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Group field theories are quantum field theories built on groups. They can be seen as a tool to generate
topological state-sums or quantum gravity models. For four dimensional manifolds, different arguments
have pointed toward 2-groups (such as crossed modules) as the relevant symmetry structure to probe four
dimensional topological features. Here, we introduce a group field theory built on crossed modules which
generate a four dimensional topological model, as we prove that the Feynman diagram amplitudes can be
related by Pachner moves. This model is presumably the dual version of the Yetter-Mackaay model.
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I. INTRODUCTION

Lattice models have been useful tools to study many
theories. Well-known examples are the Yang-Mills type
lattice models which are key to understanding the strong
force. Other examples include the topological models gen-
erated by a BF-type [1,2] or Chern-Simons action [3–6]
which rely on such lattice techniques. In fact, since these
examples are topological, the discretization is merely a
regularization there is no proper loss of degrees of freedom.
Note however that topological models in different spacetime
dimensions might not be described by exactly the same type
of gauge symmetry structures. Indeed, it is expected that
with dimensions increasing we go up in the categorical
ladder [7–9]. If in 3d, (quantum) groups orHopf algebras and
their category of representations arewell adapted to probe the
topological excitations [1,7,9–11], in 4d one expects that
one could (should?) use instead (quantum) 2-groups and their
2-category of representations to properly describe the 4d
topological excitations [7,12–17].
2-groups or crossed modules can be seen as a catego-

rified version of the notion of group [18]. They have only
been recently studied and many of the things that are
known about groups are actually unknown for (quantum)

2-groups. For example, the notion of harmonic analysis is
missing for 2-groups since their representations theory is
not under control, except for some specific classes of
2-groups (the skeletal ones [19], or also see [20]).
Following the categorical ladder, one can see that there
are different options one can choose to define what is a
quantum 2-groups [7], see [21] for one attempt.
While many pieces of the general theoretical under-

standing of (quantum) 2-groups are missing, a topological
model based on 2-groups exists and is called Yetter-
MacKaay model [22,23]. The model is based on lattice
2-gauge theories where the gauge symmetry is actually
specified by a (strict finite) 2-group or crossed module (one
can also be extend to theweak case instead of strict [23,24]).
There is a continuum picture given by an analog of the
BF theory framework, this time defined in terms of Lie
2-groups as gauge symmetries. These are called 2-BF
models (or BFCG action) [25,26]. In fact it can be shown
that the standard 4d BF theories are themselves theories
with Lie 2-group symmetries [27]. It can be shown that
discretization of 2-BF theories leads to the Yetter-Mackaay
model built on Lie 2-groups [25].
Gravity can also be treated with techniques inspired by

lattice gauge theory and topological models. 3d gravity is
topological and is very well described using lattice gauge
theory techniques [28]. On the other hand in 4d, using the
fact that 4d gravity can be recovered as constrained
topological theory, one essentially tweaks the structures
obtained from the 4d BF model to incorporate the gravi-
tational features [2,29–31]. While 4d gravity is usually
defined in terms of a standard lattice gauge picture, it was
suggested that better insights could be gained if one would
use 2-groups instead [14,32]. For example, one could have
the frame field degrees of freedom explicitly present in the
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discrete picture [12,14,32]. In this sense, one could expect
that the construction of a quantum gravity theory also
follows the categorical ladder.
Starting from a different perspective, Boulatov intro-

duced the notion of group field theory (GFT), which is
essentially, a quantum field theory over some abstract
space, a bunch of (quantum) groups [33], whose
Feynman diagrams are exactly the amplitudes of the
Ponzano-Regge/Turaev-Viro models. Said otherwise these
Feynman diagrams provide the natural amplitudes or
quantum dynamics for quantum states using lattice gauge
theory techniques. Note that the Feynman diagrams are
interpreted as the 1-complex dual to the spacetime triangu-
lation. By performing a Fourier transform, in terms of
representations for example, one recovers the Ponzano-
Regge/Turaev-Viro models. If instead one uses the Fourier
transform in terms of dual groups [34–36], we recover
typically a noncommutative field theory where the non-
commutative variables decorate the edges and can be
interpreted as the discretized frame field. Boulatov’s
GFT describes the quantization of 3d gravity.
GFT’s can also be defined in the 4d case, either to

provide the amplitude of the BF theory topological
model [37], or quantum gravity models [38–40]. They
have also been used to see how spacetime notions can
emerge using concepts of analog gravity [41]. Let us also
mention here that GFT’s can also be seen to be a particular
class of tensor models (see the review articles [42–44] or
the books [45,46]), which are a natural generalization in
dimension higher then two of the celebrated matrix models
(see, for example, the review articles [47,48]).
As discussed before, topological models in 4d can/

should be described in terms of (Lie) 2-groups. It is then
natural to ask as a first step whether one could construct a
field theory over 2-groups to recover the amplitudes
associated to a 2-BF amplitude, namely the Yetter-
Mackaay model. A second step would then consist in
trying to recover gravity, if gravity can be found to be
related to a Lie 2-group symmetries.
In the following, we focus on the first question and

construct a 2-GFT, ie a field theory built on strict (Lie) 2-
groups. We show that the associated Feynman diagram
amplitudes are topological invariants, that is are propor-
tional to other diagrams, related by Pachner moves. These
amplitudes are interpreted as the 2-complex dual to a 4d
triangulation.1 We do not prove yet the equivalence with the
Yetter-Mackaay model as we would need for this the notion
of Fourier transform which is still lacking.
The paper is organized as follows. In Sec. II, we review

all the fundamental aspects of 2-category and 2-group
theory needed for the formulation of our model, with a

particular emphasis on the definition of lattice gauge
theories based on 2-groups. In Sec. III, we first provide
a brief review of 3d GFT, stressing the fundamental
ingredients of the model. Section IV contains the main
result of the paper, namely the definition of a field theory
over strict 2-groups. In Sec. V, we discuss how the
amplitudes are topological invariants. The proof that they
are invariants is given in the appendix as it relies on lengthy
calculations.

II. LATTICE 2-GAUGE THEORY

In this section we introduce the key tools from lattice
gauge theory that will be relevant to construct 2-group field
theory.
In this setting, holonomies generated by the gauge fields

decorate the edges of graph which we can take to be for
simplicity a 1-CW complex [49]. If G1 is a group and if
uji ∈ G1 is the holonomy on the oriented edge connecting
vertex i to vertex j it transforms under local gauge trans-
formations localized at the vertices according to

uji → h−1j ujihi; hi; hj ∈ G1: ð1Þ

We note that the holonomies uji can be interpreted as the
transport of degrees of freedom ψ living at the vertices.

ψ j ¼ πðujiÞψ i; ð2Þ

where π∶ G1 → GLn is a representation of G1 under which
ψ transforms.
We can extend this construction to include decorations

on faces. Instead of considering 1-CW complex, we
therefore consider a 2-CW complex. To connect with the
GFT picture, we can restrict ourselves to the 2-CW
complex one would obtain by Poincaré duality from a
simplicial complex. In this context, the faces (which would
be dual to the n − 2-simplices in a n dimensional space) are
decorated by elements y in the group G2 can be interpreted
as 2-holonomies which transport edge decorations.
To explain the consistent way of including face deco-

rations, consider a plaquette p and let up be the holonomy
associated to the boundary of the plaquette, starting and
ending at vertex i. We require that there is a group
homomorphism t∶ G2 → G1 and demand that if y ∈ G2

decorates p, then it satisfies tðyÞ ¼ up. In particular, if we
decompose the loop around p into two paths from vertex i
to a vertex j as shown in Fig. 1 with holonomies labeled by
us and ut, we demand

ut ¼ tðyÞus: ð3Þ

In analogy to (2), we can think of the face decoration y as
transporting the path labeled by us to the path ut.
Just as the concatenation of edge holonomies is achieved

by group multiplication in lattice gauge theory, we must

1The coefficient of proportionality might be infinite, as in the
Ponzano-Regge model or the Turaev-Viro model for q not root of
unity.
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insist on having compatibility conditions between G1, G2,
and t in order to combine faces in a consistent way.
This leads us to the definition of a crossed module, aka
a strict 2-group [50–54].

A. Strict 2-groups

Definition 1. A strict 2-group or crossed module is
given by

(i) a pair of groups G1 and G2;
(ii) a group homomorphism t∶ G2 → G1;
(iii) an action ⊳ ∶G1 ×G2 → G2;

such that

t isG1-equivariant : tðu ⊳ yÞ ¼ utðyÞu−1;
Peiffer identity holds : tðyÞ ⊳ y0 ¼ yy0y−1: ð4Þ

We can draw elements of a 2-group as a bigon. For
example, the 2-group element ðus; yÞ ∈ G1 ×G2 is shown
in Fig. 1. A pair of 2-group elements ðy1; u1Þ and ðy2; u2Þ
are vertically composable only if the target of the
first 2-holonomy coincides with the source of the second
2-holonomy: tðy1Þu1 ¼ u2. The compositions for the
2-group elements, represented in Figs. 2 and 3, are

horizontal composition∶ ðy1; u1Þ ∘ ðy2; u2Þ ¼ ðy1ðu1 ⊳ y2Þ; u1u2Þ; ð5Þ

vertical composition∶ ðy1; u1Þ · ðy2; u2Þ ¼ ðy2y1; u1Þ; tðy1Þu1 ¼ u2: ð6Þ

Several remarks can now be made. First, the vertical and
horizontal products are compatible in the following sense:

ðα01 · α1Þ ∘ ðα02 · α2Þ ¼ ðα01 ∘ α02Þ · ðα1 ∘ α2Þ: ð7Þ

Second, we note that the horizontal product is nothing more
than the group operation in the semi-direct product
G1 ⋉ G2.
Finally, one can now compose plaquettes as in Fig. 1 to

form a closed surface bounding a polyhedron decorated by
a G2 element ytot using the vertical product (we would
obtain a surface looking like a melon). In this case, the
reader might convince themselves that due to the Bianchi
identity, we must have that

tðytotÞ ¼ 1: ð8Þ

Whiskering. Recall that in establishing the geometric
meaning of the face decorations and the t map, we divide
the holonomy of a plaquette into two paths, a source and a
target. The choice of how to divide the plaquette into a
source and a target should not impact the compatibility
conditions we have imposed. The source or root of the
bigon is changed using a process called whiskering.
Changing the root of the 2-holonomy from the source of

the 1-holonomy to the target of it is an example of
whiskering: following an arbitrary path, we can always
move the root of a 2-holonomy by composing horizontally
with a 2-group element which has a trivial face decoration.
This is illustrated in Fig. 4.
As a particular case, let the source of y be a closed

holonomy with root and target c, see Fig. 5. If we want to
change this root to c0, then we need to use an adjoint
whiskering, since we need to transport both the source of u
and its target to c0. Indeed, from the definition of the t-map,
we have

FIG. 1. Plaquette decorated in terms of a 1-holonomy up ¼
utu−1s and a 2-holonomy y.

FIG. 2. Horizontal composition of the 2-group elements
ðh1; g1Þ and ðh2; g2Þ.

FIG. 3. Vertical composition of the 2-group elements ðy1; u1Þ
and ðy2; u2Þ, with u2 ¼ tðy1Þu1.
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1 ¼ tðyÞu ¼ u0tðyÞuu0−1 ¼ tðu0 ⊳ yÞu0uu0−1 ð9Þ

There are two families of 2-groups that stand out.
Skeletal/trivial 2-groups. A skeletal/trivial 2-group G is a

2-group with a trivial t-map, tðyÞ ¼ 1 for all y ∈ G2, which
implies that the group G2 is Abelian. Typical examples are:
the Poincaré 2-group with G1 ¼ SOð3; 1Þ and G2 ¼ R4, or
the adjoint 2-group with G2 ¼ g1, the Lie algebra of G1

which is viewed as an Abelian group.
Inner/identity 2-group. The identity 2-group G is a 2-

group with G2 ¼ G1 such that the t-map is given by the
identity, tðyÞ ¼ y for all y ∈ G2. The action is then given by
the adjoint action.

B. Lattice 2-gauge transformations

The crossed module structure provides a natural frame-
work to decorate a 2-complex with group decorations.
As in the usual gauge theory framework, 1-gauge

transformations, parametrized by group elements
hi ∈ G1, act as in (1). Note that the gauge transformations
at both ends of a holonomy can be understood as stating
that the closed 1-holonomy in the loop generated by the
gauge fiber and the 1-holonomy is flat, see Fig. 6. One has:

u0 ¼ h−11 uh2 ⇔ u0h−12 u−1h1 ¼ 1 ð10Þ

A 2-gauge transformation, parametrized by x ∈ G2, acts
on both 1- and 2-holonomies. Considering the 1-gauge
transformation of the 1-holonomy, we can generalize the
gauge transformation (10), by adding a face decoration in
the loop, as illustrated in Fig. 6. In this case, we have the
transformation

u0 ¼ tðxÞh−11 uh2; ð11Þ

where x is rooted at the source of u0.
Similarly to the 1-gauge transformations, we can trans-

form both the source and the target of the 2-holonomy.
Using the product of the 2-holonomies, namely the vertical
product, we can obtain the 2-gauge transformation on the
2-holonomy by imposing that the closed 2-holonomy,
melon like, built from the face contribution in the fiber
and the lattice is flat, see Fig 7.

y0 ¼ x1yx−12 ⇔ y0x2y−1x−11 ¼ 1 ð12Þ

Simultaneous 2- and 1-gauge transformations give rise to
the so-called “tin can” [25,50], see Fig. 8. In particular, we
focus on the “half squashed” tin can where we only perform
a gauge transformation at the source of the 1-holonomy and
at the source of the 2-holonomy, see Fig 9. This will be the
relevant case to construct the 2-group field theory.
We note that the above pair of constraints (11), (12)

encoding the 2-gauge transformations can be written as an
horizontal composition in the following way,

ðy0; u0Þ ¼ ðx; hÞ−1V ∘ ðy; uÞ ¼ ðx−1; tðxÞhÞ ∘ ðy; uÞ
¼ ðx−1ð½tðxÞh� ⊳ yÞ; tðxÞhuÞ
¼ ððh ⊳ yÞx−1; tðxÞhuÞ; ð13Þ

where ðy; uÞ−1V ¼ ðy−1; tðyÞuÞ.

