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We study the neutral pion mass in the presence of an external arbitrary magnetic field in the framework
of the linear sigma model coupled to quarks to a quark at finite temperature. In doing so, we have calculated
the pion self-energy, constructed the dispersion equation via resummation, and solved the dispersion
relation at zero three-momentum limit. In calculating the pion mass, we have included meson self-
coupling’s thermal and magnetic contribution and approximate chiral order parameter v0. We report that the
π0 mass decreases with the magnetic field and increases with temperature.
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I. INTRODUCTION

Recently the properties of hot and dense nuclear matter
in the presence of a strong background magnetic field are
drawing considerable interest. A transient magnetic field of
the order of 1018 − 1019 G is achieved in the early stage of
quark-gluon plasma (QGP) through a noncentral high-
energy heavy-ion collision (HIC) [1–3]. Also, B ∼ 1014 G
is predicted in the core of neutron stars, and in magnetars
[4], the primordial magnetic field of 1022 G could have
been present in the early universe due to a chiral anomaly
[5,6]. This magnetic field is believed to be responsible for
exotic phenomena in the QCD matter in extreme condi-
tions, such as the chiral magnetic effect [7], magnetic
catalysis, inverse magnetic catalysis [8], thermal chiral and
deconfinement phase transition [9], and superconductivity
of a QCD vacuum [10,11]. One of the most important
hadrons from the perspective of high-energy physics is the
pion, produced copiously in heavy-ion collisions.
The masses of hadrons are expected to be modified under

a strong magnetic field. Considering pions as relativistic
point particles in the presence of the magnetic field, we
expect that π�’s mass increases linearly with jeBj, whereas
π0’s mass remains constant. But the predictions of the
properties of the pion under the influence of a magnetic
field hardly agree with its pointlike particle assumption. A
recent Lattice Quantum Chromodynamics (LQCD) study
[12,13] shows that a neutral pion mass decreases with the

strength of the magnetic field monotonically. For low jeBj,
the π0 mass dies rapidly, whereas it saturates with high
magnetic field values. This behavior was reproduced to a
high degree of accuracy by Ayala et al. [14] in the strong
field limit jeBj ≫ m2

π0
using the linear sigma model

coupled to quark (LSMq) model. Also, in Ref. [15], the
authors have reported a neutral pion mass using the LSMq
model at an arbitrary strength of eB. By tuning the coupling
parameters λ and g of the model, they saw that mass
decreases from its vacuum value, and then found a dip at an
intermediate eB and again increases with eB. This quali-
tative nonmonotonic behavior is similar to the LQCD study
of Ref. [16]. Apart from the lattice QCD studies, effective
models were also invoked to study meson masses in
magnetic backgrounds. For example, in Ref. [17], the
authors have calculated the magnetic field-dependent pion
pole mass considering pseudoscalar (PS) and pseudovector
(PV) pion nucleon interaction invoking weak field approxi-
mation. They have obtained a decreasing nature for PS
coupling and an increasing nature for PV coupling for the
π0 mass. Most of the work in determining the meson mass
under the magnetic field was carried out in the Nambu-
Jona-Laisino (NJL) model and chiral perturbation theory
(ChPt). For example, a full magnetic field-independent
regularization (MFIR) scheme with the random phase
approximation (RPA) method was employed in Ref. [18]
to calculate the meson mass. This MFIR scheme was
remarkably [19] in agreement with LQCD predictions of
the π0 mass. In the ChPt framework, the charged, neutral
pion mass was calculated at finite T and eB in Ref. [20].
The linear sigma model and linear sigma model coupled

to quarks to quarks are recently being used to study various
properties of hot and dense nuclear matter produced in
heavy-ion-collision experiments. There are many interest-
ing works in the literature regarding the transport coef-
ficients at a nonzero temperature and the zero magnetic field
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in the framework of a quark-meson model (see [21] and
references therein): The magnetic field-dependent electric
charge transport in hadronicmedium [22], the shear viscosity
of hadronicmatter at finite temperature andmagnetic field [23],
and the QCD phase diagram in a magnetized medium [24].
In the first part of this series [15], we calculated the

neutral pion mass in a magnetic field at zero temperature.
We extend the calculation to the finite temperature using
the linear sigma model coupled to quarks in this part. It is
extensively used to investigate from the QCD confinement/
deconfinement phase transition to properties of hadrons. In
the present work, we have examined the behavior of the
neutral pion mass in the presence of an external magnetic
field at a nonzero temperature within the framework of the
LSMq model. In Sec. II, we briefly tour the LSMq model.
In Sec. III, we have computed the neutral pion self-energy
from the LSMq Lagrangian. In Sec. IV, the π0 mass is
obtained considering the following three scenarios: (a) bare
couplings, (b) one-loop corrected meson couplings
(Appendix A), and (c) one-loop corrected meson coupling,
as well as the quantum corrected effective potential (details
of it are elaborated in Appendix C). In Sec. V, the numerical
results are discussed, and in Sec. VI, we conclude.

II. LINEAR SIGMA MODEL COUPLED
TO QUARKS

The linear sigma model coupled to quarks to a quark is
obtained by appending a SUð2Þ scalar and pseudoscalar
interaction of the sigma meson and pion, respectively, with
light quarks (u andd flavors). The Lagrangian density for the
LSMq reads

L ¼ 1

2
ð∂μσÞ2 þ

1

2
ð∂μπÞ2 þ

a2

2
ðσ2 þ π2Þ − λ

4
ðσ2 þ π2Þ2

þ iψ̄γμ∂μψ − gψ̄ðσ þ iγ5τ · πÞψ : ð1Þ
The first four terms of the last equation is the linear sigma
model (LSM) part, and the other two terms are the quark part
of L. Here π ¼ ðπ1; π2; π3Þ. The physical pion fields are
defined as

π� ¼ 1ffiffiffi
2

p ðπ1 � iπ2Þ; π0 ¼ π3; ð2Þ

respectively, σ is the sigma meson, and ψ is the light quark
doublet with

ψ ¼
�
u

d

�
; ð3Þ

τ ¼ ðτ1; τ2; τ3Þ, where τi (i ¼ 1; 2; 3) is the ith Pauli spin
matrix. Also, a2 is the mass parameter that we take as
negative in the symmetry-unbroken state. Finally, λ and g
are the meson-meson coupling and meson-quark coupling,
respectively. The Oð4Þ symmetry of the Lagrangian is
spontaneously broken when a2 becomes positive, and the

σ field gets a nonzero vacuum expectation value (VEV).
Hence, after the symmetry breaking, the σ field becomes

σ → σ þ v: ð4Þ
As a result of this shift, L reads

L ¼ ψ̄ðiγμ∂μ −MfÞψ þ 1

2
ð∂μσÞ2 þ

1

2
ð∂μπÞ2 −

1

2
M2

σσ
2

−
1

2
M2

ππ2 − gψ̄ðσ þ iγ5τ · πÞψ − Vðσ; πÞ − V treeðvÞ;
ð5Þ

with

Vðσ; πÞ ¼ λvσðσ2 þ π2Þ þ λ

4
ðσ2 þ π2Þ2; ð6Þ

V treeðvÞ ¼ −
1

2
a2v2 þ 1

4
λv4: ð7Þ

Themasses of the quarks, three pions, and sigma aregiven by

Mf ¼ gv;

M2
π ¼ λv2 − a2;

M2
σ ¼ 3λv2 − a2: ð8Þ

respectively. Note that the minimum of the tree-level poten-

tial, obtained by solving dV treeðvÞ
dv jv¼v0 ¼ 0, is given by

v0 ¼
ffiffiffiffiffi
a2

λ

r
: ð9Þ

Therefore, the masses, evaluated at v0, are given by

Mfðv0Þ ¼ gv0;

M2
π ¼ 0;

M2
σ ¼ 2a2; ð10Þ

after symmetry breaking. To incorporate a nonvanishing pion
mass into the model, an explicit symmetry-breaking term is
added to the Lagrangian as

L → L0 ¼ Lþ LESB ¼ Lþ 1

2
m2

πvðσ þ vÞ; ð11Þ

with mπ ¼ 0.14 GeV. As a result, the tree-level potential
V tree becomesV 0

tree ¼ − 1
2
ða2 þm2

πÞv2 þ 1
4
λv4 and themini-

mum is shifted to

v0 → v00 ¼
�
a2 þm2

π

λ

�
1=2

: ð12Þ

The masses, evaluated at this newminimum v00, are given by

Mfðv00Þ ¼ g

�
a2 þm2

π

λ

�
1=2

; ð13Þ
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M2
πðv00Þ ¼ m2

π;

M2
σðv00Þ ¼ 2a2 þ 3m2

π: ð14Þ

The value of a is given by solving Eq. (14) as

a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

σðv00Þ − 3M2
πðv00Þ

2

r
≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

σ − 3m2
π

2

r
: ð15Þ

We consider a homogeneous time-independent background
magnetic field in the z direction B ¼ Bẑ, which can be
obtained from the electromagnetic four-potential in sym-
metric gauge Aμ ¼ B

2
ð0;−y; x; 0Þ. As a result, the four

derivative ∂μ is replaced by covariant derivative Dμ for
quarks and fermions. For a quark with flavor fð¼ u; dÞ, we
write it as Dμ ¼ ∂μ þ iqfAμ. Note that qu ¼ 2

3
jej and

qd ¼ − 1
3
jej, with jej being the absolute charge of the

electron. For charged pions, it becomes Dμ ¼ ∂μ � ijejAμ,
with the � sign for π�.

III. SELF-ENERGY OF THE NEUTRAL PION

If we rewrite the Feynman diagram of Eq. (5) in terms of
πþ and π− fields, we notice that the neutral pion self-energy

ΠðBÞ
0 ðP; TÞ has contributions from π�, π0, and σ. It reads

ΠðBÞ
0 ðP; TÞ ¼ 8ΠðBÞ

π� ðTÞ þ 12Ππ0ðTÞ þ 4ΠσðTÞ
þ
X
f¼u;d

ΠðBÞ
ff̄

ðP; TÞ: ð16Þ

Here, ΠðBÞ
π� ðTÞ, Ππ0ðTÞ, ΠσðTÞ, and ΠðBÞ

ff̄
ðP; TÞ are the

contributions coming from the charged pion, neutral pion,
sigma meson, and quark-antiquark loop of flavor, respec-

tively, and f to the total π0 self-energy ΠðBÞ
0 ðP; TÞ. As

mentioned in the previous section, we consider only light
flavor in this article which is indicated by the flavor sum
over the quark-antiquark contribution. Note that the
dependence on external momentum P comes in the total
self-energy solely from the quark-antiquark part. Also, we
have omitted the superscript B from π0-loop and σ-loop
contributions since, being charge neutral, they are unaf-
fected by the background magnetic field. In this section, we
compute the self-energies indicated on the right-hand side
(RHS) of Eq. (16). Before proceeding, we clarify some
notations, conventions, and definitions that will be used
repeatedly in the rest of the article.

