ mQ and αρ ¼ αλ ¼ α. The explicit expres-
sions are given in Table XVIII.

V. RADIATIVE DECAY WIDTHS

The radiative decay width is related to the helicity
amplitudes

TABLE XII. As Table IX, but for the decays ΛQðudQÞ →
2ΛQðudQÞ þ γ.

Spin-flip ν hμ1s1;−i hμ2s2;−i hμ3s3;−i
2ρJðΛQÞ → 2ΛQ

1
2

− 1

2
ffiffi
3

p ðμu þ μdÞ 1

2
ffiffi
3

p ðμu þ μdÞ 0
4ρJðΛQÞ → 2ΛQ

1
2

− 1

2
ffiffi
6

p ðμu þ μdÞ 1

2
ffiffi
6

p ðμu þ μdÞ 0
3
2

− 1

2
ffiffi
2

p ðμu þ μdÞ 1

2
ffiffi
2

p ðμu þ μdÞ 0
2λJðΛQÞ → 2ΛQ

1
2

0 0 μQ

Orbit-flip ν hμ1i hμ2i hμ3i
2λJðΛQÞ → 2ΛQ

1
2

1
2
ðμu þ μdÞ 1

2
ðμu þ μdÞ μQ

3
2

1
2
ðμu þ μdÞ 1

2
ðμu þ μdÞ μQ

TABLE XIII. Spin-flip amplitudes for the decay ΩQQQ

ðQQQÞ → 4ΩQQQðQQQÞ þ γ. Orbit flip amplitudes are zero.

Spin-flip ν hμ1s1;−i hμ2s2;−i hμ3s3;−i
2λJðΩQQQÞ → 4ΩQQQ

1
2

1

3
ffiffi
2

p μQ
1

3
ffiffi
2

p μQ −
ffiffi
2

p
3
μQ

2ρJðΩQQQÞ → 4ΩQQQ
1
2

1ffiffi
6

p μQ − 1ffiffi
6

p μQ 0

TABLE XI. As Table IX, but for the decays ΛQðudQÞ →
2ΣQðudQÞ þ γ and 4ΣQðudQÞ þ γ.

Spin-flip ν hμ1s1;−i hμ2s2;−i hμ3s3;−i
2ΛQ → 2ΣQ

1
2

− 1
2
ffiffi
3

p ðμu − μdÞ − 1
2
ffiffi
3

p ðμu − μdÞ 0
2ρJðΛQÞ → 2ΣQ

1
2

1
3
ðμu − μdÞ − 1

3
ðμu − μdÞ 0

4ρJðΛQÞ → 2ΣQ
1
2

− 1

6
ffiffi
2

p ðμu − μdÞ 1

6
ffiffi
2

p ðμu − μdÞ 0
3
2

− 1

2
ffiffi
6

p ðμu − μdÞ 1

2
ffiffi
6

p ðμu − μdÞ 0
2λJðΛQÞ → 2ΣQ

1
2

− 1

2
ffiffi
3

p ðμu − μdÞ − 1

2
ffiffi
3

p ðμu − μdÞ 0
2ΛQ → 4ΣQ

1
2

1

2
ffiffi
6

p ðμu − μdÞ 1

2
ffiffi
6

p ðμu − μdÞ 0
2ρJðΛQÞ → 4ΣQ

1
2

1

6
ffiffi
2

p ðμu − μdÞ − 1

6
ffiffi
2

p ðμu − μdÞ 0
4ρJðΛQÞ → 4ΣQ

1
2

1
3
ðμu − μdÞ − 1

3
ðμu − μdÞ 0

3
2

1

2
ffiffi
3

p ðμu − μdÞ − 1

2
ffiffi
3

p ðμu − μdÞ 0
2λJðΛQÞ → 4ΣQ

1
2

1

2
ffiffi
6

p ðμu − μdÞ 1

2
ffiffi
6

p ðμu − μdÞ 0

Orbit-flip ν hμ1i hμ2i hμ3i
2ρJðΛQÞ → 2ΣQ

1
2

1
2
ðμu − μdÞ − 1

2
ðμu − μdÞ 0

3
2

1
2
ðμu − μdÞ − 1

2
ðμu − μdÞ 0

4ρJðΛQÞ → 4ΣQ
1
2

1
2
ðμu − μdÞ − 1

2
ðμu − μdÞ 0

3
2

1
2
ðμu − μdÞ − 1

2
ðμu − μdÞ 0

MASSES AND RADIATIVE DECAY WIDTHS OF S- AND P- … PHYS. REV. D 108, 054014 (2023)

054014-15



ΓðB → B0 þ γÞ ¼ 2πρ
1

ð2πÞ3
2

2J þ 1

X
ν>0

jAνðkÞj2: ð55Þ

The widths are calculated in the rest frame of the initial
baryon B. In this reference frame, the momentum of the
emitted photon is given by

k ¼ m2
B −m2

B0

2mB
; ð56Þ

and the space phase factor has the form

ρ ¼ 4π
EB0k2

mB
: ð57Þ

The energy of the final baryon is EB0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

B0 þ k2
q

. The

value of g is taken as g ¼ 1 for all electromagnetic decays.
The quark magnetic moments of the light quarks are

determined by the magnetic moments of the proton,
neutron, and Λ hyperon as μu ¼ 1.852 μN , μd ¼ −0.972
μN , and μs ¼ −0.613 μN . In the absence of experimental
information on the magnetic moments of heavy baryons,
the magnetic moments of the heavy quarks are calculated
from the heavy quark masses as μQ ¼ eQmN=mQ μN to
give μc ¼ 0.390 μN and μb ¼ −0.063 μN .

