PHYSICAL REVIEW D 108, 046005 (2023)

D.S. Ageev ,1’* I. Ya. Aref’eva ,I‘T A.1. Belokon ,l’i A.V. Ermakov ,2’§ V. V. Pushkarev ,LH and T. A. Rusalev®!!

®

Infrared regularization and finite size dynamics of entanglement entropy
in Schwarzschild black hole

ISteklov Mathematical Institute, Russian Academy of Sciences,
Gubkin street 8, 119991 Moscow, Russian Federation
2Department of Physics and Astronomy, University of Manchester,
Oxford Road, M13 9PL Manchester, England, United Kingdom

(Received 23 May 2023; accepted 19 July 2023; published 14 August 2023; corrected 18 January 2024)

In this paper, infrared regularization of semi-infinite entangling regions and island formation for regions
of finite size in the eternal Schwarzschild black hole are considered. We analyze whether the
complementarity property and pure state condition of entanglement entropy can be preserved in the
given approximation. We propose a special regularization that satisfies these two properties. With regard to
entangling regions of finite size, we derive two fundamental types of them, which we call “mirror-
symmetric” (MS) and “asymmetric” (AS). For MS regions, we discover a discontinuous evolution of the
entanglement entropy of Hawking radiation due to finite lifetime of the island. The entanglement entropy of
matter for semi-infinite regions in two-sided Schwarzschild black hole does not follow the Page curve. The
lifetime of AS regions is bounded from above due to the phenomenon that we call “Cauchy surface
breaking.” Shortly before this breaking, the island configuration becomes nonsymmetric. For both types of
finite regions, there is a critical size, below which the island never dominates. For regions smaller than
some other critical size, the island does not emerge. Finally, we show that the island prescription does not
help to solve the information paradox for certain finite regions.
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I. INTRODUCTION

Hawking radiation is a phenomenon which opens up the
window into the world of quantum effects emerging in
gravity [1,2]. Years ago, Page showed [3,4] that a detailed
comparison of the thermodynamic entropy of black holes
and the entanglement entropy of their radiation results in
the observation that the latter exhibits an unlimited growth
and finally exceeds the Bekenstein-Hawking entropy. This
is in contradiction with the expected time dependence of
the entanglement entropy visualized by the Page curve,
which should start decreasing after a certain point, called
the Page time. The descending part of the Page curve is
difficult to interpret in a straightforward way, and recently
an “island proposal” was introduced to explain the stoppage
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of the entanglement entropy growth [5—7]. This proposal is
applicable to systems with dynamical gravitational degrees
of freedom. The conjecture of modifying entanglement
entropy in the presence of dynamical gravity has attracted
alot of attention in recent years [8§—76]. Entanglement islands
have been studied in the setups of two-dimensional gravity
[5,12,14,15,24,25,29,35,55], boundary conformal field
theory (CFT) [13,19,43,49,60,62—-64,67,70,76], and moving
mirror models [8-11,33,37,38,45,52,69].

In this paper, we study the properties of entanglement
entropy and islands in four-dimensional Schwarzschild black
hole following the s-wave approximation, proposed in
Ref. [5] and used in the context of higher-dimensional black
holes in Ref. [18]. This approximation, having been applied
to the fields defined on the background of a higher-
dimensional Schwarzschild black hole, effectively reduces
the problem to a two-dimensional one. The model [ 18] explains
how the entanglement entropy, associated with semi-infinite
regions “collecting” Hawking radiation, saturates after taking
into account the contribution of the entanglement island in
the outer near-horizon zone of two-sided Schwarzschild
black hole. A variety of papers exploiting the s-wave approxi-
mation in different contexts have been published recently
[22,30,31,35,36,41,44,46,48,51,53,55,56,61,65,66,68,71-73].

We generalize the results of Ref. [18] by considering
Hawking quanta collected in entangling regions of finite

Published by the American Physical Society
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extent. This problem reveals curious features of entangle-
ment entropy in two-sided Schwarzschild black holes.
One of the motivations for studying finite regions in
asymptotically flat black holes is to simulate a black hole
in the spacetime with a positive cosmological constant
(Schwarzschild—de Sitter black hole), in which, due to the
presence of a cosmological horizon, only a spatial region of
finite size is available to the observer.