FIG. 4. Consider the 2-group element ðy; uÞ; the wedge y is
rooted at the source of the link u, the node c. We can root this
2-group element at the node c0, using the holonomy u0. This is
equivalent to consider a new 1-holonomy rooted at c0. To change
the target of u, we multiply horizontally on the right by a 2-group
element with trivial face decoration.

FIG. 5. Example of an adjoint whiskering changing the root of
2-holonomy. Starting from Fig. 4, we identify c and c00, as well as
c000 and c0.

FIG. 6. Generalizing the standard gauge transformation to
include a 2-gauge transformation.

FIG. 7. 2-gauge transformations on the 2-holonomy. This is the
2-analog of the closed holonomy on the LHS of Fig. 6.
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III. REVIEW OF (1-)GROUP FIELD THEORY

We review in this section the construction of the
Boulatov group field theory (GFT) [33]. The aim is to
construct a field theory which allows to recover, through its
Feynman diagrams, the Ponzano-Regge (PR) model [55]
when dealing with the Lie group SU(2). Feynman dia-
grams themselves are dual to (possibly degenerate) trian-
gulations of a 3-manifold and the corresponding Feynman
amplitudes are the Ponzano-Regge state sum for that
triangulation.
The Ponzano-Regge model is often expressed in the

triangulation picture, in terms of representations of the
group SUð2Þ, through the 6j symbol [55],

Zð△Þ ¼
X

fjg

Y

τ

f6jgτðjiÞ; ð14Þ

where ji are half integers encoding the representations of
SU(2), decorating the six edges of the tetrahedron τ in the
triangulation △.
We can also express Ponzano partition function in terms

of the dual complex, decorated by SU(2) holonomies,

Zð△�Þ ¼
Z

½dh�
Y

e

δðheÞ; ð15Þ

where e are the edges of the triangulation, while he is the
SU(2) holonomy decorating the boundary of the face dual
to e.
There is yet a third formulation of the PR model which is

also defined on the triangulation, in terms of noncommu-
tative variables [34,35].

Zð△Þ ¼
Z

½dx�
Y

t

δðxt1 þ xt2 þ xt3Þ; ð16Þ

where xti ∈ R3 are vectors associated to the edges of the
triangle t in the triangulation.
These three partition functions are related through

different types of Fourier transforms. One can go from
(15) to (14) through the standard Fourier transform on
groups in terms of representation theory, using the Peter-
Weyl theorem. Moreover, one can relate (15) to (16)
through a generalized Fourier transform, which is most
rigorously described in terms of dual Hopf algebras [56].
In this review section, we construct the GFT such that the

associated Feynman diagram amplitude are (15). We
emphasize the geometry behind the construction, as this
will provide useful hints on how to generalize this notion to
the 2-group case.
Field. Let us specify G ¼ SUð2Þ for simplicity. In the

standard Boulatov GFT construction, the field ϕ is a real
function ϕ∶G ×G ×G → R. The field ϕðu1; u2; u3Þ is
invariant under the global gauge transformation

ui→ u0 ¼ hui; ϕðu1;u2;u3Þ→ϕðhu1;hu2;hu3Þ: ð17Þ

To implement this invariance, we use gauge averaging,
through the projector P,

ðPϕÞðu1; u2; u3Þ ¼
Z

½dh�ϕðhu1; hu2; hu3Þ: ð18Þ

Moreover, the fields are the eigenvectors of the projector P:

ϕðu1; u2; u3Þ ¼
Z

½dh�ϕðhu1; hu2; hu3Þ

¼ ðPϕÞðu1; u2; u3Þ: ð19Þ

FIG. 8. The tin can diagram.

FIG. 9. A combination of 1- and 2-gauge transformations. We
note that while we have a left (horizontal) transformation, the y is
transformed on the right, see (13). This is due to the presence of
the t-map. When the t-map is trivial, y is Abelian so left or right
transformation does not matter for the y transformation.
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The variables ui can then be seen as group variables
assigned to three line segments (links) which share a
common point, that is they are rooted at the same node.
These variables ui play the role of the holonomies in the
dual complex. If these three holonomies are in a two-
dimensional surface, then the gauge transformation h can
be seen as decorating an edge with a component
perpendicular to the surface as illustrated in Fig. 10.
This holonomy becomes a component of the holonomy
appearing in (15).
On top of gauge invariance, we can also consider a

symmetry under permutation of the arguments ui in the
field ϕ [33,38,39]. If we note σ the permutation in
permutation group S3, the field would be then

ϕðu1; u2; u3Þ≡ ð−1Þjσjϕðuσð1Þ; uσð2Þ; uσð3ÞÞ; ð20Þ

where jσj is the parity of the permutation. In the following,
we will not emphasize this symmetry and keep it unexplicit
to not burden the presentation.
The action for the scalar field is given in terms of a

propagator and an interaction term.
Propagator. If the group elements ui are interpreted

as momentum variables2 the propagator implements a
conservation of momentum

Z
½du�3ϕðu1; u2; u3Þϕðu1; u2; u3Þ

¼
Z

½du�6KðuiÞϕðu1; u2; u3Þϕðu4; u5; u6Þ; ð21Þ

with

Kðu1;u2;u3;u4;u5;u6Þ¼δðu1u−14 Þδðu2u−15 Þδðu3u−16 Þ: ð22Þ

Geometrically, this conservation of momenta can be seen as
a pairwise identification of holonomy variables ui, deco-
rating the 2d graph dual of the triangle.
The identification of the “boundary” triangle data leads

therefore to gluing the h’s associated to each field, see
Fig. 11.

Interaction term. The interaction term consists of build-
ing the wedges—the faces of the dual complex—in order to
recover the graph dual to a tetrahedron. This eventually
leads to constructing the he appearing in (15) which form
the wedge’s boundary. This is illustrated in Fig. 12. In order
to recover the 6j symbol combinatorics, we consider a
quartic interaction. We have then four variables h’s which
generate six wedges, which are dual to the edges of the
tetrahedron. One writes

Z
½du�6ðPϕÞ123ðPϕÞ345ðPϕÞ561ðPϕÞ642

¼
Z

½du�12½dh�4Vϕ123ϕ456ϕ789ϕ10 11 12; ð23Þ

with

V¼ δðh1u1u−19 h−13 Þδðh1u2u−112 h−14 Þδðh1u3u−14 h−12 Þ
×δðh2u5u−111 h−14 Þδðh2u6u−17 h−13 Þδðh3u8u−110 h−14 Þ: ð24Þ

The propagator term fuses the h’s contribution by identi-
fying the momenta of the fields. The quartic interaction
makes sure we have the combinatorics of a tetrahedron. An
edge in the triangulation can be shared by several tetrahe-
dra. Dually, this amounts to gluing the internal wedges
together. Unlike the 2-group case, we only have data on the
boundary of the internal wedges (see Fig. 13). At the end of

FIG. 10. From a 2d perspective, the three holonomies ui are
dual to three edges of a triangle.

FIG. 11. The propagator leads to the identification of the pair of
triangles. This means that the holonomies hci going from the
center ci to the triangle are fused.

FIG. 12. The interaction term generates flat holonomies,
spanned by the wedge dual to an edge.

2We then have a curved momentum space, unlike standard
QFT.
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the day, we recover the topological invariant partition
function (15).
Topological invariance. The GFT model we introduced

defines a topological model. This is reflected by the fact the
partition function (15) is invariant under Pachner moves up
to some (potentially infinite) constant of proportionality.
We will note VG the volume of the group G. In three
dimensions, there exist two Pachner moves:

P1;4: relates the amplitude of one 3-simplex V1 to the
amplitude of the combination of four 3-simplices
V4

AV4
¼ V4

GAV1
; ð25Þ

where we removed by hand some potential diver-
gences coming from some δð1Þ contribution.

P2;3: relates the amplitude of the combination of two
3-simplices V2 to the generating function of the
combination of three 3-simplices V3

AV3
¼ V2

GAV2
; ð26Þ

where we again removed by hand some potential
divergences coming from some δð1Þ contributions.

Note that the divergences we removed by hand coming
from δð1Þ contributions is a well-known issue and moving
to the quantum group case with q the deformation param-
eter being of root of unity, allows to remove these
divergences in a more proper way.

IV. 2-GROUP FIELD THEORY: DEFINITION
AND ACTION

In this section we first introduce the different notations
and restrictions on the choice of 2-groups which will
simplify the construction. Then we will define the action
in terms of a kinetic term and an interaction term.

A. Conventions and assumptions

2-group choice. We work with the strict 2-group/crossed
module G ¼ ðG1; G2; t;⊳Þ. In this section, the crossed
module G can be a finite crossed module, i.e., Gi are finite
groups, or a crossed module defined in terms of Lie groups.
In the latter case, we consider only the class of crossed
module where theGi are unimodular and such that the Haar
measure on G2 is invariant under the action of G1. While
the construction can be probably extended to a more
general situation for Lie groups, it would complicate the
presentation to deal with the more general case.
Notations. In the following, 4-simplices σμ will be

indexed by μ ¼ 1…, the five boundary tetrahedra are
labeled τμ;A with A ¼ 1;…; 5, triangles tμ;A;i with i ¼
1; ::4 and edges eμ;A;i;a with a ¼ 1, 2, 3. When there is
no ambiguity, we will suppress some indices.
In the dual 2-complex, links are labeled by their dual

counterparts. The duality can be in 3d or 4d according to
whether we are on the boundary or the bulk. A boundary
holonomy would be labeled uA;i as being dual to the
triangle i in the tetrahedron A. If we deal with the boundary
of different 4-simplices we would also include the Greek
index. A bulk holonomy, dual to a tetrahedron A of the 4-
simplex μ, would be labeled hμ;A.
On the other hand, a boundary wedge dual to the edge

shared by triangles i and j of tetrahedron A would be
labeled by YA;i;j. If we deal with the boundary of different
4-simplices we would also include the Greek index. A bulk
wedge, dual to a triangle i of tetrahedron A in the 4-simplex
μwould be labeled by xμ;A;i. Later on we will also introduce
the (fused) wedge shared by tetrahedra A and B in the 4-
simplex μ which will be labeled by Xμ;A;B.
Let us fix a 4-simplex. Let c be a node which is the center

of a 4-simplex, cA be the center of a tetrahedron τA and cA;i
the center of the ith triangle of the boundary of τA. The
holonomy uA;i has for source cA and target cA;i, for
i ¼ 1;…; 4. Once again, we will add the index μ if we
consider different 4-simplices.

B. Action for a group field theory on 2-groups

In this subsection, we introduce the field and its geo-
metric interpretation and we build an action which will
generate topological invariant amplitudes. In the 3þ 1
case, in the standard GFT context the field is interpreted as
the 1-complex dual to a tetrahedron. In the 2-group case,
the field will be interpreted as the 2-complex dual to a
tetrahedron. It encodes the kinematical picture. The dynam-
ics will be given in terms of the interaction term which will
provide the rules of how to construct the 2-complex dual to
a 4d triangulation.

1. Field

Since we focus on the 2-complex, in addition to the 4
variables associated to the 1-simplices or links, we also

FIG. 13. We illustrate how the we can glue together the
boundary of three internal wedges to form the holonomy he ¼
hc1c2hc2c3hc3c1 dual to the (solid) edge e. A similar picture will
appear when discussing the 2-group case, where the half wedges
will themselves carry some decoration.
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include six (internal) wedges which are subtended by pairs
of links.
We introduce the variables Yi;j with j > i, i; j ¼ 1..4,

associated to the wedges which are subtended by the
holonomies ui and uj. These wedges variables are rooted
at the center of the tetrahedron. The set of variables Yi;j and
ui undergo 2-gauge transformations as illustrated in Fig. 14
which is a generalization of Fig. 9.

u0i ¼ tðxiÞhui; i ¼ 1; 2 Y0
12 ¼ ðh ⊳ Y12Þx−12 x1 ð27Þ

Definition 2. The geometric (real scalar) field is a
function of four copies of the group G1 and six copies
of the group G2

ΦðY1;2;Y1;3;Y1;4;Y2;3;Y2;4Y3;4; u1; u2; u3; u4Þ: ð28Þ

Given the 2-gauge transformation (27) the projected geo-
metric field ðPΦÞ is the 2-gauge averaged field

ðPΦÞðYi;j; uiÞ ¼
Z

½dh�½dx�4Φððh ⊳ Yi;jÞx−1j xi; tðxiÞhuiÞ:

ð29Þ

If we were using a finite crossed modules, we would
replace all the integrals by sums. We note that P is clearly a
projector due to the invariance of the different Haar
measures, up to possible diverging contribution coming
from the infinite volume3 of G.

