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Constraints on Regge behavior from IR physics
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We consider positivity constraints applicable to the effective field theory (EFT) of gravity in arbitrary
dimensions. By considering scattering of indefinite initial and final states, we highlight the existence of a
gravitational scattering amplitude for which full crossing symmetry is manifest and utilize the recently
developed crossing symmetric dispersion relations to derive compact nonlinear bounds. We show that the
null constraints built into these dispersion relations lead to a finite energy sum rule for gravity which may
be extended to a one-parameter family of continuous moment sum rules. These sum rules enforce a UV-IR
relation which imposes constraints on both the Regge trajectory and residue. We also highlight a situation
where the Regge trajectory is uniquely determined in terms of the sub-Regge scale amplitude. Generically
the Regge behavior may be split into an IR sensitive part calculable within a given EFT, which mainly
depends on the lightest fields in nature, and an IR independent part, which is subject to universal positivity

constraints following from unitarity and analyticity.
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I. INTRODUCTION

The physics of low-energy degrees of freedom of a
system of fields may be described via an effective field
theory (EFT) built out of (in general) all operators
that respect the symmetries of the system, along with
their coupling constants. The Standard Model and the
Lagrangian formulation of general relativity are under-
stood best as effective field theories, with a cutoff scale
beyond which new degrees of freedom are needed to
extend their applicability to higher energies [1-5]. It is now
well understood that for the UV completion to satisty the
familiar properties of causality, unitarity, locality,1 and
Lorentz invariance there must be nontrivial constraints on
its low-energy description [7]. In our analysis these
constraints take the form of the well-established positivity
bounds that restrict the values of the low-energy effective
action coupling constants by way of inequalities [8—10].
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true [6], and this will be sufficient to justify the positivity bounds.
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The most familiar positivity bounds are applied to the
amplitude in the forward limit + — 0 where the optical
theorem (unitarity) immediately grants positivity to the
imaginary part (or rather the absorptive part in the general
spin case) of the amplitude. However, it has long been
understood that these positivity properties may be extended
to the finite fixed 7> 0 amplitude within a region of
analyticity in the complex z-plane [11-14], and this plays
an important role in more recent developments [15-24]. The
application of these methods to gravitational effective
theories is, however, problematic due to a number of issues
related to the divergences at ¢ = 0 that prevent a direct
continuation of the usual dispersion relation from the
physical region ¢t <0 to ¢ > 0. One straightforward way
to deal with this is to focus on weakly coupled theories for
which graviton loops (and hence the problematic t =0
branch points) are absent. Familiar positivity bounds may
then be applied to scattering amplitudes with one more
subtraction than usual for which the 7-channel pole drops
out. This is the approach taken for example in [25,26], and
we shall follow a similar procedure here for some of the
bounds, while folding-in information about the UV to
connect with double subtracted ones. A second approach
is the smeared amplitude method of [27] which constructs
positive quantities out of integrals over t < 0. More recently
this has been applied successfully in four dimensions [28]
and higher-dimensional gravitational EFTs [29].

Causality constraints on higher curvature operators in an
EFT of gravity have been considered in the past. There is
long-standing theoretical evidence to suggest constraints on
the two quartic curvature couplings, (R,,,,R*?)* and
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(RPe,,,,R" 45/2)?. In [30] it is shown that positive signs
for both quartic curvature corrections ensures subluminal
group velocity of UV perturbations. Positivity of the quartic
coefficients has been shown via analyticity and unitarity
arguments in [25,26] where in the latter, a tighter bound is
derived involving the size of the cubic curvature coupling.
Recently further considerations of “infrared causality”” have
been shown to corroborate these previous bounds while also
producing a lower bound on the cutoff of the gravitational
EFT [31]. The quartic curvature terms are of particular
interest as they are known to arise in the low-energy action
of compactified string theories [32], and potential implica-
tions for gravitational wave observations were considered
in [33-35]. Cubic curvature couplings are also known to
arise from nonsupersymmetric string UV completions [36],
with effects on observables considered in [37-40]. Recently
approaches [28,29] have sharpened the constraints on
some of the operators, in particular make use of the null
constraints considered for scalar theories in [22,23] to
strengthen the power of the positivity bounds.

In the present work, we consider the positivity bounds
that apply to effective field theories of gravity in any
dimension, including four. For simplicity we shall focus
on the case of EFTs where the only light state is the
graviton, although additional massless or light degrees of
freedom such as the photon or dilaton may easily be
incorporated. Our central object then is the appropriately
scaled Mp; — oo limit of the graviton four-point scattering
amplitude, to which graviton loops explicitly decouple
[41]. The high-energy limit of this amplitude is then
considered after appropriate decoupling of graviton loops,
implying s << M3, — co. In this limit, the Regge behavior
at high energy can be seen to be a direct consequence of
the existence of a gravitational exchange pole. This
behavior differs from the Regge resummation that occurs
in the limit s — oo, keeping Mp, fixed in full quantum
gravity, where graviton loops are then essential to see the
softening of the amplitude at high energy [6]. We
explicitly compute the scattering amplitude up to and
including dimension-12 EFT operators [(VR)*]. We show
that in any dimension, there is a judicious choice of
indefinite incoming polarization states for which we can
construct a one parameter family of manifestly crossing
symmetric amplitudes with the same analytic structure
of a scalar theory (4.5). It is straightforward to obtain
positivity bounds for gravitational theories in any dimen-
sion both from semianalytic arguments and numerical
optimization procedures leading rapidly to results com-
parable with previous approaches [26,28,29]. In particular,
we make use of the elegant crossing symmetric dispersion
relations utilized in [42-45].

One of the virtues of the crossing symmetric approach is
that it allows a trivial derivation of the null constraints and
sum rules which follow from them. In particular, it is
straightforward to see that in the scattering amplitude for

gravitons2 the leading s> (or its triple crossing symmetric
version, x = st + tu + us) always identically vanishes in
any consistent gravitational amplitude (be it following
from string theory or from a local and covariant EFT). It is
of course precisely the presence of this coefficient and
its positivity which is crucial in the arguments of [8,10],
and its absence for example for Galileon theories is what
rules them out from having such a conventional comple-
tion [22]. In gravitational EFTs, it is the presence of the
t-channel graviton pole which also scales as s> which
prevents us making any analog conclusion directly. We
show that the vanishing of this coefficient imposes a sum
rule’ which for a specific choice of indefinite polarizations
contains no contribution from any low energy coefficient
other than the Planck mass. This sum rule is closely
analogous to the superconvergence relations which were
influential in the development of Dolen-Horn-Schmid
duality [46] which was the motivation for the Veneziano
amplitude. In particular, following a similar argument
to [46], considered more recently in [41,47], we show
that in a gravitational effective theory in any dimension,
there is a finite energy sum rule which can be used to relate
the Regge behavior of the would-be UV completion to the
IR expansion coefficients. Remarkably this sum rule
allows one to infer how IR physics contributes to the
Regge behavior through a particular combination of the
Regge trajectory and residue, without relying on ad hoc
resummations of perturbative diagrams. We further extend
this to a one-parameter family of “‘continuous moment sum
rules” which can in principle be used to give separate
information on the Regge trajectory and residue.

The rest of this work is organized as follows: We start
with providing a one-parameter family of manifestly triple
crossing symmetric gravitational amplitudes in Sec. II. With
this formalism at hand, we can then derive null constraints
for gravity and infer a set of analytic bounds on the
coefficients of the gravitational amplitude in Sec. III. We
then apply these constraints to the EFT of gravity in Sec. IV,
involving up to dimension-12 operators providing con-
straints in agreement with previously found analytic and
numerical ones as well as new higher order constraints.
Section V focused on improved versions of the finite energy
sum rule and on the implications for the trajectory and
residue of the Regge behavior, emphasizing how IR physics
is inbuilt in that behavior. We provide various outlooks in
Sec. VL. In order to gain a better insight of the crossing
symmetric dispersion relations used in this work, we
compare them with the Mandelstam double spectral repre-
sentation in Appendix A for a manifestly crossing

This result also holds in higher than four dimensions, at the
very least when focusing on the scattering of the four-dimensional
subset of polarizations.

*Related sum rules are obtained by slightly different means
in [28,29].
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symmetric amplitude. We also provide explicit examples
from (partial) UV completions or string theory in
Appendix B, while details on how to use the Hilbert series
to infer the number of independent dimension-12 operators
are summarized in Appendix C.

II. KINEMATICS, CROSSING, AND POSITIVITY

A. Factorizable polarization

If we consider the scattering of gravitons with helicity 4,
we can denote the scattering amplitude for the process with
the in-state of helicity |h;, h,) and the out-state of helicity
| = hs,—hy) as

Apinysmiy—ny (8.t 1) = Ay o, (5.t u). (2.1)
The form Ay j,p, (5.2, u) describes all helicities as

ingoing. As the external states are massless and bosonic,
s-u crossing symmetry is simple and is encoded in

Apansiy (851, 1) = Ap punon, (4, 1,5). (2.2)
Similarly s-7 crossing is encoded in the statement

Anhgnyhy (851, 1) = Ap i, (1,5, 1), (2.3)
and u-t crossing in

Apahshy (858, 1) = Ap oy (5,1, 1). (2.4)

For the elastic scattering of an indefinite helicity state
lin) = >, 4, @nny|H1, ho), the corresponding  u-channel
amplitude defined via s-u crossing as

A, (s tu) = Ag(u,t,s)
= Z ahlhzaih3_h4«4h1h2h3h4(”7 t,s)

hi—£2

_ *
o Z ahlhza—h3—h4"4h,h4h3h2 (S, 1, 14)

hi—t2

(2.5)

does not in general have a positive discontinuity since the
final expression does not correspond to an elastic ampli-
tude. However, if we focus on factorizable indefinite
helicity combinations for which ay, ;,, = a; f,, then

Ay (s tou) = Z U Py &g B Ay (551 10)
h=%2

= Zahlﬂihzafh3ﬂh4¢4hlh2h3h4(S,fv u), (2.6)

hi=%2

and so A, (s, 7, u) can be interpreted as an elastic scattering
amplitude with initial state [in) = >, _ > ap 7, |hihs).

The scattering amplitude will exhibit manifest s-u crossing
symmetry if

B = Bhem. (2.7)

B. Manifest s < ¢ crossing symmetry

In principle, we could apply positivity bounds to any
factorizable indefinite polarizations. However, in order to
obtain more precise bounds, it is useful to input the
consequences of s <>t crossing symmetry which are
largely hidden in the standard fixed ¢ dispersion relations.
Indeed, it was shown in [22,23] that the imposition of s <>
t crossing symmetry imposes a set of “null constraints”
which can be used to infer upper and lower bounds on
Wilson coefficients.

The t-channel amplitude defined via s-f crossing for
factorizable states is given by

A, (s, t,u) = A(t,s,u)
= Z alzlﬂhzaih3ﬁih4~’4h]hzh3h4(tvS?”) (2.8)

hy,hy,hy,hy

— Z ahla’jh3ﬂh2ﬂ’ih4,4h1h3hzh4 (s,t,u) (2.9)

hi=%2

= Zahlaihzﬂh3ﬁih4“4h1h2h3h4(svtv u), (2.10)

hi==42

where in the last step we interchanged labels. It is therefore
sufficient to impose

=a*, eV 2.11
h h

to ensure that the scattering amplitude is manifestly s <> ¢
symmetric,

A (s, t,u) = A (s, t,u). (2.12)

Up to an overall irrelevant phase, there is a two-parameter
family of such in-states

jin) = Z ap, P, |1 ha).

hyp=%2

(2.13)

for which a,, = cosy and a_, = sinye® so that

lin) = e (cos y sinye | + +) + cos® y| + —)
+ sin? y| — +) + cos y sinye®| — —)).

C. Manifest triple crossing symmetry

By combining (2.7) and (2.11) we can construct
elastic scattering amplitudes which are manifestly crossing
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symmetric under all three interchanges s <> 7, s <> u, and
1< u,

A (s, t,u) = A(s, t,u) = A(s,t,u).  (2.14)

Up to an overall irrelevant phase, there remains a one
parameter family of in-states (2.13) which respect (2.7)
and (2.11). Full crossing symmetry is manifest upon setting
the phases y = ¢ and y = 7/4, so that

SO R I
TV V2 VAR
it
p = e—\/i ¢ €R. (2.15)

For a general incoming state as defined in (2.13), using the
shorthand notation a; =a, f,, a, =a,p_, a3 =a_f,,
ay = a_p_ the indefinite helicity elastic amplitude (simpli-
fied using the crossing symmetric properties of our ampli-
tudes) is expressed as

(in|Tin) = Ay (|a) > + |aa?) + Ass(|as? + |as )

=+ 2A23Re((1261§) + 2A14Re(ala1)
+ 2A21<Re(ald§) + Re(a1a§)

+ Re(aya;) + Re(azay)), (2.16)
where the finite helicity amplitudes are A;; == (j|T)i), and
we have used the shorthand notation

N =1++). 2)=1+-)
By=1-+> 4=]--). (2.17)

With the triple crossing symmetric parametrization (2.15) we
therefore get

A 1

(in|Tlin) = 3 (A + Ap + Aps) + 24 cos
1

+ 5./414 COS 2¢ (218)
In the low-energy EFT of gravity, the manifestly crossing

symmetric amplitude is given in what follows in (4.5), but

we note that this formalism is applicable for the scattering

of particles of any spin, including photons and higher spins.

