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and INFN–Sezione di Napoli, Via Cinthia, 80126, Napoli, Italy

(Received 8 May 2023; accepted 26 July 2023; published 16 August 2023)

We investigate multipartite entanglement in quantum geometry states described by loop quantum gravity
spin networks. We focus on states corresponding to bounded regions of 3D spacelike slices of spacetime
with nonvanishing intrinsic curvature, realized via spin networks defined on a graph with nontrivial SUð2Þ
holonomies. The presence of intrinsic curvature in the region is encoded—via coarse graining—into tag
spins attached to the vertices of the graph. The resulting states are generalized bulk-to-boundary maps
defined in an extended boundary Hilbert space comprised by the spin representations carried by the tags
and by the uncontracted edges at the boundary. We consider a tripartition of a random quantum geometry
state in the extended-boundary space consisting of a bipartite boundary subsystem and a bulk-tags
complement, and we propose a measure of logarithmic negativity to study the change in the entanglement
phases of the boundary marginal mixed state, while varying the dimension of the bulk curvature
environment. In the large spin regime, we find that the typical entanglement negativity is well described by
the generalized Page curve of a tripartite random state. In particular, we find area scaling behavior of
negativity for small curvature, while for large curvature the negativity vanishes, suggesting an effective
thermalization of the boundary. Remarkably, the positive partial transpose character of the mixed boundary
state corresponds to a change in the effective topology of the network, with the two boundary subregions
becoming disconnected.
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I. INTRODUCTION

In the last two decades, the idea of a correspondence
between geometry and entanglement, suggesting quantum
correlations as the fabric of an emergent continuum,
classical spacetime, has radically changed all approaches
to quantum gravity [1–9]. Beside the AdS=CFT frame-
work [10], where an entanglement-geometry correspon-
dence is reflective of the gauge/gravity duality [11–15],
nonperturbative and background-independent approaches
to quantum gravity recently offered a new playground to
investigate the roots of such an interplay.

In loop quantum gravity [16–18], and related general-
izations like spinfoams theory and group field theory
[19,20], a beautiful quantization of space at one time is
realized in terms of superpositions of quantum spin net-
works [21–23]. These are SUð2Þ gauge symmetric tensor
networks, defined by graphs with edges labeled by SUð2Þ
spin irreps and vertices dressed by intertwining operators,
which encode geometric and topological features of 3D
geometry into purely algebraic and combinatorial degrees
of freedom [18]. Quantum geometry states described in
terms of spin networks as functionals of the SUð2Þ
Ashtekar-Barbero connections essentially capture the kin-
ematics of general relativity in its first order formulation
[24], which can be eventually described in analogy with the
conventional Hilbert space of an SUð2Þ lattice Yang-Mills
theory [25,26]. This makes spin networks a phenomenal
quantitative tool to investigate the operational content of
the gravitational field, reduced on 3D spacetime slices, at
the quantum scale [27–38].
In this light, spin-network entanglement has become a

central resource to characterize physical vacuum states of
the theory [39–42], investigating local holographic
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properties of quantum spacetime geometry [43–45] and
ultimately to study the emergence of classical spacetime
geometry with its classical symmetries from its quantum
description, with a renovate interplay of techniques and
tools from quantum information theory, information geom-
etry, quantum many-body theory, and quantum computa-
tion theory more recently [46–57].
Much work in the field has recently focused on

quantum 3D geometry states with 2D boundaries, corre-
sponding classically to spacetime spatial slices with
corners [58], thereby looking at quantum spin networks
with boundaries as boundary maps with corner states
encoding the geometric and topological information
stored in the bulk correlation structure. In this setting,
different measures of multipartite entanglement have been
proposed to investigate encoding and decoding of bulk
information in the boundary/bulk mapping [59–61] and its
holographic behavior.
In [35,62–66], the holographic character of the spin

networks’ boundary/bulk mapping has been investigated
within a quantum typical regime starting from a random
tensor-network description of 3D quantum geometry states
in the large spin limit [9,67,68]. Along this line, inspired by
recent work in [69–72], in [61] the measure of entangle-
ment negativitywas first proposed to extend the study of the
hierarchy of boundary correlations to multipartite quantum
spin-network states, beyond the bipartite pure-state setting
of entanglement entropy.
In this work, we consider a description of a uniformly

curved quantum 3D space region with boundary realized in
terms of a tagged open spin-network state in loop quantum
gravity [73,74]. We show that the effective topology of
this region is reflected in the multipartite entanglement
of the state. In the presence of curvature in the region, we
generalize the bulk-to-boundary mapping description of the
open spin network [59–61] as to include the space of bulk
defects in an extended boundary state ρτ, where bulk
information is shared among entangled boundary spins
and tags: surface and intrinsic curvature of the quantum
space region are entangled.
We consider a tripartition of the extended boundary

system into three subsystems A1, A2, B, with A1, A2

complementary regions of the external boundary, and B
the set of tags in the bulk. This corresponds to a factori-
zation of the extended boundary Hilbert space, for fixed
tags and boundary edges spins. We model the 2D corner
quantum geometry state on the reduced density matrix
obtained by tracing over the tags spins in B, and we
evaluate the entanglement of the resulting mixed state
ρA1A2

¼ TrB½ρτ� by computing the logarithmic negativity of
its partial transpose [28,61,69,72,75]. Indeed, the Peres
criterion [76] guarantees that the presence of negative

eigenvalues in the partial transpose ρ
TA2
A1A2

witnesses quan-
tum correlations in ρA1A2

[77].

We find that the quantum correlations of the boundary
state include both intertwiner entanglement as well as
correlations among bulk and boundary edges and tags
spins. We focus our analysis on the latter contributions.
In the typical regime, corresponding to a large spin

(semiclassical) limit for our system, we show that the
degree of quantum correlations among boundary subre-
gions depends on the dimension of the bulk tags system,
which plays the role of a hidden environment from the
viewpoint of a generic observer measuring correlations on
the boundary. As an effect of the monogamy of entangle-
ment, when the bulk curvature environment is much
smaller than the boundary system, the entanglement
negativity of the boundary subregions displays the area
law behavior of a bipartite random pure state. However,
when the environment dominates, the negativity vanishes
suggesting an effective thermalization of the boundary,
with the boundary subregions becoming effectively dis-
connected. In an intermediate regime, peculiar to the
tripartite setting, the curvature environment mediates the
entanglement of the boundary. In this case, the logarithmic
negativity EN scales with the area of the cluster boundary
with a negative correction which depends linearly on
the number of tags. As derived in detail in Sec. VII B,
we find in this regime a generalization of the Ryu-
Takayanagi formula for entanglement entropy for the
tripartite setting, in agreement with [61,69], which can
trace back logarithmic negativity to a mutual information
between the subsystem A1 and A2. All these three regimes
can be easily achieved by only tuning one entanglement
phase parameter q, which is actually the ratio between the
number of tags (bulk curvature inside the curved region)
and the number of boundary spins (total area bounding the
curved region).
Moreover, in the loop quantum gravity setting, we find

that the geometric characterization of our networks’ states
relates the entanglement negativity, expressed in terms of
areas of the bounded 3D region, to the intrinsic scalar
curvature of the region. Indeed, as better clarified in
Sec. VIII, under some reasonable semiclassical assump-
tions about areas of curved surfaces we are able to relate in
a nice way our entanglement phase parameter q to the Ricci
curvature of a given 3D spacetime slice for any coarse-
graining scale ε. We find in particular that q ∝ Rε2, withR
being the Ricci curvature. Such a behavior suggests a
possible role of the multipartite description of quantum
geometry in modeling quantum spacetime curvature and
singularities in quantum gravity.
The paper is organized as follows. Section II introduces

loop quantum gravity quantum geometry states as super-
positions of quantum spin networks. In Sec. III, this
notion is generalized to include boundaries and nontrivial
topology. In particular, here we define quantum states
associated with regions of bounded 3D space with non-
vanishing intrinsic curvature. Section IV introduces the
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notion of tagged spin networks, which is the starting point
of our characterization of the bounded quantum geometry
as a mixed state. In Sec. V, we define the tripartition
fA1; A2; Bg of our system, with A1, A2 corresponding to
complementary subregions of the boundary and B refer-
ring to the set of tags produced by the integral (partial
tracing) over the nontrivial loop holonomies in the bulk.
For such a tripartite system, we quantify the entanglement
of the boundary via a measure of typical entanglement
negativity [76–82] by considering the boundary mapping
on a bulk state prepared at random. The random meas-
urement combined with the boundary map projection
allows us to limit the partial tracing to the “curvature”
degrees of freedom, while (partially) retaining the infor-
mation on the graph structure. We compute typical kth
order Rényi log-negativity for even k via replicas by
mapping momenta of the A1, A2 reduced density matrix to
partition functions of a classical generalized Ising model
[69,72], hence looking for the minimal free energy
configurations of the model. In Sec. VI, we characterize
the bulk state contributions to the free energy of the
classical model. The analysis is thereby restricted to states
with small intertwiner entanglement. Section VII contains
an explicit example of an open spin-network state—a
cluster of tags—with four vertices. For such a simplified
setting, we can explicitly compute the typical logarithmic
negativity of the mixed boundary state in the large spin
regime and characterize the entanglement phase diagram
of the boundary state. This section contains the main
results of the paper. Finally, we close in Sec. VIII with a
summary of the results and some closing remarks.