A. Singly heavy baryons

For electromagnetic decays of singly heavy baryons the
final baryon B0

Q is a ground state S-wave baryon, i.e.,
2ðB0

QÞ1=2 or 4ðB0
QÞ3=2 of the flavor sextet 6 or 2ðB0

QÞ1=2 of the
flavor antitriplet 3̄.
First, in Table XIX we present the radiative decay widths

for ground-state S-wave baryons. In the absence of exper-
imental data, we make a comparison with the predictions of
other approaches: light cone QCD sum rules (LCQSR), bag
model (BM), vector-meson dominance (VMD), chiral
quark model, nonrelativistic quark model, heavy baryon

TABLE XIV. Helicity amplitudes for the decays ΣQðuuQÞ → 2ΣQðuuQÞ þ γ (top) and 4ΣQðuuQÞ þ γ (bottom).

J A1=2=2
ffiffiffiffiffiffiffiffiffiffi
π=k0

p
A3=2=2

ffiffiffiffiffiffiffiffiffiffi
π=k0

p
4ΣQ

3
2 k

ffiffi
2

p
3
ð−μuU0;1 þ μQU0;3Þ k

ffiffi
2
3

q
ð−μuU0;1 þ μQU0;3Þ

2ρðΣQÞJ 1
2

k 2
3
μuUρ;1 0

3
2 −k 2

ffiffi
2

p
3
μuUρ;1

0
2λðΣQÞJ 1

2 −k 1

3
ffiffi
3

p ð4μuUλ;1 − μQUλ;3Þ − 1
g

ffiffi
2
3

q
ð2μuTλ;1 þ μQTλ;3Þ 0

3
2 k

ffiffi
2

p
3
ffiffi
3

p ð4μuUλ;1 − μQUλ;3Þ − 1
g

1ffiffi
3

p ð2μuTλ;1 þ μQTλ;3Þ − 1
g ð2μuTλ;1 þ μQTλ;3Þ

4λðΣQÞJ 1
2 k

ffiffi
2

p
3
ffiffi
3

p ðμuUλ;1 − μQUλ;3Þ 0

3
2 k

ffiffi
2

p
3
ffiffiffiffi
15

p ðμuUλ;1 − μQUλ;3Þ k
ffiffi
2
5

q
ðμuUλ;1 − μQUλ;3Þ

5
2 −k

ffiffiffiffi
2
15

q
ðμuUλ;1 − μQUλ;3Þ −k 2ffiffiffiffi

15
p ðμuUλ;1 − μQUλ;3Þ

2ρðΣQÞJ 1
2 −k

ffiffi
2

p
3
μuUρ;1

0
3
2

k 2
3
μuUρ;1 0

2λðΣQÞJ 1
2 −k

ffiffi
2

p
3
ffiffi
3

p ðμuUλ;1 − μQUλ;3Þ 0

3
2

k 2

3
ffiffi
3

p ðμuUλ;1 − μQUλ;3Þ 0
4λðΣQÞJ 1

2
−k 2

3
ffiffi
3

p ð2μuUλ;1 þ μQUλ;3Þ − 1
g

1ffiffi
6

p ð2μuTλ;1 þ μQTλ;3Þ 0
3
2 −k 2

3
ffiffiffiffi
15

p ð2μuUλ;1 þ μQUλ;3Þ − 1
g

ffiffiffiffi
8
15

q
ð2μuTλ;1 þ μQTλ;3Þ −k 1ffiffi

5
p ð2μuUλ;1 þ μQUλ;3Þ − 1

g

ffiffi
2
5

q
ð2μuTλ;1 þ μQTλ;3Þ

5
2 k 2ffiffiffiffi

15
p ð2μuUλ;1 þ μQUλ;3Þ − 1

g

ffiffiffiffi
3
10

q
ð2μuTλ;1 þ μQTλ;3Þ k

ffiffiffiffi
2
15

q
ð2μuUλ;1 þ μQUλ;3Þ − 1

g

ffiffi
3
5

q
ð2μuTλ;1 þ μQTλ;3Þ

TABLE XV. As Table XIV, but for the decays ΣQðudQÞ →
2ΛQðudQÞ þ γ.

J A1=2=2
ffiffiffiffiffiffiffiffiffiffi
π=k0

p
A3=2=2

ffiffiffiffiffiffiffiffiffiffi
π=k0

p
2ΣQ

1
2

−k 1ffiffi
3

p ðμu − μdÞU0;1 0
4ΣQ

3
2

−k 1ffiffi
6

p ðμu − μdÞU0;1 −k 1ffiffi
2

p ðμu − μdÞU0;1
2ρðΣQÞJ 1

2 − 1
g

ffiffi
2
3

q
ðμu − μdÞTρ;1

0

3
2

− 1
g

1ffiffi
3

p ðμu − μdÞTρ;1 − 1
g ðμu − μdÞTρ;1

2λðΣQÞJ 1
2

k 1
3
ðμu − μdÞUλ;1 0

3
2 −k

ffiffi
2

p
3
ðμu − μdÞUλ;1

0
4λðΣQÞJ 1

2
k 1

3
ffiffi
2

p ðμu − μdÞUλ;1 0
3
2

k 1

3
ffiffiffiffi
10

p ðμu − μdÞUλ;1 k
ffiffiffiffi
3
10

q
ðμu − μdÞUλ;1

5
2

−k 1ffiffiffiffi
10

p ðμu − μdÞUλ;1 −k 1ffiffi
5

p ðμu − μdÞUλ;1
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chiral perturbation theory, relativistic quark model (RQM),
and hypercentral quark model (hCQM). The different
theoretical calculations are in qualitative agreement with
each other; the transitions 2ΣQ → 2ΛQ þ γ and 4ΣQ →
2ΛQ þ γ are calculated to have the largest widths, the

transitions 2;4Ξ0þ
c → 2Ξþ

c þ γ and 2;4Ξ00
b → 2Ξ0

b þ γ have
somewhat smaller widths, and the remaining transitions
have very small widths.
Next, the electromagnetic decay widths for singly heavy

P-wave baryons are shown in Tables XX and XXI for single
charm baryons and in Tables XXII and XXIII for single
bottom baryons. We compare our results with those obtained
in the chiral quark model (χQM) of Wang et al. [58]. In
Ref. [58], the electromagnetic decay widths are calculated by
combining the masses obtained by Ebert et al. in a
relativistic heavy-quark-light-diquark picture [46] with non-
relativistic harmonic-oscillator wave functions. Moreover,
the χQM results for the decays of the P-wave ρ-mode states
of the antitriplet baryons in Tables XXI and XXIII were
obtained assuming the same masses as for the λ-mode

TABLE XVI. As Table XIV, but for the decays ΛQðudQÞ → 2ΣQðudQÞ þ γ (top) and 4ΣQðudQÞ þ γ (bottom).