It is well known [77,78] that the entanglement entropy
of a pure state is exactly zero, and if this state is bipartite,
then the entropies of each partition are equal. In the
following, we call these properties pure state condition
and complementarity, respectively. The latter is com-
monly used in the calculations of the entanglement entropy
for semi-infinite regions [18,22,28,41,74]. In Sec. III, we
explicitly check whether these two properties hold for two-
sided Schwarzschild spacetime in such a setup, i.e.,

S(pure state) = 0, (1)
S(R) = S(R). (2)

We derive a special regularization prescription that allows
one to preserve complementarity and the pure state con-
dition in explicit calculations in two-sided Schwarzschild
black holes up to a universal constant term.

In Sec. IV, we study the time evolution of the entanglement
entropy of Hawking radiation for two fundamental types of
finite entangling regions, including their island phase.

In Sec. V, we discuss the information paradox in the
context of finite entangling regions.

A brief overview of the setup is given in Sec. IL
Section VI contains a short summary and future prospects.
Some technical details have been moved to the Appendix
for the purpose of readability.

II. SETUP
A. Geometry

We start with the metric of the four-dimensional
Schwarzschild black hole:

ds* = —f(r)di* + ar + r2dQj
f(r)

where r;, denotes the black hole horizon and d€3 is the
angular part of the metric. Introducing Kruskal coordinates,
which for the right wedge take the form

f=1-2. @3

Ue —Lpmtnn,  y_ L
Ky, Kn

with the tortoise coordinate r,(r) = r+ r, In[(r —r,)/r;]
and the surface gravity x, = 1/2r;,, we can rewrite the
metric in the form

ds* = e dudv + r*dQ?, (5)

with the conformal factor ¢*(") given by

=2k, 1
e h
e2r(r) =

2K,r (6)

In what follows, we need a formula for the radial distance

d(x,y) for the spherically symmetric two-dimensional part

of the metric. If we consider Eq. (5) as a Weyl-transformed

version of the metric ds> = —dUdV (neglecting the angu-

lar part) with the Weyl factor e*(), the square of the
distance d(x,y) can be derived as

d*(x.y) = NerWU(x) = U)[V(Y) - V(X)L (7)

where bold letters denote pairs of radial and time coor-
dinates, e.g., x = (x, t,). In terms of (¢, r) coordinates, the
distance reads

P(x.y) = M lcosh x5(r,(x) = . ()
— cosh k,(t, — 1,)]. (8)

We use the following notation for spacetime points in the
right and left wedges of the Penrose diagram, respectively:

in
X, = (xy, 1), x_ = |x_,t, +—].
Kp
Note that the imaginary part of the time coordinate of x_
implies that this point is in the left wedge.
By the infrared limit of the point x, we mean that x tends
to spacelike infinity i¥ in the corresponding wedge along an
arbitrary spacelike curve: 7, = t,(x).

B. Entanglement entropy

Generally speaking, the calculation of entanglement
entropy in a higher-dimensional curved spacetime is an
extremely challenging problem. An important suggestion
made in Ref. [ 18] was to consider the s-wave approximation.
The fact that a static observer at spatial infinity collects
predominantly lower multipoles, while the higher ones
backscatter in the Schwarzschild black hole potential,
reduces the initially complicated setup to a simpler two-
dimensional problem of calculating the entanglement
entropy of conformal matter. In this case, the following
expression of the entanglement entropy for N > 1 separate
intervals is used:

Sm=5y_In Zl dxi.X;)

ij z<]

_721 YI’y]

i<j

Xl,y,
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where the distance d(x;,y;) is given by Eq. (8), x; and y;
denote left and right end points of the corresponding
intervals, and ¢ is a UV cutoff.

A few remarks are in order. First, one can implicitly
assume that this formula describes the entanglement
entropy of ¢ free massless Dirac fermions. For flat
spacetime, this formula for Dirac fermions was obtained
in Ref. [79]. Taking into account the transformation
properties of entanglement entropy under Weyl transfor-
mations [6], one can assume the validity of Eq. (9) for the
curved background (5) at fixed values of angular coor-
dinates. The entanglement entropy of free massless Dirac
fermions in a curved background has been considered in the
context of the island proposal [15,53,80] and for inhomo-
geneous noninteracting Fermi gases [81].