II. SPIN NETWORKS STATES

Loop quantum gravity (LQG) space of 3D geometry is
realized as a space of square-integrable functions,

Hγ ¼ L2½SUð2Þ×E=SUð2Þ×V �; ð1Þ

with support on closed oriented graphs γ comprised by V
vertices connected by E edges. States in Hγ depend on one
group element ge ∈ SUð2Þ for each edge e of the graph and
are assumed to be invariant under the SUð2Þ action at each
vertex v, that is, ∀ h ∈ SUð2Þ,

ψγ∶ SUð2Þ×E → C

fgege∈γ ↦ ψγðfgegÞ ¼ ψγðfhtðeÞgehsðeÞ−1gÞ; ð2Þ

where tðeÞ and sðeÞ respectively refer to the target and
source vertices of the edge e [83]. In the geometrical
interpretation of loop quantum gravity, spin network
vertices are dual to 3D atoms of space described by
quantized convex polyhedra, with a number of faces given
by the valence of the vertex. Edges attached to the vertices
are dual to faces of the polyhedron [84]. In this light,

intertwiners’ quantum numbers represent 3D volume
excitations while the values of the edge spins represent
2D area excitations. Polyhedra corresponding to adjacent
vertices are glued together via their faces. By construction,
the area of two glued faces match, while their shapes do not
have to. In this sense, spin-network states living in Hγ have
a natural geometrical interpretation in terms of discrete
(twisted) geometries [85].
For SUð2Þ as a compact Lie group, by the Peter–Weyl

theorem, functions of d group elements g can be decom-
posed into irreducible representations (irreps) of the group,

fðfggÞ ¼
X
fjg

X
fmgfng

ffjgfmgfng
Yd
i¼1

djiD
ji
miniðgiÞ; ð3Þ

with fjig ∈ N=2 labeling irreducible representations
(irreps) of SUð2Þ; indices mi (ni) labeling a basis in the
vector space Vji ¼ spanfjji; miig, carrying the represen-
tation ji, of dimension dji ¼ 2ji þ 1, and Dji

miniðgiÞ ¼
hji; nijgijji; mii the Wigner matrix representing the group
element gi.
This allows us to write SUð2Þ-invariant functions ψγ as

superpositions of gauge symmetric tensor networks with
fixed spins fjgγ and the connectivity of the graph γ. Two
vertices of the graph, say v and w, are connected by edge
states labeled by a spin j irrep of SUð2Þ and dressed with a
group element ge ∈ SUð2Þ, that is,

jevwðgeÞi≡
X

fmgfng

ð−1Þj−nffiffiffiffiffi
dj

p Dj
mnðgeÞjj; miv ⊗ jj; niw ð4Þ

in the Hilbert space Hvw ¼ ½Vj
v ⊗ V̄j

w�. At each vertex v of
the graph, an intertwiner operator ιv enforces SUð2Þ gauge
invariance via a projection

ιv∶ ⊗
e∈v

Vje → V0; ð5Þ

corresponding to a recoupling of the edges spins at the
vertex in the SUð2Þ-symmetric (singlet) representation with
j ¼ 0. This associates to each vertex the degeneracy space
of V0 for fixed fjeg,

Hv ¼ InvSUð2Þ

�
⊗
e∈v

Vje

�
¼ spanfjιvig; ð6Þ

with jιvi an orthonormal basis in Hv.
A spin network state jγ; fjeg; fιvgi is thereby defined as

the assignment of representation labels fjeg to each edge of
γ and the choice of a vector jfιvgi in HV ¼⊗V

v Hv for the
vertices, corresponding to the contraction (see Fig. 1)
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hfgegjγ; fjeg; fivgi ¼
�
⊗
E

e¼1
heðgeÞj

�
jfιvgi: ð7Þ

Such spin networks define an orthogonal basis inHγ, for
the following isomorphism holds:

Hγ ≈⨁
fjg

HV: ð8Þ

In particular, we will write the quantum 3D geometry
state jψγi as the contraction of a generic collective
intertwiner state jψi in HV with the set of E edge states
comprising the graph, via a sum over spins

jψγðfgegÞi ¼
X
fjeg

�
⊗
E

e¼1
heðgeÞj

�
jψi; ð9Þ

where the contraction amounts to a sum over bulk indices.
In the expression above, the sum over the intertwiner index
is included in the bulk state

jψðfjegÞi ¼
X
ιv

ψ̂fjeg
fιvg⊗v

jfιvgi: ð10Þ

The coefficients ψ̂fjeg
fιvg encode the quantum correlations

among intertwiners.

III. SPIN NETWORKS WITH BOUNDARY
AND NONTRIVIAL TOPOLOGY

Imagine cutting a generic bounded region R out of
quantum 3D space. The corresponding state will be defined
with support on an open graph γR ⊂ γ, which we can take to
be comprised of the sets of vertices VR and edges ER, with
jVRj ¼ VR the number of vertices and jERj ¼ ER the
number of edges respectively. The boundary of R, ∂R, is
the set E∂R of E∂R edges which have only one end attached
to a vertex laying in R. Such boundary edges are

characterized by an open (uncontracted) dangling index
m, while bulk edges connecting vertices within R are fully
contracted. For states with support on open graphs, the
contraction in (9) defines a mapping of the state jψi ∈ HVR

on the boundary space of uncontracted indices,

H∂R ¼ ⨁
fjeg

⊗
e∈E∂R

Vje : ð11Þ

In particular, the gauge invariant property of the LQG wave
functions defined on closed graphs reduces to a SUð2Þ-
covariance of the bounded region wave function

ψRðfgege∈EÞ ¼ ψRðfgehsðeÞ−1ge∈E∂RÞ: ð12Þ

In the boundary mapping, the information on the bulk
holonomies, as well as the correlation structure of ψ ∈ HVR

gets encoded in the coefficients of the resulting boundary
state jψRi. We are interested in the information concerning
the bulk curvature and, in particular, in the way this affects
(gets reflected in) the correlation structure of the boundary
state jψRi.
Bulk curvature is generally associated to the presence of

loops of nontrivial holonomies in the graph. However, the
topology of the graph is only partially relevant to character-
ize such a degree of freedom. Indeed, thanks to the local
gauge invariance of ψR, the structure of the bulk of γR can
be drastically simplified via a partial gauge fixing of the
bulk holonomies [46,73,74]. In particular, for any open
region R, the gauge-invariant Hilbert space on γR is
isomorphic to the gauge-invariant reduced space defined
on a new graph ΓR consisting of a single vertex intertwining
the external edges of the boundary ∂R together with a
number of (independent) loops L fixed by the combina-
torics of the region, that is L ¼ ER − VR þ 1. If L ¼ 0
there are no loops and γR has trivial topology. In particular,
this implies that R has vanishing intrinsic curvature.
More generally, the Hilbert space of the reduced graph

γR will consist of the intertwiner space of the single bulk
vertex times the product of the boundary representations
spaces, that is