From a 4d perspective, the ðx; hÞ’s variables are bulk
variables, whereas the ðY; uÞ’s variables are the boundary
variables.
Finally, just like for the 1-GFT, we can also demand the

field to be invariant under permutations σ ∈ S4, up to the
parity of the permutation. Since the Y are bounded by a pair
of ui ’s, permuting the u’s changes accordingly the indices
for the Y.

ΦðYi;j; uiÞ≡ ð−1ÞjσjΦðYσð1Þ;σð2Þ;Yσð1Þ;σð3Þ;Yσð1Þ;σð4Þ;

Yσð2Þ;σð3Þ;Yσð2Þ;σð4ÞYσð3Þ;σð4Þ;

uσð1Þ; uσð2Þ; uσð3Þ;uσð4ÞÞ; ð30Þ

where jσj is the parity of the permutation. In the following,
we will typically assume this symmetry without making it
explicit in order to not burden the notations.
The action of 2-GFT is given by the contribution of a

kinematic and an interaction term

S ¼ SK þ SV : ð31Þ

2. Propagator

The kinetic term is given by the product of a pair of
fields.

SK ¼
Z

½du�4½dY�6ΦðYi;j; uiÞΦðYi;j; uiÞ: ð32Þ

It can be written as an integral operator

SK ¼
Z

½du�8½dY�12KϕðYA;i;j; uA;iÞϕðYB;i;j; uB;iÞ;

A ≠ B: ð33Þ

The integration kernel

K ¼
Y4

i¼1j>i

δG2
ðY−1

A;i;jYB;i;jÞδG1
ðu−1A;iuB;iÞ; A ≠ B ð34Þ

is called integration kernel of the propagator amplitude. It
can also be seen as a conservation of momenta as in the
1-GFT case.

3. Interaction

The interaction term is given by the proper identification
of five fields, such that they respect the combinatorics of a
4-simplex.

SV ¼
Z

½dY�30½du�20½dX�10½dh�5Vϕ×5: ð35Þ

We call the integration kernel V of the vertex amplitude.
As in the 1-GFT, the vertex amplitude is the most

FIG. 14. The top node (source of h) is the center of the would be
4-simplex, while the bottom one (target of h) is the center of the
tetrahedron. The internal wedge Y12 is transforming under x1, x2,
and h.

3This is similar to the construction of the 1-GFT with a
noncompact group.
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geometrically meaningful object. We expect this interaction
term to encode two types of flat holonomies.

(i) A generalization of the flat 1-holonomies encoun-
tered in the 1-GFT. The generalization is due to the
fact that we might have some nontrivial contribution
coming from the t-map. These 1-holonomies are
generated by the bulk gauge variables h’s and the
boundary data u’s. This is illustrated in Fig. 15.

(ii) A flat 2-holonomy generated by the bulk 2-gauge
transformations x and the boundary data y.

These flat 1- and 2-holonomies are glued together through
the propagator that identifies the boundary data ðY; uÞ’s. As
a result of the gluing, we will obtain flat 1- and
2-holonomies which live in a 2-complex, dual to a 4d
triangulation. To keep track of the combinatorics of the
4-simplex we are using, we take Fig. 16 as a reference.

V ¼ δG1
ðtðX2;1Þh1u1;1u−12;4h−12 ÞδG1

ðtðX3;1Þh1u1;2u−13;3h−13 ÞδG1
ðtðX4;1Þh1u1;3u−14;2h−14 ÞδG1

ðtðX5;1Þh1u1;4u−15;1h−15 Þ
× δG1

ðtðX3;2Þh2u2;1u−13;4h−13 ÞδG1
ðtðX4;2Þh2u2;2u−14;3h−14 ÞδG1

ðtðX5;2Þh2u2;3u−15;2h−15 ÞδG1
ðtðX4;3Þh3u3;1u−14;4h−14 Þ

× δG1
ðtðX5;3Þh3u3;2u−15;3h−15 ÞδG1

ðtðX5;4Þh4u4;1u−15;4h−15 ÞδG2
ððh1 ⊳ Y1;2;1ÞX1;2ðh2 ⊳ Y2;4;1ÞX2;3ðh3 ⊳ Y3;4;3ÞX3;1Þ

× δG2
ððh1 ⊳ Y1;3;1ÞX1;2ðh2 ⊳ Y2;4;2ÞX2;4ðh4 ⊳ Y4;3;2ÞX4;1ÞδG2

ððh1 ⊳ Y1;4;1ÞX1;2ðh2 ⊳ Y2;4;3ÞX2;5ðh5 ⊳ Y5;2;1ÞX5;1Þ
× δG2

ððh1 ⊳ Y1;3;2ÞX1;3ðh3 ⊳ Y3;3;1ÞX3;4ðh4 ⊳ Y4;4;2ÞX4;1ÞδG2
ððh1 ⊳ Y1;4;2ÞX1;3ðh3 ⊳ Y3;3;2ÞX3;5ðh5 ⊳ Y5;3;1ÞX5;1Þ

× δG2
ððh1 ⊳ Y1;3;4ÞX1;4ðh4 ⊳ Y4;2;1ÞX4;5ðh5 ⊳ Y5;4;1ÞX5;1ÞδG2

ððh2 ⊳ Y2;2;1ÞX2;3ðh3 ⊳ Y3;4;1ÞX3;4ðh4 ⊳ Y4;4;3ÞX4;2Þ
× δG2

ððh2 ⊳ Y2;3;1ÞX2;3ðh3 ⊳ Y3;4;2ÞX3;5ðh5 ⊳ Y5;3;2ÞX5;2ÞδG2
ððh2 ⊳ Y2;3;2ÞX2;4ðh4 ⊳ Y4;3;1ÞX4;5ðh5 ⊳ Y5;4;2ÞX5;2Þ

× δG2
ððh3 ⊳ Y3;2;1ÞX3;4ðh4 ⊳ Y4;4;1ÞX4;5ðh5 ⊳ Y5;4;3ÞX5;3Þ: ð36Þ

The first ten deltas (on the group G1) enforce the closure of
the links dual to the ten identified faces while the other ten
delta functions (on the group G2) instead enforce the
closure of the combination of the (boundary and bulk)
wedges around the ten edges of the 4-simplex.
In order to express such closures in a compact way, we

introduced the decorations of the fused external gauge
wedges XA;B between tetrahedra A, B:

FIG. 15. A portion of the vertex term. The dotted lines are the
combination of three faces shared by three tetrahedra and sharing
a common edge. The solid blue lines are three of the five links hi
that have their source at c, the center of the 4-simplex and their
target at cA, the center of the tetrahedron A. In different colors the
six half wedges, that combine pairwise to give the fused internal
wedges Y. The combination of the six half wedges is the total
wedge dual to the central edge.

FIG. 16. 4-simplex boundary construction: five tetrahedra share
five vertices. Each of the four faces of each tetrahedron is identified
with one of the faces of the other four tetrahedra. We use the same
color and a double dotted line for the identified faces.
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X1;2 ¼ x−11;1x2;4; X2;4 ¼ x−12;2x4;3;

X1;3 ¼ x−11;2x3;3; X2;5 ¼ x−12;3x5;2;

X1;4 ¼ x−11;3x4;2; X3;4 ¼ x−13;1x4;4;

X1;5 ¼ x−11;4x5;1; X3;5 ¼ x−13;2x5;3;

X2;3 ¼ x−12;1x3;4; X4;5 ¼ x−14;1x5;4; ð37Þ

with inverses X−1
A;B ¼ XB;A.

V. A TOPOLOGICAL MODEL

The general shape of the amplitude of the 2-GFT which
can be seen as the dual of a 4d triangulation T (with no
boundary) is given by

ZT ¼
Z

½dX�½dh�
Y

t

δG1
ðhttðXtÞÞ

Y

e

δG2
ðXeÞ; ð38Þ

where Xt ∈ G2 decorates the face dual to the triangle
t ∈ T , while ht ∈ G1 decorates the boundary of this face.
Xe ∈ G2 decorates the closed surface dual to an edge
e ∈ T . We see that this is a natural generalization of the
amplitude obtained through a 1-GFT with a new contri-
bution implementing the flatness of the 2-holonomy
Xe ∈ G2. With respect to the flatness of the 1-holonomy
ht ∈ G1 that would appear in a regular 1-GFT, we have a
possible contribution from the t-map, of the (open)
2-holonomy Xt dual to a triangle t in T .
Theorem 1. Consider the GFT action given by the

action (31) with kinetic term (34) and interaction term
(36), then the associated Feynman diagrams are topological
invariants.
The proof of this theorem is given in Appendix as it is

lengthy.
To show that the constructed model is topological, one

needs to check that the amplitudes are invariant under the
following Pachner moves.

P1;5: relates the amplitude of one 4-simplex V to the
amplitude of the combination of five 4-simpli-
ces V5;

P2;4: relates the amplitude of the combination of two
4-simplices V2 to the amplitude of the combination
of four 4-simplices V4;

P3;3: relates the amplitude of the combination of three
4-simplices V3 to the amplitude of the combination
of three 4-simplices V3.

P1;5 Pachner move: First we show that the amplitudes of
the two Feynman diagrams in Fig. 17 are related to one
another by an overall constant. These diagrams correspond
to a 4-simplex (on the right) and a graph obtained by adding
an additional node (on the left). The diagram on the left is
comprised of five nodes and ten bulk links, while the
diagram on the right is a single node and no bulk links.
The amplitude of these diagrams are

AV5
¼

Z
½dX�50½dh�25½du�100½dY�150ðK1;2K1;3K1;4K1;5K2;3

×K2;4K2;5K3;4K3;5K4;5ÞðV1V2V3V4V5Þ ð39Þ

and

AV ¼
Z

½dX�10½dh�5½du�20½dY�30V: ð40Þ

The subscripts refer to the labels on the diagram: for
example, K1;2 is the propagator between the first and
second labeled vertex. The expressions are given explicitly
in (A1) and (A13) in the appendix.
Integrating out the bulk variables and using the invari-

ance of the measures to define new variables, one can show
that AV5

can be simplified and compared to AV . The
relevant change of variables are given in (A16) in the
appendix. In the end, one finds that

AV5
¼ V4

G1
V37
G2
AV : ð41Þ

The VGi
stand for volumes of the group Gi which may be

infinite if the group is not compact.
P3;3 Pachner move: We now investigate the diagrams in

Fig. 18. The amplitudes of these diagrams are

AV3
¼

Z
½dX�30½dh�15½du�60½dY�90ðK1;2K1;3K2;3ÞV1V2V3

ð42Þ

as well as the appropriate permutation of indices (see
Eq. (A7) in the appendix for details). The two amplitudes
are related to one another by the change of variables
detailed in (A23).
P2;4 Pachner move: Next, we consider the relation

between the two amplitudes corresponding to the diagrams
in Fig. 19. The amplitudes for these diagrams are

AV2
¼

Z
½dX�20½dh�10½du�40½dY�60K1;2V1V2; ð43Þ

FIG. 17. Pachner move Pð1;5Þ.
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and

AV4
¼

Z
½dX�40½dh�20½du�80½dY�120K1;2K1;3K1;4K2;3

×K2;4K3;4V1V2V3V4: ð44Þ

Once again the explicit expressions are in the appendix, see
(A4) and (A10). The two amplitudes can once again be
related to one another by integration and by renaming
variables as shown in (A20). The result is that

AV4
¼ ðV2

G1
V19
G2
ÞAV2

: ð45Þ

VI. OUTLOOK

(Quantum) 2-groups are supposed to be the relevant
structure to define quantum field theories for 4d manifolds
and generate state-sums to encode the topological features
of a 4d manifold. The Yetter-Mackaay model provides a
generalization of the Ponzano-Regge/Turaev-Viro state
sum, where 2-group structures are the basic symmetry

structure. This model is built in the triangulation picture,
just like the Ponzano-Regge/Turaev-Viro models.
Group field theories can be seen as a tool to generate

state sum models as Feynman diagrams, on the dual
complex of the triangulation. Since the initial work of
Boulatov, GFTs have been extensively studied and used in
the quantum gravity setting, both in 3d and in 4d.
We have presented here a generalization of this construc-

tion using strict 2-groups, or crossed modules. We have
shown how the amplitude of different Feynman diagrams are
related by Pachner moves so that the action proposed is
indeed that of a topological model. We note that due to the 1-
Bianchi and 2-Bianchi identities, some of the delta functions
in (38) can be redundant. If one of the groups G1 or G2 is
noncompact, this would generate some divergences.
Ultimately, we expect that the model we built is the dual

version of the Yetter-Mackaay model. To prove this we
would need to define a notion of Fourier transform, which
is not yet available to the best of our knowledge.
We highlight a number of directions which we find

interesting to develop in the future.
Fourier transform for 2-groups. The first question

we intend to explore is indeed the relation with the

FIG. 18. Pachner move Pð3;3Þ.

FIG. 19. Pachner move Pð2;4Þ.

