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The evolution kernels that govern the scale dependence of the generalized parton distributions are invariant
under transformations of the SL(2,R) collinear subgroup of the conformal group. Beyond one loop the
symmetry generators, due to quantum effects, differ from the canonical ones. We construct the transformation
that brings the full symmetry generators back to their canonical form and show that the eigenvalues
(anomalous dimensions) of the new, canonically invariant, evolution kernel coincide with the so-called parity
respecting anomalous dimensions. We develop an efficient method that allows one to restore an invariant
kernel from the corresponding anomalous dimensions. As an example, the explicit expressions for next-to-
next-to-leading order invariant kernels for the twist-two flavor-nonsinglet operators in QCD and for the planar
part of the universal anomalous dimension in A/ = 4 supersymmetric Yang-Mills are presented.
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I. INTRODUCTION

The study of deeply virtual Compton scattering (DVCS)
gives one access to the generalized parton distributions
(GPDs) [1-3] that encode the information on the transverse
position of quarks and gluons in the proton in dependence
on their longitudinal momentum. To extract the GPDs from
experimental data one has to know, among other things,
their scale dependence. The latter is governed by the
renormalization group equations (RGEs) or, equivalently,
evolution equations for the corresponding twist-two oper-
ators. Essentially the same equations govern the scale
dependence of the ordinary parton distribution functions
(PDFs) in the deep inelastic scattering (DIS) process. In
DIS one is interested in the scale dependence of forward
matrix elements of the local twist-two operators and
therefore can neglect the operator mixing problem between
local operators from the operator product expansion (OPE).
In the nonsinglet sector, there is only one operator for
a given spin/dimension. The anomalous dimensions of
such operators are known currently with the three-loop
accuracy [4,5], and first results at four loops are becoming
available [6,7]. In contrast, the DVCS process corresponds
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to nonzero momentum transfer from the initial to the final
state and, as a consequence, the total derivatives of the local
twist-two operators have to be taken into consideration. All
these operators mix under renormalization and the RGE has
a matrix form. The DIS anomalous dimensions appear as
the diagonal entries of the anomalous dimensions matrix
which, in general, has a triangular form for the latter.

It was shown by Miiller [8,9] that the off-diagonal part of
the anomalous dimension matrix is completely determined
by a special object, the so-called conformal anomaly.
Moreover, to determine the off-diagonal part of the anoma-
lous dimension matrix with Z-loop accuracy it is enough to
calculate the conformal anomaly at one loop less. This
technique was used to reconstruct all relevant evolution
kernels/anomalous dimension matrices in QCD at two
loops [10-12].

A similar approach, but based on the analysis of QCD at
the critical point in noninteger dimensions, was developed
in Refs. [13—15]. It was shown that the evolution kernels in
d = 4 in the MS-like renormalization scheme inherit the
symmetries of the critical theory in d = 4 — 2¢ dimensions.
As expected, the symmetry generators deviate from their
canonical form. Corrections to the generators have a rather
simple form if they are written in terms of the evolution
kernel and the conformal anomaly. It was shown in
Ref. [16] that by changing a renormalization scheme one
can get rid of the conformal anomaly term in the generators
bringing them into the so-called “minimal” form. Beyond
computing the evolution kernels, the conformal approach
has also been employed to calculate the next-to-next-to-
leading order (NNLO) coefficient (hard) functions of vector
and axial-vector contributions in DVCS [17,18], the latter

Published by the American Physical Society


https://orcid.org/0000-0003-1210-6083
https://orcid.org/0000-0002-5551-8945
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.054009&domain=pdf&date_stamp=2023-09-11
https://doi.org/10.1103/PhysRevD.108.054009
https://doi.org/10.1103/PhysRevD.108.054009
https://doi.org/10.1103/PhysRevD.108.054009
https://doi.org/10.1103/PhysRevD.108.054009
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

JI, MANASHOV, and MOCH

PHYS. REV. D 108, 054009 (2023)

in agreement with a direct Feynman diagram calculation
[19]. Moreover, the conformal technique is also applicable
to computing kinematic higher-power corrections in two-
photon processes as was recently shown in Refs. [20,21].

In this paper we construct a similarity transformation that
brings the full quantum generators back to the canonical
form. Correspondingly, the transformed evolution kernel
is invariant under the canonical SL(2,R) transformation.
Moreover, we will show that the eigenvalues of this kernel
are given by the so-called parity respecting anomalous
dimension, f(N) [22,23], which is related to the PDF
anomalous dimension spectrum y(N) as

/W) =1 (N +p@ )

where f(a) = —B(a)/2a with B(a) being the QCD beta
function. The strong coupling «; is normalized as
a = a,/(4x). We develop an effective approach to restore
the canonically invariant kernel from its eigenvalues y(N).
As an example, we present explicit expressions for three-
loop invariant kernels in QCD and A = 4 supersymmetric
Yang-Mills (SYM) theory. The answers are given by linear
combinations of harmonic polylogarithms [24], up to
weight four in QCD and up to weight three in N =4
SYM. We also compare our exact result with the approxi-
mate expression for the three-loop kernels in QCD given
in Ref. [16].