D. Partial wave expansion

For convenience we start by focusing on the scattering of
two massless spin-2 particles in four dimensions, and the
extension to arbitrary dimensions is carried out in Sec. I E.
We also emphasize once again that the procedure is directly
applicable to the scattering of particles of other spins. In

four dimensions, the partial wave expansion in the standard
. . .4
s-channel is given in" [16,48]

A ngyn, (5, 0) = 327[2(2J + )dj 01, hzhm( 5),
7

(2.19)
where
A=hy —hy, U= hy— hs, (2.20)
and
T honn,(8) = (ppIM — h3 — ha|T|p JMhihy).  (2.21)

The Wigner matrices satisfy d,,(—6) = (=1)**#d,,(0).
As long as the external states are spin-2 (or spin-0) then
(=1)** =1 so that the partial wave expansion may be
written as

Apponii, (5,0) = 16;12 (27 + 1)(d],(0)
dﬁﬂ(_e))T11]h2h3h4(s)’ (222)

which is to say that all amplitudes will be even in 6. Further
using the following relation for the Wigner matrices [16]

— 2¢0H) Zdﬁb <”> (”) cos(10),

v=—J

d3,(0) +dj, (-0
(2.23)

and considering an arbitrary indefinite helicity elastic
scattering amplitude associated with a scattering in-state

lin) = Zh,.hz ah1h2|h1h2>’

Ag(s,tu) = Z Ay @ sy Ay (S5 10), - (2.24)
Byl hy
it is straightforward to see that
Disc,A(s.0) = > (2J + 1 Z cos(v0) F* (s
J v=-—J
= cos(u)F* (s (2.25)

v=0

where the function F*” is defined as

*This differs by a factor of 2 from the result in [16] due to the
inclusion of a factor of v/2 in the normalization of identical
scattering states as in [48]. This convention difference will not be
important in what follows.
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F(s) = Z Clihg—h4*DiSCS(T{zlh2h3h4(S))Cli/zlhz (2.26)

hi—£2

- Z Ch 4 Disey (T -y 4 (5))Ch 4, 20,
h;j=42

i

(2.27)
with
v = el gl 2)a (2.28)
hyhy (hi=hy)v \ o | “hiha> :

which in turn implies positivity of the spectral densities
F¥/(s) > 0. Using the positivity of

0" cos(10)

—_— , 2.29
dcos" 0 ( )
and given t = —1s(1 — cos @), we infer that
at .
— Discy A (s, )] >0, fors>0, (2.30)

or" =0

for all integers n > 0. This is true as long as these
derivatives exist which assumes that Disc,.A(s, f) is ana-
Iytic in ¢ at t = 0. In general loops of massless particles
destroy this, so we can only use this property for amplitudes
computed at tree level in the low-energy effective theory in
which massless loops are not included. In reality for spin
S < 1 particles we can always introduce an IR regulating
mass. As for the graviton loops, they are always suppressed
by additional powers of the Planck scale.

With the factorizable choice of polarization made in
Sec. IT A, we can show that we also have positivity along
the left-hand branch cut

71

—Di 0 >0
& Dise, 4,(5.0)] | 20,

for s > 0. (2.31)

This is sufficient to ensure a set of positivity bounds for
factorizable indefinite states. Positivity bounds for such
indefinite states have been considered at length in the
literature [17-19,25,41,49,50].

E. Higher dimensions

In four dimensions scattering amplitudes of massless
particles suffer from IR divergences related to the infinite
range nature of their interactions and Coulomb asymptotics.
This problem can partly be avoided by only computing tree-
level scattering amplitudes. At tree level, the only remaining
IR divergence is that attributed to the #-channel spin-2 pole
which drops out of higher subtracted positivity bounds. In
more than four dimensions, the gravitational potential falls

off sufficiently fast at large distances so that scattering
amplitudes are IR finite. Thus it is of great interest to
consider positivity bounds for higher dimensional theories.
The full set of such bounds becomes increasingly compli-
cated due to the increased number of polarizations.
However, there is a rather simple truncation which is already
sufficient to determine significant bounds. In a higher
dimensional theory, we can always focus on scattering
states which have only momenta and polarization depend-
ence in four of the D dimensions. This has the significant
advantage that the scattering amplitude in D > 5 dimensions
for such external states can still be expressed via a partial
wave expansion of the form (2.19), with positivity properties
for the discontinuity, with the only difference being the
precise implementation of unitarity.

To illustrate this, consider the simpler problem of the
scattering of scalars in D dimensions where the natural
expansion variables are Gegenbauer polynomials CE,;D_"’)/ :
(cos 8) where ¢ is the multipole and 6 the scattering angle. It
is an elementary result that the Gegenbauer polynomials in
D dimensions admit an expansion in terms of D =4
Legendre polynomials with positive coefficients, or indeed
in terms of D = 3 Chebyshev polynomials of the first kind
with positive coefficients. To be precise the expansion of
D-dimensional Gegenbauer polynomials in terms of D < D
Gegenbauer’s is [51]

/2 (% (D —D))k@ (D - 3)){
k=0 k! (% (D - 2)) -

(B

C;D_3)/2 (cosO) = —k

(2.32)

where for the case D = 3 we should recognize the limit in
terms of Chebyshev polynomials

. ((D=3)/24n\ (b3
gf’z( (D —3)/2 )C" (cos )

{2005(116’), if n>1,
1, for n = 0.

(2.33)

Here (x), are the Pochammer symbols which are all
manifestly positive for x >0 and k > 0. Since these
expansion coefficients are positive, all of the positivity
arguments we have made remain intact.

1. Polarizations and momenta

To be specific, in four dimensions the scattering ampli-
tudes are computed with the following momenta and vector
polarizations:
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K = k(1,0,0,1),
K = k(1,0,0,-1),
= —k(1,sin®,0,cos ),

= —k(1,—sin 6,0, —cos ),

0%

where k=./s/2 and h; = +1 are the helicities of
each vector polarization. The graviton polarizations are
simply given by the direct product of vector polarizations,
ie. &Y =é'e¥ which describe states with helicity 2h;.
For a D-dimensional spacetime, we use the momenta

= (k¥,0) and vector polarizations E% = (¢/,0), with
A=0,...,D—1.In D dimensions, the graviton has (D —4)
(D+1)/2 additional polarization state; however, we are
free to focus on scattering between the polarizations
described above, which again have helicities 2. The
additional polarizations enter internal lines in a dimension-
dependent way; however, positivity of the appropriately
subtracted amplitudes is ensured from unitarity in any
dimensions.

ITII. GRAVITATIONAL POSITIVITY BOUNDS

The most familiar positivity bounds focus on the forward
and positive ¢ region of the scattering amplitude where the
discontinuity is known to satisfy positivity properties (2.30).
The presence of the spin-2 exchange pole at = 0 as well as
the branch cut associated with graviton loops obstructs
continuation of the partial wave expansion from the physical
region ¢ < 0, to positive values of 7. In addition, the pole
itself has a residue growing faster with |s| than what the
Froissart/Jin-Martin bound allows [52,53] or the equivalent
Regge bound for massless amplitudes [6], and thus cannot
be subtracted without leading to the resulting pole-
subtracted amplitude violating the bound. This prevents
us from deriving the usual positivity bounds for theories of
gravity. There are essentially three ways to deal with this:
(1) Consider further subtractions to remove the
t-channel pole. This is the approach taken for
example in [25,26]. This approach only works when
the 7-channel branch cut may be ignored as in a
weakly coupled UV completion for which the
branch cut may be assumed to start at a finite value
s =A20

(2) Work exclusively in the negative ¢ region and obtain
independent positivity statements. This is the ap-
proach taken in [27-29] as well as in other related
bootstrap programs [54]. To be functional it also
relies on the assumption of weak coupling in order to

*Typically A? is either 4m? where m is the mass of the lightest
state with spin § < 2 or A> = M2 where M, is the mass of the
lightest spin S > 2 state (usually S = 4).

0,1,ih;,0)/V2,

0,-1,ih,,0)/V2,

0,cos 0, ihy, —sin6)/V/2,
—cosé, lh4,s1nt9)/\/§

(
(
(
o,

S S S &%
I

(2.34)

consider ¢ as negative as t~—A? to get useful
bounds.
(3) Fold an assumed UV behavior into the dispersion
relation to allow us to analytically continue from
t <0 to t>0. This is the approach considered
in [41,47,55-58] and will be discussed further
below.
All three approaches assume the existence of a dispersion
relation with two subtractions for ¢ < 0. The first and third
approaches seek to leverage information at ¢ > 0, whereas
the second uses only # < 0. All three approaches rely on
assuming some level of weak coupling or neglect of loops of
massless states so that the branch cut starts at finite values
A?. In particular, the strength of the second approach comes
from considering amplitudes for 0 > t ~ —AZ.

A. Crossing symmetric dispersion relation

For scattering amplitudes which exhibit manifest triple
crossing symmetry, as in the case of our one parameter
family of elastic indefinite polarizations, we can use
the crossing symmetric dispersion relation reintroduced
in [42-45], based on earlier work [59,60]. For this we
introduce the standard crossing symmetric variables

1
x:st+tu—|—us:—§(s2+t2+u2), and y=stu,

(3.1)

and further defined a = y/x. Itis apparent that as |s| — oo,
a — t. Thus a may be regarded as the crossing symmetric
version of ¢. With this in mind, it is natural to ask if there is
a dispersion relation in the variable x ~ —s? defined at
fixed a. For large x, this will be equivalent to the
dispersion relation in s at fixed ¢, which in turn means
we expect the same overall number of subtractions,
namely that for small a < O two subtractions in s, which
is equivalent to one subtraction in x as x ~ —s2, should be
sufficient. Putting this together, we obtain a crossing
symmetric dispersion relation

Als, t.u) = c(a) % / ™ du Disc, A(u, (4, )
AZ

s2 t2 u2
XQﬂ(ﬂ—s)+ﬂ2(ﬂ—f)+ﬂz(ﬂ—u)> 3-2)
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— c(a) + f/w a DiscSA(/g, 7(u,a)) ( ((2/1_— 3)az/423>
o ! o ”@a
—cla)+a [ dﬂyf;mmn(l +¥)
(o) 0

where c(a) is a subtraction function and we have defined
the positive distribution

(3.5)

associated with each Chebyshev polynomial T, (cos8) =
cos(vf). t<> u crossing symmetry guarantees that
p,(u) =0 for v odd, and thus the partial waves only
include even 3D multipoles.

The dispersion relation (3.2) may be put in a simpler
form by performing a redefinition of the spectral variable to

®= i—a’ (3.6)
so that
N _ 1
A(x,a) =c(a) - . ¢ )da) Disc, A(p, 7(u. a))m,
(3.7)

at the price of a dependence on a in the lower limit and
a less transparent @ dependence of the discontinuity
through u = p(w, a).

In practice, locality imposes the subtraction function to
be of the form

c
d@:%+i’ (3.8)
with ¢; associated with any massless spin-0 pole since
other powers of a would give unphysical 1/x singularities.
Unless otherwise stated, in what follows we shall only be
interested in theories in which only the graviton is massless
|

for which ¢; =0, but it is easily reintroduced when
necessary. The variable 7 is defined via

1z u+3a
T(ﬂ,a):—i 1 - v—a |’

(3.9)

which is simply how ¢ is expressed as a function of a at
fixed s = p, that is (s, a) = t. Indeed, if we compute the
discontinuity of (3.2) at fixed # <0 on the right-hand
branch cut (where a remains < O throughout), we obtain

Disc, A(s, t,u) = Disc, A(u,7(p,a))|,_, = Disc A(s,1).

(3.10)

|u:s

The validity of this crossing symmetric dispersion relation
superficially requires —3A? < a < A? in order that 7 is
real, and so necessitates a gap y > A”. Thus (3.2) can only
be applied to amplitudes for which massless loops are not
included. Outside of this region we expect double dis-
continuities in the manner of the Mandelstam double
spectral representation [61]. From this (as we will argue
in Appendix A) we can see that (3.2) acquires a branch cut
beginning at a = 2A?/3.

Unlike the standard fixed ¢ dispersion relation, expand-
ing the dispersive integrands in powers of Mandelstam
variables s, #, u will give rise to an infinite number of terms
with inverse powers of x, coming from powers of @ = y/x,
i.e. terms of the form y”/x" with m > 0, n > 0 positive.
Since the scattering amplitude is local, all such terms must
vanish, and this gives an independent derivation of the null
constraints utilized in [22,23] which are constraints on the
discontinuity.

In the case of scattering in a gravitational theory with a
massless spin-2 state, Eq. (3.2) is only expected to hold for
a < 0 due to the same #-channel pole which is realized here
in crossing symmetric form

X
~yh—2, -
Mp~a

A (3.11)

Consequently, to run the traditional positivity arguments
it is necessary to perform another subtraction in the
dispersion relation, which in analogy with the fixed ¢ case
is given simply by

x2 x2 [ isC t(u,a —a —3a)u?
A(s, t,u) = MB2y +c(a) + xb(a) + ;/\2 dﬂD S.A(//j(: (u.a)) <</¢(ﬂ3 _)(jé‘a _3/,,)))” >
D L p+3a) ((u=a)(2u—3a)u’
Mﬁ_2a+ (a) +xb(a) + /Az dﬂ;Pu(ﬂ)T S a (;ﬁ(/ﬁ—x(a—ﬂ)))'
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Here b(a) is an unknown subtraction function which itself
admits an expansion in a at low energies. Indeed, locality
demands that

b(a) = bo + bla, (312)

since any higher powers of a would lead to spurious 1/x
dependence in the amplitude.

B. Leading positivity bounds
The pole subtracted amplitude

. X
Ax,y) = A(x,a) — —55— (3.13)
MB2a
admits the expansion®
Alx,y) = Z Z a; jx'yl = Z Z a;;x"al.  (3.14)

i20 j20 >0 j>0

Due to the number of subtractions, the traditional positivity
bounds can only give us useful information on the
coefficients a; ; for i + j > 2. As in the case of the fixed
¢t dispersion relation, we may easily derive an infinite
number of nonlinear positivity bounds. For example,
defining an N x N Hankel matrix H(a) whose nm ele-
ments with n,m =0---N — 1 are specified by

1 ~
Hopa) = (1P o SR A0L ) (3.1
00 ) (ﬂ_a)l+n+m(2ﬂ_3a)
_ /A  duDise, AGu.lp.) =
(3.16)
then we have
2
Det[H(a)] > 0, 0<ac< §A , (3.17)

together with positivity of the determinant of any minors
of this matrix. Bounds of this type have been considered
for fixed ¢ dispersion relations in [20,21,62,63]. These
bounds constrain higher orders in the EFT expansion
when those can be computed explicitly; however, in what
follows we only work with EFT expansions including the
first few orders. Thus the real question we want to ask is
given the first few terms in the EFT expansion: what are
the strongest bounds that can be made and how can this be
folded back into statements on the UV behavior? Below
we explicitly calculate the graviton scattering amplitudes

®This assumes there are no other massless poles. If spin-0
massless poles are present, then these should also be subtracted.

’

to order (s, ¢, u)® in Mandelstam variables (or up to cubic
in x, quadratic in y).

In the forward limit, positivity of the following dis-
continuities:

-0, . ! [ Di 0
lem@mzz/'w;gﬂ¢)>q (3.18)
2 7 a2 uHr
directly implies
(-D)'a,p>0 V n>2. (3.19)

Away from the forward limit, the leading bounds come
from the positivity of

%aﬁjt(o, a=1 / ~ du Disc, A, 7(u, a))

T JA2

—a)(2u— 2
x(ﬂ a)(7y 3a)>0, 0<a<=A%
u 3
(3.20)
In terms of the above parametrization this is
2 2
ayo+ayja+appa” >0, for0<a <§A . (3.21)

where we obviously recover a,; >0 from a =0 and
sliding @ to its maximum at a = (2/3)A2?, we infer

2 4
aro +*Cl]’lA2 + §a0.2A4 > 0.