Second, there are two versions of the theory of free Dirac
fermions, which differ in whether the fermion number is
Z,-gauged or not. As it was shown in Ref. [82], if the
number of fermions is not gauged, then there is no modular
invariance in the theory, and vice versa.' At the same time,
the derivation of the formula (9) in flat spacetime [79] is
based on ungauged theory. Modular transformations are
“large” diffeomorphisms, and the absence of modular
invariance could be an obstacle in obtaining the formula (9)
for free Dirac fermions in a curved background. However,
there are two special cases. For one interval, N = 1, the
formula (9) coincides with the entanglement entropy of any
two-dimensional CFT. For N = 2 intervals, the entangle-
ment entropy in the modular invariant theory of a two-
dimensional free compact boson at the self-dual radius
coincides with the entanglement entropy (9) of free Dirac
fermions [83]. These facts give an independent support to
the formula (9) for N = 1 and N = 2 intervals.

C. Generalized entropy functional

Recently, it was shown that the expected behavior of the
Page curve emerges from the island proposal [5,7,15,84].
Considering the Hartle-Hawking vacuum [85], the reduced
density matrix of Hawking radiation collected in R is
defined by tracing out the states in the complement region
R, which includes the black hole interior. The island
mechanism prescribes that the states in some regions
I C R, called entanglement islands, are to be excluded
from tracing out.

The island contribution can be taken into account via the
generalized entropy functional defined as [14,15]

_ Area(dl)

Sgall K] = =35 =+ Su(R U D) (10)

Here, dI denotes the boundary of the entanglement island,
Gy is Newton’s constant, and S,, is the entanglement

'"We thank an anonymous referee for pointing out to this issue.

entropy of conformal matter. One should extremize this
functional over all possible island configurations

Sgenll, R] = ext{Sgenll. R]} (11)
and then choose the minimal one:

S(R) = min{Sg4[1, R]}. (12)

III. INFRARED REGULARIZATION OF
ENTANGLEMENT ENTROPY

In this section, we consider different partitions of Cauchy
surfaces in Schwarzschild spacetime and propose a regulari-
zation of spacelike infinities, which allows one to preserve
complementarity and the pure state condition of entanglement
entropy within the framework of the formula (9).

The issue can be seen from the following reasoning.
Previous papers (see, for example, Refs. [18,22,28,41,74])
have extensively used for the calculation of the entropy
for finite complements of semi-infinite entangling regions.
In particular, the entanglement entropy for the semi-infinite
region R, =R_UR, = (i° b_]uU[b,,i®, where the
Hawking radiation is collected, is actually calculated in
Ref. [18] using the complementarity property

Sm(Roo) :Sm(Roo)’ (13)

with the complement R, = [b_,b,] (see Fig. 1). The
calculation of S,,(R.,) leads to [18]

Su(Ry) = gln <4é(;) cosh? Khlb> : (14)

In the limit when the boundaries of the entangling regions
are sent to spacelike infinities i° along the same time slices
(i.e., b = oo at fixed t,,), this formula reduces to

c. 2 ¢
gln&—l—gln cosh k1, (15)

lim S, (Ry) =

b—>oo
This is not what was expected, since in this limit of the
vanishingly small region R, entangled particles of radiation
are not collected, and the entanglement entropy (14) should
have been equal to zero. However, the result grows linearly at
late times. This raises a question on whether it is possible to
introduce a prescription, which allows one to calculate the
entropy for semi-infinite entangling regions directly.

A. Warm-up: Complementarity and pure state
condition in CFT in flat background

Let us consider a finite interval R = [-£/2,£/2] on the
plane R? with coordinates (z,x) at a constant time 7 = 0.
It is well known [86,87] that the entanglement entropy for
the subsystem R is

046005-3
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FIG. 1. Penrose diagram for the eternal Schwarzschild black
hole with the schematic plots of the entangling region R, =
R_UR, (orange lines) and its complement R, = [b_,b,]
(dashed dark red line).

(16)

Suppose that we are given a pure state on the entire line
7 = 0, which is a hypersurface R!. Pure state condition (1)
requires S,,(R!') = 0. Sending # — co, we obtain R!, so
we should have had lim,_ S,(R) — 0. However, the
entropy as given by Eq. (16) obviously diverges as In 7
when Z — oo. This simply means that Eq. (16) does not
hold for large Z. In this regard, one has to specify the size of
the system, say, L, and then send # to L.