The paper is organized as follows: in Sec. II we
describe the general structure of the evolution kernels of
twist-two operators. In Sec. III we explain how to effec-
tively recover the evolution kernel from the known anoma-
lous dimensions and present our results for the invariant
kernels in QCD and NV = 4 SYM. Section IV contains the
concluding remarks. Some technical details are given in
the appendixes.

II. KERNELS AND SYMMETRIES

We are interested in the scale dependence of the twist-
two light-ray flavor nonsinglet operator [25]

O(z1,22) = [q(zin)y 1 [z11, 22n]q(22m) s (2)

where n# is an auxiliary lightlike vector, n> = 0, z, , are
real numbers, y, = n*y,, [zn, z,n] stands for the Wilson

line ensuring gauge invariance, and the subscript MS
denotes the renormalization scheme. This operator can
be viewed as the generating function for local operators,
Or#y - that are symmetric and traceless in all Lorentz
indices py - - - py.

The renormalized light-ray operator (2) satisfies the RGE

(:ua/l + ﬁ(a)aa + H(a))o<zlv Z2) =0, (3)

where f(a) is d-dimensional beta function
pla) = =2a(e + foa + pra® + 0(a)),  (4)

po =11/3N.—2/3n;, etc., and H(a) =aH,; +a*H,+ -
is an integral operator in z, Z,.

It follows from the invariance of the classical QCD
Lagrangian under conformal transformations that the one-
loop kernel H; commutes with the canonical generators of
the collinear conformal subgroup, Sy, S,

S_=-0, -0,
So = Zlazl + Z20Z2 +2,
Sy = Z%()Zl + Z%azz + 221 + 225. (5)

This symmetry is preserved beyond one loop albeit two
of the generators, Sy, S, receive quantum corrections,
S, > S,(a) = S, + AS,(a). The explicit form of these
corrections can be found in Ref. [15].

It is quite useful to bring the generators to the following
form using the similarity transformation [16]:

H(a) = e X@H(a)eX@),
o(@) = e X198 ()X, (6)

At

where X(a) = aX; + a*X, +--- is an integral operator
known up to terms of O(a?) [11,16]. This transformation
can be thought of as a change in a renormalization scheme.

The shift operator S_ is not modified and hence is
identical to S_ in Eq. (5), and the quantum corrections to S,
and S, come only through the evolution kernel

So(a) = Sy +Bla) + 3 H(a), (72)

S.() = S, + (a1 -+3) (Bla) + 3H(@) ). (0

where f(a) = foa + p1a* + - - - is the beta function in four
dimensions [cf. Eq. (1)]. The form of the generator Sy(a) is
completely fixed by the scale invariance of the theory,
while Eq. (7b) is the “minimal” ansatz consistent with the
commutation relation [S,,S_] = 2S,. Since the operator
H(a) commutes with the generators, [H(a), S,(a)] = 0, its
form is completely determined by its spectrum (anomalous
dimensions). However, since the generators do not have the
simple form as in Eq. (5), it is yet necessary to find a way to
recover the operator from its spectrum.

To this end we construct a transformation that brings the
generators S, (a) to the canonical form S,, Eq. (5). Let us
define an operator T(H):

i) => S () + 3@ )@
n=0"""
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where L = Inzy,, 7 = z; — 2,. Recall that z;, z, are real
variables, so for z;, < 0 it is necessary to choose a specific
branch of the logarithm function. Although this choice is
irrelevant for further analysis we chose the +i0 recipe for
concreteness, i.e., L = In(zj, + i0). It can be shown that
the operator T(H) intertwines the symmetry generators
S.(a) and the canonical generators S,. Namely,

T(H)S,(a) = S, T(H); 9)
see Appendix A for details. Let us also define a new
kernel H as

T(H)H(a) = H(a)T(H). (10)

It follows from Egs. (9) and (10) that the operator H
commutes with the canonical generators in Eq. (5),
[Se. H(a)] = 0. (11)
The problem of restoring a canonically invariant operator
H(a) from its spectrum is much easier than that for the
operator H(a) and will be discussed in the next section. It
can be shown that the inverse of T(H) takes the form

i =3 E (ﬁ<a> +1ﬁ<a>)”; (12)

|
o n.

[\

see Appendix A. Further, it follows from Eq. (10) that

The operators T,(a) are defined by recursion

T,(a) = [T, (a), L] (14)
with the boundary condition Ty(a) = H(a). The nth term
in the sum in Eq. (13) is of order O(a"*!) so that one can
easily work out an approximation for H(a) with arbitrary
precision, e.g.,

H(a) = H(a) + T,(a) <1 + %Tl (a)) (,B(a) + %ﬁ(a))

#5300 (Ba) +3R@ )+ 0. 19

[\

It can be checked that this expression coincides with that
obtained in Ref. [16] [Eq. (3.9)].1

'The notations adopted here and in Ref. [16] differ slightly. To
facilitate a comparison we note that the operators T,, defined here
satisfy the equation [S,,T,] = n[T,_,z, + 22].

