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We present a numerical solution of the revised version [J. High Energy Phys. 07 (2022) 095] of the
small-x helicity evolution equations from [J. High Energy Phys. 01 (2016) 072, Phys. Rev. D 99, 054032
(2019)] at largeNc andNf. (HereNc andNf are the numbers of quark colors and flavors, respectively.) The

evolution equations are double-logarithmic in the Bjorken x variable, resumming powers of αs ln2ð1=xÞ
with αs the strong coupling constant. The large-Nc & Nf evolution we consider includes contributions of
small-x quark emissions and is thus more realistic than the large-Nc one, which only involves gluon
emissons. The evolution equations [J. High Energy Phys. 07 (2022) 095, J. High Energy Phys. 01 (2016)
072, Phys. Rev. D 99, 054032 (2019)] are written for the so-called “polarized dipole amplitudes,”which are
related to the helicity distribution functions and the g1 structure function. Unlike the previously reported
solution [J. High Energy Phys. 08 (2020) 014] of the earlier version of helicity evolution equations at large
Nc & Nf [J. High Energy Phys. 01 (2016) 072, Phys. Rev. D 99, 054032 (2019)], our solution does not
exhibit periodic oscillations in lnð1=xÞ for Nf < 2Nc, while only showing occasional sign reversals. For
Nf ¼ 2Nc, we report oscillations with lnð1=xÞ, similar to those found earlier in [J. High Energy Phys. 08
(2020) 014]. We determine the intercept of our evolution for Nf < 2Nc as well as the parameters of the
oscillatory behavior forNf ¼ 2Nc. We compare our results to the existing resummation [Z. Phys. C 72, 627
(1996)] and finite-order calculations for helicity-dependent quantities in the literature.

DOI: 10.1103/PhysRevD.108.054005

I. INTRODUCTION

Small Bjorken x behavior of helicity-dependent observ-
ables has received a considerable amount of attention in
recent years [1–17], with the aim of constraining the
amount of the proton spin carried by the partons in that
region of phase space. Apart from being a question of
general interest in our understanding of the proton struc-
ture, the knowledge of helicity distributions at low x may
help us solve the proton spin puzzle [18–26]. Indeed,
the helicity parton distribution functions (hPDFs) for
quarks (ΔΣðx;Q2Þ, which is flavor-singlet) and gluons
[ΔGðx;Q2Þ], when integrated over all x, give us the
contributions of the quark (Sq) and gluon (SG) helicities
to the proton spin,

SqðQ2Þ ¼ 1

2

Z
1

0

dxΔΣðx;Q2Þ;

SGðQ2Þ ¼
Z

1

0

dxΔGðx;Q2Þ: ð1Þ

These contributions, in turn, enter the spin sum rules [27]
(see also [28])

Sq þ Lq þ SG þ LG ¼ 1

2
; ð2Þ

along with the orbital angular momenta (OAM) carried
by the quarks (Lq) and gluons (LG). The proton spin
puzzle is a question of determining the values of all the
ingredients (Sq, SG, Lq, and LG) of the sum rule (2) at some
sufficiently high value of the resolution scale Q2. In
addition, it would be very interesting to determine the
x-distributions of ΔΣðx;Q2Þ and ΔGðx;Q2Þ (along with
the similar x-dependent quantities for Lq and LG [29–33]),
to learn which regions in x carry most of the proton spin.
The efforts to develop a theoretical formalism describ-

ing and predicting helicity distributions at low x began
with the pioneering work by Bartels, Ermolaev and
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Ryskin (BER) [34,35] employing the infrared evolution
equations (IREE) approach [36–40]. The calculation
[34,35] was done in the double-logarithmic approxima-
tion (DLA), resumming powers of αs ln2ð1=xÞ. It led to
helicity phenomenology developed in [41–46].
In the more recent works [1–10,12–14,16], the question

of the small-x helicity asymptotics was addressed using a
different approach based on the shock wave=s-channel
evolution formalism originally developed in [47–59] to
describe the unpolarized eikonal scattering (see [60–67]
for reviews and [3,9,68–80] for generalizations of the
formalism to the subeikonal and sub-subeikonal observ-
ables). Helicity evolution equations in DLA for the sub-
eikonal “polarized dipole amplitudes” were constructed in
[2,3,6,9] (KPS) (see also [14]), with important corrections
and modifications found more recently in [1] (KPS-CTT).
The equations [1–3,6,9] close in the large-Nc (cf. [50–53])
and the large-Nc & Nf limits. Beyond those limits, a
helicity version of the Jalilian-Marian–Iancu–McLerran–
Weigert–Leonidov–Kovner (JIMWLK) [54–59] functional
evolution equation was constructed in [12], though cor-
rections from [1] have not yet been implemented for it.
Numerical and analytic solutions of the large-Nc version

of KPS-CTT evolution were constructed in [1,17], respec-
tively. The resulting small-x behavior of hPDFs was found
to be of the power-law type,

ΔΣðx;Q2Þ ∼ ΔGðx;Q2Þ ∼
�
1

x

�
αh
; ð3Þ

with the power αh, also known as the intercept, found

explicitly, αh ≈ 3.66
ffiffiffiffiffiffiffiffi
αsNc
2π

q
. While the numerical solution

from [1] appeared to be in good quantitative agreement
with the pure-glue limit of the earlier work by BER [34],
the analytical solution found in [17] revealed differences
between KPS-CTT evolution and BER. The differences
appeared in the third decimal point in the intercept (that is,
beyond the numerical precision achieved in [1]) and
starting from four loops in the resummed polarized anoma-
lous dimension ΔγGGðωÞ [17].
The KPS version of the large-Nc & Nf helicity evolution

was solved numerically in [4]. In that reference, the
resulting hPDF were found to exhibit an oscillatory
behavior as functions of lnð1=xÞ, in addition to the
power-of-1=x growth, similar to that in Eq. (3), of the
amplitude of those oscillations. The goal of this paper is to
revise [4] in light of the corrected KPS-CTT evolution
constructed in [1]. Below we solve the revised large-Nc &

Nf helicity evolution equations numerically and obtain the
resulting small-x asymptotics for hPDFs and for the g1
structure function. We find that the oscillations in lnð1=xÞ,
found in [4], are absent in the solution of the modified
evolution [1] for Nf < 2Nc, but reappear for Nf ¼ 2Nc.
This appears to be slightly different from BER, whose

evolution does not lead to any oscillations in hPDFs for
Nf ≤ 2Nc. In addition, for all values of Nf ≤ 2Nc, the
polarized dipole amplitudes resulting from the revised
evolution [1], along with the corresponding hPDFs, do
exhibit an occasional sign reversal, similar to that observed
by BER in [34] for the nonzero Nc & Nf version of their
IREE. We also compare the intercepts we find in the large-
Nc & Nf limit to the same limit of BER intercepts for
different values of Nf=Nc: as shown in Table IV, we find
the two sets of intercepts very close, yet slightly different
from each other, continuing the trend found in [17] at
large Nc.
The paper is structured as follows. We present the

equations we want to solve in Sec. II, along with the
expression relating the polarized dipole amplitudes to
hPDFs and the g1 structure function. The details of the
numerical solution are given in Sec. III, where we show the
results of our calculations and obtain the intercepts for
different values of Nf=Nc. We also demonstrate that for
Nf ¼ 2Nc oscillations tend to re-appear in the revised
evolution. We run several cross-checks in Sec. IV, by
modifying the initial conditions and by verifying the target–
projectile symmetry of the polarized dipole amplitudes.
(The latter was never shown to be valid for the original KPS
evolution.) We further compare our results to the finite-
order exact perturbative calculations [81–92] in Sec. V.
We conclude in Sec. VI.

II. SMALL-x HELICITY EVOLUTION EQUATIONS

As we mentioned above, a set of small-x evolution
equations has been derived in [1–3] by applying the
saturation/ color glass condensate (CGC) framework
[60–67] to the helicity-dependent subeikonal contributions
to the amplitudes for a color-dipole scattering on a
longitudinally polarized target proton. In particular, one
of the (anti)quarks in the dipole, whose helicity is tracked
through its interaction with the polarized target, interacts
with the target with the S-matrix corresponding to the so-
called subeikonal polarizedWilson line, Vpol

x0;x;σ0;σ . Here, the

polarized (anti)quark is incident with helicity σ and trans-
verse position x, interacts with the target at the helicity-
dependent, subeikonal level and leaves the interaction with
helicity σ0 and transverse position x0. More details about the
polarized Wilson line will be outlined below. On the other
hand, the other (anti)quark in the dipole interacts with the
target with the S-matrix simply corresponding to the
infinite eikonal light-cone Wilson line, Vx ¼ Vx½∞;−∞�,
with

Vx½x−f ; x−i � ¼ P exp

�
ig
Z

x−f

x−i

dx−Aþð0þ; x−; xÞ
�
; ð4Þ

where P is the path-ordering operator and Aμ ¼Pa A
aμta

is the background gluon field with ta’s the SUðNcÞ
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generators in the fundamental representation. We also
define similarly the adjoint-representation counterpart of
the finite-length light-cone Wilson line as

Ux½x−f ; x−i � ¼ P exp

�
ig
Z

x−f

x−i

dx−Aþð0þ; x−; xÞ
�
; ð5Þ

whereAμ ¼Pa A
aμTa with Ta’s the SUðNcÞ generators in

the adjoint representation. Out light-cone variables are
defined as x� ¼ ðt� zÞ= ffiffiffi

2
p

, while the transverse vectors
are denoted by x ¼ ðx1; x2Þ.
The polarized Wilson line can be further decomposed

into the type-1 and type-2 terms, with different helicity
structure, such that [1,3]

Vpol
x0;x;σ0;σ ¼ σδσσ0V

pol½1�
x δ2ðx − x0Þ þ δσσ0V

G½2�
x0;x : ð6Þ

The type-1 polarized Wilson line can be further decom-
posed into the quark- and gluon-exchange terms,

Vpol½1�
x ¼ Vq½1�

x þ VG½1�
x : ð7Þ

As for the type-2 counterpart, only the gluon-exchange
term contributes to helicity. The three subeikonal terms in
the polarized Wilson line can be written in terms of
subeikonal operators and the finite-length light-cone
Wilson lines as [1,3]

Vq½1�
x ¼ g2Pþ

2s

Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2Vx½∞; x−2 �tbψβðx−2 ; xÞUba
x ½x−2 ; x−1 �ðγþγ5Þαβψ̄αðx−1 ; xÞtaVx½x−1 ;−∞�; ð8aÞ

VG½1�
x ¼ igPþ

s

Z
∞

−∞
dx−Vx½∞; x−�F12ðx−; xÞVx½x−;−∞�; ð8bÞ

VG½2�
x0;x ¼ −

iPþ

s

Z
∞

−∞
dx−d2z Vx0 ½∞; x−�δ2ðx0 − zÞD⃖iðx−; zÞD⃗iðx−; zÞVx½x−;−∞�δ2ðx − zÞ: ð8cÞ

Here Fμν is the gluon field strength tensor, D⃗i ¼ ∂
i − igAi

and D⃖i ¼ ∂⃖
i þ igAi are the right- and left-acting covariant

derivatives (i ¼ 1, 2), Pþ is the large momentum of the
(proton) target, and s is the center-of-mass energy squared
for the projectile–target scattering. Furthermore, the type-2
polarized Wilson line relates to the following operator [1],

ViG½2�
x ¼ Pþ

2s

Z
∞

−∞
dx− Vx½∞; x−�

×
h
D⃗iðx−; xÞ − D⃖iðx−; xÞ

i
Vx½x−;−∞�: ð9Þ

The helicity evolution equations are derived in terms of
these polarized Wilson lines and their adjoint counterparts.
Similarly to the unpolarized Balitsky–Kovchegov (BK)
[50–53]/JIMWLK [54–59] evolution equations, the helicity
evolution equations do not close in general. Particularly,

each iteration in the general evolution equations leads to
more complicated forms of multipole operators, which
differ from the original dipole operator. However, the
evolution becomes closed and yields predictive power
once the large-Nc [93] or the large-Nc & Nf limit [94] is
taken. (Here, Nf is the number of quark flavor.) While the
former is studied in [1,17], in this paper we focus on the
large-Nc & Nf limit of the evolution equations.

A. Large-Nc & Nf limit

In the large-Nc & Nf limit, we takeNc andNf to be large,
while their ratio, Nf=Nc is fixed to a constant [94]. In the
context of small-x evolution, application of the large-Nc &

Nf limit is outlined in [1–3]. First, we define the fundamental
dipole amplitudes of type 1 and type 2, which correspond to
the respective types of polarized Wilson lines, as

Qðx210; zsÞ ¼
Z

d2
�
x0 þ x1

2

�
Q10ðzsÞ

¼
Z

d2
�
x0 þ x1

2

�
1

2Nc
Re⟪T tr

h
V0V

pol½1�†
1

i
þ T tr

h
Vpol½1�
1 V†

0

i
⟫ðzsÞ; ð10aÞ

G2ðx210; zsÞ ¼
ϵikxk10
x210

Z
d2
�
x0 þ x1

2

�
Gi

10ðzsÞ

¼ ϵikxk10
x210

Z
d2
�
x0 þ x1

2

�
1

2Nc
Re⟪T tr

h
V0V

iG½2�†
1

i
þ T tr

h
ViG½2�
1 V†

0

i
⟫ðzsÞ; ð10bÞ
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where Vi¼Vxi
for i¼0;1;…, xij¼xi−xj, and xij ¼ jxijj.

Here, the unpolarized (anti)quark in the dipole is located at x0,
while the polarized (anti)quark is located at x1. The variable z
(roughly) denotes theminusmomentumfraction of the softest
parton in a dipole. The double angle brackets denote the
standard CGC averaging applied to the longitudinally polar-
ized target andmultiplied by zs, that is⟪…⟫ ¼ zsh…i; in this
rescaling z denotes the longitudinalmomentumfractionof the
polarized parton in the dipole. As shown in [1], the prefactor,

ϵikxk10=x
2
10, in Eq. (10b) is chosen so as to project out the

components that contribute to helicity evolution (i, k ¼ 1, 2).
Furthermore, we also need to consider the adjoint dipole
amplitude of type 1, whose operator structure in the quark
sector and evolution differ from that of its fundamental
counterpart in a nontrivial manner. In the large-Nc & Nf

limit where gluons are approximated by color-octet quark-
antiquark pairs, the “fundamental part” of the adjoint type-1
dipole is defined by [1]

G̃ðx210; zsÞ ¼
Z

d2
�
x0 þ x1

2

�
G̃10ðzsÞ

¼
Z

d2
�
x0 þ x1

2

�
1

2Nc
Re⟪T tr

h
V0W

pol½1�†
1

i
þ T tr

h
Wpol½1�

1 V†
0

i
⟫ðzsÞ; ð11Þ

where

Wpol½1�
x ¼ VG½1�

x þ g2Pþ

8s

Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2Vx½∞; x−2 �ψβðx−2 ; xÞðγþγ5Þαβψ̄αðx−1 ; xÞVx½x−1 ;−∞�: ð12Þ

In addition to the three dipole amplitudes, the evolution
will also lead to dipole amplitudes with the same
operator definitions as Q, G̃, and G2, but whose physical
transverse size does not match the transverse size that
determines the cutoff on the longitudinal lifetime for
further evolution [1–3]. This leads to the definition of
neighbor dipole amplitudes Γ̄ðx210; x232; zsÞ, Γ̃ðx210; x232; zsÞ
and Γ2ðx210; x232; zsÞ as the dipole amplitudes, Q, G̃ and G2,

respectively, with physical dipole transverse size x10 and
lifetime ∼x232z [1–3,6,9]. Note that these neighbor dipole
amplitudes only appear (become needed) in the region
where x10 ≫ x32.
Altogether, with six amplitudes in total, the large-Nc &

Nf evolution equations become a system of six linear
integral equations, namely [1]

Qðx210; zsÞ ¼ Qð0Þðx210; zsÞ þ
αsNc

2π

Z
z

max fΛ2=s;1=x2
10
sg

dz0

z0

Z
x2
10

1=z0s

dx221
x221

h
2Γ̃ðx210; x221; z0sÞ þ 2G̃ðx221; z0sÞ

þQðx221; z0sÞ − Γ̄ðx210; x221; z0sÞ þ 2Γ2ðx210; x221; z0sÞ þ 2G2ðx221; z0sÞ
i

þ αsNc

4π

Z
z

Λ2=s

dz0

z0

Z
x2
10
z=z0

1=z0s

dx221
x221

h
Qðx221; z0sÞ þ 2G2ðx221; z0sÞ

i
; ð13aÞ

Γ̄ðx210; x221; z0sÞ ¼ Qð0Þðx210; z0sÞ þ
αsNc

2π

Z
z0

max fΛ2=s;1=x2
10
sg

dz00

z00

Z
min fx2

10
;x2

21
z0=z00g

1=z00s

dx232
x232

½2Γ̃ðx210; x232; z00sÞ

þ 2G̃ðx232; z00sÞ þQðx232; z00sÞ − Γ̄ðx210; x232; z00sÞ þ 2Γ2ðx210; x232; z00sÞ þ 2G2ðx232; z00sÞ
i

þ αsNc

4π

Z
z

Λ2=s

dz00

z00

Z
x2
21
z0=z00

1=z00s

dx232
x232

h
Qðx232; z00sÞ þ 2G2ðx232; z00sÞ

i
; ð13bÞ

G̃ðx210; zsÞ ¼ G̃ð0Þðx210; zsÞ þ
αsNc

2π

Z
z

max fΛ2=s;1=x2
10
sg

dz0

z0

Z
x2
10

1=z0s

dx221
x221

h
Γ̃ðx210; x221; z0sÞ þ 3G̃ðx221; z0sÞ

þ 2G2ðx221; z0sÞ þ 2Γ2ðx210; x221; z0sÞ
i

−
αsNf

8π

Z
z

Λ2=s

dz0

z0

Z
x2
10
z=z0

1=z0s

dx221
x221

h
Γ̄genðx220; x221; z0sÞ þ 2Γgen

2 ðx220; x221; z0sÞ
i
; ð13cÞ
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Γ̃ðx210; x221; z0sÞ ¼ G̃ð0Þðx210; zsÞ þ
αsNc