(i) For any generic four-vectors Aμ, Bμ, we adopt the
following notation and convention in which four-
vectors are denoted by a capital letter (e.g., Aμ),
three-vectors by small letters with boldface (e.g., a),
and magnitude by jaj or a. The following equations
clearly express:

Aμ ¼ ða0; a1; a2; a3Þ; Aμ
k ¼ ða0; 0; 0; a3Þ;

Aμ
⊥ ¼ ð0; a1; a2; 0Þ; ða:bÞk ¼ a0b0 − a3b3;

ða:bÞ⊥ ¼ a1b1 þ a2b2; A:B ¼ ða:bÞk − ða:bÞ⊥;
=ak ¼ ðγ:aÞk ¼ γ0a0 − γ3a3; =a⊥ ¼ ðγ:aÞ⊥ ¼ γ1a1 þ γ2a2;

a0 ¼ a0; a1 ¼ −a1; a2 ¼ −a2; a3 ¼ −a3;

A2 ¼ a20 − a21 − a22 − a23; a2 ¼ a21 þ a22 þ a23;

a2k ¼ a20 − a23; a2⊥ ¼ a21 þ a22: ð17Þ

(ii) For calculation involving nonzero temperature, we
will work in imaginary time formalism (ITF). In ITF,
the integration over the 0th component of the four-
momentum running in the loop is replaced by a
discrete Matsubara frequency sum. We make the
following replacement:Z

∞

−∞

dk0
2π

→ iT
X
k0

; ð18Þ

where k0 ¼ iωn ¼ i2nπT for bosons and k0 ¼
iω̃n ¼ μþ ið2nþ 1ÞπT for fermions. Here T and

μ denote the temperature and chemical potential of
the thermal medium, respectively.

(iii) The Landau level (LL) dependent masses and the
particle’s energy in the presence ofB-field are denoted
as follow:—

Ml;f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ljqfBj þM2

f

q
; Ωk;l;f ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z þM2

l;f

q
;

ð19Þ

for quarks with flavor f, in Landau Level l, and
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ml;b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2lþ 1ÞjqbBj þm2

b

q
;

Ek;l;b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z þm2

l;b

q
; ð20Þ

for mesons with species bð¼ π0; π�; σÞ. Here we
assume mu ¼ md and mπ� ¼ mπ0 ¼ mπ . Also for
charged pions, qπ� ¼ �e.

(iv) In the presence of a magnetic field, the quark
propagator takes the following form:

SðBÞf ðKÞ ¼ exp

�
−

k2⊥
jqfBj

�X∞
l¼0

ð−1Þl

×
Dlðkk; k⊥; qfBÞ

k2k − 2ljqfBj −M2
f þ iε

; ð21Þ

where

DlðK; qfBÞ

¼ 4=k⊥L
ð1Þ
l−1

�
2k2⊥
jqfBj

�
þ ð=kk þMfÞ

×

�
ð1 − sgnðqfBÞiγ1γ2ÞLl

�
2k2⊥
jqfBj

�

− ð1þ sgnðqfBÞiγ1γ2ÞLl−1

�
2k2⊥
jqfBj

��
: ð22Þ

Here LðαÞ
l ðxÞ is the generalized Laguerre polynomial

which is written as

e−
xz
1−z

ð1 − zÞ1þα ¼
X∞
l¼0

LðαÞ
l zn; ð23Þ

with jzj < 1. We note Lð0Þ
l ðxÞ ¼ LlðxÞ and LðαÞ

−1 ¼ 0.
Here sgn is the sign function.

(v) In the presence of a magnetic field, the charged
boson propagator becomes

DðBÞ
b ðKÞ ¼ 2 exp

�
−

k2⊥
jeBj

�X∞
l¼0

ð−1Þl

×
Llð2k

2⊥
jeBjÞ

k2k − ð2lþ 1ÞjeBj −m2
b þ iε

: ð24Þ

A. Pion to quark-antiquark loop

The quark-antiquark contribution to the neutral pion self-
energy reads

−iΠðBÞ
ff̄

ðP;TÞ¼Ncg2
Z

d4K
ð2πÞ4Tr½γ5iS

ðBÞ
f ðKÞγ5iSðBÞf ðK−PÞ�;

ð25Þ

where Q ¼ K − P. Here Nc denotes the number of colors,
which is taken as three for QCD. Thus, from Eq. (21), the

ΠðBÞ
ff̄

in Eq. (25) becomes

iΠðBÞ
ff̄

ðP; TÞ ¼ Ncg2
Z

d4K
ð2πÞ4 exp

�
−
k2⊥ þ q2⊥
jqfBj

� X∞
l;n¼0

ð−1Þlþn
N ðBÞ

l;nðkk; k⊥; qk; q⊥Þ
ðk2k − 2ljqfBj −M2

fÞðq2k − 2njqfBj −M2
fÞ
; ð26Þ

where

N ðBÞ
l;nðkk; k⊥; qk; q⊥Þ ¼ Tr½γ5Dlðkk; k⊥; qfBÞγ5Dnðqk; q⊥; qfBÞ�: ð27Þ

The trace in (27) is computed as

N ðBÞ
l;nðkk; k⊥; qk; q⊥Þ ¼ 8½M2

f − ðk:qÞk� ×
�
Ll−1

�
2k2⊥
jqfBj

�
Ln−1

�
2q2⊥
jqfBj

�
þ Ll

�
2k2⊥
jqfBj

�
Ln

�
2q2⊥
jqfBj

��

þ 64ðk1q1 þ k2q2ÞL1
l−1

�
2k2⊥
jqfBj

�
L1
n−1

�
2q2⊥
jqfBj

�
: ð28Þ

Since we are interested in modification of the π0 mass, we take the limit p → 0 of Eq. (26):

ΠðBÞ
ff̄

ðp0; TÞ ¼ Ncg2
Z

d4K
ð2πÞ4 exp

�
−

2k2⊥
jqfBj

� X∞
l;n¼0

ð−1Þlþn
N ðBÞ

l;nðk0; p0; q ¼ kÞ
ðk20 −Ω2

k;l;fÞðq20 − Ω2
k;n;fÞ

: ð29Þ

After performing the perpendicular momentum integral analytically, the above expression simplified to
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ΠðBÞ
ff̄

ðp0; TÞ ¼ −Nc8g2
Z

∞

−∞

dkz
2π

X∞
l;n¼0

ð−1Þlþn
ðI ð0Þ

l;n;f þ I ð0Þ
l−1;n−1;fÞ½k0ðk0 − p0Þ − k2z −M2

f� − 8I ð1Þ
l−1;n−1;f

ðk20 −Ω2
k;l;fÞððk0 − p0Þ2 −Ω2

k;n;fÞ
; ð30Þ

where I ðαÞ
l;n;f (for l; n; α ∈ Z and l, n, α ≥ 0) is defined in Appendix D. After performing the perpendicular integration

according to Eq. (D3) and employing the following identity (under k0 integral):

M2
f − k0q0 þ k2z

ðk20 − Ω2
k;l;fÞðq20 − Ω2

k;l;fÞ
¼ p2

0 − 4ljqfBj
2ðk20 −Ω2

k;l;fÞðq20 −Ω2
k;l;fÞ

−
1

k20 − Ω2
k;l;f

: ð31Þ

It is convenient to separate the lowest Landau level (LLL) and higher Landau level (HLL) contributions as follows:

ΠðBÞ
ff̄;LLL

¼ −iNcg2
jqfBj
π

Z
d2kk
ð2πÞ2

�
p2
0

2

1

ðk20 − Ω2
k;l¼0;fÞðq20 −Ω2

k;l¼0;fÞ
−

1

k20 −Ω2
k;l¼0;f

�
; ð32Þ

ΠðBÞ
ff̄;HLL ¼ −2Ncig2

jqfBj
π

Z
d2kk
ð2πÞ2

X∞
l¼1

�
p2
0

2

1

ðk20 − Ω2
k;l;fÞðq20 −Ω2

k;l;fÞ
−

1

k20 −Ω2
k;l;f

�
: ð33Þ

In deriving Eqs. (32) and (33), we used the following identities:

δl−1;l−1 ¼ 1 − δ0;l; δl;l ¼ 1: ð34Þ

Here we note that the Kronecker delta gives zero for any negative index. This kind of expression is typical in cases involving
a fermion inside a loop. The degeneracy in higher Landau levels is considered by the factor ð2 − δl;0Þ. Combining the
lowest and higher Landau level terms, we write Eqs. (32) and (33) as

ΠðBÞ
ff̄

ðp0; TÞ ¼ −ig2Nc
jqfBj
π

X∞
l¼0

ð2 − δl;0Þ
Z

d2kk
ð2πÞ2

�
p2
0

2

1

ðk20 −Ω2
k;l;fÞðq20 − Ω2

k;l;fÞ
−

1

k20 −Ω2
k;l;f

�
: ð35Þ

The expression involving HLL has an overall factor of 2, which is absent in the expression of the LLL. It comes from the
fact that the virtual quark-antiquark pair in HLL has spin degeneracy that is lifted in LLL. So, after replacing the k0
integration with the frequency sum, the expression of ΠðBÞ

ff̄
ðp0; TÞ becomes

ΠðBÞ
ff̄

ðp0; TÞ ¼ Ncg2
jqfBj
π

X∞
l¼0

ð2 − δl;0Þ
Z

∞

−∞

dkz
2π

T
X
k0

�
p2
0

2

1

ðk20 − Ω2
k;l;fÞðq20 −Ω2

k;l;fÞ
−

1

k20 −Ω2
k;l;f

�
: ð36Þ

In the presence of the magnetic field and temperature, any loop integration contains three pieces: (i) a pure vacuum
contribution, (ii) a pure magnetic field contribution, and (iii) a thermal as well as a magnetic field (i.e., thermomagnetic)
contribution.1 Now we compute each contribution separately.