J A1=2=2
ffiffiffiffiffiffiffiffiffiffi
π=k0

p
A3=2=2

ffiffiffiffiffiffiffiffiffiffi
π=k0

p
2ρðΛQÞJ 1

2 −k 2

3
ffiffi
3

p ðμu − μdÞUρ;1 − 1
g

ffiffi
2
3

q
ðμu − μdÞTρ;1

0

3
2 k 2

ffiffi
2

p
3
ffiffi
3

p ðμu − μdÞUρ;1 − 1
g

1ffiffi
3

p ðμu − μdÞTρ;1
− 1

g ðμu − μdÞTρ;1

4ρðΛQÞJ 1
2

k 1

3
ffiffi
6

p ðμu − μdÞUρ;1 0
3
2

k 1

3
ffiffiffiffi
30

p ðμu − μdÞUρ;1 k 1ffiffiffiffi
10

p ðμu − μdÞUρ;1
5
2

−k 1ffiffiffiffi
30

p ðμu − μdÞUρ;1 −k 1ffiffiffiffi
15

p ðμu − μdÞUρ;1
2λðΛQÞJ 1

2
k 1
3
ðμu − μdÞUλ;1 0

3
2 −k

ffiffi
2

p
3
ðμu − μdÞUλ;1

0

2ρðΛQÞJ 1
2

−k 1

3
ffiffi
6

p ðμu − μdÞUρ;1 0
3
2

k 1

3
ffiffi
3

p ðμu − μdÞUρ;1 0
4ρðΛQÞJ 1

2
−k 2

3
ffiffi
3

p ðμu − μdÞUρ;1 − 1
g

1ffiffi
6

p ðμu − μdÞTρ;1 0
3
2 −k 2

3
ffiffiffiffi
15

p ðμu − μdÞUρ;1 − 1
g

ffiffiffiffi
8
15

q
ðμu − μdÞTρ;1 −k 1ffiffi

5
p ðμu − μdÞUρ;1 − 1

g

ffiffi
2
5

q
ðμu − μdÞTρ;1

5
2 k 2ffiffiffiffi

15
p ðμu − μdÞUρ;1 − 1

g

ffiffiffiffi
3
10

q
ðμu − μdÞTρ;1 k

ffiffiffiffi
2
15

q
ðμu − μdÞUρ;1 − 1

g

ffiffi
3
5

q
ðμu − μdÞTρ;1

2λðΛQÞJ 1
2

−k 1

3
ffiffi
2

p ðμu − μdÞUλ;1 0
3
2

k 1
3
ðμu − μdÞUλ;1 0

TABLE XVII. As Table XIV, but for the decays ΛQðudQÞ → 2ΛQðudQÞ þ γ.

J A1=2=2
ffiffiffiffiffiffiffiffiffiffi
π=k0

p
A3=2=2

ffiffiffiffiffiffiffiffiffiffi
π=k0

p
2ρðΛQÞJ 1

2
k 1
3
ðμu þ μdÞUρ;1 0

3
2 −k

ffiffi
2

p
3
ðμu þ μdÞUρ;1

0
4ρðΛQÞJ 1

2
k 1

3
ffiffi
2

p ðμu þ μdÞUρ;1 0
3
2

k 1

3
ffiffiffiffi
10

p ðμu þ μdÞUρ;1 k
ffiffiffiffi
3
10

q
ðμu þ μdÞUρ;1

5
2

−k 1ffiffiffiffi
10

p ðμu þ μdÞUρ;1 −k 1ffiffi
5

p ðμu þ μdÞUρ;1
2λðΛQÞJ 1

2 −k 1ffiffi
3

p μQUλ;3 − 1
g

ffiffi
2
3

q
½ðμu þ μdÞTλ;1 þ μQTλ;3� 0

3
2 k

ffiffi
2
3

q
μQUλ;3 − 1

g
1ffiffi
3

p ½ðμu þ μdÞTλ;1 þ μQTλ;3� − 1
g ½ðμu þ μdÞTλ;1 þ μQTλ;3�

TABLE XVIII. As Table XIV, but for the decays
ΩQQQ → 4ΩQQQ þ γ.

J A1=2=2
ffiffiffiffiffiffiffiffiffiffi
π=k0

p
A3=2=2

ffiffiffiffiffiffiffiffiffiffi
π=k0

p
2EðΣQQQÞJ 1

2
k 1ffiffi

3
p μQUλ;3 0

3
2 −k

ffiffi
2
3

q
μQUλ;3

0
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excitations. In the present calculation, we have calculated the
mass spectra and the radiative widths in a consistent manner
in the framework of a nonrelativistic harmonic-oscillator
quark model. The largest widths are obtained for the decays
of the ρ-mode excitations, in particular 2ρðΣþ

c ÞJ → 2Λþ
c þ γ,

2ρðΞ0þ
c ÞJ → 2Λþ

c þ γ, and the corresponding decays in the
bottom sector 2ρðΣ0

bÞJ → 2Λ0
b þ γ, 2ρðΞ00

b ÞJ → 2Λ0
b þ γ.