2π

Z
z0

max fΛ2=s;1=x2
10
sg

dz00

z00

Z
min fx2

10
;x2

21
z0=z00g

1=z00s

dx232
x232

h
Γ̃ðx210; x232; z00sÞ

þ 3G̃ðx232; z00sÞ þ 2G2ðx232; z00sÞ þ 2Γ2ðx210; x232; z00sÞ
i

−
αsNf

8π

Z
z0

Λ2=s

dz00

z00

Z
x2
21
z0=z00

1=z00s

dx232
x232

h
Γ̄genðx230; x232; z00sÞ þ 2Γgen

2 ðx230; x232; z00sÞ
i
; ð13dÞ

G2ðx210; zsÞ ¼ Gð0Þ
2 ðx210; zsÞ þ

αsNc

π

Z
z

Λ2=s

dz0

z0

Z
x2
10
z=z0

max fx2
10
;1=z0sg

dx221
x221

h
G̃ðx221; z0sÞ þ 2G2ðx221; z0sÞ

i
; ð13eÞ

Γ2ðx210; x221; z0sÞ ¼ Gð0Þ
2 ðx210; z0sÞ þ

αsNc

π

Z
z0x2

21
=x2

10

Λ2=s

dz00

z00

Z
x2
21
z0=z00

max fx2
10
;1=z00sg

dx232
x232

h
G̃ðx232; z00sÞ þ 2G2ðx232; z00sÞ

i
; ð13fÞ

where we defined the generalized dipole amplitudes as [9]

Γ̄genðx210; x232; z00sÞ ¼ θðx32 − x10ÞQðx210; z00sÞ þ θðx10 − x32ÞΓ̄ðx210; x232; z00sÞ ð14aÞ

Γgen
2 ðx210; x232; z00sÞ ¼ θðx32 − x10ÞG2ðx210; z00sÞ þ θðx10 − x32ÞΓ2ðx210; x232; z00sÞ: ð14bÞ

In the above equations Λ is the scale characterizing the target proton, s is the center-of-mass energy squared for the
projectile-target scattering, z is the fraction of the projectile’s momentum carried by the softest parton in the dipole 10, while
z0 and z00 are similar fractions for the dipoles 21 and 32, respectively.
In our formalism, the g1 structure function relates to the fundamental polarized dipole amplitudes Q and G2 through the

relation [1]

g1ðx;Q2Þ ¼ −
Nc

4π3
X
f

Z2
f

Z
1

Λ2=s

dz
z

Z
min f 1

zQ2;
1

Λ2
g

1=zs

dx210
x210

h
Qðx210; zsÞ þ 2G2ðx210; zsÞ

i
; ð15Þ

where Zf is the fractional charge of the quarks and the sum goes over flavors. Furthermore, the flavor-singlet quark and
gluon helicity PDFs relate to the polarized dipole amplitudes by [1]

ΔΣðx;Q2Þ ¼ −
NcNf

2π3

Z
1

Λ2=s

dz
z

Z
min f 1

zQ2;
1

Λ2
g

1=zs

dx210
x210

h
Qðx210; zsÞ þ 2G2ðx210; zsÞ

i
; ð16aÞ

ΔGðx;Q2Þ ¼ 2Nc

αsπ
2

�
1þ x210

∂

∂x210

�
G2

�
x210; zs ¼

Q2

x

�����
x2
10
¼1=Q2

≈
2Nc

αsπ
2
G2

�
x210; zs ¼

Q2

x

�����
x2
10
¼1=Q2

: ð16bÞ

When writing Eqs. (15) and (16) we have been treatingΛ as
the infrared (IR) cutoff, as was done in [1], and not as a
scale characterizing the target, as was assumed in Eq. (16b).
The last step in Eq. (16b) is valid with the DLA accuracy. In
Eq. (16a) we have assumed for simplicity that the dipole
amplitudes are independent of quark flavors.
Eqs. (15) and (16) allow us to perform all the small-x

calculation in terms of the polarized dipole amplitudes,
from which the g1 structure function and the helicity PDFs
can be computed in the final step.

B. Initial conditions

In performing realistic phenomenology, the initial con-
ditions for the small-x helicity evolution have to be deduced
from the data at moderate values of Bjorken x [15]. However,
this is a complicated problem in its own right and is beyond

the scope of this paper. Instead, in order to obtain the
asymptotic behaviors of helicity PDFs and g1 structure
function at small x, we simplify the issue by employing
two different approximations to the initial conditions—the
Born-level approximation and the constant approximation.
The Born-level approximation has been utilized in

previous works of similar nature [1,4,7], both at large
Nc and large Nc & Nf. However, to properly apply it to the
large Nc & Nf evolution equation (13), we need to make a
slight change described below.
In Eq. (13), Λ is taken to be an energy scale in the

process characterizing the typical transverse momentum in
the target. This is in contrast to the treatment in the large-Nc
limit, where the corresponding distance scale 1=Λ is used
as the infrared cutoff for the dipole size. Particularly, in our
treatment of Eq. (13) the dipole can grow larger than 1=Λ.
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This leads to a necessary modification to the Born-level
initial conditions. In particular, for fixed impact parameter
the dipole amplitude of each type can be written at the Born
level as [1,3,6,9]

Qð0Þ
10 ðzsÞ ¼ G̃ð0Þ

10 ðzsÞ

¼ α2sCF

2Nc

�
CF

jx1 − b1j2
− 2πδ2ðx1 − b1Þ lnðzsx210Þ

�
;

ð17aÞ

Gið0Þ
10 ðzsÞ ¼ −

α2sCF

Nc
ϵij

ðxj1 − bjÞ
jx1 − bj2 ln

jx1 − bj
jx0 − bj : ð17bÞ

These results follow from the calculation of the helicity-
dependent amplitude of the quark- and gluon-exchange
diagrams for the dipole projectile interacting with a quark
target located at position b in the transverse plane. In the
previous works, Eq. (17) were integrated over b⊥ up to
1=Λ, which acted as the infrared cutoff. In this work,
however, we must allow b⊥ to exceed 1=Λ. In order to still
keep one of the integrals finite, we introduce a lower energy
scale,ΛIR ≪ Λ, such that the integrals over b⊥ will go up to
1=ΛIR. Doing so and modifying the polarized target from
being a single polarized quark to a polarized dipole of the
transverse size ≈1=Λ averaged over all angles leads to the
following impact parameter-integrated Born-level initial
conditions we will employ in this work,

Qð0Þðx210; zsÞ ¼ G̃ð0Þðx210; zsÞ ¼
α2sCF

2Nc
π

�
CF ln

zs
Λ2
IR
− 2 ln

�
zsmin

�
x210;

1

Λ2

	��
; ð18aÞ

Gð0Þ
2 ðx210; zsÞ ¼ −

α2sCF

2Nc
π

�
θ

�
1

Λ
− x10

�
ln

1

x210Λ2
þ θ

�
x10 −

1

Λ

�
1

x210Λ2

�
≈ −

α2sπCF

2Nc
θ

�
1

Λ
− x10

�
ln

1

x210Λ2
: ð18bÞ

This provides a relatively realistic approximation to the
initial conditions. The second term in Eq. (18b) is not going
to source DLA evolution in the equation (13), under the
assumptions used in deriving these equations [1]: while a
more comprehensive treatment would have required modi-
fying Eq. (13) for the dipoles with x10 > 1=Λ, here we will
neglect this contribution since it is suppressed by at least
one logarithm compared to the contribution we have kept
in Eq. (18b).
In the previous numerical solutions for the small-x

helicity evolution of similar nature [1,4,7] it was observed
that the asymptotic solution in the small-x region quickly
becomes independent of the initial conditions, with only the
overall normalization of the solution dependent on the
initial conditions. This inspires an even more simplified
approximation to the initial conditions, which we will call
the constant approximation or the all-one approximation,
in which we simply take

Qð0Þðx210; zsÞ ¼ G̃ð0Þðx210; zsÞ ¼ Gð0Þ
2 ðx210; zsÞ ¼ 1: ð19Þ

Most of the numerical computation in this work will be
done using the constant approximation to the initial
conditions. In order to verify that it produces the same
asymptotic results as the more physical Born-level approxi-
mation, we will perform several cross checks below, the
results of which will be presented in Sec. IVA.

III. NUMERICAL SOLUTION

As shown in [1], parton helicity TMDs and PDFs,
together with the g1 structure function, all depend only
on Qðx210; zsÞ and G2ðx210; zsÞ. Hence, the main goal of this
Section is to study the asymptotic form of these dipole
amplitudes as zs grows large [4,7]. Owing to the complex-
ity of the large-Nc & Nf evolution equation (13), only a
numerical solution has been developed.

A. Discretization and recursive form

Since the small-x helicity evolution is double-logarithmic
in 1=x, with logarithms of x coming from both the trans-
verse and longitudinal integrals, we begin our numerical
computation by defining the following variables,

η ¼
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln

zs
Λ2

; η0 ¼
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln
z0s
Λ2

and η00 ¼
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln
z00s
Λ2

;

s10 ¼
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln

1

x210Λ2
; s21 ¼

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln

1

x221Λ2
and s32 ¼

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln

1

x232Λ2
: ð20Þ

With these changes of variables applied to the longitudinal momentum fractions and the transverse dipole sizes, we rewrite
Eq. (13) as
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Qðs10; ηÞ ¼ Qð0Þðs10; ηÞ þ
1

2

Z
η

0

dη0
Z

η0

s10þη0−η
ds21

h
Qðs21; η0Þ þ 2G2ðs21; η0Þ

i

þ
Z

η

maxf0;s10g
dη0
Z

η0

s10

ds21
h
2G̃ðs21; η0Þ þ 2Γ̃ðs10; s21; η0Þ þQðs21; η0Þ − Γ̄ðs10; s21; η0Þ þ 2Γ2ðs10; s21; η0Þ

þ 2G2ðs21; η0Þ
i
; ð21aÞ

Γ̄ðs10; s21; η0Þ ¼ Qð0Þðs10; η0Þ þ
1

2

Z
η0

0

dη00
Z

η00

s21þη00−η0
ds32

h
Qðs32; η00Þ þ 2G2ðs32; η00Þ

i

þ
Z

η0

maxf0;s10g
dη00

Z
η00

maxfs10;s21þη00−η0g
ds32

h
2G̃ðs32; η00Þ þ 2Γ̃ðs10; s32; η00Þ þQðs32; η00Þ − Γ̄ðs10; s32; η00Þ

þ 2Γ2ðs10; s32; η00Þ þ 2G2ðs32; η00Þ
i
; ð21bÞ

G̃ðs10; ηÞ ¼ G̃ð0Þðs10; ηÞ −
Nf

4Nc

Z
η

0

dη0
Z

minfs10;η0g

s10þη0−η
ds21

h
Qðs21; η0Þ þ 2G2ðs21; η0Þ

i

þ
Z

η

maxf0;s10g
dη0
Z

η0

s10

ds21
h
3G̃ðs21; η0Þ þ Γ̃ðs10; s21; η0Þ þ 2G2ðs21; η0Þ þ 2Γ2ðs10; s21; η0Þ

−
Nf

4Nc
Γ̄ðs10; s21; η0Þ −

Nf

2Nc
Γ2ðs10; s21; η0Þ

i
; ð21cÞ

Γ̃ðs10; s21; η0Þ ¼ G̃ð0Þðs10; η0Þ −
Nf

4Nc

Z
η0þs10−s21

0

dη00
Z

minfs10;η00g

s21þη00−η0
ds32

h
Qðs32; η00Þ þ 2G2ðs32; η00Þ

i

þ
Z

η0

maxf0;s10g
dη00

Z
η00

maxfs10;s21þη00−η0g
ds32

h
3G̃ðs32; η00Þ þ Γ̃ðs10; s32; η00Þ þ 2G2ðs32; η00Þ þ 2Γ2ðs10; s32; η00Þ

−
Nf

4Nc
Γ̄ðs10; s32; η00Þ −

Nf

2Nc
Γ2ðs10; s32; η00Þ

i
; ð21dÞ

G2ðs10; ηÞ ¼ Gð0Þ
2 ðs10; ηÞ þ 2

Z
η

0

dη0
Z

minfs10;η0g

s10þη0−η
ds21

h
G̃ðs21; η0Þ þ 2G2ðs21; η0Þ

i
; ð21eÞ

Γ2ðs10; s21; η0Þ ¼ Gð0Þ
2 ðs10; η0Þ þ 2

Z
η0þs10−s21

0

dη00
Z

minfs10;η00g

s21þη00−η0
ds32

h
G̃ðs32; η00Þ þ 2G2ðs32; η00Þ

i
: ð21fÞ

In obtaining Eq. (21), the ordering s10 ≤ s21 ≤ η0 was assumed in the arguments of Γ̄, Γ̃, and Γ2. This is the only region
where Γ̄, Γ̃, and Γ2 appear in any large-Nc & Nf evolution kernel, where the subsequent evolution lifetime in the daughter
dipole 20 depends on the smallest transverse distance scale x21 in the splitting. Along the way, we also separated the
integrals from Eqs. (13c) and (13d) that involve the generalized dipole amplitudes, cf. Eq. (14), into the regions where they
reduce to the corresponding ordinary and neighbor dipole amplitudes.
Now, we discretize the integrals in Eq. (21) with step size δ in both directions and define the discretized dipole

amplitudes as

Qij ¼ Qðiδ; jδÞ; Γ̄ikj ¼ Γ̄ðiδ; kδ; jδÞ;
G̃ij ¼ G̃ðiδ; jδÞ; Γ̃ikj ¼ Γ̃ðiδ; kδ; jδÞ;

G2;ij ¼ G2ðiδ; jδÞ; Γ2;ikj ¼ Γ2ðiδ; kδ; jδÞ: ð22Þ
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As a result, we obtain the following discretized evolution equations,

Qij ¼ Qð0Þ
ij þ 1

2
δ2
Xj−1
j0¼0

Xj0−1
i0¼iþj0−j

h
Qi0j0 þ 2G2;i0j0

i

þ δ2
Xj−1

j0¼maxf0;ig

Xj0−1
i0¼i

h
2G̃i0j0 þ 2Γ̃ii0j0 þQi0j0 − Γ̄ii0j0 þ 2Γ2;ii0j0 þ 2G2;i0j0

i
; ð23aÞ

Γ̄ikj ¼ Qð0Þ
ij þ 1

2
δ2
Xj−1
j0¼0

Xj0−1
i0¼kþj0−j

h
Qi0j0 þ 2G2;i0j0

i

þ δ2
Xj−1

j0¼maxf0;ig

Xj0−1
i0¼maxfi;kþj0−jg

h
2G̃i0j0 þ 2Γ̃ii0j0 þQi0j0 − Γ̄ii0j0 þ 2Γ2;ii0j0 þ 2G2;i0j0

i
; ð23bÞ

G̃ij ¼ G̃ð0Þ
ij −

Nf

4Nc
δ2
Xj−1
j0¼0

Xminfi;j0g−1

i0¼iþj0−j

h
Qi0j0 þ 2G2;i0j0

i

þ δ2
Xj−1

j0¼maxf0;ig

Xj0−1
i0¼i

h
3G̃i0j0 þ Γ̃ii0j0 þ 2G2;i0j0 þ 2Γ2;ii0j0 −

Nf

4Nc
Γ̄ii0j0 −

Nf

2Nc
Γ2;ii0j0

i
; ð23cÞ

Γ̃ikj ¼ G̃ð0Þ
ij −

Nf

4Nc
δ2

Xiþj−k−1

j0¼0

Xminfi;j0g−1

i0¼kþj0−j

h
Qi0j0 þ 2G2;i0j0

i

þ δ2
Xj−1

j0¼maxf0;ig

Xj0−1
i0¼maxfi;kþj0−jg

h
3G̃i0j0 þ Γ̃ii0j0 þ 2G2;i0j0 þ 2Γ2;ii0j0 −

Nf

4Nc
Γ̄ii0j0 −

Nf

2Nc
Γ2;ii0j0

i
; ð23dÞ

G2;ij ¼ Gð0Þ
2;ij þ 2δ2

Xj−1
j0¼0

Xminfi;j0g−1

i0¼iþj0−j

h
G̃i0j0 þ 2G2;i0j0

i
; ð23eÞ

Γ2;ikj ¼ Gð0Þ
2;ij þ 2δ2

Xiþj−k−1

j0¼0

Xminfi;j0g−1

i0¼kþj0−j

h
G̃i0j0 þ 2G2;i0j0

i
: ð23fÞ

Through a careful consideration of Eq. (23), we see that we need to know the values of the following dipole amplitudes in
the following regions to determine the values of Qij, G̃ij and G2;ij for 0 ≤ i ≤ imax and 0 ≤ j ≤ jmax:

(i) Qij, G̃ij, and G2;ij such that 0 ≤ j ≤ jmax and j − jmax ≤ i ≤ j, while also keeping i ≤ imax.
(ii) Γ̄ikj, Γ̃ikj and Γ2;ikj such that 0 ≤ i ≤ k ≤ j, with 0 ≤ j ≤ jmax and j − jmax ≤ i ≤ k ≤ j, while keeping k ≤ imax. This

is partly because the neighbor dipole amplitudes only appear in Eqs. (23a)–(23d).
Furthermore, the numerical computation becomes more efficient once we realize recursive relations coming from

equation (23). For Qij, G̃ij, and G2;ij, we retrieve the initial conditions in the case where i ¼ j. For i < j, we can re-write
Eqs. (23a), (23c), and (23e) recursively as

