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Mass spectra and Mott transitions of pions ðπ0; π�Þ at finite temperature and magnetic field are
investigated in a two-flavor Nambu–Jona-Lasinio model, and we focus on the inverse magnetic catalysis
(IMC) effect and current quark mass (CQM) effect. Due to the dimension reduction of the constituent
quarks, the pion masses jump at their Mott transitions, which is independent of the IMC effect and CQM
effect. We consider the IMC effect by using a magnetic-field-dependent coupling constant, which is a
monotonic decreasing function of magnetic field. With the IMC effect, the Mott transition temperature of
π0 mesons, T0

m, is a monotonic decreasing function of magnetic field. For charged pions, π�, the Mott
transition temperature Tþ

m increases quickly in the weak magnetic field region and then decreases with
increasing magnetic field, which is accompanied with some oscillations. Comparing with the case without
IMC, T0

m and Tþ
m are lower when including the IMC effect. The CQM effect is considered by varying

parameter m0 in the nonchiral limit. For π0 mesons, T0
m is not a monotonic function of magnetic field with

low m0, but it is a monotonic decreasing function with larger m0. In the weak magnetic field region, T0
m is

higher for largerm0, but in the strong magnetic field region, it is lower for largerm0. For πþ mesons, Tþ
m is

only quantitatively modified by the current quark mass effect, and it becomes higher with larger m0.

DOI: 10.1103/PhysRevD.108.054001

I. INTRODUCTION

The study of hadron properties in a QCD medium is
important for our understanding of strong interaction
matter, due to its close relation to QCD phase structure
and relativistic heavy ion collision. For instance, the chiral
symmetry breaking leads to the rich meson spectra, and the
mass shift of hadrons will enhance or reduce their thermal
production in relativistic heavy ion collisions [1–3].
It is widely believed that the strongest magnetic field in

nature may be generated in the initial stage of relativistic
heavy ion collisions. The initial magnitude of the field can
reach eB ∼ ð1–100Þm2

π in collisions at the Relativistic
Heavy Ion Collider and the Large Hadron Collider [4–8],
where e is the electron charge and mπ the pion mass in
vacuum. In recent years, the study of magnetic field effects
on the hadrons has attracted much attention. As the
Goldstone bosons of the chiral (isospin) symmetry

breaking, the properties of neutral (charged) pions at finite
magnetic field, temperature, and density are widely inves-
tigated [9–59].
The LQCD simulations performed with physical pion

mass observe the inverse magnetic catalysis (IMC) phe-
nomenon [60–67]. Namely, the pseudocritical temperature
Tpc of chiral symmetry restoration and the quark mass near
Tpc drop down with increasing magnetic field. On the
analytical side, many scenarios are proposed to understand
this IMC phenomenon, but the physical mechanism is not
clear [12,53,68–96]. Besides this, how does the IMC effect
influence the pion properties under an external magnetic
field? Previous studies focus on the case with vanishing
temperature and density, and report that the IMC effect
leads to a lower mass for pions under an external magnetic
field [36,54,55].
The current quark mass determines the explicit breaking

of chiral symmetry. In LQCD simulations, it is considered
through different pion masses [24,65,66]. At vanishing
temperature and finite magnetic field, the normalized neutral
pion massmπ0ðeBÞ=mπ0ðeB ¼ 0Þ increases with the current
quark mass, but the normalized charged pion mass
mπ�ðeBÞ=mπ�ðeB ¼ 0Þ decreases with the current quark
mass [24]. In effective models, the current quark mass
(CQM) effect on pion properties has not yet been studied.
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In this paper, we will investigate the IMC effect and the
CQM effect on mass spectra and the Mott transition of
pions at finite temperature and magnetic field. Here, we
make use of a Pauli-Villars regularized Nambu–Jona-
Lasinio (NJL) model, which describes remarkably well
the static properties of light mesons [27,97–101]. In our
calculations, the IMC effect is introduced by a magnetic-
field-dependent coupling, and the CQM effect is consid-
ered by tuning the quark mass parameter.
The rest of paper is organized as follows: Sec. II

introduces our theoretical framework for meson spectra
and the Mott transition in a Pauli-Villars regularized NJL
model. The numerical results and discussions are presented
in Sec. III, which focuses on the inverse magnetic catalysis
effect in Sec. III A and the current quark mass effect in
Sec. III B. Finally, we give the summary in Sec. IV.

