
Quark-meson model under rotation:
A functional renormalization group study

Hao-Lei Chen,1,2,* Zhi-Bin Zhu,3,† and Xu-Guang Huang3,1,2,‡
1Key Laboratory of Nuclear Physics and Ion-beam Application (MOE),

Fudan University, Shanghai 200433, China
2Shanghai Research Center for Theoretical Nuclear Physics,

NSFC and Fudan University, Shanghai 200438, China
3Physics Department and Center for Particle Physics and Field Theory,

Fudan University, Shanghai 200438, China

(Received 6 July 2023; accepted 22 August 2023; published 8 September 2023)

Rapid rotation may exist in physical systems such as noncentral heavy ion collisions and neutron stars.
Using functional renormalization group analysis of the quark-meson model, we investigate how rotation
will affect chiral condensate. Our results show that rotation suppresses the chiral condensate at nonzero
temperature. In comparison with mean field calculation, the rotational effect is weakened due to the
inclusion of quantum fluctuation. We find that the transition in the T-Ω diagram is always a crossover due
to the causality constraint. Our results confirm previous studies conducted with other model calculations
and shed light on the importance of boundary conditions in the infrared region of the theory. We also
discuss the periodicity of chiral condensate under imaginary rotation and the necessary condition for
analytic continuation to real rotation.
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I. INTRODUCTION

The phenomena induced by rotation have received
intensive attention in recent years. In heavy-ion collisions,
extremely strong fluid vorticity (i.e., local rotation) can be
generated [1–3], which can induce spin polarization of
spinful particles [4–7] and give rise to a parity-violating
current known as the chiral vortical effect [8–12]. The
chiral phase transition of quantum chromodynamics (QCD)
under rotation has also been discussed recently [13–25]
using the Nambu-Jona-Lasinio (NJL) model and other
models, and confinement-deconfinement transition has
been studied using holographic models [26–29] and other
methods [30–32]. The rotation-induced meson condensate
has also been investigated [33–39]; see [40] for a recent
review. Model calculations suggest that the critical temper-
ature decreases with increasing angular velocity for
both the chiral and confinement-deconfinement transitions.

However, lattice simulations based on imaginary angular
velocity ΩI show that the critical temperature of both
transitions decreases with ΩI [41,42]. Therefore, if one
naively performs the analytical continuation to real
rotation by Ω2

I → −Ω2, then the critical temperature
becomes an increasing function of Ω. The contradiction
between model calculations and lattice simulations is
puzzling and requires further investigation. Some studies
suggest that the analytical continuation may be problem-
atic [31,43]. In [44–46], an inhomogeneous confinement
phase is proposed, and instanton solutions with imaginary
rotation are also discussed.
The contradiction between effective model calculations

and lattice results of rotation may arise from the absence of
the nonperturbative gluonic effects in the model calcula-
tions. To include the gluon field, we need to start with first
principle calculations, and the functional renormalization
group (fRG) can be a promising tool for this purpose. The
fRG is a nonperturbative method that is widely used to
study the phase structure of QCD at finite temperature and
density. It can not only be applied to deal with low-energy
effective models (e.g., NJL model and the quark-meson
model) but also to directly calculate QCD from first
principles. For reviews of fRG, see [47–51]. As it is
challenging to deal with the gluon fields in rotating frame,
we adopt the quark-meson (QM) model with fRG approach
[52–56] in this work to study the chiral phase transition
under rotation. This serves as a warm-up for future
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treatment of QCD. When combining fRG with the QM
model in rotating spacetime, we find that rotation leads to a
singularity when dealing with mesons. To avoid this
singularity, it is necessary to impose a boundary condition,
which behaves as an effective infrared cutoff. Our numeri-
cal results are in qualitative agreement with previous
studies based on the NJL model. However, in our case,
the rotational effect is mild, and the critical end point is not
reachable due to the causality restriction. To provide a
comprehensive analysis, we also discuss the case of
imaginary rotation and show that a smooth analytical
continuation to real rotation is possible in our study.
Throughout this paper, we use natural units ℏ ¼ kB ¼

c ¼ 1 and the convention for Minkowski metric
ημν ¼ diagð1;−1;−1;−1Þ.