The only available experimental information is the meas-
urement of the radiative decay widths of the excited
Ξcð2790Þ and Ξcð2815Þ baryons by the Belle II
Collaboration [23]. It was found that the electromagnetic
decay widths for neutral baryons are large (albeit with a large
uncertainty), ΓðΞ0

cð2815Þ → Ξ0
c þ γÞ ¼ 320� 45 keV and

ΓðΞ0
cð2790Þ → Ξ0

c þ γÞ ¼ 800� 320 keV, while for
charged baryons only an upper limit was obtained
ΓðΞþ

c ð2815Þ → Ξþ
c þ γÞ < 80 keV and ΓðΞþ

c ð2790Þ →
Ξþ
c þ γÞ < 350 keV. Inspection of Tables XX and XXI

shows that this behavior is in agreement with the assignment
of the Ξcð2790Þ and Ξcð2815Þ baryons as 2λðΞcÞJ states
with JP ¼ 1=2− and 3=2−, respectively, which confirms the
prediction made in Ref. [58]. In Table XXIV we show a
comparison with other theoretical calculations. We find a
reasonable agreement between our calculation and the
experimental data, as well as with the χQM results.

The decay widths of Ξcð2790Þ in Ref. [121] in which
charmed baryons are interpreted as meson-baryon molecular
states are calculated to be ∼250 keV for the charged baryon
and ∼120 keV for the neutral baryon. Even though these
results are in qualitative agreement with the data (which have
large error bars) their behavior is very different from the
present results and the χQM. In the light cone QCD sum rule
approach of [65] the radiative decay width of the charged
Ξþ
c ð2790Þ baryon is calculated to be much larger than that of

the neutral Ξ0
cð2790Þ baryon, in contradiction with the

experimental data. Finally, a calculation in the relativistic
quark model shows a larger radiative width for the neutral
Ξcð2815Þ0 than for the charge Ξcð2815Þþ state [118],
although the calculated value of ΓðΞcð2815Þþ → Ξþ

c þ γÞ
is much larger than the upper limit from experiment.

B. Doubly and triply heavy baryons

For electromagnetic decays of doubly-heavy baryons
the final baryon B0

QQ is either 2ðB0
QQÞ1=2 or 4ðB0

QQÞ3=2 of
the flavor triplet 3. The electromagnetic decay widths
for doubly heavy S- and P-wave baryons are shown in
Tables XXVand XXVI. We compare our results with those
obtained in the chiral quark model (χQM) of Xiao et al.
[58] in which the electromagnetic decay widths are

TABLE XIX. Radiative decay widths of single charm and bottom S-wave baryons in keV.

hCQM

BQ → B0
Qγ Present

LCQSR
[63,64,66]

BM
[115]

VMD
[116]

χQM
[58]

NRQM
[117]

HBχPT
[76]

RQM
[118] [119] [120] [49]

4Σþþ
c → 2Σþþ

c γ 2.1 2.65� 1.60 0.826 3.567 3.94 1.15 1.20 1.32 0.85
4Σþ

c → 2Σþ
c γ 0.0 0.40� 0.22 0.004 0.187 0.004 < 10−4 0.04 0.14� 0.004 1 × 10−4 9 × 10−5

4Σ0
c → 2Σ0

cγ 1.8 0.08� 0.042 1.08 1.049 3.43 1.12 0.49 1.072 1.20 1.55
2Σþ

c → 2Λþ
c γ 87.2 50.0� 17.0 46.1 80.60 60.55 65.6 60.7� 1.5 71.20 58.13

4Σþ
c → 2Λþ

c γ 199.4 130� 35 126 409.3 373 154.48 161.8 151� 4 171.9 143.97 213.3
4Ξ0þ

c → 2Ξ0þ
c γ 0.1 0.274 0.011 0.485 0.004 0.07

4Ξ00
c → 2Ξ00

c γ 1.4 2.142 1.03 1.317 3.03 0.42
2Ξ0þ

c → 2Ξþ
c γ 20.6 8.5� 2.5 10.2 42.3 5.43 12.7� 1.5

2Ξ00
c → 2Ξ0

cγ 0.4 0.27� 0.06 0.0015 0.00 0.46 0.17� 0.002
4Ξ0þ

c → 2Ξþ
c γ 74.2 52� 32 44.3 152.4 139 63.32 21.6 54� 3 17.48

4Ξ00
c → 2Ξ0

cγ 1.6 0.66� 0.41 0.908 1.318 0.00 0.30 1.84 0.68� 0.04 0.45 0.91
4Ω0

c → 2Ω0
cγ 1.0 0.932 1.07 1.439 0.89 2.02 0.32 0.34 1.44

4Σþ
b → 2Σþ

b γ 0.1 0.46� 0.28 0.054 0.137 0.25 0.08 0.05
4Σ0

b →
2Σ0

bγ 0.0 0.028� 0.02 0.005 0.006 0.02 < 10−3 3 × 10−3

4Σ−
b →

2Σ−
b γ 0.0 0.11� 0.076 0.01 0.040 0.06 0.01 0.013

2Σ0
b →

2Λ0
bγ 128.1 152.0� 60.0 58.9 130 94.79 108.0

4Σ0
b →

2Λ0
bγ 168.8 114� 62 81.1 221.5 335 128.62 142.1

4Ξ00
b → 2Ξ00

b γ 0.0 0.131 0.004 0.281 5.19 1.5 × 10−3

4Ξ0−
b → 2Ξ0−

b γ 0.0 0.303 0.005 0.702 15.0 8.2 × 10−3

2Ξ00
b → 2Ξ0

bγ 28.4 47.0� 21.0 14.7 84.6 13.0
2Ξ0−

b → 2Ξ−
b γ 0.6 3.3� 1.3 0.118 0.00 1.0

4Ξ00
b → 2Ξ0

bγ 45.2 135� 85 24.7 270.8 104 18.79 17.2
4Ξ0−

b → 2Ξ−
b γ 1.0 1.50� 0.095 0.278 2.246 0.00 0.09 1.4

4Ω−
b →

2Ω−
b γ 0.0 0.092 0.006 2.873 0.1 0.03 0.031
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calculated by combining the masses obtained by Ebert et al.
in a relativistic light-quark-heavy-diquark picture [45] with
nonrelativistic harmonic-oscillator wave functions. Once
again, we note that in the present calculation mass spectra
and radiative widths in a consistent manner in the frame-
work of a nonrelativistic harmonic-oscillator quark model.
Tables XXV and XXVI show that the radiative decay