. (3.22)

Similarly, differentiating’ with respect to a and evaluating
at a = 0 we obtain

1 ~ 1 [o 20, Di ,0
~0,02A(0,0) = _/ du <$A(/‘)
2 T JA2 M
5 Di ,0
__ﬁgﬁj) (3.23)
U

from which we easily infer

~ 5 ~

0,02A(0,0) + —02A(0,0) > 0, (3.24)

2A?

or equivalently

"By taking further derivatives of the dispersion relation
and considering its forward limit, we can also obtain
19 4104, | 4+ 4dy, > 0; however, by considering the lower
bound on d;;, this bound is not as strong as the one obtained
from allowing a to take its maximum value in the expansion of

02A(0, a).
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5
ap +—a2,0 > 0.

X (3.25)

Safe in the knowledge that the leading coefficient a, o > 0,
it will be useful in what follows to define the dimensionless
coefficient ratios:

_ Anm A4(n—2)+6m
9

an,m
a o

(3.26)

with fi = u/A%. The above linear bounds can then be
stated as

3

9
doo + 5411 > ~ (3.27)

. 5
) and aj >—§

C. Two-sided nonlinear bounds

To further sharpen these statements we can use the
explicit form of the partial wave expansion in terms of
Chebyshev polynomials from which we find

2 47 -5
Ao = 73| ay = prE )

44 =342 +9
o2 = T )

(3.28)

together with an infinite set of null constraints from the

vanishing of 9792A(x,0) with m > 3 whose leading two
expressions are

2 _ 2 4
[1/ (316 9?1/ + 4 )] — 0 and
U
2(=3292 + 1183v% — 9814 + 20
7

and we have defined the integral/sum over y and v via

x| = [ duipm)xw,ul). (3:30)

To the order that we calculate the amplitudes in the next
section we can also make use of the coefficients of x* which
is the same order as the coefficient ag, of 2,

2
03’0 = —L7:| (331)
An obvious bound is then 0 < —a3 < ayo/A*.
Defining the following normalized moments:
S dup, (u) = X (u,1%)
(xin), = eI
v fAz du Z,/:U pv(H) W)

so that
<X(/¢,v2)> = Z<X(/4,1/2)> . (3.33)
v=0 v
we have
R <2y2 - ;> R <21/4 - 172+ §>
apy = ~ ) Qo2 =\"%7~2 )
JZ 34
R 1
613,0 = —<A—2> (334)
/i
The leading two null constraints are
2(316 — 9517 + 404
<y( A31/+1/)>_0 and
H
2(=3292 + 118312 — 98u* + 215
<”( RS e e )>=0,.... (3.35)
i

As first noted in [22,23], the null constraints automatically
impose two sided bounds on the amplitude coefficients.
There are a number of ways to see this, but this is most
explicit from recognizing that the only negative contribution
from these first two null constraints comes from the v = 4
multipole (remembering that only even v contribute by
virtue of crossing symmetry). Explicitly we have [the
notation on the right-hand side (RHS) indicating summation
over v > 6],

<i> 1 <1/2(316—95v2+41/4)>
7/, 2880 7 -

I\ 1 /0A(=3292 4118317 — 98u* +205)
At/s 20160 at V26

(3.37)

(3.36)

where the terms in brackets on the RHS of these two
equations are positive for all even v > 6. Pragmatically
this implies that all higher multipoles with v > 6 are
bounded in terms of v = 4. From this observation alone it
is straightforward to derive semianalytic bounds on the
Wilson coefficients.

D. Semianalytic bounds

To demonstrate this, let us consider separately the
contribution from v > 6 and define

A 202 —% N 24 — 1712 —|—%
by = = , bopp=(—F5 )
H v>6 34 v>6

N 1
by = —<A2> . (3.38)
K/ v>6
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In the prescribed range the coefficient of each term in
brackets is positive. From a straightforward application of
Cauchy-Schwarz (X)? < (X?)(1) we have

2_5\2 _
bi, Sﬁ<7(2y )l 2 > =p (630.2 + <7(24y2 Azl 1/4)> )
' H v>6 ' H V26

(3.39)
. 202 =32 109 -
< /)’<6b0.2 n 12<¥> - —bw) (3.40)
' H v>6 4
R 109 .
gﬁ(ébo,z +126,, —wa), (3.41)
where
4
B=(1),56 = (1 - <1>y). (3.42)
v=0

Following a similar reasoning using the second null
constraint we have

. 1 /(2 =172 4+9/2)2
b§, < §ﬂ<( — ) > . (3.43)
H v>6

Given that the null constraint (3.37) imposes a bound on
each multipole with v > 6 in terms of v =4 we may
perform a straightforward maximization of the term in
brackets in (3.43) in terms of the v = 4 multipole, which
leads to

R 1
b§, < 43758ﬂ<74> . (3.44)
1)

4

Given that each term in b;; is positive we have as an
extension of Cauchy-Schwarz

(217 -3)3
b?,l <p <A—32 )
H v>6

and similarly maximizing the RHS subject to the constraint
(3.36) in terms of the v = 4 multipole gives

1
bi; < 12911ﬂ2<73> .
H/ 4

Together with the fact that 0 < —150,3 <pand 0<p<1,
the constraints (3.41), (3.44), and (3.46) impose compact
bounds on 130,2, 131_1, and 130,3 in terms of the v =4
multipole. The actual amplitude coefficients are related
to these by

(3.45)

(3.46)

(3.47)

1> +11<1> +59<1>
ile T 2\a/s T2 \a/y
21 /1 163 / 1
() 22 4
2 <;22>2+ 2 <ﬁ2>4’ (3:48)
&), @) (@)
2/, \i2/), " \@/)y

Thus to infer bounds on the actual amplitudes it is sufficient
to further extremize over the v = 0, 2, 4 multipoles. Given
each of these multipoles is independent (unrelated by the
null constraints) it is sufficient to impose the positivity of
the Hankel determinant of moments for v = 0, 2, 4

1
Detnm “m > 0,
KM - H

forn +m =0, ..., 4, together with positivity of the minor
determinants. A straightforward extremization over the
v =0, 2, 4 moments yields the bounds

(3.49)

(3.50)

5 21
—SSa <34 =T < <153 —1<dy <0,

(3.51)

Although not optimal, these bounds which follow from
extremizing the first three moments are already powerful
and apply equally in any dimension.

E. Numerical bounds

A simple numerical linear optimization which treats all
multipoles equally and approximates the scattering ampli-
tude by a finite number of multipoles and imposes the null
constraints by hand over a range of a [including negative
a—A*/3 <a < (2/3)A?] results in

21
—3<a <3l =T <aga <101 —1<dy <0,

[\SRIRV]

(3.52)

The lower bounds remain the same because they are
determined by the v =0 and v =2 multipoles from
(3.47), (3.48), (3.49). The upper bound for a;; matches
well the simple semianalytic approach (3.51), whereas the
bound on q, is strengthened. Note, however, that this
makes use of the simplest simple linear optimization
technique, and implementing the bounds (including non-
linear ones) within a fully numerical setup has the potential
to significantly tighten these bounds.

F. Preferred expansion variables

It is clear from the above considerations that the form
of the bounds is largely determined by the v =0, 2, 4
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multipoles. Given this, it is natural to work with a
combination of the variables a; ;, ag,, and as, which is
dominated by each multipole specifically. The more appro-
priate choice of variables is®

ay = 512 — (12ag, —46a,; —379a;y), (3.53a)
1

" =T (—4ag, + 10a;; —3lasy). (3.53Db)
a5 =5 ——(4ag, + 6a, 1 — 9asy). (3.53¢)

The semianalytic bounds on these coefficients are
-0.95 < oy £2.85, (3.54a)
-3.27 < a, £1.10, (3.54b)
—-0.007 < ay < 1.56. (3.54c¢)

A numerical linear optimization gives

-06<aqy<1, (3.55a)
-05<a, <1, (3.55b)
-0.007 < ay < 1.17. (3.55c¢)

G. Smeared positivity bounds

Although we will not directly follow this approach in
what follows, it is straightforward to implement the analog
of the smeared “impact parameter” bounds introduced
in [27]. The crossing symmetric dispersion relation auto-
matically implies a set of sum rules which follow from the
null constraints/locality. These are obtained by expanding
the amplitude in powers of x at fixed a. The sum rule that
follows from the term linear in x for which the #-channel
pole contributes will be considered in Sec. V A. Those from
higher powers of x take the form (for n > 2)

a,_;a = —1”/ du > p, ()T
; e =0 f 2 (e
_ n—1 2 — 2
" ((u a) (3n/4 3a)u ) (3.56)
u

Following the spirit of [27], at each order n we may
introduce a set of functions f,(p) defined with a = —p?

¥For example, from (3.47) if the amplitude consists solely of a
single mass 4 = A2, v = 0 multipole, then a, = a, = 0.

with 0 < p? < A?/3 so that positivity of the following
integrals holds for all even v:

A/V3
17 o) [T an Zpy

y ((u + p?)" " (2u 4 3p?)u?

—3p2
p+ p?

3n

>>0 V v even.
i

It then follows that

A3
A dpf.(p

setting up a linear optimization problem which may be used
to constrain the set of coefficients a,_; ; for each n. The
case n = 1 can be treated similarly except that we must
account for the additional contribution from the pole

o & u+3a
d 14 Tl/
/Az u;p L s

_ 2
" <(2ﬂ ;a)u )
u
so that

A/\/gd 1 1
/0 pfi(p) MO

Crucially a5 = 0 and a(; may be chosen to vanish for a
specific choice of polarizations as discussed later.

—1)"t Z a,_j;p* >0, (3.57)

1 1
+a10+a01a—
MB2q

(3.58)

al,O + a0’1p2> > O (359)

IV. CONSTRAINTS ON LOW-ENERGY
GRAVITATIONAL EFTs

A. EFT of gravity

We now consider a low-energy effective action of gravity
in D dimensions and focus on even-parity operators
relevant for the 2-2 graviton scattering amplitude A. In
what follows, we implicitly consider the following scaling
limit of the amplitude:

A= lim MBA,

phm (4.1)
keeping A, s, and ¢ fixed. Graviton loops then decouple in
that limit, and we can focus on tree-level contributions [41].
In full quantum gravity, graviton loops are expected to lead
to a softening of the fixed Mp; high-energy limit of the
amplitude [6]; however, the positivity bounds we have
derived have to be satisfied already at the level of the
decoupled tree-level amplitude (4.1).
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Relevant to this 2-2 tree-level amplitude A, the EFT

3, pC o
contains 11 parity-even operators of dimension 4 to 12 as R™ = Ropps R, R, C 1= Ryppo R,
well as 5 parity-odd operators. A formalism using the 5 1 v o ip,
Hilbert series method for the derivation of a nonredundant Cs= ER Curp R ap: Fap = VaRyupo VR
operator basis for the EFT of gravity in any dimension is 1
presented in [64] together with the explicit EFT of gravity Ev Rrow vﬁ( €upoR y5> (4.4)

in D =4 up to dimension-10 operators and includes the
first line of (4.2). We are here interested in the EFT at higher and
order, and the Hilbert series is discussed further in
Appendix C. Up to dimension-12, the EFT can be

. . = VHVYRPIONER 15 VER, s R!
expressed in terms of the parity-even set of operators, J cor ¥ Reaf

vpy

- R  cap ¢ In four dimensions, this includes all the even-parity

S =My~ / dPxy/=g {5 -9 + R3 +5 A —=C operators up to dimension-12 which contribute at tree level
to the 2-2 scattering amplitude. Any other operator hence

+2 € c?+ [ Flc + [ F|C+ 2 f | [F]? either is redundant (removable by field redefinition) or does

AS AS N not contribute to the graviton 2-2 amplitude at tree level.

J2 2 > Along with these parity-even operators, one could also
AT FE A A'O F51+ A'O 7+ A j} (4.2) include the 5 parity-odd operators CC, [F|C, [F][F]. [FF],

and 7. In what follows, we shall only focus on parity-even
operators (aside when comparing with heterotic string
theory as considered in Appendix B).

On computing the four-point graviton amplitudes at tree
level we find the three independent helicity amplitudes.,9

where square brackets represent the trace of tensors and we
have defined

G = R* —4R,,R" + R, ,,R"", (4.3)

HUPO
J

3 8(D-4 D—4 8 4
Mﬁ_zAH:s—— ( )CGB 53— 18¢3 <( )s —|—2st+2t2>+ costt—e s+ 2t 6, 9r st (u? + 1),

. D-2 A* (D-2) A AP A0S TS

) 12 (D —4) 2 (9(12-D) 16 2f_ g9
Mgl 2./414 :F<5C3_mcéB>)}_F(W0%+ 106_ xy+ﬁc_x +W( —2x3)—m(3y2+2x3)

6 3
~463Y— 16A‘0J1y s

3
—G SV MET Ay =2

4]

where we have defined c. = ¢ & ¢,, and similarly for e, f;, g+, and where in the last two lines we have made use of the
explicitly s, ¢, u crossing symmetric variables x and y given in (3.1).

In terms of the crossing symmetric variables x and y, the manifestly indefinite crossing-symmetric amplitude (2.18) (now
denoted A = (in|T|in)) is given by

x2 6 4
ME2A == + <2c3 cos ¢ + 53 co8 2¢p — dckpcos’ep —>

18(D — 12 2
(D= 2)e0s (@) 5
A (D —-2)
3(cos¢p +cos2¢)j; ,
8A10 y.

8 10
+56 (cy + cos2¢pc_)x* — A8 (e + cos2¢pe_)xy +

4 4 A oos2ef )

g + cos2¢pg_
A0 (3y? —2x%) — —( + )

AT (3y% +2x%) —

(4.5)

As already mentioned, a striking feature of this amplitude is the vanishing coefficient of x, i.e. a; in the low-energy
expansion while the coefficient of y, i.e. ag j, is generally nonzero. For scalar theories, positivity bounds on triple crossing

'The remainder of the helicity amplitudes may be obtained using crossing symmetry and parity, e.g. A (s, t,u) =
Ay (s,t,u)=A,_,_(t,s,u) = Ax(t,5,u) and so on. Parity flips the helicities of all external gravitons, under which the
amplitudes are invariant (e.g. A, ..., = A__.. ). We can see that as a consequence of crossing symmetry the last two lines are
themselves totally symmetric in s, ¢, u.
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symmetric amplitudes would not allow the coefficient of
the x term to vanish without resulting in both a;  and a ,
vanishing, as aj; is bounded from above and below by an
amount proportional to a; [22].