Qij ¼ Qð0Þ
ij −Qð0Þ

iðj−1Þ þQiðj−1Þ þ
1

2
δ2
Xj−2
i0¼i−1

h
Qi0ðj−1Þ þ 2G2;i0ðj−1Þ

i
þ 1

2
δ2
Xj−2
j0¼0

h
Qðiþj0−jÞj0 þ 2G2;ðiþj0−jÞj0

i

þ δ2
Xj−2
i0¼i

h
2G̃i0ðj−1Þ þ 2Γ̃ii0ðj−1Þ þQi0ðj−1Þ − Γ̄ii0ðj−1Þ þ 2Γ2;ii0ðj−1Þ þ 2G2;i0ðj−1Þ

i
; ð24aÞ
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G̃ij ¼ G̃ð0Þ
ij − G̃ð0Þ

iðj−1Þ þ G̃iðj−1Þ −
Nf

4Nc
δ2½Qði−1Þðj−1Þ þ 2G2;ði−1Þðj−1Þ� −

Nf

4Nc
δ2
Xj−2
j0¼0

h
Qðiþj0−jÞj0 þ 2G2;ðiþj0−jÞj0

i

þ δ2
Xj−2
i0¼i

h
3G̃i0ðj−1Þ þ Γ̃ii0ðj−1Þ þ 2G2;i0ðj−1Þ þ 2Γ2;ii0ðj−1Þ −

Nf

4Nc
Γ̄ii0ðj−1Þ −

Nf

2Nc
Γ2;ii0ðj−1Þ

i
; ð24bÞ

G2;ij ¼ Gð0Þ
2;ij −Gð0Þ

2;iðj−1Þ þG2;iðj−1Þ þ 2δ2
h
G̃ði−1Þðj−1Þ þ 2G2;ði−1Þðj−1Þ

i
þ 2δ2

Xj−2
j0¼0

h
G̃ðiþj0−jÞj0 þ 2G2;ðiþj0−jÞj0

i
: ð24cÞ

Note that we need to have j > 0 in order to have i < j.
Turning to Γ̄ikj, Γ̃ikj, and Γ2;ikj, we note that they similarly reduce to their ordinary dipole counterpartsQij, G̃ij, andG2;ij,

respectively, when i ¼ k. For i < k, Eqs. (23b), (23d) and (23f) can be written in recursive forms as

Γ̄ikj ¼ Qð0Þ
ij −Qð0Þ

iðj−1Þ þ Γ̄iðk−1Þðj−1Þ þ
1

2
δ2
Xj−2
i0¼k−1

h
Qi0ðj−1Þ þ 2G2;i0ðj−1Þ

i

þ δ2
Xj−2

i0¼maxfi;k−1g

h
2G̃i0ðj−1Þ þ 2Γ̃ii0ðj−1Þ þQi0ðj−1Þ − Γ̄ii0ðj−1Þ þ 2Γ2;ii0ðj−1Þ þ 2G2;i0ðj−1Þ

i
; ð25aÞ

Γ̃ikj ¼ G̃ð0Þ
ij − G̃ð0Þ

iðj−1Þ þ Γ̃iðk−1Þðj−1Þ

þ δ2
Xj−2

i0¼maxfi;k−1g

h
3G̃i0ðj−1Þ þ Γ̃ii0ðj−1Þ þ 2G2;i0ðj−1Þ þ 2Γ2;ii0ðj−1Þ −

Nf

4Nc
Γ̄ii0ðj−1Þ −

Nf

2Nc
Γ2;ii0ðj−1Þ

i
; ð25bÞ

Γ2;ikj ¼ Gð0Þ
2;ij − Gð0Þ

2;iðj−1Þ þ Γ2;iðk−1Þðj−1Þ: ð25cÞ

In the case where j ¼ 0, we have 0 ¼ i ¼ k ¼ j.
Consequently, the neighbor dipole amplitudes reduce to
their respective initial conditions, as can also be seen
directly from Eq. (23).
Notice that the first sum in Eq. (23d), containing the term

Qi0j0 þ 2G2;i0j0 , does not survive in Eq. (25b). There are two
reasons for this, which depend on the values of i, j and k.
In particular, if iþ j − k − 1 ≥ 0, then the summation
term remains the same once we simultaneously reduce j
and k by 1. On the other hand, in the case where
iþ j − k − 1 < 0, which is possible for i < 0, the speci-
fied term in Eq. (23d) simply vanishes because the upper
limit of the sum over j0 is now below the corresponding
lower limit. As a result, the recursive form in Eq. (25b)
holds true in both regimes.
Similar to the computation at largeNc, for each step size,

δ, and maximum rapidity, ηmax, we start by computing each
dipole amplitude at j ¼ 0 using the respective initial
condition (the inhomogeneous term). Then, we compute
their values at j ¼ 1 based on the values at j ¼ 0, with the
help of Eqs. (24) and (25). Afterwards, the j ¼ 2 values can
similarly be computed based on the j ¼ 1 values, etc. The
recursive relations (24) and (25) allow us to calculate the

six polarized dipole amplitudes all the way up to η ¼ ηmax.
For each η, we need to compute the amplitudes for all s10
(and s21, if applicable) in the η − ηmax ≤ s10 ≤ s21 ≤ η
region [4]. This is due to the fact that the soft-quark
emission terms in Eqs. (24a), (24b), (25a) and (25b) have
logarithmic divergence in different transverse position
regions from their soft-gluon emission counterparts.
Our numerical solution indicates that the asymptotic

behavior of the results differs qualitatively between the
cases where Nf ≤ 5 and Nf ¼ 6 (both with Nc ¼ 3). This
warrants separating the discussion of the results into two
respective sections, one for each case. In Sec. III B we
discuss the numerical solution in theNf ≤ 5 case, while the
Nf ¼ 6 case is discussed in Sec. III C. Note that we are
solving the large-Nc & Nf evolution equations: in that limit
both Nc and Nf are very large, and only their ratio Nf=Nc

is fixed. Here and below, when we talk about particular
values of Nf and Nc, this should be understood only as
fixing the ratio Nf=Nc while assuming that both Nc and Nf

are large. For instance, when we choose Nf ¼ 4 and
Nc ¼ 3, this only implies that Nf=Nc ¼ 4=3, and should
not be thought of as fixing the values of Nc and Nf.
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B. Solution for Nf ≤ 5

Performing the iterative computation outlined in Sec. III A,
we obtain the numerical values of Qðs10; ηÞ, G2ðs10; ηÞ and
G̃ðs10; ηÞ at various s10 and η on the grid. In order to extract
their large-η asymptotic form, which will later be useful to
determine small-x asymptotics of helicity PDFs, additional
steps must be performed to the raw numerical results. To
describe the subsequent process more clearly, we consider a
sample run with step size δ ¼ 0.1 and maximum rapidity
ηmax ¼ 70. As for the number of flavors, we first consider
Nf ¼ 4, which is qualitatively similar to any Nf ≤ 5. The
procedurewill be similar for otherδ and ηmax [1,4,7].Note that
we fix the number of quark colors at Nc ¼ 3 throughout our
large-Nc & Nf calculation, in the sense of the commentmade
above that only the ratio Nf=Nc is truly fixed.
Furthermore, throughout this Section, we employ the

constant “all-one” approximation of initial condition,
which upon discretization takes the form,

Qð0Þ
ij ¼ G̃ð0Þ

ij ¼ Gð0Þ
2;ij ¼ 1: ð26Þ

A more detailed discussion about the choices of initial
conditions, including a justification for our simplified
choice (26), will be given in the next section.

The main goal of this section is two-fold. First, we
determine the asymptotic forms of Qð0; ηÞ, G2ð0; ηÞ and
G̃ð0; ηÞ, that is, we only fit the polarized dipole amplitudes
along the s10 ¼ 0 line. These results will provide sufficient
ingredients for us to obtain the asymptotic form of helicity
PDFs and the g1 structure function at small x, which is the
second part of our goal.
At Nf ¼ 4, we perform the numerical computation

described above to obtain the dipole amplitudes Q, G̃,
and G2. The logarithms of absolute values of these ampli-
tudes are plotted in Fig. 1 versus η and s10. As mentioned
above, these amplitudes are calculated with step size δ ¼ 0.1
and maximum rapidity ηmax ¼ 70. Qualitatively, the plots in
Figs. 1(a) and 1(b) indicate the exponential growth with η
along the s10 ¼ 0 line. However, we see a line of cusp in the
plot for G̃, which is a new feature not seen in any of the
amplitudes in previous similar works [1,4,7]. This cusp only
appears in the positive-s10 region.
To further understand the results, we plot each amplitude

at s10 ¼ 0 in Fig. 2, with the exception of Fig. 2c for G̃,
which contains blue dots for s10 ¼ 0 and orange dots for
s10 ¼ 30. For each of the plots, the quantity in the vertical
axis is the sign of the amplitude multiplied by the logarithm
of the absolute value of the amplitude. In the plot for G̃ at

FIG. 1. The plots of logarithms of the absolute values of polarized dipole amplitudes Q, G2 and G̃ at Nf ¼ 4 and Nc ¼ 3 versus s10
and η, for in the −ηmax ≤ s10 ≤ ηmax, 0 ≤ η ≤ ηmax region with ηmax ¼ 70. The amplitudes are computed numerically using the step
size δ ¼ 0.1.

FIG. 2. The plots of logarithms of the absolute values of polarized dipole amplitudesQ,G2 and G̃, multiplied by the amplitudes’ signs,
along the s10 ¼ 0 line (for all amplitudes) and along the s10 ¼ 30 line for G̃, versus the rapidity η. The amplitudes are computed
numerically with Nf ¼ 4, Nc ¼ 3 in the range 0 ≤ η ≤ ηmax ¼ 70 using step size δ ¼ 0.1.
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s10 ¼ 30, we see that G̃ð30; ηÞ grows from the initial
condition toward negative values as η > 30. Now, as η
grows past a value near 40, the sign of the amplitude flips
and becomes positive once more, while its magnitude keeps
growing exponentially. The sign flip appears only once at
least up to the maximum rapidity of ηmax ¼ 70, as shown in
Fig. 2c. Furthermore, we also confirm this fact of a single
sign flip for up to η ¼ 225 in a separate run with δ ¼ 0.5
and ηmax ¼ 225, whose result for G̃ð30; ηÞ is shown in
Fig. 3. A similar pattern is exhibited by the amplitude G̃ at
any s10 > 0, with the location of the sign flip forming
a straight line of the form η ¼ κs10 for some positive
constant κ. The source of this behavior likely comes from
the s10-dependence of the amplitude and does not appear to
affect the asymptotic behavior at large η. Hence, under-
standing this sign reversal is beyond the scope and purpose
of this work because, as we will see below, the large-η
asymptotics of Q and G2 at s10 ¼ 0 is sufficient for us to
determine the small-x asymptotics of the helicity PDFs and
the g1 structure function.
Now, along the s10 ¼ 0 line, Fig. 2 displays the linear

increase in the logarithm of the absolute values of the
amplitudes once we get sufficiently far away from η ¼ 0 for
the initial conditions and the discretization errors not to be
significant any longer. This justifies the following ansätze
as large η,

Qðs10 ¼ 0; ηÞ ∼ eαQη; ð27aÞ

G2ðs10 ¼ 0; ηÞ ∼ eαG2η; ð27bÞ

G̃ðs10 ¼ 0; ηÞ ∼ eαG̃η: ð27cÞ

Here, the parameters αQ, αG2
and αG̃ (the intercepts)

correspond to the slopes of the respective plots in
Fig. 2. In particular, the slopes should be extracted from

the log-amplitude data where the effects of discretization
and initial condition are least significant. In this work,
following [1,4,7], we choose to do so in the region
where η∈ ½0.75; 1�ηmax.
We extract the intercepts following this recipe for

Nf ¼ 2, 3, 4 with δ ¼ 0.1 and ηmax ¼ 70. The results
are listed in Table I together with their uncertainties, which
are calculated from linear regression residual based on the
95% confidence interval, for all the amplitudes and
numbers of flavors. For each Nf, the intercepts appear
to be the same within the uncertainty for all three polarized
dipole amplitudes, Q, G2 and G̃.
These intercept estimates calculated at δ ¼ 0.1 and

ηmax ¼ 70 only provide an initial estimate for the intercepts
we would obtain by solving Eq. (13) exactly. However, we
will see later that they still differ significantly from the
exact values, and the main source of error comes from the
fact that we still work with a finite step size δ and a finite
maximum rapidity ηmax. To resolve the mismatch, we repeat
the computation for other choices of (finite) δ and ηmax. In
particular, for each step size δ we numerically compute the
intercepts for ηmax ∈ f10; 20;…;MðδÞg, where MðδÞ is
given in Table II.1

For each amplitude and at each Nf, we performed a
weighted polynomial regression to fit the extracted inter-
cepts as functions of δ and 1=ηmax using the linear,
quadratic and cubic models [1]. As a result, the quadratic
model performs best based on the Akaike information
criterion (AIC) [95] and the significance test on model
parameters. Then, we take the model’s prediction at δ ¼
1=ηmax ¼ 0 to be our estimate for the intercept in the
continuum limit. The results are shown in Table III. There,
the uncertainty is deduced from the residue of the weighted
quadratic regression model. In addition, we include in
Fig. 4 the plots showing the intercepts, αQ, versus δ and
1=ηmax, together with the best-fit quadratic surface, for
Nf ¼ 2, 3, 4 considered here and Nc ¼ 3. From Table III,
we see that the intercepts for Q, G2 and G̃ are the same
within the uncertainty for each value of Nf. Furthermore,
the intercepts decrease as Nf increases. Recall that the
large-Nc intercept is 3.66 [1,17], which is greater than the
largest intercept in Table III. This is in line with the fact that
the large-Nc limit from [1] neglects soft quark emissions
and consequently puts Nf ≪ Nc or Nf ¼ 0 in our termi-
nology. This further reinforces the observation that the
intercept decreases with Nf.
Next we study what the large-η asymptotics of the dipole

amplitudes imply about the small-x asymptotics of the
helicity PDFs and the g1 structure function. Starting with
the gluon helicity PDF, we know that it is related to the

FIG. 3. The plot of the logarithm of the absolute value of
polarized dipole amplitude G̃ multiplied by the amplitude’s sign
along the s10 ¼ 0 line (blue dots) and the s10 ¼ 30 line (orange
dots), versus the rapidity, η. The amplitudes are computed
numerically with Nf ¼ 4, Nc ¼ 3 in the range 0 ≤ η ≤ ηmax ¼
225 using the step size δ ¼ 0.5.

1We used ηmax ∈ f10; 21g for δ ¼ 0.0375. Also, for δ ¼ 0.05,
we set Mð0.05Þ ¼ 40 for Nf ¼ 4 and Mð0.05Þ ¼ 30 for
Nf ¼ 2, 3.
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type-2 polarized dipole amplitude as shown in Eq. (16b),
which in the double-logarithmic approximation (DLA) and
at Q2 ¼ Λ2 becomes [1]

ΔGðx;Q2 ¼ Λ2Þ ≈ 2Nc

αsπ
2
G2

 
s10 ¼ 0; η ¼

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln
1

x

!
:

ð28Þ

This is because the partial derivative with respect to x210 in
Eq. (16b) removes a single logarithm, and is, therefore,
suppressed in the DLA. As a result, we see that the small-x
asymptotics of the gluon helicity PDF is exactly the same as

the large-η asymptotics of G2ð0; ηÞ with η ¼
ffiffiffiffiffiffiffiffi
αsNc
2π

q
ln 1

x,

that is,

ΔGðx;Q2ÞjQ2¼Λ2 ∼
�
1

x

�
αG2

ffiffiffiffiffiffi
αsNc
2π

p
: ð29Þ

Recall that αG2
depends on Nf.

Next, we consider the flavor-singlet quark helicity PDF
and the g1 structure function. For simplicity, making the
approximation that the dipole amplitudes are flavor-
independent, we see that the sum over flavors in Eq. (15)
becomes a multiplicative factor, leading to the two objects
being simply proportional to each other, g1 ∼ ΔΣ. Hence,
from now on, we proceed with the calculation for the quark
helicity PDF.
As a first step, since now Λ is not the IR cutoff, but

instead is the scale characterizing the target, we remove
1=Λ2 from the upper limit of the x210-integral in Eq. (16a).
(In principle, we should replace it by ΛIR: however, in this
work, we simply take ΛIR to be sufficiently large so that the
upper limit of 1

zQ2 suffices for the transverse integral.)

We thus rewrite Eq. (16a) as

TABLE I. Summary of the intercept estimates and uncertainties for all types of polarized dipole amplitudes at
Nf ¼ 2, 3, 4 along the s10 ¼ 0 line. Here, the number of quark colors is taken to be Nc ¼ 3. The computation is
performed with step size, δ ¼ 0.1, maximum rapidity, ηmax ¼ 70, and the all-one initial condition (26).

Number of flavors αQ αG2
αG̃

Nf ¼ 2 3.48990� 0.00004 3.48989� 0.00005 3.48992� 0.00004
Nf ¼ 3 3.40163� 0.00005 3.40161� 0.00005 3.40166� 0.00004
Nf ¼ 4 3.29297� 0.00005 3.29296� 0.00005 3.29302� 0.00004

TABLE II. The maximumMðδÞ of the ηmax-range computed for
each step size δ.

δ 0.016 0.025 0.0375 0.05 0.0625 0.08 0.1
MðδÞ 10 20 21 30 or 40 40 50 70

FIG. 4. The plots of estimated intercepts, αQ, at each Nf , δ and 1=ηmax (blue dots), together with the corresponding best-fitted
quadratic extrapolations (yellow surfaces). The continuum limit, δ ¼ 1=ηmax ¼ 0, corresponds to the lower left corner of each plot.

TABLE III. Summary of estimates and uncertainties at the
continuum limit (δ → 0 and ηmax → ∞) for the intercepts of all
types of polarized dipole amplitudes at Nf ¼ 2, 3, 4 along the
s10 ¼ 0 line. Here, the number of quark colors is taken to be
Nc ¼ 3. All the computations are performed with the all-one
initial condition (26).