II. SOLUTION TO THE KLEIN-GORDON
AND DIRAC EQUATIONS

We start with discussing the solutions to the equations
of motion for free quarks and mesons in the rotating frame.
The results will be utilized in subsequent sections. To
describe a system undergoing global rotation, it is conven-
ient to go into the corotating frame. This can be achieved by
adopting the following metric tensor:

gμν ¼

0
BBB@

1 − r2Ω2 Ωy −Ωx 0

Ωy −1 0 0

−Ωx 0 −1 0

0 0 0 −1

1
CCCA; ð1Þ

where Ω is a constant angular velocity and r2 ¼ x2 þ y2.
Here, we assume that the rotation is along the z direction.
The solutions to the Klein-Gordon and Dirac equations
under rotation have been extensively discussed in literature
(see, e.g., [15,57–59]). Therefore, we present only a
summary of the main results, omitting the detailed
calculations.
In the rotating spacetime with metric (1), the Klein-

Gordon equation, in the cylindrical coordinate, can be
written as

�
ð∂t −Ω∂θÞ2 − ∂

2
r −

1

r
∂r −

1

r2
∂
2
θ − ∂

2
z þm2

�
ϕ ¼ 0: ð2Þ

Since we have to preserve the causality condition Ωr ≤ 1,
an appropriate boundary condition should be imposed.
Here we choose the Dirichlet boundary condition for the
scalar field, ϕðr ¼ RÞ ¼ 0, with R being the radius of the
system. Then the solution to Eq. (2) reads

ϕ ¼ 1

N2
l;i

e−iðε−ΩlÞtþilθþipzzJlðpl;irÞ; ð3Þ

where l is the quantum number of angular momentum and
pl;i is the discretized transverse momentum that is related to
the ith root of the Bessel function Jl,

Jlðpl;iRÞ ¼ 0; ð4Þ

and the normalization fractor Nl;i is given by

N2
l;i ¼

R2

2
½Jlþ1ðpl;iRÞ�2: ð5Þ

Next, the Dirac equation in the rotating spacetime with
metric (1) is

½γ0ði∂t þΩĴzÞ þ iγi∂i −m�ψ ¼ 0; ð6Þ

where Ĵz ¼ ð−ir⃗ × ∇Þz þ σz=2 is the angular momentum
operator. The particle solution reads [15]

uþ ¼ e−iðε−ΩjÞþipzzffiffiffiffiffiffiffiffiffiffiffiffi
εþm

p

0
BBB@

ðεþmÞϕl

0

pzϕl

ip̃l;iφl

1
CCCA;

u− ¼ e−iðε−ΩjÞþipzzffiffiffiffiffiffiffiffiffiffiffiffi
εþm

p

0
BBB@

0

ðεþmÞϕl

−ip̃l;iφl

−pzϕl

1
CCCA; ð7Þ

where p̃l;i stands for the discretized transverse momentum
for fermions, which is different from that of scalar
bosons, ϕl ¼ eilθJlðp̃l;irÞ, φl ¼ eiðlþ1ÞθJlþ1ðp̃l;irÞ, and

ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
l;i þ p2

z þm2
q

. The antiparticle solution can be

easily obtained by charge conjugation, v� ¼ iγ2u��.
Similar to the Klein-Gordon case, an appropriate boundary
condition must be imposed. Here we choose the following
boundary condition:

�
Jlðp̃l;iRÞ ¼ 0; l ≥ 0;

J−l−1ðp̃l;iRÞ ¼ 0; l < 0:
ð8Þ

This choice leads toZ
2π

0

dθψ̄γrψ jr¼R ¼ 0; ð9Þ

i.e., there is no net current flowing into or out at the
cylindrical boundary. The normalization factor for fermion
is given by

Ñl;i ¼
(

R2

2
½Jlþ1ðpl;iRÞ�2; l ≥ 0;

R2

2
½Jlðpl;iRÞ�2; l < 0:

ð10Þ

CHEN, ZHU, and HUANG PHYS. REV. D 108, 054006 (2023)

054006-2



III. QUARK-MESON MODEL AND FRG
FLOW EQUATION

The quark-meson (QM) model is a low-energy effective
model for QCD that is widely used to discuss chiral
symmetry breaking in different environments, such as at
finite temperature and densities [52–56]. In this work,
we adopt the two flavor QM model in a rotating frame to
study the rotational effects on chiral symmetry breaking.
The QM model Lagrangian in Euclidean spacetime with
rotation reads

L ¼ ϕ½−ð−∂τ þ ΩL̂zÞ2 −∇2�ϕþ UðϕÞ
þ q̄½γ0ð∂τ − ΩĴzÞ − iγi∂i þ gðσ þ iπ⃗ · τ⃗γ5Þ�q; ð11Þ

where τ is the imaginary time, L̂z ¼ ð−ir⃗ ×∇Þz is the
orbital angular momentum operator, and Ĵz ¼ L̂z þ Ŝz is
the total angular momentum operator for quarks with
Ŝz ¼ σz=2 as the spin. The first line corresponds to the
meson sector with the meson field defined as ϕ ¼ ðσ; π⃗Þ
and UðϕÞ is the potential term for meson field. In the
following we will use the abbreviation M ¼ σ þ iπ⃗ · τ⃗γ5

and choose the potential term as

UðϕÞ ¼ m2

2
ϕ2 þ λ

4
ϕ4 − cσ; ð12Þ

where c is the explicit symmetry-breaking term which gives
pions a finite mass. The second line in Eq. (11) is fermion
sector with the quark field q ¼ ðu; dÞ.
The fRG equation (the Wetterich equation) reads [60]