II. FRAMEWORK

The two-flavor NJL model is defined through the
Lagrangian density in terms of quark fields ψ [27,97–101]:

L ¼ ψ̄ðiγνDν −m0Þψ þ G½ðψ̄ψÞ2 þ ðψ̄iγ5τ⃗ψÞ2�: ð1Þ

Here, the covariant derivative Dν ¼ ∂ν þ iQAν couples
quarks with electric charge Q ¼ diagðQu;QdÞ ¼ diag
ð2e=3;−e=3Þ to the external magnetic field B ¼ ð0; 0; BÞ
in the z direction through the potential Aν ¼ ð0; 0; Bx1; 0Þ.
m0 is the current quark mass, which determines the explicit
breaking of chiral symmetry. G is the coupling constant
in scalar and pseudoscalar channels, which determines
the spontaneous breaking of chiral symmetry and isospin
symmetry.
In the NJL model, mesons are constructed through quark

bubble summations in the frame of random phase approxi-
mation [27,98–101]:

DMðx;zÞ¼ 2Gδðx− zÞþ
Z

d4y2GΠMðx;yÞDMðy;zÞ; ð2Þ

where DMðx; yÞ represents the meson propagator from x to
y in coordinate space, and the corresponding meson
polarization function is the quark bubble,

ΠMðx; yÞ ¼ iTr½Γ�
MSðx; yÞΓMSðy; xÞ�; ð3Þ

with the meson vertex

ΓM ¼

8>>>><
>>>>:

1 M ¼ σ

iτþγ5 M ¼ πþ
iτ−γ5 M ¼ π−

iτ3γ5 M ¼ π0;

Γ�
M ¼

8>>>><
>>>>:

1 M ¼ σ

iτ−γ5 M ¼ πþ
iτþγ5 M ¼ π−

iτ3γ5 M ¼ π0;

ð4Þ

the quark propagator matrix in flavor space S ¼
diagðSu; SdÞ, and the trace in spin, color, and flavor spaces.
According to the Goldstone’s theorem, the pseudo-

Goldstone mode of chiral (isospin) symmetry breaking
under an external magnetic field is the neutral pion π0

(charged pions π�) [102,103]. The charged pions are no
longer the pseudo-Goldstone modes because of their direct
interaction with the magnetic field.

A. Neutral pion π0

The neutral pion π0 is affected by the external magnetic
field only through the pair of charged constituent quarks,
and its propagator in momentum space can be derived as

Dπ0ðkÞ ¼
2G

1 − 2GΠπ0ðkÞ
; ð5Þ

with the polarization function Ππ0ðkÞ and conserved
momentum k ¼ ðk0;kÞ of the π0 meson under the external
magnetic field.
The meson pole mass mπ0 is defined as the pole of the

propagator at zero momentum, k ¼ 0:

1 − 2GΠπ0ðω2 ¼ m2
π0
;k2 ¼ 0Þ ¼ 0: ð6Þ

At nonzero magnetic field, the three-dimensional quark
momentum integration in the polarization function Ππ0

becomes a one-dimensional momentum integration and a
summation over the discrete Landau levels. The polariza-
tion function can be simplified as

Ππ0ðω2; 0Þ ¼ J1ðmqÞ þ ω2J2ðω2Þ; ð7Þ

and

J1ðmqÞ ¼ 3
X
f;n

αn
jQfBj
2π

Z
dp3

2π

1 − 2FðEfÞ
Ef

;