1. Pure vacuum part

For the vacuum part we take SfðKÞ ¼ =KþMf

K2−M2
f
. The diagram in Fig. 1 gives

ΠVac
ff̄

ðp0Þ ¼ −4Ncig2
Z

d4K
ð2πÞ4

�
p2
0

2

1

k20 −M2
f

1

ðk0 − p0Þ2 − k2 −M2
f

−
1

k20 −M2
f

�
: ð37Þ

Employing the Feynman parametrization technique to the first term in the square brackets, we get

1The pure vacuum contribution contains ultraviolet divergence. In our context, the pure magnetic field and thermomagnetic part are
divergence-free. As a result of taking the B → 0 limit, the pure magnetic contribution vanishes, and the thermomagnetic contribution
reduces to a pure thermal contribution. On the other hand, taking the T → 0 limit, the thermomagnetic part vanishes.
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ΠVac
ff̄

ðp0Þ ¼ −4Ncig2
�
p2
0

2

Z
1

0

dx
Z

d4K
ð2πÞ4

1

fðK − xPÞ2 − ½M2
f − xð1 − xÞ�g2 −

Z
d4K
ð2πÞ4

1

K2 −M2
f

�
: ð38Þ

After the change of variable K − xP → K, we get

ΠVac
ff̄

ðp0Þ ¼ −4Ncig2
�
p2
0

2

Z
1

0

dx
Z

d4K
ð2πÞ4

1

fK2 − ½M2
f − xð1 − xÞ�g2 −

Z
d4K
ð2πÞ4

1

K2 −M2
f

�
: ð39Þ

Before regularizing the integration, we should mention a few words about the renormalizability of LSMq. The dimension of
the coupling constants g and λ is 0. So according to quantum field theory, the LSMq is renormalizable [25]. The integral in
Eq. (39) is ultraviolet divergent that is regularized by the method of dimensional regularization. We analytically continue the
momentum integration to d dimensions. Now, it can be performed by using the following identity:Z

ddK
ð2πÞd

1

ðK2 − ΔÞα ¼ i
πd=2

ð2πÞd
ð−1Þα
ΓðαÞ

Γðα − d
2
Þ

Δα−d
2

: ð40Þ

It yields, after taking out an auxiliary scale factor Λ from g as g → gΛ2−d
2, to

ΠVac
ff̄

ðp0Þ ¼ 4Ncg2Λ4−d 1

ð4πÞd=2
�
p2
0

2

Z
1

0

dx
Γð2 − d

2
Þ

½M2
f − xð1 − xÞp2

0�2−
d
2

þ Γð1 − d
2
Þ

ðM2
fÞ1−

d
2

�
: ð41Þ

Let us take ϵ ¼ 2 − d
2
and obtain

ΠVac
ff̄

ðp0Þ ¼ Nc
g2

4π2

�
p2
0

2

Z
1

0

dx

�
1

4πΛ2

�
−ϵ ΓðϵÞ
½M2

f − xð1 − xÞp2
0�ϵ

þ
�

1

4πΛ2

�
−ϵ Γðϵ − 1Þ

ðM2
fÞϵ−1

�
: ð42Þ

Now, we expand the above expression around ϵ ¼ 0 to get

ΠVac
ff̄

ðp0Þ ¼ Nc
g2

4π2

��
p2
0

2
−M2

f

��
1

ϵ
− γE þ logð4πΛ2Þ

�
−
�
p2
0

2

Z
1

0

dx log½M2
f − xð1 − xÞp2

0� þM2
f −M2

f logðM2
fÞ
��

:

ð43Þ

In accordance with MS prescription, we absorb the 1
ϵ − γE þ logð4πÞ by introducing the counterterm. It leads to

ΠVac
ff̄;MS

ðp0Þ ¼ Nc
g2

4π2

�
p2
0

2

Z
1

0

dx log

�
Λ2

M2
f − xð1 − xÞp2

0

�
−M2

f

�
log

Λ2

M2
f

þ 1

��
: ð44Þ

2. Magnetic field part

After getting the pure vacuum part, we now evaluate the magnetic part. We take ϵ ¼ 1 − d
2
so that the integral formally

diverges at ϵ ¼ 0. We get

ΠðBÞ
ff̄

ðp0Þ ¼ Nc
g2

4π2
jqfBj

X∞
l¼0

ð2 − δl;0Þ
�
p2
0

2

Z
1

0

dx
1

ð4πΛ2Þ−ϵ
Γð1þ ϵÞ

½M2
f þ 2ljqfBj − xð1 − xÞp2

0�1þϵ

þ 1

ð4πΛ2Þ−ϵ
ΓðϵÞ

ðM2
f þ 2ljqfBjÞϵ

�
: ð45Þ

The sum over the Landau levels in the RHS of the last equation can be performed as

X∞
l¼0

2 − δl;0
½M2

f þ 2ljqfBj − xð1 − xÞp2
0�1þϵ ¼

ð2jqfBjÞ−ϵ
jqfBj

ζ

�
1þ ϵ;

M2
f − xð1 − xÞp2

0

2jqfBj
�
−

1

ðM2
f − xð1 − xÞp2

0Þ1þϵ ; ð46Þ
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X∞
l¼0

2 − δl;0
ðM2

f þ 2ljqfBjÞϵ
¼ 2ð2jqfBjÞ−ϵζ

�
ϵ;

M2
f

2jqfBj
�
−

1

M2ϵ
f

: ð47Þ

Thus, we have

ΠðBÞ
ff̄

ðp0Þ ¼ Nc
g2

4π2
jqfBj

�
p2
0

2

Γð1þ ϵÞ
ð4πΛ2Þ−ϵ

Z
1

0

dx

�ð2jqfBjÞ−ϵ
jqfBj

ζ

�
1þ ϵ;

M2
f − xð1 − xÞp2

0

2jqfBj
�

−
1

ðM2
f − xð1 − xÞp2

0Þ1þϵ

�
þ ΓðϵÞ
ð4πΛ2Þ−ϵ

�
2ð2jqfBjÞ−ϵζ

�
ϵ;

M2
f

2jqfBj
�
−

1

M2ϵ
f

��
: ð48Þ

As usual if we expand the above expression around ϵ ¼ 0, we get terms of the form ζð0; xÞ and ∂sζðs; xÞjs¼0. Now, using the
following properties of the Hurwitz zeta function:

ζð0; xÞ ¼ 1

2
− x; ζð1;0Þð0; xÞ≡ d

ds
ζðs; xÞjs¼0 ¼ logΓðxÞ − 1

2
logð2πÞ; ð49Þ

and after performing some simplifications, we obtain

ΠðBÞ
ff̄

ðp0Þ ¼ Nc
g2

4π2

��
p2
0

2
−M2

f

��
1

ϵ
− γE þ logð4πΛ2Þ

�
þ jqfBj

�
2 logΓ

�
M2

f

2jqfBj
�
þ log

�
M2

f

4πjqfBj
��

−
�
p2
0

2
−M2

f

�
logð2jqfBjÞ −

p2
0

2

Z
1

0

dx

�
ψ

�
M2

f − xð1 − xÞp2
0

2jqfBj
�
þ jqfBj
M2

f − xð1 − xÞp2
0

��
: ð50Þ

After performing the integral, we get

Z
1

0

dx
jqfBj

M2
f − xð1 − xÞp2

0

¼ 4jqfBj
p2
0

cot−1
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4M2
f

p2
0

− 1

s !
; ð51Þ

the (vacuumþmagnetic field dependent) part of self-energy as

ΠðBÞ
ff̄

ðp0Þ ¼ Nc
g2

4π2

�
p2
0

2
−M2

f

��
1

ϵ
− γE þ logð4πΛ2Þ − logð2jqfBjÞ

�
− jqfBj

�
2 logΓ

�
M2

f

2jqfBj
�
þ log

�
M2

f

4πjqfBj
�

þ2cot−1
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4M2
f

p2
0

− 1

s !#
−
p2
0

2

Z
1

0

dxψ

�
M2

f − xð1 − xÞp2
0

2jqfBj
�
: ð52Þ

After subtracting the vacuum part from Eq. (52), we get the pure magnetic field-dependent contribution as

ΠðBÞ
ff̄

ðp0Þ − ΠVacuum
ff̄

ðp0Þ ¼ Nc
g2

4π2

�
p2
0

2

Z
1

0

dx

�
log

M2
f − xð1 − xÞp2

0

2jqfBj
− ψ

�
M2

f − xð1 − xÞp2
0

2jqfBj
�
−

jqfBj
M2

f − xð1 − xÞp2
0

�

− 2jqfBj
�
logΓ

�
M2

f

2jqfBj
�
þ log

�
M2

f

4πjqfBj
��

þM2
f −M2

f log

�
M2

f

2jqfBj
��

: ð53Þ

3. The thermomagnetic part

To get the thermomagnetic part, we need to perform the fermionic frequency sums. It is performed in Appendix B 1. Here
we quote the results:

T
X
k0

1

k20 −Ω2
l;k;f

1

ðk0 − p0Þ2 −Ω2
l;k;f

¼ −
1 − ñþðΩl;k;fÞ − ñ−ðΩl;k;fÞ

Ωl;k;fðp2
0 − 4Ω2

l;k;fÞ
;

T
X
k0

1

k20 −Ω2
l;k;f

¼ −
1 − ñþðΩl;k;fÞ − ñ−ðΩl;k;fÞ

2Ωl;k;f
: ð54Þ
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Now, substituting the frequency sums in the last line in Eq. (36) and simplifying, we arrive at

ΠðBÞ
ff̄

ðp0; TÞ ¼ −Nc
g2

2π2
jqfBj

X∞
l¼0

ð2 − δl;0Þ
Z

∞

−∞
dkzΩl;k;f

1 − ñþðΩl;k;fÞ − ñ−ðΩl;k;fÞ
p2
0 − 4Ω2

l;k;f
: ð55Þ

We have calculated the vacuumþ pure B part earlier, which comes from 1 with the distribution function ñ�. So dropping
that term, we get the thermomagnetic part as

ΠðBÞ
ff̄;ThMðp0; TÞ ¼ Nc

g2

2π2
jqfBj

X∞
l¼0

ð2 − δl;0Þ
Z

∞

−∞
dkzΩl;k;f

ñþðΩl;k;fÞ þ ñ−ðΩl;k;fÞ
p2
0 − 4Ω2

l;k;f
: ð56Þ

B. Pion to pion loop

1. Charged pion contribution

The tadpole diagram reads as shown in Fig. 2(a)

ΠðBÞ
π� ¼ λ

4

Z
d4K
ð2πÞ4 iD

ðBÞðKÞ: ð57Þ

Substituting Eq. (24) into Eq. (57), we get

ΠðBÞ
π� ¼ i

λ

2

Z
d2kk
ð2πÞ2

X∞
l¼0

J l

k2k − ð2lþ 1ÞjeBj −m2
π þ iε

;