HγR ¼L2½SUð2Þ×ðEþ2LÞ=SUð2Þ� ¼ ⨁
fjl;eg

�
HL

v ⊗ ⊗
e∈E∂R

Vje

�
;

ð13Þ
where the degeneracy space at the vertex now also involves
the irreps on the loop

HL
v ≡ InvSUð2Þ

�
⊗
L

l¼1
ðVjl ⊗ V̄jlÞ ⊗ ⊗

e∈E∂R
Vje

�
: ð14Þ

The space in (13) provides a very concise description of the
region R in terms of a single “loopy” vertex with both its
boundary degrees of freedom and bulk nontrivial holono-
mies. The gauge reduction isomorphism does not produce

FIG. 1. Open spin network with support on the graph γR. The
boundary is comprised of the set of not contracted edges with
dangling magnetic indices pictured as empty circles.
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any coarse graining on physical degrees of freedom.
Nevertheless, partial information on the combinatorics of
the reduced graph is lost. As a consequence, the corre-
spondence between the original graph and its flower is
many-to-one [74].
Now, imagine operating a similar reduction by gauge

fixing on a collection of subregions, so as to end up with a
set of loopy vertices glued together via edges dressed with a
trivial holonomy. In this way, we can construct a new spin-
network state with support on an open graph γ̃R associated
to an extended 3D space region with distributed intrinsic
curvature (see Fig. 2).
Such an intermediate level of description allows one to

localize and keep track of the nontrivial holonomies fglg
(classically closure defects) responsible for the curvature at
the vertices of the graph, without trivializing the topology
of the graph, which is going to play a role in the
entanglement structure of the boundary.

IV. TAGS FROM SPIN-NETWORK KIRIGAMI

Along this line, let us consider for simplicity the case of a
uniformly curved region of quantum 3D space, given by an
open-graph state jψRi ¼ jψRðfglgÞi with all VR vertices
carrying one single loop holonomy gl. Further, let us
assume for now that each vertex can have at most one open
edge. This very simplified setting is what we need to neatly
separate boundary from bulk degrees of freedom, as shown
in Fig. 3. The first step in this sense consists of integrating
out the loop holonomies. Following [86], for each spin k
carried by the loop, one can separate the loop from the
edges at each vertex by unfolding the intertwiner into two

different intertwiners connected by a virtual link labeled by
an intermediate spin J: one intertwiner recoupling the
boundary edges spins je at v into J and a second three-
valent intertwiner recoupling the two copies of the spin k
into J at the virtual vertex ṽ. Accordingly, the intertwiner
space in (14) now decomposes as

HL
v ¼ ⨁

J;fkg

�
InvSUð2Þ

�
⊗
e∈v

Vje ⊗ VJ

�

⊗ InvSUð2Þ½VJ ⊗ ðVk ⊗ V̄kÞ�
�
: ð15Þ

A basis in HL
v is given by (see for instance [87])

jJ; k; ι; fjeg½gl�i ¼ DkðglÞCk;Jjk
m̃;MjmhJ;Mjιi ð16Þ

with

Ck;Jjk
m̃;Mjm ¼ hk;mjðk; m̃Þ ⊗ ðJ;MÞi ð17Þ

the Clebsh-Gordan coefficient associated to the three-valent
intertwiner at ṽ.
At each vertex of the graph, the integration over the loop

holonomy only involves the Clebsh-Gordan coefficient and
the Wigner matrix of the loop at the level of the basis in
(16). One can then compute the vertex density matrix ρk as

ρk ¼
Z

dgljJ; k; ι; fjeg½gl�ihJ; k; ι; fjeg½gl�j ð18Þ

and show that the sum of ρk over the loop spin k gives
exactly the identity matrix ρ ¼ hJ;MjιihιjJ;Mi, with jτi ¼
hJ;Mjιi a basis in the reduced vertex space [87]

(a)

(c)

(b)

FIG. 2. (a) Reduction by gauge fixing of the holonomies along
the maximal spanning tree connecting three vertices of an open
spin network. (b) Resulting nontrivial holonomy on a loop
attached to a coarse-grained vertex. (c) Bounded quantum 3D
region with uniformly distributed loops realized as the gluing of a
set of coarse-grained vertices.

(a) (b)

(c) (d)

FIG. 3. (a) A single loopy vertex. (b) Vertex unfolding: isolate
the nontrivial loop holonomy. (c) Partial trace via integration over
the loop holonomy. (d) Tagged vertex.
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HJ
v ¼ VJ ⊗ Mfjeg

J ; ð19Þ

with Mfjeg
J ≡ InvSUð2Þ½VJ ⊗⊗e∈v Vje �.

As a result of the integration, curvature is locally
encoded into a virtual spin J, or tag, attached to the vertex.
We can see the vector jJ;Mi ∈ VJ as the result of the
recoupling of all the spins je at the vertex into a non-
vanishing overall spin J, a topological defect which breaks
local gauge invariance.1

Starting from the tagged intertwiner description, we now
define a uniformly curved quantum 3D bounded space
geometry as the extended boundary map

jψτi ¼
X
fjeg

�
⊗
E

e¼1
heðgeÞj

�
jψbi ð21Þ

where the generic tagged state jψbi is defined, for fixed
spins fJ; jegv, as

jψbi ¼
X

fMvgfιvg
cψb

fJ;jeg
fMvg;fιvg ⊗

v∈VR

jτvi ð22Þ

in the tensor product space of VR tagged intertwiner spaces
HVR

≡ ⊗VR
v HJv

v . Differently from (9), the projected state
now lives in an extended boundary space,

Hτ ≡ ⨁
fJ;jeg

⊗
v∈VR

VJv ⊗ ⊗
e∈E∂R

Vje ð23Þ

which comprises the tensor product of tags and boundary-
spin representation spaces.2

On the extended boundary, the tagged open graph state is
written as

jψτi ¼
X

fMv;meg
ψ̂fJv;jeg;fιvg
τ fMv;meg

⊗
v∈VR

jJv;Mvi ⊗
e∈E∂R

jje; mei; ð24Þ

with coefficients ψ̂fJv;jeg;fιvg
τ fMv;meg encoding the informa-

tion on the quantum correlations among bulk intertwiners,

the connectivity, and the topological defects of the graph.
We expect states in (24) to be generically highly entangled,
with information about bulk geometry encoded into the
boundary state coefficients C in a complicated way. In the
extended boundary system, such information is shared by
boundary spins and bulk tags.
Now, consider an observer having access only to the

external boundary system. Such an observer cannot mea-
sure the information on the bulk. In the following analysis,
we describe such a coarse-grained viewpoint of the
boundary observer by introducing a random measurement
on the state jψτi and proceed to investigate the boundary-
system/bulk-environment coupling via a combination of
random projections and partial tracing over the tags.

V. NEGATIVITY OF A TRIPARTITE
BOUNDARY-TAGS SYSTEM

Let us consider the extended boundary space (23). For
convenience, let us assume curvature quantified by the tags
to be uniformly and homogeneously distributed throughout
the graph γ̃R. This amounts to having a tag for each vertex
of the graph while setting all the spins fjeg and fJvg to be
equal to the single value j and J respectively, generally with
j ≠ J. In particular, this implies we are turning off the direct
sum over the spins fJ; jeg in (23). This allows us to work
with a factorized Hilbert space, while disregarding the
correlations among different spin sectors of the full
quantum geometry wave function (see, e.g., [29,88] on
the role of such correlations).
A random measurement on the bulk state jψbi, prepared

on ⊗v HJ
v, is realized by a projection onto a set of

independent and individual (Haar) random vertex states
jfvi in the extended vertex space

KJ
v ¼ VJ ⊗ ⊗

je∈v
Vje ⊗ Mfjeg

J ; ð25Þ

which comprises the intertwiner space at the vertex, the
spin irrep spaces of the edges connecting the vertex with the
rest of the graph, as well as the tag spin space. In particular,
we can obtain the state jfvi by acting on a reference state
j0i in KJ

v at v with a Haar random unitary, that is jfvi ¼
Uvj0i [67].
The generic random vertex state is explicitly written as

jfvi ¼
X
ιv;fneg

fvιv;fneghJ;Mjιvi ⊗ ⊗
e∈v

jje; nei: ð26Þ

The randomized extended boundary density matrix is
then simply defined along with (21) by a trace over bulk
indices, which contract ρb ¼ jψbihψbj and ρE ¼ jEihEj,
for jEi ¼ ⊗E

e jei, with the further insertion of the random
projector Π ¼ ⊗VR

v Πv ¼ ⊗VR
v jfvihfvj:

ρτ ¼ Tr½ρb ⊗ ρEΠ�: ð27Þ

1Given a tagged basis jτvi at each vertex, we can define a
tagged spin network basis

jγ; fjeg; fιvg; fJvgi ¼
�
⊗
E

e¼1
heðgeÞj

�
jfτvgi ð20Þ

for the whole state on γ̃RðVR; ER; E∂RÞ.
2In fact, one can think of the tag factor in (23) as a disjoint

inner boundary associated to closure defects at the bulk vertex.
This is compatible with a picture of the tags as the result of a set of
holes cut out of a planar spin network punctured by uncontracted
bulk edges. In the standard picture, such holes correspond to
loops which recouple the puncturing edges.
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The bulk state ρb and the maximally entangled edge state
ρE enter as product states in the trace, while the information
on the tags is enclosed in the bulk state.
Let us define now a tripartition of the extended boundary

system into three subsystems A1, A2, B, with A1, A2

complementary regions of the external boundary, and B
the set of tags in the bulk, as depicted in Fig. 4. This
corresponds to the following factorization of the extended
boundary Hilbert space at fixed spins:

Hτ ¼ ⊗
e∈A1

Vje ⊗ ⊗
e∈A2

Vje ⊗ ⊗
i∈B

VJi : ð28Þ

Starting from (28), we focus on the reduced state obtained
tracing over the tag spins in B,

ρA1A2
¼ TrB½ρτ�: ð29Þ

As anticipated in Sec. I, the amount of entanglement of
the state can be quantified by counting the number of
negative eigenvalues of the partial transpose of the reduced

state ρ
TA2
A1A2

[77], via a measure of logarithmic negativity
defined as

ENðρA1A2
Þ≡ log kρTA2

A1A2
k1: ð30Þ

In order to compute (30), the first key ingredient is to first
look at the kth Rényi negativity of ρA1A2

,3

NkðρA1A2
Þ ¼ Tr½ðρTA2

A1A2
Þk=ðTr½ρA1A2

�Þk�; ð31Þ

hence, eventually recovering the logarithmic negativity by
taking the k → 1 limit of the logarithm of the analytic
continuation of the momenta for even k [69]. In particular,
since we took a random measurement on the bulk state, we
will need to compute the Rènyi negativity in expected
value, with respect to the uniform Haar measure μ, namely

Eμ½NkðρA1A2
Þ�≡ NkðρA1A2

Þ: ð32Þ

Following [61,67,69], we know that, due to concentration
of the trace, a regime of large spins allows us to approxi-
mate the Rènyi negativity by the ratio of expected values of
the kth moment and the kth power of the partition function

of ρ
TA2
A1A2

, that is

NkðρA1A2
Þ ≃ Tr½ðρTA2

A1A2
Þk�

ðTr½ðρA1A2
Þ�Þk

≡ ZðkÞ
1

ZðkÞ
0

: ð33Þ

Moreover, in the large spin regime, we have

NkðρA1A2
Þ ≃ NkðρA1A2

Þ; ð34Þ

that is, the function is well approximated by its typi-
cal value.
The expected values of the partition functions in (33) are

computed via the standard replica technique. We first
linearize the partial transpose matrix as follows:

Tr½ðρTA2
A1A2

Þk� ¼Tr½ρ⊗k
A1A2

PA1
ðXÞ⊗PA2

ðX−1Þ�
¼Tr½ρ⊗k

R PA1
ðXÞ⊗PA2

ðX−1Þ⊗PBð1Þ�: ð35Þ

Here, we generally denote PIðσÞ as a unitary representation
of the permutation σ, I ¼ A1; A2; B, with X, X−1 and 1 the
cyclic, anticyclic, and identity permutations. On the spins’
and tags’ dangling indices, the operator PBð1Þ realizes the
partial trace over the tags on ρb, while PA1

ðXÞ ⊗ PA2
ðX−1Þ

act on the k copies of uncontracted spins in ρ⊗k
E imple-

menting the replica trick and the partial transposition
respectively.
For the linearity of the trace, the expectation value can be

carried out before taking the trace, and it will concern only
the random tensors. From (27), we have

ZðkÞ
1 ¼ Tr

�
ρ⊗k
b ⊗ ρ⊗k

E

�
⊗
v
ðjfvihfvjÞ⊗k

�

· PA1
ðXÞ ⊗ PA2

ðX−1Þ ⊗ PBð1Þ
�
;

ZðkÞ
0 ¼ Tr

�
ρ⊗k
b ⊗ ρ⊗k

E

�
⊗
v
ðjfvihfvjÞ⊗k

��
; ð36Þ

where the overall trace now runs over both bulk and
boundary indices.
By Schur’s lemma, the average of the k copies of the

vertex state in (36) results in a sum over unitary repre-
sentations of the permutation group gv acting on the k
copies of the extended vertex space KJ

v [61,69,71],

ðjfvihfvjÞ⊗k ¼ ðDv − 1Þ!
ðDv þ k − 1Þ!

X
gv∈Sk

PvðgvÞ; ð37Þ

with dimension Dv ¼ dimðKJ
vÞ.

By performing the average individually on each inde-
pendent random vertex, we obtain43Notice that the trace operation Tr in (31) now involves sums

over boundary indices (dangling edges and tags). The denom-
inator in (31) directly comes from the normalization of ρAA2

. 4
ZðkÞ
0 has the same form with X and X−1 replaced by 1.
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ZðkÞ
1 ¼ C

�
ρ⊗k
b ⊗ ρ⊗k

E

�
⊗
v

X
gv∈Sk

PvðgvÞ
�

· PA1
ðXÞ ⊗ PA2

ðX−1Þ ⊗ PBð1Þ
�
; ð38Þ

with C ¼ Q
v

�
ðDv−1Þ!

ðDvþk−1Þ!

�
.

On the bulk indices at each vertex, the permutation
operator PvðgvÞ factorizes into four independent operators
(see Fig. 5),

PvðgvÞ ¼ Pv;0ðgvÞ ⊗ ⊗
eivw∈ER

Pv;iðgvÞ

⊗ ⊗
eivv̄∈E∂R

Pv;iðgvÞ ⊗ Pv;τðgvÞ; ð39Þ

where Pv;0ðgvÞ acts on k copies of the multiplicity
intertwiner space, ⊗eivw∈ER Pv;iðgvÞ acts on k copies of
the internal edges, ⊗eivv̄∈E∂R

Pv;iðgvÞ acts on the boundary
semiedges,5 and finally Pv;τðgvÞ acts on k copies of the
recoupled tag spin at the vertex.
Accordingly, the trace in (38) factorizes over the Hilbert

spaces of (a) internal edges, (b) boundary spins, (c) tag
spins, and (d) bulk intertwiners. As a result, we can
eventually rewrite the kth power of the normalized partition
function in (33) as

ZðkÞ
1

ZðkÞ
0

¼
X
fgvg

e−A
ðkÞ
1=0 ; ð40Þ

where AðkÞ
1=0 ≡ AðkÞ

1 =AðkÞ
0 defines the (normalized)6 action of

a classical generalized Ising-like model:

AðkÞ
1 ½fgvg� ¼ Ab þ ξþ

X
eivw∈ER

Δðgv; gwÞ log djivw

þ
X
eivv̄∈A1

Δðgv; XÞ log djivv̄

þ
X
eivv̄∈A2

Δðgv; X−1Þ log djivv̄ ; ð42Þ

with ξ a constant term and

Ab ¼− log
n
Tr
h
ρ⊗k
b ⊗PBð1Þ ·

	
⊗
v
Pv;0ðgvÞ⊗Pv;τðgvÞ


io
ð43Þ

the bulk state contribution to the action, which accounts for
the presence of the curvature measured by the tag term in
ρb. In the analogy, the generalized spins correspond to
the permutation operators PvðgvÞ sitting on the vertices
of the open spin network graph γ̃R acting on the k replicas
of the vertex indices space. The permutation fields X, X−1,
and 1 play the role of boundary conditions set on the virtual
one-valent vertices (v̄) attached to the dangling spins and
tags of the extended boundary.
The two-body interaction terms measure the length of the

permutation loops across the replicas, weighted by the (log
of the) dimension of the representation carried by the edges

(a)

(b)

FIG. 4. (a) Tripartition of the spin-network extended boundary
for a simple graph comprised of two four-valent vertices glued via
an edge. (b) Partial tracing of the density matrix over the
tags’ space.