A possible way to deal with a system of a finite size L is
to consider a cylinder with circumference L (see Fig. 2). In
this case, the entanglement entropy for an interval of length
¢ is given by

Sm(R) =< In (5 sin %) (17)

In the limit L — oo with ¢ kept fixed, the entanglement
entropy (16) for an interval on the plane R? is reproduced.
Because of the symmetry £ — L — ¢ of the expression
(17), the complementarity holds automatically. Moreover,
when we lengthen the interval R such that the whole system

FIG. 2. The interval [-£/2,¢/2] (blue) and its complement
(magenta) on the line 7 =0 of the cylinder R! x S! with
circumference L.

is considered, i.e., Z — L (in fact, £ — L — ¢ for the system
on a lattice), the entanglement entropy (17) becomes

_c.. L . (za(L-¢)\) _
Sn(R) = 5?_1}1& In (E sin (T)) =0.

These simple considerations show that, by introducing a
suitable regularization we can preserve the purity state con-
dition and complementary property in this approximation.

An analogous closure of hypersurfaces of constant time,
such that they obtain S' topology, is impossible in eternal
Schwarzschild black holes without violating the causal
structure of this spacetime, since the left and right wedges
are causally disconnected. However, we can refer to other
properties of Schwarzschild spacetime. Note that there are
conformal factors in the formula for entanglement entropy in
a curved background; see Egs. (9) and (7). In Schwarzschild
geometry, these conformal factors in Kruskal coordinates are
given by Eq. (6) and tend to zero at r — oo. In addition to the
fact that there are two spacelike infinities i° in this spacetime,
one can, in principle, argue that it is possible to obtain a finite
distance between spacelike infinities in the left and right
wedges after mutual cancellation of IR divergences without
imposing periodic boundary conditions. In what follows, we
will show that we can explicitly preserve complementarity
and the pure state condition of entanglement entropy with its
approximate expression for multiple intervals in eternal
Schwarzschild black holes with one (two) end points(s)
going to spacelike infinity i in a special way, rather than cut
off semi-infinite intervals.

B. Infrared regularization of Cauchy surfaces

Let us introduce an IR regularization of a Cauchy surface
2 which extends between spacelike infinities in the left and
right wedges of Schwarzschild (see the Penrose diagram in
Fig. 3). Since the Hartle-Hawking state given on X is pure,
we should have S,,(X) = 0 for the entanglement entropy.
To regularize X, we take a finite spacelike interval ., C X
such that X, = [q_, q. ] with the following coordinates of
the IR regulators q..:

a9 = (941, (q4),  q-= (q_, t, (q-) +;—:)

Then, the entanglement entropy of conformal matter on
the regularized Cauchy surface X, is given by

d
() = & 1n A=)

3 €
_ ¢ [PV )f(a)

6 K7€’

x (cosh k;,(r,(qy) —r.(q-))

+cosh iy (ty, (¢4) =14.(¢-))) |, (18)
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7 7
A
— Yo — 17 =const, 7 > 1}
—— t=const, t >0 —r =const, r <r,
..... t=const, t <0 e 7,
FIG. 3. Penrose diagram for the eternal Schwarzschild black

hole with the regularized Cauchy surface X, = [q-,q.]. Arrows

highlight that the regulators tend to spacelike infinities, q. — i°.

which is, in general, divergent in the IR limit g, — oo.
However, this limit exists along the curves C of the
following type:

. *n(rlay) =r.(g.)) =cr+algy.q-). (19)
ity (qy) —1,(q-)) = c2+ Blay.q-),
where ¢; and ¢, are arbitrary constants fixed for a particular
curve and

lim a(g,.q_) =0,

g4+ —>0

Jim p(q,.q-) =0.

Taking into account that f(g.) — 1 as g, — oo, the IR
limit of Eq. (18) along some curve C (19) is given by

. 2
Sn(Z) = limS(Seg) = 5 In —— + Fler.cy). (20)

I 3 K€
where
h h
Fler,cy) E% In (COS o ;COS CZ) >0. (21)

Since this function is non-negative, the entanglement
entropy can take any positive value by varying the con-
stants ¢; and ¢,. For the same reason, we cannot get rid of
the first term on the rhs of Eq. (20) by an appropriate choice
of the constants c¢; and c¢,. The best we can get is to let
¢; = ¢, = 0, which according to Eq. (19) leads to

lim(q, —q-) =0,  lim(z, (q1) =1, (q-)) =0.

qi—00 G+ —
qreC qreC

This means that the IR limit is taken to be asympto-
tically radially symmetric, and the regulators, as they go to

spacelike infinity, asymptotically approach the same time
slice. For this case, the entropy of the Hartle-Hawking state
defined on X is given by

‘2. (22)

5 () -

|C1:L‘2:0 = g

Since the entropy of a pure state should be zero, we claim
that this anomalous term is to be subtracted from final
answers.