J2ðω2Þ ¼ 3
X
f;n

αn
jQfBj
2π

Z
dp3

2π

1 − 2FðEfÞ
Efð4E2

f − w2Þ ;

with the summation over all flavors and Landau energy
levels, spin factor αn ¼ 2 − δn0, quark energy Ef ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þ 2njQfBj þm2

q

q
, and Fermi-Dirac distribution func-

tion FðxÞ ¼ ðex=T þ 1Þ−1.
The (dynamical) quark massmq is determined by the gap

equation,

1 − 2GJ1ðmqÞ ¼
m0

mq
: ð8Þ

During the chiral symmetry restoration, the quark mass
decreases, and the π0 mass increases, as guaranteed by the
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Goldstone’s theorem [102,103]. When the π0 mass is
beyond the threshold

mπ0 ¼ 2mq; ð9Þ

the decay channel π0 → qq̄ opens, which defines the π0

Mott transition [101,104–106].
From the explicit expression of Ππ0 in Eq. (7), the factor

1=ð4E2
f − ω2Þ in the integrated function of J2ðω2Þ becomes

ð1=4Þ=ðp2
3 þ 2njQfBjÞ at ω ¼ 2mq. When we perform the

integration over p3, the p2
3 in the denominator leads to the

infrared divergence at the lowest Landau level n ¼ 0.
Therefore, mπ0 ¼ 2mq is not a solution of the pole
equation, and there must be a mass jump for the π0 meson
at the Mott transition. This mass jump is a direct result of
the quark dimension reduction [37,44,45,48,51], and it is
independent of the parameters and regularization schemes
of the NJL model. When the magnetic field disappears,
there is no more quark dimension reduction, the integrationR
d3p=ð4E2

f − ω2Þ ∼ R
dp becomes finite at ω ¼ 2mq, and

there is no longer such a mass jump. It should be mentioned
that in the chiral limit, no such mass jump happens for the
π0 meson even under an external magnetic field, which has
been analytically proved in our previous work [52].

B. Charged pions π�

When constructing charged mesons through quark bub-
ble summations, we should take into account the interaction
between charged mesons and magnetic fields. The charged
pions π� with zero spin are Hermite-conjugated to each
other; they have the same mass at finite temperature and
magnetic field.
The πþ meson propagatorDπþ can be expressed in terms

of the polarization function Ππþ [48,55,56],

Dπþðk̄Þ ¼
2G

1 − 2GΠπþðk̄Þ
; ð10Þ

where k̄ ¼ ðk0; 0;−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2lþ 1ÞeBp

; k3Þ is the conserved
Ritus momentum of the πþ meson under magnetic fields.
The meson pole mass mπþ is defined through the pole of

the propagator at zero momentum ðl ¼ 0; k3 ¼ 0Þ,

1 − 2GΠπþðk0 ¼ mπþÞ ¼ 0; ð11Þ

and

Ππþðk0Þ ¼ J1ðmqÞ þ J3ðk0Þ; ð12Þ

J3ðk0Þ ¼
X
n;n0

Z
dp3

2π

jn;n0 ðk0Þ
4EnEn0

×

�
Fð−En0 Þ−FðEnÞ
k0þEn0 þEn

þFðEn0 Þ−Fð−EnÞ
k0−En0 −En

�
; ð13Þ

jn;n0 ðk0Þ ¼ ½ðk0Þ2=2 − n0jQuBj − njQdBj�jþn;n0
− 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
n0jQuBjnjQdBj

p
j−n;n0 ; ð14Þ

with u-quark energy En0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þ 2n0jQuBj þm2

q

q
,

d-quark energy En ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þ 2njQdBj þm2

q

q
, and summa-

tions over Landau levels of u and d quarks in J3ðk0Þ.
The quark dimension reduction also leads to infrared

(p3 → 0) singularity of the quark bubble Ππþðk0Þ at some
Landau level and some temperature [37,52], and thus there
is no solution of the corresponding pole equation for
the πþ meson mass mπþ in this case. Because the spins
of u and d̄ quarks at the lowest Landau level are always
aligned parallel to the external magnetic field, and the πþ
meson has spin zero, the two constituents at the lowest
Landau level (n ¼ n0 ¼ 0) do not satisfy the pole equa-
tion (11). Namely, they cannot form a charged πþ meson.
Considering jQdj < jQuj, the threshold for the singularity
of Ππþ is located at Landau levels n0 ¼ 0 and n ¼ 1:

mπþ ¼ mq þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2jQdBj þm2

q

q
: ð15Þ

This defines the Mott transition of the πþ meson, and a
mass jump will happen. There exist other mass jumps
located at n0 ≥ 1; n ≥ 0; see examples in Figs. 6 and 12.
All these mass jumps are caused by the quark dimension
reduction under the external magnetic field, and they do
not depend on the parameters and regularization schemes
of the NJL model.