∂kΓk ¼
1

2
trðGϕ;k∂kRϕ;kÞ − trðGq;k∂kRq;kÞ; ð13Þ

which describes the evolution of the scale-dependent
effective action Γk from the initial UV scale (k ¼ Λ) to
the IR limit (k ¼ 0). Here, Rϕ;k and Rq;k are cutoff functions
(regulators) for mesons and quarks, respectively, whileGϕ;k

and Gq;k are full propagators of mesons and quarks. This
fRG equation is exact and in general is very challenging to
solve. To proceed, we thus will use the local potential
approximation [54], in which the RG-scale dependence
only enters the effective potential UkðϕÞ.
Let us first consider the meson sector. The regulator

Rϕ;k that suppresses the fluctuations with momentum
smaller than the scale k are chosen as the optimized
regulator (Litim regulator) [61,62] which, in the momen-
tum space, reads

Rϕ;k ¼ ðk2 − p2Þθðk2 − p2Þ; ð14Þ

where p2 ¼ p2
t þ p2

z with pt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
x þ p2

y

q
as the trans-

verse momentum. Then the improved effective action of
mesons is

ΓB
k ¼ 1

2
ln det

�
−ð−∂τ þ ΩL̂zÞ2 −∇2 þ ∂

2U
∂ϕi∂ϕj

�
;

¼ 1

2

Z
d4xET

X
n

Z
dpz

2π

1

2π

X
l;i

1

N2
l;i

tr ln
�
−ðiωn þ ΩlÞ2 þ p2

l;i þ p2
z þ Rϕ;k þ

∂
2U

∂ϕi∂ϕj

�
Jlðpl;irÞ2; ð15Þ

where ωn ¼ 2πnT is the Matsubara frequency for mesons. Taking the derivatives with respect to the scale k, we obtain

∂kΓB
k ¼ 1

2

Z
d4xET

X
n

Z
dpz

2π

1

2π

X
l;i

1

N2
l;i

tr
2kθðk2 − p2Þ

−ðiωn þΩlÞ2 þ k2 þ ∂
2U

∂ϕi∂ϕj

Jlðpl;irÞ2: ð16Þ

If we define the modified propagator as

Ĝ−1
ϕ;k ¼ −ð−∂τ þΩL̂zÞ2 −∇2 þ R̂ϕ;k þ

∂
2U

∂ϕi∂ϕj
; ð17Þ

where R̂ϕ;k is the operator form of Rϕ;k, then Eq. (16) gives exactly the meson sector of Eq. (13).
For the quark sector, since the expression in momentum space is cumbersome, we define the regulator in operator form

R̂q;k ¼ −iγi∂i
�

kffiffiffiffiffiffiffiffiffi
−∇2

p − 1

�
θðk2 þ∇2Þ: ð18Þ
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Then the effective action for fermion is given by

ΓF
k ¼ −

1

2
ln detðDkγ

5D†
kγ

5Þ;

¼ −
1

2
tr ln½−ð∂τ −ΩĴzÞ2 −∇2 þ R̂2

q;k þ gMM†�;

¼ −
1

2

Z
d4xET

X
n

Z
dpz

2π

1

2π

X
l;i

1

N2
l;i

2NcNf ln½ðνn þ iΩjÞ2 þ p̃2 þ Rϕ;k þ g2ϕ2�½Jlðp̃l;irÞ2 þ Jlþ1ðp̃l;irÞ2�; ð19Þ

where the angular momentum quantum number j ¼ lþ 1=2, νn ¼ ð2nþ 1ÞπT is the Matsubara frequency for quarks, and
we have used the fact that R̂2

q;k will become Rϕ;k in momentum space. Taking derivatives with respect to k, we obtain

∂kΓF
k ¼ −

1

2

Z
d4xET

X
n

Z
dpz

2π

1

2π

X
l;i

1

Ñ2
l;i

2NcNf
∂kRϕ;k

ðνn þ iΩjÞ2 þ p̃2 þ Rϕ;k þ g2ϕ2
½Jlðp̃l;irÞ2 þ Jlþ1ðp̃l;irÞ2�: ð20Þ

Similar to the meson sector, we can also rewrite this equation as the fermion sector in Eq. (13) by defining

Ĝ−1
q;k ¼ γ0ð−∂τ þ ΩĴzÞ − γi∂i þ R̂q;k þ gϕ: ð21Þ

Finally, after summing over Matsubara frequencies, the flow equation of potential becomes

∂kUk ¼
1

βV
ð∂kΓB

k þ ∂kΓF
k Þ;