At first sight, it might seem surprising that the result in
the IR limit (22) depends on the UV cutoff . In fact, this is
to be expected, since ¢ is the only dimensional constant, in
addition to rj,, to make the whole answer dimensionless.

The reasons why we get the entanglement entropy for
infinite intervals that is not infrared divergent are the special
behavior of the Weyl factor (6) at infinity and the mutual
asymptotic cancellation of the regulators. The presence of
two regulators of the same sign, which cancel each other in
final results, is the hallmark of two-sidedness and higher
dimensionality” of the eternal Schwarzschild black hole
geometry and cannot be seen as a general method of
regularization of infinities during the calculation of entan-
glement entropy for infinite regions.

C. Infrared regularization of semi-infinite complement
of finite entangling regions

A Cauchy surface can be divided into any number of
finite entangling regions. A single finite region can lie
entirely in one wedge or be extended over two. Regardless,
the complement R includes two semi-infinite intervals in
each wedge, which stretch to the corresponding spacelike
infinities i°. Our goal is to represent the complement as the
IR limit of some finite regions (see Fig. 4). One can
consider this procedure as a regularization of spacelike
infinities. In this way, the end points are defined as

in
Yo =0 1), b, = (b,1), b_= <b’ 1 +K_h>
in
q. = (‘1+vtq+(q+))» q- = q_,tq_(q_) +K_h .

Now we want to check explicitly the complementarity
property S(R) = S(R) for the region R and its complement
R. In gravitational theories, both S(R) and S(R) are

*In fact, there are two different static patches (2, 7) in two-sided
Schwarzschild—in the left and right wedges, respectively. Space-
like infinities r — oo are positive due to the positiveness of
the radial coordinate r > 0, which can be introduced for space-
times of higher dimensionality. For example, this is not applicable
for two-dimensional Minkowski spacetime, in which spatial
coordinate x € (—oo, 00). Therefore, there are two spacelike
infinities of different signs: x — foco. This leads to the IR-
divergent entanglement entropy for the Cauchy surface: S « In L
as L — oo.
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m— interval

—— 1 =const, r > 1y
complement —— r =const, r <71y
—t=const, t >0 w1}

..... t = const, t <0

FIG. 4. Penrose diagram for the eternal Schwarzschild black
hole with the regularized finite interval configuration: the finite
interval [b_,y,] (dark red) and its regularized complement
[q-,b_] U [y,,q.] (light red). Arrows mean that the regulators

tend to spacelike infinities, q — i°.

determined by the island formula (12), which contains the
“area term” and the matter contribution S,,. If the island 7 is
the same for both R and R, to verify S(R) = S(R) it suffices
to compare the entanglement entropies of matter only:
Sm(RUT) =S, (RUI). Indeed, in this case, the island
formulas for the region R and the complement R yield the
same, because the same expression is extremized in
Eq. (12). Therefore, further in this section, we consider
only the entanglement entropy of matter S,

The entanglement entropy for the region R = [b.,y,]
reads

d(by,
Sn(R) =< In d(b..y,) (23)
3 €
We compare this with the entanglement entropy for the

regularized complement R, = [q_.b.] U [y,.q.]:

- c db,,y c
Sm(Rreg) = 3 In %4‘5

¢ [40+.a.)d(bs.q )
— 1n .
3 ld(y;.q-)d(b+,qy)

ln d(q— ) q+)

+ (24)

The third term on the rhs tends to zero in the IR limit taken
along any spacelike curve. This is because the distance to
the regulator q in the numerator has a counterpart in the
denominator, and both have similar asymptotic behavior.
The same holds for the distances to the regulator _.
Because of the generically divergent distance between the
regulators encountered in the second term on the rhs, the IR
limit of this expression exists only along the curves given
by C (19) and yields

) - c 2
%{E‘%Sm(Rreg) = Sm(R) + g In @ + F(Ch CZ)- (25)
This result does not depend on the wedge (left, right, or
both) in which the finite entangling region is located. The
last two terms of this expression are exactly the same as we
get when regularizing a Cauchy surface (20).

It is straightforward to extend this calculation to the case
when R consists of N disjoint intervals: R = [a;, a,] U
-+ U [ayy_1,asy]. In this case, the entanglement entropy
for the regularized complement is given by

_ d(q_,
Sm(Rreg) = Sm(R) +§ In w
[0, dany.q.)