ð58Þ

where we have defined

J l ¼
Z

d2k⊥
ð2πÞ2 ð−1Þ

l exp

�
−

k2⊥
jeBj

�
Ll

�
2k2⊥
jeBj

�
: ð59Þ

Here the integral can be performed analytically and shown
in Appendix B. Here is the result quoted:

J l ¼ jeBj
4π

: ð60Þ

This leads Eq. (58) to

ΠðBÞ
π� ¼ i

λ

2

jeBj
4π

X∞
l¼0

Z
d2kk
ð2πÞ2

1

k2k −m2
l;π

: ð61Þ

The integral in Eq. (61) is divergent. To regulate the
divergence, we go to the d ¼ 2 − 2ϵ dimension. Also,
from the dimensional argument, we take out a dimensional
quantity via an auxiliary scale by replacing λ → Λd−2λ. So
the integral becomes

ΠðBÞ
π� ¼ i

λΛ2−d

2

jeBj
4π

X∞
l¼0

Z
ddkk
ð2πÞd

1

k2k −m2
l;π

: ð62Þ

After performing the d-dimensional integral [26], we get

ΠðBÞ
π� ¼ −λΛ2−d jeBj

8π

X∞
l¼0

πd=2

ð2πÞd=2
Γð1 − d

2
Þ

ðm2
l;πÞ1−

d
2

: ð63Þ

Now we write the last equation in terms of ϵ to get

ΠðBÞ
π� ¼ jeBj

32π2

�
2jeBj
4πΛ2

�
−ϵ
ΓðϵÞ

X∞
l¼0

1

ðlþ 1
2
þ m2

π
2jeBjÞ

ϵ
: ð64Þ

Now we expand the last equation around ϵ ¼ 0 to get

ΠðBÞ
π� ¼ λjeBj

32π2

�
ζ

�
0;
1

2
þ m2

π

2jeBj
�

×

�
1

ϵ
− γE þ logð4πÞ − log

2jeBj
Λ2

�

þ ζð1;0Þ
�
0;
1

2
þ m2

π

2jeBj
��

¼ −
λm2

π

64π2

�
1

ϵ
− γE þ log 4π þ log

Λ2

2jeBj

þ jeBj
m2

π
log 2π −

2jeBj
m2

π
logΓ

�
1

2
þ m2

π

2jeBj
��

: ð65Þ

We can get weak field results by using the asymptotic
expansion [27]

logΓðtþ xÞ ∼
�
tþ x −

1

2

�
log x − xþ 1

2
logð2πÞ

þ
X∞
n¼1

ð−1Þn 1

nðnþ 1ÞBnðtÞ
1

xn
; ð66ÞFIG. 1. Feynman diagram for one-loop quark-antiquark con-

tribution to the π0 self-energy.
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(a) (b) (c)

FIG. 2. Feynman diagram for one-loop (a) charged pion, (b) neutral pion, and (c) sigma meson contribution to the π0 self-energy. The
dashed line denotes π0, the double line denotes π�, and the dotted line denotes σ-meson. Only the charged pion is affected by the
magnetic field and temperature, but the neutral pion and the sigma meson are affected by only the temperature.

FIG. 3. The behavior of the neutral pion π0 mass. The left panel shows the variation of the π0 mass with background magnetic field
jeBj at some of the fixed values of temperature ranging from 0 to 140 MeV. The right panel shows the plot of the π0 mass with the
temperature keeping the value of the magnetic field fixed. The x axis and y axis are scaled with the square of the vacuum pion mass m2

π0

and the vacuum pion mass mπ0 . In this plot, we have taken the minimum of effective potential vBðTÞ and one-loop meson self-coupling
λeff to obtain the pion mass as indicated by Eq. (76).
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0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
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FIG. 4. The behavior of the neutral pion π0 mass. The left panel shows the variation of the π0 mass with background magnetic field
jeBj at some of the fixed values of temperature ranging from 0 to 140 MeV. The right panel shows the plot of the π0 mass with the
temperature keeping the value of the magnetic field fixed. The x axis and y axis are scaled with the square of the vacuum pion mass m2

π0

and the vacuum pion mass mπ0 . In this plot, we have taken the classical minimum v00 and bare meson self-coupling λ in order to obtain
the pion mass as indicated by Eq. (74).
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where BnðtÞ are the Bernoulli polynomials defined by the
generating function

ext

et − 1
¼
X∞
n¼0

BnðtÞ
n!

xn−1: ð67Þ

Starting from Eq. (61), we obtain

ΠðBÞ
π� ¼ −

λ

2

jeBj
4π

X∞
l¼0

Z
∞

−∞

dk3

2π
T
X
k0

1

k20 − E2
k;l

: ð68Þ

Here the frequency sum is performed in Appendix B, and
the result is

T
X
k0

1

k20 − E2
k;l

¼ −
1þ 2nðEk;lÞ

2Ek;l
; ð69Þ

where

nðEk;lÞ ¼
1

exp ðEk;l=TÞ − 1
: ð70Þ

Thus after plugging Eq. (69) in Eq. (68) and dropping the
nonthermal term (containing 1 in the frequency sum), we
get the thermomagnetic contribution as

ΠðBÞ
π� ¼ λjeBj

16π2
X∞
l¼0

Z
∞

−∞
dkz

nðEk;lÞ
Ek;l

: ð71Þ

2. Neutral pion and sigma loop contribution

For the neutral pion and sigma loop as shown in Figs. 2(b)
and 2(c) respectively, there will be no effects from the
magnetic field as they are chargeless. Again we drop the
vacuum part and consider only the thermal correction;

Πj ¼ i
λ

4

Z
d4K
ð2πÞ4DjðKÞ; ð72Þ

where DjðKÞ ¼ 1
K2−m2

j
is the propagator for the j-type

particle with j ¼ π0; σ. After doing the usual replacements
and performing the frequency sum, we arrive at

ΠTh
j ¼ λ

8π2

Z
∞

0

dkk2
n
	 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2 þm2
j

q 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

j

q : ð73Þ

IV. π0 MASS

In this section, we compute the neutral pion mass. Before
doing so, we must reemphasize a few important points.
The vacuum π0 mass, denoted by mπ, is one of the input
parameters in the theory. We have taken it as mπ ¼
140 MeV as determined by experiments. Now, in the
presence of the thermal medium as well as the background
magnetic field, the neutral pion receives an additional

correction over mπ, denoted by MπðeB; TÞ, coming from
the temperature as well as the magnetic field. Our aim in
this section is to obtain MπðeB; TÞ. For that, we need to
solve the following equation:

p2
0 − jpj2 −m2

π − ΠðBÞðp0; p; TÞ ¼ 0 ð74Þ
in the limit of p → 0 and p0 ¼ MπðjeBj; TÞ. The self-
energy is given by (16). Note that there is a factor of g2 in
the expression of the quark loop contribution as indicated in
(25) and a factor of λ in the expression of the meson loop
contribution. We shall solve Eq. (74) in three settings as
follows.

A. Basic case

In this case, we take a numerical value of λ, g, which
are two coupling parameters of the theory. Also, we
consider the vacuum value of mπ ¼ 0.14 GeV. Then we
solve Eq. (74).

B. Including self-coupling

Here we consider the one-loop correction of vertex λ.
In this case we take the one-loop modified vertex
λeff ¼ λþ Δλ, where Δλ is given by Eq. (A1). So the
dispersion relation becomes

p2
0 − ðλeffðv00Þ2 − a2Þ − ΠðBÞ

VMðp0; p → 0; TÞ ¼ 0: ð75Þ
Here the VM subscript in Π indicates that we replace the
expression of λeff in place of λ that appears in front of the
meson self-energy contribution. As mentioned earlier, v00 is
the minimum of the tree-level potential.

C. Including self-coupling and quantum corrected
minimum of the effective potential

Here we solve Eq. (75) with v00 substituted by vBðTÞ,
namely

p2
0 − ðλeffv2BðTÞ − a2Þ − ΠðBÞ

VMðp0; p → 0; TÞ ¼ 0; ð76Þ
where vBðTÞ is the minimum of the effective potential. The
topic of the effective potential is discussed in detail in
Appendix C. Before proceeding further, we reemphasize

the fact that the self-energy ΠðBÞ
VMðp0; p → 0; TÞ is scale

independent. In the self-energy, the vacuum and magnetic
parts are scale dependent. Since we subtracted the vacuum

part from the total self-energy, we get ΠðBÞ
VMðp0; p → 0; TÞ

scale independent. Additionally, the pure vacuum part of
the effective potential carries the scale Λ as it is clear from
Eqs. (C25) and (C32). However, the position of the
minimum of the effective potential vBðTÞ and curvature
does not change with changing the scale Λ. So, the overall
mass correction over the pure-vacuum π0 mass is scale

independent as only the self-energy ΠðBÞ
VMðp0; p → 0; TÞ

and vBðTÞ enters in dispersion Eq. (76).
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V. RESULTS

We have plotted the magnetic field and temperature
dependence of the neutral pion mass in a warm magnetized
medium as shown in Figs. 3 and 4. The Lagrangian has the
following parameters: the boson self-coupling λ, the boson-
fermion coupling g, the vacuum pion mass mπ , and the
mass parameter a.2 We have kept the value of mπ at
0.14 GeV and mσ at 0.435 GeV throughout. We have kept
the temperature in all of our plots up to 140 MeV, which is
less than or equal to the chiral phase transition temperature
(in LQCD, it is calculated to ∼156 MeV [28]). For our
present purpose, we have taken T ¼ 0, 60, 80, 100, 120,
140 MeV while changing the magnetic field up to 20m2

π ¼
0.392 GeV2 starting from zero as shown in the left panel of
Fig. 4. Also, we have kept T ¼ 140 MeV for four different
values of jeBj as in the right panel of Fig. 4. For the
magnetic field, the value jeBj ¼ 20m2