¼ 1

βV

Z
d4xE

1

ð2πÞ2

8>><
>>:
X
l;i

1

N2
l;i

tr
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − p2

l;i

q
εϕ

1

2

�
coth

βðεϕ þ ΩlÞ
2

þ coth
βðεϕ −ΩlÞ

2

�
Jlðpl;irÞ2

−
X
l;i

1

Ñ2
l;i

2NcNf

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − p̃2

l;i

q
εq

1

2

�
tanh

βðεq þΩjÞ
2

þ tanh
βðεq −ΩjÞ

2

�
½Jlðp̃l;irÞ2 þ Jlþ1ðp̃l;irÞ2�

9>>=
>>;; ð22Þ

where Nf ¼ 2, Nc ¼ 3, and the energies are defined as

εϕ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

ϕ

q
; εq ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

q

q
; ð23Þ

with scale dependent meson massesm2
σ ¼ 2Ū0 þ 4ρŪ00 and

m2
π ¼ 2Ū0, and quark mass m2

q ¼ g2ρ. Here ρ ¼ ϕ2 ¼ σ2,

the prime denotes the derivative with respect to ρ, and the
symmetric potential is Ū ¼ U þ c

ffiffiffi
ρ

p
.

Since we are interested in the local chiral condensate, we
will treat meson field ϕ as a function of radius r and we will
apply local density approximation, i.e., assuming
∂rρðrÞ ≪ ρðrÞ. Then we can write down a local version
of Eq. (22) at certain radius r as

∂kUkðrÞ ¼
1

ð2πÞ2

8>><
>>:
X
l;i

1

N2
l;i

tr
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − p2

l;i

q
εϕ

1

2

�
coth

βðεϕ þ ΩlÞ
2

þ coth
βðεϕ −ΩlÞ

2

�
Jlðpl;irÞ2θðk2 − p2

l;iÞ

−
X
l;i

1

Ñ2
l;i

2NcNf

k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − p̃2

l;i

q
εq

1

2

�
tanh

βðεq þΩjÞ
2

þ tanh
βðεq −ΩjÞ

2

�
½Jlðp̃l;irÞ2 þ Jlþ1ðp̃l;irÞ2�θðk2 − p̃2

l;iÞ

9>>=
>>;:

ð24Þ
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Before proceeding to numerical calculations, let us
compare the above flow equation with the one in a finite
density system [54] (see Appendix A). The main differ-
ence is that rotation also affects mesons, which leads to an
effective chemical potential Ωl for meson modes with
angular momentum quantum number l. This effective
chemical potential may cause a singularity if we do not
take the boundary condition into account. Without boun-
dary conditions, pl;i becomes continuous and takes values
in the range ½0;∞Þ, thus for modes with small transverse
momentum, we will always reach the singularity when
evolving the flow equation to small k. On the other hand,
due to the boundary condition, we have pl;i � Ωl > 0

with ΩR ≤ 1 [15,63]. Thus, the step function in the first
line of Eq. (24) ensures that we will not suffer from a

singularity in the flow equation, because the contribution
from high angular momentum modes is suppressed at
small energy scale k, and we always have εϕ � Ωl > 0.
Therefore, we can conclude that the boundary condition
naturally provides an effective infrared cutoff that is
dependent on l.
Based on the previous discussion, we can propose an

approximation scheme to simplify the calculation. The
boundary condition acts as an effective infrared cutoff
ΛIRðlÞ ¼ pl;0 > Ωl to prevent the appearance of singular-
ity. We can incorporate this constraint by introducing a
cutoff function for the running scale. Specifically, we add
an infrared cutoff jΩlj for the mode with angular momen-
tum quantum number l, and modify the flow equation
as follows:

∂kUkðrÞ ¼
1

ð2πÞ2
X
l

Z
k

0

ptdpt

(
tr
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − p2

t

p
εϕ

1

2

�
coth

βðεϕ þ ΩlÞ
2

þ coth
βðεϕ −ΩlÞ

2

�
JlðptrÞ2θðk −ΩjljÞ

− 2NcNf
k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − p2

t

p
εq

1

2

�
tanh

βðεq þ ΩjÞ
2

þ tanh
βðεq −ΩjÞ

2

�
½JlðptrÞ2 þ Jlþ1ðptrÞ2�θðk −ΩjjjÞ

)
; ð25Þ

where the step function θðk −ΩjljÞ for mesons and θðk −ΩjjjÞ for quarks ensure that the modes with large angular
momentum quantum numbers l and j will not contribute to the flow equation, consistent with the presence of boundary
conditions. Although the fermion sector does not suffer from singularities, we still add the cutoff function to make it
consistent with the meson sector. Using this approximation, we can perform the integration on the transverse momentum pt
explicitly, resulting in a simplified form for the flow equation:

∂kUkðrÞ ¼
1

ð2πÞ2
(X

l

tr
k
2εϕ

�
coth

βðεϕ þΩlÞ
2

þ coth
βðεϕ − ΩlÞ

2

�
Flðk; rÞθðk −ΩjljÞ

− NcNf

X
l

k
εq

�
tanh

βðεq þ ΩjÞ
2

þ tanh
βðεq − ΩjÞ

2

�
½Flðk; rÞ þ Flþ1ðk; rÞ�θðk −ΩjjjÞ

)
; ð26Þ

where we define

Flðk; rÞ≡
Z

k

0

ptdpt

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 − p2

t

q
J2l ðptrÞ ¼

1

4
k3ðkrÞ2l Γðlþ 1=2Þ

Γðlþ 5=2ÞΓð2lþ 1Þ 1F2ðlþ 1=2; lþ 5=2; 2lþ 1;−k2r2Þ: ð27Þ

We have checked that this approximation scheme can work
very well when the focus is on the physics within a region
away from the boundary (r≲ 0.9R).

IV. NUMERICAL RESULTS FROM THE FRG
FLOW EQUATION

There are mainly two methods to solve the fRG flow
equation. The first one is the grid method, which discretizes
the effective potential in field space and numerically
evolves these grids with the flow equation. The second
method is a Taylor expansion about a certain point of the
effective potential and evolves the expansion coefficients.

We have tested that the Taylor expansion method does not
work well at nonzero rotation due to numerical instability
(i.e., the results from different orders of the expansion do
not converge), especially near the boundary. Therefore, in
this work, we will apply the grid method to solve the flow
equation. The initial condition at the UV limit is chosen as
the bare form:

UΛ ¼ m2
Λ
2

ϕ2 þ λΛ
4
ϕ4 − cσ; ð28Þ

with parameters chosen as Table I [55,56]. The chiral
condensate hσi is obtained by locating the minimum of the
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effective potential Uk¼0. By using the initial conditions,
we can reproduce the physical quark massmq ¼ 300 MeV,
pion mass mπ ¼ 137 MeV, and pion decay constant
fπ ¼ 93 MeV at r ¼ 0 with T ¼ 0 and Ω ¼ 0 [55,56].
The system size is chosen as R ¼ 100 GeV−1, about
20 fm, which ensures that the boundary effect is small
at r ¼ 0, and the physic at the center will not deviate
far from previous studies under thermodynamic limit
without rotation.
By solving the flow equation for the effective potential,

we obtain the dependence of the quark mass on temper-
ature T and angular velocity Ω, as shown in Fig. 1. At low
temperatures, the rotational effect is almost invisible,
since “the vacuum does not rotate,” as discussed in
previous works [15,20,63,64]. As the temperature
increases, the rotational effect becomes visible and we
can observe the suppression of chiral condensate by
rotation. We can define a pseudocritical temperature Tc
as the temperature where maximum of the chiral suscep-
tibility is reached, which in our case is 1=m2

σ. The
pseudocritical temperature as a function of ΩR at
r ¼ 0.9R is shown in Fig. 2. We observe that the
pseudocritical temperature monotonically decreases with
increasing rotation Ω.
Quark mass and meson masses are presented in Figs. 3

and 4 for two different temperatures, respectively. In the
finite-density case, mσ and mπ will eventually be degen-
erate as the chemical potential increases [65]. However, in
our setup, we can only observe this tendency since the
region ΩR > 1 is inaccessible due to the causality restric-
tion. We will see that the rotational effect is milder in our

fRG calculation compared to the mean-field approximation
(MFA) calculation that we will discuss later.
Figure 5 displays the spatial dependence of quark mass at

different angular velocities at T ¼ 160 MeV. It is apparent
that the rotational suppression is strong near the boundary

TABLE I. Parameter set used for the QM model to reproduce
the physical mass of quark and mesons in the vacuum at r ¼ 0.

Λ mΛ λΛ c

1 GeV 0.794Λ 2 0.00175Λ−3

FIG. 1. The quark massmq as a function ofΩ and T at r ¼ 0.9R
in the QM model.

FIG. 2. The pesudocritical temperature Tc as a function of Ω at
r ¼ 0.9R from fRG and MFA in the QM model.

FIG. 3. Meson masses and quark mass as functions of Ω at
T ¼ 120 MeV from QM model.