C
3 d(ay,q,)...d(ayy,q-)]

The third term on the rhs, which makes the only difference
with the case of a single interval, is vanishingly small in the
IR limit along spacelike curves. Along the curves C (19),
the whole expression becomes the same as Eq. (25).

_|_

(26)

D. Infrared regularization consistent with
complementarity and pure state condition

Let us sum up the results. We have established that, in
direct calculations, complementarity and the pure state
condition are not complied due to the anomalous term (22)
and the function F(cy, ¢,) (21), which depends on arbitrary
parameters c¢; and c,.

Note that the violation of the pure state condition and
complementarity may be related to our approach to IR
regularization, the shortcomings of which we discussed for
the flat case in Sec. III A. However, due to the features of
the analytically extended Schwarzschild geometry, we
obtained a violation up to a constant, and not up to an
IR divergent term, as in flat spacetime.

The IR limit of the entropy is well defined along the
special class of curves C (19) and for any choice of the
constants ¢; and ¢,. Since F(cy,¢;) >0, weletc; = ¢, =0,
for which F(0,0) = 0, to get rid of this contribution. This
means that the regulators are to be sent to infinity
asymptotically radially symmetric, and, as they approach
i%, they asymptotically fall on the same time slice.

Then we prescribe that we should subtract the anoma-
lous term (22). In the end, we obtain the entanglement
entropy for semi-infinite regions consistent with comple-
mentarity and the pure state condition.

IV. ENTROPY DYNAMICS FOR FINITE
ENTANGLING REGIONS

In this section, we study the dynamics of finite entangling
regions affected by the presence of entanglement islands.

In the original setup [18], which describes semi-infinite
entangling region R, = (i°,b_] U [b_ i"), the entanglement

046005-6
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FIG. 5. Penrose diagram for the eternal Schwarzschild black
hole with the schematic plots of semi-infinite entangling region
R, =R_UR, (orange lines), the entanglement island I =
[a_,a,] (magenta line), and their complement R_UR, UI=
[b_,a_] U [a,,b,] (dashed dark red line).

entropy (14) enters an unbounded linear growth regime at late
times t;, > ry,:

Sm(Re) ==Kyt (27)

(OSSR

This can be interpreted as a version of the information
paradox. It was shown there that taking into account the
contribution of the entanglement island leads to saturation of
the entanglement entropy S(R,, ). At late times, the island is
symmetric, and its end points are located in different wedges
near the black hole horizon (see Fig. 5). The entanglement
entropy in the leading-order expansion in cGy/ r%l reads

Zﬂr%l

c . fb)
S(R e — In ——
( °o>|lilmes Gy +6 n Ki54 +

%(thr*(b) ~1), (28)
which is constant in time. We emphasize that this result of
Ref. [18] fully relies on the complementarity property.

A. Geometry and dynamics of Cauchy surfaces

1. Up-down notation

We introduce two indices for spacetime points, “up”
and “down,” meaning their location with respect to the
horizontal line t = 0, which stretches between spacelike
infinities in the left and right wedges. This notation will
prove convenient below. In the following, we use the points

b = (b.1,).  b¥ = <b, 1 *%)

u up/down in
q? =(q.1),  qw/ :<q,¢tb+a). (29)

Note that points b, and b_ have the same radial coor-
dinates. Real parts of their time coordinates are opposite in
sign; such a choice makes the problem time dependent

. . /d
[12,18]. Also, without loss of generality, we take ¢ “""

radially symmetric.

2. Dynamics of Cauchy surfaces

Given N > 2 points on the Penrose diagram, we can
stretch a hypersurface to all of them as well as to the
corresponding spacelike infinities i°. Here, we develop a
recipe for how to select these points so that the resulting
hypersurface is a Cauchy one.

Let us divide all the points of the regularized Cauchy
surface into the inner ones, whose radial coordinates are
fixed and finite, and IR regulators q... The latter are the end
points of the regularized finite hypersurface, which are to
be sent to .

In the following, we discuss the evolution of finite
regions of the type R = [q"?/9°"" b*] U [b'F,q 7] (the
intermediate points q'F and q“?/4°*" whose radial coor-
dinates are fixed, should not be confused with the IR
regulators . ). Such a choice of the region end points is
motivated by the following reason. Moving the intermedi-
ate points along their Killing vectors d; in the right wedge
and d; in the left is an isometry of the Schwarzschild
spacetime. Thus, we would not get any nontrivial dynamics
out of their flow. On the contrary, if we explicitly impose
the relations (29), we would get the points in the right
wedge moving along their Killing vectors, while in the
left edge, those points with ¢ < 0 would move upward to
t — —oo and with # > 0 downward to t — +o0. This choice
is not a symmetry of the problem; therefore, it would
generate a nontrivial dynamics of the entropy [12,88].