FIG. 5. Permutation operator PvðgvÞ action factorizes on the
indices of the extended vertex state. In the example in the figure
the operator acts as the identity connecting the set of internal
indices of v to the same set in v̄, while PBð1Þ realizes the partial
trace over the tags.

5We indicate by v̄ a virtual vertex connected to v by the open
boundary edge eivv̄.

6with

AðkÞ
0 ¼

X
eivw∈ER

Δðgv; gwÞ log djivw þ
X

eivv̄∈A1∪A2

Δðgv; 1Þ log djivv̄

þ Ab þ ξ: ð41Þ
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of the graph. These lengths are conveniently described as
Cayley distances Δðg; hÞ ¼ k − χðg−1hÞ on the permuta-
tion group Sk, where χðgÞ indicates the number of cycles in
a permutation g [61,69].7

The calculation of typical value ofRényi negativity is then
mapped to the minimization of the action (42). In general,
the three boundary conditions will propagate inside the spin
network graph γ̃R. Depending on the couplings and the
connectivity of the graph, different configurations of the
model will be associated to different sets of domains for
X;X−1; 1 in the bulk. As usual, we expect maximal domains
to be associated to equilibrium configurations. In particular,
maximal domains correspond to minimal domain walls.
By describing interactions via a Cayley distance we see

that the Rényi negativity should depend directly on the area
of such minimal domain walls in the network, given by the
number of edges of γ̃R associated to a nonvanishing Cayley
distance between permutations in the two domains. In
particular, thanks to the existence of a well-defined loop
quantum gravity area operator acting on the edges of the
spin network, we can map domain wall areas to actual
quantum geometry surfaces in our 3D space region R.

VI. GENERALIZED ISING MODEL: MODELING
BULK CONTRIBUTIONS

The tensor product form of the edges and bulk density
matrices in (38) corresponds to a factorization of the typical
Rényi negativity into a combinatorial contribution associ-
ated to the distribution of maximally entangled edge states
evw and a bulk contribution carrying physical correlations
among intertwiners. The latter, in particular, contains
the information on the intrinsic curvature of the 3D
geometry, in the form of tags, as apparent from (22). We
would expect such information to be highly mixed in the
bulk. However, after the partial tracing over the loop
holonomies, the SUð2Þ covariance of the tagged-bulk state
induces SUð2Þ invariance on the associated density matrix,
which necessarily reads as a tensor product for fixed tag
spins fJvg, that is

ρb ¼ ⊗
VR

v

1
2Jv þ 1

⊗ ρfJvg; ð44Þ

which corresponds to a totally mixed state on the tags’
space and a generally nontrivial density matrix ρfJvg ∈
End½HVR

� [87,89].
From the form of ρb in (44), we have

ρ⊗k
b ¼ ⊗

VR

v¼1

�
1

2Jv þ 1

�
⊗k

⊗ ρ⊗k
fJvg; ð45Þ

then the bulk term Ab generally factorizes as follows:

Ab ¼ − log

��
ρ⊗k
fJvg ⊗ ⊗

v

�
1

2Jv þ 1

�
⊗k

⊗ PBð1Þ
�
⊗
v
Pv;0ðgvÞ ⊗ Pv;τðgvÞ

���
¼ Aι þ Aτ ð46Þ

with a bulk intertwiner contribution Aι defined as

Aι ≡ − log fTr½ρ⊗k
fJvgð⊗v Pv;0ðgvÞÞ�g; ð47Þ

and a contribution of the tags, Aτ, given by

Aτ ≡ − log

�
Tr

�
⊗
v

�
1
DJv

�
⊗k

⊗ PBð1Þ · ð⊗v Pv;τðgvÞÞ
��

;

ð48Þ

where we used DJv ¼ 2Jv þ 1, the dimension of the tag
space. The result of the trace in (48) is

�Y
v∈VR

D−k
Jv

�
Tr

�
⊗
hvv̄i

�X
gv∈Sk

PvðgvÞ
�

⊗ PBð1Þ
�

¼
X
fgvg

Y
v

D−Δðgv;1Þ
Jv

: ð49Þ

Therefore, the tags’ contribution to the action reads as

Aτ ¼
X
v

Δðgv; 1Þ logDJv; ð50Þ

which ends up being equivalent to a pairwise interaction
term from an inner edge. The full action can be written as

AðkÞ
1 ¼ ξþ Aι þ

X
eivw∈ER

Δðgv; gwÞ log djivw

þ
X
eivv̄∈A1

Δðgv; XÞ log djiv þ
X
eivv̄∈A2

Δðgv; X−1Þ log djiv

þ
X
v

Δðgv; 1Þ logDJv: ð51Þ

The bulk contribution Aι is nontrivial as long as the
bulk intertwiners are correlated. In fact, it vanishes
only if we consider ρJv to be a pure product state in
End½HVR

� as shown in [61]. On the other hand, both edge
and tag contributions have to do with the topology of the
graphs’ support γ̃R, connectivity, and topological defects
respectively.
As a general result of our analysis, we can then formally

divide the action in three terms as follows:

7This is k for the identity and 1 for a k cycle. Then, we see that
Δðg; hÞ gives the minimal number of swaps to go from g to h, for
g; h ∈ Sk.
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AðkÞ
1 ¼ AðkÞ

topology þ AðkÞ
phys ð52Þ

with AðkÞ
topology ¼ AðkÞ

edges þ AðkÞ
tags and Aphys ¼ Aι referring to

the physical quantum correlations among bulk intertwiners.
In the following analysis, we will consider the case

where the intertwiners’ contribution is small, thereby
looking at the correlations induced solely by the combi-
natorial structure of the graph, with a focus on the role of
the tags. We leave the study of the intertwiners’ contribu-
tion in this setting for future work.

VII. LOGARITHMIC NEGATIVITY
AND ENTANGLEMENT PHASES

By neglecting Aι, we are left with action AðkÞ
1 with two-

body interactions only, which favors neighboring “spins” to
be parallel. Given dj ¼ 2jþ 1 and DJ ¼ 2J þ 1 the
dimension of edge spins and tag Hilbert space respectively,
we define

logdj ≡ β; logDJ ≡ βt ð53Þ

as the interaction strengths intended as inverse temper-
atures, in analogy with the Ising model. Thereby, we can

rewrite the action AðkÞ
topology as

AðkÞ
topology ¼ β

� X
eivw∈ER

Δðgv; gwÞ þ
X
eivv̄∈A1

Δðgv; XÞ

þ
X
eivv̄∈A2

Δðgv; X−1Þ
�
þ βt

X
v∈VR

Δðgv; 1Þ

¼ βHe þ βtHtags; ð54Þ

with generalized Hamiltonians He;Htags expressing the
energy cost of the configuration. In general, we expect that
the boundary conditions X, X−1, and 1 percolate inside the
network, flipping the generalized spins on the bulk vertices.
This creates some internal domains filled with one of the
three boundary conditions. Nonvanishing contributions to
the action come from edges that connect different domains,
which will be related to a nonzero Cayley distance. Given

NkðρA1A2
Þ ≃

X
fgvg

e−A
ðkÞ
topology=0 ; ð55Þ

in the large spin (the strong coupling or “low temperature”)
regime, the leading contribution to Nk corresponds to
dominant fgvg configurations that minimize the action.
Such configurations correspond to maximal uniform spin
domains separated by extremal domain walls which min-
imize the energy cost (minimal surface areas) [61].
Concretely, we then proceed with minimizing the action

in (54) via a heuristic argument based on the property of the

Cayley distance on the permutation group Sk. Given two
permutations g; h ∈ Sk, the Cayley distanceΔðg; hÞ defines
a metric on the group, corresponding to the minimum
number of swaps acting on g to give h. For some special
permutations, the Cayley distance depends nicely on the
order of the group k. For example, in the case of the (anti-)
cyclic permutations we deal with, we have