FIG. 4. Meson masses and quark mass as functions of Ω at
T ¼ 140 MeV from QM model.
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and becomes almost invisible at the center. This fact is
easily understood: the modes with high angular momen-
tum, which are located far from the center, experience a
large effective chemical potential and are therefore more
sensitive to rotation. Additionally, if we focus on the flow
equation at the center (r ¼ 0), only the l ¼ 0 mode will
contribute to the meson sector, and thus there is no
rotational effect for mesons. However, fermions feel a
constant “baryon chemical potential” of Ω=2. Naively, one
may expect a phase transition at large enough angular
velocity at the center, similar to the finite density case.
But with such a large Ω, the system size should be very
small, and boundary effects cannot be ignored. As a
result, the causality constraint prevents sizable rotational
effects at low temperatures. Note that the peak near the
boundary is caused by finite-size effect, which is also
observed in NJL model [15,21].
Since it is hard to reach the critical end point (CEP) in the

T − Ω phase diagram due to the causality constraint, we
switch to the T − μ phase diagram to see how rotation
affects the CEP. Here, μ is the quark chemical potential

which is 1=3 of the baryon chemical potential. With our
choice of parameters given by Table I, the CEP of the T − μ
diagram is located at a very low temperature of about
10 MeV. In order to more clearly observe how rotation
affects the CEP, we make another choice of parameters as
Table II [54]. Note that, with this choice of parameters, the
phase transition line will split, and there will be another
CEP at a low temperature [54]. However, in this work,
we only focus on the upper CEP. The numerical results at
r ¼ 0.9R are shown in Fig. 6, where dashed and solid lines
represent second- and first-order phase transitions, respec-
tively. We can see that the CEP slightly moves to lower
temperature and lower density with increasing angular
velocity, which can be expected from the analogy between
rotation and chemical potential.

V. MEAN FIELD APPROXIMATION

We can compare the above results with those obtained
from MFA applied to the QM model. The thermodynamic
potential under MFA reads

Veff ¼ UðσÞ − NcNf

Z
dpz

ð2πÞ2 T
X
l;i

1

N2
l;i

½lnð1þ e−βðε−ΩjÞÞ þ lnð1þ e−βðεþΩjÞÞ�½Jlðp̃l;irÞ2 þ Jlþ1ðp̃l;irÞ2�; ð29Þ

where ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þ p2

t þm2
p

and the gap equation V 0
effðσÞ ¼ 0 reads

U0ðσÞ þ g2σNcNf

Z
dpz

ð2πÞ2
X
l;i

1

N2
l;i

1

ε

�
1

1þ eβðε−ΩjÞ
þ 1

1þ eβðεþΩjÞ

�
½Jlðp̃l;irÞ2 þ Jlþ1ðp̃l;irÞ2� ¼ 0: ð30Þ

The σ and pion masses can be easily calculated by taking

the second-order derivative of Veff .
As shown in Figs. 7 and 8, the rotational effect appears

stronger with MFA than with the fRG method. In Fig. 8, the

pion mass and σ mass nearly degenerate at large angular

FIG. 5. The quark mass as a function of the radius r at different
Ω at T ¼ 160 MeV.

FIG. 6. T − μ phase diagram near the critical end point at
different angular velocity.

TABLE II. Parameter set used for the QM model to reproduce
the physical mass of quark and mesons in the vacuum.

Λ mΛ λΛ c

0.5 GeV 0 10 0
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velocity, similar to the finite density case, while the fRG
results (Fig. 3) only show a tendency to degenerate.
The pseudocritical temperature lines from both methods
are parallel, as illustrated in Fig. 2. Since MFA gives a
lower Tc, it is expected that the pion mass and σ mass will
degenerate more easily than in the fRG case. However, due
to the causality constraint, neither method can reach the
critical end point, and the transition is always a crossover.

VI. IMAGINARY ANGULAR VELOCITY

Up to this point, we have considered real rotation.
However, it is also academically interesting to consider
imaginary rotation, i.e., a pure imaginary angular velocity,

Ω → iΩI . On the one hand, this bears similarities with the
imaginary chemical potential case, which has been inten-
sively studied and shown, for example, the interesting
Roberge-Weiss periodicity and phase transition in
QCD [66]. On the other hand, imaginary rotation is
necessary for lattice simulations since real rotation leads
to a sign problem in Monte Carlo samplings [67].
Under imaginary rotation, the fRG flow equation can be

derived in a similar manner as under real rotation. The
result is

∂kUkðrÞ ¼
1

ð2πÞ2
�X

l

tr
k
2εϕ

e2βεϕ − 1

e2βεϕ þ 1 − 2eβεϕ cos βΩIl
Flðk; rÞ

− NcNf

X
l

k
εq

e2βεq − 1

e2βεq þ 1þ 2eβεq cos βΩIj
½Flðk; rÞ þ Flþ1ðk; rÞ�

�
: ð31Þ

Similar to the case of imaginary chemical potential [68],
the fRG flow equation remains real under imaginary
rotation. Furthermore, since imaginary rotation does not
break causality, a boundary condition is not necessary in
this case, which enables integration over pt without the
introduction of an infrared cutoff. The numerical result
for quark mass is shown in Fig. 9. Interestingly, under
imaginary rotation, the chiral condensate is always en-
hanced, which is opposite to the behavior observed under
real rotation.
As we do not include the contribution from the gauge

field (Polyakov loop) in our model, we do not have the
Roberge-Weiss phase transition [66] that is present in the
case of imaginary baryon chemical potential. But a some-
how trivial periodicity is observed in the chiral condensate.
If we simply replace ΩI with imaginary baryon chemical
potential μI, we would have a 2π period for μI=T. In
contrast, for the case of imaginary rotation, the periodicity
is 4π for ΩI=T due to the spin of the quark being 1=2,

FIG. 7. The quark massmq as a function ofΩ and T at r ¼ 0.9R
under MFA of QM model.