Having said this, we should emphasize that, in the
context of finite size regions, the choice of the points
(29) has a nontrivial consequence which we call the
“Cauchy surface breaking.” This phenomenon takes place
when some points get separated during time evolution by a
timelike interval (see Fig. 6) due to different directions of
their movement on the diagram. When the Cauchy surface
breaks, the problem of studying the evolution of entangle-
ment entropy becomes ill defined, so we should keep track
of this phenomenon.

Thus, the recipe of picking a Cauchy surface is as
follows.

(a) Since a Cauchy surface is a spacelike hypersurface, all
its tangents should be spacelike. For our setup, this
means that if some of the inner points of a hypersur-
face in the left wedge lie on different sides with respect
to the line t = 0, they will eventually become timelike
separated. We should either avoid such hypersurfaces
or consider their dynamics only for a finite time until
the Cauchy surface breaks.

(b) Regulators q. are chosen according to the IR regu-
larization described in Sec. III D.

Regarding the finite regions R, the Cauchy surface
breaking implies the following.
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—— r =const, r > 1y

Zreg at tl
— Ereg at to >t

—— r =const, r <y
——t=-const, t >0 e 7,

....... t=const,t <0 9F Killing vectors

FIG. 6. Penrose diagram for the eternal Schwarzschild black
hole with a regularized Cauchy surface. During time evolution
(from the light red curve to the dark red one), two adjacent
intermediate points in the left wedge become timelike separated,
which breaks the Cauchy surface (dashes).

(c) If the outermost inner point in the left wedge is q"P,
then the sign of its time coordinate is opposite to that
of the IR regulator q_. This fact can naively cause the
Cauchy surface breaking. However, by sending the
regulator to i°, we effectively make the Cauchy surface
breaking time infinite.

(d) If the outermost inner point in the left wedge is q°*,
then inevitably the corresponding Cauchy surface
breaks, since the distance squared between qdovn
and b"P gets negative at some point (see Sec. IV C 1).

If the conditions (a)—(c) are met, then we get a Cauchy
surface, on which complementarity and the pure state
condition are respected. If, instead of (c), option (d) takes
place, we obtain a hypersurface which gets timelike at some
time moment, and, therefore, the entanglement entropy of
Hawking radiation is well defined only for a finite time.

B. Mirror-symmetric finite entangling region

Let us consider the union of two finite intervals located
in the right and left wedges, whose outer boundaries are
mirror symmetric3 (see Fig. 7):

Rys = [, b®] U b}, q%’].

We call such a configuration the mirror-symmetric (MS)
finite entangling region.

The region Ryg has a straightforward interpretation.
With respect to a static observer, one can imagine each part
of Rys as a domain between two concentric spheres with

3By mirror symmetry, we mean the reflection about the vertical
axis of symmetry of the Penrose diagram.

S—TF)

’
74
r—’/// N
f////‘i\
K ‘ P\
'/// bP ay’
0 N 0
N
entangling region at ¢, —— r =const, r >y
— entangling region at to >t; —— r = const, r <
—— t =const, t >0 — T},
..... t = const, t <0
FIG. 7. Penrose diagram for the eternal Schwarzschild

black hole with a mirror-symmetric entangling region Ry =
[q*, b*] U [b'’, q"]. Arrows indicate the direction of flow of
points during time evolution.

radii b and ¢ > b. Outgoing Hawking modes pass through

this domain in a finite time and then escape to infinity.
The entanglement entropy of Hawking radiation col-

lected in the MS region is given by [see Eq. (Al)]

Sm(Rus) :% In <M> +§ In cosh?k,t,,

Kiet
c cosh k,(r.(q)—r.(b))—1
+§ 8 <cosh Kp(r, (hq) —r,(b)) +cosh 2thh> ’
(30)