III. RESULTS AND DISCUSSIONS

Because of the four-fermion interaction, the NJL model
is not a renormalizable theory and needs regularization. In
this work, we make use of the gauge-invariant Pauli-Villars
regularization scheme [27,37,48,93,97–100], where the
quark momentum runs formally from zero to infinity.
The three parameters in the Pauli-Villars regularized NJL
model—namely, the current quark mass m0 ¼ 5 MeV, the
coupling constant G ¼ 3.44 GeV−2, and the Pauli-Villars
mass parameter Λ ¼ 1127 MeV—are fixed by fitting the
chiral condensate hψ̄ψi ¼ −ð250 MeVÞ3, pion mass
mπ ¼ 134 MeV, and pion decay constant fπ ¼ 93 MeV
in vacuum with T ¼ μ ¼ 0 and eB ¼ 0. In our current
calculations, we consider the situation with finite temper-
ature and magnetic field and vanishing quark chemical
potential μ ¼ 0.

A. Inverse magnetic catalysis effect

From LQCD simulations, the inverse magnetic catalysis
phenomenon can be characterized either by the chiral
condensates or by the pseudocritical temperature of chiral
symmetry restoration [60–67]. Therefore, to include the
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inverse magnetic catalysis effect in the NJL model, one
approach is to fit the LQCD results of chiral condensates
[36,107–109], and another approach is to fit the LQCD
result of pseudocritical temperature [54,55,83,84,107].
In our calculations, following Refs. [54,55,83,84,107],

we use a two-flavor NJL model with a magnetic-field-
dependent coupling GðeBÞ, which is determined by fitting
the LQCD-reported decreasing pseudocritical temperature
of chiral symmetry restoration TpcðeBÞ=TpcðeB ¼ 0Þ [60].
As plotted in Fig. 1, the magnetic-field-dependent coupling
GðeBÞ=GðeB ¼ 0Þ is a monotonic decreasing function of
magnetic field, and it reduces 16% at eB=m2

π ¼ 30. In this
paper, we fix mπ ¼ 134 MeV as the scale of the magnetic
field. As we have checked, with our fitted coupling
constant GðeBÞ, the magnetic catalysis phenomena of
chiral condensates at low temperature and the inverse
magnetic catalysis phenomena at high temperature can
be reproduced.

1. Neutral pion π0

With our fitted GðeBÞ in Fig. 1, we solve the gap
equation (8) and pole equation (6) to obtain the π0 meson
mass at finite temperature and the magnetic field with the
IMC effect. The results with and without the IMC effect are
plotted in red and blue, respectively.
Figure 2 depicts the π0 meson mass mπ0 as a function of

magnetic field at vanishing temperature with (red solid line)
and without (blue dashed line) the inverse magnetic
catalysis effect, because in both cases the magnetic field
enhances the breaking of chiral symmetry in vacuum. As
the pseudo-Goldstone boson, the π0 meson masses are
decreasing functions of the magnetic field with and without
the IMC effect. We observe a lower value for mπ0 when
including the IMC effect. A similar conclusion is obtained
in Refs. [36,54], where the inverse magnetic catalysis effect
is introduced into the two-flavor and three-flavor NJL
models.
In Fig. 3, we plot the π0 meson mass mπ0 at finite

temperature and fixed magnetic field eB ¼ 20m2
π . With

(red lines) and without (blue lines) the inverse magnetic
catalysis effect, the π0 mass spectra have similar structure.
mπ0 increases in the low-temperature region and jumps at
the Mott transition T ¼ T0

m. After that, it first decreases
and then increases with temperature. The inverse magnetic
catalysis effect leads to some quantitative modifications.
For instance, the Mott transition temperature T0

m is shifted
to a lower value, and mπ0 becomes lower (higher) at
T < T0

m (T > T0
m).