The evolution kernel Fi(a) can be realized as an integral
operator. It acts on a function of two real variables as
follows:

ﬁ(a)f(zlvzz):Af(Zl’Z2)+/h(T)f(Z(llz’Zgl)’ (16)

+

z =

where A is a constant, z{, = zja + 2, a=1—a, and

/JFE/OIda/Oad/)’.

© = afy/af3 is called a conformal ratio. The weight function
h(z) in Eq. (16) only depends on this particular combina-
tion of the variables a, f as a consequence of invariance
properties of H, Eq. (11).

It is easy to find that the operators T, take the form

(17)

T,(a)f (21 22) = / (1 —a-ph)f () (18)

that again agrees with the results of Ref. [16]. Note that this
expression does not depend on the choice of the branch of
the logarithm defining the function L = Inz;, in Eq. (8);
see Appendix A for more discussion.

III. ANOMALOUS DIMENSIONS VS KERNELS

First of all let us establish a connection between the
eigenvalues of the operators H and H. Since both of them
are integral operators of the functional form in Egs. (16)
and (18), both operators are diagonalized by functions of
the formyy (21, 22) = (z; — 22)V~!, where N is an arbitrary
complex number. One may worry that the continuation of
the function yy for negative z;, is not unique and requires
special care. But it does not matter for our analysis. Indeed,
7% — zgl =(l—a—p)z;, with a+ f < 1, and therefore
the operators do not mix the regions z;, = 0. For definite-
ness let us suppose that

wn(21.22) = 0(zi)2hs (19)
Let y(N) and 7(N) be eigenvalues (anomalous dimensions)
of the operators H and H corresponding to the function yy,
respectively,

H(a)yy = 7(N)yy. (20)

H(a)yy = 7(N)yy. (21)

The anomalous dimensions y(N) and 7(N) are analytic
functions of N in the right complex half-plane, Re(N) > 0.
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For integer even (odd) N, y(N) gives the anomalous
dimensions of the local (axial) vector operators.

Now let us note that the operator T(H) acts on yy as
follows;

2. L" /. 1 n
Ty (erze) = > (@) +57) ) w2
-
= Z/I)é s )V/N(ZI’ZZ)
=Yyipkov (21 22)- (22)

Thus, it follows from Eq. (13) that the anomalous dimen-
sions y(N) and 7(N) satisfy the relation [cf. also Eq. (1)]

W) =3 (KB w). @)

This relation appeared first in Refs. [22,23] as a generali-
zation of the Gribov-Lipatov reciprocity relation [26,27].
It was shown that the asymptotic expansion of the
function 7(N) for large N is invariant under the reflection
N — —N —1; see, e.g., Refs. [22,28-30]. This property
strongly restricts harmonics sums, which can appear in
the perturbative expansion of the anomalous dimension
7(N) [29]. Explicit expressions for 7(N) are known at four
loops in QCD [6] and at seven loops in the N = 4 SYM;
see Refs. [29,31-34].

A. Kernels from anomalous dimensions

For large N the anomalous dimension 7(N) grows as
InN. This term enters with a coefficient 2", (a) where
cusp(@) is the so-called cusp anomalous dimension [35,36]
whose complete form is known to the four-loop order in
QCD [37,38] and in NV = 4 SYM [37]. In the planar limit
of N/ =4 SYM, the cusp anomalous dimension is known
beyond the four-loop order (e.g., as a special case of results
in [33,34]), and in fact, to any loop order from Ref. [39].
Thus, we write 7(N) in the following form:

P(N) = 2leusp(a)S1(N) + A(a) + AP(N),  (24)

where S;(N) =w(N + 1) —y/(1) is the harmonic sum
responsible for the In N behavior at large N and A(a) is
a constant term. The remaining term, Aj(N), vanishes at
least as O(1/N(N + 1)) at large N. The constant A(a) is
exactly the same that appears in Eq. (16). The first term in
Eq. (24) comes from a special SL(2, R) invariant kernel

“As usual one has to consider the operators of certain parity,
0.(z1,22) = O(z1,22) F O(z2,7;); then the functions y. (N)
give the anomalous dimensions of local operators, for even and
odd N, respectively.

fif = [ 2 m) = 6l ) + o)),
(25)

which in momentum space gives rise to the so-called plus
distribution. The eigenvalues of this kernel are 25;(N)
[Fz)" = 28,(N)z)5']. Tt corresponds to a singular con-
tribution of the form —4, (7) to the invariant kernel A(z);
see [Ref. [16], Eq. (2.19)] for details. Thus the evolution
kernel can generally be written as

A

A =Top(a)H + Aa) + AR (26)

Here AH is an integral operator,

AAf(zy.22) = / WOfE L), (@)

+

where the weight function k(z) is a regular function of

7€ (0, 1). The eigenvalues of AH are equal to A7(N) and
are given by the following integral:

2(N) = [h@-a=pt @9
+
The inverse transformation takes the form [14]
dN 1+
h(t)= | — (2N + 1)A7(N)P 2
0= [N+ naimee(150). @)

where Py are the Legendre polynomials. The integration
path C goes along the line parallel to the imaginary axis,
Re(N) > 0, such that all poles of A7(N) lie to the left of
this line. Some details of the derivation can be found in
Appendix B.