π is beyond the
magnitude generated in a heavy-ion collision or inside
the core of magnetars. We have taken λ ¼ 3.67 and
g ¼ 0.46, which was used by Ayala et al. in Ref. [14] to
match their result of the magnetic field dependence of the
π0 mass, calculated in the strong magnetic field approxi-
mation at zero temperature, with the LQCD data of
Ref. [13]. In our calculation, we have tackled the sum
over Landau levels and integration over kz appearing in the
thermomagnetic part of self-energy as well as effective
potential numerically. For a very low magnetic field, one
can note that the result saturates by summing over ∼5, 000
LL’s. In our calculation, we have taken lMax ¼ 10; 000;
i.e., we summed over 10,000 Landau levels, which is more
than enough to reach saturation.
In Fig. 3, we show the plots of the neutral pion mass with

jeBj (left panel) and with T (right panel) considering the

effect of effective vertex and quantum corrected condensate
vBðTÞ. The mass decreases with increasing jeBj. The fall is
rapid at lowvalues of jeBj for all temperate.But after a certain
value (15m2

π), it saturates with the field. Note that as we
increase the temperature, the fall with jeBj becomes more
rapid in the temperature range ∼ð0–100Þ MeV within the
window of jeBj ∼ 5m2

π − 15m2
π . As a result, the plot in the

right panel of Fig. 3 T ¼ 0, intersects with T ¼ 60 MeV and
T ¼ 80 MeV. Now for the variation with temperature, the
mass increases with temperature, which is quite expected as
the thermal contribution increases with increasing temper-
ature. The mass remains uniform for low T but sharply
increases after 60 MeV. This behavior is observed for all
values of magnetic fields considered, and it can be explained
from the plot of mass with the magnetic field. At low
temperatures, for the magnetic field values considered in
the right panel of Fig. 3, the field has a much stronger
tendency to suppress the mass than the temperature to
enhance it. But as the temperature increases, it gradually
becomes more dominating than the magnetic field.
Considering the classical v00 and the bare meson-meson

coupling λ as well as bare quark-meson coupling g, we have
shown the variation of the neutral π0 mass with jeBj and T
in Fig. 4. The purpose of showing Fig. 4 was to compare it
with the behavior of the neutral pion mass (shown in Fig. 3)
by taking into account the effect of λeff and vBðTÞ. The
behaviour of the vBðTÞ with jeBj and T, while keeping all
other parameter fixed, is displayed in Fig. 5. As we can see
clearly, the mass falls somewhat less steeply than Fig. 3
with the magnetic field. But the rise of mass with the
temperature is more pronounced and steeper than that with
including the effective vertex and vBðTÞ.

VI. CONCLUSION

In conclusion, we have computed the neutral pion mass
in the presence of an arbitrary background magnetic field
at a nonzero temperature in the framework of the LSMq
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FIG. 5. The behavior of the minimum of the effective potential vB with jeBj and T shown in the left and right panels, respectively.

2In our case a is fixed by mπ and mσ . So we can think of mσ as
a parameter of the theory instead of a.
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model. We have examined the behavior of the pion mass
with the magnetic field, keeping the temperature at fixed
values, and that with the temperature, keeping the field
fixed. The coupling constants of the theory are the meson-
meson coupling λ and quark-meson coupling g. At the same
time, other parameters are vacuum pion mass mπ , vacuum
sigma mass mσ , and constituent quark mass Mf. We have
incorporated the effect of meson self-coupling through λeff
and the quantum correction of effective potential through
vBðTÞ in the π0 mass. In calculating the mass, we have
shown in Fig. 6 the magnetic field and temperature
dependence of the one-loop effective potential Veff as a
function of v. The general case of the arbitrary strength of
the magnetic field is considered by using the general
expression of the charged pion and quark propagator
without invoking strong and/or weak field approximation.
Also, a framework for extending the calculation in the finite
density domain is incorporated by considering the con-
stituent quark chemical potential μ. We report the decre-
ment of the pion mass with the strength of the background
magnetic field on which some LQCD and effective model
studies agree. The increasing behavior of temperature
agrees qualitatively with the ChPt study of Ref. [20]. To
our knowledge, there is no LQCD simulation in the
literature investigating the pion mass with the strength of
the background magnetic field at nonzero temperature. So,
our investigation of the pion mass, upon the availability of
lattice data at a nonzero temperature in the near future, can
shed light on the predictability of the LSMq framework.
Also, the LQCD study of the neutral pion mass is hindered
by the infamous sign problem while taking into account the
quark chemical potential. So, in our work, we have
delivered a detailed calculation of the neutral pion mass
in the presence of the background magnetic field’s most
general settings, i.e., keeping T and μ in the framework of
the relatively simple effective model.
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APPENDIX A: VERTEX CORRECTION

The Feynman diagrams that contribute to the vertex
correction of π0 is depicted in Fig. 7. The expression for Δλ
is given by [29]

Δλ ¼ 24λ2

16
½9IðP; T;mσÞ þ IðP; T;mπÞ

þ 4JðBÞðP; T;mπÞ�jp→0: ðA1Þ
As usual, Δλ contains the magnetic vacuum part and the
thermomagnetic part. Here we defined

IðP; T;miÞ ¼ T
X
k0

Z
d3k
ð2πÞ3 DiðKÞDiðP − KÞ;

JðBÞðP; T;mjÞ ¼ T
X
k0

Z
d3k
ð2πÞ3 D

ðBÞ
j ðKÞDðBÞ

j ðP − KÞ;

ðA2Þ
with i ¼ π0; σ and j ¼ πþ; π−.

1. ΔλB
There will be no magnetic vacuum part for I since its

expression contains only the neutral pion and sigma loop.
Only the J contribution from the magnetic field will be
there due to the involvement of the charged pion propagator
inside the loop. Thus for the vacuum as well as the
magnetic field contributions, we write

FIG. 6. Left panel: effective potential as a function of v with a fixed eB with different T. Right panel: the same with a fixed T for
different eB.
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JðBÞðP;mjÞ ¼ −i
Z

d4K
ð2πÞ4D

ðBÞ
j ðKÞDðBÞ

j ðP − KÞ

¼ −4i
X∞
l;n¼0

ð−1Þlþn

Z
d2k⊥
ð2πÞ2 exp

�
−
k2⊥ þ q2⊥
jeBj

�
Ll

�
2k2⊥
jeBj

�
Ln

�
2q2⊥
jeBj

�

×
Z

d2kk
ð2πÞ2

1

k2k − ð2lþ 1ÞjeBj −m2
j

1

q2k − ð2nþ 1ÞjeBj −m2
j
: ðA3Þ

For p → 0, after performing the following perpendicular momentum integration and the sum over Landau level n, the above
equation gets simplified to

JðBÞðp0; p ¼ 0; mjÞ ¼ −i
jeBj
2π

X∞
l¼0

Z
d2kk
ð2πÞ2

1

k2k − ð2lþ 1ÞjeBj −m2
j

1

q20 − k2z − ð2lþ 1ÞjeBj −m2
j

¼ −i
jeBj
2π

X∞
l¼0

Z
d2kk
ð2πÞ2

Z
1

0

dx
1

fðk0 − xp0Þ2 − k2z − ½ð2lþ 1ÞjeBj þm2
j − xð1 − xÞp2

k�g2

¼ −i
jeBj
2π

X∞
l¼0

Z
1

0

dx
Z

d2kk
ð2πÞ2

1

fk2k − ½ð2lþ 1ÞjeBj þm2
j − xð1 − xÞp2

0�g2
: ðA4Þ

Now, we perform the usual dimensional regularization routine to get

JðBÞðp0; mjÞ ¼ −i
jeBj
2π

Λ2ϵ
X∞
l¼0

Z
1

0

dx
Z

d2−ϵkk
ð2πÞ2−ϵ

1

fk2k − ½ð2lþ 1ÞjeBj þm2
j − xð1 − xÞp2

0�g2
: ðA5Þ

The momentum integration is performed as

JðBÞðp0; mjÞ ¼
jeBj
2π

Λ2ϵ
X∞
l¼0

Z
1

0

dx
1

ð4πÞ1−ϵ
Γð1þ ϵÞ

½ð2lþ 1ÞjeBj þm2
j − xð1 − xÞp2

0�1þϵ

¼ jeBj
8π2

�
1

4πΛ2

�
−ϵ
Γð1þ ϵÞ

Z
1

0

dx
X∞
l¼0

1

½ð2lþ 1ÞjeBj þm2
j − xð1 − xÞp2

0�1þϵ

¼ 1

16π2

�
2jeBj
4πΛ2

�
−ϵ
Γð1þ ϵÞ

Z
1

0

dxζ

�
1þ ϵ;

1

2
þm2

j − xð1 − xÞp2
0

2jeBj
�
; ðA6Þ

where we summed over LLs as

X∞
l¼0

1

½ð2lþ 1ÞjeBj þm2
j − xð1 − xÞp2

0�1þϵ ¼
1

2jeBj ð2jeBjÞ
−ϵζ

�
1þ ϵ;

1

2
þm2

j − xð1 − xÞp2
0

2jeBj
�
: ðA7Þ

(a) (b) (c)

FIG. 7. Feynman diagram for a one-loop contribution to the self-coupling λ. Contributions to the self-coupling from (a) the charged
pion, (b) the neutral pion, and (c) the sigma meson, respectively.
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Finally, expanding JðBÞ in an equation around ϵ ¼ 0, we get

JðBÞðp0; p ¼ 0; mjÞ ¼
1

16π2

�
1

ϵ
− γE þ log ð4πΛ2Þ − logð2jeBjÞ −

Z
1

0

dxψ

�
1

2
þm2

j − xð1 − xÞp2
0

2jeBj
��

: ðA8Þ

2. ΔλVac
Now, we compute the dimensionally regularized vacuum part by going to d ¼ 4 − 2ϵ as

IVacðp0; p ¼ 0; miÞ ¼
λ2

16π2

�
1

ϵ
− γE þ logð4πΛ2Þ −

Z
1

0

dx log ðm2
i − xð1 − xÞp2

0Þ
�
;

JVacðp0; p ¼ 0; mjÞ ¼
λ2

16π2

�
1

ϵ
− γE þ logð4πΛ2Þ −

Z
1

0

dx log ðm2
j − xð1 − xÞp2

0Þ
�
; ðA9Þ

and

JðBÞðp0; p ¼ 0; mjÞ − JVacðp0; p ¼ 0; mjÞ ¼
1

16π2

Z
1

0

dx

�
log

�
m2

j − xð1 − xÞp2
0

2jeBj
�
− ψ

�
1

2
þm2

j − xð1 − xÞp2
0

2jeBj
��

: ðA10Þ

As long as m2
π − xð1 − xÞp2

0 ≥ 0,3 the Poly-Gamma function in the above line can be expanded in the limit of jeBj → 0 as

ψ

�
1

2
þm2

j − xð1 − xÞp2
0

2jeBj
�

¼ log

�
m2

j − xð1 − xÞp2
0

2jeBj
�
þ 1

24

�
2jeBj

m2
j − xð1 − xÞp2

0

�
2

þOðjeBj4Þ: ðA11Þ

3. ΔλThM
To extract the thermomagnetic contribution, we start from the expression of I and J given in Eq. (A2). For I, we perform

the frequency summation, drop the term that does not contain a distribution function, and obtain the thermal part as

IThðp0; p ¼ 0; T;miÞ ¼
Z

d3k
ð2πÞ3

1

Ei;k

1

p2
0 − 4E2

i;k

2nðEi;kÞ; ðA12Þ

where Ei;k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

i

p
.