Figure 4 shows the Mott transition temperature of the π0

meson T0
m as a function of magnetic field, with (red solid

line) and without (blue dashed line) the inverse magnetic
catalysis effect. Without the IMC effect, the T0

m decreases
with the magnetic field in the weak magnetic field region
ðeB ≤ 5m2

πÞ, becomes flat in the medium magnetic field
region ð5m2

π ≤ eB ≤ 16m2
πÞ, and decreases in the strong

magnetic field region ðeB ≥ 16m2
πÞ. With the IMC effect,

the flat structure of the Mott transition temperature dis-
appears, and T0

m monotonically decreases with magnetic
field. Furthermore, at fixed magnetic field, T0

m has a lower
value when including the IMC effect.

FIG. 1. Magnetic-field-dependent coupling GðeBÞ fitted from
LQCD-reported decreasing pseudocritical temperature of chiral
symmetry restoration TpcðeBÞ=TpcðeB ¼ 0Þ.

FIG. 2. π0 meson mass mπ0 as a function of magnetic field at
vanishing temperature, with (red solid line) and without (blue
dashed line) the inverse magnetic catalysis effect.

FIG. 3. π0 meson mass mπ0 as a function of temperature under
fixed magnetic field eB ¼ 20m2

π , with (red lines) and without
(blue lines) the inverse magnetic catalysis effect.
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2. Charged pion π +

With our fitted GðeBÞ in Fig. 1, we solve the gap
equation (8) and pole equation (11) to obtain the πþ meson
mass at finite temperature and magnetic field with the IMC
effect. The results with and without the IMC effect are
plotted in red and blue, respectively.
As shown in Fig. 5, with and without the IMC effect,

mπþ are increasing functions of magnetic field, and no
decreasing behavior is observed at vanishing temperature.
With the IMC effect, mπþ has a lower value than without
the IMC effect, and the deviation becomes larger at stronger
magnetic field. Similar results are obtained in a three-flavor
NJL model including the IMC effect [54].
In Fig. 6, we make a comparison of mπþ as a function of

temperature at fixed magnetic field eB ¼ 20m2
π with (red

lines) and without (blue lines) the inverse magnetic catalysis
effect. They show similar structure. mπþ decreases in the
low-temperature region. At the Mott transition Tþ

m, mπþ

shows the first jump, and two other mass jumps happen at
Tþ
1 and Tþ

2 . With Tþ
m < T < Tþ

1 , mπþ first decreases and
then increases with temperature. With Tþ

1 < T < Tþ
2 and

T > Tþ
2 , mπþ decreases with temperature. At high enough

temperature, mπþ becomes independent of temperature and

the IMC effect. In the low- and high-temperature regions,
mπþ with the IMC effect is smaller than without the IMC
effect. The values of Tþ

m ¼ 124, 160 MeV, Tþ
1 ¼ 136,

172 MeV, and Tþ
2 ¼ 157, 187 MeV are different for the

cases with and without the IMC effect, which indicates that
the IMC effect lowers the temperatures of πþ meson
mass jumps.
Figure 7 is the Mott transition temperature Tþ

m of the πþ
meson as a function of magnetic field, with (red solid line)
and without (blue dashed line) the inverse magnetic
catalysis effect. A fast increase of Tþ

m occurs when turning
on the external magnetic field, where a peak structure
around eB ≃ 1m2

π shows up. Without the IMC effect, the
Tþ
m decreases with magnetic field and then increases, which

is associated with some oscillations. With the IMC effect,
the Tþ

m decreases as the magnetic field goes up, which is
also accompanied with some oscillations. At fixed mag-
netic field, Tþ

m has a lower value when including the IMC
effect.

B. Current quark mass effect

In this part, we consider the effect of the current quark
massm0 on the mass spectra and Mott transition of charged
pions. The results are plotted with black, blue, red, cyan,

FIG. 4. Mott transition temperature of π0 meson T0
m as a

function of magnetic field, with (red solid line) and without
(blue dashed line) the inverse magnetic catalysis effect.

FIG. 5. πþ meson mass mπþ as a function of magnetic field at
vanishing temperature, with (red solid line) and without (blue
dashed line) the inverse magnetic catalysis effect.