Interestingly, the e, operators cannot be generically
absorbed into that of ¢3, and the coefficient of the xy term
needs not be generically positive definite. We shall therefore
see that positivity bounds do imply an upper and a lower
bound on the coefficients a;; (i.e. a;; needs not be taken
positive definite from the outset) which implies a genuine
upper and lower bound on the dimension-10 operators
captured by e.

B. Constraints on Wilson coefficients

1. Indefinite helicity elastic amplitude

While our discussion has been thus far focused around
the triple crossing symmetric dispersion relation and
scattering amplitude, we also have at our disposal the
standard fixed ¢ positivity bounds, applicable to the elastic
indefinite helicity amplitude [given in Eq. (2.16)]. From the
twice subtracted dispersion relation one may derive the
following positive quantities:

d*A(0,1) > 0, (4.6a)
®A(0,1) > 0, (4.6b)
33A(0, 1) + La“A(o, 1) >0, (4.6¢)
s r+ A2 s
5
030, A(0, 1) + H—Aza‘}A(o t) >0, (4.6d)
0302 A(0, 1) + 10 020, A(0,1) + Ld‘ﬁA(O, 1) | >0, (4.6¢)
‘ (t+A%) " t+ A
320,A(0,1) + o 030,A(0,1) + La“A(O, 1)) >0. (4.6f)
s (t+A)\ " r+ A2
|
In the above inequalities the scale A is the energy at which ,(D—4)
the branch cut of the exact scattering amplitude begins, cos(20) cos(2y) | e+ = 9c3 (D-2)
hich we h h identify with th 1 i
which we have chosen to identify with the scale appearing + 4(c_sin(20) sin(2y) cos(y + @) + ;) > 0. (4.9)

in the EFT action. These inequalities when applied to the
exact scattering amplitude are valid for positive real ¢ within
the region of analyticity; however, when applied to the EFT
amplitude computed to finite order in powers of s and ¢ they
have a reduced regime of validity in ¢#. Due to this we
evaluate the positive quantities above at t = 0 to avoid any
potential for inaccuracy. Applying these inequalities to the
elastic indefinite helicity amplitude we find the following:
Eq. (4.6a) implies

c_sin(20) sin(2y) cos(y + @) + ¢, > 0

=c,>|c| >0, (4.7)
Equation (4.6b) implies

(2f_ 4+ g_) sin(20) sin(2y) cos(y + @) +2f L + g, >0
= 2fy +94 > 2f-+g-| (4.8)

Bound (4.6¢) gives

The second term is positive by virtue of bound (4.6a),
and so this inequality bounds a combination of e and c3
from above and below. For example taking cos(¢ + ) =0
gives

(D-4)

4c+>2e+—9c§(D_2>,

(4.10)

which reduces in D =4 to an upper and a lower bound
solely on e,

2¢, > |ey|. (4.11)

Despite the fact that we made the particular choice of
cos(¢p + ) = 0, this previous bound is in fact the strongest
statement (when combined with ¢, > |c_|) that one can
derive from the bound (4.6c). Bound (4.6d) gives
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53 (sin(26) sin(2y) cos(y + ¢)(9c3(D — 12) + 10(D — 2)(dc_ —e_))

—5¢08(20) cos(2y)(9c3(D —4) —=2(D —2)e,) + 9c¢3(D — 12) + 10(D — 2)(4c, —e,)) > 0. (4.12)

Again setting cos(¢ + ) = 0 as well as cos(26) cos(2y) = 1 simplifies this greatly to an upper and a lower bound on the
value of c3, valid for any D > 3,

c%<gc+. (4.13)

Setting cos(¢p + w) = 0 and cos(26) cos(2y) = 0 and combining with bound (c), on the other hand, gives

9¢3(D - 12) 9(D - 4)
— 44 -2 ‘% 4.14
0(D—2) & *+Z T Tty )5 (4.14)
We can compare this with bound (4.6¢) in the form
9D -4 9D -4
2c++gc§ > e, > —20++gc§; (4.15)

2(D-2) 2(D-2)

however, we cannot conclude that either of these double sided bounds are stronger than the other as the difference between
the two upper-bounding quantities is sign indefinite. For D = 4 these two bounds read

18
4c+—?c§>e+>—2c+, 2¢, > e, > —2c,. (4.16)

Bound (4.6e) gives

) 1_ 5 (sin(20) sin(2y) cos(y + ¢)(360c3(D — 12) + (D — 2)(1600c_ — 400e_ + 120f_ + 36g_ — 3j,))
—20c¢0s(20) cos(2x)(90c3(D —4) — (D —2)(20e, — 6f, — g4)))

90c2(D - 12)
+4<D—2

+ sin(y) cos(y) cos(y)) > 0, (4.17)

+400c, — 100e, +30f, + 9g+> — 31 (sin(@) cos(0) cos(¢h)

which at D = 4 reduces to

sin(20) sin(2y) cos(y + ¢)(—80(18¢3 + 5e_) + 1600c_ + 3(40f_ + 12g_ — j;)) — 80(18¢3 + 5e..)
+1600c . — 20 cos(260) cos(2y)((6f, + g4) —20e, ) + 12(10f, + 3g,)
— 31 (sin(@) cos(@) cos(¢) + sin(y) cos(y) cos(y)) > 0. (4.18)

One simple example case of this bound is at y =y = 0,0 = n/4, ¢ = /2 giving

(12-D
Bound (4.6f) gives
sin(20) sin(2y) cos(y + ¢)(9c3(D — 12) + (D = 2)(40c_ — 10e_ + 6f_ 4+ 3g_))
+ cos(20) cos(2y)((D —2)(10e, — 6f, — g, ) —45c3(D — 4))
+9¢3(D —12) + (D —2)(40c, — 10e, + 6f, +3g,) > 0, (4.20)
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which in D = 4 simplifies to

sin(20) sin(2y) cos(y + ¢)(—2(18¢3 + Se_)
+40c_ +3(2f_ +g_)) —2(18c3 + 5e,)
+40c . — cos(20) cos(2y)((6f 4 + g4 ) — 10e,)

+3(2f4 +94) > 0. (4.21)
From bound (4.6f), taking y =0 =y =0 and ¢ = n/2
gives a bound on g, from below, valid for any D > 3,

g, > —2[9¢2 = 10c.|. (4.22)

2. Manifestly crossing symmetric amplitude

Bounds on dim-8 operators (Riemann*).—Having explic-
itly computed the amplitude for our one parameter family
of polarizations it is now straightforward to read off the
bounds. The leading bound is

8
a0 =3 (cy +cos2¢c_) >0, (4.23)

which is clearly most informative at the extremes cos 2¢) =
+1 where we learn that
Cia > 0, (424)

consistent with [25,26] as well as with pure infrared
causality constraints [30,31].

Bounds on Riemann® and dim-10 operators.—Bounds on
the Wilsonian coefficient of the Riemann’ were already
discussed in [26] including dimension-10 operators in [28],
and for completeness we briefly discuss them in the context
of our analytic compact bounds here.

Even though the amplitude is sensitive to the coefficient
c5 of the Riemann® operator, the subtleties associated with
applying double-subtracted bounds imply that there is to
date no positivity bounds on the coefficient c; directly, i.e.
on its sign,lo and only ¢3 can be bounded using higher order
moment bounds. It enters the relevant coefficient @, as
follows:

1(18(1+cos2¢)ci+5(e, +cos2pe_))
4 (cp+cos2¢pc_)

—_<{=— <31,
) ay

(4.25)

and evaluating again at the extreme cos2¢p = £1 leads to
the following two bounds:

124
—124C1 < 186%-'—56] <10C| and —TC2<32<2C2.
(4.26)

In addition, from the standard fixed ¢ positivity bounds
given above we have the bound ¢3 < 10c,/9 which
implies

144

——C —4C2 <e < 2C1,

- (4.27)

which are slightly weaker but similar in spirit to those
obtained in [28] at that order. Any supersymmetric EFT
would satisfy ¢; = 0 and hence would require

124

—?Cl < esiusy < 2C1. (428)

Bounds on dim-12 operators.—The remaining coefficient
ratios are

21 3(f4 + f-cos2p —5(g, +g_cos2p) —5j 2
2 < ay, :_(f+ f_cos2¢ 2<9+ g- €os ¢) 8]1(COS¢+COS ¢)) <101, (4'29)
2 c 8 (¢ 4 cos2¢pc_)
|
R 1(f4 +f-cos2¢+3(g; +g_cos2¢p)) 1 1616
-l <4B0=77 (cy +cos2¢pc_) <0 at ¢ = n/2,-56¢, <2f2—92+§j1 <3 @ and
(4.30) 0 <2f,+ g < 8¢y, (4.32)
Evaluating them at the extremes, the relevant angles are at
¢ = n/3,7/2, and =, from where we infer the following at = /3 56 < 2(f1 +2f2) = (91 +39) - 1616
five bounds that can be used as compact bounds for - ¢+ 3¢ 3
f12:912, and jy, (4.33)

1616

at¢:ﬂ, —56C1 <2f1_gl <

¢y and

0<2f1+gl <8C1, (431)

"Causality constraints can, on the other hand, provide direct
bounds on the sign of ¢3, which is required to be positive in any
tree-level high-energy completion [31].
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Coefficients arising from the string completions (dashed lines) and loops of lower spin (solid lines). As expected, for these

(partial) UV completions, all coefficients lie within the allowed range defined by positivity. Parameters lying within the shaded regions
are deprived from ever enjoying a standard (Wilsonian) high-energy completion. As indicated analytically in (3.51) or seminumerically
in (3.52), the allowed region is compact for all three amplitude parameters d, 1, dy,, and d3 o; however, the upper or lower bounds are
sometimes well away from the regions explored by BS, HS, or SS string theory completions or by lower-spin contributions and hence

not always represented in these figures.

These relations imply compact bounds on each individual
Wilsonian coefficients in terms of ¢;,

410 808
—14C1<f1 <TC1 and —TC1<g1 <32C1, (434)
1 410
—14C2 <f2+3—2j1 <TC2 and
808 1.
—TCZ < Gy _E']] < 32C2, (435)
1] < 1903(c, + 2¢,); (4.36)

however, the bounds (4.31)—(4.33) are overall stronger and
should remain satisfied.

In many of the positivity bounds above, we see the
appearance of ¢3 which, when considering a loop-level
completion, is suppressed by factors of A/Mp; compared to
expressions linear in the Wilson coefficients, and so may be
neglected in these cases. This is not the case for tree-level
completions such as the string theories for which the Wilson
coefficients are given in Appendix B. Interestingly though,
in all supersymmetric completions, c; = 0, so only the case
of bosonic string theory gives a concrete example where the
contribution from that operator is relevant.

We can visualize the allowed regions on different
combinations of Wilson coefficients from both the

fixed-¢ positivity bounds and the crossing symmetric
bounds and where different partial UV completions (aris-
ing from massive spin < 2 particles or string theories) lie in
these regions. In all cases we take the spacetime dimension
to be D = 4. As expected, and as can be seen explicitly in
Figs. 1 and 2, the double sided bounds from crossing
symmetry are all satisfied by the coefficients arising from
integrating out minimally coupled fields of spin <2. In
addition, we also include the equivalent coefficients for the
respective bosonic, heterotic, and superstring tree ampli-
tudes (BS, HS, and SS).

Using the explicit values of the coefficients given in
Appendix B, we can verify that the bounds are satisfied for
loop-level partial UV completions of a single spin < 2
particle of mass m (for which A = 2m), as well as for the
three string theory completions (BS, HS, and SS). We can
see that, especially for the lower spin loops, the choice of
angle ¢ can lead to a relatively large change in the
magnitude and also the sign of certain coefficients in the
expansion of the amplitude and so may prove a useful tool
for exploring the allowed parameter space.

V. CONSTRAINTS ON UV REGGE BEHAVIOR
FROM ANALYTICITY AND POSITIVITY

If we were dealing with a lower spin EFT (with light
states of spin < 2), the absence of a term linear in x would
by itself be sufficient to cast doubt on the existence of a
standard high-energy completion, as is the case for
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FIG. 2. Amplitude contributions from the x = 0, 2, 4 multipoles expressed as the aj , 4 introduced in (3.53), from string completions
(dashed lines) and loops of lower spin (solid lines). All coefficients lie within the allowed range defined by positivity bounds. The
shaded regions denote forbidden values from positivity bounds. As indicated analytically in (3.54) or seminumerically in (3.55), the
contribution from all three multipoles are bounded; however, the upper or lower bounds are sometimes well away from the regions
explored by BS, HS, or SS string theory completions or by lower-spin contributions and hence not always represented in these figures.

instance in massless Galileon EFTs [10,21,22,50]. In the
EFT of gravity, the presence of the 7-channel pole prohibits
the direct application of standard positivity bounds without
folding in other assumptions [41,47,55,56,58,65,66]. In
what follows we shall therefore see that the absence of a
term linear in x implies constraints on the UV Regge
behavior.'" In particular, we will see that the Regge
trajectory and residue are sensitive to the loops of the
lightest massive particles, and we are able to determine this
contribution by utilizing analyticity. This is similar in spirit
to what was proven in [41] in the context of graviton-
photon scattering and [58] for photon-photon scattering.
For example the fact that the Regge behavior in the
presence of U(1) gauge fields was necessarily sensitive
to the lightest charged particles was pointed out in [41]. We
will see that this behavior appears to be ubiquitous to any
gravitational EFT, involving in the UV a nontrivial depend-
ence on the scale of the lightest massive particles, charged
or not. This connection between the UV and IR was of
course integral to the bootstrap approach of the historical
finite energy sum rules [46,67—70] and may be summarized
in the following statement:

""The existence of a Regge behavior does not rely on the
assumption of a string theory completion. Rather, as discussed
in (5.4) and (5.5), it is an unavoidable outcome of the graviton
t-channel pole when assuming the existence of a dispersion
relation with two subtractions for r < O (or here a < 0).

(i) Knowledge of the IR scattering amplitude for en-
ergies < A, is sufficient to determine the UV
scattering amplitude for energies > A,,

where A, is the energy scale at which the Regge behavior
kicks in. Our goal is to extend this observation to
gravitational theories.