For the thermomagnetic part of vertex correction, we need to evaluate the following expression:

JðBÞðp0; p ¼ 0; mjÞ ¼
jeBj
2π

T
X
k0

Z
dkz
2π

X∞
l¼0

1

k2k − ð2lþ 1ÞjeBj −m2
j

1

q2k − ð2lþ 1ÞjeBj −m2
j
: ðA13Þ

The bosonic frequency sum is evaluated in Appendix B 2. In our case, we have the chemical potential of boson μb ¼ 0 and
p ¼ 0, giving

T
X
k0

1

k20 − E2
k;l

1

ðp0 − k0Þ2 − E2
j;k;l

¼ −
1þ 2nðEj;k;lÞ

Ej;k;lðp2
0 − 4E2

j;k;lÞ
: ðA14Þ

Finally, the thermomagnetic part is written as

JThMðp0; p ¼ 0; T;mjÞ ¼ −
jeBj
2π

X∞
l¼0

Z
∞

−∞

dkz
2π

1

Ej;l;k

1

p2
0 − 4E2

j;l;k
2nðEj;l;kÞ; ðA15Þ

where Ej;l;k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z þ ð2lþ 1ÞjeBj þm2

j

q
.

3To maintain this condition, we must choose p2
0 < 4m2

π for the JðBÞ − JVac to be pure real.
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APPENDIX B: FREQUENCY SUMS

1. Fermionic sums

We need to calculate a summation of the form

Is ¼ T
X∞
l¼−∞

Δ̃ðk0; sΩÞ; ðB1Þ

Is1;s2 ¼ T
X∞
l¼−∞

Δ̃ðk0; s1Ω1ÞΔ̃ðq0; s2Ω2Þ; ðB2Þ

where

Δ̃ðk0; s1Ω1Þ≡ s1
2Ω1

1

k0 − s1Ω1

; ðB3Þ

Δ̃ðp0 − k0; s2Ω2Þ≡ s1
2Ω1

1

k0 − s1Ω1

; ðB4Þ

with

k0 ¼ μþ ið2lþ 1ÞπT; p0 ¼ i2πmT; ðB5Þ

where l; m ¼ 0;�1;�2;…. Now, we substitute

1

ið2lþ 1ÞπT þ μ − s1Ω1

¼ ñþðs1Ω1Þ
Z

1=T

0

dτ1 exp ½−τ1fið2lþ 1ÞπT þ μ − s1Ω1g�; ðB6Þ

1

i2πmT − ið2lþ 1ÞπT − μ − s2Ω2

¼ ñ−ðs2Ω2Þ
Z

1=T

0

dτ2 exp ½−τ2fi2πmT − ið2lþ 1ÞπT − μ − s2Ω2g� ðB7Þ

in Eq. (B2) and simplify the terms in the exponential to get

Is1;s2 ¼ ñþ1 ñ
−
2

Z
1=T

0

dτ1dτ2e−ði2mπTτ2−s1ω1τ1−s2Ω2τ2Þ−μðτ1−τ2ÞT
X∞
l¼−∞

exp ½−ðτ1 − τ2Þið2lþ 1ÞπT�: ðB8Þ

Here ñ�i ≡ ñ�ðsiΩiÞ ¼ ðeβðsiEi∓μÞ þ 1Þ−1, where β ¼ T−1. Now, we use the identity

T
X∞
l¼−∞

exp ½−ðτ1 − τ2Þið2lþ 1ÞπT� ¼ δðτ1 − τ2Þ ðB9Þ

to get

Is1;s2 ¼ ñþ1 ñ
−
2

Z
1=T

0

dτ exp ½−τði2πmT − s1Ω1 − s2Ω2Þ�: ðB10Þ

After performing the τ integral and simplifying by using ei2mπ ¼ 1, we analytically continue back to the Minkowski p0 by
the prescription i2πmT → p0 þ iε. Then we make use of the identity ñ�ðxÞeβðx∓μÞ ¼ 1 − ñ�ðxÞ and do a little algebra to
arrive at

Is1;s2 ¼ −
s1s2

4Ω1Ω2

1 − ñþðs1Ω1Þ − ñ−ðs2Ω2Þ
p0 − s1Ω1 − s2Ω2

: ðB11Þ

Finally, using the identity 1 − ñ�ð−xÞ − ñ∓ðxÞ ¼ 0, we get our desired frequency sum as

X
s1;s2

Is1;s2 ¼ −
1

4Ω1Ω2

�
1 − ñþðΩ1Þ − ñ−ðΩ2Þ

p0 − Ω1 −Ω2

−
1 − ñ−ðΩ1Þ − ñþðΩ2Þ

p0 þ Ω1 þ Ω2

þ ñþðΩ1Þ − ñþðΩ2Þ
p0 − Ω1 þΩ2

−
ñ−ðΩ1Þ − ñ−ðΩ2Þ
p0 þ Ω1 − Ω2

�
: ðB12Þ

Now, the following method can perform the other fermionic frequency sum as:

T
X
k0

1

k20 −Ω2
¼ T

X
k0

X
s¼�1

s
2Ω

1

k0 − sΩ
¼
X
s¼�1

s
2Ω

T
X∞
l¼−∞

1

ið2lþ 1ÞπT þ μ − sΩ

¼
X
s¼�1

s
2Ω

ñþðsΩÞ
Z

1=T

0

dτe−τðμ−sΩÞT
X∞
l¼−∞

eið2lþ1ÞπTτ ¼
X
s¼�1

s
2Ω

ñþðsΩÞ
Z

1=T

0

dτe−τðμ−sΩÞδðτÞ

¼
X
s¼�1

s
2Ω

ñþðsΩÞ: ðB13Þ
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Thus,

T
X
k0

1

k20 − Ω2
¼ −

1 − ñþðΩÞ − ñ−ðΩÞ
2Ω

: ðB14Þ

2. Bosonic sums

The frequency sum we need to evaluate is

F ð0;0Þ
B;B ¼ T

X
k0

1

k20 − E2
1

1

ðp0 − k0Þ2 − E2
2

; ðB15Þ

where

k0 ¼ μþ i2lπT: ðB16Þ

The summand in Eq. (B15) can be conveniently written as

Is1;s2 ¼ T
X∞
l¼−∞

Δðk0; s1E1ÞΔðp0 − k0; s2E2Þ; ðB17Þ

where

Δðk0; s1E1Þ ¼
s1
2E1

1

k0 − s1E1

;

Δðp0 − k0; s2E2Þ ¼
s2
2E2

1

p0 − k0 − s2E2

: ðB18Þ

Thus, Eq. (B15) can be written as

F ð0;0Þ
B;B ¼

X
s1 ;s2¼�1

Is1;s2 : ðB19Þ

It is easy to see that Eq. (B18) can be written in integral
representation as

Δðk0; s1E1Þ ¼ −
s1
2E1

nþðs1E1Þ
Z

1=T

0

dτ1e−τ1ðk0−s1E1Þ;

Δðp0 − k0; s2E2Þ ¼ −
s2
2E2

n−ðs2E2Þ
Z

1=T

0

dτ2e−τ2ðp0−k0−s2E2Þ: ðB20Þ

Thus,

Is1;s2 ¼
s1s2nþðs1E1Þn−ðs2E2Þ

4E1E2

Z
1=T

0

dτ1dτ2eτ1ðs1E1−μÞeτ2ðs2E2þμÞ−τ2p0 × T
X∞
l¼−∞

exp ½−k0ðτ1 − τ2Þ�: ðB21Þ

Using the identity

T
X∞
l¼−∞

exp ½−k0ðτ1 − τ2Þ� ¼ δðτ1 − τ2Þ; ðB22Þ

and integrating over the delta function, we obtain

Is1;s2 ¼
s1s2nþðs1E1Þn−ðs2E2Þ

4E1E2

Z
1=T

0

dτeτðs1E1−μÞeτðs2E2þμÞe−τp0 : ðB23Þ

Performing the τ integral, we get

Is1;s2 ¼
s1s2
4E1E2

nþðs1E1Þn−ðs2E2Þ
eβðs1E1−μÞeβðs2E2þμÞe−βp0 − 1

s1E1 þ s2E2 − p0

: ðB24Þ

Since e−βp0 ¼ 1, we get after some algebra

Is1;s2 ¼ −
s1s2
4E1E2

1þ nþðs1E1Þ þ n−ðs2E2Þ
p0 − s1E1 − s2E2

: ðB25Þ

Using n�ðEÞ ¼ −½1þ n∓ðEÞ�, we get

F ð0;0Þ
B;B ¼ −

1

4E1E2

�
1þ nþðE1Þ þ n−ðE2Þ

p0 − E1 − E2

−
1þ n−ðE1Þ þ nþðE2Þ

p0 þ E1 þ E2

−
nþðE1Þ − nþðE2Þ
p0 − E1 þ E2

þ n−ðE1Þ − n−ðE2Þ
p0 þ E1 − E2

�
: ðB26Þ
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APPENDIX C: EFFECTIVE POTENTIAL AT
NONZERO TEMPERATURE

The effective potential is a central quantity for theories
with a spontaneous breakdown of continuous symmetry.
In this case, the classical value of the potential is altered
due to the perturbative loop correction after spontaneous
symmetry breaking. As a result of this, the minimum v00 ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 þm2

πÞ=λ
p

of the tree-level potential V 0
treeðvÞ receives a

quantum correction shifting its value to v ¼ vB. To briefly
elaborate this point we note that, in the presence of
interaction, the expression of VEV becomes

vB ¼ hΩjσðxÞjΩi ¼ h0jTr½σðxÞ exp ð−βHLSMq
Þ�j0i

h0jTr½exp ð−βHLSMq
Þ�j0i ; ðC1Þ

Here j0i and jΩi are the noninteracting and interacting
ground states of the theory, respectively. HLSMq

is the total
Hamiltonian of LSMq, β is the inverse temperature.
Equation (C1) can be expanded perturbatively in powers
of λ and g as

hΩjσðxÞjΩi ¼ h0jσðxÞj0i|fflfflfflfflfflffl{zfflfflfflfflfflffl}
v0
0

þ Quantum loop correction:

ðC2Þ

In the lowest order in perturbation theory, the effective
potential is just the classical potential v0.
In this section, we compute the contribution of the

temperature and magnetic field to the effective potential.
First, the effective potential has contributions from tree
level, bosonic (appearing due to the quantum fluctuations
of π and σ meson), and fermionic parts (for which the

quantum fluctuation of quarks is responsible). The higher-
order corrections to the potential are divergent, and the
incorporation of counterterm contribution Vct is needed
to remove the infinities systematically. Thus up to OðℏÞ,
it reads

Veff ¼ V 0
tree þ

X
b¼π�;π0;σ

Vð1Þ
b þ

X
f¼u;d

Vð1Þ
f þ Vct

þ
X

b¼π�;π0;σ

Vð1Þ
b;Ring; ðC3Þ

where

V 0
tree ¼ −

1

2
ða2 þm2

πÞv2 þ
1

4
λv4; ðC4Þ

Vð1;BÞ
b ¼ −

1

2
T
X∞
n¼−∞

Z
d3k
ð2πÞ3 log ½DðBÞðk0 ¼ iωn;k;m2

bÞ−1�;

ðC5Þ

Vð1;BÞ
f ¼ i

2
Tr log ½ði=DÞ2 −M2

f�; ðC6Þ

Vct ¼
1

2
δmv2 þ 1

4
δλv4; ðC7Þ

and Vð1Þ
b;Ring is the ring contribution from mesons which is

discussed in detail in Sec. C 3. We shall not write the v
dependence, which is there in the expression of the
effective potential via m2

b and Mf.
After a few steps of simple algebra clearly depicted in

Ref [24], Eqs. (C5) and (C6) take the following form:

Vð1;BÞ
b ¼ 1

2
T
X∞
n¼−∞

Z
∞

0

dm2
b

Z
d3k
ð2πÞ3

Z
∞

0

ds
1

coshðjeBjÞ exp
�
−s
�
ω2
n þ k2z þ

tanhðjeBjsÞ
jeBjs k2⊥ þm2

b

��
; ðC8Þ

Vð1;BÞ
f ¼ −

X
r¼�1

T
X∞
n¼−∞

Z
∞

0

dm2
f

Z
d3k
ð2πÞ3

Z
∞

0

ds
coshðjqfBjÞ

exp

�
−s
�
ω̃2
n þ k2z þ

tanhðjqfBjsÞ
jqfBjs

k2⊥ þM2
f þ rqfB

��
: ðC9Þ

Here, ωn ¼ 2πnT and ω̃n ¼ ð2nþ 1ÞπT − iμ are bosonic and fermionic Matsubara frequencies, respectively. By

integrating over the proper time s in Eqs. (C8) and (C9), the expressions of Vð1Þ
b and Vð1Þ

f are converted to the Landau
level representation,

Vð1;BÞ
b ¼ T

2

X∞
n¼−∞

Z
dm2

b

Z
d3k
ð2πÞ3

X∞
l¼0

2ð−1Þl
exp ð− k2⊥

jeBjÞLlð2k
2⊥

jeBjÞ
ω2
n þ k2z þ ð2lþ 1ÞjeBj þm2

b

; ðC10Þ

Vð1;BÞ
f ¼ −

X
r¼�1

T
X∞
n¼−∞

Z
dm2

f

Z
d3k
ð2πÞ3

X∞
l¼0

2ð−1Þl
exp ð− k2⊥

jeBjÞLlð 2k2⊥
jqfBjÞ

ω̃2
n þ k2z þ ð2lþ 1þ r sgnðqfBÞÞjqfBj þM2

f

: ðC11Þ
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After performing the sum over r, Eq. (C11) can be straightforwardly simplified by writing in terms of the spin degeneracy
factor as

Vð1;BÞ
f ¼ −T

X∞
n¼−∞

Z
dm2

f

Z
d3k
ð2πÞ3

X∞
l¼0

ð2 − δl;0Þ2ð−1Þl
exp ð− k2⊥

jeBjÞLlð 2k2⊥
jqfBjÞ

ω̃2
n þ k2z þ 2ljqfBj þM2

f

: ðC12Þ

1. Computation of Vð1Þ
b

By performing the integration over d2k⊥, we get

Vð1;BÞ
b ¼ T

X∞
n¼−∞

Z
dm2

b

Z
∞

−∞

dkz
2π

jeBj
4π

X∞
l¼0

1

ω2
n þ k2z þ ð2lþ 1ÞjeBj þm2

b

¼ jeBj
4π

Z
∞

−∞

dkz
2π

X∞
l¼0

T
X∞
n¼−∞

log ½ω2
n þ k2z þ ð2lþ 1ÞjeBj þm2

b�: ðC13Þ

Now the frequency sum is performed following Ref. [30] as

T
X∞
n¼−∞

log ðω2
n þ E2

k;l;bÞ ¼ Ek;l;b þ 2T log

�
1 − exp

�
−
Ek;l;b

T

��
: ðC14Þ

Substituting the above expression of the sum integration in Eq. (C13), we get

Vð1;BÞ
b ¼ jeBj

4π

X∞
l¼0

Z
∞

−∞

dkz
2π

�
El;k þ 2T log

�
1 − exp

�
−
Ek;l;b

T

���
: ðC15Þ

Now the first term containing Ek;l;b is divergent, which we need to regulate. We use the following procedure to regulate the
momentum integration by dimensional regularizationZ

∞

−∞

dkz
2π

→ Λ̃2ϵ

Z
d1−2ϵk
ð2πÞ1−2ϵ : ðC16Þ

We use the following identity in Ref. [31]:

Φðm; d; AÞ ¼
Z

ddk
ð2πÞd

1

ðk2 þm2ÞA ¼ 1

ð4πÞd=2
1

ΓðAÞΓ
�
A −

d
2

�
1

ðm2ÞA−d
2

ðC17Þ

to perform the integration

Vð1;BÞ
b;ϵ ≡ jeBj

4π
Λ̃2ϵ

X∞
l¼0

Z
d1−2ϵkz
ð2πÞ1−2ϵ Ek;l;b ¼

jeBj
4π

Λ̃2ϵ
X∞
l¼0

Φ
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð2lþ 1ÞjeBj þm2
b

q
; 1 − 2ϵ;−

1

2

�

¼ −
jeBj
16π2

Γðϵ − 1Þ
ð4πΛ̃2Þ−ϵ

X∞
l¼0

1

½ð2lþ 1ÞjeBj þm2
b�ϵ−1

: ðC18Þ

The sum over LL is performed by using the representation of the Hurwitz zeta function

X∞
l¼0

1

ðlþ aÞϵ ¼ ζðϵ; aÞ ðC19Þ

as

Vð1;BÞ
b;ϵ ¼ −

jeBj2
8π2

�
2jeBj
4πΛ̃2

�
−ϵ
Γðϵ − 1Þζ

�
ϵ − 1;

1

2
þ m2

b

2jeBj
�
: ðC20Þ
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Here we used Γð−1=2Þ ¼ −
ffiffiffiffiffiffi
4π

p
. This result matches

exactly with [32]. Now, we expand Vð1;BÞ
b;ϵ around ϵ ¼ 0

and obtain

Vð1;BÞ
b;ϵ ¼ jeBj2

8π2

�
ζ

�
−1;

1

2
þ m2

b

2jeBj
�

×

�
1

ϵ
− γE − log

2jeBj
4πΛ̃2

þ 1

�

þ ζð1;0Þ
�
−1;

1

2
þ m2

b

2jeBj
��

þOðϵÞ: ðC21Þ

The finite temperature part is

Vð1;BÞ
b;ThM ¼ jeBj

2π2
T
X∞
l¼0

Z
∞

0

dkz log ð1 − e−Ek;l;b=TÞ: ðC22Þ

For the σ and π0 meson, we take the limit of jeBj → 0 in
Eq. (C8) and do the s and m2

b integration to get

Vð1;B¼0Þ
b ¼ T

2

X∞
n¼−∞

Z
d3k
ð2πÞ3 logðω

2
n þ k2 þm2

bÞ

¼ 1

2

Z
d3k
ð2πÞ3

8<
:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

b

q

þ 2T log

2
641 − exp

0
B@−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

b

q
T

1
CA
3
75
9=
;: ðC23Þ

For the vacuum part, we use the dimensional regularization
method by modifying the measure of three-momentum
integration

Z
d3k
ð2πÞ3 → Λ2ϵ

Z
d3−2ϵk
ð2πÞ3−2ϵ : ðC24Þ

As a result, we get

Vð1;B¼0Þ
b;ϵ ¼ 1

2
Λ2ϵ

Z
d3−2ϵk
ð2πÞ3−2ϵ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

b

q

¼ −
m2

b

32π2

�
m2

b

4πΛ2

�−ϵ
Γðϵ − 2Þ

¼ −
m4

b

64π2

�
1

ϵ
− γE þ logð4πÞ þ 3

2
− log

�
m2

b

Λ2

��
þOðϵÞ: ðC25Þ

The thermal part is given by

Vð1;B¼0Þ
b;Th ¼ T

2π2

Z
∞

0

dkk2 log

2
641 − exp

0
B@−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

b

q
T

1
CA
3
75:

ðC26Þ

2. Computation of Vð1Þ
f

In this case, we start from Eq. (C12),

Vð1Þ
f ¼ −2

X∞
l¼0

ð2 − δl;0ÞT
X∞
n¼−∞

Z
d3k
ð2πÞ ð−1Þ

l exp

�
−

k2⊥
jeBj

�
Ll

�
2k2⊥
jqfBj

�
log ½ω̃2

n þ k2z þ 2ljqfBj þM2
f�

¼ −
jqfBj
2π

X∞
l¼0

ð2 − δl;0Þ
Z

∞

−∞

dkz
2π

T
X∞
n¼−∞

log ½ω̃2
n þ k2z þ 2ljqfBj þM2

f�: ðC27Þ

The frequency sum is performed following the same method as for the bosonic part, and the result is quoted below:

T
X∞
n¼−∞

log ½ω̃2
n þΩ2

l;k;f� ¼ Ωl;k;f þ T log

�
1þ exp

�
−
Ωl;k;f − μ

T

��
þ T log

�
1þ exp

�
−
Ωl;k;f þ μ

T

��
: ðC28Þ

Thus, we have

Vð1Þ
f ¼ −

jqfBj
2π

X∞
l¼0

ð2 − δl;0Þ
Z

∞

−∞

dkz
2π

�
Ωl;k;f þ T log

�
1þ exp

�
−
Ωl;k;f − μ

T

��
þ T log

�
1þ exp

�
−
Ωl;k;f þ μ

T

���
:

ðC29Þ
The zero temperature part is written as

Vð1;BÞ
f;ϵ ¼ −

jqfBj
2π

Λ̃2ϵ
X∞
l¼0

ð2 − δl;0Þ
Z

d1−2ϵk
ð2πÞ1−2ϵΩl;k;f: ðC30Þ
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The sum is performed, followed by the integration

Vð1;BÞ
f;ϵ ¼ jqfBj2

2π2
Γðϵ − 1Þ

��
2jqfBj
4πΛ2

�−ϵ
ζ

�
ϵ − 1;

M2
f

2jqfBj
�
−
1

2

M2
f

2jqfBj
�

M2
f

4πΛ2

�−ϵ�

¼ M2
f

jqfBj
8π2

�
1

ϵ
− γE − log

�
M2

f

4πΛ2

�
þ 1

�
−
jqfBj2
2π2

�
ζ

�
−1;

M2
f

2jqfBj
��

1

ϵ
− γE − log

�
2jqfBj
4πΛ2

�
þ 1

�

þ ζð1;0Þ
�
−1;

M2
f

2jqfBj
��

þOðϵÞ: ðC31Þ

After applying the MS scheme, by virtue of which we drop the 1
ϵ − γE þ logð4πÞ term, we get

Vð1;BÞ
f ¼ jqfBj

2π2
3

�
M2

f

4

�
1 − log

�
M2

f

Λ2

��
− jqfBj

�
ζ

�
−1;

M2
f

2jqfBj
��

1 − log

�
2jqfBj
Λ2

��
þ ζð1;0Þ

�
−1;

M2
f

2jqfBj
���

: ðC32Þ

The thermomagnetic part is written as

Vð1;BÞ
f;ThM ¼ −T

jqfBj
2π2

X∞
l¼0

ð2 − δl;0Þ
Z

∞

0

dkz

�
log

�
1þ exp

�
−
Ωl;k;f − μ

T

��
þ log

�
1þ exp

�
−
Ωl;k;f þ μ

T

���
: ðC33Þ

The counterterms are determined from the vacuum stability condition [33]. It states that the tree-level value of the position
of minimum v00 of the effective potential and the mass of the sigma meson4 does not change after quantum correction.
Mathematically,

1

2v
dVvac

dv

����
v¼v0

0

¼ 0;

d2Vvac

dv2

����
v¼v0

0

¼ 2a2 þ 3m2
π: ðC34Þ

Applying the above conditions to the quantum corrected potential in the vacuum, we determine δa2 and δλ as

δa2 ¼ m2
π

2
−

1

16π2λ

�
6λ2ða2 þ 2m2

πÞ − g4ða2 þm2
πÞ þ 3a2λ2

�
log

�
m2

π

a2

�
þ log

�
2a2 þ 3m2

π

a2

���
;

δλ ¼ λ

2

m2
π

a2 þm2
π
−

1

16π2

�
3λ2
�
log

�
m2

π

a2

�
þ 3 log

�
2a2 þ 3m2

π

a2

��
− 8g4 log

�
g2

a2
a2 þm2

π

λ

��
: ðC35Þ

In the magnetic part of the one-loop effective potential of
pions as well as quarks, there is a scale factor Λ which we

took as a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

σ−3m2
π

2

q
¼ 255 MeV since we choose mπ ¼

140 MeV and mσ ¼ 435 MeV.

3. Ring contributions

If we look at Eqs. (C21), (C22), (C25), and (C26), we
notice that the argument of the logarithm in Eq. (C25), the
argument of the Hurwitch zeta function ζ in Eq. (C21), and
Eq. (C32) can become negative due to negative m2

b for
some values of v in the range 0 < v < v00. This negative

argument makes the potential imaginary which is not
acceptable as it can lead to the complex critical temperature
ðTchiralÞ of chiral symmetry restoration [34]. Also, the
meson energy El;k and Ek can become negative for a
similar reason.
Also, in the case of a small boson mass, their thermal, as

well as magnetic, correction becomes of the same order
as their original masses. As a result, perturbation theory
breaks down, and a resummation becomes necessary. It
is taken into account by incorporating the so-called ring
diagrams. By incorporating the resummation program
through the inclusion of the ring diagram, one takes the
effect of plasma screening into account as well shields the
effect of infrared divergence. The ring diagram contribution
is added via the following term [24]:4Note that the mass of the sigma meson is equal to d2Vcl

dv2 jv¼v0
0
.
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Vð1;BÞ
b;Ring ¼

1

2
T
X∞
n¼−∞

Z
d3k
ð2πÞ3 log ½1 − ΠðBÞ

b ðk0 ¼ iωn; kÞDBðk0 ¼ iωn; k; mbÞ�: ðC36Þ

Now adding Eqs. (C5) and (C36), we get

Vð1;BÞ
b þ Vð1;BÞ

b;Ring ¼
1

2
T
X∞
n¼−∞

Z
d3k
ð2πÞ3 log ½DBðk0 ¼ iωn; k; mbÞ−1 − ΠðBÞ

b ðk0 ¼ iωn; kÞ�: ðC37Þ

Here, we rewrite the full expressions of meson self-energies as follows:

ΠðBÞ
π0

ðk0; kÞ ¼
λ

4
½8I ðBÞðmπ�Þ þ 12Iðmπ0Þ þ 4IðmσÞ� þ

X
f¼u;d

ΠðBÞ
ff ðk0; kÞ; ðC38Þ

ΠðBÞ
π� ðk0; kÞ ¼

λ

4
½16I ðBÞðmπ�Þ þ 4Iðmπ0Þ þ 4IðmσÞ� þ 2ΠðBÞ

ud ðk0; kÞ; ðC39Þ

ΠðBÞ
σ ðk0; kÞ ¼

λ

4
½8I ðBÞðmπ�Þ þ 4Iðmπ0Þ þ 12IðmσÞ� þ 2ΠðBÞ

ud ðk0; kÞ; ðC40Þ

where the integrations I ðBÞ and I are defined as

I ðBÞðmiÞ ¼ T
X
k0

Z
d3k
ð2πÞ3D

ðBÞðk0; kÞ; ðC41Þ

IðmiÞ ¼ T
X
k0

Z
d3k
ð2πÞ3Dðk0; kÞ: ðC42Þ

The computation of the RHS of (C36) is analytically very
challenging and numerically cumbersome. It is challenging
to separate and regulate divergent contributions. Never-
theless, we can tackle it by invoking some educated
approximations:

(i) First, we discard the ðk0; kÞ dependency ofΠðBÞ
b ðk0 ¼

iωn; kÞ and consider the static limit; i.e., we

take ΠðBÞ
b ðk0 ¼ iωn; kÞ ≃ ΠðBÞ

b ðk0 ¼ 0; k → 0Þ.
(ii) Next, we observe that computing the right-hand side

of Eq. (C37) is the same as computing Vð1;BÞ
b defined

in Eq. (C5) with m2
b being replaced by m2

b þ
ΠðBÞ

b ðk0 ¼ 0; k → 0Þ to an excellent approximation.
(iii) We have taken ΠðBÞ

π0
≊ ΠðBÞ

π� ≊ ΠðBÞ
σ since their order

of magnitude is more or less the same.
Thus, after substituting m2

b → m2
b þ Π in Eqs. (C21),

(C22), (C25), and (C26), we get the full bosonic contri-
bution to Veff as

Vð1;BÞ
b;ϵ þ Vð1;BÞ

b;Ring;ϵ ¼
jeBj2
8π2

�
ζ

�
−1;

1

2
þm2

b þ Π
2jeBj

�

×
�
1

ϵ
− γE − log

2jeBj
4πΛ̃2

þ 1

�
ðC43Þ

þζð1;0Þ
�
−1;

1

2
þm2

b þ Π
2jeBj

��
þOðϵÞ; ðC44Þ

Vð1;BÞ
b;ThM þ Vð1;BÞ

b;Ring;ThM

¼ jeBj
2π2

T
X∞
l¼0

Z
∞

0

dkz log

2
641

− exp

0
B@−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z þ ð2lþ 1ÞjeBj þm2

b þ Π
q

T

1
CA
3
75: ðC45Þ

SinceMf ¼ gv with g, v > 0, the quark contribution to the
effective potential never becomes imaginary. Consequently,
the resummation of the quark contribution is not necessary
at this point.

APPENDIX D: PERPENDICULAR
MOMENTUM INTEGRATIONS

In this section, we perform the general perpendicular
integration

I ðαÞ
l;n ≡

Z
d2k⊥
ð2πÞ2 exp

�
−

2k2⊥
jqfBj

�
k2α⊥ Ll

�
2k2⊥
jqfBj

�
Ln

�
2k2⊥
jqfBj

�
;

ðD1Þ

where l; n; α are integers, l; n; α ≥ 0, and d2k⊥≡
dk1dk2 ¼ dϕdk⊥k⊥. After a change of variable ξ ¼ 2k2⊥=
jqfBj, we get
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I ðαÞ
l;n ¼

jqfBj
8π

�jqfBj
2

�
α Z ∞

0

dξξαe−ξLðαÞ
l ðξÞLðαÞ

n ðξÞ: ðD2Þ

The generalized Laguerre polynomial satisfies the ortho-
gonality relation

Z
∞

0

dxxαe−xLðαÞ
l ðxÞLðαÞ

n ðxÞ ¼ Γðnþ αþ 1Þ
n!

δl;n;

Thus, we get

I ðαÞ
l;n ¼

jqfBj
8π

�jqfBj
2

�
α Γðlþ αþ 1Þ

l!
δl;n: ðD3Þ

The two most important perpendicular integrals in our
context are obtained by setting α ¼ 0, 1 in (D3) as

Z
d2k⊥
ð2πÞ2 exp

�
−

2k2⊥
jqfBj

�
Ll

�
2k2⊥
jqfBj

�
Ln

�
2k2⊥
jqfBj

�

¼ jqfBj
8π

δl;n; ðD4Þ
Z

d2k⊥
ð2πÞ2 k

2⊥ exp

�
−

2k2⊥
jqfBj

�
Ll

�
2k2⊥
jqfBj

�
Ln

�
2k2⊥
jqfBj

�

¼ jqfBj2
16π

ðlþ 1Þδl;n: ðD5Þ
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