widths of 2ρðBQQÞJ baryons are very small. This can be
understood as follows. Just as for the case of singly heavy
baryons, for doubly heavy baryons the main contribution to
the radiative decay widths comes from the light quarks.
Inspection of Table IX and Eq. (53) shows that the light
quarks do not contribution to the spin-flip amplitudes for
the decays 2ρðΞQQÞJ →2;4 ΞQQ and 2ρðΩQQÞJ →2;4ΩQQ. In
addition, for these decays the orbit-flip amplitude vanishes
identically. As a consequence, the electromagnetic decay
widths of 2ρðBQQÞJ baryons are very small.
For electromagnetic decays of triply heavy baryons the

final baryon is the ground-state S-wave 4ðΩQQQÞ3=2 state of
the flavor singlet 1. The electromagnetic decay widths of
triple heavy baryons ΩQQQ are shown in Table XXVII.
Since in this case there are only heavy quarks the radiative
decays are highly suppressed.

TABLE XX. Radiative decay widths of sextet singly heavy
charm P-wave baryons in keV.

Present χQM [57,58]

2Λc
2Σc

4Σc
2Λc

2Σc
4Σc

2λðΣþþ
c Þ1=2 67.1 3.4 283 3.04

2λðΣþþ
c Þ3=2 551.8 5.6 210 14.7

4λðΣþþ
c Þ1=2 12.5 1.7 8.54 387

4λðΣþþ
c Þ3=2 48.6 68.8 17.5 181

4λðΣþþ
c Þ5=2 49.7 450.3 13.6 168

2ρðΣþþ
c Þ1=2 178.1 56.6

2ρðΣþþ
c Þ3=2 215.5 72.2

2λðΣþ
c Þ1=2 110.0 4.6 0.3 48.3 1.60 0.31

2λðΣþ
c Þ3=2 132.9 4.9 0.5 87.3 4.64 1.55

4λðΣþ
c Þ1=2 66.7 1.1 1.5 52.1 0.92 1.75

4λðΣþ
c Þ3=2 220.9 4.5 2.0 105 1.86 0.68

4λðΣþ
c Þ5=2 179.8 4.7 2.3 59.4 1.46 0.89

2ρðΣþ
c Þ1=2 618.2 10.1 3.2

2ρðΣþ
c Þ3=2 624.6 12.2 4.1

2λðΣ0
cÞ1=2 156.1 0.6 205 0.39

2λðΣ0
cÞ3=2 432.2 0.9 245 1.82

4λðΣ0
cÞ1=2 2.0 13.9 1.02 289

4λðΣ0
cÞ3=2 7.5 109.7 2.12 159

4λðΣ0
cÞ5=2 7.4 335.1 1.64 160

2ρðΣ0
cÞ1=2 49.1 15.6

2ρðΣ0
cÞ3=2 59.4 19.9

2Ξc
2Ξ0

c
4Ξ0

c
2Ξc

2Ξ0
c

4Ξ0
c

2λðΞ0þ
c Þ1=2 37.9 0.0 0.3 46.4 0.03 1.61

2λðΞ0þ
c Þ3=2 50.2 18.7 0.5 46.1 12.1 1.59

4λðΞ0þ
c Þ1=2 25.2 1.3 0.1 14.5 0.33 0.16

4λðΞ0þ
c Þ3=2 90.6 5.2 0.9 54.6 2.06 1.64

4λðΞ0þ
c Þ5=2 83.4 5.8 14.1 32.0 1.63 2.35

2ρðΞ0þ
c Þ1=2 709.5 12.7 3.5

2ρðΞ0þ
c Þ3=2 760.5 16.4 4.8

2λðΞ00
cÞ1=2 0.8 158.3 0.1 0.0 472 1.00

2λðΞ00
cÞ3=2 1.1 339.3 0.3 0.0 302 1.05

4λðΞ00
cÞ1=2 0.5 0.6 18.5 0.0 0.20 125

4λðΞ00
cÞ3=2 1.9 2.5 108.0 0.0 1.21 187

4λðΞ00
cÞ5=2 1.8 2.7 248.2 0.0 0.93 192

2ρðΞ00
cÞ1=2 15.0 20.7 5.7

2ρðΞ00
cÞ3=2 16.1 26.8 7.8

2Ωc
4Ωc

2Ωc
4Ωc

2λðΩ0
cÞ1=2 135.7 0.0 0.36 0.02

2λðΩ0
cÞ3=2 251.6 0.1 0.35 < 0.01

4λðΩ0
cÞ1=2 0.2 17.5 0.20 0.08

4λðΩ0
cÞ3=2 0.7 90.9 < 0.01 0.33

4λðΩ0
cÞ5=2 0.7 177.0 < 0.01 0.18

2ρðΩ0
cÞ1=2 8.1 1.9

2ρðΩ0
cÞ3=2 11.0 2.9

TABLE XXI. Radiative decay widths of antitriplet single charm
P-wave baryons in keV.