A. Crossing symmetric Regge behavior

Following the procedure of [41], we derive a fully
crossing symmetric dispersion relation for the pole sub-
tracted amplitude that is valid across the forward limit
singularity. As already discussed, for a triple crossing
symmetric configuration of polarizations the graviton scat-
tering amplitude will contain exchange poles in the form
x*/y =x/a (or x/a where a = y/x) in the low-energy
expansion. Noting that this term does not explicitly appear
in the once (in x) subtracted dispersion relation, it must be
produced implicitly from a divergence of the integral over
the discontinuity. In terms of the crossing symmetric
variables, the dispersion relation reads

Alxia) = cla) + [ g PRl rln o)

7 w

) (;(z:_- :)azﬂ;)’

Considering the amplitude at fixed a, we have

a<0.
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would be incorrect as can clearly be seen by choosing the

WD, +ag+apya,  (5.2)  choice of indefinite parameter ¢ = ¢, for which the
Pl coefficient a(; vanishes for any gravitational theory in
o ) ) the absence of gravitationally nonminimally coupled mass-
where any gravitational amplitude necessarily has @19 = 0, jegq gcalars (consistent with the realization of nature we

in contradi.stinction.to the more far.nili.ar scalar case. As for observe). For that specific choice of indefinite parameter ¢
the coefficient a ; it depends in principle on the Wilsonian (which in D = 4 satisfies cos ¢y = —5/2 cos 2¢), We see
coefficients of the EFT, so one could in principle be tempted

to interpret the running of these coefficients with the scaling
of A in the dispersion relation. However, this interpretation
|

axA(x’ a)|x:0 =

that the dispersion relation satisfies the universal relation
(for negative a),

1 1 1 [« Disc;
/ du isc; A(u, Z(ﬂ’ a). o) (2u —3a), a <0, (5.3)
A2 “

|

for any gravitational theory (in the absence of massless  transition occurs, we have at high energies the crossing
scalars), irrespective of the scale A and the details of IR or  symmetric Regge behavior'?
UV physics. This relation already proves the presence of
nontrivial IR/UV mixing whereby IR contributions to the . . e a(a)

. , . : A2 lim Disc, Ay, 7(u, a)) = r(a)A}( -5 . (5.5)
dispersion relation from the region f A2 du ought to be p—00 A
entirely compensated by UV contributions in the region

f/f‘z’ du, so that the combination of both always leads to the ~ for some analytic a(a) and arbitrary scale A, for which
° a(0) =2 and '(0) > 0. We will not need to assume

that this form is valid at larger a and can simply work
perturbatively about a = 0, where a(a) =2+d'(0)a+---.
The ansatz above describes the asymptotic behavior

same 1/a outcome.
We can make the previous arguments more concrete by
extending these relations to the region of positive a where

unitarity rules can be applied. So far the dispersion ) o .
relation is valid for negative values of a and diverges of the discontinuity at energies well above the scale, at

as a — 07 due to the graviton exchange pole. This implies which .the “Reg'ge.i;ing physic's” becomes 'relevant,
that prompting the definition of the difference function,

a(a)
<u?, fora<0, R(u,a) = DiscgA(u, t(u, a)) — r(a) A2 <%) . (5.6)

lim Disc A(u, 7(u, a)){ (5.4) ;
p—c0

> u?, fora>0.
which vanishes as y — oo. This allows us to perform the

In order to produce the necessary divergence as a — 0~ integral over energies above A, for a < 0, subtract the

we assume that at least in the vicinity of a = 0, where this  pole, and rearrange the dispersion relation,

|

_x _2x (A DisciA(u t(u.a)) 2x [ R(u.a) 2xr(a)
Abra) = ppmy = cla) =2 / , e z [\g W T lata) =)
X x [ DiscoA(u, z(p, a)) (2x(a = p) = 3ap®
M5 L 3 xa—p) - ) 57)

In particular, if we insert a(a) =2+ o'(0)a+ ---, then we produce the expected pole via the Regge behavior,

12Subleading logarithmic corrections are considered in [71] in order to account for massless loops, and a different ansatz is
considered in [58]. Here we will not include the contribution of massless graviton loops since they prevent the dispersion relation from
being continued from ¢ < 0 to ¢ > 0 (equivalently here through a = 0), and it is therefore unclear what if any positivity properties
remain for ¢ > 0.
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2xr(a) 2r(0) x  r(0) = 1

I ~ LA ) R S
aml a(a(a) =2) zd(0)a 2 M52

(5.8)

As the integrals on the right-hand side of (5.7) are now
convergent for 0 < a < A2, we may continue the dispersion
relation representation of A(x,y) to 0 < a < A2,

Starting from this representation of the pole subtracted
amplitude defined as

~ X

A(x,a) = A(x,a) — m, (5.9)

we may now derive positivity bounds on the low-energy

Crucially, as defined, this Regge function is fully analytic in
the vicinity of a = 0. It contains no poles; P and all its
derivatives are finite and well-defined at @ = 0. In fact we
will argue later that it is likely an analytic function of a up
to a right-hand branch cut beginning at a = 2A%/3.

Using the expansion of the discontinuity in terms of
Chebyshev polynomials 7, (x),

Disc, A(u, (. a)) = » T, <1 + i;) F*(u)
v=0

expansion coefficients, which involve the functions r(a) — Z T, p+3a (). (5.11)
and a(a) through the Regge function P(a) defined as =0 H—a
2r(a) 1
P(a) = - n (5.10) o .
m(a(a) —2) p 4 the dispersion relation becomes
|
. 2x [~  R(u,a u+3a
A(x,a) = Pla)-=[ 4 —2x [ d 3
(x.0) = cla) +xpla) = = [ "ot o [ ﬂzp —
o = u+3a <2x(a —u) — 3a/42>
tx/ d ()T : 5.12
/Az ﬂyzz_oop W) p—a x(a—p) = 512

which we can now use to infer finite sum rules at positive a.

B. Finite energy sum rule

Considering the low-energy expansion of the crossing-
symmetric amplitude in the variables x and a, we have

ZZ% ii%

i>0 j=

(5.13)

Terms with powers of a greater than that of x would lead to
poles at x = 0 which cannot be physically present. This
|

1 (A . —2u
ayo+apa= - du Disc, A(u, 7(p, a)) T + P(a)
/\2

1

T J A2

where in the final line we have absorbed the two subdomi-
nant terms into the function P(a). Henceforth we will
assume that A, is taken sufficiently large that P(a) ~ P(a).

In our family of fully crossing symmetric amplitudes the
coefficient a,  is zero and a; continuously varies with the

— _/AE du Disc, A(u, t(u, a))( e 2”) + P(a),

|
explains why the sum has to be truncated over finite powers
of a, leading to an infinite number of null constraints. Since
we are working in a framework where full crossing
symmetry is manifest from the outset, the existence of
the null constraints is here trivial. In particular, at leading
order in the x expansion, this implies

ax./i(x, a)ly—g = ayo + ap,a. (5.14)

Applying this to the dispersion relation (5.12) gives

) oy w0 ()

(5.15)

parameter ¢ and can take positive or negative values. As
discussed above (5.3), there is a single choice of parameter
¢ (¢p = ¢y with ¢ satisfying cos ¢y = —5/2 cos 2¢) for
which a; vanishes at all scales for any theory describing
nature, meaning the function P () encoding the information
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about the Regge behavior is uniquely fixed in terms of the
finite energy sum rule [46,67-70], now also valid for
positive a,

N 1 /a2 2u—73
Pay =1 [ au i A i) (P21,

T JA2

(5.16)

In particular, this implies that for a < 2/3A2, IR physics
encoded in the discontinuity at low energy ought to be
fundamentally encoded within the Regge behavior P(a) as
it cannot be absorbed in the remaining part of the positive
dispersion relation. For arbitrary polarization ¢ we have

o 1 (a2 . 2u—3
P(a) an_la—i——/ du DlscsA(u,r(u,a),qﬁ)( a 7 a).
A H

(5.17)

C. Dispersion relation for Regge function

For any perturbative low-energy EFT, the amplitude can
be put in the Mandelstam double spectral representation
form as discussed in Appendix A. Then comparing our
crossing symmetric dispersion relation with this double
spectral representation, we can infer that Disc, A(u,7(u,a),
@) is an analytic function of a with a right-hand branch cut
starting at @ = uA2(A% + p)/(p* + uA? + A*) and ending
at a = p2. In terms of P(a), this implies that P(a) should be
an analytic function of a with a right-hand branch cut
starting at @ = 2A%/3 and ending at a = AZ, i.e.

R 2 Ny [N Disc,P(a)
B L Al _ Disc,

P(a) = ; pad" + = /3 g 519
where we have allowed for N, subtractions. In fact it is
reasonable to suppose N, = 0 given that we do not expect
Disc,P(p) to carry any singular behavior near p = A? as
this is an arbitrarily chosen point. The discontinuity of the
Regge function is itself related to the double discontinuity of
the amplitude via

AZ

PO I o (2u=3a)(u+p
Disc,P(a) =—/ dup(u, ) ——
mJp p(p® + pfi + ji?)

Z, (5.19)

where p(p, ji) is the Mandelstam double discontinuity (see
Appendix A) and ji = ji(a, p) in the integrand is the solution

of @ = pp(u + i)/ (4> + pit + i?).

D. Trees versus loops

For weakly coupled UV completions, we can generally
split the contributions to the amplitude into those from loops
of low spin particles (spin < 4), and those from tree-level

effects of higher spin particles (spin > 4). Explicitly splitting
the Regge behavior into each contribution

A

P(a) = P9 (q) 4 PUP)(g). (5.20)
Then on dimensional grounds, one would expect the
following approximate scalings for the low-energy expan-
sion in a,

N 1 a"
P (a) v — Y el 5.21
@~ s S 52D
A (oo mD—4 a’
MPl n

Here it is assumed that the dimensionless tree and loop
coefficients cﬁ;l are of order unity, M, is the scale at which
the tower of higher spin states kicks in (i.e. typically the
lightest spin-4 state) and m is the mass of the lightest low
spin state. In realistic examples we expect m < M, < M, p1.13
For example the form (5.22) is exactly what we obtain in the
examples (5.29), (5.30), and (5.31) considered below.

Owing to the overall additional Mp; suppression in (5.22)
relative to (5.21) that penalizes loops of lower spin particles,
one might naively have expected tree-level contributions to
always dominate over loops. However, the inverse scaling
of the coefficients ~m™2" in terms of the lightest mass m,
implies that at higher orders in the a expansion, loops from
massive light fields will always dominate contributions to
the Regge behavior P(a). In particular, assuming that the
low-energy theory exhibits a single state of mass m <
M? /My, in D = 4, then loop contributions dominate all a
derivatives of P(a). Fundamentally this is because the
branch cut from light loops starts at smaller values of a
and so the regime of convergence of the Taylor expansion is
much smaller. Indeed, following our previous argument that
P(a) is an analytic function of a with branch cut beginning
at a = 2A*/3, then expansions (5.21) and (5.22) are
expected to come from functions of the form

5 1 ©  Puee(@)
Pl (g) = —— dg e’ 5.23
(@) MBM? |z a—a (5.23)
. D-4 e von (@
plloor) () = %/ depiip(), (5.24)
MP§ -2 8m2/3 a—a

where pyee(a) and pjoop(a) are order unity functions which
are consistent with (5.21) and (5.22). In D > 4 for any finite
a, loops are suppressed relative to tree-level effects, but the

BFor instance, current axionic models of dark matter consider
masses as small as about 1072° eV, while models of dark energy
consider massive fields with masses that could be as low as the
Hubble scale today, ~Hy ~ 10732 eV.
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Taylor expansion is clearly dominated by loops. Thus it is
necessary to subtract out the light loop contribution by some
means in order to make useful statements. We discuss how
to achieve this below.

E. Improved Regge positivity bounds

The statement of unitarity, encoded through positivity of
the low-energy discontinuity for a > 0 simply implies

P(a)>0 V 0<a<?2A?/3. (5.25)

By itself this condition does not go too far beyond what is

already expected. Indeed, in the case of tree-level string

theory, the Regge slope may be taken as linear a(a) =
2 + d’a. In this case

2
P(a) = ———(r(a) = r(0)). (5.26)
On the other hand, unitarity of the UV part of the
discontinuity requires that r(a) > r(0) for a >0, which
already implies P(a) > 0. The bound (5.25) is nevertheless
independent since it does not require any linear assumption
on the Regge slope.

As is often the case, statements derived from the
dispersion relation may be strengthened by leveraging
information regarding the low-energy physics. Let us
now assume that the low-energy physics can be captured
by an EFT with a cutoff A, that is parametrically below A,
but above the beginning of the branch cut set by A. When
this is the case, the part of the discontinuities from A to A,
is calculable. This is the situation when loops of light fields
are included.

For an EFT at sufficiently low energy, the most natural
and conservative perspective is that the leading EFT
corrections are due to massive loops of a lower-spin
(< 4) particle, with mass m. For concreteness consider an
EFT, valid well below A_, that contains a particle of mass m
(none of the following features will depend on the precise
low-energy field content of the low-energy EFT; rather the
sensitivity is on the mass of the lightest massive modes).
Loops of the light field produce a discontinuity in the
amplitude above yu = 4m?. We could explicitly compute the
discontinuity due to these loops and subtract their contri-
bution (from the branch point at A% = 4m? up to a scale A2
well below the cutoff of the EFT that includes this massive
particle). Following this approach, we split P(a) into its
“low” and “high” energy contributions P'°" and P"¢" as

P(a) =P (a) + PMieh(q4)

A2 A2 2 —
=</ +f )duDiscsAm,f(u,a),qﬁo)(” f").
4m? A2 T

(5.27)

Performing a “small a” expansion for each part,

IS(a) = ! i d,a",

(5.28)
MIEED_Z) n=0

and similarly for plow/high o that at each order
d, = d + dy®".

Given that the branch cut from loops begins at 4m?, it is
clear that the coefficients d'® will scale with increasing
inverse powers of m? as n increases, reflecting the regime
of convergence of the Taylor expansion. For concreteness
and illustrative purposes, we focus here on the disconti-
nuity from a single massive scalar loop in D =4 and

establish its contribution to P(a),,,; see Appendix B 1 for
details. Specifically we find

low>

A~ © A2
P(a) = M5!y " di™a" + /Az du Disc, A(u, 7(u, a), do)
n=0 c

2 -3
» < U . a>, (529)
m
with
A 2
d})OW — / d/_,{ DISCSA(/L 07 ¢0) <—3)
4m? "
_ 20log + 5cos(2) - 68 m?
= 1920072 48°A;
Im?t m®
_ 't (m 5.30
327220 + <AE) 30

and

4

low A 2/461 DiSCs'A(/"v 0, ¢0) -3 DiSCsAQ'l’ 0, ¢0)
dPY = \ du

2 U
~ 6—5c0s(2¢) 7 N 5m? Lo m®
©8064072m?  192072A%  9672AY A )’

(5.31)

where we recall that ¢y, is the special value of the indefinite
scattering for which the coefficient ay; of the amplitude
cancels at all scales and for all four-dimensional theories
(cos ¢y = —5/2 cos 2¢y). To illustrate the scaling of these
coefficients with the lightest mass, the leading terms of
several higher order coefficients d'¥ are given:

o _ 15430050
2 2160480072 m* ’
10W_1 5 4+ 4 cos ¢

=—— 70 ... 5.32
3 3!2217600;:2;116+ (532)
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low 121 +2000s¢0

4 41201801607%m ’
ow 1 14+ 15cos ¢

5 51201801607%m" (5.33)
At higher order, the coefficients generically scale as
d'® ~m™", unless the high-energy theory is precisely
fine-tuned so as to allow for exact cancellations to occur.
Generically, higher terms in the expansion are hence
dominated by the lightest mass states, and despite the
additional M3, suppression, at higher orders in the expan-
sion loops will dominate over tree-level effects by virtue of
the branch cut.