One can hardly hope to evaluate the integral (29) in a
closed form for an arbitrary function A7(N). However, as
was mentioned before, the anomalous dimensions Aj(N)
in quantum field theory are rather special functions. Most
of the terms in the perturbative expansion of A7(N) have
the following form:

n{(N)Qz(N). 1 (N)QY(N), (30)

where 7(N) = 1/(N(N + 1)) and the functions Q;(N) =
Q,,....m, (N) are the parity respecting harmonic sums [29],
[Q;(N) ~Qy(—N — 1) for N - oo]. We will assume that
the sums Q;(N) are “subtracted,” i.e., Qz;(N) - 0 at
N — o0. The second structure occurs only for k > 0, since
Q(N)=S,(N) grows as InN for large N.

Since all SL(2,R) invariant operators share the same
eigenfunctions, the product of two invariant operators H
and H,, HH,(= H,H,) with eigenvalues H,;(N) and
H,(N), respectively, has eigenvalues H(N)H,(N).

054009-4



EVOLUTION KERNELS OF TWIST-TWO OPERATORS

PHYS. REV. D 108, 054009 (2023)

One can use this property to reconstruct an operator with
the eigenvalue (30).

First, we remark that the operator with the eigenvalues
n(N) (we denote it as H_ ) has [as follows from Eq. (28)]
a very simple weight function, A (z) = 1. This can also
be derived from Eq. (29). Since Py(x) = P_y_;(x), the
integral in Eq. (29) vanishes for the integration path
Re(N) = —1/2 due to the antisymmetry of the integrand.
Therefore, the integral (29) can be evaluated by the residue

theorem’
1
Py < + T>
1-7

Let us consider the product H, = H, H,(= H\H,),
where H is an integral operator with the weight function
hy (7). Then the weight function &, (7) of the operator H, is
given by the following integral:

2N +1
 N+1

=1
N=0

hy(7) (31)

o) = [ GG/ (o) (52)

0

see Appendix B for details. Thus the contribution to the
anomalous dimension of type (30) can be evaluated with
the help of this formula if the weight function correspond-
ing to the harmonic sums Q is known.

We also give an expression for another product of the

operators: H, = HH 1>

ds hy(z) = hy(s)
(r=s)

which appears to be useful in the calculations as well.

hy(7) = —Inth(7) + 2%/ (33)

0o S

B. Recurrence procedure
Let us consider the integral (29) with Ay = Q,

dN

hia(z) = / IV ON + DQ(NP(E).  (34)

2ri

where z = (1 + 7)/(1 — 7). Using a recurrence relation for
the Legendre functions

2N+ DPy(E) = (Pra(@) = Pra(@). - (39

we obtain

d dN
holt) = —— | —P 36
i(7) dz/c27ri N (Z (36)

3This trick allows one to calculate the integral (29) for
any function A7(N) with exact symmetry under N - —1 - N
reflection.

where

Fi(N) = (Qa(N +1) = Qza(N-1)).  (37)
It is easy to see that the function F;(N) has the negative
parity under N — —N —1 transformation and can be
represented in the form

.....

re(N) = (2N + 1)P,(n), where P, is some polynomial,
while r, = P;(n) for the harmonic sums of negative parity.
The free term has the form r(N)= (2N + 1)P(n).
Together, they make F,, ., (N) with negative parity.

For example, for the harmonic sum €, 5 (see Appendix C
for a definition), one gets

Fislh) = N+ a9+ &y =P =37 ). (39)

while for the harmonic sum €, ,

FaalN) = QN+ 1) 507G 4 1) + 124 ). (40)
Note the reappearance of the common factor (2N + 1) in the
first case, (39). This implies that, up to the derivative d/dz,
the integral (36) has the form (29). Hence, if the kernel
corresponding to the underlined terms in Eq. (39) is known,
the kernel corresponding to €23 can easily be obtained.
Thus the problem of finding the invariant kernel with the
eigenvalues Q, 3(NN) is reduced to the problem of finding the
kernel with the eigenvalues Q3(N) (Q;3 — Q3).

However, as is seen from our second example, not all
parity preserving harmonic sums share this property. Indeed,
the underlined term on the right-hand side (rhs) of Eq. (40)
does not have the factor (2N + 1). Hence, all these trans-
formations do not help to solve the problem for Q, ;.