GROUP FIELD THEORY ON 2-GROUPS PHYS. REV. D 108, 046009 (2023)

046009-11



Yetter-Mackaay model. To relate our model to this model,
we would need a generalization of the notion Fourier
between the functions over a group and the noncommu-
tative functions over the cotangent plane [36] to the 2-group
case. This is currently under investigation. An potential
interesting direction to explore is the notion of co-
commutative trialgebras and their dual analog the cocom-
mutative ones as discussed by Pfeiffer in [57]. This is
currently under investigation.
Hidden 2-GFT’s? Some models of GFT’s have already

been introduced which potentially could be reinterpreted as
2-GFT’s. For example in 3d the notion of particle in the
GFT has been discussed in [58]. It involved the presence of
extra decorations in the field which can be naturally
interpreted as decorating the faces of the dual 2-complex,
and be associated with the particle degrees of freedom. In a
different direction, 1-GFT’s have been modified in order to
account for a better probing of the “bubbles” [59] which
could also be interpreted as closed 2-holonomies. It would
be interesting to see whether these two different models
could be reinterpreted as a 2-GFT’s with a specific choice
of 2-group in each case.
Divergences? A key-issue in any field theory deals with

the divergences and their taming through renormalization.
Heavy work was dedicated to 1-GFT’s to assess their
divergence structure according to different choices of
groups or interactions see for example [60,61]. In the
present work, we have not focused on this issue, but it
should be explored accordingly.
Large N expansion. In [62], a large N expansion of

topological GFTs such as the Boulatov and Ooguri models,
have been implemented (see also Chapter 4 of S. Carrozza’s
PhD thesis [63]). It was show that the geometric data
encoded in the group variables can be exploited to prove
that the first term in the large N expansion is given by the
celebrated melonic graphs, which are the dominant graphs
in the large N expansion of tensor models [64–67] or of the
SYK model [68].
It would thus appear interesting to us to investigate

whether or not the doubling of the group data represented
by the 2-group structure studied in our paper could lead, in
this GFT context, to a different type of large N limit, where
other type of graphs that the melonic ones would be
dominating.
Application to quantum gravity? 2-group structures

seem relevant to the construction of a quantum gravity
theory. For example, one could demand to have information
about the frame field and not only about the flux. Not only
could this give a “nicer” notion of operator for the notion of
length [69], it could help to discriminate between degen-
erate nondegenerate manifolds in the semiclassical
limit [32]. The flux is associated to faces and is therefore

a natural candidate as a 2-connection. When there is no
cosmological constant, the discrete (classical) flux is
valued in an Abelian group, but switching to a nonzero
cosmological constant would typically lead to a non-
Abelian deformation and the appearance of a quantum
group. Following the Eckmann-Hilton argument, one can
only have a non-Abelian group decoration on faces if, on
top of that, edges are also decorated. 2-groups provide then
a way to have consistent non-Abelian decorations on faces
and edges. These three arguments point to the relevance of
2-group to construct a more refined quantum gravity
model. Once the relation between 2-groups and gravity
has been identified, one could use then the GFT we
proposed to constrain it to construct the quantum gravity
amplitude, just like it was done for the Barrett-Crane model
or the EPRL-FK model [70–72].
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APPENDIX: FEYNMAN DIAGRAMS
AND AMPLITUDES

We evaluate the relevant diagrams and then show
explicitly how they are related through the Pachner moves.
Key Feynman diagrams We organize the amplitudes by

factoring the delta functions according to the group. For

each amplitude, denote by δfVNg
G1

and δfVNg
G2

the set of deltas
on links (group G1) and wedges (group G2) in the
amplitude. The superscript VN specifies the number (N)
of vertices in the diagram.
We consider the specific Feynman diagrams which will

be dual respectively to a single 4-simplex, two, three, four,
and five 4-simplices.They can be derived by properly
gluing a number of independent vertex amplitudes using
the propagator.

(i) The vertex term, a five-point Feynman diagram,
which is illustrated in Fig. 20(a) has amplitude

AV ¼
Z

½dX�10½dh�5½du�20½dY�30Vgauge

¼
Z

½dX�10½dh�5½du�20½dY�30δfVgG1
; δfVgG2

ðA1Þ

where
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δfVgG1
¼ δG1

ðtðX2;1Þh1u1;1u−12;4h−12 ÞδG!
ðtðX3;1Þh1u1;2u−13;3h−13 ÞδG1

ðtðX4;1Þh1u1;3u−14;2h−14 ÞδG1
ðtðX5;1Þh1u1;4u−15;1h−15 Þ

× δG1
ðtðX3;2Þh2u2;1u−13;4h−13 ÞδG1

ðtðX4;2Þh2u2;2u−14;3h−14 ÞδG1
ðtðX5;2Þh2u2;3u−15;2h−15 ÞδG1

ðtðX4;3Þh3u3;1u−14;4h−14 Þ
× δG1

ðtðX5;3Þh3u3;2u−15;3h−15 ÞδG1
ðtðX5;4Þh4u4;1u−15;4h−15 Þ; ðA2Þ

and

δfVgG2
¼ δG2

ððh1 ⊳ Y1;2;1ÞX1;2ðh2 ⊳ Y2;4;1ÞX2;3ðh3 ⊳ Y3;4;3ÞX3;1Þ
× δG2

ððh1 ⊳ Y1;3;1ÞX1;2ðh2 ⊳ Y2;4;2ÞX2;4ðh4 ⊳ Y4;3;2ÞX4;1Þ
× δG2

ððh1 ⊳ Y1;4;1ÞX1;2ðh2 ⊳ Y2;4;3ÞX2;5ðh5 ⊳ Y5;2;1ÞX5;1Þ
× δG2

ððh1 ⊳ Y1;3;2ÞX1;3ðh3 ⊳ Y3;3;1ÞX3;4ðh4 ⊳ Y4;4;2ÞX4;1Þ
× δG2

ððh1 ⊳ Y1;4;2ÞX1;3ðh3 ⊳ Y3;3;2ÞX3;5ðh5 ⊳ Y5;3;1ÞX5;1Þ
× δG2

ððh1 ⊳ Y1;3;4ÞX1;4ðh4 ⊳ Y4;2;1ÞX4;5ðh5 ⊳ Y5;4;1ÞX5;1Þ
× δG2

ððh2 ⊳ Y2;2;1ÞX2;3ðh3 ⊳ Y3;4;1ÞX3;4ðh4 ⊳ Y4;4;3ÞX4;2Þ
× δG2

ððh2 ⊳ Y2;3;1ÞX2;3ðh3 ⊳ Y3;4;2ÞX3;5ðh5 ⊳ Y5;3;2ÞX5;2Þ
× δG2

ððh2 ⊳ Y2;3;2ÞX2;4ðh4 ⊳ Y4;3;1ÞX4;5ðh5 ⊳ Y5;4;2ÞX5;2Þ
× δG2

ððh3 ⊳ Y3;2;1ÞX3;4ðh4 ⊳ Y4;4;1ÞX4;5ðh5 ⊳ Y5;4;3ÞX5;3Þ: ðA3Þ

(ii) The eight-point Feynman diagram, illustrated in Fig. 20b has amplitude,

AV2
¼

Z
½dX�20½dh�10½du�40½dY�60K1;2ðV1V2Þ ¼

Z
½dX�20½dh�9½du�32½dY�48δfV2g

G1
δfV2g
G2

; ðA4Þ

where

δfV2g
G1

¼ ðδG1
ðtðX1;3;2Þh1;2tðX2;5;2Þh2;2u2;2;3u−11;3;4h−11;3ÞδG1

ðtðX1;4;2Þh1;2tðX2;5;3Þh2;3u2;3;2u−11;4;3h−11;4Þ
× δG1

ðtðX1;5;2Þh1;2tðX2;5;4Þh2;4u2;4;1u−11;5;2h−11;5ÞδG1
ðtðX1;2;1Þh1;1u1;1;1u−12;1;4h−12;1tðX2;1;5Þh2;1ÞÞ

× ðδG1
ðtðX1;3;1Þh1;1u1;1;2u−11;3;3h−11;3ÞδG1

ðtðX1;4;1Þh1;1u1;1;3u−11;4;2h−11;4ÞδG1
ðtðX1;5;1Þh1;1u1;1;4u−11;5;1h−11;5Þ

× δG1
ðtðX1;4;3Þh1;3u1;3;1u−11;4;4h−11;4ÞδG1

ðtðX1;5;3Þh1;3u1;3;2u−11;5;3h−11;5ÞδG1
ðtðX1;5;4Þh1;4u1;4;1u−11;5;4h−11;5Þ

× δG1
ðtðX2;2;1Þh2;1u2;1;1u−12;2;4h−12;2ÞδG1

ðtðX2;3;1Þh2;1u2;1;2u−12;3;3h−12;3ÞδG1
ðtðX2;4;1Þh2;1u2;1;3u−12;4;2h−12;4Þ

× δG1
ðtðX2;3;2Þh2;2u2;2;1u−12;3;4h−12;3ÞδG1

ðtðX2;4;2Þh2;2u2;2;2u−12;4;3h−12;4ÞδG1
ðtðX2;4;3Þh2;3u2;3;1u−12;4;4h−12;4ÞÞ; ðA5Þ

and

FIG. 20. The tetrahedron labeling is done in red, while in blue we noted the 4-simplex labeling.
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δfV2g
G2

¼δG2
ðh1;2⊳ðX2;5;3ðh2;3⊳Y2;3;2;4ÞX2;3;2ðh2;2⊳Y2;2;1;3ÞX2;2;5ÞX1;2;3ðh1;3⊳Y1;3;4;1ÞX1;3;4ðh1;4⊳Y1;4;4;3ÞX1;4;2Þ

×δG2
ðh1;2⊳ðX2;5;4ðh2;4⊳Y2;4;1;3ÞX2;4;2ðh2;2⊳Y2;2;2;3ÞX2;2;5ÞX1;2;3ðh1;3⊳Y1;3;4;2ÞX1;3;5ðh1;5⊳Y1;5;3;2ÞX1;5;2Þ

×δG2
ðh1;2⊳ðX2;5;1ðh2;1⊳Y2;1;4;1ÞX2;1;2ðh2;2⊳Y2;2;4;3ÞX2;2;5ÞX1;2;3ðh1;3⊳Y1;3;4;3ÞX1;3;1ðh1;1⊳Y1;1;2;1ÞX1;1;2Þ

×δG2
ðh1;2⊳ðX2;5;4ðh2;4⊳Y2;4;1;4ÞX2;4;3ðh2;3⊳Y2;3;1;2ÞX2;3;5ÞX1;2;4ðh1;4⊳Y1;4;3;1ÞX1;4;5ðh1;5⊳Y1;5;4;2ÞX1;5;2Þ

×δG2
ðh1;2⊳ðX2;5;1ðh2;1⊳Y2;1;4;2ÞX2;1;3ðh2;3⊳Y2;3;3;2ÞX2;3;5ÞX1;2;4ðh1;4⊳Y1;4;3;2ÞX1;4;1ðh1;1⊳Y1;1;3;1ÞX1;1;2Þ

×δG2
ðh1;2⊳ðX2;5;1ðh2;1⊳Y2;1;3;4ÞX2;1;4ðh2;4⊳Y2;4;2;1ÞX2;4;5ÞX1;2;5ðh1;5⊳Y1;5;2;1ÞX1;5;1ðh1;1⊳Y1;1;4;1ÞX1;1;2Þ

×δG2
ððh1;1⊳Y1;1;3;2ÞX1;1;3ðh1;3⊳Y1;3;3;1ÞX1;3;4ðh1;4⊳Y1;4;4;2ÞX1;4;1Þ

×δG2
ððh1;1⊳Y1;1;4;2ÞX1;1;3ðh1;3⊳Y1;3;3;2ÞX1;3;5ðh1;5⊳Y1;5;3;1ÞX1;5;1Þ

×δG2
ððh1;1⊳Y1;1;3;4ÞX1;1;4ðh1;4⊳Y1;4;2;1ÞX1;4;5ðh1;5⊳Y1;5;4;1ÞX1;5;1Þ

×δG2
ððh1;3⊳Y1;3;2;1ÞX1;3;4ðh1;4⊳Y1;4;4;1ÞX1;4;5ðh1;5⊳Y1;5;4;3ÞX1;5;3Þ

×δG2
ððh2;1⊳Y2;1;2;1ÞX2;1;2ðh2;2⊳Y2;2;4;1ÞX2;2;3ðh2;3⊳Y2;3;4;3ÞX2;3;1Þ

×δG2
ððh2;1⊳Y2;1;3;1ÞX2;1;2ðh2;2⊳Y2;2;4;2ÞX2;2;4ðh2;4⊳Y2;4;3;2ÞX2;4;1Þ

×δG2
ððh2;1⊳Y2;1;3;2ÞX2;1;3ðh2;3⊳Y2;3;3;1ÞX2;3;4ðh2;4⊳Y2;4;4;2ÞX2;4;1Þ

×δG2
ððh2;2⊳Y2;2;2;1ÞX2;2;3ðh2;3⊳Y2;3;4;1ÞX2;3;4ðh2;4⊳Y2;4;4;3ÞX2;4;2Þ; ðA6Þ

We defined the composed link h1;2 ≡ h1;2h−12;5 with inverse h−11;2 ¼ h2;1.
The first four deltas in (A5) involve a combination of bulk and boundary links of the two 4-simplices, while the

remaining twelve deltas involve bulk and boundary links of the first or second 4-simplices separately. Similarly,
the first six deltas in (A6) involve a combination of bulk and boundary wedges of both the 4-simplices, while the
remaining eight deltas involve bulk and boundary wedges of the first or the second 4-simplices separately.