Δð1; XÞ ¼ Δð1; X−1Þ ¼ k − 1 ð56Þ

ΔðX;X−1Þ ¼
�
k − 1; k odd

k − 2; k even
: ð57Þ

With this metric, we can define a geodesic on the group Sk
between g and k as the set of permutations fπg such that

Δðg; πÞ þ Δðπ; hÞ ¼ Δðg; hÞ: ð58Þ

In particular, it is known that the set of permutations that are
simultaneously geodesics between X, X−1, and 1 exist, and
it is in a bijection with the set of noncrossing partitions
NCðkÞ of the set f1;…; kg, with cardinality given by the
Catalan numbers Ck [69]. Defining by τ the permutations
on such geodesics, we have that

Δð1;τÞ¼
�
k
2

�
; ΔðX;τÞ¼ΔðX−1;τÞ¼


k
2

�
−1: ð59Þ

Given the homogeneity of our states, the minimization of
the energy costs amounts to a minimization of the Cayley
distances between any pairs of connected vertices.
Let us consider a single vertex v. To such a vertex the

random averaging assigns a permutation element gv, which
will eventually interact with the three permutations we
choose as boundary conditions, namely X, X−1, and 1.
Recalling the symmetry between X and X−1, we expect that
only three possible minimal energy configurations can
result from such an interaction:
(1) gv ¼ X;X−1, in which caseweminimize the distance

between the vertex v and the neighboring vertices
respectively contained in the X or X−1 domain;

(2) gv ¼ 1, in which case we minimize the distance
between the vertex v and the neighboring vertices
contained in the 1 domain;

(3) gv ¼ τ, in which we minimize simultaneously the
distance between the X, X−1, and the 1 domains.

Notice that the latter case is peculiar to the tripartite
model only, since it can occur only when all three
permutations interact in a single vertex [61,67,69].

A. Example: Cluster of four tags

Let us consider the example of an open spin network
state with support on a graph γ̃R with E∂R ¼ 4 boundary
edges, and VR ¼ 4 tagged four-valent vertices in the bulk
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(see Fig. 6). In the following we indicate with T the number
of tags, which in the present case is equal to the number of
vertices, namely T ¼ VR. We refer to this setting as a cluster
of tags, corresponding to a uniformly curved quantum 3D
space region R. Via random averaging, we get four permu-
tations operators on the spin network, one for each tagged
vertex. Following the discussion above, we have three
possible configurations with minimal energy. The corre-
sponding actions (for even k > 0) read as the following:
(1) A cluster colored with XðX−1Þ:

AðXÞ
k ¼ βSðk − 2Þ þ βtTðk − 1Þ: ð60Þ

Here S is the minimal number of edge cuts compris-
ing the surface separating two domains with X
and X−1.

(2) A cluster colored with 1:

Að1Þ
k ¼ βE∂Rðk − 1Þ: ð61Þ

(3) A cluster colored with τ:

AðτÞ
k ¼ βE∂R

�
k
2
− 1

�
þ βtT

k
2
: ð62Þ

Such configurations define the three equilibrium phases
of our simple model, corresponding to three different
entanglement regimes for the boundary state ρA1A2

. The
parameter space of such regimes is completely specified by
the following three inequalities:

Að1Þ
k < AðτÞ

k ⇔ βE∂R < βtT ð63Þ

AðτÞ
k < AðXÞ

k ⇔ βE∂R < βtT þ 2βS ð64Þ

AðXÞ
k < Að1Þ

k ⇔ βE∂R > βtT þ βS

�
1 −

1

k − 1

�
; ð65Þ

where the last condition (65) is relevant to establish a
hierarchy between the three configurations, while it does
not play a role in the search for the minimal energy cost.
Notably, this rules out from the parameter space the only
condition which depends explicitly on the order of the
permutation group k.

Consider the (positive definite) quantity βE∂R, namely
the set of edges comprising the external surface of our 3D
region weighted with the factor β. If βE∂R < βtT, as

2βS > 0, (64) is also satisfied; then Að1Þ
k < AðXÞ

k ;AðτÞ
k .

The configuration with a bulk colored with gv ¼ 1 ∀ v
dominates. In particular, this corresponds to the formation
of a domain wall around the cluster of tags. The domain
wall sharply divides the spin-network boundary from the
bulk of the region R. We refer to such a regime as the hole
regime (see Fig. 7). Notice that, due to the bound on the
maximum dimension of the tag spin [74], in the present
example we can have at most

JðmaxÞ ¼ 4j ⇒ βðmaxÞ
t ¼ β þ log 4: ð66Þ

Then, in a large spin regime, we can generally consider

βðmaxÞ
t ∽ β. Therefore, in order for the hole regime con-

dition to be verified we must have

T > E∂R: ð67Þ

More generally, the hole regime will be favored by tags
recoupling a large number of edge spins, corresponding to
the case of coarse-grained vertices with high valence.
When the number of tagged vertices in the bulk and

boundary edges is balanced we exit the hole regime and we
need to consider βE∂R ∈ ½βtT; βtT þ 2βS�. From Eq. (63),

we see that in this range of valuesAðτÞ
k < Að1Þ

k . At the same

time, Eq. (64) implies that AðτÞ
k < AðXÞ

k ; hence the minimal
configuration is the one in which the geodesic permutation

τ takes all the bulk, with the action AðτÞ
k dominating. We

call this setting the island regime. The island domain wall
stands between the three boundary condition domains
preventing them from accessing the bulk of R (see
Fig. 8). Differently from the hole regime, the connectivity
of the graph is not canceled in this case. Tags and boundary
spins are connected through the island.
Finally, for βE∂R > βtT þ 2βS, namely when the tag’s

environment is small compared with the boundary system,

from Eqs. (63) and (64) it follows thatAðXÞ
k < Að1Þ

k ;AðτÞ
k . In

this regime, the minimal energy configuration is associated

FIG. 6. Example: tagged open spin network graph correspond-
ing to a cluster of four-valent tagged vertices, with T ¼ 4
and E∂R ¼ 4.

FIG. 7. Domain wall’s configuration in the hole regime.
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to an effective bipartition of R into two domains, one
colored with the X permutation and the other with the X−1

permutation (see Fig. 9).8 We refer to this setting as the
bipartite regime.

B. Entanglement phases

We can now compute the typical logarithmic negativity
of the random mixed state ρA1A2

in the three regimes
considered in the given example.
In the hole regime, from the action in (61), we get

EðholeÞ
N ðρA1A2

Þ ≃ −lim
k→1

Að1Þ
k ¼ −lim

k→1
βE∂Rðk − 1Þ ¼ 0: ð68Þ

A vanishing negativity tells us that the boundary state has
positive partial transpose (PPT); hence, according to the
Peres criterion [76], that boundary state could be separable.
This suggests that ρA1A2

is well described by a maximally
mixed state. The boundary system is almost fully entangled
with the large number of degrees of freedom environment
with little quantum correlation between A1 and A2. This
effectively corresponds to a thermalization of the boundary
state, in strong analogy with the results in [72,90], where
the typicality of the random state, in the large spin regime,
similarly played a crucial role.
Moving to the island regime, the minimal action reads as

AðτÞ
k ¼ βE∂R

�
k
2
− 1

�
þ βtT

k
2
; ð69Þ

and the typical value of the logarithmic negativity in the
k → 1 limit is given by

EðislandÞ
N ðρA1A2

Þ ≃ −lim
k→1

½AðiÞ
k þ logCk�

¼ −lim
k→1

�
βE∂R

�
k
2
− 1

�
þ βtT

k
2
þ logCk

�

¼ 1

2
ðβE∂R − βtTÞ þ log

8

3π
; ð70Þ

with the Catalan numbers Ck and C1 ¼ 8
3π here taking into

account the degeneracy in the choice of the geodesic
coloring τ for the bulk.
We have then a transition from an unentangled phase to

an area law behavior, as expected by the topological
character of the entanglement contributions. In fact, it is
possible to write EðislandÞ