Present χQM [58]

2Λc
2Σc

4Σc
2Λc

2Σc
4Σc

2λðΛþ
c Þ1=2 0.1 1.0 0.0 0.26 0.45 0.05

2λðΛþ
c Þ3=2 0.7 2.5 0.2 0.30 1.17 0.26

2ρðΛþ
c Þ1=2 9.6 97.3 1.5 1.59 41.6 0.02

2ρðΛþ
c Þ3=2 11.8 447.0 2.5 2.35 48.0 0.09

4ρðΛþ
c Þ1=2 5.8 5.3 6.0 0.80 0.08 6.81

4ρðΛþ
c Þ3=2 19.4 21.1 79.1 3.29 0.55 17.4

4ρðΛþ
c Þ5=2 16.1 22.2 362.8

2Ξc
2Ξ0

c
4Ξ0

c
2Ξc

2Ξ0
c

4Ξ0
c

2λðΞþ
c Þ1=2 7.4 1.3 0.1 4.65 1.43 0.44

2λðΞþ
c Þ3=2 4.8 2.9 0.3 2.80 2.32 0.99

2ρðΞþ
c Þ1=2 12.3 145.4 1.0 1.39 128 0.25

2ρðΞþ
c Þ3=2 16.2 481.6 1.7 1.88 110 0.52

4ρðΞþ
c Þ1=2 7.8 3.7 13.7 0.75 0.41 43.4

4ρðΞþ
c Þ3=2 28.0 15.2 111.5 2.81 1.85 58.1

4ρðΞþ
c Þ5=2 25.7 16.5 367.7

2λðΞ0
cÞ1=2 202.5 0.0 0.0 263 0.0 0.0

2λðΞ0
cÞ3=2 292.6 0.1 0.0 292 0.0 0.0

2ρðΞ0
cÞ1=2 20.1 3.1 0.0 5.57 0.0 0.0

2ρðΞ0
cÞ3=2 26.5 10.2 0.0 7.50 0.0 0.0

4ρðΞ0
cÞ1=2 12.8 0.1 0.3 3.00 0.0 0.0

4ρðΞ0
cÞ3=2 45.9 0.3 2.4 11.2 0.0 0.0

4ρðΞ0
cÞ5=2 42.1 0.4 7.8
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VI. SUMMARY AND CONCLUSIONS

In this article we presented a study of masses and
electromagnetic couplings of singly, doubly, and triply
heavy baryons where the heavy quark can either be charm
or bottom.We adopted a nonrelativistic harmonic-oscillator
quark model in which we use a Gürsey-Radicati form for
the spin-flavor dependence. The parameters are determined
in a simultaneous fit to 41 heavy baryon masses, 25 single
charm, 15 single bottom and one double charm, with an rms
deviation of 19 MeV.
In the harmonic-oscillator quark model there are two

radial excitations for qqQ andQQq baryons; a ρ-mode for
the relative motion between the two identical quarks and a
λ-mode for the relative motion between the pair of
identical quarks and the third quark. For qqQ baryons
the λ-mode has a lower frequency than the ρ-mode, while
for QQq baryons the situation is reversed. In this study
we focused on ground-state S-wave baryons and excited
P-wave baryons. The assignment of quantum numbers to
the experimentally observed heavy baryons is based
mostly on energy systematics.

TABLE XXII. Radiative decay widths of sextet singly heavy
bottom P-wave baryons in keV.

Present χQM [58]

2Λb
2Σb

4Σb
2Λb

2Σb
4Σb

2λðΣþ
b Þ1=2 267.7 5.3 1016 16.9

2λðΣþ
b Þ3=2 864.7 5.8 483 15.6

4λðΣþ
b Þ1=2 8.9 19.2 5.31 867

4λðΣþ
b Þ3=2 27.2 209.6 13.1 527

4λðΣþ
b Þ5=2 20.0 589.4 8.07 426

2ρðΣþ
b Þ1=2 182.1 79.3

2ρðΣþ
b Þ3=2 189.2 82.8

2λðΣ0
bÞ1=2 156.2 21.3 0.3 133 74.9 1.03

2λðΣ0
bÞ3=2 162.2 59.3 0.3 129 37.9 0.95

4λðΣ0
bÞ1=2 85.3 0.5 1.9 63.6 0.32 63.6

4λðΣ0
bÞ3=2 247.4 1.5 16.2 170 0.80 39.8

4λðΣ0
bÞ5=2 168.2 1.1 39.5 83.3 0.49 32.6

2ρðΣ0
bÞ1=2 526.5 10.3 4.5

2ρðΣ0
bÞ3=2 523.1 10.7 4.7

2λðΣ−
b Þ1=2 50.9 1.5 212 4.36

2λðΣ−
b Þ3=2 196.2 1.6 94 4.02

4λðΣ−
b Þ1=2 2.5 2.7 1.37 182

4λðΣ−
b Þ3=2 7.7 41.6 3.39 107

4λðΣ−
b Þ5=2 5.7 137.0 2.08 85.3

2ρðΣ−
b Þ1=2 50.2 21.9

2ρðΣ−
b Þ3=2 52.1 22.8

2Ξb
2Ξ0

b
4Ξ0

b
2Ξb

2Ξ0
b

4Ξ0
b

2λðΞ00
bÞ1=2 50.7 52.9 0.3 72.2 76.3 0.89

2λðΞ00
bÞ3=2 53.9 111.5 0.3 72.8 43.9 0.90

4λðΞ00
bÞ1=2 29.3 0.6 6.9 34.0 0.25 69.5

4λðΞ00
bÞ3=2 87.1 1.7 38.8 94.0 0.67 47.5

4λðΞ00
bÞ5=2 61.6 1.3 69.4 47.7 0.44 41.5

2ρðΞ00
bÞ1=2 708.1 13.4 5.5

2ρðΞ00
bÞ3=2 714.7 14.1 5.9

2λðΞ0−
b Þ1=2 1.1 50.8 0.5 0.0 190 3.54

2λðΞ0−
b Þ3=2 1.1 128.1 0.6 0.0 92.3 3.60

4λðΞ0−
b Þ1=2 0.6 1.0 5.6 0.0 1.48 164

4λðΞ0−
b Þ3=2 1.8 3.0 38.5 0.0 2.94 104

4λðΞ0−
b Þ5=2 1.3 2.2 82.7 0.0 1.88 88.2

2ρðΞ0−
b Þ1=2 15.0 21.9 9.0

2ρðΞ0−
b Þ3=2 15.2 23.0 9.6

2Ωb
4Ωb

2Ωb
4Ωb

2λðΩ−
b Þ1=2 36.0 0.2 154 1.49

2λðΩ−
b Þ3=2 73.7 0.2 83.4 1.51

4λðΩ−
b Þ1=2 0.4 5.1 0.64 99.23

4λðΩ−
b Þ3=2 1.1 26.7 1.81 70.68

4λðΩ−
b Þ5=2 0.9 45.1 1.21 63.26

2ρðΩ−
b Þ1=2 8.7 3.4

2ρðΩ−
b Þ3=2 9.2 3.7

TABLE XXIII. Radiative decay widths of antitriplet singly
heavy bottom P-wave baryons in keV.