(iii) The nine-point Feynman diagram, illustrated in Fig. 21a has amplitude,

AV3
¼

Z
½dX�30½dh�15½du�60½dY�90ðK1;2K1;3K2;3ÞðV1V2V3Þ ¼

Z
½dX�30½dh�12½du�36½dY�54δfV3g

G1
δfV3g
G2

; ðA7Þ

with

FIG. 21. We labeled the tetrahedra in red, and in blue the 4-simplices.
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δfV3g
G1

¼ δG1
ðtðX1;3;2Þh1;2tðX2;5;2Þh2;3tðX3;5;4Þh3;1Þ

× ðδG1
ðtðX1;4;2Þh1;2tðX2;5;3Þh2;3u2;3;2u−11;4;3h−11;4ÞδG1

ðtðX1;5;2Þh1;2tðX2;5;4Þh2;4u2;4;1u−11;5;2h−11;5Þ
× δG1

ðtðX1;2;1Þh1;1u1;1;1u−12;1;4h−12;1tðX2;1;5Þh2;1ÞδG1
ðtðX1;3;1Þh1;1u1;1;2u−13;1;3h−13;1tðX3;1;4Þh3;1Þ

× δG1
ðtðX1;4;3Þh1;3tðX3;4;2Þh3;2u3;2;2u−11;4;4h−11;4ÞδG1

ðtðX1;5;3Þh1;3tðX3;4;3Þh3;3u3;3;1u−11;5;3h−11;5Þ
× δG1

ðtðX2;2;1Þh2;1u2;1;1u−13;1;4h−13;1tðX3;1;5Þh3;2ÞδG1
ðtðX2;3;2Þh2;3tðX3;5;2Þh3;2u3;2;3u−12;3;4h−12;3Þ

× δG1
ðtðX2;4;2Þh2;3tðX3;5;3Þh3;3u3;3;2u−12;4;3h−12;4ÞÞ

× ðδG1
ðtðX1;5;4Þh1;1u1;1;3u−11;4;2h−11;4ÞδG1

ðtðX1;5;1Þh1;1u1;1;4u−11;5;1h−11;5ÞδG1
ðtðX1;4;1Þh1;4u1;4;1u−11;5;4h−11;5Þ

× δG1
ðtðX2;3;1Þh2;1u2;1;2u−12;3;3h−12;3ÞδG1

ðtðX2;4;1Þh2;1u2;1;3u−12;4;2h−12;4ÞδG1
ðtðX2;4;3Þh2;3u2;3;1u−12;4;4h−12;4Þ

× δG1
ðtðX3;2;1Þh3;1u3;1;1u−13;2;4h−13;2ÞδG1

ðtðX3;3;1Þh3;1u3;1;2u−13;3;3h−13;3ÞδG1
ðtðX3;3;2Þh3;2u3;2;1u−13;3;4h−13;3ÞÞ; ðA8Þ

and

δfV3g
G2

¼δG2
ðh1;2⊳ðX2;5;3ðh2;3⊳Y2;3;2;4ÞX2;3;2X2;2;5ÞX1;2;3h1;3⊳ðX3;4;5X3;5;2ðh3;2⊳Y3;2;3;2ÞX3;2;4Þ

×X1;3;4ðh1;4⊳Y1;4;4;3ÞX1;4;2Þ
×δG2

ðh1;2⊳ðX2;5;4ðh2;4⊳Y2;4;1;3ÞX2;4;2X2;2;5ÞX1;2;3h1;3⊳ðX3;4;5X3;5;3ðh3;3⊳Y3;3;2;1ÞX3;3;4Þ
×X1;3;5ðh1;5⊳Y1;5;3;2ÞX1;5;2Þ
×δG2

ðh1;2⊳ðX2;5;1ðh2;1⊳Y2;1;4;1ÞX2;1;2X2;2;5ÞX1;2;3h1;3⊳ðX3;4;5X3;5;1ðh3;1⊳Y3;1;3;4ÞX3;1;4Þ
×X1;3;1ðh1;1⊳Y1;1;2;1ÞX1;1;2Þ
×δG2

ðh1;2⊳ðX2;5;4ðh2;4⊳Y2;4;1;4ÞX2;4;3ðh2;3⊳Y2;3;1;2ÞX2;3;5ÞX1;2;4ðh1;4⊳Y1;4;3;1ÞX1;4;5ðh1;5⊳Y1;5;4;2ÞX1;5;2Þ
×δG2

ððh1;1⊳Y1;1;3;1ÞX1;1;2h1;2⊳ðX2;5;1ðh2;1⊳Y2;1;4;2ÞX2;1;3ðh2;3⊳Y2;3;3;2ÞX2;3;5ÞX1;2;4ðh1;4⊳Y1;4;3;2ÞX1;4;1Þ
×δG2

ððh1;1⊳Y1;1;4;1ÞX1;1;2h1;2⊳ðX2;5;1ðh2;1⊳Y2;1;3;4ÞX2;1;4ðh2;4⊳Y2;4;2;1ÞX2;4;5ÞX1;2;5ðh1;5⊳Y1;5;2;1ÞX1;5;1Þ
×δG2

ðh1;3⊳ðX3;4;3ðh3;3⊳Y3;3;1;4ÞX3;3;2ðh3;2⊳Y3;2;1;2ÞX3;2;4ÞX1;3;4ðh1;4⊳Y1;4;4;1ÞX1;4;5ðh1;5⊳Y1;5;4;3ÞX1;5;3Þ
×δG2

ððh1;1⊳Y1;1;3;2ÞX1;1;3h1;3⊳ðX3;4;1ðh3;1⊳Y3;1;3;1ÞX3;1;2ðh3;2⊳Y3;2;4;2ÞX3;2;4ÞX1;3;4ðh1;4⊳Y1;4;4;2ÞX1;4;1Þ
×δG2

ððh1;1⊳Y1;1;4;2ÞX1;1;3h1;3⊳ðX3;4;1ðh3;1⊳Y3;1;3;2ÞX3;1;3ðh3;3⊳Y3;3;3;1ÞX3;3;4ÞX1;3;5ðh1;5⊳Y1;5;3;1ÞX1;5;1Þ
×δG2

ððh2;1⊳Y2;1;2;1ÞX2;1;2h2;3⊳ðX3;5;1ðh3;1⊳Y3;1;4;1ÞX3;1;2ðh3;2⊳Y3;2;4;3ÞX3;2;5ÞX2;2;3ðh2;3⊳Y2;3;4;3ÞX2;3;1Þ
×δG2

ððh2;1⊳Y2;1;3;1ÞX2;1;2h2;3⊳ðX3;5;1ðh3;1⊳Y3;1;4;2ÞX3;1;3ðh3;3⊳Y3;3;3;2ÞX3;3;5ÞX2;2;4ðh2;4⊳Y2;4;3;2ÞX2;4;1Þ
×δG2

ðh2;3⊳ðX3;5;3ðh3;3⊳Y3;3;2;4ÞX3;3;2ðh3;2⊳Y3;2;1;3ÞX3;2;5ÞX2;2;3ðh2;3⊳Y2;3;4;1ÞX2;3;4ðh2;4⊳Y2;4;4;3ÞX2;4;2Þ
×δG2

ððh1;1⊳Y1;1;3;4ÞX1;1;4ðh1;4⊳Y1;4;2;1ÞX1;4;5ðh1;5⊳Y1;5;4;1ÞX1;5;1Þ
×δG2

ððh2;1⊳Y2;1;3;2ÞX2;1;3ðh2;3⊳Y2;3;3;1ÞX2;3;4ðh2;4⊳Y2;4;4;2ÞX2;4;1Þ
×δG2

ððh3;1⊳Y3;1;2;1ÞX3;1;2ðh3;2⊳Y3;2;4;1ÞX3;2;3ðh3;3⊳Y3;3;4;3ÞX3;3;1Þ; ðA9Þ

We defined the composed links h1;3 ≡ h1;3h−13;4 and h2;3 ≡ h2;2h−13;5 with inverses h−11;3 ¼ h3;1 and h−12;3 ¼ h3;2.
The first delta in (A8) enforces a closed path of only bulk links of the three 4-simplices; this is the loop of links

dual to the single face shared by the three 4-simplices. The following nine delta functions involve a combination of
bulk and boundary links of the 4-simplices f1; 2g, f1; 3g and f2; 3g, while the remaining nine deltas involve bulk
and boundary links of the first, the second or the third 4-simplices separately. Similarly, the first three deltas in (A9)
involve a combination of bulk and boundary wedges of the three 4-simplices. The following nine deltas involve a
combination of bulk and boundary wedges of the three 4-simplices pairwise, f1; 2g, f1; 3g and f2; 3g. The
remaining three deltas involve bulk and boundary wedges of the first, second, or third 4-simplices separately.
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(iv) The eight-point Feynman diagram, illustrated in Fig. 21(b),

AV4
¼

Z
½dX�40½dh�20½du�80½dY�120ðK1;2K1;3K1;4K2;3K2;4K3;4Þ ðV1V2V3V4Þ

¼
Z

½dX�40½dh�14½du�32½dY�48δfV4g
G1

δfV4g
G2

: ðA10Þ

We denoted

δfV4g
G1

¼ δG1
ðtðX1;3;2Þh1;2tðX2;5;2Þh2;3tðX3;5;4Þh3;1ÞδG1

ðtðX1;4;2Þh1;2tðX2;5;3Þh2;4tðX4;4;3Þh4;1Þ
× δG1

ðtðX1;4;3Þh1;3tðX3;4;2Þh3;4tðX4;5;3Þh4;1ÞÞδG1
ðtðX2;3;2Þh2;3tðX3;5;2Þh3;4tðX4;5;4Þh4;2ÞÞ

× ðδG1
ðtðX1;5;2Þh1;2tðX2;5;4Þh2;4u2;4;1u−11;5;2h−11;5ÞδG1

ðtðX1;2;1Þh1;1u1;1;1u−12;1;4h−12;1tðX2;1;5Þh2;1Þ
× δG1

ðtðX1;3;1Þh1;1u1;1;2u−13;1;3h−13;1tðX3;1;4Þh3;1ÞδG1
ðtðX1;5;3Þh1;3tðX3;4;3Þh3;3u3;3;1u−11;5;3h−11;5Þ

× δG1
ðtðX2;2;1Þh2;1u2;1;1u−13;1;4h−13;1tðX3;1;5Þh3;2ÞδG1

ðtðX2;4;2Þh2;3tðX3;5;3Þh3;3u3;3;2u−12;4;3h−12;4Þ
× δG1

ðtðX1;5;4Þh1;1u1;1;3u−14;1;2h−14;1tðX4;1;3Þh4;1ÞδG1
ðtðX1;4;1Þh1;4tðX4;3;2Þh4;2u4;2;1u−11;5;4h−11;5Þ

× δG1
ðtðX2;3;1Þh2;1u2;1;2u−14;1;3h−14;1tðX4;1;4Þh4;2ÞδG1

ðtðX2;4;3Þh2;4tðX4;4;2Þh4;2u4;2;2u−12;4;4h−12;4Þ
× δG1

ðtðX3;2;1Þh3;1u3;1;1u−14;1;4h−14;1tðX4;1;5Þh4;3ÞδG1
ðtðX3;3;2Þh3;4tðX4;5;2Þh4;2u4;2;3u−13;3;4h−13;3ÞÞ

× ðδG1
ðtðX1;5;1Þh1;1u1;1;4u−11;5;1h−11;5ÞδG1

ðtðX2;4;1Þh2;1u2;1;3u−12;4;2h−12;4ÞδG1
ðtðX3;3;1Þh3;1u3;1;2u−13;3;3h−13;3Þ

× δG1
ðtðX4;2;1Þh4;1u4;1;1u−14;2;4h−14;2ÞÞ; ðA11Þ

the set of delta functions on the group G1 (on the links) and

δfV4g
G2

¼ δG2
ðX1;4;2h1;2 ⊳ ðX2;5;3X2;3;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;2X3;2;4ÞX1;3;4h1;4 ⊳ ðX4;3;5X4;5;4X4;4;3ÞÞ

× δG2
ðh1;2 ⊳ ðX2;5;4ðh2;4 ⊳ Y2;4;1;3ÞX2;4;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;3ðh3;3 ⊳ Y3;3;2;1ÞX3;3;4Þ

× X1;3;5ðh1;5 ⊳ Y1;5;3;2ÞX1;5;2Þ
× δG2

ðh1;2 ⊳ ðX2;5;1ðh2;1 ⊳ Y2;1;4;1ÞX2;1;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;1ðh3;1 ⊳ Y3;1;3;4ÞX3;1;4Þ
× X1;3;1ðh1;1 ⊳ Y1;1;2;1ÞX1;1;2Þ
× δG2

ðh1;2 ⊳ ðX2;5;4ðh2;4 ⊳ Y2;4;1;4ÞX2;4;3X2;3;5ÞX1;2;4h1;4 ⊳ ðX4;3;4X4;4;2ðh4;2 ⊳ Y4;2;2;1ÞX4;2;3Þ
× X1;4;5ðh1;5 ⊳ Y1;5;4;2ÞX1;5;2Þ
× δG2

ðh1;2 ⊳ ðX2;5;1ðh2;1 ⊳ Y2;1;4;2ÞX2;1;3X2;3;5ÞX1;2;4h1;4 ⊳ ðX3;3;4X4;4;1ðh4;1 ⊳ Y4;1;3;2ÞX4;1;3Þ
× X1;4;1ðh1;1 ⊳ Y1;1;3;1ÞX1;1;2Þ
× δG2

ðh1;3 ⊳ ðX3;4;3ðh3;3 ⊳ Y3;3;1;4ÞX3;3;2X3;2;4ÞX1;3;4h1;4 ⊳ ðX4;3;5X4;5;2ðh4;2 ⊳ Y4;2;3;1ÞX4;2;3Þ
× X1;4;5ðh1;5 ⊳ Y1;5;4;3ÞX1;5;3Þ
× δG2

ðh1;3 ⊳ ðX3;4;1ðh3;1 ⊳ Y3;1;3;1ÞX3;1;2X3;2;4ÞX1;3;4h1;4 ⊳ ðX4;3;5X4;5;1ðh4;1 ⊳ Y4;1;4;2ÞX4;1;3Þ
× X1;4;1ðh1;1 ⊳ Y1;1;3;2ÞX1;1;3Þ
× δG2