Number of
flavors αQ αG2

αG̃

Nf ¼ 2 3.516� 0.003 3.516� 0.003 3.516� 0.003
Nf ¼ 3 3.427� 0.003 3.426� 0.003 3.427� 0.003
Nf ¼ 4 3.316� 0.002 3.316� 0.002 3.317� 0.002
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ΔΣðx;Q2Þ ¼ −
NcNf

2π3

Z
1

Λ2=s

dz
z

Z
1=zQ2

1=zs

dx210
x210

h
Qðx210; zsÞ þ 2G2ðx210; zsÞ

i
: ð30Þ

Here, the center-of-mass energy of the interaction is high, such that x ≃ Q2

s in the small-x regime. Now, in terms of s10 and η,
the flavor-singlet quark helicity PDF from Eq. (30) can be written as [4]

ΔΣðx;Q2 ¼ Λ2Þ ¼ −
NcNf

2π3

ZffiffiffiffiffiffiαsNc
2π

p
ln1x

0

dη
Zη

η−
ffiffiffiffiffiffi
αsNc
2π

p
ln1x

ds10
h
Qðs10; ηÞ þ 2G2ðs10; ηÞ

i
: ð31Þ

In Eq. (31), the quantity,
ffiffiffiffiffiffiffiffi
αsNc
2π

q
ln 1

x ≡ ηb, is large when x is small. Here, ηb can be viewed as the maximum rapidity limiting

the integration region.
The integral in Eq. (31) can be evaluated as a Riemann sum using our numerical results for the fundamental dipole

amplitudes,

ΔΣj ≡ ΔΣ

 
x ¼ exp

"
−

ffiffiffiffiffiffiffiffiffiffi
2π

αsNc

s
jδ

#
; Q2 ∼ Λ2

!
¼ −

NcNf

2π3
δ2
Xj−1
j0¼0

Xj0−1
i0¼j0−j

½Qi0j0 þ 2G2;i0j0 �; ð32Þ

which can be written recursively as

ΔΣj ¼ ΔΣj−1 −
NcNf

2π3
δ2
Xj−2
j0¼0

h
Qðj0−jÞj0 þ 2G2;ðj0−jÞj0

i
−
NcNf

2π3
δ2
Xj−2
i0¼−1

h
Qi0ðj−1Þ þ 2G2;i0ðj−1Þ

i
; ð33Þ

for j ≥ 1. Note that ΔΣ0 ¼ 0 in this notation. Physically,
since j ¼ 0 corresponds to x ¼ 1, the value of ΔΣ0 simply
implies that the quark helicity PDF at moderate x is much
smaller than its values at small x, as the latter is driven by
the polarized dipole amplitudes that grow exponentially in
magnitude with lnð1=xÞ. In a phenomenological calcula-
tion, c.f. [4,7,15], one may need to begin this iterative
calculation at some j ¼ j0 > 0, corresponding to a value of
Bjorken-x that is small enough for our evolution to apply
but large enough to have good experimental constraints.
Then, the value of ΔΣj0 should also be deduced from
experimental results. However, proper matching of small-x
evolution onto the large-x physics is an open problem we
are not going to address here.
For the purpose of this work, we perform the numerical

integration starting from j0 ¼ 0 employing the dipole
amplitudes we numerically obtained previously using
Nc ¼ 3, δ ¼ 0.1 and ηmax ¼ 70. For each of Nf ¼ 2, 3,
4, we obtain the values of quark helicity PDF at the values

of Bjorken x such that ηb ¼
ffiffiffiffiffiffiffiffi
αsNc
2π

q
ln 1

x ¼ 70; 69.9; 69.8;….

Here, we take the strong coupling constant to be αs ≃ 0.35
[4]. The result for Nf ¼ 4 is given by the plot in Fig. 5.
There, the vertical axis of the plot is the sign of the flavor-
singlet quark helicity PDF, multiplied by the logarithm of
its magnitude. The horizontal axis depicts ln x. The clear
linear trend implies that the magnitude of quark helicity

PDF grows exponentially with lnð1=xÞ, which is qualita-
tively the same as the large-η asymptotics of polarized
dipole amplitudes at s10 ¼ 0. Explicitly, we have

ΔΣðx;Q2ÞjQ2¼Λ2 ∼ g1ðx;Q2ÞjQ2¼Λ2 ∼
�
1

x

�
α
ðNf Þ
h

; ð34Þ

FIG. 5. The plot of sgn½ΔΣðx;Q2Þ� ln jΔΣðx;Q2Þj, numeri-
cally computed at Q2 ¼ Λ2 using Eq. (33), as a function of
Bjorken x. In the calculation, we used the step size of δ ¼ 0.1
and maximum rapidity of ηmax ¼ 70. Other parameters are
Nc ¼ 3, Nf ¼ 4 and αs ¼ 0.35.
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where the intercept, α
ðNfÞ
h , generally depends on the

number of quark flavors, Nf. Next, we perform a linear
regression on the data points for ΔΣj from Fig. 5 with
0.75jmax ≤ j ≤ jmax. As a result, the intercept for Nf ¼ 4,
extracted at δ ¼ 0.1 and ηmax ¼ 70, is equal to

αð4Þh

���
δ¼0.1;ηmax¼70

¼ ð3.29294� 0.00005Þ
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
: ð35Þ

This value of intercept is within the uncertainties of the
intercepts for the large-η asymptotics of the polarized
dipole amplitudes, Q, G2 and G̃, given in Table I for the
same Nf ¼ 4. This result allows us to assume that a similar
agreement would be obtained between the intercepts for
ΔΣ and the polarized dipole amplitudes for other values of
δ and ηb (or ηmax). We, therefore, deduce the continuum-
limit intercept (δ → 0 and ηmax → ∞) forΔΣ by reading off
the corresponding continuum-limit results from the bottom
row of Table III. Approximately, this gives

αð4Þh ¼ 3.32

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
: ð36Þ

We repeat the above steps for Nf ¼ 2 and Nf ¼ 3, using
again the amplitudes we computed at δ ¼ 0.1 and
ηmax ¼ 70. This results in the following intercepts for
the discretized ΔΣ,

αð2Þh

���
δ¼0.1;ηmax¼70

¼ ð3.48988� 0.00005Þ
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
; ð37aÞ

αð3Þh

���
δ¼0.1;ηmax¼70

¼ ð3.40160� 0.00005Þ
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
: ð37bÞ

For eachNf, the intercept of the small-x asymptotics for the
flavor-singlet quark helicity PDF is within the uncertainty
from the intercepts of the respective large-η asymptotics of
the polarized dipole amplitudes we obtained in Table I. This
allows us to read off the corresponding continuum-limit
results from Table III, which gives

αð2Þh ¼ 3.52

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
; ð38aÞ

αð3Þh ¼ 3.43

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
: ð38bÞ

Equations (36) and (38) giving us the intercepts of
the g1 structure function and the quark helicity PDFs are
the main results of this subsection. Note that the same
intercepts drive the asymptotics of the gluon helicity PDFs,
per Eq. (29).
Let us cross check these intercepts against the results

obtained using the IREE formalism of BER [34]. We

calculated the BER intercepts numerically using the for-
malism from [34] while applying the large-Nc & Nf limit
to them. The results are given in Table IV for Nf ¼ 2, 3, 4
we considered in this section. The KPS-CTT intercepts we
found above are also listed for comparison.
Table IV shows that the intercepts of the KPS-CTT

evolution calculated at large-Nc & Nf differ from the
corresponding intercepts of the BER evolution [34]. The
discrepancy is at the 2–3% level and increases with Nf.
This is a significant improvement relative to the large
mismatches found in [4] using the KPS evolution [2,3] that
did not include the type-2 polarized dipole amplitude.
Furthermore, as shown in [17], the analytic expression for
the large-Nc intercept of the KPS-CTT small-x helicity
evolution is also different from that of BER, although the
difference in that case is only at the 0.1% level. The root
cause behind these remaining discrepancies deserves a
further study, which is left for a future work.

C. Solution for Nf = 6

Now, we consider the Nf ¼ 6 case. Again, we begin
with the step size δ ¼ 0.1 and maximum rapidity
ηmax ¼ 70. This gives us the polarized dipole amplitudes
plotted in Fig. 6. There, each plot shows the logarithm of
the absolute value of the labeled amplitude. The plots
demonstrate an approximately linear rise of ln jQðs10; ηÞj,
ln jG2ðs10; ηÞj and ln jG̃ðs10; ηÞjwith η, similar to the lower-
Nf case presented in Sec. III B. The only difference is that
the rise is no longer monotonic and appears to be
periodically interrupted by lines of sharp local minima.
To illustrate the origin of this nonmonotonicity, we plot

sgn½Qð0; ηÞ� ln jQð0; ηÞj, sgn½G2ð0; ηÞ� ln jG2ð0; ηÞj and
sgn½G̃ð0; ηÞ� ln jG̃ð0; ηÞj as functions of η in Fig. 7. From
these plots we see that Qð0; ηÞ, G2ð0; ηÞ, and G̃ð0; ηÞ
oscillate with η: the oscillations explain the nonmono-
tonic behavior we saw in Fig. 6. This emergence of the
oscillatory behavior in the amplitude marks the main
qualitative difference between the case of Nf ¼ 6 and
those with fewer quark flavors, for the calculation of
small-x asymptotics for the quark helicity distribution
at large Nc & Nf. (More precisely, we see that in the
large-Nc & Nf limit, the oscillations are absent for
Nf=Nc < 2 and set in at Nf=Nc ¼ 2.) In contrast, a
similar study [4] performed at large Nc & Nf for the

TABLE IV. The intercepts at large Nc & Nf for Nf ¼ 2, 3, 4
and Nc ¼ 3 (that is, for Nf=Nc ¼ 2=3; 3=3; 4=3) according to the
BER and KPS-CTT evolutions.

Nf BER intercept KPS-CTT intercept

2 3.55 3.52
3 3.48 3.43
4 3.41 3.32
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evolution equations without the type-2 polarized dipole
amplitude saw the oscillatory behavior for any Nf

between 2 and 6.
While an analytic solution of Eq. (13) is beyond the

scope of this work, we can attempt to find analytic formulas
approximating our numerical results, at least in the large-η
asymptotics. Combining the oscillations with the exponen-
tial growth of the maxima of jQð0; ηÞj, jG2ð0; ηÞj and
jG̃ð0; ηÞj with η, we propose the following large-η asymp-
totic forms for the polarized dipole amplitudes [4]:

Qð0; ηÞ ∼ eαQη cos ðωQηþ φQÞ; ð39aÞ

G2ð0; ηÞ ∼ eαG2η cos ðωG2
ηþ φG2

Þ; ð39bÞ

G̃ð0; ηÞ ∼ eαG̃η cos ðωG̃ηþ φG̃Þ: ð39cÞ

For the respective dipole amplitudes, the oscillation
frequencies are denoted by ωQ, ωG2

and ωG̃, while the
initial phases are denoted by φQ, φG2

and φG̃. Furthermore,
the amplitudes of oscillations in Qð0; ηÞ, G2ð0; ηÞ and
G̃ð0; ηÞ grow exponentially with η, with the exponents αQ,
αG2

, and αG̃, respectively.
To extract the parameters from Eq. (39), consider a

general function of the form

fðηÞ ¼ Keαη cos ðωηþ φÞ ð40Þ

with some parameters α,ω, φ, andK. This is the asymptotic
form proposed at large η in Eq. (39) for the polarized dipole
amplitudes. We see that

d2

dη2
ln jfðηÞj ¼ d

dη
½α−ω tan ðωηþφÞ� ¼ −

ω2

cos2 ðωηþφÞ :

ð41Þ

Then, this second derivative contains local maxima where
cos ðωηþ φÞ ¼ �1. As a result, in the context of a
numerical calculation, the frequency, ω, can be found from
the value of the numerically obtained second derivative at
the maximum,

max

�
d2

dη2
ln jfðηÞj

�
¼ −ω2: ð42Þ

Here, we adopt a convention in which ω > 0 when
deducing ω from a local maximum in Eq. (42). In
particular, we use the largest-η maximum available in
our numerical results to extract ω, in order to get as close
as possible to the large-η regime. The extracted value of ω
can be cross-checked by comparing π=ω to the spacing

FIG. 6. The plots of logarithms of the absolute values of polarized dipole amplitudesQ,G2 and G̃ at Nf ¼ 6, Nc ¼ 3 versus s10 and η,
in the −ηmax ≤ s10 ≤ ηmax, 0 ≤ η ≤ ηmax region with ηmax ¼ 70. The amplitudes were computed numerically using the step size δ ¼ 0.1.

FIG. 7. The plots of the logarithms of the absolute values of polarized dipole amplitudes Q, G2 and G̃, multiplied by the signs of the
amplitudes, versus the rapidity η along the s10 ¼ 0 line. The amplitudes are computed numerically in the range 0 ≤ η ≤ ηmax ¼ 70 using
step size δ ¼ 0.1 at Nf ¼ 6, Nc ¼ 3.
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between the positions of the local maxima along the η-axis
in the numerical solution.
The phase, φ, can then be determined from the second

derivative maximum condition ωη� þ φ ¼ πn, where η� is
the numerically-extracted position of the largest-η local
maximum from Eq. (42). Here, n is an integer whose value
is adjusted so that φ∈ ð−π; π�. In particular, the choice
between φ∈ ð0; π� and φ∈ ð−π; 0� is made by making sure
that the sign of fðη�Þ we calculated numerically matches
that of cosðωη� þ φÞ.
Finally, we notice that

ln

���� fðηÞ
cos ðωηþ φÞ

���� ¼ αηþ lnK: ð43Þ

This allows us to obtain an estimate for the parameter α by
performing a linear regression on ln jfðηÞ= cosðωηþ φÞj as
a function of η to determine the slope. Here, it is appropriate
to use the parameter estimates of ω and φ that we obtained
from the previous step. The uncertainties from the estimates
of ω and φ are also propagated to each data point, leading
to the weights for the linear regression mentioned above.
Given ηmax, once we determine the numerical values of the
amplitudes found in the range η∈ ½0; ηmax�, there is always
the largest local maximum, η�, which leads to the defi-
nition, d ¼ min fηmax − η�; π

10ωg. Then, we extract α from
the range η∈ ½η� − d; η� þ d� and associate α, together with
ω and φ we found earlier, with η� þ d (instead of ηmax).
This eliminates the bias in α that may arise from extracting
the slope at different phases in the oscillation, while still
allowing us to perform the extraction in the large-η region
where the asymptotic behavior dominates. Furthermore,
one avoids extracting the slope near the zeros of the cosine
function, where Eq. (43) becomes less accurate due to the
divergence.
To estimate the uncertainties for these parameters, we

first notice that the intercept receives uncertainty from
residuals of the linear regression fit to the function in
Eq. (43). This provides the uncertainty estimate for α. As
for ω and φ, their uncertainty estimates require a more
careful consideration.
The oscillation frequency ω receives an uncertainty from

the fact that it is estimated by the quantity in Eq. (42),
whose values come in discrete steps. To estimate its
uncertainty, consider the case where the true local maxi-
mum, ηtrue, is off from the estimated location, η�, by a
distance, Δη. We also approximate the function in Eq. (41)
to be quadratic around the local maximum, taking the form
of −aðη − ηtrueÞ2 − ω2

true for some constant a > 0. In this
notation, we would make the exactly correct frequency
estimate, ω̂ ¼ ωtrue, when η� ¼ ηtrue. Otherwise, the esti-
mated frequency would be

ω̂ ¼ ωtrue þ Δω ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aðη� − ηtrueÞ2 þ ω2

true

q
: ð44Þ

If we assume thatΔω is small relative to ωtrue, then Eq. (44)
yields

Δω ≈
a

2ωtrue
ðη� − ηtrueÞ2: ð45Þ

Equation (45) would lead to the uncertainty, Δω, if we
knew the values of a and ωtrue. To determine these
parameters, we first assume that η� < ηtrue without loss
of generality. Then, consider the values, −ω2

1 and −ω2
2, of

d2

dη2 ln jfðηÞj at η� þ δ and η� − δ, respectively. Both ω1 and

ω2 are calculable from the numerical results. Then, through
a calculation similar to Eq. (44), it follows that

a ¼ 1

2δ2
½ðω2

1 − ω̂2Þ þ ðω2
2 − ω̂2Þ�: ð46Þ

Plugging Eq. (46) into Eq. (45) and approximating ωtrue by
ω̂, we obtain

Δω ¼ 1

4ω̂δ2
ðη� − ηtrueÞ2½ðω2

1 − ω̂2Þ þ ðω2
2 − ω̂2Þ�: ð47Þ

Finally, we assume a uniform distribution from − δ
2
to δ

2
for

η� − ηtrue, which is reasonable given that the true local
maximum is equally likely to fall anywhere within the grid.
Then, with probability P, we have that η� − ηtrue falls within
ðΔηÞP ¼ Pδ

2
from zero. As a result, with the same proba-

bility, Δω falls within

ðΔωÞP ¼ P2

16ω̂
½ðω2

1 − ω̂2Þ þ ðω2
2 − ω̂2Þ�: ð48Þ

Then, we take this range with P ¼ 0.95 to be the uncer-
tainty for our frequency estimate, ω̂. This corresponds to
the 95% confidence interval.
Finally, for the initial phase, the method discussed above

implies that its uncertainty is equal to that of the product,
ωtrueηtrue, which is approximated by ω̂η� in the notations we
used previously. Then, the uncertainty is simply

ðΔφÞP ¼ ω̂ðΔηÞP þ η�ðΔωÞP; ð49Þ

where ðΔηÞP and ðΔωÞP can be read off from above. Again,
we use P ¼ 0.95 to estimate the uncertainty of our best-
fitted initial phase, in order to be consistently using
95% confidence interval.
As a first cross check, we plot in Fig. 8 the functions

inspired by Eqs. (39)–(41) applied to the polarized dipole
amplitudes, namely d2

dη2 ln jQð0; ηÞj, d2

dη2 ln jG2ð0; ηÞj and
d2

dη2 ln jG̃ð0; ηÞj for Nf ¼ 6 as functions of η. For η above

10, the shape of each graph qualitatively looks like that of
the function d2

dη2 ln jfðηÞj in Eq. (41), displaying periodic

local maxima below the η-axis. This provides another
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justification for the proposed asymptotic forms (39), which
resemble the definition of fðηÞ given in Eq. (40).
Next, we fit our numerical results atNf ¼ 6with δ ¼ 0.1

and ηmax ¼ 70, following the method outlined above. This
leads to the parameter estimates and uncertainties listed in
Table V. There, the intercepts seem to be within the
uncertainties from one another. In addition, the significant
discrepancy in the frequency estimates could be a result of
the discretization error that will be addressed shortly.
However, the clear discrepancy is in the initial phase for
G̃ compared to those of Q and G2, which is unlikely to be
caused by the discretization error alone. This is entirely
possible given that G̃ is defined based on an adjoint
polarized dipole while Q and G2 are defined based on
the fundamental counterparts. As far as the application of
the results is concerned, the initial phase is a parameter that
depends not only on the choice of initial condition but also
on the value of Bjorken x at which the small-x evolution
begins to dominate. In an actual phenomenological fit, one
would be able to determine the proper initial phases by the
moderate-x data.
Before we address the potential discretization error,

we consider as final cross checks for the asymptotic
forms (39) the functions, e−αQηQð0; ηÞ, e−αG2ηG2ð0; ηÞ
and e−αG̃ηG̃ð0; ηÞ. In Fig. 9, these functions are plotted
against η. We see that the functions display a clear
sinusoidal pattern for η≳ 30, demonstrating oscillatory
behavior in the large-η asymptotics, as expected from

our ansätze (39). Furthermore, we plot ln j Qð0;ηÞ
cosðωQηþφQÞ j,

ln j G2ð0;ηÞ
cosðωG2

ηþφG2
Þ j and ln j G̃ð0;ηÞ

cosðωG̃ηþφG̃Þ j versus η in Fig. 10.