N ðρA1A2
Þ as a generalization of the

Ryu-Takayanagi formula for entanglement entropy [69].
By defining the minimal surfaces that separate the entan-
glement wedges relative to each subsystem as jγA1

j, jγA2
j,

and jγBj, it is straightforward to see that

jγA1
j ¼ EA1

; jγA2
j ¼ EA2

; jγBj ¼ T ð71Þ

where EA1
, EA2

are the number of edges in A1 and A2

respectively.
Hence, since EA1

þ EA2
¼ E∂R we can write Eq. (70) as

EðislandÞ
N ðρA1A2

Þ¼1

2
½βðjγA1

jþjγA2
jÞ−βtjγBj�þ log

8

3π
: ð72Þ

This is a generalization of the Ryu-Takayanagi formula
found in [61] to the case of nonhomogeneous mixed spin-
network states (two temperatures). As for the previous
works, it can be expressed as mutual information between
the subsystem A1 and A2:

EðislandÞ
N ¼ 1

2
½SðρA1

Þ þ SðρA2
Þ − SðρA1A2

Þ� þ log
8

3π

¼ 1

2
IðA1∶ A2Þ þ log

8

3π
: ð73Þ

In the island regime, then, the logarithmic negativity is
always nonzero, and scales with the total area of the
boundary of R, namely βE∂R, minus a negative correction

FIG. 8. Domain walls’ configuration in the island regime. FIG. 9. Domain wall’s configuration in the bipartite regime.

8The configurations in which on all the vertices in R there is X
or X−1 belong to this regime too. In these two extreme cases the
domain wall S is expelled from the bulk, and invades some of the
boundary, in particular the region corresponding to the Hilbert
space with minimal dimension among HA1

and HA2
, which in

turn is equivalent to considering the minimal area between the
areas of the regions A1 and A2.
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that depends linearly on the number of tags. This implies
that the boundary state is necessarily entangled. In par-
ticular, the presence of the environment reflects a saturation
of the entanglement of the two boundary subsystems.
The logarithmic negativity only depends on the size of the
system and of the environment, but it is independent of the
specific bipartition of the boundary.
Finally, in the bipartite regime, the action with minimal

energy is given by

AðXÞ
k ¼ βSðk − 2Þ þ βtTðk − 1Þ; ð74Þ

and the typical logarithmic negativity reads as

EðbipartiteÞ
N ðρA1A2

Þ ≃ −lim
k→1

AðXÞ
k

¼ −lim
k→1

½βSðk − 2Þ þ βtTðk − 1Þ�
¼ βS: ð75Þ

In this regime, negativity scales with the area of the internal
domain wall S. In particular, we see from (75) that in this
regime we could achieve a PPT state for the boundary only
by setting S to 0, where a PPT state would correspond to a
disconnected graph as expected.
Such a behavior is consistent with a limit toward a

bipartite pure boundary state setting corresponding to
vanishing tags (trivial topology) [63].
Altogether, the effective topology of the bounded region

is reflected in the multipartite entanglement of its tagged
spin-networks state description. Beside the toy model
example, the proposed analysis can be easily generalized
for graphs with a generic number of vertices, with more
than one open edge attached to each boundary vertex, and
with clusters of tags restricted to a subregion of the bulk
graph. The universal character of the result is indeed
associated to the typical behavior of the randomized system
in the large spin regime.

VIII. DISCUSSION

In the framework of loop quantum gravity, quantum
geometry states corresponding to bounded regions of 3D
space with uniform curvature can be described via
superpositions of tagged spin networks with boundary.
Curvature naturally builds up at the spin-network vertices
in the form of topological defects described by spin
tags, as the result of the partial tracing over nontrivial
SUð2Þ holonomies of the Ashtekar connection along
the network.
In the presence of a boundary, a quantum geometry

wave function generally behaves as a map encoding the
bulk information into the boundary Hilbert space. In the
proposed analysis, we generalize such a bulk-to-boundary
mapping as to include the space of bulk topological
defects, effectively described as extra (inner) boundary

degrees of freedom.9 In the resulting extended boundary
state, bulk information is shared among generically
entangled boundary spins and tags: the surface and the
intrinsic curvature of the quantum space region are
entangled. Remarkably, the degree of quantum correla-
tions among boundary subregions is affected by the
presence of the bulk curvature, which plays the role of
a hidden environment for the mixed outer boundary state.
The effect of the curvature on the boundary entangle-

ment is the focus of our analysis. We model the generalized
boundary mapping on a tripartite (A1; A2; B) system and
consider the reduced boundary state ρA1A2

obtained via a
trace over the space of tags (system B). We further
characterize the coarse viewpoint of a boundary observer
by considering a random measurement on the bulk state,
thereby ultimately dealing with a random mixed state for
the boundary.
The entanglement of the bipartite mixed boundary is

quantified via a measure of logarithmic negativity, along
the lines of the recent results in [61,69,72]. Concretely, we
restrict the analysis to a class of states characterized
by graphs colored by the same spin j on each edge and
dressed with a tag of corresponding recoupled spin J at
each vertex. We call this setting a cluster of tags. The full
computation is carried on for a simple cluster of four tags
given in Sec. VII A. By using standard replica techniques
for random tensor network, this computation is ultimately
mapped to the evaluation of the minimal action of a
classical generalized Ising-like statistical model on the
spin-network graph, in the limit of vanishing temperature
(see [61] and references therein).
As a first general result, we find that the Ising-like model

action dual to the random spin network generally splits into
two main contributions:

AðkÞ
1 ¼ AðkÞ

topology þ AðkÞ
phys ð76Þ

that is a contribution AðkÞ
topology which accounts for the

entanglement induced by the topology of the spin network

graph and a second one, AðkÞ
phys, encoding the bulk inter-

twiner entanglement. The former, in particular, further
splits into two very distinct contributions,

AðkÞ
topology ¼ AðkÞ

edges þ AðkÞ
tags;

respectively associated to the connectivity of the bulk
network (trivial topology), induced bymaximally entangled
edge states, and to the presence of the tags. The last term is
therefore specific to the case of spin-network states with
topological defects.

9In fact, we can think of bulk tags as the recoupled dangling
bulk spins dual to the surface of holes cut out of a planar spin-
network graph.
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In a topologically trivial setting, as shown in [61], the
first term in (76) is associated to an area law scaling of the
entanglement of the boundary, while bulk intertwiners’
entanglement can be interpreted in analogy with [67]. We
leave the characterization of the random bulk contribution
for future work, while focusing on the nontrivial topologi-
cal contribution to the action.
Within the typical regime, the entanglement phases of

the random boundary state can be described solely in terms
of the relative dimensions of the three subsystems A1, A2,
and B,10 via the parameter

q ¼ βtT=βE∂R ¼ log½dimðBÞ�
log½dimðA1Þ dimðA2Þ�

; ð77Þ

which expresses the ratio of bulk curvature over the
boundary surface, with E∂R ¼ EA1

þ EA2
. Two main entan-

glement phases are separated by a critical point at q ¼ 1.
For 1 − 2S=E∂R < q < 1, the curvature environment

mediates the entanglement of the boundary. The logarith-
mic negativity, modulo degeneracy, scales with the area of
the cluster boundary with a negative correction which
depends linearly on the number of tags. We have

EðislandÞ
N ðρA1A2

Þ ∝ 1

2
βE∂Rð1 − qÞ

¼ 1

2
½βðjγA1

j þ jγA2
jÞ − βtjγBj� ð78Þ

with jγA1
j ¼ EA1

,jγA2
j ¼ EA2

, and jγBj ¼ T, the minimal
surfaces separating the entanglement wedges relative to
each subsystem. This is a generalization of the Ryu-
Takayanagi formula for entanglement entropy for the
tripartite setting, in agreement with [61,69], and it can
be expressed as mutual information between the subsystem
A1 and A2.
Finally, for q < 1–2S=E∂R, when the curvature environ-

ment is much smaller than the boundary system, we tend to
a bipartite setting, and the typical logarithmic negativity
scales with the area of the surface S separating A1 and A2

through the boundary. In this case, we find

EðbipartiteÞ
N ðρA1A2

Þ ∝ βS: ð79Þ

Notice that the value of S cannot be tuned in our analysis,
as the surface is fixed by the spin-network connectivity
for the given graph. However, assuming some regularity of
the graph, one can geometrically relate this value to the
bipartition of the boundary. For instance, assuming a
generic tagged graph with a large density of vertices, dual
to a three ball, we can imagine the minimal surface S to be
approximated by the intersection of the sphere and a

generic plane, which divides A1 from A2 on the boundary
of R. In this case, we can approximately set