FIG. 8. Meson masses and quark mass vs Ω at T ¼ 120 MeV
and r ¼ 0.9R under MFA of QM model.

FIG. 9. The quark mass as a function of the imaginary rotating
angular velocity at T ¼ 160 MeV from fRG.
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which is twice that of the imaginary chemical poten-
tial case.
Focusing on the ½0; 2π� region for ΩI=T, we observe that

the chiral condensate at the center is a monotonic increas-
ing function of the imaginary rotation. However, as we
move away from the center, the quark mass increases very
rapidly towards a certain value (the vacuum mass), and a
small dip at ΩI ¼ πT appears. This behavior is more
obvious in the NJL model, as illustrated in Fig. 11.
To provide a comprehensive analysis, we combine the

results of imaginary and real angular velocities in a single
plot, as shown in Fig. 10. It becomes evident that the quark
mass is a smooth function of the square of the angular
velocity, which is a necessary condition for analytic
continuation. Notably, a similar plot has been presented
in lattice simulations for the case of baryon chemical
potential (see, e.g., [69]).
For the sake of comparison, we also present the results

from ð2þ 1ÞD NJL model within MFA under imaginary
rotation in Appendix B.

VII. CONCLUSION

In this work, we calculate the chiral condensate using
fRG of a rotating QM model. Our results show that rotation
suppresses the chiral condensate at nonzero temperature,
which agrees with a previous calculation using other
models. We always take boundary conditions into account,

either by directly imposing them or by introducing an
effective l-dependent IR cutoff. In some cases, the critical
end point in the T −Ω phase diagram may lie beyond the
causality boundary (i.e., ΩR > 1), and in the regions we
have studied, the transition is always a crossover. We also
confirm our fRG calculation by comparing it to a mean-
field calculation of the QM model.
Furthermore, we study the effect of imaginary rotation

using both the QM model and a ð2þ 1ÞD NJL model.
We find that the chiral condensate is a periodic function
of ΩI=T. Away from the rotating center, the increase (or
decrease) of the chiral condensate with respect to ΩI
becomes steeper, and small peaks appear at certain values
of ΩI (ΩI=T ¼ ð2nþ 1Þ2π with n integers).
It is important to note that in this work, we do not

consider the contribution from gluons, which may play a
crucial role in determining the phase transition line.
However, incorporating gluon fields in a rotating spacetime
within the fRG framework is a challenging task. It requires
careful calculation of the propagators and interaction
vertices of both gluons and ghosts to ensure causality.
We expect that the boundary conditions may also affect the
IR behavior of the gluon sector, which may influence
the confinement-deconfinement behavior of QCD under
rotation. We leave a detailed study of gluons in rotating
spacetime to future work.

ACKNOWLEDGMENTS

We thank Kenji Fukushima for his collaboration and
fruitful discussions in the early stages of this work. We also
thank Guo-Liang Ma, Wei-Jie Fu, and Ming-Hua Wei for
helpful discussions. This work is supported by the National
Key Research and Development Program of China (Grant
No. 2022YFA1604900), the Natural Science Foundation
of China (Grants No. 12247133, No. 12225502, and
No. 12075061), and the Natural Science Foundation of
Shanghai (Grant No. 20ZR1404100).

APPENDIX A: UNBOUNDED SYSTEM

If we ignore the boundary, then we have [15]

pl;i → pt;
X
i

1

N2
l;i

→ ptdpt; ðA1Þ

and the fRG flow equation becomes

∂kUk ¼
1

βV
1

2

Z
d4xE

Z
dpz

2π

ptdpt

2π

(X
i

tr
kθðk2 − p2Þ

εϕ
½1þ nBðεϕ þΩlÞ þ nBðεϕ −ΩlÞ�Jlðpl;irÞ2

−
X
i

2NcNf
kθðk2 − p̃2Þ

εq
½1 − nFðεq −ΩjÞ − nFðεq þΩjÞ�½Jlðp̃l;irÞ2 þ Jlþ1ðp̃l;irÞ2�

)
: ðA2Þ

FIG. 10. The quark mass as a function of the square of the
rotating angular velocity at T ¼ 160 MeV and r ¼ 0.9R from
fRG calculation.
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If we replace the rotation with quark chemical potential,
i.e., Ωl → 0 andΩj → μ, then we recover exactly the result
in Ref. [54],