From this second set of plots, we see that the logarithms
grow roughly linearly with η, except for minor periodic
bumps that occur near the sinusoidal nodes. This implies
that the amplitudes divided by the corresponding cosine
functions grow exponentially with η. Again, this is con-
sistent with the asymptotic forms (39) proposed earlier.
To address potential biases coming from discretization,

we repeat the calculation for different values of step size, δ,
and maximum rapidity, ηmax. In particular, we use
δ ¼ 0.0375, 0.05, 0.0625, 0.08, 0.1, 0.16, 0.2, 0.25, 0.5.
For each δ, we obtain the parameter estimates using the
method outlined above at each of the oscillation antinodes
below MðδÞ, which is listed for each δ in Table VI. Note
that the parameter estimation method also implies the
corresponding η� þ d to be associated with the estimated
α, ω and φ. We then perform a weighted polynomial
regression against δ and η� þ d for each fitted parameter,
similar to what we did in Section III B. For all the
parameters and the amplitudes, the quadratic model per-
forms the best, resulting in the continuum-limit estimates,
which is the model’s prediction at δ ¼ 1=ηmax ¼ 0, shown
in Table VII.
From Table VII, we see that the intercepts, α, are the

same within the uncertainty for all the amplitudes, while
the frequencies, ω, exhibit statistically significant but
very small differences. As for the initial phase, φ, it is the
same within the uncertainty for Q and G2, but it is
significantly different for G̃. Furthermore, the intercepts

FIG. 8. Plots of d2

dη2 ln jQð0; ηÞj, d2

dη2 ln jG2ð0; ηÞj, and d2

dη2 ln jG̃ð0; ηÞj versus η for Nf ¼ 6 and Nc ¼ 3. All graphs result from our
numerical computation with step size δ ¼ 0.1 and ηmax ¼ 70.

TABLE V. Summary of the parameter estimates and uncertainties for all types of polarized dipole amplitudes
along the s10 ¼ 0 line. Here, the number of quark flavors and colors are taken to be Nf ¼ 6 and Nc ¼ 3,
respectively. The computation is performed with step size δ ¼ 0.1, maximum rapidity ηmax ¼ 70, and the all-one
initial condition (26).

Dipole amplitudes Intercept (α) Frequency (ω) Initial phase (φ)

Qð0; ηÞ 2.801� 0.007 0.146803� 0.000004 −0.940� 0.007
G2ð0; ηÞ 2.802� 0.007 0.146821� 0.000004 −0.955� 0.007
G̃ð0; ηÞ 2.802� 0.006 0.146294� 0.000004 0.764� 0.007
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are below those for Nf ¼ 4, continuing the trend we
observed earlier that the intercept decreases as we add
more quark flavors.
With the qualitatively different results between Nf ≤ 5

and Nf ¼ 6, we examine the possibility that the amplitudes
also oscillate at Nf ≤ 5 but with much longer periods than
ηmax ¼ 70, which is the largest rapidity value we used in
our calculations to this point for Nf ¼ 2, 3, 4. In particular,
we repeat the computation at Nf ¼ 4 with δ ¼ 0.5 and

ηmax ¼ 225. As shown in Fig. 11 up to the rapidity of
η ¼ 225, the logarithms of the absolute values of the dipole
amplitudes at Nf ¼ 4 still grow linearly with η, display-
ing no sign of oscillation or other nonexponential
behavior. The mathematical reason behind a radical
change in the asymptotic behavior of the amplitudes as
Nf reaches the value of 2Nc ¼ 6 remains unclear. It is
likely that an analytic solution is necessary to offer a clear
explanation of the transition. This is beyond the scope of
this paper.
Now that the large-η asymptotics have been

established for the polarized dipole amplitudes, we are
able to deduce the small-x asymptotics for the gluon
helicity PDF, ΔGðx;Q2Þ, by reading off the parameter
estimates for G2ð0; ηÞ from Table VII. In particular,
we have

FIG. 9. Plots of e−αQηQð0; ηÞ, e−αG2 ηG2ð0; ηÞ and e−αG̃ηG̃ð0; ηÞ versus η at Nf ¼ 6 and Nc ¼ 3. All the graphs are numerically
computed with step size δ ¼ 0.1 and ηmax ¼ 70.

FIG. 10. Plots of ln j Qð0;ηÞ
cosðωQηþφQÞ j, ln j

G2ð0;ηÞ
cosðωG2

ηþφG2
Þ j and ln j G̃ð0;ηÞ

cosðωG̃ηþφG̃Þ j versus η at Nf ¼ 6 and Nc ¼ 3. All the graphs are numerically

computed with step size δ ¼ 0.1 and ηmax ¼ 70.

TABLE VII. Summary of the parameter estimates and uncertainties at the continuum limit (δ → 0 and ηmax → ∞)
for all types of polarized dipole amplitudes along the s10 ¼ 0 line. Here, the number of quark flavors and colors are
taken to be Nf ¼ 6 and Nc ¼ 3, respectively. The computation is performed with the all-one initial condition (26).

Dipole amplitudes Intercept (α) Frequency (ω) Initial phase (φ)

Qð0; ηÞ 2.82� 0.04 0.15074� 0.00008 −0.94� 0.10
G2ð0; ηÞ 2.83� 0.04 0.15041� 0.00008 −0.90� 0.10
G̃ð0; ηÞ 2.82� 0.04 0.14807� 0.00005 0.74� 0.07

TABLE VI. The maximum, MðδÞ, of ηmax computed for each
step size δ in the case where Nf ¼ 6, Nc ¼ 3.

δ 0.0375 0.05 0.0625 0.08 0.1 0.16 0.2 0.25 0.5
MðδÞ 30 40 40 50 70 100 120 150 200
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ΔGðx;Q2ÞjQ2¼Λ2 ∼
�
1

x

�ð2.83�0.04Þ
ffiffiffiffiffiffi
αsNc
2π

p
cos

�
ð0.15041� 0.00008Þ

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln
1

x
− ð0.90� 0.10Þ

�
: ð50Þ

As for the quark helicity PDF, which we have argued in Section III B to have the same small-x asymptotics as the g1
structure function, we repeat the numerical calculation for ΔΣðx;Q2ÞjQ2¼Λ2 at Nf ¼ 6 using the recursive discretized
formula (33) with ΔΣ0 ¼ 0 (see Eq. (32) for the definition of ΔΣj). Here, we begin with step size δ ¼ 0.1 and ηmax ¼ 70.
This results in the quark helicity PDF plotted in Fig. 12, which displays similar oscillations together with the exponential
growth in lnð1=xÞ as we saw previously for the polarized dipole amplitudes as a function of η. We apply the process
described earlier in this section to the quark helicity PDF obtaining

ΔΣðx;Q2ÞjQ2¼Λ2 ∼ g1ðx;Q2ÞjQ2¼Λ2

∼
�
1

x

�ð2.801�0.007Þ
ffiffiffiffiffiffi
αsNc
2π

p
cos

�
ð0.14689� 0.00002Þ

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln
1

x
þ ð2.080� 0.008Þ

�
: ð51Þ

Comparing these parameters to the results in Table V for
δ ¼ 0.1 and ηmax ¼ 70, we see that the intercept and
oscillation frequency for the quark helicity PDF are similar
to those for the polarized fundamental dipole amplitudes,Q
andG2. This allows us to use the continuum-limit estimates
for the intercept and the frequency,

αð6Þh ¼ 2.83

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
; ð52aÞ

ωð6Þ
h ¼ 0.150

ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
; ð52bÞ

respectively, to obtain the small-x asymptotics of the quark
helicity PDF. As for the initial phase, besides the expected
offset by π due to the overall sign flip, which in turn follows
from the leading negative sign in Eq. (30), the initial phase
estimate for the quark helicity PDF is slightly off from
those for both Q and G2. This makes it inaccurate to
directly deduce the initial phase for quark helicity PDF
asymptotics without performing the actual calculation.
However, as discussed in [4], the initial phase has a strong
dependence on the value of x where our small-x evolution

begins to dominate, which makes it less important for
studies of low-x asymptotics.
Another observation we can make using Fig. 12 is that

the oscillation period is large in term of x. Depending on the
initial condition and/or the value of x where the evolution
begins to dominate, one should be able to observe at most
one sign flip in the quark helicity PDF or the g1 structure
function in the kinematics of the future Electron-Ion
Collider (EIC) [19,23,24,26]. In fact, Eq. (50) implies
the same conclusion for the gluon helicity PDF at Nf ¼ 6

as well. With the range of measurements at the EIC, which
will not be lower than x ∼ 10−4 [19,26], we will not be able
to observe a full oscillation period in a foreseeable future.
(And we have not even mentioned the fact that to reach
Nf ¼ 6 in helicity measurements one would need to
perform double spin asymmetry measurements at unprec-
edentedly high values of the photon virtuality Q2.)
Furthermore, as x decreases, single-logarithmic effects start
to significantly mix in, coming both from the helicity
evolution2 and from the unpolarized BK=JIMWLK

FIG. 11. The plots of logarithms of the absolute values of polarized dipole amplitudes Q, G2, and G̃, multiplied by their signs, along
s10 ¼ 0 line, versus the rapidity, η. The amplitudes are computed numerically in the range 0 ≤ η ≤ ηmax ¼ 225 using step size δ ¼ 0.5 at
Nf ¼ 4, Nc ¼ 3.

2See [16] for a partial derivation of the small-x helicity
evolution at singlet-logarithmic order, without the type-2 polar-
ized dipole amplitude.
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evolution. (The situation is further complicated by the
impact of running coupling corrections, which also come in
at the single-logarithmic order.) Saturation corrections are
highly likely to significantly modify all of the small-x
helicity asymptotics we have derived above in the linear-
ized approximation, most likely suppressing the contribu-
tions to the proton spin coming from very low x. The
interplay of all these phenomena needs to be better under-
stood in order to determine if or how the oscillatory pattern
we observed in this section will exhibit itself in actual
experimental measurements at small x.

IV. CROSS-CHECKS

A. Effect of different initial conditions

In this section we consider two different approximations
to the initial conditions discussed in Sec. II B. The first
approximation comes from the Born-level amplitude given
in Eq. (18). With i and j defined in Eq. (22), the Born-level
initial condition for G2, Eq. (18b), discretizes to

Gð0Þ
2;ij ¼ −

α2sCF

2Nc
π

ffiffiffiffiffiffiffiffiffiffi
2π

αsNc

s
iδ: ð53Þ

(For simplicity, we have put the θ-function in Eq. (18b) to
one.) As for the type-1 dipole amplitudes, the initial
condition involves the true infrared cutoff, ΛIR, such that
1=ΛIR must be greater than any transverse separation
encountered in the calculation. This warrants the definition
of smin, such that

smin ¼
ffiffiffiffiffiffiffiffiffiffi
αsNc

2π

r
ln

Λ2

Λ2
IR
: ð54Þ

In term of smin, the infrared cutoff condition, x10 ≪ 1
ΛIR

,
becomes s10 > −smin. Then, the discretized Born-level
initial condition for the type-1 dipole amplitudes is

Qð0Þ
ij ¼ G̃ð0Þ

ij

¼ α2sCF

2Nc
π

ffiffiffiffiffiffiffiffiffiffi
2π

αsNc

s
δ
h
CFðjþ iminÞ − 2 min fj − i; jg

i
;

ð55Þ

where we defined imin such that smin ¼ iminδ.
The other constant (or the “all-one”) approximation to

the initial conditions is

Qð0Þ
ij ¼ G̃ð0Þ

ij ¼ Gð0Þ
2;ij ¼ 1: ð56Þ

Relying on the results from the previous section that the
dipole amplitudes grow exponentially in magnitude with η,
one would expect that the difference between the dipole
amplitudes sourced by this initial condition and by its
Born-level counterpart, which grows at most linearly
with η, should be negligible, reduced perhaps to the overall
normalization factor at large η. This was shown to be the
case at large Nc in [1,7,8].
However, at large Nc & Nf, it was argued in [4] for the

previous version of our small-x helicity evolution, which
did not include the type-2 dipole amplitude, that different
initial conditions can lead to a significant difference in
detailed behavior of the solution.3 It is worth noting that [4]
compared the initial condition in Eq. (56) against the Born-
level initial condition with Λ still taken to be an IR cutoff.
In this section we show that the difference is unlikely to

persist for the revised helicity evolution [1] once we select
the initial conditions that correctly treat Λ as a scale
corresponding to the target’s transverse size and use a
different scale for the infrared cutoff. Specifically, we show
numerically that the initial condition given by Eq. (56) and
that given by Eqs. (53) and (55) only result in small
differences in the parameters of the asymptotic solutions
(27) and (39). Furthermore, the shapes of the amplitudes
are qualitatively the same.
The correct treatment of Λ in the Born-level initial

condition is of physical importance. When the target size,
1=Λ, also acts as an infrared cutoff for the projectile
dipole’s size, x10, the target-projectile symmetry of the
(linear) evolution is explicitly broken. The target-projectile
symmetry is the symmetry under the transformation
x10 ↔

1
Λ while keeping the center-of-mass energy squared

s fixed. Ultimately, if the asymptotic solutions had no
significant dependence on the choices of initial conditions,
as long as the latter respect the target-projectile symmetry
and do not grow faster than a polynomial of η and s10, the

FIG. 12. The plot of sgn½ΔΣðx;Q2Þ� ln jΔΣðx;Q2Þj, numeri-
cally computed at Q2 ¼ Λ2 using Eq. (33), as a function of
Bjorken x. In the calculation, we used the step size of δ ¼ 0.1 and
maximum rapidity of ηmax ¼ 70. Other constants are set such that
Nc ¼ 3, Nf ¼ 6 and αs ¼ 0.35.

3In [4], the solution also takes the similar form of an
exponential in η multiplied by a sinusoidal function of η. There,
different initial conditions result in the same intercept and
oscillation frequency, but they lead to different initial phases
for the oscillation.
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conclusion of the target-projectile symmetry of our helicity
evolution would generalize to the exact initial condition
derived from the experimental results at moderate x.
Consequently, the asymptotic results from our numerical
calculation obtained with the simpler initial condition (56)
could be applied in the small-x region for rigorous large-
Nc & Nf phenomenological studies.
Another consequence of the fact that initial conditions

negligibly affect the solution is that they can be linearly
combined without any significant change to the results. A
useful consequence of this is our freedom in choosing the
fixed value of smin from Eq. (54), as any change in smin has
the same result as adding a multiple of initial condition,

Qð0Þ
ij ¼ G̃ð0Þ

ij ¼ 1 and Gð0Þ
2;ij ¼ 0; ð57Þ

which respects the target-projectile symmetry, to the Born-
level initial condition from Eqs. (53) and (55).
To compare the two choices of initial conditions, we

perform the numerical computation as described in Sec. II
at Nf ¼ 4, 6 and Nc ¼ 3, using the step size δ ¼ 0.1 and
maximum rapidity ηmax ¼ 50. First we employ the initial
condition (56). The method is the same as the one described
in Sec. III, resulting in the parameter estimates given in
Table VIII for Nf ¼ 4 and Table IX for Nf ¼ 6.
For the second part, we repeat the calculation with the

same numbers of flavors, step size (δ ¼ 0.1) and maximum
rapidity (ηmax ¼ 50). However, this time, we employ the
Born-level initial conditions given in Eqs. (53) and (55),
with smin ¼ 50. Recall from above that the arbitrary
choice of smin merely amounts to adding multiples of
initial condition (57) to the Born-level initial condition.