It is easy to see that the above recurrence procedure
works only if all the harmonic sums €2, m, appearing in
Eq. (38) are of positive parity. It was proven in [Ref. [29],
Theorem 2] that any harmonic sum, ;;, with all indices m
positive odd or negative even has positive parity (see
Appendix C for explicit examples of the harmonic sums
satisfying these conditions). Therefore, the rhs of Eq. (38)
only contains harmonic sums of the same type. Thus the
invariant kernels corresponding to the harmonic sums
of positive parity can always be calculated recursively,
using Eqgs. (32), (33), (36), and (38). Crucially, only such
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harmonic sums appear in the anomalous dimensions 7(N)
in QCD and A =4 SYM. All convolution integrals (32)
and (33) can in turn be systematically calculated with the
packages HyperInt [40] or PolyLogTools [41].

The explicit expressions for the kernels corresponding
to the lowest harmonic sums are given in Appendix C for
references.

C. Invariant kernels: QCD

Below we give an explicit expression for the invariant
kernel of the twist-two flavor nonsinglet operator in QCD.

We will not split the operator O(z;,z,) into positive
|

Al — —6CF,

16 2
A2 = CF [nf<—é'2 +—) —
160
A3 = Cp [”f( 8- C

616 , 266
+N? (—3OCs Cz o5 5

1
N¢

5545
27

+—= <120C5 + 164,85 — !

5 4

where Cr = (N?—1)/(2N,) is the quadratic Casimir in
the fundamental representation of SU(N.) and we take
T = 1/2. Note that we are adopting a different color basis
compared to Ref. [16].

The explicit expressions for the cusp anomalous dimen-
sions Teyp(a) = al“él],gp + azrﬁilp + a31“$)Sp up to three
loops are provided in Eq. (D3). Finally we give answers
for the kernels h(h)(a) = >, a*h;(h;). Explicit one- and
two-loop expressions are known [14,16] but for complete-
ness we give them here

(negative) parity operators. The evolution operator still takes
the form (26), with AH given by the following integral:

AFIf(21.22) = / (h() + WD) P (. ). (41)

where P, is a permutation operator, P,f(z1,22) =
f(z3.21)." For (anti)symmetric functions f(z;,z,) the oper-
ator (41) takes a simpler form (27) with the kernel & =+ h.

Our expression for the constant term A(a) agrees with
the constant term y given in [Ref. [16], Eq. (5.5)],
A =y —2I'y- For completeness, we provide explicit
expressions for the constant A = aA; + a’A, + a’A; + -+,

52 43 1 3
N, (gé“z +€> +N—c <2453 - 124, +§)],

34 256 8 2492
— N. | -=—¢24— —¢ — 17
+9>+nf c( 5 C2+9(:3+ 27 & )

847
o) (

44 29
— 3 -344, -9, ——)},

232 136 20
(320, 2, )

124 , 1048 356 209
Crt—

12085 — 16{,¢5 — 5 — +TC3 3 1

(42)
|
and
88 604

]’l2 = Cp{nfg—f-Nc( 2H1 +8C2 —T)

1 4

—|—<—8(H” +H2)+2<1—>H1>},

N, T
- 8C
hy = ——L(H,; + 7H,). (44)

c

where Hj; = H;(z) are the harmonic polylogarithms

hy = —4Cp, hy =0, (43) (HPLs) [24]. The three-loop expression” is more involved
|
64 8 1 1 19 5695
hy = CF{ 9 < Nt ”chg {Ha —Hjjo —Hy +Hypp +;H2 _;HIO _EHI + 805 — *Cz + 7 }
ny 16 75 16 1 31 10
N—f? {3@ _1_6+H3 +Hy +Hpp, +Hyyy + <3 +T>(H2+H11) + <24+ 3 >H1]

8 2
+ N%4 |:H13 + Hj12 = Hjpo = Hyjio + 2Hy — 2H30 — 2Hy 0 + 2Hy, + <§ - —> (Hyo —H; +Hjjo — Hyp)

*“To avoid possible misunderstandings we write it down explicitly, P, f(z5,, zgl)

Zf(Zngfz)-

’A file with our main results can be obtained from the preprint server http://arXiv.org by downloading the source. Furthermore, the

results are available from the authors upon request.
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5 2
2 (Hy+Hyy) + —
4( 10+ 11)+31

2 72

4—16[H4 5 5

5 115 1
(Hlo—Hz)—Ho+< +&+ >

3 3 3 1
—Hjz)+Hyjs +Hppy — §H120 +5Hy + s Hyp + 2Hz + 2H gy + 3Hyy — EHmo -

Cz—i

1
<_ + 1) H20
T

44 , 22 4783
1_?41%_?§3 :|

11 1 37 3 7 2 43 3 13
_<6_T>H3 H110+< D 2)H2_<3_7>H2]+<_12+ >H111+<8+ Cz)Hlo

1 127 11 899 1
- (zCz‘f’T‘f‘a)Hz (72 3 )H11+(C 1)H,
8

c

(.
2
1 11 107 & 1

+ (@‘Cz)Hu—ZH0+ <€2_F_?_Z>H

and

143 67 47
(Cz (52 )) 1+3 Cz 24]