Present χQM [58]

2Λb
2Σb

4Σb
2Λb

2Σb
4Σb

2λðΛ0
bÞ1=2 40.7 0.2 0.0 50.2 0.14 0.09

2λðΛ0
bÞ3=2 43.4 0.3 0.0 52.8 0.21 0.15

2ρðΛ0
bÞ1=2 10.2 93.3 2.0 1.62 16.2 0.02

2ρðΛ0
bÞ3=2 10.6 315.6 2.2 1.81 15.1 0.03

4ρðΛ0
bÞ1=2 5.6 3.5 6.2 0.81 0.02 8.25

4ρðΛ0
bÞ3=2 16.2 10.6 73.9 2.54 0.07 9.90

4ρðΛ0
bÞ5=2 11.0 7.8 216.5

2Ξb
2Ξ0

b
4Ξ0

b
2Ξb

2Ξ0
b

4Ξ0
b

2λðΞ0
bÞ1=2 83.1 0.6 0.1 63.6 1.32 2.04

2λðΞ0
bÞ3=2 88.9 0.7 0.2 68.3 1.68 2.64

2ρðΞ0
bÞ1=2 13.3 144.5 1.7 1.86 94.3 0.62

2ρðΞ0
bÞ3=2 14.0 377.2 1.9 2.10 69.4 0.80

4ρðΞ0
bÞ1=2 7.5 2.9 14.7 0.93 0.16 80.0

4ρðΞ0
bÞ3=2 22.2 8.8 109.7 2.94 0.80 78.0

4ρðΞ0
bÞ5=2 15.4 6.5 245.2

2λðΞ−
b Þ1=2 91.5 0.0 0.0 135 0.0 0.0

2λðΞ−
b Þ3=2 96.1 0.0 0.0 147 0.0 0.0

2ρðΞ−
b Þ1=2 21.8 3.1 0.0 7.19 0.0 0.0

2ρðΞ−
b Þ3=2 23.0 8.0 0.0 8.13 0.0 0.0

4ρðΞ−
b Þ1=2 12.3 0.1 0.3 3.59 0.0 0.0

4ρðΞ−
b Þ3=2 36.3 0.2 2.3 11.4 0.0 0.0

4ρðΞ−
b Þ5=2 25.3 0.1 5.2
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All ground-state S-wave single charm baryons have
been observed, and all but one for the case of single bottom
baryons. In addition, there are seven P-wave excited
baryons, five of which correspond to the λ-mode and
two to the ρ-mode for the sextet baryons, ΣQ, Ξ0

Q, and ΩQ.
For the antitriplet baryons, ΛQ and ΞQ, there are two P-
wave excitations of the λ-mode and five of the ρ-mode. For
Ωc baryons we have made (tentative) assignments of six
(out of seven) P-wave excitations (5λ and 1ρ), compared to

TABLE XXIV. Radiative decay widths in keV of the Ξcð2790Þ and Ξcð2815Þ baryons.
Present χQM [58] MB [121] LCQSR [65] RQM [118] Exp [23]

Ξcð2790Þþ → 2Ξþ
c γ 7.4 4.6 249.6� 41.9 265� 106 < 350

Ξcð2790Þ0 → 2Ξ0
cγ 202.5 263.0 119.3� 21.7 2.7� 0.8 800� 320

Ξcð2815Þþ → 2Ξþ
c γ 4.8 2.8 190� 5 < 80

Ξcð2815Þ0 → 2Ξ0
cγ 292.6 292.0 497� 14 320� 45þ45

−80

TABLE XXVI. Radiative decay widths of triplet doubly heavy
bottom P-wave baryons in keV.

Present χQM [56]

2Ξbb
4Ξbb

2Ξbb
4Ξbb

4ðΞ0
bbÞ3=2 0.1 1.19

2λðΞ0
bbÞ1=2 674.1 35.0 455 235

2λðΞ0
bbÞ3=2 387.8 37.2 984 265

4λðΞ0
bbÞ1=2 49.2 2.2 555 1330

4λðΞ0
bbÞ3=2 145.2 127.8 172 773

4λðΞ0
bbÞ5=2 101.7 555.6 121 569

2ρðΞ0
bbÞ1=2 0.0 0.0 1.15 0.72

2ρðΞ0
bbÞ3=2 0.0 0.0 3.30 2.66

4ðΞ−
bbÞ3=2 0.0 0.24

2λðΞ−
bbÞ1=2 150.0 9.7 71.1 59.3

2λðΞ−
bbÞ3=2 79.4 10.3 182 67.1

4λðΞ−
bbÞ1=2 13.7 0.0 14.0 271

4λðΞ−
bbÞ3=2 40.3 23.6 43.5 149

4λðΞ−
bbÞ5=2 28.2 128.9 30.5 104

2ρðΞ−
bbÞ1=2 0.0 0.0 1.15 0.72

2ρðΞ−
bbÞ3=2 0.0 0.0 3.30 2.66

2Ωbb
4Ωbb

2Ωbb
4Ωbb

4ðΩ−
bbÞ3=2 0.0 0.08

2λðΩ−
bbÞ1=2 63.6 1.3 76.9 26.2

2λðΩ−
bbÞ3=2 45.6 1.4 151 30.0

4λðΩ−
bbÞ1=2 2.1 2.9 6.38 188

4λðΩ−
bbÞ3=2 6.3 20.6 20.0 117

4λðΩ−
bbÞ5=2 4.6 44.5 14.2 90.9

2ρðΩ−
bbÞ1=2 0.0 0.0 1.41 1.11

2ρðΩ−
bbÞ3=2 0.0 0.0 3.38 3.16

TABLE XXV. Radiative decay widths of triplet double charm
S- and P-wave baryons in keV.