Performing the parameter estimation process described in
Sec. II, we obtain the results shown in Table X for Nf ¼ 4

and Table XI for Nf ¼ 6.
For Nf ¼ 4, we compare Table VIII to Table X. The

resulting intercepts for all amplitudes are the same up to
their uncertainties, implying no significant difference in
parameter estimates regardless of the choice of initial
conditions. This numerically justifies our choice of using
the all-one initial condition (56), which we decided to use
for simplicity in Sec. II, instead of the Born-level approxi-
mation given in Eqs. (53) and (55).
As for Nf ¼ 6, comparing Table IX to Table XI,

we see that the frequencies and the phases differ from
their respective counterparts by greater amounts than
the associated uncertainties. However, once we compare
the differences to the continuum-limit uncertainties,
c.f. Table VII, the discrepancies become insignificant for
the initial phase. As for the frequency, there is still a
statistically significant but very small difference.
Finally, we show in Figs. 13 (for Nf ¼ 4) and 14 (for

Nf ¼ 6) the plots of the logarithms of the absolute values
of the dipole amplitudes along the s10 ¼ 0 line. In each
plot, corresponding to the specified polarized dipole
amplitude, the blue dots are made of the values at discrete
steps computed using the all-one initial condition (56),
while the orange dots resulted from the Born-level initial
conditions (53) and (55). All six plots show minimal
differences in the values of the dipole amplitudes at
Nf ¼ 4 and Nf ¼ 6. The only significant difference visible
from the plots is on the initial phases of the oscillation at
Nf ¼ 6 in Fig. 14, which also seem to be minor themselves.

TABLE VIII. Summary of the parameter estimates and un-
certainties for all types of polarized dipole amplitudes along the
s10 ¼ 0 line. Here, the number of quark flavors and colors are
taken to be Nf ¼ 4 and Nc ¼ 3, respectively. The computation is
performed with step size δ ¼ 0.1, maximum rapidity ηmax ¼ 50,
and the all-one initial condition (56).

Dipole amplitudes Intercept (α)

Qð0; ηÞ 3.28966� 0.00008
G2ð0; ηÞ 3.28963� 0.00008
G̃ð0; ηÞ 3.28975� 0.00008

TABLE IX. Summary of the parameter estimates and uncertainties for all types of polarized dipole amplitudes
along the s10 ¼ 0 line. Here, the number of quark flavors and colors are taken to be Nf ¼ 6 and Nc ¼ 3,
respectively. The computation is performed with the step size δ ¼ 0.1, maximum rapidity ηmax ¼ 50, and the all-one
initial condition (56).

Dipole amplitudes Intercept (α) Frequency (ω) Initial phase (φ)

Qð0; ηÞ 2.79� 0.01 0.146549� 0.000004 −0.947� 0.007
G2ð0; ηÞ 2.79� 0.01 0.146604� 0.000004 −0.978� 0.007
G̃ð0; ηÞ 2.80� 0.01 0.145510� 0.000004 0.783� 0.007

TABLE X. Summary of the parameter estimates and uncer-
tainties for all types of polarized dipole amplitudes along the
s10 ¼ 0 line. Here, the number of quark flavors and colors are
taken to be Nf ¼ 4 and Nc ¼ 3, respectively. The computation is
performed with the step size δ ¼ 0.1, maximum rapidity
ηmax ¼ 50, and the Born-level initial condition from Eqs. (53)
and (55).

Dipole amplitudes Intercept (α)

Qð0; ηÞ 3.28968� 0.00008
G2ð0; ηÞ 3.28958� 0.00008
G̃ð0; ηÞ 3.28984� 0.00007
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Most importantly, all qualitative features in the amplitudes
are the same regardless of the choices of initial conditions.
From this observation, we conclude that the all-one initial
condition (26) is a viable simplification for all the compu-
tation in the large-Nc & Nf limit aimed at determining the
small-x asymptotics, assuming any possible error caused by
the choice of initial condition to be negligible.4

B. Target-projectile symmetry

In this section, we examine the target-projectile sym-
metry, which we briefly discussed in Sec. IVA, in the
context of the Born-level initial condition. Target–
projectile symmetry is indeed only possible if one treats
the target and projectile on equal footing. Perhaps the
cleanest process is to consider the double-spin asymmetry
in the scattering of two transversely polarized virtual
photons, γ� þ γ�, each of which splits into a qq̄ dipole: the
dipoles then interact with each other in a polarization-
dependent way. In [1] it was shown that a single virtual
photon generates a dipole which interacts with the
polarized target via the Qþ 2G2 linear combination of
the dipole amplitudes. This combination gives the g1
structure function, which in turn relates to the cross
section of the helicity-dependent DIS process. Since
our goal here is to verify the target-projectile symmetry
of our helicity evolution (13), we will not consider the full
γ� þ γ� scattering with the corresponding Born-level
initial conditions, and will instead employ our evolution
with the all-one initial conditions (56), concentrating
on studying the properties of the Qþ 2G2 linear combi-
nation of dipole amplitudes under the target-projectile
interchange.
Under the exchange between target and projectile, we

switch x10 ↔ 1
Λ, while keeping the center-of-mass energy

squared, s, fixed. In terms of η and s10, c.f. Eq. (20), this
corresponds to the transformation

Qðs10; ηÞ → Q0ðs10; ηÞ≡Qð−s10; η − s10Þ;
G2ðs10; ηÞ → G0

2ðs10; ηÞ≡G2ð−s10; η − s10Þ: ð58Þ

Thus, to check for target-projectile symmetry in the
asymptotic solution, we need to check whether
Qþ 2G2 ¼ Q0 þ 2G0

2.
We start with the qualitative check through plots. First,

notice that the dipole amplitudes and their primed counter-
parts are trivially equal along the s10 ¼ 0 line, since s10 ¼ 0
implies that x10 ¼ 1=Λ. As a result, we need to examine the
amplitudes at s10 ≠ 0 in order to check for the target-
projectile symmetry. In particular, we plot the logarithms
of the absolute values of the dipole amplitudes along the
s10 ¼ 10 line. For the Nf ≤ 5 case, we consider Nf ¼ 4,
which is qualitatively the same as the cases where Nf ¼ 2,
3 or 5. The results are plotted in Fig. 15, where the blue dots
describe the original amplitudes, while the orange dots
describe the primed amplitudes with the target and the
projectile interchanged.
In Fig. 15, we see that the curves are mostly parallel,

implying that intercepts appear unchanged under the target-
projectile exchange. However, the lines seem to shift
slightly downward after the exchange, implying that
Qþ2G2

Q0þ2G0
2

approaches 1 for sufficiently large η, roughly for

η≳ 20. Hence, from the plot, the linear combination of
primed and unprimed amplitudes seem to have the same
leading asymptotic behavior.
To make the comparison more quantitative, we employ

the same method as in Sec. III B to estimate the intercept at
large η along the s10 ¼ 10 line. Repeating the process for
the values of the step size δ and maximum rapidity ηmax
listed in Table II, we obtain the intercepts for each
amplitude and each Nf in the continuum limit (δ → 0

and ηmax → ∞) listed in Table XII. Similar to Sec. III B,
the quadratic model fits the best with the intercept results.
In Table XII the uncertainty accounts for the residue from
the quadratic model. It is slightly higher than its counter-
part in Sec. III B because we have fewer data points at
s10 ¼ 10 than at s10 ¼ 0, as our helicity evolution only
takes place at η ≥ s10. For each Nf, we see from Table XII
that the intercepts for the primed and unprimed ampli-
tudes are the same within the uncertainty. This implies
that Qþ 2G2 respects the target-projectile symmetry in
their large-η asymptotics for the Nf ≤ 5 cases where there
is no oscillation.
Now, we move on to consider the case whereNf ¼ 6, for

which the plot for ln jQð10; ηÞ þ 2G2ð10; ηÞj and its primed

TABLE XI. Summary of the parameter estimates and uncertainties for all types of polarized dipole amplitudes
along the s10 ¼ 0 line. Here, the number of quark flavors and colors are taken to be Nf ¼ 6 and Nc ¼ 3,
respectively. The computation is performed with the step size δ ¼ 0.1, maximum rapidity, ηmax ¼ 50, and the Born-
level initial condition from Eqs. (53) and (55).

Dipole amplitudes Intercept (α) Frequency (ω) Initial phase (φ)

Qð0; ηÞ 2.79� 0.01 0.146895� 0.000004 −1.003� 0.007
G2ð0; ηÞ 2.79� 0.01 0.146841� 0.000004 −1.014� 0.007
G̃ð0; ηÞ 2.80� 0.01 0.145141� 0.000004 0.753� 0.007

4This simplifying assumption was also employed in [4] where
the large-Nc & Nf equations without the type-2 dipole amplitude
were solved numerically.
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counterparts is shown in Fig. 16. Qualitatively, the only
parameter that may significantly violate target-projectile
symmetry is the initial phase.
To see the potential violation more clearly, we compute

the parameter estimates for the large-η asymptotics of

the amplitudes and their primed counterparts along the
s10 ¼ 10 line. Repeating the computation and the param-
eter evaluation steps outlined in Sec. III C for several values
of step size δ and maximum rapidity ηmax, we deduce the
continuum-limit estimates, δ ¼ 1=ηmax ¼ 0, through the
weighted polynomial regression method described in
Sec. III C. At the end, we obtain the continuum-limit
parameter estimates listed in Table XIII. Surprisingly, the
initial phase discrepancies are within the uncertainties, but
the frequencies do have significant discrepancies. However,
the difference itself is only within 0.15%. Altogether, we
conclude that Qþ 2G2, which is the object that yields the
g1 structure function, respects the target-projectile sym-
metry for any general Nf.

FIG. 13. Plots of ln jQð0; ηÞj, ln jG2ð0; ηÞj and ln jG̃ð0; ηÞj versus η at Nf ¼ 4 and Nc ¼ 3. All the graphs are numerically computed
with step size δ ¼ 0.1 and ηmax ¼ 50. In each plot, the blue dots are computed using the all-one initial condition (26), while the orange
dots are computed using the Born-level initial conditions (53) and (55).

FIG. 14. Plots of ln jQð0; ηÞj, ln jG2ð0; ηÞj and ln jG̃ð0; ηÞj versus η at Nf ¼ 6 and Nc ¼ 3. All the graphs are numerically computed
with step size δ ¼ 0.1 and ηmax ¼ 50. In each plot, the blue dots are computed using the all-one initial condition (26), while the orange
dots are computed using the Born-level initial conditions (53) and (55).

FIG. 15. Plot of ln jQð10; ηÞ þ 2G2ð10; ηÞj (blue) and
ln jQ0ð10; ηÞ þ 2G0

2ð10; ηÞj (orange) versus η at Nf ¼ 4,
Nc ¼ 3, and s10 ¼ 10. Both curves are numerically computed
using the all-one initial condition with step size δ ¼ 0.1 and
ηmax ¼ 70.

TABLE XII. Summary of the estimates and uncertainties of the
intercepts, α, for Qþ 2G2 and Q0 þ 2G0

2 along the s10 ¼ 10 line.
Here, the number of quark colors is taken to be Nc ¼ 3. The
computation is performed with the all-one initial condition (56).

Nf Qð10; ηÞ þ 2G2ð10; ηÞ Q0ð10; ηÞ þ 2G0
2ð10; ηÞ

2 3.52� 0.02 3.52� 0.03
3 3.42� 0.02 3.43� 0.02
4 3.32� 0.01 3.33� 0.01
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V. COMPARISON WITH THE POLARIZED
DGLAP EVOLUTION

Similar to what was done in [1] for the large-Nc version
of our helicity evolution, let us now attempt an iterative
cross-check of the large-Nc & Nf version of helicity
evolution. While it would be better to solve Eq. (13)
analytically (cf. [17] for the large-Nc limit), in absence of

such a solution at present we will solve Eq. (13) iteratively
and compare the results to the finite-order calculations
based on the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) evolution equations [81,82,96].
The polarized DGLAP evolution equation [81,82,96] is

the renormalization group equation for the quark and gluon
helicity PDFs. Physically, each step of the evolution corre-
sponds to an emission of a daughter parton in such a way that
the transverse momenta of the partons are strongly ordered.
As a result, the small-x limit of DGLAP equations should be
contained in the KPS-CTT evolution, particularly in the
terms driven by the type-2 polarized dipole amplitude,
G2ðx210; zsÞ. Hence, it is useful to further cross-check the
large-Nc & Nf KPS-CTTevolution by investigating whether
or not its iteration reproduces the small-x limit of the
polarized DGLAP kernels. There are several caveats in such
a comparison, which we will outline below.
Throughout this section, we re-introduce the role of Λ as

the infrared cutoff for the transverse dipole size in the KPS-
CTT evolution, in order to be in line with how the polarized
DGLAP evolution is set up. Treating Λ as the IR cutoff was
important in the comparison of the iterative solution of the
large-Nc helicity evolution to polarized DGLAP equation
in [1]. This results in the following large-Nc & Nf evolu-
tion equations with the IR cutoff Λ:

Qðx210; zsÞ ¼ Qð0Þðx210; zsÞ þ
αsNc

2π

Z
z

1=sx2
10

dz0

z0

Z
x2
10

1=z0s

dx221
x221

h
2G̃ðx221; z0sÞ þ 2Γ̃ðx210; x221; z0sÞ

þQðx221; z0sÞ − Γ̄ðx210; x221; z0sÞ þ 2Γ2ðx210; x221; z0sÞ þ 2G2ðx221; z0sÞ
i

þ αsNc

4π

Z
z

Λ2=s

dz0

z0

Z
minfx2

10
z=z0;1=Λ2g

1=z0s

dx221
x221

h
Qðx221; z0sÞ þ 2G2ðx221; z0sÞ

i
; ð59aÞ

Γ̄ðx210; x221; z0sÞ ¼ Qð0Þðx210; z0sÞ þ
αsNc

2π

Z
z0

1=sx2
10

dz00

z00

Z
minfx2

10
;x2

21
z0=z00g

1=z00s

dx232
x232

h
2G̃ðx232; z00sÞ

þ 2Γ̃ðx210; x232; z00sÞ þQðx232; z00sÞ − Γ̄ðx210; x232; z00sÞ þ 2Γ2ðx210; x232; z00sÞ þ 2G2ðx232; z00sÞ
i

þ αsNc

4π

Z
z0

Λ2=s

dz00

z00

Z
minfx2

21
z0=z00;1=Λ2g

1=z00s

dx232
x232

h
Qðx232; z00sÞ þ 2G2ðx232; z00sÞ

i
; ð59bÞ

FIG. 16. Plot of ln jQð10; ηÞ þ 2G2ð10; ηÞj (blue) and
ln jQ0ð10;ηÞþ2G0

2ð10;ηÞj (orange) versus η at Nf ¼ 6, Nc ¼ 3

and s10 ¼ 10. Both curves are numerically computed using the
all-one initial condition with step size δ ¼ 0.1 and ηmax ¼ 70.

TABLE XIII. Summary of the parameter estimates and uncertainties at the continuum limit (δ → 0 and ηmax → ∞)
for Qð10; ηÞ þ 2G2ð10; ηÞ and Q0ð10; ηÞ þ 2G0

2ð10; ηÞ along the s10 ¼ 10 line. Here, the number of quark flavors
and colors are taken to be Nf ¼ 6 and Nc ¼ 3, respectively. The computation is performed with the all-one initial
condition (56).

Dipole amplitudes Intercept (α) Frequency (ω) Initial phase (φ)

Qð10; ηÞ þ 2G2ð10; ηÞ 2.81� 0.04 0.16146� 0.00008 −1.62� 0.07
Q0ð10; ηÞ þ 2G0

2ð10; ηÞ 2.82� 0.04 0.16169� 0.00008 −1.55� 0.09
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G̃ðx210; zsÞ ¼ G̃ð0Þðx210; zsÞ þ
αsNc