F. Linear and nonlinear Regge positivity bounds

In principle one could conceive of a situation where the
contributions 5" arising from higher-energy physics
(below the Regge scale) could absorb the dl°% ~m=%"
dependence on the low-energy physics. We shall prove
below that such a situation can never occur due to positivity.
At sufficiently high order in a small a expansion beyond the
forward limit, one cannot prevent the Regge behavior from
being dominated by the loops of the lightest massive states
in nature. To see this, we can start by focusing on the first

. hich .
five coefficients d,*=", given by

ion _ [ 2 ! -3+ 42
s [2] 0 de o[B80
L# JZ

high —2112(—11 + 21/2)
" = |——5—|
I 3u
[20%(151 — 6507 + 41%)
I 4546 ’
Jhieh — -21/2(—2235 + 72807 — T0u* + 21/6)
v 31547 ’

high
dy

(5.34)

with the definition

[X (u.%)] = M, (5.35)

A2 °°
3 2
L du ;ﬂ pu()X (. v%).

c

Defining the dimensionless ratios b, = A" jh,t’h

together

with the moments

1y I o)X 1)
f,i\g% dp 3220 P (u) ’

(X(u.v (5.36)

we have

-3+ 4?) (=11 +212)
by = A2 k) . by =A————2),
: < 2u > ’ < 3’

be — AS V(151 — 6507 + 40*)
3T 45,3 '

A 1?(=2235 + 72812 — 700* + 21°)
¢ 3154 '

by = (5.37)

As usual we can take linear combinations which are
manifestly positive

3 1. 11
b1+§>0, b2+€b1+z>0,
13 102245 102245
byt —b b 0.
3 2T 43488 1 T 8002 T
5 1625 104261 3
by+2b b by+2>0..... (538
syt g P2 T 356 1 T 7 0 (5-38)

We may also use Cauchy-Schwarz to derive nonlinear
bounds of the form

3)\2 33
0<(by+3) <6br+ 116+, (5.39)
3 1403 1059
< <b1 +§> <90bs +195hy + by +—>—, (5.40)
11 2
0< <b2 +—b1 =+ ) < 70b4 + 175b3 + 359b2
10757 10757
5.41
o + 3 (5.41)

Unlike the low-energy positivity bounds, we can no longer
use crossing symmetry to obtain compact bounds since we
have already used all of the information from the null
constraints to obtain (5.16). We can rewrite (5.39) as

121

1
b, > g(bl —4)? o5 (5.42)

which tells us that b, > —@ Similarly we can rewrite
(5.40) as

13 1 3\3
l’)3 +€b2 >90(b1 +2> -

1403 353
—p, ==, (543
360 ' 60 (5:43)

By minimizing the RHS subject to the constraint that
b, > =3/2 we infer

13
b+ by > ~28.1. (5.44)
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G. Regge imprint
We are now in a position to see why the high-energy
(meaning A2 < u < A2) contribution to P(a) cannot cancel
the low energy (u < A2). Even though the higher order
coefficients of ﬁhigh(a) can in principle be negative, their

level of negativity is always limited from the above
positivity bounds,

: : 3dpe . 121 45"
high high high
dg® >0, d* >3 /(;2 : e >—ﬁ%,....
(5.45)

Consider if from the outset we had dglgh > A2/m?, then the
Regge behavior would clearly be dominated by the scale m
of the lightest IR loops, dy > dff=" = A2/m?. So to remain
conservative, it is safe to assume 0 < dglgh < A2/m? in
what follows. Then clearly, d3¢" > —O(1)/A2m* and
dy = d¥ + db®" > O(1)/m*. Already at that level, we
see that the finite energy sum rule implies that the
coefficient d, of the Regge expansion be dominated by
loops of IR fields.

At this order in the Regge expansion, this result is similar
to that obtained in [41] in the context of graviton-photon
scattering and in [58,65] in the context of photon-photon
scattering; however, the result here is shown to be generic
and can be carried out to all orders by virtue of the relation
(5.3). At cubic order in the small a expansion, our modest
linear positivity bounds are already sufficient to imply
bs + 13b,/6 > —28.1. There again, to remain conservative
it is safe to assume |b,| < |bs|, in which case, the previous
bound  imposes  die" = —O(10)dye"/AS = —O(10)/
(A¢m?*) 2 —O(10)d¥m*/Af, so unless A, <2m (in
which case the mass gap is nonexistent), the coefficient
ds of the Regge behavior is also dominated by IR physics,
ds ~ d™ ~ m~5. If one were to relax the assumption | b,| <
|bs| one could in principle consider a situation where dy¢" ~
—d13°W so that d; is parametrically suppressed; however, this
comes at the cost of having by = ASdh="/dyE" ~
— A8 /A ~ —AS/(mOdy®") and hence b, |bs| 2
AS/(mbdh=™) leading to dy = d + db'®" = A2/mS, and
hence an even stronger dependence of the Regge coeffi-
cients on IR physics. As could already have been anticipated
from the universal rule (5.3), this implies that the scale of IR
physics has to be imprinted in the ultimate high-energy
completion in a nontrivial way. In other words, at each
(nonzero) order in the small a expansion, the coefficients
of the Regge behavior are dominated by loops of IR fields
and carry insight on the lightest massive modes, d,, ~ m~=>"
which dominate over the contribution from higher
spin trees.

H. Separating UV physics from IR physics

As we have seen, the low-energy contribution to the
Regge function P'°%(a) is dominated by the lightest mass
states, which cannot be compensated by P""(a) by virtue
of positivity bounds. However, the situation is worse than
that: P () is also sensitive to the light fields, because it
contains contributions from the discontinuities in a as is
apparent from the dispersion relation (5.18). The decom-
position in (5.27) does not cleanly separate low-energy and
high-energy contributions. What we need is a better way to
disentangle low-energy and high-energy physics, which
requires removing all low-energy contributions from both
single and double discontinuities.

As implied by the Mandelstam double spectral repre-
sentation, we start by considering that the single disconti-
nuity Disc, A(u, 7(u, a)) is itself an analytic function with
the prescribed double discontinuity and a fixed number N
of subtractions at least for u < A2

Ny—1
i = ny lata)™
Disc, A(p, t(u, a)) = 2 ky(p)(a+a)" + .

© _ p(up)
s P e
(+2)(u — b(p. 1))
pi(p + i) = a(@? + pp + @2)’
(5.46)

where b(u,ji) is the value of a when the denominator
vanishes,

y pi(p + )
b(u, i) = —. (5.47)
W+ i+ P
and with subtraction coefficients
1 .
Kn (ﬂ) = ;ag DISCSA(V’ T(/’tv _a*))' (548)

Here we have chosen an arbitrary subtraction point
a = —a, with a, > 0 to be clear of the RH branch cut.
Furthermore, we can take a, ~ €A, with € small enough to
trust the low-energy EFT calculations, but with €A, >
A? = 4m? to ensure that the «,, (1) are not strongly sensitive
to some IR mass. Since the u integral in the definition of
P(a) is over a finite range we may safely write this as a
dispersion relation for P(a) as
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P(a)= NZl / s ar ()

a+a A /Az /Mt+)a)

(+2,u p=b(u. i) 2u—3a
uip+ i) = a(p? +W+ﬂ2)< o ) (5.49)

where for the loop contributions we have in mind
A% = 4m?. Our goal is to remove the low-energy contri-
bution from both the single and double discontinuities. The
former is easy to do, but the latter is more subtle because
there are contributions in the double integral where y is
small but ji is large and vice versa.

The formation of double discontinuities in perturbation
theory is determined by the Landau curves [72]. For
instance, a double discontinuity from a massive loop is
summarized by writing the spectral density as a sum over
two “wings”

p(u.it) = O(uji — 40N> — N*fi)py (u, i)
+ O(ujt — 4N — N p)py (. i), (5.50)

where A2 = 4m? and p, (u, i) itself is not required to be
symmetric. When working in a low-energy effective theory
with cutoff A., we can calculate the double discontinuity

finite region. The precise shape of this region is difficult to
determine a priori and does not have to correspond to a
particular Landau curve. We shall be conservative and
suppose that we can meaningfully trust the calculation for
i+ ji < A2, which, bearing in mind that both spectral
parameters are positive and have lower bound A2, defines a
triangular region bounded on one side by the lowest Landau
curve. We could equivalently choose a quarter-circular
region p? + ji* < AL

With the former choice, the low-energy contribution to
the Regge function from the double discontinuity is then

@[\:\%dﬂx\jdﬁg(/\%—ﬂ—ﬁ) {%
(u+20) (= b(p. t)) ] <2ﬂ 3a>

pi(p + i) — a(p® + pi + @)\ 7

We can now split the Regge function cleanly into an IR
contribution (¢ < A2) and a sub-Regge UV contribution
Az <pu< A2

N

P(a) =

similar to our previous high- and low-energy split, but we

P®)(a) + PV (a), (5.51)

do so in such a way that P(VV)(a) contains no low-energy
contributions from either the double discontinuity or the
single discontinuity. The choice of IR contribution which

p(s, t); however, this calculation is clearly only valid in a  achieves this is

P = [ " au NOI E anDisc, A, o, ~a,))(a + a,)" (2” ﬂ;f"ﬂ LADA / ¥ au R
: L bu ;E/;f ) B uﬁ(»(tﬂ:ﬂ?ﬂ—) (ﬂo:zi(/;: 2 ;ﬂ)} <2ﬂw 3a> (5:52)

It is important to stress that f’(IR)(a) contains only terms which are calculable within a given low-energy EFT which
describes the scattering below the cutoff scale A.. The only in principle unknown is the number of subtractions Nj.
However, within a given low-energy EFT, there is a pragmatic choice which is to take N, to be the value needed to write a
dispersion relation for the given low-energy amplitude computed to the desired order in loops, etc. In practice this means
taking N to be such that using the IR calculation of p(u, i) the double integral in (5.52) converges if the theta function is
removed so that the upper limit is taken to oo.

The sub-Regge UV contribution is similarly

PUY(q) = /zdﬂZ[ aiDise, A=) (a+ ) (23] CEEE Vg, [ gaoes - )

m

(1 + 200) (u = (. 1) Kzﬂ_3a>’

Cppi(p+ i) — a(u? +pp+ )\ ot

p(us i)
) +a)N

x [ an (5.53)

although it is of course undetermined unless at least a partial UV completion which describes the region A2 < u < A? of the
EFT is already known. What is understood and relevant here is its analytic structure. Since the remaining double

discontinuity in P(VV)(a) has only support from y + ji > A2, then P("Y)(q) is an analytic function of @ up to a right-hand
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branch cut which begins at a = 2A2 /3. Unlike our previous
definition P""(4), P(Y)(a) is now devoid of any con-
tribution from low-energy physics, and so we have suc-
ceeded in disentangling the two contributions. The
historical application of finite sum rules [46,67-70] was
to assume that Is(a) can be well approximated entirely by
its IR contribution P™)(a). This is equivalent to assuming
A, ~ A, or that at least |[P("Y) (a)| < |P™)(a)|. This led to
the bootstrap hypothesis that the UV could be calculated
via the IR. A more conservative modern point of view
would be that the one taken here that we can meaningfully
compute the IR contribution u < A2 to UV quan-
tities p > A2

I. Continuous moment sum rules

The finite energy sum rule we have derived so far (5.16)
determines the Regge function P(a)~ P(a) which is a
particular function of the Regge residue r(a) and the Regge
slope a(a) (5.10). However, ideally we would like to
disentangle this information so as to better understand
each function separately. One approach following [46]
would be to derive higher order sum rules from the
analyticity of x"A(x,a) for integer n > 0. While in
principle possible, in practice increasing powers of n
requires increasing knowledge about the UV properties
of the amplitude for which we can no longer trust the
simple ansatz (5.5). One solution is to improve the ansatz to
assume the asymptotics are given by a sum over Regge
poles so that there are subleading contributions each with
their own trajectory

. . 7 a;(a)
D (na)) = A (2 5.54
lim isc, A, t(u, a)) E[ ri(a) (A%) (5.54)

As well as being a rather strong assumption, for instance it
neglects the possibility of Regge cuts, it introduces a
significant number of free functions. A better approach
would be to allow n to be small and noninteger to avoid
increasing dependence on subleading Regge trajectories.
Fortunately this can be achieved. To see how this works,
let us first define an exact function which has the correct
Regge asymptotics (5.5) and prescribed analytic structure

gty | (7 s)

A6 ala)/2
()

Consider now the combination [73,74]

-ARegge (.X, [l) =

(5.55)

A6

A2—a

B(x,a) = ( +x>”(A(x,a) ~ Apegee(1.0)). (5.56)

The assumption that Ag,g,. correctly captures the asymp-
totic form of 4 can be written as that

im |.A(.X, a) - ARegge<x’ a)'

|x]—00 |x|

=0, (557

at least in the vicinity of a = 0. We can now consider small
enough moment ¢ so that the following relation remains
satisfied:

llm ‘B('x’ Cl)|

[x| =00 |x|

=0. (5.58)

It then follows that we can write a dispersion relation with a
single subtraction similar to (3.7)

® 1
B(x,a) =B(0,a) —f/ dw DiSCSB(/,t,T(/t,a))w<
wo(a)

b3 w+x)’

(5.59)

. . . 3
and in the integrand w is related to u by @ = £ and we
p—a

have defined wg(a) = (A’z\—;) For the graviton scattering

amplitudes (4.5) we always have A(0, a) = 0, and we have
conveniently chosen Agegee (0. @) = 0 whence B(0, a) = 0.
Differentiating and evaluating at x = 0 gives

wO(a)GaxA(x’ a)|x:0 = wO(a)aaxARegge(L a)|x:0
1

0o 1
——/ dw Disc,B(u,7(u, a)) — .
7 J wy(a) w

(5.60)

Remembering that a; ; = 0 for graviton scattering ampli-
tudes this gives

a(a)r(a)w(a)*@/>~1 11

Mﬁ‘2a+a0‘la:_ sin(%a(a)) wy(a)’n
A i
« / dw Disc,B(u,t(u.a))—.  (5.61)
wo(a) @

where we have assumed that Ageg, (¥, @) is a sufficiently
good approximation to the form of the amplitude for
w > A% that we may neglect the second integral for
@ > A}. The x/a pole in the amplitude A propagates
along the branch cut in B, and so it is helpful to separate it
out and focus on the discontinuity that comes from A. This
results in the continuous moment sum rule [73,74] which
relates the Regge behavior with the IR or more precisely
sub-Regge physics14

"See [75] for a review of this approach.