Present χQM [56]

2Ξcc
4Ξcc

2Ξcc
4Ξcc

4ðΞþþ
cc Þ3=2 2.1 16.7

2λðΞþþ
cc Þ1=2 373.1 23.0 105 117

2λðΞþþ
cc Þ3=2 172.7 32.1 495 196

4λðΞþþ
cc Þ1=2 55.9 0.5 35.7 287

4λðΞþþ
cc Þ3=2 196.5 41.0 147 212

4λðΞþþ
cc Þ5=2 173.9 403.1 136 181

2ρðΞþþ
cc Þ1=2 0.1 0.0 < 0.5 < 0.5

2ρðΞþþ
cc Þ3=2 0.2 0.0 < 2.0 < 2.0

4ðΞþ
ccÞ3=2 1.9 14.6

2λðΞþ
ccÞ1=2 300.7 5.6 250 24.6

2λðΞþ
ccÞ3=2 241.2 7.7 442 40.7

4λðΞþ
ccÞ1=2 13.3 6.9 7.47 208

4λðΞþ
ccÞ3=2 46.5 83.2 30.5 189

4λðΞþ
ccÞ5=2 40.8 303.4 28.0 198

2ρðΞþ
ccÞ1=2 0.1 0.0 < 0.5 < 0.5

2ρðΞþ
ccÞ3=2 0.2 0.0 < 2.0 < 2.0

2Ωcc
4Ωcc

2Ωcc
4Ωcc

4ðΩþ
ccÞ3=2 1.1 6.93

2λðΩþ
ccÞ1=2 177.3 0.5 294 9.61

2λðΩþ
ccÞ3=2 197.9 0.8 430 157

4λðΩþ
ccÞ1=2 1.9 15.2 3.19 209

4λðΩþ
ccÞ3=2 7.5 82.6 12.90 202

4λðΩþ
ccÞ5=2 8.0 171.0 12.0 225

2ρðΩþ
ccÞ1=2 0.1 0.0 < 0.4 < 0.4

2ρðΩþ
ccÞ3=2 0.2 0.0 < 2.0 < 2.0

TABLE XXVII. Radiative decay widths of singlet triply heavy
P-wave baryons in keV.

Present

2EðΩþ
cccÞ1=2 → 4Ωþ

cccγ 0.01
2EðΩþ

cccÞ3=2 → 4Ωþ
cccγ 0.04

2EðΩ0
bbbÞ1=2 → 4Ω0

bbbγ 0.00
2EðΩ0

bbbÞ3=2 → 4Ω0
bbbγ 0.00
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five for Ξ0
c baryons (3λ and 2ρ), one for Σc baryons (1λ),

four for Λc baryons (2λ and 2ρ) and two for ΞQ baryons
(2λ). For single bottom baryons there is much less exper-
imental information available. We have been able to make
the following identifications: Ωb (4λ), Ξ0

b (1λ), Σb (1λ), Λb
(2λ), and Ξb (1λ).
In Sec. III we discussed equal-spacing mass rules for

λ- and ρ-mode excited baryons. For the case of λ-mode Ωc
and Ξ0

c baryons the equal-spacing mass rule of Eq. (29) is
satisfied to a good precision. The other equal-spacing mass
rules, Eqs. (31)–(34) for singly heavy baryons and
Eqs. (35)–(36) for doubly heavy baryons, may help to
identify the missing heavy baryons in the charm and bottom
sectors.
The calculated masses in the present harmonic-oscil-

lator quark model are in good agreement with the
available experimental data. For ground state baryons
our results are comparable to those obtained in a quark
model description by Karliner and Rosner [38] and lattice
QCD calculations [35].
In the second part of the article we presented the results

for electromagnetic couplings. We presented explicit results
for all spin-flavor matrix elements and the radial integrals in
the harmonic-oscillator quark model. The radiative widths
are dominated by the contribution of the light quarks. As a
consequence the radiative decay widths of triply heavy
baryons ΩQQQ are very small. The experimental informa-
tion on radiative widths is rather scarce. A comparison with
the observed widths for the charged and neutral Ξcð2790Þ
and Ξcð2815Þ baryons confirms the assignment of these
resonances as 2λðΞcÞJ states with JP ¼ 1=2− and 3=2−,
respectively. Our results are in reasonable agreement with
those obtained in the χQM of Wang et al. [58].

The study of heavy baryons is important to gain a
better understanding of hadron structure and the strong
interaction. In this paper we focused on mass spectra
and radiative decay widths. The study of strong decay
widths will be published separately [122], as well as the
extension to charm-bottom heavy baryons, Ωcb, Ξcb, Ωccb
and Ωcbb.
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Note added.—After this work had been completed, new
results were announced by the LHCb Collaboration [123]
on the confirmation of the Ξbð6100Þ− baryon and the
discovery of Ξbð6087Þ0 and Ξbð6095Þ0. We interpreted the
Ξbð6100Þ− state as a member of the isospin doublet
2λðΞbÞJ¼3=2. The recently discovered Ξbð6095Þ0 baryon
could be its isospin partner, whereas the Ξbð6087Þ0 baryon
could then be assigned as a member of the isospin doublet
2λðΞbÞJ¼1=2. The corresponding theoretical masses are
6084 MeVand 6077 MeV, respectively, in good agreement
with the observed values.
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Phys. Rev. D 87, 094512 (2013).

[81] C. Alexandrou, V. Drach, K. Jansen, C. Kallidonis, and G.
Koutsou, Phys. Rev. D 90, 074501 (2014).

[82] M. Padmanath, R. G. Edwards, N. Mathur, and M. Peardon
(Hadron Spectrum Collaboration), Phys. Rev. D 91,
094502 (2015).
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