2π

Z
z

1=sx2
10

dz0

z0

Z
x2
10

1=z0s

dx221
x221

h
3G̃ðx221; z0sÞ þ Γ̃ðx210; x221; z0sÞ

þ 2G2ðx221; z0sÞ þ
�
2 −

Nf

2Nc

�
Γ2ðx210; x221; z0sÞ −

Nf

4Nc
Γ̄ðx210; x221; z0sÞ

i

−
αsNf

8π

Z
z

Λ2=s

dz0

z0

Z
minfx2

10
z=z0;1=Λ2g

maxfx2
10
;1=z0sg

dx221
x221

h
Qðx221; z0sÞ þ 2G2ðx221; z0sÞ

i
; ð59cÞ

Γ̃ðx210; x221; z0sÞ ¼ G̃ð0Þðx210; z0sÞ þ
αsNc

2π

Z
z0

1=sx2
10

dz00

z00

Z
minfx2

10
;x2

21
z0=z00g

1=z00s

dx232
x232

�
3G̃ðx232; z00sÞ

þ Γ̃ðx210; x232; z00sÞ þ 2G2ðx232; z00sÞ þ
�
2 −

Nf

2Nc

�
Γ2ðx210; x232; z00sÞ −

Nf

4Nc
Γ̄ðx210; x232; z00sÞ

�

−
αsNf

8π

Z
z0x2

21
=x2

10

Λ2=s

dz00

z00

Z
minfx2

21
z0=z00;1=Λ2g

maxfx2
10
;1=z00sg

dx232
x232

h
Qðx232; z00sÞ þ 2G2ðx232; z00sÞ

i
; ð59dÞ

G2ðx210; zsÞ ¼ Gð0Þ
2 ðx210; zsÞ þ

αsNc

π

Z
z

Λ2
s

dz0

z0

Z
minf z

z0x
2
10
;1=Λ2g

max ½x2
10
; 1
z0s�

dx221
x221

½G̃ðx221; z0sÞ þ 2G2ðx221; z0sÞ�; ð59eÞ

Γ2ðx210; x221; z0sÞ ¼ Gð0Þ
2 ðx210; z0sÞ þ

αsNc

π

Z
z0
x2
21

x2
10

Λ2
s

dz00

z00

Z
minf z0

z00x
2
21
;1=Λ2g

max ½x2
10
; 1

z00s�

dx232
x232

½G̃ðx232; z00sÞ þ 2G2ðx232; z00sÞ�: ð59fÞ

A. The setup

The polarized DGLAP equation written in the integral form reads

�
ΔΣðx;Q2Þ
ΔGðx;Q2Þ

�
¼
�
ΔΣðx;Λ2Þ
ΔGðx;Λ2Þ

�
þ
Z

Q2

Λ2

dμ2

μ2

Z
1

x

dz
z

� ΔPqqðzÞ ΔPqGðzÞ
ΔPGqðzÞ ΔPGGðzÞ

�� ΔΣðxz ; μ2Þ
ΔGðxz ; μ2Þ

�
; ð60Þ

where the polarized splitting functions, ΔPijðzÞ, depend on the longitudinal momentum fraction z. Generally, the
splitting functions depend on the renormalization scheme. In the MS scheme, their small-x limits at large-Nc & Nf

are [81,82,84,88],

ΔP̃qqðxÞ ¼
�
αs
4π

�
Nc þ

�
αs
4π

�
2 Nc

2
ðNc − 4NfÞln2

1

x
þ
�
αs
4π

�
3N2

c

12
ðNc − 20NfÞln4

1

x
þOðα4sÞ; ð61aÞ

ΔP̃qGðxÞ ¼ −
�
αs
4π

�
2Nf −

�
αs
4π

�
2

5NcNf ln2
1

x
−
�
αs
4π

�
3 NcNf

3
ð17Nc − 3NfÞ ln4

1

x
þOðα4sÞ; ð61bÞ

ΔP̃GqðxÞ ¼
�
αs
4π

�
2Nc þ

�
αs
4π

�
2

5N2
c ln2

1

x
þ
�
αs
4π

�
3 2

3
N2

cð9Nc − NfÞ ln4
1

x
þOðα4sÞ; ð61cÞ

ΔP̃GGðxÞ ¼
�
αs
4π

�
8Nc þ

�
αs
4π

�
2

2Ncð8Nc − NfÞ ln2
1

x
þ
�
αs
4π

�
3N2

c

3
ð56Nc − 11NfÞ ln4

1

x
þOðα4sÞ: ð61dÞ

From now on, we use tildes to denote the polarized splitting functions and the helicity PDFs (ΔΣ̃, ΔG̃) in the MS scheme.
In general, the g1 structure function can be written as a linear combination of the quark and gluon helicity PDFs

convoluted (over x) with the coefficient functions. While both the hPDFs and the coefficient functions are renormalization
scheme-dependent, the g1 structure function is indeed a physical observable and is independent of a scheme. In our small-x
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formalism, defining Δqþf ¼ Δqf þ Δq̄f [15,97] with Δqf
and Δq̄f the quark and antiquark helicity distributions
for each quark flavor f, we can write [1] (also cf. Eqs. (15)
and (16a) above)

g1ðx;Q2Þ ¼ 1

2

X
f

Z2
fΔq

þ
f ðx;Q2Þ; ð62aÞ

ΔΣðx;Q2Þ ¼
X
f

Δqþf ðx;Q2Þ; ð62bÞ

with

Δqþf ðx;Q2Þ ¼ −
Nc

2π3

Z
1

Λ2=s

dz
z

×
Zmin f 1

zQ2;
1

Λ2
g

1
zs

dx210
x210

½Qðx210; zsÞ þ 2G2ðx210; zsÞ�:

ð63Þ
These relations are valid to all orders in αsln2ð1=xÞ
and αs lnð1=xÞ lnðQ2=Λ2Þ. Note the particularly simple
relation (62a) between the g1 structure function and
quark hPDFs. This is similar to the DIS scheme [98], in
which the F2ðx;Q2Þ structure function is also related
to the unpolarized quark PDFs, qþf ¼ qf þ q̄f, to all orders
in αs, via the simple leading-order (LO) relation,
F2ðx;Q2Þ ¼Pf Z

2
fxq

þ
f ðx;Q2Þ. Therefore, our calculation,

preserving the LO relation (62a) to all orders in αs, can be
thought of as being in the “polarized DIS scheme” or “pDIS
scheme.” Below, the helicity PDFs and polarized splitting
functions in our pDIS scheme will be written without the
tilde, in contrast to their counterparts in the MS scheme.
If we choose flavor-independent initial conditions for the

evolution equation (13), we obtain a simple relation
between the g1 structure function and ΔΣ,

g1ðx;Q2Þ ¼ 1

2Nf

�X
f

Z2
f

�
ΔΣðx;Q2Þ: ð64Þ

We conclude that, when comparing to the fixed-order
calculations, our ΔΣ should be compared to the results
for g1 structure function, while taking the proportionality
factor between the two from Eq. (64) into account.
The factorized structure function g1 can be written as the

convolution of the coefficient functions and hPDFs (see the
discussion in [91]). We, therefore, write the quark hPDF in
the pDIS scheme at next-to-leading order (NLO) as

ΔΣðx;Q2Þ ¼ ΔΣ̃ðx;Q2Þ þ
Z

1

x

dz
z

�
ΔcqðzÞΔΣ̃

�
x
z
;Q2

�

þ ΔcGðzÞΔG̃
�
x
z
;Q2

��
; ð65Þ

in terms of the quark and gluon hPDFs ΔΣ̃ and ΔG̃ in the
MS scheme. Here the small-x large-Nc & Nf coefficient
functions are [83]

ΔcqðzÞ¼
αsNc

4π
ln
1

z
þ 5

12

�
αsNc

4π

�
2
�
1−4

Nf

Nc

�
ln3

1

z
þOðα3sÞ;

ð66aÞ

ΔcGðzÞ ¼ −
αsNf

2π
ln
1

z
−
11

2

�
αs
4π

�
2

NcNfln3
1

z
þOðα3sÞ:

ð66bÞ

However, the order-by-order in αs solution of the small-x
helicity evolution equation we are about to perform
should be compared to the unfactorized partonic structure
function ĝ1. That means, instead of Eq. (65) we should
write [83,91]

ΔΣ̂jðx; ϵÞ ¼
X
i¼q;G

½ΔCiðϵÞ ⊗ ZijðϵÞ�ðxÞ ð67Þ

for the quark hPDF sourced by the parton j ¼ q, G. Here

the transition matrix is Zij ¼ 1þ 1
ϵΔP̃

ð1Þ
ij ðzÞ þ � � � with

ΔP̃ð1Þ
ij ðzÞ the order-αs contribution to the splitting functions

from Eq. (61). The dimensional regularization parameter is
ϵ ¼ d − 4with d the number of space-time dimensions. We
defined the ⊗ operation such that

½f ⊗ g�ðx;Q2Þ ¼
Z

1

x

dz
z
½fðzÞ�

�
g

�
x
z

��
; ð68Þ

for any pair of functions f and g.
The coefficient functions now are (see, e.g., [87])

ΔCiðz; ϵÞ ¼ δiqδð1 − zÞ þ
X∞
l¼1

h
ΔcðlÞi ðzÞ þ ϵΔaðlÞi ðzÞ

þ ϵ2ΔbðlÞi ðzÞ þ…
i
; ð69Þ

with the coefficient functions in Eq. (66) given by the
ϵ → 0 limit of Eq. (69),

ΔciðzÞ ¼ δiqδð1 − zÞ þ
X∞
l¼1

ΔcðlÞi ðzÞ: ð70Þ

Here the superscript l denotes the order of αs in each term.

The coefficients ΔaðlÞi ðzÞ andΔbðlÞi ðzÞ contribute at finite
orders in αs. Below we will find it useful that for the ĝ1
structure function and the corresponding quark hPDF
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sourced by a gluon, the finite (in the ϵ → 0 limit) term at the
order-α2s is [83]

ΔΣ̂GðxÞ⊃Δcð2Þg þΔPð1Þ
GG⊗Δað1ÞG þΔPð1Þ

qG⊗Δað1Þq ð71Þ

with [83]

Δað1ÞG ðzÞ ¼ −
αsNf

8π
ln2z; Δað1Þq ¼ αsNc

16π
ln2z ð72Þ

in the z ≪ 1 and the large-Nc & Nf limits.
As discussed earlier, the DGLAP-type parton emission is

driven in the KPS-CTTevolution by the terms involving the
type-2 polarized dipole amplitude. In order to perform the
crosscheck, it is then reasonable to work, for simplicity,
with the initial condition such that only G2ðx210; zsÞ is
nonzero (cf. [1]). In particular, we take

Gð0Þ
2 ¼ αsπ

2

2Nc
and Qð0Þ ¼ G̃ð0Þ ¼ 0 ð73Þ

as the initial condition of our small-x evolution. With the
help of Eq. (16), this translates to the following helicity
PDFs in our pDIS scheme:

ΔGð0Þðx;Q2Þ ¼ 1 and ΔΣð0Þðx;Q2Þ ¼ 0: ð74Þ

Below we will calculate ΔG and ΔΣ order-by-order
in αs, such that

ΔΣðx;Q2Þ ¼ ΔΣð0Þðx;Q2Þ þ ΔΣð1Þðx;Q2Þ
þ ΔΣð2Þðx;Q2Þ þ…; ð75aÞ

ΔGðx;Q2Þ ¼ ΔGð0Þðx;Q2Þ þ ΔGð1Þðx;Q2Þ
þ ΔGð2Þðx;Q2Þ þ…; ð75bÞ

where the index in the superscript corresponds to the power
of αs correction to ΔΣð0Þ and ΔGð0Þ from Eq. (74).

B. Order-αs corrections

Before iterating the small-x evolution, we substitute the
initial condition (73) into Eq. (16a) for the quark helicity
PDF. This gives

ΔΣð1Þðx;Q2Þ ¼ −
αsNf

2π

�
1

2
ln2

1

x
þ ln

1

x
ln
Q2

Λ2

�
; ð76Þ

which is of order-αs. Hence, the result (76) is more properly
associated with the first-order quark helicity PDF. This shift
in the order is consistent with the fact that the operator
definition of ΔΣ already involves one parton loop at small
x [1,3]. Finally, notice that the additional power of αs brings
two additional logarithmic factors, each of which is either

transverse (ln Q2

Λ2) or longitudinal (ln 1
x). This is consistent

with the DLA nature of the small-x helicity evolution.
Now, we are ready to iterate the evolution. First, we

substitute Eq. (73) into the KPS-CTT evolution equa-
tions (59). From Eq. (59e), we obtain the first-order
polarized dipole amplitude,

Gð1Þ
2 ðx210; zsÞ ¼

2αsNc

π
ln ðzsx210Þ ln

�
1

x210Λ2

�
Gð0Þ

2 ; ð77Þ

which, via Eq. (16b), yields the first-order gluon helicity
PDF of

ΔGð1Þðx;Q2Þ ¼ 2αsNc

π
ln
1

x
ln
Q2

Λ2
: ð78Þ

Let us compare the results in Eqs. (76) and (78) to the
predictions of the finite-order DGLAP-based calculations.
First we note that the initial conditions (73) for small-x
evolution in pDIS scheme may not map precisely onto the
initial conditions for the DGLAP evolution (60) in the MS
scheme. We thus write, in full generality,

ΔG̃ðx;Λ2Þ ¼ 1þ
X∞
n¼1

an

�
αsln2

1

x

�
n
; ð79aÞ

ΔΣ̃ðx;Λ2Þ ¼
X∞
n¼1

bn

�
αs ln2

1

x

�
n
; ð79bÞ

with an’s and bn’s some unknown parameters.
Employing Eq. (79) along with Eq. (61) in Eq. (60)

yields the order-αs hPDFs in the MS scheme:

ΔG̃ð1Þðx;Q2Þ ¼ αs

�
a1ln2

1

x
þ 2Nc

π
ln
1

x
ln
Q2

Λ2

�
; ð80aÞ

ΔΣ̃ð1Þðx;Q2Þ ¼ αs

�
b1ln2

1

x
−
Nf

2π
ln
1

x
ln
Q2

Λ2

�
: ð80bÞ

While a direct comparison of Eq. (80) to the hPDFs in
Eqs. (76) and (78) is impossible, since the two sets of
hPDFs are potentially in different schemes, we can employ
Eq. (65), which readily yields

ΔΣð1Þðx;Q2Þ ¼ ΔΣ̃ð1Þðx;Q2Þ

þ
Z

1

x

dz
z
Δcð1ÞG ðzÞΔG̃ð0Þ

�
x
z
;Q2

�
ð81Þ

for b1 ¼ 0. Here Δcð1Þg ðzÞ is the order-αs term in Eq. (66b).
It appears that for the scheme-independent quantity,
ΔΣ ∼ g1, we have an agreement between the two
approaches at this leading nontrivial order in αs. The
agreement requires that b1 ¼ 0.
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We also note that Eq. (77) is in agreement with Eq. (80a) for a1 ¼ 0 in the latter, though at this point we cannot equate the
two gluon distributions.

C. Order-α2
s corrections

Similar to the above, substituting Eq. (73) into Eq. (59a), we obtain

Qð1Þðx210; zsÞ ¼
αsNc

π

�
5

4
ln2ðzsx210Þ þ

1

2
ln
�

1

x210Λ2

�
lnðzsx210Þ

�
Gð0Þ

2 : ð82Þ

Further, substituting Eqs. (77) and (82) into Eq. (16a) yields the second-order quark helicity PDF,

ΔΣð2Þðx;Q2Þ ¼ −
�
αsNc

π

��
αsNf

4π

��
7

24
ln4

1

x
þ 7

6
ln3

1

x
ln
Q2

Λ2
þ 9

8
ln2

1

x
ln2

Q2

Λ2

�
: ð83Þ

Once again, using Eqs. (73) in Eq. (59c) gives us the first-order type-1 adjoint dipole amplitude,

G̃ð1Þ ¼
�
αsNc

2π

�
2 −

Nf

4Nc

�
ln2ðzsx210Þ −

αsNf

4π
lnðzsx210Þ ln

1

x210Λ2

�
Gð0Þ

2 : ð84Þ

We then substitute this result, together with Eq. (77), into Eq. (59e) in order to obtain the order-α2s type-2 dipole amplitude,

Gð2Þ
2 . With the help of Eq. (16b), this result gives us the second-order gluon helicity PDF,

ΔGð2Þðx;Q2Þ ¼
�
αsNc

π

�
2
�
1

3

�
1 −

Nf

8Nc

�
ln3

1

x
ln
Q2

Λ2
þ
�
1 −

Nf

16Nc

�
ln2

1

x
ln2

Q2

Λ2

�
: ð85Þ

Employing the initial conditions (79) with b1 ¼ 0 in Eq. (60) we obtain the following MS hPDFs at the order-α2s :

ΔG̃ð2Þðx;Q2Þ ¼ α2s

�
a2ln4

1

x
þ 2Nc

3π

�
Nc

16π

�
8 −

Nf

Nc

�
þ a1

�
ln3

1

x
ln
Q2

Λ2
þ N2

c

π2

�
1 −

Nf

16Nc

�
ln2

1

x
ln2

Q2

Λ2

	
; ð86aÞ

ΔΣ̃ð2Þðx;Q2Þ ¼ α2s

�
b2ln4

1

x
−
Nf

6π

�
a1 þ

5Nc

8π

�
ln3

1

x
ln
Q2

Λ2
−
9NcNf

32π2
ln2

1

x
ln2

Q2

Λ2

�
: ð86bÞ

The agreement between Eqs. (83) and (86b) is obtained by using Eq. (65) augmented by Eq. (71), which at this order
in αs gives

ΔΣð2Þðx;Q2Þ ¼ ΔΣ̃ð2Þðx;Q2Þ þ
Z

1

x

dz
z

�
Δcð1Þq ðzÞΔΣ̃ð1Þ

�
x
z
;Q2

�
þ Δcð1ÞG ðzÞΔG̃ð1Þ

�
x
z
;Q2

�

þ
h
Δcð2ÞG þ ΔPð1Þ

GG ⊗ Δað1ÞG þ ΔPð1Þ
qG ⊗ Δað1Þq

i
ðzÞΔG̃ð0Þ

�
x
z
;Q2

�	
: ð87Þ

The agreement requires that

a1 ¼ 0; b2 ¼
23

48

NcNf

8π2
: ð88Þ

Further, putting a2 ¼ 0 would make the MS gluon hPDF contribution in Eq. (86a) agree with Eq. (85), though we do not
expect these two hPDFs to be necessarily equal, as they may be in different renormalization schemes.
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D. Order-α3
s corrections

Further iterations of small-x evolution equations Eq. (59), involving the calculation of the first-order neighbor
dipole amplitudes and the second-order ordinary dipole amplitudes of all types lead to the third-order quark and gluon
helicity PDFs,

ΔΣð3Þðx;Q2Þ ¼ −
α3sN2

cNf

16π3

�
1

1440

�
221 − 20

Nf

Nc

�
ln6

1

x
þ 1

240

�
221 − 20

Nf

Nc

�
ln5

1

x
ln
Q2

Λ2

þ 1

96

�
151 − 12

Nf

Nc

�
ln4

1

x
ln2

Q2

Λ2
þ 1

72

�
73 − 4

Nf

Nc

�
ln3

1

x
ln3

Q2

Λ2

�
; ð89aÞ

ΔGð3Þðx;Q2Þ ¼
�
αsNc

π

�
3
�

1

960

�
56 − 13

Nf

Nc

�
ln5

1

x
ln
Q2

Λ2

þ 1

384

�
64 − 15

Nf

Nc

�
ln4

1

x
ln2

Q2

Λ2
þ 1

576

�
128 − 17

Nf

Nc

�
ln3

1

x
ln3

Q2

Λ2

�
: ð89bÞ

Thus, starting with the initial condition (73), we have determined the helicity PDFs at small x up to the third order in αs
through an iterative calculation of the evolution kernel in the KPS-CTT equations.
The corresponding MS hPDFs at the order-α3s are

ΔΣ̃ð3Þðx;Q2Þ ¼ −
αsNf

4π

�
αsNc

2π

�
2
�
1

60

�
17 − 3

Nf

Nc

�
ln
Q2

Λ2
ln5

1

x
þ 1

48

�
39 − 4

Nf

Nc

�
ln2

Q2

Λ2
ln4

1

x

þ 1

72

�
73 − 4

Nf

Nc

�
ln3

Q2

Λ2
ln3

1

x

�
þ α3sb3ln6

1

x
þ α3s
20π

ðNcb2 − 2Nfa2Þ ln
Q2

Λ2
ln5

1

x
; ð90aÞ

ΔG̃ð3Þðx;Q2Þ ¼
�
αsNc

π

�
3
�

1

3840

�
224 − 39

Nf

Nc

�
ln5

1

x
ln
Q2

Λ2
þ 1

384

�
64 − 13

Nf

Nc

�
ln4

1

x
ln2

Q2

Λ2

þ 1

576

�
128 − 17

Nf

Nc

�
ln3

1

x
ln3

Q2

Λ2

�
þ α3sa3ln6

1

x
þ α3sNc

10π
ðb2 þ 4a2Þ ln

Q2

Λ2
ln5

1

x
: ð90bÞ

Concentrating on the cubic and quadratic terms in lnðQ2=Λ2Þ contributing to ΔΣð3Þ, we observe that

ΔΣð3Þ − ΔΣ̃ð3Þ − δcð1Þq ⊗ ΔΣ̃ð2Þ − δcð1ÞG ⊗ ΔGð2Þ

¼ −
αsNf

4π

�
αsNc

2π

�
2
�

1

1440

�
221 − 20

Nf

Nc

�
ln6

1

x
þ 1

60

�
29 −

Nf

Nc

�
ln
Q2

Λ2
ln5

1

x

�
: ð91Þ

The comparison of the linear terms in lnðQ2=Λ2Þ and the
terms independent of Q2 would require knowledge of

Δað2ÞG , Δað2Þq , Δbð1ÞG , and Δbð1Þq , which can be found in
[92]. However, it is clear that any values of those coef-
ficients can be accommodated by an appropriate choice of
b3 and a2. This may lead to disagreement betweenΔGð2Þ þ
ΔGð3Þ and ΔG̃ð2Þ þ ΔG̃ð3Þ, but it is possible that such
disagreement could be ascribed to the scheme dependence
of the gluon hPDF.