+ N2 [H4 —Hjp — Haio + Hyp — Hypig — 2Hipo + 2Hy3 + 2H3y — 2Hyy10 — 2Hyyy + 3Hyyy

! 1 302
;)(HZO_H3 +H110) +2<1 —|—;>H21 —+ (5__

)Hl + <%+%>H10— <§ ;+§’T>H2
]

_ 2ny 16 1 10 1
]’l3:—8CF 3N H111+H110+TH10+ ?“‘T H11+ E‘F?T H1+§

13 1
+ Hyoo + Hop —Hyjio — Hijo — 2Hyp + 2Hy —4H 1y + tHy + <€ - T)Hno + (E - 27) Hi,

5 43 13 3 236 2
+ (5— 2T>H21 + (g— 6T>H111 - <§z _FT)HIO (3 + & +§T>H2 + (T'i‘g’f)Hn —&tHy

53 134 11 1
+ <€+§2+353 +7T+§2T>H1 +g+3<§2+53—§>7

c

1 1 7
+ N [Hllll —Hy, — Hyyy + 3Hy0 + 3Hy 1o — 3Hyy59 + 4Hjp +37Hy + 3 (E - T>H110 - (5 - 47) Hj,

1 3 1 3
+ <§+4T>H2] + <_§+2T>H]]1 —3<C2 —§T>H10+ <€2—2—§T>H2+2(C2— I)HH —3C2TH0

+ (5 + 24, + 3¢5 + &H0)H, +3T<C3 —%)] }

The kernels are smooth functions of = except for the end
points 7 =0 and 7 = 1. For 7 — 1 the three-loop kernel
functions behave as > <<y D oo Fkm " In* 7. For small
7—which determines the large N asymptotic of the
anomalous dimensions—the kernels (for each color struc-
ture) have the form ) (a; + b In7)7*. We note here that
the reciprocity property of the anomalous dimension is
equivalent to the statement that the small 7 expansion of
the kernels does not involve noninteger powers of t,
namely (7) ~ >, 150 dmit" In* 7.

Below we compare our exact three-loop results with
the approximate expressions constructed in Ref. [16].
The approximate expressions reproduce the asymptotic
behaviors of the exact kernels at both z— 0, 1.
We therefore subtract the logarithmically divergent pieces
[see Egs. (D1) and (D2) for explicit expressions] from both

(46)

the exact and the approximated expressions to highlight
their (small) deviations as shown in Figs. 1 and 2. For
illustrative purposes, we plot the planar contribution (CzN?
and Cy in hs and hs, respectively) and the subsubplanar
contribution (Cz/N?). The former is numerically dominant
and generates the leading contribution in the large-N . limit,
whereas the latter shows the worst-case scenario for the
previous approximation using a simple HPL function
ansatz. The error of other color structures all fall between
the planar and subsubplanar cases, and hence are numeri-
cally small.

4 SYM

In this section we present the invariant kernels for the
universal anomalous dimensions of the planar ' = 4 SYM
(see, e.g., Refs. [31,42] for expressions up to NNLO). They

D. Invariant kernels: A/ =
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FIG. 2. Same as Fig. 1 for the color structures Cr and Cy/N? in hj.

are rather short so that we quote them here. We use the
parametrization (24), where Iy ,(a) can be found in
Ref. [37] and the constant term A(a) is

A(a) = =24a%C3 + 32a°($,83 + 585) + O(a®),  (47)
where a = Ni‘é’i‘{M and
AY(N) = —a?16(Q; — 2Q_, | +29,Q_,)
+ a*64(Qs +2Q; 5 —8Q; , 1 +2Q 4
+Q(Qy + Q2 +5HQ ) —20Q 5,).  (48)

For the kernels we find h; = h; = 0,

hy=8°H,,  h,=—87H,, (49)
T

and

hs

T
—16;(4H111 +Hy +Hy, + Hyyy),

hy = 167(4H,,; + 3(Hy; + Hyp) — Hyyo + Hyy — {oH).
(50)

These expressions are extremely simple in comparison with
the expressions in QCD of the same order. Let us notice
that the two-loop kernels contain only HPLs of weight one
with the three-loop kernels involving HPLs of weight three,
while in QCD the corresponding kernels require HPLs of

054009-8
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weights two and four, respectively. Note also that the kernel
h is proportional to the factor 7/ and the kernel 4 to the
factor 7. It would be interesting to see if these properties
persist in higher loops.

IV. SUMMARY

We have constructed a transformation that brings the
evolution kernels of twist-two operators to the canonically
conformal invariant form. The eigenvalues of these kernels
are given by the parity respecting anomalous dimensions.
We have developed a recurrence procedure that allows
one to restore the weight functions of the corresponding
kernels. It is applicable to a subset of the harmonic sums
(with positive odd and negative even indices). It is
interesting to note that exactly only such harmonic sums
appear in the expressions for the reciprocity respecting
anomalous dimensions.