FIG. 6. πþ meson mass mπþ as a function of temperature at
fixed magnetic field eB ¼ 20m2

π , with (red lines) and without
(blue lines) the inverse magnetic catalysis effect.

FIG. 7. Mott transition temperature of πþ meson Tþ
m as a

function of magnetic field, with (red solid line) and without (blue
dashed line) the inverse magnetic catalysis effect.
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and magenta lines, corresponding to m0 ¼ 2, 5, 10, 20,
50 MeV, respectively. In numerical calculations, we only
change the parameter m0 and keep other parameters intact
in our NJL model.

1. Neutral pion π0

Figure 8 plots the π0 meson mass mπ0 and normalized π0

meson mass mπ0ðeBÞ=mπ0ðeB ¼ 0Þ as a function of mag-
netic field at vanishing temperature with different current
quark mass values m0 ¼ 2, 5, 10, 20, 50 MeV, because the
current quark mass determines the explicit breaking of
chiral symmetry. As the pseudo-Goldstone boson, the mass
of the π0 meson will increase with the current quark mass
when fixing the magnetic field and vanishing temperature.
On the other side, the magnetic field plays the role of
catalysis for spontaneous breaking of chiral symmetry
when fixing the current quark mass and vanishing temper-
ature, and this will lead to a decreasing mπ0 . As shown in
Fig. 8, with fixed magnetic field, mπ0 becomes larger with
larger m0. Moreover, the deviation between mπ0 with
different m0 values looks independent of the magnetic
field. With fixed current quark mass, mπ0 is a decreasing
function of magnetic field. Similarly tomπ0 , the normalized
π0 meson mass mπ0ðeBÞ=mπ0ðeB ¼ 0Þ increases with the
current quark mass when fixing the magnetic field, and it

decreases with the magnetic field when fixing m0, which is
consistent with LQCD results [24].
In Fig. 9, we depict the π0 meson mass mπ0 and

normalized π0 meson mass mπ0ðTÞ=mπ0ðT ¼ 0Þ as a
function of temperature with fixed magnetic field eB ¼
20m2

π and different current quark mass m0 ¼ 2, 5, 10, 20,
50 MeV. They show similar structure. mπ0 slightly
increases with temperature, and a mass jump happens at
the Mott transition T ¼ T0

m. After Mott transition, mπ0 first
decreases and then increases with temperature. However,
there exists some quantitative difference. With a larger
current quark mass, the mπ0 is larger in the whole temper-
ature region, and the Mott transition temperature is lower.
At high enough temperature, mπ0 will become degenerate
due to the strong thermal motion of constituent quarks.
Differently from the meson mass mπ0 , the normalized π0

meson mass mπ0ðTÞ=mπ0ðT ¼ 0Þ is larger with smaller
current quark mass, and the deviation between different m0

values is larger with higher temperature.
The Mott transition temperature of the π0 meson, T0

m, is
plotted as a function of magnetic field in Fig. 10 with
different current quark massm0 ¼ 2, 5, 10, 20, 50 MeV. For
a lower value of current quark mass m0 ¼ 2 MeV, the Mott
transition temperature decreases with a weak magnetic field
ðeB ≤ 2m2

πÞ, slightly increases in the medium magnetic
field region ð2m2

π ≤ eB ≤ 15m2
πÞ, and decreases again in

FIG. 8. π0 meson mass mπ0 (upper panel) and normalized π0

meson massmπ0ðeBÞ=mπ0ðeB ¼ 0Þ (lower panel) as a function of
magnetic field at vanishing temperature with different current
quark massm0. The results are plotted with black, blue, red, cyan,
and magenta lines, corresponding to m0 ¼ 2, 5, 10, 20, 50 MeV,
respectively.