E. Exploring the scheme dependence

At this point it appears that there is a difference between
the hPDFs resulting from the iterative solution of our

large-Nc & Nf evolution equation (59) and the MS hPDFs.
Here we explore the possibility that the difference is solely
due to the scheme dependence.
Suppose the hPDFs we obtained using Eq. (59) satisfy

DGLAP evolution equations

∂

∂ lnQ2

�
ΔΣðx;Q2Þ
ΔGðx;Q2Þ

�

¼
Z

1

x

dz
z

� ΔPqqðzÞ ΔPqGðzÞ
ΔPGqðzÞ ΔPGGðzÞ

�� ΔΣðxz ; Q2Þ
ΔGðxz ; Q2Þ

�

≡
�
ΔP ⊗

� ΔΣ
ΔG

��
ðx;Q2Þ ð92Þ
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with some unknown helicity splitting functions ΔPijðzÞ. If
Eq. (92) holds for our hPDFs, then perturbative expansions
of the splitting functions ΔPijðzÞ can be obtained using the
results of the above iterative solution.
Substituting Eqs. (74), (76), (78), (83), (85), and (89)

into Eq. (75), and using it in Eq. (92) order-by-order in αs,
after some algebra we end up with the following splitting
functions (at small x and large Nc & Nf) in the pDIS
scheme:

ΔPqqðzÞ ¼
αsNc

4π
þ 1

8

�
1 − 8

Nf

Nc

��
αsNc

2π

�
2

ln2
1

z
þOðα3sÞ;

ð93aÞ

ΔPqGðzÞ ¼ −
αsNf

2π
−
13

16

α2sNcNf

π2
ln2

1

z
þOðα3sÞ; ð93bÞ

ΔPGqðzÞ ¼
αsNc

2π
þ 1

2

�
αsNc

π

�
2

ln2
1

z
þOðα3sÞ; ð93cÞ

ΔPGGðzÞ ¼ 2
αsNc

π
þ
�
αsNc

π

�
2

ln2
1

z
þOðα3sÞ: ð93dÞ

Note that the coefficients ΔaðlÞi and ΔbðlÞi do not contribute
to the splitting functions (93) at the shown orders in αs:
at the orders αs and α2s these coefficients do not contribute
to Eq. (92), while at the order α3s they only affect the
Q2-independent terms, which contribute to the polarized
splitting functions only at NNLO. Therefore, for the
LOþ NLO splitting functions (93) we can ignore the
difference between the factorized and unfactorized expres-
sions for the g1 structure function and ΔΣ.
If our hPDFs were different from the ones in the MS

scheme only by the scheme dependence, then the two
would be related by (see e.g. [86,88])

�
ΔΣðx;Q2Þ
ΔGðx;Q2Þ

�
¼
�
ΔC ⊗

�
ΔΣ̃
ΔG̃

��
ðx;Q2Þ; ð94Þ

with some unknown matrix of coefficient functions,

ΔCðzÞ ¼
 
zδð1 − zÞ þ αsΔC

ð1Þ
qq ln 1

z þ α2sΔC
ð2Þ
qq ln3 1

z þ… αsΔC
ð1Þ
qG ln 1

z þ α2sΔC
ð2Þ
qGln

3 1
z þ…

αsΔC
ð1Þ
Gq ln

1
z þ α2sΔC

ð2Þ
Gqln

3 1
z þ… zδð1 − zÞ þ αsΔC

ð1Þ
GG ln 1

z þ α2sΔC
ð2Þ
GGln

3 1
z þ…

!
: ð95Þ

Equation (94) implies that

ΔP ¼ ΔC ⊗ ΔP̃ ⊗ ΔC−1; ð96Þ

with P̃ the splitting function matrix in the MS scheme.
Rewriting Eq. (96) as

ΔP ⊗ ΔC ¼ ΔC ⊗ ΔP̃ ð97Þ

allows one to construct the coefficients (95) order-by-order
in αs.
At the order-αs the splitting functions are the same in

pDIS and MS schemes, cf. Eqs. (61) and (61). Hence
Eq. (97) is trivially satisfied at this order.
At the order-α2s , Eq. (97) gives the following conditions,

NfΔC
ð1Þ
Gq þ NcΔC

ð1Þ
qG ¼ −

NcNf

2π
; ð98aÞ

Nf

2
ΔCð1Þ

qq −
7

4
NcΔC

ð1Þ
qG −

Nf

2
ΔCð1Þ

GG ¼ NcNf

π
; ð98bÞ

ΔCð1Þ
qq þ 7

2
ΔCð1Þ

Gq − ΔCð1Þ
GG ¼ −

3Nc

4π
: ð98cÞ

Equation (98) do not have a solution for Nf ≠ 0. Therefore,
the difference between our hPDFs and the ones in the MS

scheme cannot be entirely attributed to the scheme depend-
ence, putting our interpretation of the earlier cross-checks
in question.

F. Further discussion

The origin of the discrepancies found above is not clear
to us at the moment. Indeed, since all the discrepancies
come with a factor of Nf, one may suspect that some quark
contributions are missing in the evolution of [1]. A possible
missing piece could be due to the terms where an s-channel
quark becomes a gluon (and vice versa) after interacting
with the shock wave. Such contributions were considered
in [2], see Sec. IV there, where they were argued not to
contribute to the flavor-singlet helicity evolution at DLA.
These contributions appear to contribute to the flavor
nonsinglet helicity evolution, as was argued in [3], but
at the subleading-Nc order. The contribution of quark-to-
gluon and gluon-to-quark transition terms has been studied
in detail in [14]. If such terms do contribute to the flavor-
singlet helicity evolution, perhaps due to some loophole in
the arguments of [2,3], it appears difficult to include them
into any closed-form evolution equations at large-Nc & Nf.
However, let us explore another possibility here, by

considering the exact solution of small-x helicity evolution
equations in the large-Nc case from [17]. For our initial
condition (73), we substitute Eqs. (63) from [17] into
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Eq. (58) in the same reference, multiply the result by αsπ
2=ð2NcÞ, obtaining

ΔΣðx;Q2Þ ¼ −
Nf

4Nc

Z
dω
2πi

eω ln1x

�
1

ω − ΔγGGðωÞ
eΔγGGðωÞ lnð

Q2

Λ2
Þ −

1

ω

�
: ð99Þ

Similarly, Eq. (64) in [17], multiplied by αsπ
2=ð2NcÞ, gives

ΔGðx;Q2Þ ¼
Z

dω
2πi

eω ln1xþΔγGGðωÞ lnðQ
2

Λ2
Þ 1
ω
: ð100Þ

The anomalous dimension ΔγGGðωÞ is given in Eq. (65) of the same reference,

ΔγGGðωÞ ¼
ω

2

2
641 −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

16ᾱs
ω2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

4ᾱs
ω2

rs 3
75 ð101Þ

with

ᾱs ≡ αsNc

2π
: ð102Þ

Next, let us compare this to the solution of DGLAP equations in the same approximation. At fixed coupling (as is the case
in DLA), the solution of DGLAP equation (92) is

�
ΔΣðx;Q2Þ
ΔGðx;Q2Þ

�
¼
Z

dω
2πi

eω ln1x

�
ΔΣωðQ2Þ
ΔGωðQ2Þ

�
¼
Z

dω
2πi

eω ln1x exp

�� ΔγqqðωÞ ΔγqGðωÞ
ΔγGqðωÞ ΔγGGðωÞ

�
ln
Q2

Λ2

	�
ΔΣωðΛ2Þ
ΔGωðΛ2Þ

�
: ð103Þ

Defining the eigenvalues

λ1 ¼
1

2

h
Δγqq þ ΔγGG þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔγqq − ΔγGGÞ2 þ 4ΔγqGΔγGq

q i
ln
Q2

Λ2
; ð104aÞ

λ2 ¼
1

2

h
Δγqq þ ΔγGG −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðΔγqq − ΔγGGÞ2 þ 4ΔγqGΔγGq

q i
ln
Q2

Λ2
; ð104bÞ

we rewrite Eq. (103) as

 
ΔΣðx;Q2Þ
ΔGðx;Q2Þ

!
¼
Z

dω
2πi

eω ln1x

0
B@eλ1þeλ2

2
þðΔγqq−ΔγGGÞ eλ1−eλ2

2ðλ1−λ2Þ ln
Q2

Λ2 ΔγqG eλ1−eλ2
λ1−λ2

lnQ2

Λ2

ΔγGq e
λ1−eλ2
λ1−λ2

lnQ2

Λ2
eλ1þeλ2

2
−ðΔγqq−ΔγGGÞ eλ1−eλ2

2ðλ1−λ2Þ ln
Q2

Λ2

1
CA
 
ΔΣωðΛ2Þ
ΔGωðΛ2Þ

!
:

ð105Þ

If we take ΔΣðx;Λ2Þ ¼ 0, ΔGðx;Λ2Þ ¼ 1 initial conditions, as we did above, then ΔΣωðΛ2Þ ¼ 0 and ΔGωðΛ2Þ ¼ 1=ω.
Further, we remove all quarks except for the “last one” giving ΔΣ, that is put Δγqq ¼ ΔγGq ¼ 0 everywhere and ΔγqG ¼ 0

everywhere except for the explicit factor of ΔγqG in the upper right corner of the matrix in Eq. (105). This leads to

λ1 ¼ ΔγGG ln Q2

Λ2 and λ2 ¼ 0. Using all this in Eq. (105) yields

�
ΔΣðx;Q2Þ
ΔGðx;Q2Þ

�
¼
Z

dω
2πi

eω ln1x

0
B@ 1 ΔγqG e

ΔγGG lnQ
2

Λ2−1
ΔγGG

0 eΔγGG lnQ
2

Λ2

1
CA� 0

1
ω

�
: ð106Þ
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Specifically, for ΔΣ we get

ΔΣðx;Q2Þ ¼
Z

dω
2πi

ΔγqGðωÞ
ΔγGGðωÞ

eω ln1x

�
eΔγGGðωÞ ln

Q2

Λ2 − 1

�
1

ω
;

ð107Þ

while for ΔG we get exactly Eq. (100).
Equation (107) is not the same as Eq. (99). The

anomalous dimensions in the exponents are the same,
ΔγGGðωÞ and 0. However, the prefactors of the exponents
are different. If we expand the prefactors in Eqs. (99) and
(107) to the lowest order in αs we would get

ΔΣðx;Q2Þ ≈ −
Nf

αs2π
2

Z
dω
2πi

eω ln1x

�
eγ

−
ω lnðQ2

Λ2
Þ − 1

�
1

ω
ð108Þ

from both of them, since

Δγð1ÞqGðωÞ
Δγð1ÞGGðωÞ

¼ −
Nf

4Nc
: ð109Þ

However, the agreement between Eqs. (99) and (107)
ends beyond this leading order in αs in the prefactor.
Moreover, no scheme dependence, that is, no choice of
ΔγqG and ΔγGG beyond LO would make Eqs. (99)
and (107) agree. Therefore, already at large Nc we cannot
attribute the difference between our result and that of
DGLAPþ coefficient functions calculation to a different
scheme.
If we modify the initial conditions for DGLAP evolution

to be (note the nontrivial quark hPDF)

�
ΔΣωðΛ2Þ
ΔGωðΛ2Þ

�
¼
 
− Nf

4Nc

1
ω

ΔγGGðωÞ
ω−ΔγGGðωÞ
1
ω

!
ð110Þ

and rewrite Eq. (106) as

�
ΔΣðx;Q2Þ
ΔGðx;Q2Þ

�
¼
Z

dω
2πi

eω ln1x

0
B@ 1 ΔγqG e

ΔγGG lnQ
2

Λ2−1
ΔγGG

0 eΔγGG lnQ
2

Λ2

1
CA

×

 
− Nf

4Nc

1
ω

ΔγGGðωÞ
ω−ΔγGGðωÞ
1
ω

!
; ð111Þ

then ΔG would remain the same, while ΔΣ would agree
with Eq. (99) if the following relation holds for the large-Nc
small-x anomalous dimensions:

ΔγqGðωÞ ¼ −
Nf

4Nc

ωΔγGGðωÞ
ω − ΔγGGðωÞ

: ð112Þ

However, this relation appears to be unlikely to hold to all
orders in αs: it already breaks down beyond the leading
order in αs in the MS scheme.
Let us finally add that the gluon hPDF in Eq. (100),

satisfying large-Nc small-x DGLAP evolution, is obtained
in the exact solution from [17] only for a very specific
initial conditions, corresponding to ΔGð0Þðx;Q2Þ ¼ const
and ΔΣð0Þðx;Q2Þ ¼ 0. Other initial conditions for the
small-x large-Nc helicity evolution result in expressions
for ΔGðx;Q2Þ which, while still containing the anomalous
dimension (101), do not look quite as simple as Eq. (100).
Therefore, our efforts to compare iterative solution of
Eq. (59) also appear to be strongly dependent on the
choice of the initial conditions, making the choice in
Eq. (73) just one option, which does not necessarily make
the resulting hPDFs agree with the DGLAP-based
approaches. This conclusion is further corroborated by
the fact that modifying the initial conditions (73) to

Gð0Þ
2 ¼ αsπ

2

2Nc
δðzsx210 − 1Þ; Qð0Þ ¼ G̃ð0Þ ¼ 0; ð113Þ

results in disagreement between the polarized DGLAP and
the iterative solution of Eq. (59) at lower orders in αs than
what we observed above.

VI. CONCLUSIONS

To conclude, let us reiterate our main results. We have
numerically solved the revised version of the large-Nc & Nf

helicity evolution equations at small-x [1], given above
in Eq. (13). The solution exhibited qualitatively different
behavior depending on whether Nf < 2Nc or Nf ¼ 2Nc.
For Nf < 2Nc all the polarized dipole amplitudes grow
exponentially in rapidity (or, equivalently, with the logarithm
of energy). The corresponding intercepts are summarized in
Table III. Comparing these intercepts with the earlier work
by BER [34] in Table IV, we observe the discrepancy at the
2%–3% level, larger than our numerical precision but small
enough not to be important for phenomenological applica-
tions. Similar, albeit smaller (< 0.1%) discrepancy with
BER has recently been observed in the analytic solution of
the revised large-Nc helicity evolution equations from [1]
constructed in [17], where the origin of the discrepancy was
traced down to the difference in the resummed polarizedGG
anomalous dimensions.
For Nf ¼ 2Nc our numerical solution of Eq. (13)

oscillates in lnð1=xÞ with the exponentially growing
amplitude. This behavior of the solution for the revised
evolution equations at Nf ¼ 2Nc is reminiscent of the
solution for the earlier version of the large-Nc & Nf

helicity evolution equations constructed in [4]. The relevant
parameters are summarized in the Table VII above. We
noted that the oscillation period may be too high for the
experimental detection of these oscillations.
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In addition, we have studied the dependence of the
small-x asymptotics on the initial conditions for the
evolution. We found that the intercepts and the oscillation
frequency (the latter for Nf ¼ 2Nc) are rather insensitive to
the initial conditions (see Tables VIII–XI). The initial phase
of the oscillations (also for Nf ¼ 2Nc) appears to depend
rather strongly on the initial conditions (cf. [4]). We have
also verified the target–projectile symmetry of the revised
equations solution: this symmetry appeared to be missing
in the earlier helicity evolution equations [2,3,6].
Finally, we have performed some limited cross-checks

of the iterative solution of the revised large-Nc & Nf

helicity evolution equations against the known finite-
order calculations in the collinear factorization framework
[81–92]. The results were inconclusive: despite observing
a good degree of agreement between the two approaches,
we found some discrepancies as well, potentially related
to our choice of the initial conditions for the helicity
evolution. The investigation into the origin of these
discrepancies is left for future work, which may involve
an exact analytic solution of Eq. (59) using the technique
of [17]. Using our disagreement with BER at large-Nc &

Nf as an estimate of the potential error in our approach,
and given the smallness of this disagreement, we are
optimistic that our difference with polarized DGLAP
evolution must also be comparably small. This would
imply that our evolution should be sufficiently accurate to

be used in further developing phenomenological predic-
tions for the EIC along the lines of [15].
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