∂kUk ¼
k4

12π2

�
1

εσ
coth

βεσ
2

þ 3

επ
coth

βεπ
2

−
2NcNf

εq

�
tanh

βðεq − μÞ
2

þ tanh
βðεq þ μÞ

2

��
;

ðA3Þ

where we have used the identity

X∞
l¼−∞

JlðxÞ2 ¼ 1: ðA4Þ

APPENDIX B: ð2 + 1ÞD NJL MODEL

In this appendix, we study the ð2þ 1ÞD NJL
model under imaginary rotation. The ð2þ 1ÞD NJL
Lagrangian is

L ¼ q̄½γ0ð∂τ − iΩIĴzÞ − iγi∂i�qþ G
2Nc

ðq̄qÞ2: ðB1Þ

Under the MFA the effective potential reads

Veff

Nc
¼ V0ðmÞ −

Z
ptdpt

2π

X
l

1

β
ln½1þ e−2βε þ 2e−βε cosðβΩIjÞ�½J2l ðptrÞ þ J2lþ1ðptrÞ�; ðB2Þ

where m is the dynamic quark mass, ε ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
z þ p2

t þm2
p

and V0ðmÞ is the vacuum (T ¼ Ω ¼ 0) contribution

V0 ¼
m2

2

�
1

G
−
Λ
π

�
þm3

3π
: ðB3Þ

To arrive at this expression we have assumed Λ ≫ m and
dropped the m independent terms. We can define the
dynamical mass of quarks in the vacuum m0 by using
the gap equation in vacuum

1

GðΛÞ ¼
Λ −m0

π
; ðB4Þ

then it is easy to verify that m0 is the only free model
parameter of the ð2þ 1ÞD NJL model. The vacuum
effective potential becomes

V0 ¼
m3

3π
−
m2m0

2π
: ðB5Þ

Then the gap equation at finite temperature and imaginary
angular velocity is

mðm −m0Þ þ
Z

ptdpt

X
l

m
2ε

�
1

eβðεþiΩIjÞ þ 1
þ 1

eβðε−iΩIjÞ þ 1

�
½J2l ðptrÞ þ J2lþ1ðptrÞ� ¼ 0: ðB6Þ

If we expand the fermion distribution function as 1=½eβðε�iΩIjÞ þ 1� ¼ −
P∞

n¼1ð−1Þne−nβðε�iΩIjÞ, then the integration over pt
and summation over l can be performed exactly by using the identities

X
n∈Z

einθJ2nðxÞ ¼ J0
	
x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 − 2 cos θ

p 

;

Z
∞

1

e−axJ0
	
b

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 − 1

p 

dx ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2 þ b2
p e−

ffiffiffiffiffiffiffiffiffiffi
a2þb2

p
: ðB7Þ

Finally, we arrive at

mðm −m0Þ −
X
n≠0

ð−1Þn me−m
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnβÞ2þ2r2½1−cosðnβΩIÞ�

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðnβÞ2 þ 2r2½1 − cosðnβΩIÞ�

p cos

�
nβ

ΩI

2

�
¼ mðm −m0Þ − trðSβ − S0Þ ¼ 0; ðB8Þ
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where S0 represents the fermion propagator in vacuum,
while the thermal propagator SβðΔτÞ is defined asP

n S0ðΔτ þ nβÞ. This propagator satisfies the periodic
boundary condition SβðΔτÞ ¼ SβðΔτ þ βÞ. The physical
meaning of n can be understood as the winding number
along the compacted time direction in Euclidean spacetime.
Here, n ¼ 0 corresponds to the vacuum contribution, which
is just the m0 term. The contribution from fermion spin in
this expression is ð−1Þn cosðnβΩI=2Þ, while the remaining
part in the summation is purely bosonic.
It should be noted that Eq. (B8) is only valid when

dealing with imaginary rotation. Naive analytic continu-
ation will lead to singularity in the summation. When the
angular velocity is real, the metric becomes complex in

Euclidean spacetime, rendering the winding prescription
inapplicable. A similar situation was also observed in [31]
when calculating the perturbative Polyakov-loop potential.
The numerical solution to Eq. (B8) can be easily

obtained, as the summation over n converges very rapidly.
The resulting Fig. 11 is in good agreement with the fRG
Fig. 9. At βΩI ¼ π, it is easy to verify that Eqs. (B6) or (B8)
become independent of r, which is not the case in the QM
model Eq. (31) due to the meson contribution.
We give a plot of quark mass as a function of the square

of angular velocity in Fig. (12). Since we only have
fermionic degrees of freedom in NJL model, it is possible
to go beyond the causality region without encountering
singularity. Interestingly, as we observe in this plot, the
quark mass gradually diminishes to zero as we increase Ω2

into the ΩR > 1 region.
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