FIG. 9. π0 meson mass mπ0 (upper panel) and normalized π0

meson mass mπ0ðTÞ=mπ0ðT ¼ 0Þ (lower panel) as a function of
temperature with fixed magnetic field eB ¼ 20m2

π and different
current quark mass m0. The results are plotted with black, blue,
red, cyan, and magenta lines, corresponding tom0 ¼ 2, 5, 10, 20,
50 MeV, respectively.
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the strong magnetic field region ðeB ≥ 15m2
πÞ. For

m0 ¼ 5 MeV, we obtain a flat curve for the Mott transition
temperature in the medium magnetic field region ð5m2

π ≤
eB ≤ 16m2

πÞ, and in the weak and strong magnetic field
regions, the Mott transition temperature decreases. With a
larger value of current quark mass m0 ¼ 10, 20, 50 MeV,
the Mott transition temperatures are monotonic decreasing
functions of magnetic field. In the weak magnetic field
region, T0

m is higher for largerm0, but in the strong magnetic
field region, T0

m is lower for larger m0.
In the end of this section, we make some comments on

the chiral limit with m0 ¼ 0. As discussed in our previous
paper [52], in the chiral limit, the Goldstone boson π0 is
massless in the chiral breaking phase, and its mass
continuously increases with temperature in the chiral
restored phase. The Mott transition temperature is the
same as the critical temperature of chiral restoration phase
transition, and it increases with magnetic field. Moreover,
no mass jump occurs for a π0 meson at the Mott transition,
with or without an external magnetic field.

2. Charged pion π +

Figure 11 shows the πþ meson massmπþ and normalized
mass mπþðeBÞ=mπþðeB ¼ 0Þ as a function of magnetic
field with vanishing temperature and different current quark
mass m0 ¼ 2, 5, 10, 20, 50 MeV. mπþ is an increasing
function of magnetic field when fixing m0. With a fixed
magnetic field, larger values ofm0 lead to largermπþ. In the
weak magnetic field region, the m0 effect is more obvious
than in the strong magnetic field region, which is indicated
by the larger difference of mπþ between different m0 cases.
However, with a fixed magnetic field, the normalized πþ
meson mass mπþðeBÞ=mπþðeB ¼ 0Þ decreases as m0 goes
up, which is consistent with LQCD results [24].
The πþ meson mass mπþ is plotted as a function of

temperature with a fixed magnetic field eB ¼ 20m2
π and

different current quark mass m0 ¼ 2, 5, 10, 20, 50 MeV in
Fig. 12. mπþ has several mass jumps for all considered

current quark mass values m0, which happen at temper-
atures Tþ

m, T
þ
1 , T

þ
2 , T

þ
3 successively. With low temperature

T < Tþ
m, mπþ becomes larger with larger m0. With Tþ

m <
T < Tþ

1 and Tþ
1 < T < Tþ

2 ,mπþ values are also larger with
larger m0, but the value of mπþ is very close for different
m0. With T > Tþ

2 , mπþ changes nonmonotonically with
m0. It is clearly shown that the temperatures with mass
jump depend on current quark mass. Within the considered

FIG. 10. Mott transition temperature of π0 meson T0
m as a

function of magnetic field with different current quark mass m0.
The results are plotted with black, blue, red, cyan, and magenta
lines, corresponding to m0 ¼ 2, 5, 10, 20, 50 MeV, respectively.

FIG. 11. πþ meson mass mπþ (upper panel) and normalized πþ
meson mass mπþðeBÞ=mπþðeB ¼ 0Þ (lower panel) as a function
of magnetic field with vanishing temperature and different current
quark massm0. The results are plotted with black, blue, red, cyan,
and magenta lines, corresponding to m0 ¼ 2, 5, 10, 20, 50 MeV,
respectively.

FIG. 12. πþ meson mass mπþ as a function of temperature with
fixed magnetic field eB ¼ 20m2

π and different current quark mass
m0. The results are plotted with black, blue, red, cyan, and
magenta lines, corresponding to m0 ¼ 2, 5, 10, 20, 50 MeV,
respectively.
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temperature region 0 < T < 0.25 GeV, we observe three
jumps in the cases of current quark mass m0 ¼ 2, 5,
20 MeV, and four jumps in the case of m0 ¼ 10 MeV.
For m0 ¼ 50 MeV, the first mass jump occurs at
T ¼ 0.262 GeV, which is beyond the scope of Fig. 12.
Figure 13 plots the Mott transition temperature of the πþ

meson Tþ
m as a function of magnetic field with different

current quark mass m0 ¼ 2, 5, 10, 20, 50 MeV. Tþ
m shows

similar behavior when varying current quark mass.
Accompanied with some oscillations, Tþ

m increases quickly
in the weak magnetic field region, decreases in the medium
magnetic field region, and slightly increases in the strong
magnetic field region. With larger current quark mass, the
Mott transition temperature Tþ

m becomes higher. Note that
in the case ofm0 ¼ 50 MeV, the increasing behavior of Tþ

m
appears in a very strong magnetic field, which is beyond the
scope of Fig. 13.