ðh2;3 ⊳ ðX3;5;1ðh3;1 ⊳ Y3;1;4;1ÞX3;1;2X3;2;5ÞX2;2;3h2;4 ⊳ ðX4;4;5X4;5;1ðh4;1 ⊳ Y4;1;3;4ÞX4;1;4Þ
× X2;3;1ðh2;1 ⊳ Y2;1;2;1ÞX2;1;2Þ
× δG2

ðh2;3 ⊳ ðX3;5;3ðh3;3 ⊳ Y3;3;2;4ÞX3;3;2X3;2;5ÞX2;2;3h2;4 ⊳ ðX4;4;5X4;5;2ðh4;2 ⊳ Y4;2;3;2ÞX4;2;4Þ
× X2;3;4ðh2;4 ⊳ Y2;4;4;3ÞX2;4;2Þ
× δG2

ðh1;2 ⊳ ðX2;5;1ðh2;1 ⊳ Y2;1;3;4ÞX2;1;4ðh2;4 ⊳ Y2;4;2;1ÞX2;4;5ÞX1;2;5ðh1;5 ⊳ Y1;5;2;1Þ
× X1;5;1ðh1;1 ⊳ Y1;1;4;1ÞX1;1;2Þ

GIRELLI, LAUDONIO, TANASA, and TSIMIKLIS PHYS. REV. D 108, 046009 (2023)

046009-16



× δG2
ðh1;3 ⊳ ðX3;4;1ðh3;1 ⊳ Y3;1;3;2ÞX3;1;3ðh3;3 ⊳ Y3;3;3;1ÞX3;3;4ÞX1;3;5ðh1;5 ⊳ Y1;5;3;1Þ

× X1;5;1ðh1;1 ⊳ Y1;1;4;2ÞX1;1;3Þ
× δG2

ðh2;3 ⊳ ðX3;5;1ðh3;1 ⊳ Y3;1;4;2ÞX3;1;3ðh3;3 ⊳ Y3;3;3;2ÞX3;3;5ÞX2;2;4ðh2;4 ⊳ Y2;4;3;2Þ
× X2;4;1ðh2;1 ⊳ Y2;1;3;1ÞX2;1;2Þ
× δG2

ðh1;4 ⊳ ðX4;3;1ðh4;1 ⊳ Y4;1;2;1ÞX4;1;2ðh4;2 ⊳ Y4;2;4;1ÞX4;2;3ÞX1;4;5ðh1;5 ⊳ Y1;5;4;1Þ
× X1;5;1ðh1;1 ⊳ Y1;1;3;4ÞX1;1;4Þ
× δG2

ðh2;4 ⊳ ðX4;4;1ðh4;1 ⊳ Y4;1;3;1ÞX4;1;2ðh4;2 ⊳ Y4;2;4;2ÞX4;2;4ÞX2;3;4ðh2;4 ⊳ Y2;4;4;2Þ
× X2;4;1ðh2;1 ⊳ Y2;1;3;2ÞX2;1;3Þ
× δG2

ðh3;4 ⊳ ðX4;5;1ðh4;1 ⊳ Y4;1;4;1ÞX4;1;2ðh4;2; ⊳ Y4;2;4;3ÞX4;2;5ÞX3;2;3ðh3;3 ⊳ Y3;3;4;3Þ
× X3;3;1ðh3;1 ⊳ Y3;1;2;1ÞX3;1;2Þ; ðA12Þ

the set of delta functions on the group G2 (on the wedges). We defined the composed links h1;4 ≡ h1;4h−14;3,
h2;4 ≡ h2;3h−14;4, and h3;4 ≡ h3;2h−14;5, with inverses h−11;4 ¼ h4;1, h−12;4 ¼ h4;2, and h−13;4 ¼ h4;3. The first four delta
functions in (A11) enforces a closed path of only bulk links of the three 4-simplices pairwise. These are the loops of
links dual to the four faces shared by triplets of the four 4-simplices, f1; 2; 3g, f1; 2; 4g, f1; 3; 4g, and f2; 3; 4g. The
following twelve delta functions involve a combination of bulk and boundary links of the 4-simplices pairwise,
fA;Bg, with A;B ¼ 1, 2, 3, 4 and B > A; while the remaining four deltas involve bulk and boundary links of the four
4-simplices separately. Similarly, the first delta functions in (A12) is a closed 2-path of only bulk wedges shared by
the four 4-simplices; this is the closed surface in the dual complex dual to the single edge shared by the four
4-simplices. The following eight delta functions involve a combination of bulk and boundary wedges of triplets of
4-simplices, fA;B; Cg for A, B, C ¼ 1, 2, 3, 4 and C > B > A; the last six delta functions involve a combination of
bulk and boundary wedges of the 4-simplices pairwise.

FIG. 22. Graphs dual to five 4-simplices. We labeled the tetrahedra in red, and in blue the 4-simplices.
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(v) The 5-point Feynman diagram, illustrated in Fig. 22,

AV5
¼

Z
½dX�50½dh�25½du�100½dY�150ðK1;2K1;3K1;4K1;5K2;3K2;4K2;5K3;4K3;5K4;5Þ ðV1V2V3V4V5Þ

¼
Z

½dX�50½dh�15½du�20½dY�30δfV5g
G1

δfV5g
G2

ðA13Þ

We denoted

δfV5g
G1

¼ ðδG1
ðtðX1;3;2Þh1;2tðX2;5;2Þh2;3tðX3;5;4Þh3;1ÞδG1

ðtðX1;4;2Þh1;2tðX2;5;3Þh2;4tðX4;4;3Þh4;1Þ
× δG1

ðtðX1;4;3Þh1;3tðX3;4;2Þh3;4tðX4;5;3Þh4;1ÞδG1
ðtðX2;3;2Þh2;3tðX3;5;2Þh3;4tðX4;5;4Þh4;2Þ

× δG1
ðtðX1;5;2Þh1;2tðX2;5;4Þh2;5tðX5;3;2Þh5;1ÞδG1

ðtðX1;5;3Þh1;3tðX3;4;3Þh3;5tðX5;4;2Þh5;1Þ
× δG1

ðtðX2;4;2Þh2;3tðX3;5;3Þh3;5tðX5;4;3Þh5;2ÞδG1
ðtðX1;5;4Þh1;4tðX4;3;2Þh4;5tðX5;5;2Þh5;1Þ

× δG1
ðtðX2;4;3Þh2;4tðX4;4;2Þh4;5tðX5;5;3Þh5;2ÞδG1

ðtðX3;3;2Þh3;4tðX4;5;2Þh4;5tðX5;5;4Þh5;3ÞÞ
× ðδG1

ðtðX1;2;1Þh1;1u1;1;1u−12;1;4h−12;1tðX2;1;5Þh2;1ÞδG1
ðtðX1;3;1Þh1;1u1;1;2u−13;1;3h−13;1tðX3;1;4Þh3;1Þ

× δG1
ðtðX1;4;1Þh1;1u1;1;3u−14;1;2h−14;1tðX4;1;3Þh4;1ÞδG1

ðtðX2;2;1Þh2;1u2;1;1u−13;1;4h−13;1tðX3;1;5Þh3;2Þ
× δG1

ðtðX2;3;1Þh2;1u2;1;2u−14;1;3h−14;1tðX4;1;4Þh4;2ÞδG1
ðtðX3;2;1Þh3;1u3;1;1u−14;1;4h−14;1tðX4;1;5Þh4;3Þ

× δG1
ðtðX1;5;1Þh1;1u1;1;4u−15;1;1h−15;1tðX5;1;2Þh5;1ÞδG1

ðtðX2;4;1Þh2;1u2;1;3u−15;1;2h−15;1tðX5;1;3Þh5;2Þ
× δG1

ðtðX3;3;1Þh3;1u3;1;2u−15;1;3h−15;1tðX5;1;4Þh5;3ÞδG1
ðtðX4;2;1Þh4;1u4;1;1u−15;1;4h−15;1tðX5;1;5Þh5;4ÞÞ; ðA14Þ

the set of delta functions on the group G1 (on the links) and

δfV5g
G2

¼ δG2
ðX1;4;2h1;2 ⊳ ðX2;5;3X2;3;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;2X3;2;4ÞX1;3;4h1;4 ⊳ ðX4;3;5X4;5;4X4;4;3ÞÞ

× δG2
ðX1;5;2h1;2 ⊳ ðX2;5;4X2;4;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;3X3;3;4ÞX1;3;5h1;5 ⊳ ðX5;2;4X5;4;3X5;3;2ÞÞ

× δG2
ðX1;5;2h1;2 ⊳ ðX2;5;4X2;4;3X2;3;5ÞX1;2;4h1;4 ⊳ ðX4;4;3X4;3;2X4;2;4ÞX1;4;5h1;5 ⊳ ðX5;2;5X5;5;3X5;3;2ÞÞ

× δG2
ðX1;5;3h1;3 ⊳ ðX3;4;3X3;3;2X3;2;4ÞX1;3;4h1;4 ⊳ ðX4;3;5X4;5;2X4;2;3ÞX1;4;5h1;5 ⊳ ðX5;2;5X5;5;4X5;4;2ÞÞ

× δG2
ðX2;4;2h2;3 ⊳ ðX3;5;3X3;3;2X3;2;5ÞX2;2;3h2;4 ⊳ ðX4;4;5X4;5;2X4;2;4ÞX2;3;4h2;5 ⊳ ðX5;3;5X5;5;4X5;4;3ÞÞ

× δG2
ðh1;2 ⊳ ðX2;5;1ðh2;1 ⊳ Y2;1;4;1ÞX2;1;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;1ðh3;1 ⊳ Y3;1;3;4ÞX3;1;4Þ

× X1;3;1ðh1;1 ⊳ Y1;1;2;1ÞX1;1;2Þ
× δG2

ðh1;2 ⊳ ðX2;5;1ðh2;1 ⊳ Y2;1;4;2ÞX2;1;3X2;3;5ÞX1;2;4h1;4 ⊳ ðX3;3;4X4;4;1ðh4;1 ⊳ Y4;1;3;2ÞX4;1;3Þ
× X1;4;1ðh1;1 ⊳ Y1;1;3;1ÞX1;1;2Þ
× δG2

ðh1;3 ⊳ ðX3;4;1ðh3;1 ⊳ Y3;1;3;1ÞX3;1;2X3;2;4ÞX1;3;4h1;4 ⊳ ðX4;3;5X4;5;1ðh4;1 ⊳ Y4;1;4;2ÞX4;1;3Þ
× X1;4;1ðh1;1 ⊳ Y1;1;3;2ÞX1;1;3Þ
× δG2

ðh2;3 ⊳ ðX3;5;1ðh3;1 ⊳ Y3;1;4;1ÞX3;1;2X3;2;5ÞX2;2;3h2;4 ⊳ ðX4;4;5X4;5;1ðh4;1 ⊳ Y4;1;3;4ÞX4;1;4Þ
× X2;3;1ðh2;1 ⊳ Y2;1;2;1ÞX2;1;2Þ
× δG2

ðh1;2 ⊳ ðX2;5;1ðh2;1 ⊳ Y2;1;3;4ÞX2;1;4X2;4;5ÞX1;2;5h1;5 ⊳ ðX5;2;3X5;3;1ðh5;1 ⊳ Y5;1;2;1ÞX5;1;2Þ
× X1;5;1ðh1;1 ⊳ Y1;1;4;1ÞX1;1;2Þ
× δG2

ðh1;3 ⊳ ðX3;4;1ðh3;1 ⊳ Y3;1;3;2ÞX3;1;3X3;3;4ÞX1;3;5h1;5 ⊳ ðX5;4;3X5;3;1ðh5;1 ⊳ Y5;1;2;3ÞX5;1;4Þ
× X1;5;1ðh1;1 ⊳ Y1;1;4;2ÞX1;1;3Þ
× δG2

ðh2;3 ⊳ ðX3;5;1ðh3;1 ⊳ Y3;1;4;2ÞX3;1;3X3;3;5ÞX2;2;4h2;5 ⊳ ðX5;5;3X5;3;1ðh5;1 ⊳ Y5;1;2;4ÞX5;1;5Þ
× X2;4;1ðh2;1 ⊳ Y2;1;3;1ÞX2;1;2Þ
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× δG2
ðh1;4 ⊳ ðX4;3;1ðh4;1 ⊳ Y4;1;2;1ÞX4;1;2X4;2;3ÞX1;4;5h1;5 ⊳ ðX5;2;5X5;5;1ðh5;1 ⊳ Y5;1;4;1ÞX5;1;2Þ

× X1;5;1ðh1;1 ⊳ Y1;1;3;4ÞX1;1;4Þ
× δG2

ðh2;4 ⊳ ðX4;4;1ðh4;1 ⊳ Y4;1;3;1ÞX4;1;2X4;2;4ÞX2;3;4h2;5 ⊳ ðX5;3;5x5;5;1ðh5;1 ⊳ Y5;1;4;2ÞX5;1;3Þ
× X2;4;1ðh2;1 ⊳ Y2;1;3;2ÞX2;1;3Þ
× δG2

ðh3;4 ⊳ ðX4;5;1ðh4;1 ⊳ Y4;1;4;1ÞX4;1;2X4;2;5ÞX3;2;3h3;5 ⊳ ðX5;4;5X5;5;1ðh5;1 ⊳ Y5;1;3;4ÞX5;1;4Þ
× X3;3;1ðh3;1 ⊳ Y3;1;2;1ÞX3;1;2Þ; ðA15Þ

the set of delta functions on the group G2 (on
the wedges). We defined the composed links
h1;5 ≡ h1;5h−15;2, h2;5 ≡ h2;4h−15;3, h3;5 ≡ h2;3h−15;4, and
h4;5 ≡ h3;2h−15;5, with inverses h−11;5 ¼ h5;1, h−12;5¼h5;2,
h−13;5 ¼ h5;3, and h−14;5 ¼ h5;4. The first six delta func-
tions in (A14) enforces a closed path of only bulk links
of the 4-simplices pairwise; these are the loops of links
dual to the six faces shared by triplets of four
4-simplices. The remaining ten delta functions involve
a combination of bulk and boundary links of the
4-simplices pairwise. Similarly, the first five delta
functions in (A15) enforce the closure of five 2-path of
only bulk wedges shared by the 4-simplices four by
four; these are closed surfaces in the dual complex
dual to the edges shared by the four 4-simplices.
The remaining ten delta functions involve a

combination of bulk and boundary wedges of triplets
of 4-simplices.