S ≈ j2
EA1

EA2

E∂R
: ð80Þ

Therefore, we see that the island condition is favored when
the dimension of the two subsystems A1 and A2 is well
balanced, since S is maximized by high values of both EA1

and EA2
¼ E∂R − EA1

. Conversely, from the condition
q < 1–2S=E∂R, the bipartite regime is favored when the
two boundary subregions A1 and A2 are extremely asym-
metric in extension (smaller S).
In particular, we can describe the transition from the

island to the bipartite regime by using (80) in the condition

AðbipartiteÞ
k < AðislandÞ

k . We find

�
EA1

E∂R

�
2

−
EA1

E∂R
þ ð1 − qÞ > 0: ð81Þ

Therefore, for 0 < q < 1, we can identify two critical
points between the island and the bipartition phases,

c�1;2ðqÞ ¼
1

2
� 1

2

ffiffiffi
q

p
: ð82Þ

The behavior of the negativity is well described by the
generalized Page curve in Fig. 10. As a general feature of a
tripartite random state, we find that the degree of correla-
tion of the two boundary subregions A1, A2 depends on the
degree of quantum correlations the two boundary systems
have with the curvature environment. By varying the

FIG. 10. In red the generalized Page curve of the logarithmic
negativity for the random mixed state ρA1A2

. In red, how the Page
curve would appear for random pure states.

10Where dimðA1Þ¼ ðdjÞEA1 , dimðA2Þ¼ðdjÞEA2 , and dimðBÞ ¼
ðdJÞT respectively.
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relative size of the two subsystems, the logarithmic
negativity shows an initial increase and a final decrease
in analogy with the Page curve. When T ¼ 0 (trivial
topology), c�1ð0Þ ¼ c�2ð0Þ ¼ 1=2, and we get back the
standard Page curve [91] (no tripartition). As soon as
T ≠ 0, we enter in the intermediate island regime, and the
negativity has a plateau. In this regime the logarithmic
negativity only depends on the size of the system and of the
environment but not on how the system is partitioned.
On the other hand, for q > 1, corresponding to a large

tags environment with respect to the boundary system, the
logarithmic negativity vanishes. The boundary system is
almost fully entangled with the environment with little
quantum correlation between A1 and A2. In particular, the
area law behavior is lost. This suggests that large curvature
is associated to a maximally mixed boundary state ρA1A2

.
Such a thermal character of the boundary state as an effect
of curvature is in strong analogy to the quantum gravity
formulation of the hoop conjecture proposed in [90], where
again the typicality of the random state, in the large spin
regime, plays a crucial role. It is worth remarking that the
entanglement phases in our model have a purely kinemati-
cal characterization, as for given generalized Ising boun-
dary conditions both spin values and graph connectivity are
fixed. Still, we can imagine a dynamic change of relative
dimensions of the extended boundary subregions as a
natural effect of the graph changing loop quantum gravity
dynamics. A dynamical characterization of an analog
tripartite setting, with a direct interpretation of the Page
curve in terms of entanglement transitions was recently
proposed in [70,92] to describe an evaporating black hole
in AdS=CFT.
If we consider that the large spin regime we have been

working in is necessarily associated with a semiclassical
limit for our quantum geometry states, then we can
tentatively interpret the formulas found for the entangle-
ment negativity in terms of areas of a bounded 3D region of
a Riemannian manifold and look for a direct relation with
its Ricci curvature. Indeed, we know that the value of the
scalar curvature R of a Riemannian n-manifold M at a
point p can be quantified by the ratio of the area of the
(n − 1)-dimensional boundary of a ball of radius ε inM to
that of a corresponding ball in the Euclidean space. For
small ε, the ratio is given by [93,94]

Areað∂BεðpÞ ⊂ MÞ
Areað∂Bεð0Þ ⊂ RnÞ ¼ 1 −

R
6n

ε2 þOðε3Þ: ð83Þ

Now, in the semiclassical limit, for n ¼ 3, we can easily
associate the area of the boundary of a flat three-ball region
with the sum of the areas of the triangles dual to the open
edge spins comprising the boundary of R (no tags), that is
Areað∂Bεð0ÞÞ ≃ βE∂RðεÞ, where E∂RðεÞ counts the number
of boundary edges at a certain scale ε, that could be
considered as the chosen coarse-graining scale of our

theory. In case of the curved three ball in M, however,
we expect this value to be modified by the presence of tags.
In particular, if we assume for simplicity

Areað∂BϵðpÞÞ ≃ βE∂RðϵÞ þ κβtTðϵÞ ð84Þ

namely a correction linear in the number of tags (positive
or negative depending on the sign of the proportionality
constant κ), where TðϵÞ indicates the number of tags within
a given coarsegraining scale ϵ. Under this assumption, the
ratio in (83) gives us a direct relation between the
entanglement phase parameter and the Ricci curvature:

qðεÞ ≃ −
R
18κ

ε2: ð85Þ

For instance, in this light, we find a nice relation between
the area scaling negativity (or mutual information) in (78)
and the geometric relation in (83). Such a relation is
consistent with the interpretation of our results and hints
toward a characterization of the curvature in purely
information theoretic terms [95].
Let us then conclude with a few further remarks. A first

remark is concerning the nongauge invariant character of
the degrees of freedom considered in our analysis. A spin
network’s tags are not different from boundary dangling
spins, whose presence indeed breaks gauge invariance at
the boundary. The entanglement we describe among
boundary spins and tags cannot be measured in terms of
gauge invariant observables; hence it is considered as
nonphysical in loop quantum gravity [96]. Nevertheless,
we expect such a topological layer of entanglement to
become essential in modeling the emergence of spacetime
connectivity as soon as we allow both edge and tag spins to
be physical at some higher energy scale, where we expect
gauge invariance to break. This perspective would require
an extension of the kinematical description of quantum
geometry in loop quantum gravity, which is in part
provided by the second quantized formalism of group field
theory [20]. Differently, one can take the present analysis as
a toy model for an ultimate description of the entanglement
structure of edge modes’ degrees of freedom at the interface
of subsystems [97–99]. In this sense, we expect the
described universal features of the interface entanglement
in the large spin regime to be general.
A final remark has to do with the interplay of intrinsic

and extrinsic geometry in loop quantum gravity. As shown
in [86,100], in loop quantum geometry states, nontrivial
Ashtekar-Barbero holonomies can be thought of alterna-
tively as intrinsic or extrinsic curvature. In particular, it is
possible to compensate the tag (closure defect) induced by
the coarse-graining by the action of a Lorentz boost.
Actually, this amounts to replacing the tag recoupling
the edge spins at the vertex with an extra virtual edge
carrying an SLð2;CÞ holonomy. The result is a intrinsically
flat quantum 3D geometry with a non-flat local embedding
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in 4D spacetime. This suggests a natural relation between
embedding and entanglement to which we shall dedicate
further investigation in future work. For instance, one could
figure the phase transition previously described, between a
maximally entangled (q ≪ 1) to a maximally mixed
(q ≫ 1) boundary state, as being described by a sequence
of quantum 3D spacelike slices with a gradient in curvature

(see Fig. 11). If we embed such slices, via boost, in the
hyperbolic space, we would get a transition from almost flat
bounded regions with a large corner surface corresponding
to a maximally entangled boundary state to highly curved
regions with a small corner surface corresponding to
maximally mixed boundary state. A similar setting then
recalls the conjectured behavior of spacetime geometry
while approaching the cosmological singularity [see, e.g.,
the Belinski–Khalatnikov–Lifshitz (BKL) conjecture
[101]]. A quantitative analysis of a similar scenario could
be directly investigated within a nonperturbative quantum
gravity setting by looking at a multipartite quantum 3D
space geometry as the boundary of a spin-foam quantum
spacetime bulk [19] (see also [102] for a different approach
to the BKL conjecture in loop quantum cosmology). We
leave this analysis for future work.
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