We have calculated the three-loop invariant kernels in
QCD and in ' =4 SYM (in the planar limit). In QCD it
was the last missing piece to obtain the three-loop evolution
kernels for the flavor-nonsinglet twist-two operators in a
fully analytic form; see Ref. [16].

In the case of N = 4 SYM the lowest order expressions
for the kernels are rather simple and exhibit some regular-
ities, h ~%/7, h ~7. It would be interesting to check if
these properties survive at higher loops. We expect that
at Z-loops the kernels 7(“)(z) will be given by linear
combinations (up to common prefactors) of HPLs of weight
2¢ — 3 with positive indices. Therefore going over to the
invariant kernel can lead to a more compact representation of
the anomalous dimensions than representing the anomalous
dimension spectrum y(N) in terms of harmonic sums. The
much smaller function basis in terms of HPLs (¢z/7H; and
TH;) opens the possibility of extracting the analytical
expressions of the higher-order evolution kernels from
minimal numerical input through the PSLQ algorithm.
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APPENDIX A

In this appendix, we describe in detail the derivations of
some of the equations presented in Sec. II. Let us start with
Eq. (9). For the generator S_(a) = S_ the statement is
trivial. Next, making use of Eq. (8) for the operator T(H)
and, taking into account that H(a) commutes with the
generators S,(a), one can write the left-hand side (lhs) of
Eq. (9) in the form

©_ |
ZEL"Sa(a)X",

n=

(A1)

where X = f(a) + 1H(a). Using the representation (7) for
the generators and taking into account that [Sy, L] = 1 and
[S.,L] = z; + z, (we recall that L = Inz;,) one obtains

L"S, = S,L" — nL"! + L"X,

L"S, = S, L" + (z; + zo)(=nL" ' + L"X).  (A2)
Substituting these expressions back into Eq. (Al) one
finds that the contributions of the last two terms on the
rhs of Eq. (A2) cancel each other. Hence Eq. (Al) takes
the form

© 1
S, Z;EL"X" = S, T(H) (A3)

that finally results in Eq. (9).
Let us now show that the inverse to T(H) has the
form (12). The product Z = T~!(H)T(H) can be written as

7=y 0 <B(a) + %ﬁ(a))nT(H). (A4)

|
=0 n:

Moving T(H) to the left with the help of the relation (10)
and then using Eq. (8) for T(H) one gets [X =
pla) +3H(a)]

— N <_1)n n n __ . (_l)n n+kyn+k
I_Z% —-L'T(H)X _;0 L =1

Finally, we consider the product of operators T with a
differently defined function L. Namely, let us take T (H) =
T(L.,H), where L. =In(z;; £i0) so that L, —L_ =
276(z, — ;). To calculate the product U=T, (H)T_(H)
one proceeds as before: use expansion (8) for T, (H),
move T_(H) to the left, and then expand it into a power
series. It yields

L LA LEX

U= nk!

(AS)

o0
n,k=0

where X = f(a) +1H(a). Let L, = L_ +27i6(z, — z1),
and one can get for the sum in Eq. (A5)

o - (27i0)™ Sm _ 27i(p+10
Ufm; CX (a)fl—e(l—e ( 2)),
where 0= (9(22 - Zl)- Since S0_+9<Z21) ~ 2215(Z21) =0
one concludes that U commutes with the canonical gen-
erators S, and hence UH = HU.
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APPENDIX B

Let us check that the kernel h(z) given by Eq. (29)
has the eigenvalues A7(N). First, after some algebra, the
integral in Eq. (28) can be brought to the following form:

290 = [~ dm<" 1)QN( )

where Qy(t) is the Legendre function of the second
kind [43]. Inserting A in the form of Eq. (29) into
Eq. (B1) one gets

(B1)

dN'
/ (2N" + 1)Ay N’)/ diPy (1)Qn(1).  (B2)

C 2mi
The t-integral of the product of the two Legendre functions
gives [43]

(N=N)N+N+1))"1. (B3)

Then closing the integration contour in the right half-plane
one evaluates the N’ integral with the residue theorem at
N’ = N yielding the desired lhs of Eq. (B1).

Finally, to verify Eq. (32) one can check that the
integral (B1) with the kernel h,, Aj,(N), is equal to
A7{(N)/N/(N +1). The simplest way to do it is to
substitute the Legendre function in the form
_at(l - tz)atQN(l)/N/(N + 1)

On(t) = (B4)

and perform integration by parts.