* Pachner move P1;5, illustrated in Fig. 17. We consider the
amplitude of five 4-simplices (A13). We integrate over
six bulk links (h1;2; h1;3; h1;4; h2;3; h2;4; h3;4) and over
three bulk wedges (X4;3;4;X4;3;5;X4;4;5). Upon integra-
tion, four delta functions on the group G1 and one on the
group G2 are automatically satisfied and give the factors
δG1

ð1Þ×4 and δG2
ð1Þ. In the Lie group case these factors

are divergent, but can be removed by properly normal-
izing the amplitudes, just as in the ordinary GFT case; for
finite groups, these factors are equal to 1 and thus
automatically regularized.
Consider the map from the variables that decorate the

dual of the combination of five 4-simplices to the
variables that decorate the dual of a single 4-simplex.

Boundary links

uA;1;i → uA;i for
A ¼ 1; 2; 3; 4; 5

i ¼ 1; 2; 3; 4

Boundary wedges

YA;1;i;j → YA;i;j for
A ¼ 1; 2; 3; 4; 5

i; j ¼ 1; 2; 3; 4

Bulk links

h5;AhA;1 → hA for A ¼ 1; 2; 3; 4

h5;1 → h5

Bulk wedges

h5;2 ⊳ ðX2;1;5X2;5;4ÞX5;3;2h5;1 ⊳ ðX1;5;2X1;2;1Þ → X2;1

h5;3 ⊳ ðX3;1;4X3;4;3ÞX5;4;2h5;1 ⊳ ðX1;5;3X1;3;1Þ → X3;1

h5;4 ⊳ ðX4;1;3X4;3;2ÞX5;5;2h5;1 ⊳ ðX1;5;4X1;4;1Þ → X4;1

h5;3 ⊳ ðX3;1;5X3;5;3ÞX5;4;3h5;2 ⊳ ðX2;4;2X2;2;1Þ → X3;2

h5;4 ⊳ ðX4;1;4X4;4;2ÞX5;5;3h5;2 ⊳ ðX2;4;3X2;3;1Þ → X4;2

h5;4 ⊳ ðX4;1;5X4;5;2ÞX5;5;4h5;3 ⊳ ðX3;3;2X3;2;1Þ → X4;3

X5;1;2h5;1 ⊳ ðX1;5;1Þ → X5;1

X5;1;3h5;2 ⊳ ðX2;4;1Þ → X5;2

X5;1;4h5;3 ⊳ ðX3;3;1Þ → X5;3

X5;1;5h5;4 ⊳ ðX4;2;1Þ → X5;4

ðA16Þ

Under such change of variables, the five point Feynman
diagram (A13) turns out to be proportional to that of a
vertex diagram (A1):

AV5
¼ ðV4

G1
V37
G2
ÞAV1

: ðA17Þ

* Pachner move P15, illustrated in Fig. 19. Consider the
amplitude of four 4-simplices (A10). We integrate over
three bulk links (h1;2; h1;3; h2;3). Upon integration, the

last delta function on the bulk links and the only delta
function on the bulk wedges have the shape

δG1
ðtðXÞÞδG2

ðXÞ; ðA18Þ

with X being a combination of twelve wedge decorations
in G2. We introduce then the map from the variables that
decorate the combination of four 4-simplices to the
variables that decorate two 4-simplices.
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Boundary links Bulk links

u1;1;1 → u1;1;2 u2;1;1 → u1;3;1 u3;1;1 → u1;4;1 u4;1;1 → u1;5;2 h4;1h1;1 → h1;1
u1;1;2 → u1;1;3 u2;1;2 → u1;3;2 u3;1;2 → u1;4;3 u4;1;2 → u1;5;1 h4;2h2;1 → h1;3
u1;1;3 → u1;1;4 u2;1;3 → u1;3;4 u3;1;3 → u1;4;2 u4;1;3 → u1;5;3 h4;3h3;1 → h1;4
u1;1;4 → u1;1;1 u2;1;4 → u1;3;3 u3;1;4 → u1;4;4 u4;1;4 → u1;5;4 h4;1 → h1;5
u1;5;1 → u2;1;4 u2;4;1 → u2;2;4 u3;3;1 → u2;3;3 u4;2;1 → u2;4;2 h4;1h1;5 → h1;2h2;1
u1;5;2 → u2;1;1 u2;4;2 → u2;2;3 u3;3;2 → u2;3;4 u4;2;2 → u2;4;3 h4;2h2;4 → h1;2h2;2
u1;5;3 → u2;1;2 u2;4;3 → u2;2;1 u3;3;3 → u2;3;2 u4;2;3 → u2;4;4 h4;3h3;3 → h1;2h2;3
u1;5;4 → u2;1;3 u2;4;4 → u2;2;2 u3;3;4 → u2;3;1 u4;2;4 → u2;4;1 h4;2 → h1;2h2;4

ðA19Þ

Boundary wedges

h4;1 ⊳ ðh1;1 ⊳ Y1;1;2;1Þ → h1;1 ⊳ Y1;1;3;2 h4;2 ⊳ ðh2;1 ⊳ Y2;1;4;1Þ → h1;3 ⊳ Y1;3;3;1

h4;1 ⊳ ðh1;1 ⊳ Y1;1;3;1Þ → h1;1 ⊳ Y1;1;4;2 h4;2 ⊳ ðh2;1 ⊳ Y2;1;4;2Þ → h1;3 ⊳ Y1;3;3;2

h4;1 ⊳ ðh1;1 ⊳ Y1;1;3;2Þ → h1;1 ⊳ Y1;1;3;4 h4;2 ⊳ ðh2;1 ⊳ Y2;1;2;1Þ → h1;3 ⊳ Y1;3;2;1

h4;1 ⊳ ðh1;5 ⊳ Y1;5;3;2Þ → ðh1;2h2;1Þ ⊳ Y2;1;2;1 h4;2 ⊳ ðh2;4 ⊳ Y2;4;1;3Þ → ðh1;2h2;2Þ ⊳ Y2;2;4;1

h4;1 ⊳ ðh5;1 ⊳ Y5;1;4;2Þ → ðh1;2h2;1Þ ⊳ Y2;1;3;1 h4;2 ⊳ ðh2;4 ⊳ Y2;4;1;4Þ → ðh1;2h2;2Þ ⊳ Y2;2;4;2

h4;1 ⊳ ðh1;5 ⊳ Y1;5;4;3Þ → ðh1;2h2;1Þ ⊳ Y2;1;3;2 h4;2 ⊳ ðh2;4 ⊳ Y2;4;4;3Þ → ðh1;2h2;2Þ ⊳ Y2;2;2;1

h4;1 ⊳ ðh1;1 ⊳ Y1;1;4;1Þ → h1;1 ⊳ Y1;1;1;2 h4;2 ⊳ ðh2;1 ⊳ Y2;1;3;4Þ → h1;3 ⊳ Y1;3;3;4

h4;1 ⊳ ðh1;5 ⊳ Y1;5;2;1Þ → ðh1;2h2;1Þ ⊳ Y2;1;1;4 h4;2 ⊳ ðh2;4 ⊳ Y2;4;4;2Þ → ðh1;2h2;2Þ ⊳ Y2;2;3;4

h4;1 ⊳ ðh1;5 ⊳ Y1;5;3;1Þ → ðh1;2h2;1Þ ⊳ Y2;1;2;4 h4;2 ⊳ ðh2;1 ⊳ Y2;1;3;1Þ → h1;3 ⊳ Y1;3;4;1

h4;1 ⊳ ðh1;1 ⊳ Y1;1;4;2Þ → h1;1 ⊳ Y1;1;1;3 h4;2 ⊳ ðh2;4 ⊳ Y2;4;3;2Þ → ðh1;2h2;2Þ ⊳ Y2;2;1;3

h4;1 ⊳ ðh1;1 ⊳ Y1;1;3;4Þ → h1;1 ⊳ Y1;1;1;4 h4;2 ⊳ Y4;2;4;1 → ðh1;2h2;4Þ ⊳ Y2;4;1;2

h4;1 ⊳ ðh1;5 ⊳ Y1;5;4;1Þ → ðh1;2h2;1Þ ⊳ Y2;1;4;3 h4;2 ⊳ ðh2;1 ⊳ Y2;1;3;2Þ → h1;3 ⊳ Y1;3;4;2

h4;3 ⊳ ðh3;1 ⊳ Y3;1;3;4Þ → h1;4 ⊳ Y1;4;4;2 h4;2 ⊳ ðh2;4 ⊳ Y2;4;4;2Þ → ðh1;2h2;2Þ ⊳ Y2;2;2;3

h4;3 ⊳ ðh3;1 ⊳ Y3;1;3;1Þ → h1;4 ⊳ Y1;4;2;1 h4;1 ⊳ Y4;1;4;2 → h1;5 ⊳ Y1;5;4;1

h4;3 ⊳ ðh3;1 ⊳ Y3;1;4;1Þ → h1;4 ⊳ Y1;4;4;1 h4;1 ⊳ Y4;1;3;4 → h1;5 ⊳ Y1;5;4;3

h4;3 ⊳ ðh3;3 ⊳ Y3;3;2;1Þ → ðh1;2h2;3Þ ⊳ Y2;3;4;3 h4;1 ⊳ Y4;1;3;2 → h1;5 ⊳ Y1;5;3;1

h4;3 ⊳ ðh3;3 ⊳ Y3;3;1;4Þ → ðh1;2h2;3Þ ⊳ Y2;3;3;1 h4;2 ⊳ Y4;2;2;1 → ðh1;2h2;4Þ ⊳ Y2;4;3;2

h4;3 ⊳ ðh3;3 ⊳ Y3;3;2;4Þ → ðh1;2h2;3Þ ⊳ Y2;3;4;1 h4;2 ⊳ Y4;2;3;1 → ðh1;2h2;4Þ ⊳ Y2;4;4;2

h4;3 ⊳ ðh3;1 ⊳ Y3;1;3;2Þ → h1;4 ⊳ Y1;4;2;3 h4;2 ⊳ Y4;2;3;2Þ → ðh1;2h2;4Þ ⊳ Y2;4;4;3

h4;3 ⊳ ðh3;3 ⊳ Y3;3;3;1Þ → ðh1;2h2;3Þ ⊳ Y2;3;2;3 h4;1 ⊳ Y4;1;2;1 → h1;5 ⊳ Y1;5;1;2

h4;3 ⊳ ðh3;1 ⊳ Y3;1;4;2Þ → h1;4 ⊳ Y1;4;4;3 h4;1 ⊳ Y4;1;3;1 → h1;5 ⊳ Y1;5;3;2

h4;3 ⊳ ðh3;3 ⊳ Y3;3;3;2Þ → ðh1;2h2;3Þ ⊳ Y2;3;2;4 h4;2 ⊳ Y4;2;4;2 → ðh1;2h2;4Þ ⊳ Y2;4;1;3

h4;3 ⊳ ðh3;1 ⊳ Y3;1;2;1Þ → h1;4 ⊳ Y1;4;3;1 h4;1 ⊳ Y4;1;4;1 → h1;5 ⊳ Y1;5;4;2

h4;3 ⊳ ðh3;3 ⊳ Y3;3;4;3Þ → ðh1;2h2;3Þ ⊳ Y2;3;1;2 h4;2 ⊳ Y4;2;4;3 → ðh1;2h2;4Þ ⊳ Y2;4;1;4
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Bulk wedges

h4;1 ⊳ X1;1;5 → X1;1;2h1;2 ⊳ X2;5;1 h4;2 ⊳ X2;1;4 → X1;3;2h1;2 ⊳ X2;5;2

h4;3 ⊳ X3;1;3 → X1;4;2h1;2 ⊳ X2;5;3 X4;1;2 → X1;5;2h1;2 ⊳ X2;5;4

h4;1 ⊳ ðX1;5;2X1;2;4ÞX4;3;4h4;2 ⊳ ðX2;3;5X2;5;4Þ → h1;2 ⊳ X2;1;2 X4;1;3h4;1 ⊳ X1;4;1 → X1;5;1

h4;1 ⊳ ðX1;1;2X1;2;4ÞX4;3;4h4;2 ⊳ ðX2;3;5X2;5;1Þ → X1;1;3 X4;2;3h4;1 ⊳ X1;4;5 → h1;2 ⊳ X2;4;1

h4;1 ⊳ ðX1;1;3X1;3;4ÞX4;3;5h4;3 ⊳ ðX3;2;4X3;4;1Þ → X1;1;4 X4;1;4h4;2 ⊳ X2;3;1 → X1;5;3

h4;1 ⊳ ðX1;5;3X1;3;4ÞX4;3;5h4;3 ⊳ ðX3;2;4X3;4;3Þ → h1;2 ⊳ X2;1;3 X4;2;4h4;2 ⊳ X2;3;4 → h1;2 ⊳ X2;4;2

h4;2 ⊳ ðX2;4;2X2;2;3ÞX4;4;5h4;3 ⊳ ðX3;2;5X3;5;3Þ → h1;2 ⊳ X2;2;3 X4;1;5h4;3 ⊳ X3;2;1 → X1;5;4

h4;2 ⊳ ðX2;1;2X2;2;3ÞX4;4;5h4;3 ⊳ ðX3;2;5X3;5;1Þ → X1;3;4 X4;2;5h4;3 ⊳ X3;2;3 → h1;2 ⊳ X2;4;3

ðA20Þ

Under such change of variables, the four point Feynman diagram (A10) turns out to be proportional to that of two point
Feynman diagram (A4):

AV4
¼ ðV2

G1
V19
G2
ÞAV2

: ðA21Þ

* Pachner move P3;3: consider the amplitude of three point Feynman diagram (A7). We consider the map from the variables
that decorate the combination of three point Feynman diagram to the variables that decorate the different three point
Feynman diagram.