IV. SUMMARY

The mass spectra and Mott transition of pions ðπ0; π�Þ at
finite temperature and magnetic field are investigated in a
two-flavor NJL model, and we focus on the inverse
magnetic catalysis effect and current quark mass effect.
We consider the inverse magnetic catalysis effect by

introducing a magnetic-field-dependent coupling constant
into the NJL model, which is a monotonic decreasing
function of magnetic field. The mass spectra of pions
ðπ0; π�Þ at finite temperature and/or magnetic field are not
changed qualitatively by the IMC effect. At the Mott
transition, the mass jumps of pions happen. Without the
IMC effect, the Mott transition temperature of π0 mesons,
T0
m, decreases with magnetic field, but it shows a flat

structure in the medium magnetic field region. With the
IMC effect, the flat structure of T0

m disappears, and T0
m is a

monotonic decreasing function of magnetic field. For
charged pions π�, the Mott transition temperature Tþ

m is
not a monotonic function of magnetic field. Without the
IMC effect, it increases quickly in the weak magnetic field

region, decreases in the medium magnetic field region,
and slightly increases in the strong magnetic field region,
which is accompanied with some oscillations. When
including the IMC effect, the increasing behavior of Tþ

m
in a strong magnetic field is changed into a decreasing
behavior.
The current quark mass effect is studied in the nonchiral

limit. The masses of pions ðπ0; π�Þ at vanishing temperature
increase as the current quark massm0 goes up. However, the
normalized masses mπðeBÞ=mπðeB ¼ 0Þ change differ-
ently. For π0 mesons,mπ0ðeBÞ=mπ0ðeB ¼ 0Þ increases with
m0. For πþ mesons,mπþðeBÞ=mπþðeB ¼ 0Þ decreases with
m0. These properties are consistent with LQCD simulations.
At the Mott transition, the mass jumps of pions happen. The
Mott transition temperature of π0 meson T0

m is qualitatively
modified by the current quark mass effect. With a low value
of current quark mass m0 ¼ 2 MeV, T0

m decreases with
weak magnetic field, slightly increases in the medium
magnetic field region, and decreases again in the strong
magnetic field region. With m0 ¼ 5 MeV, we obtain a flat
curve for T0

m in the mediummagnetic field region, and in the
weak and strong magnetic field regions, T0

m decreases. With
a larger value of current quark mass, such as m0 ¼ 10, 20,
50MeV, T0

m is a monotonic decreasing function of magnetic
field. In the weak magnetic field region, the Mott transition
temperature is higher for larger m0, but in the strong
magnetic field region, the Mott transition temperature is
lower for larger m0. For πþ mesons, the Mott transition
temperature Tþ

m is only quantitatively modified by the
current quark mass effect. Associated with some oscilla-
tions, Tþ

m increases quickly in the weak magnetic field
region, decreases in the medium magnetic field region, and
slightly increases in the strong magnetic field region. With
larger m0, Tþ

m becomes higher.
Due to interaction with the magnetic field, the charged

pions π� show different behavior from the neutral pion π0.
One common character of pions ðπ0; π�Þ is the mass jump
at their Mott transitions, which is induced by the dimension
reduction of the constituent quarks and is independent of
the IMC effect and CQM effect. As a consequence of such
jumps, there may result some interesting phenomena in
relativistic heavy ion collisions where a strong magnetic
field can be created. For instance, when the formed fireball
cools down, there might be sudden enhancement/suppres-
sion of pions.
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FIG. 13. Mott transition temperature of the πþ meson Tþ
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