APPENDIX C

In this appendix, we collect the harmonic sums and the
corresponding kernels that we have used. We split them
into two parts: the first one includes the harmonic sums
Q. ..m, such that [T¥sign(m;) =1,

Q3 = 83 -05,

1 3
Q31 =383, —554 —EC%,

1 1 1
Q, =85, ,—=8 —{,8_ —2,
2,2 2275 4+25:2 2+852
1 1 1 3 3
Q31 =353, —551,4 —§S4$1 +155 _EC%SI +ZCsy
1 1 1 5
Qo 01 =8001— 554,1 - 55—2,—3 + 14?35—2 +1—6§5’
Qs =85 — (. (C1)

Here §; are the harmonic sums with argument N. We
define the sums of negative signature, [[¥sign(m;) = —1,
with an additional sign factor:

Q_,=(-1)¥ _S_2+ﬂ,

i 2
Q= (V|5 —Ls 1L
2.1 = _ -21 7593 7631
1 1 1
Qo ==V Sl N 25 25 31+4S-4
+-— é’ S ! C
39175552
[ 1
Q 1=V 84— 55—54' Cs —5253],
Q; _,=(-1)N _S —lS —i——C S —i——C —EC ¢
3,2 = _3’_22_522385423’
[ 1 1 1
Qi1 =(-1)" _Sl,l,—2,1 —551‘1.—3 —551,—3.1 —552,—2,1

1 1 1 1
+-8 3+ S 41+ S14—555s

e
1 1 1 1 1
+Z§351.1—@5351——53524‘—55—1—65253},
1 1
Q_4=(-DN|8_4- 3 S_ Czsl Cs+§§2§3 .

(C2)

These combinations of harmonic sums are generated by the
following kernels:

Hs = _E;Hl’
17
Hs —_;(Hll + Hyy),
17
H—2—221;H11,
17
Hiszi = —g—(Hzo +Hjyo +Hyy +Hyyy),
17
Hop oy = 37 (Hj; =Hjyp).
17
Hs = —5;(H111 +Hj,), (C3)
and
1
H_2 :E%,
1_
Hoy = _ZT(HI +Hy).
1_
Hy 22 =§T(H10+H11)a

1_
Hoyy = _ZT(HZI + Hyy + Hyyy + Hyyg),

1_
Hs o = _ZT(HN +Hjpy),
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1 (n;N,) _ 5839 @ 64 _§
Hij-21 = —ET(Hm +Hyyo), & 27 Gt Cg Inz,
1 _ (”f/N(:) 1_7
His= _ZT(le +Hijpp), (C4) hy =79 + 1645,
pins/Ne _ 8
where all HPLs have argument z. These functions serve as a 3 3
basis, and more complicated structures can be generated as a2 18520 88 176 1744 46
roducts of Q. V) e G - 2~ —In,
P it 3 27 37 5279 3
APPENDIX D hy' = ==+ 320 + (=324 165) Inz,
Here we give the small (z — 0) and large (z — 1) th;z) =24 -8(, - 18Inr,
expansions of the invariant kernels /5, /5. By th) (l_ng)) o) 44
we denote the function that appears in the expression for hy < = 3
hy (f_ng)) with the color factor Cr x A. We will keep the (N2)
logarithmically enhanced and constant terms in both limits. hy —487 (C 2+ G+, —Ghn T) (D1)
The former is subtracted from both the exact and the
approximated three-loop kernel to obtain the two figures in
Egs. (1) and (2). At 7 — O one gets and for 7 — 1 one obtains
|
nN.) 5695 208 38 _
hg/ ) =57 —74'2 *§3+ <—§2+ 9> Inz,
n 304 74 152 8
hgf/”’)_—g2+16¢3—25—< C2—|—3)ln1+Tln gz
=(n 16 184 152 8
h<3f/N) <—Cz §3>+( & - )1 T+ In?T- o’
9 9
2 1741 88 19132 187 5 _
th‘):——f:z 52—?53—7 ( & - )1HT+(—§+4§2> In*7,
136 2170 94 548 923 14 4
RN = = G- 6+ 80 - 32 a2V it (160 - 22 e+ s 4 e,
3 3 9 9 3
- 115 11 2 1
thtiz) = —284% - 2762 + 56&:3 + 28 + (T - 12C2 - 40C3> ln‘f + (8(_,’2 + 7) 1[12 T+ §1n3 T— §1n4 f,
(N0 136 88 136 8 16 1708 _ 98 ,_ 14 4
hg ):——52 CZ—T§3—§+<_?C2+ 9 InT —Tl 2 ?h’l §1n41
—(N= 216 2 1
AN = - 53 H 400, 8 + 124 (402, — 6403 +40) InT — B(4L — 1) In? 7 + SIn’ 7 — 1n' 2, (D2)

Here we quote the cusp anomalous dimensions up to three loops for Refs. [4,35,36],

Ty = 4Cr,

536 40
rl(:%l)sp =Crp |:Nc <T - 16Cz> - ?nf:| ,

176 88 1072
éu)sp—CF|:N2<—C2 3 4’3_ 9 3

490 64 160
— % +—) + Neny <—?C3 +T€'2 -

1331\  ny L35) _16
1 ——n%|.
B R SR

(D3)
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