046011-25



DE RHAM, JAITLY, and TOLLEY

PHYS. REV. D 108, 046011 (2023)

1 A} (a) - a)o(a))” . ~ . “
P,(a) =apja +—F—— dw ———=—"—(cos(zo)Disc, A(u, 7(u, a)) — sin(zo)ReA(u, 7(u, a))). (5.62)
700(a)° Jay(a) @
Here we have defined the new Regge function P,(a) as
1 1 [ sin(zo)(w — wy(a))? K,(a
Pﬂ(a) =—— (D_2 O( )) F(Cl) : E( ) , (563)
Mg—~a 70§ Ju(a) My *aw sin(Fa(a))
with
ala)/2-1 1 A _ c
K,(a) =— a(a)ao(a) / dww [Sin <z a(a) + mr) (0 — wy(a))4 /% — sin (n6)wo(a) /2],
2 70G Jwy(a) W 2

Although not immediately apparent P,(a) has no pole at
a =0 given (5.8) and a similar cancellation among the
integrals. Furthermore, it is an analytic function of a with a
branch cut beginning at @ = 2A? /3. For the specific choice

o = () we ha\/e
/A,

which for A% > wq(a) gives (5.10) so that (5.62) reduces
to our previous sum rule (5.16). The virtue of the
continuous moment sum rules is that we can now separate
the information on the Regge residue and the Regge slope.
For instance we can solve (5.62) for the residue

1 1

MB™2a =

Py(a) =

(5.65)

P,(a) + ! + !
a —_— —_—
’ ME™a  nwf

sin() (0 —wo(a))")’

ME2aw

_sin(fa(a))
O K )

At
X / dw
wy(a)

and since the equation must be true for any value of o, we
can identify it at two different values

(5.66)

P;(a) + m + -1 de

o
W,

A}
fa)o(a)

A
fwo(a)

M l[,’l'z am

K;(a) _

K (a
o(a) (Pa(a)—km—kﬂi)g

dw

sin(zo) (w—wo(a))”> ’

MD2aw

(5.67)

which gives us an equation for the Regge trajectory a(a) in
terms of the integrals over the discontinuities in (5.62).

An alternative way to write this that removes explicit
mention of the Planck scale is from (5.63)

(5.64)
|
d0,(P,Z
r(a) = sin (ga(a)> ﬁ (5.68)
where
s 16//\1‘ da)sin(;m)(a)— a)o(a))", (5.69)
7‘[600 wy(a) w
from which we obtain
0,(K %
0, |22 | =0, 5.70
i) 570
or equivalently
atZT(KGZG) _ ag(PD'ZD') (571)

0,(K,2,)  0,(P,%,)’

It is sufficient to evaluate this at any 0 < ¢ < 1 to obtain an
implicit equation for the Regge trajectory.

J. Approximate expression for Regge trajectory

To illustrate this, consider the limit where there is a large
hierarchy between the beginning of the branch cut A and
the Regge scale A, so that A¥ > wy. In this limit we have

3-1  Si0(z0) <M>G, (5.72)
o [0
and so
K.z no  sin(za/2 + 7o) A2 (5.73)

o sin(zo) n(oc + a/2 — 1)

Evaluating the left-hand side (LHS) of (5.71) at 6 = 1/2
gives a monotonically decreasing function of a over the
relevant range 0 < a < 4,
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% (K,%,)

4(a(a) = 2)(x(a(a) = 1)sin(57) + 2¢05(*3") )

o=1/2

aU(KO'XO')

(a(a) - 1)(2(a(a) —2) cos(%(“)) — x(a(a) - 1) Sin(%(“))) )

(5.74)

Choosing for simplicity the special polarization ¢ = ¢, for which a,; vanishes, then in the same limit we have

P~
N —
777 sin(no

which on evaluating the RHS of (5.71) at 6 = 1/2 gives

% (P,%,)

= /OA? dw w2 (cos(zo) Disc, A(u, 7(u. a)) — sin(zo)ReA(u. 7(u. a))).

[ dw [%Discsﬁt(ﬂ, 2(s.))(2 = y) — ReA(u. (. a))y(4 — y )}

(5.75)

aor(PrrZ(r) o=1/2 a

with y = In(A?/w). For instance one may check that with the Regge ansatz Discs,zl(y,f(ﬂ,a)) = r(a)a)“(”)/ ,

fé\é dw 0™3/? [nDiscle(,u, (. a)) + ReA(u, t(u, a)) (2 - y)}

: (5.76)

2

ReA(u, 7(u, a)) = —r(a) cot(za/2)w™ /% + »/ME-2a taken to be valid at all scales, then (5.74) equals (5.76) where
the (crossing symmetric) #-channel pole cancels because of the integral identities

A} A}
/ dow™'?(2-y) = / dow™'?y(4 —y) =0,
0 0

(5.77)

which means the hat may be dropped from the amplitude in (5.76). Thus Eq. (5.71) serves to uniquely determine the Regge

trajectory in terms of sub-Regge physics.

Using the knowledge that at a = 0 the Regge trajectory satisfies a(0) = 2 in order to reproduce the z-channel pole we

infer a nontrivial constraint

16 [3 dw w2z Disc, A, 7(,0))(2 = y) = ReA(p, 7(u, 0))y(4 - y)]

nr—4

In practice if A, is taken too large, well into the Regge
region, then the integrals in (5.76) will be dominated by the
contribution from the Regge region in which case we do not
learn anything new. Thus the optimal situation is where A,
is taken to be the smallest value at which the transition to
Regge behavior kicks in and ideally for which A, ~ A, so
that data from the EFT region can be used to anticipate the
Regge trajectory. The historical use of such sum rules was
to precisely predict the Regge parameters from known low-
energy phenomenology.

K. Physical implications

The above sum rules show that there is a nontrivial
IR-UV mixing whereby the high-energy u > A% Regge
behavior is determined by the sub-Regge physics u < AZ.
Furthermore, positivity bounds constrain the high-energy
sub-Regge contributions A2 < u < A2. The coefficients
in the low-energy expansion of the Regge functions are
potentially dominated by contributions from light loops
in a way which cannot be compensated by high-energy

Ji do @32 [ Disc, A(u, 7(1.0)) + ReA(, 7(.0))(2 — y)

. (5.78)

sub-Regge physics. The dependence of the Regge func-
tions on light loops is arguably not surprising since the
traditional Regge limit is stated as large s and small 7, and
small ¢ physics is expected to be sensitive to the IR
through light #-channel exchanges. In our crossing sym-
metric dispersion relation a plays the role of ¢ in the
traditional fixed ¢ dispersion relation and so a similar
feature holds. What is remarkable though is that this is
determined in a calculable way via the nontrivial finite
energy sum rule (5.16). This very much differs from the
traditional approach where ad hoc Feynman diagram
resummation methods are used to anticipate Regge
behavior from the bottom up, in particular theories with
questionable success.”” Rather our approach follows
closely the duality bootstrap approach via finite and
continuous energy sum rules which were the origin for
the Dolen-Horn-Schmid duality [46], which started with

5See for example the beautiful textbook [76] for a review of
this approach.
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the foundational work of Ademollo, Rubinstein, Veneziano,
and Virasoro [77-79] pioneering the first bootstrap con-
straints. In this case, the need for a Regge trajectory16 with
a(0) = 2 given the exchange of a massless spin-2 field is a
direct consequence of this duality mindset. This duality
historically gave rise to string theory by means of
Veneziano’s explicit amplitude [80]. The motivation of
Ademollo, Dolen, Horn, Rubinstein, Schmid, Veneziano,
Virasoro, and others'” was to use the equivalent of (5.16) as
a bootstrap from which Regge parameters could be pre-
dicted from low-energy data alone.

Our modern perspective is arguably slightly more
conservative. From a bottom approach we typically
assume we are working with a given EFT with cutoff
A, for which the first nonanalyticity arises at A < A.. Our
sum rules (5.16) and (5.62) can be used to unambiguously
determine the IR contribution to the Regge functions. In
order to realize the historical bootstrap idea we also have to
include some notion of the sub-Regge UV contribution.
The question is to what extent can we anticipate this from
the low-energy EFT alone? A plausible approach is to
follow the spirit of the modern S-matrix bootstrap methods
[81-85]. We can make an ansatz for the discontinuity for
u < A? by considering a large but finite number of
multipoles and number of mass states, similar to what is
assumed in numerical optimization procedures for low-
energy positivity bounds. Rather than using this to put
bounds on low-energy coefficients we can rather fix a
subset of the free parameters in this ansatz by known low-
energy expansion coefficients. Further coefficients can be
constrained by means of the null constraints which have
already been shown to be powerful at restricting the range
of the low-energy coefficients. Then the continuous
moment sum rules can be used to fix the leading Regge
trajectory and residue. It should then be possible at least in
principle to perform an optimization procedure to find the
possible range of the Regge functions.

This statement that the Regge behavior can be strongly
dependent on IR physics has important consequences for
potential proofs of the weak gravity conjecture [47,86]
which have attempted to bypass the difficulties of gravi-
tational positivity bounds by making specific assumptions
about UV completions. For example, one could in principle
have imagined that all of the scales in the Regge physics
encoded in P(a) are set by the string or Regge scale which
is essentially the scale of the massive higher spin states M.
This is the effect that is implied by assuming (5.21) alone.
If this were true, then one can derive positivity bounds
on low-energy effective fields theories which allow a mild

"“When considering the tree-level Mp; — oo decoupling limit.
In full quantum gravity, graviton loops can soften that behavior
and ensure a(0) < 2 [6].

""We thank Gabriele Veneziano for inspirational discussions
on these points.

negativity set only by 1/(MB5=2M?). Assume the string
scale is much larger than the scale of the low-energy EFT
and then it would appear that traditional nongravitational
positivity bounds would continue to hold (approximately)
even with gravity despite the #-channel pole. The finite
energy sum rule (5.16) shows that the assumption is
incorrect, by crossing symmetry, whatever happens in
the IR is embedded in the UV Regge behavior.

Beyond applications to the weak gravity conjecture, we
note that already within known physics of the Standard
Model, this behavior could have far-reaching consequences.
Considering the contribution from Standard Model loops,
starting from neutrino loops at a scale m, ~ 107 eV, and
involving contributions from all known standard matter
loops (including notably electrons and W and Z bosons as
was performed in [41,56] in the context of graviton-photon
amplitude), all the way up to the A, which may be taken as
the TeV scale. The calculable effects contribute to the
various moment sum rules PV, By contrast the energy
scale which determines the sub-Regge high-energy contri-
bution PM&" or more precisely PUY comes in at least 15
orders of magnitude higher than the neutrino scale. Thus
(ignoring massless loops) we expect neutrino loops to
significantly dominate the expansion coefficients of the
Regge functions at small nonzero a. Similarly, contemplat-
ing (string-inspired) axion models with masses potentially
as low as myyon ~ 10720 eV — 1074 M}, would directly
imply that the Regge functions must carry a scale some
47 orders of magnitude below the Planck scale and
contributions from these axion loops would entirely domi-
nate the Regge behavior of any gravitational amplitude.
These results are consistent with what was already argued
in [41] and also observed in [58]; however, we note that our
results rely on no charged particles under any gauge
symmetry (other than gravity itself), making this IR/UV
mixing entirely generic to any gravitational theory and
involving a mixing scale carried by the lightest massive
particle (rather than the lightest charged particle). It is
important to both include and consistently remove along the
lines outline in Sec. V H these light loop contributions to get
meaningful constraints on the UV behavior.

VI. CONCLUSIONS

It is well known that the standard Einstein-Hilbert term of
general relativity should be considered as the leading
operator in an infinite EFT expansion that may resum to
string theory or other quantum gravity completion at high
energy. In any concrete realization, the next order operators
are always expected to be highly suppressed so as to remain
virtually unobservable in any concrete realization.
Nevertheless, with the tremendous leap forward brought
to us by the direct detection of gravitational waves and ever
more precise cosmological observations, the possibility of
constraining higher operators in the EFT of gravity has
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gained traction. Furthermore, it is important to what types of
EFTs can be consistently UV completed. With this in mind,
folding in information from their potential high-energy
completion provides powerful theoretical constraints on
the higher order operators, carving out the appropriate
region of parameter space, while potentially allowing us
to establish contact between gravitational observables at low
energy (even if in the strong gravitational field regime) and
the UV.

This work complements and pushes further the previous
results obtained in that direction by providing an explicitly
triple crossing symmetric gravitational amplitude on which
nonlinear compact bounds following from unitarity, local-
ity, causality, and Lorentz invariance may be implemented
fully analytically. Up to dimension-10 operators, our results
agree with previously derived bounds, although smeared
bounds optimized numerically allow for better constraints
in some cases. The analytical bounds obtained here have,
however, the advantage of being directly generalizable to
arbitrary orders, and are easily implemented in any dimen-
sion, with new bounds on dimension-12 operators being
derived and highlighting features at higher order.

Besides the derivation of positivity bounds on low-energy
physics, our framework highlights the existence of exact
finite energy sum rules and continuous moment sum rules
whereby the characteristics of the UV Regge behavior is
directly related to the low-energy dispersion relation imply-
ing an IR/UV mixing or equivalently a bootstrap relation
which may be read either way. The existence of these
nontrivial sum rules is connected with the presence of the
spin-2 f-channel pole. Higher order subtracted dispersion
relations for which this pole drops out are largely insensitive
to the Regge behavior as the denominator in the integrand
will contain increasing powers of energy (squared). It is the
usual twice subtracted (in s, once in x) relation which is
strongly sensitive to the Regge trajectory and residue. The
continuous moment sum rules we have defined are similarly
sensitive provided the moment o is kept close to zero. Using
the continuous moment sum rules we can in principle
determine the scattering amplitude for energies above A,
when the leading Regge trajectory is assumed to dominate,
in terms of a dispersive integral of the amplitude at low
energies, potentially fulfilling the spirit of the bootstrap
program.