Boundary links

u1;1;1 → u1;5;4 u2;1;1 → u1;4;2 u3;1;1 → u1;1;1
u1;1;2 → u1;5;1 u2;1;2 → u1;4;3 u3;1;2 → u1;1;2
u1;1;3 → u1;5;2 u2;1;3 → u1;4;4 u3;1;3 → u1;1;4
u1;1;4 → u1;5;3 u2;1;4 → u1;4;1 u3;1;4 → u1;1;3
u1;4;1 → u2;4;3 u2;3;1 → u2;3;4 u3;2;1 → u2;1;1
u1;4;2 → u2;4;1 u2;3;2 → u2;3;1 u3;2;2 → u2;1;3
u1;4;3 → u2;4;4 u2;3;3 → u2;3;2 u3;2;3 → u2;1;2
u1;4;4 → u2;4;2 u2;3;4 → u2;3;3 u3;2;4 → u2;1;4
u1;5;1 → u3;3;1 u2;4;1 → u3;2;1 u3;3;1 → u3;1;2
u1;5;2 → u3;3;4 u2;4;2 → u3;2;2 u3;3;2 → u3;1;1
u1;5;3 → u3;3;3 u2;4;3 → u3;2;4 u3;3;3 → u3;1;3
u1;5;4 → u3;3;2 u2;4;4 → u3;2;3 u3;3;4 → u3;1;4

Bulk links

h1;1 → h1;5
h1;4 → h1;2h2;4
h1;5 → h1;3h3;3
h1;2h2;1 → h1;4
h1;2h2;3 → h1;2h2;3
h1;2h2;4 → h1;3h3;2
h1;3h3;1 → h1;1
h1;3h3;2 → h1;2h2;1
h1;3h3;3 → h1;3h3;1

Bulk wedges

X1;1;2h1;2 ⊳ X2;5;1 → X1;5;4

X1;1;3h1;3 ⊳ X3;4;1 → X1;5;1

X1;1;4 → X1;5;2h1;2 ⊳ X2;5;4

X1;1;5 → X1;5;3h1;3 ⊳ X3;4;3

X1;4;2h1;2 ⊳ X2;5;3 → h1;2 ⊳ X2;4;3

X1;4;3h1;3 ⊳ X3;4;2 → h1;2 ⊳ X2;4;1

X1;4;5 → h1;2 ⊳ ðX2;4;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;3Þ
X1;5;2h1;2 ⊳ X2;5;4 → h1;3 ⊳ X3;3;2

X1;5;3h1;3 ⊳ X3;4;3 → h1;2 ⊳ X3;3;1

h1;2 ⊳ X2;1;3 → X1;4;2h1;2 ⊳ X2;5;3

h1;2 ⊳ X2;1;4 → X1;4;3h1;3 ⊳ X3;4;2

GROUP FIELD THEORY ON 2-GROUPS PHYS. REV. D 108, 046009 (2023)

046009-21



h1;2 ⊳ X2;3;4 → h1;2 ⊳ ðX2;3;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;2Þ
h1;3 ⊳ X3;1;2 → X1;1;2h1;2 ⊳ X2;5;1

h1;3 ⊳ X3;1;3 → X1;1;3h1;3 ⊳ X3;4;1

h1;3 ⊳ X3;2;3 → h1;2 ⊳ ðX2;1;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;1Þ
h1;2 ⊳ ðX2;1;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;1Þ → X1;4;1

h1;2 ⊳ ðX2;3;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;2Þ → h1;2 ⊳ X2;3;1

h1;2 ⊳ ðX2;4;2X2;2;5ÞX1;2;3h1;3 ⊳ ðX3;4;5X3;5;3Þ → h1;3 ⊳ X3;2;1

ðA22Þ

Boundary wedges

ðh1;1 ⊳ Y1;1;1;2Þ → ðh1;5 ⊳ Y1;5;4;1Þ h1;2 ⊳ ðh2;1 ⊳ Y2;1;1;2Þ → ðh1;4 ⊳ Y1;4;2;3Þ
ðh1;1 ⊳ Y1;1;1;3Þ → ðh1;5 ⊳ Y1;5;4;2Þ h1;2 ⊳ ðh2;1 ⊳ Y2;1;1;3Þ → ðh1;4 ⊳ Y1;4;2;4Þ
ðh1;1 ⊳ Y1;1;1;4Þ → ðh1;5 ⊳ Y1;5;4;3Þ h1;2 ⊳ ðh2;1 ⊳ Y2;1;1;4Þ → ðh1;4 ⊳ Y1;4;2;1Þ
ðh1;1 ⊳ Y1;1;2;3Þ → ðh1;5 ⊳ Y1;5;1;2Þ h1;2 ⊳ ðh2;1 ⊳ Y2;1;2;4Þ → ðh1;4 ⊳ Y1;4;3;1Þ
ðh1;1 ⊳ Y1;1;2;4Þ → ðh1;5 ⊳ Y1;5;1;3Þ h1;2 ⊳ ðh2;1 ⊳ Y2;1;2;3Þ → ðh1;4 ⊳ Y1;4;3;4Þ
ðh1;1 ⊳ Y1;1;4;3Þ → ðh1;5 ⊳ Y1;5;2;3Þ h1;2 ⊳ ðh2;1 ⊳ Y2;1;4;3Þ → ðh1;4 ⊳ Y1;4;4;1Þ
ðh1;4 ⊳ Y1;4;1;2Þ → h1;2 ⊳ ðh2;4 ⊳ Y2;4;3;1Þ h1;2 ⊳ ðh2;3 ⊳ Y2;3;2;1Þ → h1;2 ⊳ ðh2;3 ⊳ Y2;3;1;4Þ
ðh1;4 ⊳ Y1;4;1;3Þ → h1;2 ⊳ ðh2;4 ⊳ Y2;4;3;4Þ h1;2 ⊳ ðh2;3 ⊳ Y2;3;1;3Þ → h1;2 ⊳ ðh2;3 ⊳ Y2;3;4;2Þ
ðh1;4 ⊳ Y1;4;1;4Þ → h1;2 ⊳ ðh2;4 ⊳ Y2;4;3;2Þ h1;2 ⊳ ðh2;3 ⊳ Y2;3;1;4Þ → h1;2 ⊳ ðh2;3 ⊳ Y2;3;4;3Þ
ðh1;4 ⊳ Y1;4;2;3Þ → h1;2 ⊳ ðh2;4 ⊳ Y2;4;1;4Þ h1;2 ⊳ ðh2;3 ⊳ Y2;3;2;3Þ → h1;2 ⊳ ðh2;3 ⊳ Y2;3;1;2Þ
ðh1;4 ⊳ Y1;4;2;4Þ → h1;2 ⊳ ðh2;4 ⊳ Y2;4;1;2Þ h1;2 ⊳ ðh2;3 ⊳ Y2;3;3;4Þ → h1;2 ⊳ ðh2;3 ⊳ Y2;3;2;3Þ
ðh1;4 ⊳ Y1;4;3;4Þ → h1;2 ⊳ ðh2;4 ⊳ Y2;4;4;2Þ h1;2 ⊳ ðh2;3 ⊳ Y2;3;4;2Þ → h1;2 ⊳ ðh2;3 ⊳ Y2;3;3;1Þ
ðh1;5 ⊳ Y1;5;1;2Þ → h1;3 ⊳ ðh3;3 ⊳ Y3;3;1;4Þ h1;2 ⊳ ðh2;4 ⊳ Y2;4;1;2Þ → h1;3 ⊳ ðh3;2 ⊳ Y3;2;1;2Þ
ðh1;5 ⊳ Y1;5;1;3Þ → h1;3 ⊳ ðh3;3 ⊳ Y3;3;1;3Þ h1;2 ⊳ ðh2;4 ⊳ Y2;4;3;1Þ → h1;3 ⊳ ðh3;2 ⊳ Y3;2;4;1Þ
ðh1;5 ⊳ Y1;5;1;4Þ → h1;3 ⊳ ðh3;3 ⊳ Y3;3;1;2Þ h1;2 ⊳ ðh2;4 ⊳ Y2;4;2;3Þ → h1;3 ⊳ ðh3;2 ⊳ Y3;2;2;4Þ
ðh1;5 ⊳ Y1;5;2;3Þ → h1;3 ⊳ ðh3;3 ⊳ Y3;3;4;3Þ h1;2 ⊳ ðh2;4 ⊳ Y2;4;2;4Þ → h1;3 ⊳ ðh3;2 ⊳ Y3;2;2;3Þ
ðh1;5 ⊳ Y1;5;2;4Þ → h1;3 ⊳ ðh3;3 ⊳ Y3;3;4;2Þ h1;2 ⊳ ðh2;4 ⊳ Y2;4;4;1Þ → h1;3 ⊳ ðh3;2 ⊳ Y3;2;3;1Þ
ðh1;5 ⊳ Y1;5;3;4Þ → h1;3 ⊳ ðh3;3 ⊳ Y3;3;3;2Þ h1;2 ⊳ ðh2;4 ⊳ Y2;4;3;4Þ → h1;3 ⊳ ðh3;2 ⊳ Y3;2;4;3Þ

h1;3 ⊳ ðh3;1 ⊳ Y3;1;1;2Þ → ðh1;1 ⊳ Y1;1;1;2Þ h1;3 ⊳ ðh3;2 ⊳ Y3;2;2;4Þ → h1;2 ⊳ ðh2;1 ⊳ Y2;1;4;3Þ
h1;3 ⊳ ðh3;1 ⊳ Y3;1;1;3Þ → ðh1;1 ⊳ Y1;1;1;4Þ h1;3 ⊳ ðh3;2 ⊳ Y3;2;3;1Þ → h1;2 ⊳ ðh2;1 ⊳ Y2;1;2;1Þ
h1;3 ⊳ ðh3;1 ⊳ Y3;1;1;4Þ → ðh1;1 ⊳ Y1;1;1;3Þ h1;3 ⊳ ðh3;2 ⊳ Y3;2;3;4Þ → h1;2 ⊳ ðh2;1 ⊳ Y2;1;2;4Þ
h1;3 ⊳ ðh3;1 ⊳ Y3;1;2;3Þ → ðh1;1 ⊳ Y1;1;2;4Þ h1;3 ⊳ ðh3;3 ⊳ Y3;3;1;2Þ → h1;3 ⊳ ðh3;1 ⊳ Y3;1;2;1Þ
h1;3 ⊳ ðh3;1 ⊳ Y3;1;2;4Þ → ðh1;1 ⊳ Y1;1;2;3Þ h1;3 ⊳ ðh3;3 ⊳ Y3;3;1;3Þ → h1;3 ⊳ ðh3;1 ⊳ Y3;1;2;3Þ
h1;3 ⊳ ðh3;1 ⊳ Y3;1;4;3Þ → ðh1;1 ⊳ Y1;1;3;4Þ h1;3 ⊳ ðh3;3 ⊳ Y3;3;4;1Þ → h1;3 ⊳ ðh3;1 ⊳ Y3;1;4;2Þ
h1;3 ⊳ ðh3;2 ⊳ Y3;2;1;2Þ → h1;2 ⊳ ðh2;1 ⊳ Y2;1;1;3Þ h1;3 ⊳ ðh3;3 ⊳ Y3;3;2;3Þ → h1;3 ⊳ ðh3;1 ⊳ Y3;1;1;3Þ
h1;3 ⊳ ðh3;2 ⊳ Y3;2;1;4Þ → h1;2 ⊳ ðh2;1 ⊳ Y2;1;1;4Þ h1;3 ⊳ ðh3;3 ⊳ Y3;3;4;2Þ → h1;3 ⊳ ðh3;1 ⊳ Y3;1;4;1Þ
h1;3 ⊳ ðh3;2 ⊳ Y3;2;2;3Þ → h1;2 ⊳ ðh2;1 ⊳ Y2;1;3;2Þ h1;3 ⊳ ðh3;3 ⊳ Y3;3;3;4Þ → h1;3 ⊳ ðh3;1 ⊳ Y3;1;4;3Þ

ðA23Þ

Under such change of variables the generating function of the three point Feynman diagram (A7) turns out to be equal
to that of the three point Feynman diagram (A7) with a different combinatorics:

AV3
¼ A0

V3
: ðA24Þ
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