This framework confirms that the perturbative expansion
of the Regge functions away from the forward limit, loop
corrections of the lightest massive particles are shown to
always dominate over tree-level contributions. This is
expected from their relative contributions to the dispersion
relation. While such conclusions could have been expected
by a resummation of a perturbative low-energy expansion,
the validity of such an expansion is not always well-
justified, and it is only by developing a dispersion relation
valid at all scales that we can correctly identify how low-
energy physics shows up in the Regge behavior. The

relations obtained here do not rely on any assumptions
related to the validity of a perturbative resummation of
subsets of Feynman diagrams which are likely insufficient
to see the emergence of Regge behavior. The IR/UV mixing
presented in the context of the pure gravitational amplitude
resembles that already derived in scattering involving the
photon [41,58,65,66]; however, unlike these previous cases
our result is generic to any gravitational theory. As an
illustrative example, our dispersion relation/sum rules can
determine how loops of standard model fields such as the
neutrino, ultralight axions, or other dark matter particles
considered directly contribute to the Regge trajectory and
residue, mixing with the UV physics.
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APPENDIX A: MANDELSTAM’S DOUBLE
SPECTRAL REPRESENTATION

In order to get a better understanding of the crossing
symmetric dispersion relation considered in the text it is
helpful to compare it with the more familiar Mandelstam
double spectral representation for a manifestly crossing
symmetric amplitude [61]. Ignoring the issue of subtrac-
tions [52] this is given by

1 0 00 7l
A(s, t, u) = 2/ d/.l dﬂ |:pﬂﬂ)
T JA A (u
p(u i)
— ) (i — u)
where the spectral density itself is required to be symmetric

by crossing symmetry p(u,ji) = p(fi, u). Writing this in
terms of x and a variables, we have

+

| @y

(u

1 o0 C B
A(s,t,u)—;/Az dﬂ[\z diip(u, jt)

8 (2u = 3a)u’ (u +20)
(1 = ax + px) (ui(u + i) — a(@® + pfi +i*))”
(A2)

As expected, for fixed a this gives a dispersion relation in x
of the form (3.2) modulo the precise number of subtractions.
By comparing the discontinuities in x for fixed a we infer
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) 1 [fo | .
Dise, A(j, 7. @) = / " dp(u. )

(u+20)(u—a)
pit(u+ i) — a(p? + pfi+ i*)”

(A3)

modulo a subtraction polynomial in a. This is in turn a
dispersion relation in @ meaning that the single discontinuity
is an analytic function of a for fixed x with a right-hand
branch cut on the real axis beginning at the minimum value
of uji(p + i)/ (u* + pji + ii*) which is in general y depen-
dent but is at least 2A?/3. This justifies our use of the
dispersion relation (3.2) up to a = 2A?/3. Furthermore, for
fixed p there is a maximum value of the branch cut which is
given by a = p?. The double discontinuity is related to
Mandelstam’s double discontinuity by

Disc, Disc, A(u, 7(u, a))

_ Pl ) (4 271) (Ad)

(u* + pji + ji*)?

|a=ﬂﬁ(ﬂ+ﬁ)/ (12 +up+p?)

APPENDIX B: (PARTIAL) UV COMPLETIONS

1. One-loop four graviton scattering discontinuity

Consider the theory of a minimally coupled massive
scalar field in D = 4,

/d4x\/_< PlR—l(agb) —%m2¢2>. (B1)

1

Disc, A(s,0, ) = ———+
19207s> M3,

+

e
o
o

(2)

i

+(5)

+(5)

E E

FIG. 3. Feynman graphs that produce a discontinuity in one of
the three or four graviton scattering channels. The number in
brackets indicates how many additional diagrams of that topology
there are (including crossed versions, etc.).

Our goal is to compute the discontinuity across the branch
cut for the crossing symmetric combination of helicity
amplitudes, and use this to compute the low-energy portion
of the branch cut integral appearing in Eq. (5.27). Even
though this discontinuity is for illustration purposes
uniquely, it will give insight into a concrete realization
of how massive loops can appear in the Regge-subtracted
dispersion relation.

In the four graviton amplitude there is a subset of
diagrams that can produce discontinuities in the s-channel
as depicted in Fig. 3. Since we are concerned with triple
crossing symmetric amplitudes, we need only compute the
discontinuity across one of the three energy channels, e.g.
the s-channel. For illustration we take a = 0 in order to
compute the coefficient di™,

( s(s — 4m?)(60mS cos(2¢) + 120m® + 146m*s — 18m?s* + s3)

— _ 2\ _ 2
— 120m° log< V(s 4;" 3 am”+ s) (m? cos(2¢) + 2m? — 2s)).
m

Inserting into the forward limit sum rule above gives

A 2 1
P(O):[\z dMD]SCA(MO¢O)< ) M{lg<

2

/ 2_4m2

2m
_ VA= dm <(68 —5cos¢) — e (5cosghy+ 152) +

20A,

which can be expanded in powers of m/A, < 1,

A2 A AZ 6 8
oy, 2+2m\/m——4—1>( 80A +30 §(2+cos¢0)>

2 4 6
/’(Z (634—15005450)+300%(cos¢0+2)>}, (B3)

C

(B4)

P(0) :/\2 du Disc, A(u, 0, ¢0)< & ) +

20log %% + 5 cos(2¢) — 68 m? 3m* mb
192007 M3,

o
BN, 322AM, O \AE

The higher order coefficients for 13((1)10‘” can be obtained similarly by computing the higher derivatives of the discontinuity.
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2. Coefficients from loops of lower-spin fields

Assuming the Wilsonian coefficients entering our low-
energy EFT are dominated by contributions from loops
of (heavier) massive lower spin-S < 2 particles, we can
provide explicit examples of (partial) UV completions
and the resulting amplitude coefficients. In the cases of the
single-helicity-flip amplitudes (e.g. ++ — +—) and the
“all-plus” amplitude (++ — ++) this leads to a simple
relation between certain operator coefficients as detailed
below. Note that in the main text we identify the scale A?
|

S c3 cy c_ e, e_
R - L
2 S5n %Q—in - _%2_:”

(appearing in the EFT action) as the start of the branch cut,
and so in this section one should take A? = 4m? to
maintain consistency with what is written above. We have
kept the two scales separate for illustrative purposes.
Defining

1A (85)
"= (4n)? 30240 M2 m?

and using the explicit one-loop amplitudes gives

S+ 9+ f- g- J1
155 A® LA_“n 3037A° L3AS 0 128A°
2002 mb 143 m® 40040m° 20020m° 5005m°®
1136A° 29A° _ —
5005m° 715m°
13113A° n 433A° _ __
20020m° 1430m°
11554A° 503A° __ __
5005m° 143m°
254269A° 25009A° _ _
20020m° 286m°

To obtain the blank entries (“——") for spin S simply multiply the spin-0 result by (—1)>5(2§ + 1). We note that
c3 = (25 + 1)(=1)*n, and so unbroken massive supermultiplets make no contribution to cs.

3. String theory completions

Following [26], the independent four-graviton tree-level amplitudes for different string theories are given by [87] (with o

dependence made explicit)

D=2 Ass _ __
MPl 22 —

D-2 pghs __
MPI 'A22 -

1 — st(a)?
4ud +16

D-2 Abs _
MPl A22 -

D-2 Abs __
MPI A12 -

s2[2u2(a’)51“(—% (sa’))F(— (1)

4

10241 (s + 1)r(%

s2r2u2(o/)5r(— ! (sa/))F<—%(ta’) r —i(uo/)) (stu(al)® — 128)2

D-2 pbs _ __
MPI A14 -

The mass M of the first spin-4 field exchanged between
gravitons for these string theory completions is M?> = 4/’

To match the string amplitudes with the EFT, we should
first bear in mind that in both bosonic and heterotic string
theory, the presence of the Gauss-Bonnet term in higher

1024(sal + 4)(ta! + 4)(ua + 4)%(% + 1)r(%’ + 1)r("7a’ ¥ 1) '

(B6)

|
dimensions and the massless dilaton ¢ affects the low-
energy amplitude. In any viable vacuum, the massless
dilaton should be stabilized, and working below its mass
would lead to the same EFT as that considered in (4.2);
however, for completeness, we provide here the matching
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with a nonstabilized massless dilaton, where the following
operator is included (along with a kinetic term for the
massless scalar ¥):

AS = MP/? / dPx/=g </fz 9G + /;‘PC> (B7)

with G being the Gauss-Bonnet term. The second operator
added here is parity violating and is needed specifically to
match to the heterotic string amplitude. Its origin can be
understood as the cross term between the field strength
3-form of the 2-form B field, and the Lorentz Chern-
Simons term (see e.g. [36]) which gives an interaction of
the schematic form (dB)wRiem with @ the spin connection.
In four dimensions, the 3-form field strength is dual to a
1-form field strength for a massless shift symmetric scalar
gauge field (¥); writing the interaction in terms of ¥ and
|

integrating by parts leads to an interaction as above. This
leads to the following contributions to the amplitude:

453 (2(D -4 B
12 2(D—-4 N
Mgl_zAA14 = P (5C3 - ﬁc%E - C2 - C2>y,
MEQ]_ZAAB — MII,)I_QAAIQ — Mgl_zAA24

= MB2AA,, = 0. (BS)

Including the contributions from the massless dilaton and
working in D = 4 dimensions, we can now match the string
amplitudes to the EFT coefficients. The string amplitudes
expanded in powers of the Mandelstam invariants are

S st@ shap®
M%’IA”(SS):E_ M6 +W+ Tt (B9)
Ay =5 - ST =) 8 s 4y ) (B10)
P u M M° M® 12M'°
O (1 +y @)
MIO + - ’
o) =202 e 8 iy
PIV 1 u M4 M6 M8 MS MlO
s*(=24 4 24y ) 4 y@)x
12M10 L (BI1)
4y 8yx 4’3 +y®)
M A (bs) = - — - 5 ==+ (B12)
y  yy®
M12>1A13(b5) AT 0 +---, (B13)

where M? = 4/a’ and y denotes the polygamma function evaluated at 1, ) = (") (1).
Given that the 1 — 2 and 1 — 4 configurations are zero for the heterotic and superstring theories, this implies that the
coefficients ¢3 = c_ =e_ = f_ = g_ = j, = ¢* + & = 0 for these theories. The nonzero EFT coefficients are

) 4) (4)
. SV fo W 9+ _ _ ¥
Superstring : A6 s N0 = T ag0 A0 = 24310 (B14)
. . | . w® —1 e, 1
Heterotic string : T ORI Ty
fo 24+ 12y —y® g, 12y 4y B1s
W - 48 M 10 ’ W - 24M10 : ( )
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s c; 1 - 1 A+ 1 c. y®-2
Bosonic string : — = , = , = , == ,
1eSTHNE T o AT o AT oM AT 8MS
e. 2 e, 1 f+_24+241,,(2)_l/,(4) g 2
AS s AT MR A0 48M™ A M
9. 24-24y —y® s ley? f- 1
ADT T aM AU 3y Al i (B16)
|
If the lowest lying state outside of the regime of validity of  H(D, C,, Cg;€) = --- 4+ (2C% + C1C% + C3 C3 + C2 C

the EFT is the spin-4 state exchanged by the two gravitons,
we identify the scale appearing in the Lagrangian A with
the mass A = M.

APPENDIX C: HILBERT SERIES AT MASS
DIMENSION-12 FOR D=4

Naturally from the EFT perspective, effective actions
may include any operators that are consistent with the
crucial symmetries of the physical system. Without further
restriction, this principle can allow an unwieldy over-
abundance of redundant operators. The effective field
theory of gravity is no stranger to this issue, where we
encounter thousands of possible operators arising from the
various index contractions between curvature tensors as
we move to higher mass dimensions. Reducing these
massive sets of operators to their minimal “nonredundant
operator basis,” i.e. the smallest set of operators where no
two are related via field redefinition, algebraic/tensor
identity or integration by parts, is a complicated task.
Fortunately in recent years much work has been under-
taken to simplify this process via the underlying group
theoretic structure of the desired symmetries, and in
the particular context of constructing EFT Lagrangians
[88-91]. Here we utilize the developments made by [64] to
verify that we have included all mass dimension-12
operators that may contribute to the four graviton ampli-
tude at tree level.

The most general action built out of the curvature tensors
involves parity-odd terms, containing an odd number of
factors of the Levi-Civita symbol. A nonredundant operator
basis for gravity in D = 4 was provided in [64] up to and
including operators of mass dimension-10. In our analysis
we have gone to the next order, requiring operators of mass
dimension-12 to apply our crossing symmetric bounds. At
this order one may have operators built out of six factors of
the Riemann tensor, five factors of the Riemann tensor, and
two covariant derivatives, and so on.

The Hilbert series computed in an expansion that
arranges operators by mass dimension (indicated by ¢)
gives

+D*C] + C3CR + CiC3 + C3)

+ D*(2C + C3Cr +2C2 C3

+ CLC3 +2CE) +2C8)e'? + O(e').
(C1)

Here the factors of C;  represent the left- and right-handed
parts of the Weyl tensor and D represents a covariant
derivative. Each term corresponds to a different class of
operator, built out of the above objects, but does not
describe the precise structure of index contractions between
them. The coefficient in front of the term is equal to the
number of operators that are truly independent and cannot
be related to others via tensor identities, equations of
motion, or integration by parts, etc. The series tells us
that at this mass dimension there are eight independent
operators involving four factors of the Riemann tensor and/
or its dual, of either odd or even parity.

As detailed above, in order to match the EFT of gravity to
the one-loop or string theory amplitudes provided in
Appendix B, we required five independent parity even
operators at dimension-12. In addition to this we present
the following parity-odd operators and their contribution to
the amplitude:

ny

NG

AS = M]%]/d“x\/—_g(% [FIF] +

n -
+ Ailz() V”V”Raﬂy&veRggyngsalﬁRL/t)(> ’ (Cz)

with

MIZ,IAA” — O,
2i i

M3 AA, = —Fn1(2x3 —-3y?) - mn2(2x3 +3y?)
3i

2
__n s
4 3y

Tz ”3yza (C3)

3i
M3 A =
Pl A]3 16
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the usual crossing symmetry is obeyed, and in addition
these amplitude contributions satisfy Ap(;p(j) + A;; = 0,
where P is the parity operator.

These three CP violating operators give independent
contributions to the amplitude, meaning we have found
eight independent operators involving four Riemann

tensors at dimension-12, which matches the number pre-
dicted by the Hilbert series method. For the purposes of
computing four-point amplitudes between gravitons at tree
level in the EFT, we have identified all the operators at
dimension-12 that could possibly contribute.
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