If the region is large enough, i.e., ¢ > b, then at
intermediate times

1 < cosh 2«1, < cosh k;,(r,(q) — r.(b))

the entanglement entropy of the radiation increases mono-
tonically as

Sm(RMS)|ég;§; = %Khtlﬂ (31)
which is twice as fast as for the semi-infinite region (27). This
behavior arises due to the fact that the distance between the
points ¢q_ and q, is now time dependent, since they lie on
different time slices. Also, provided that ¢, = 7, this time
dependence is exactly the same as that of the distance
between b_ and b_, which doubles the coefficient.
At late times

cosh 2kt > cosh k,(r,(q) — r.(b)),

the entropy saturates at the value [see Eq. (A3)]
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St
8o Sun(Rus), ¢ = 100
L S (Rus), ¢ = 50
6ol (Rus)s ¢ -
: ===- Sm(Roo) ‘o"‘
a0t

P T R

60 80

0010 b
FIG. 8. Entropy evolution of MS finite region Ryg with ¢ = 50
(dark magenta line) and ¢ = 100 (sky blue line) and of the semi-
infinite region R, (blue dashed line). For all cases, we take
b=5, r,=1, c=3, and € = 1. The monotonic growth of
Sm(Rys) is twice as fast compared to Sy, (R )-

Sm(RMS) 4

4
K€

e :% In <M>

times

+§ In [cosh (. (q) = r.(b)) =1].  (32)

This can be interpreted as follows. As soon as the “first™
particle of the black hole radiation reaches r = b, the
entropy starts to increase, because more particles enter
the domain between the spheres with radii b and ¢g. As this
particle reaches r = ¢, the incoming and outgoing fluxes
compensate each other and the entropy saturates.

The comparison of the entropies S.,(R,) (27) and
Sm(Rms) (30) is demonstrated in Fig. 8.

1. Islands of finite lifetime

Let us consider an arbitrary island configuration I =
[p_,a,], whose end points are parametrized as (see Fig. 9)

in
a, = (a,1,), p_=|p.—t,+—.
Kp

The full expression for Sy.,[I, Rys] is given in the
Appendix, formula (A6). Since it is symmetric under
permutations of the island coordinates, a <> p, 7, <> 1,
the extremization equations for a and p, as well as for 7,
and 7,, are the same. This fact tells us that we should
consider a mirror-symmetric ansatz for the island:

a=p, ty=1,.

*Since the eternal black hole radiates permanently, by the first
particle of radiation we mean the referent one emitted at # = 0.

e up

'q,

A

N

island at ¢; —— t=const, t >0
m island at to > ¢, 0 . t =const, t <0

entangling region at ¢y —— r=const, r >y,
= entangling region at to >t —— r = const, r <,

—— Ip

FIG. 9. Penrose diagram for the eternal Schwarzschild black
hole with a finite mirror-symmetric entangling region Ry =
[q, b?] U [b'?, q'?] (orange) and the island 7 = [p_,a ] (ma-
genta). Arrows indicate the direction of flow of points during time
evolution.

For intermediate times

cosh «,(r,(b) — r,(a)) < cosh k,,(t, + 1)
< cosh &y (r.(q) — r.(a)),  (33)
there is an analytical solution to the extremization equations
t, =1, O<a—-r,<ry.

Using this, an approximate analytical expression for the
entanglement entropy is given by [see Eq. (A17) for details]

times times

iner 22 S(R g )| e —l—% In cosh k1,

—g exp [2k,t, — ky(r.(q) — r.(b))]

c . 4f(q)
+6 In K%gz . (34)

The first term on the rhs is the entropy for the semi-infinite
region (28) studied in Ref. [18]. Other terms represent finite
size effects. Interestingly, the third term, being vanishingly
small in the large-g limit, affects the dynamics, although its
influence is suppressed at intermediate times. The fourth
term gives the anomalous term (22) in the limit ¢ — oo.

The growth of Sg&, [1, Rys| is approximately linear and is
the same as of the entropy S,,(Ry) (14), unlike S,,(Rys)
(31). The comparison with numerical results is shown
in Fig. 10.

At early times

cosh (1, £ 1,) < cosh k,(r,(b) — r.(a)),
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S
[ — Sm(Rwms) .
150} — Sgamll; Rus] s
100} | LT
sof | T s
i ! 3 - S;;(rtx[la ROO]
‘u“x““A“L“A‘u“x““x“‘tb
50 100 150 200 250

FIG. 10. Entanglement entropy evolution of the finite entan-
gling region Ry;g with ¢ = 350 (dark magenta and sky blue lines)
and of the semi-infinite region R, (blue and cyan lines). For both
cases, we take b =5, r, =1, c =3, Gy =0.1, and ¢ = 1. The
dominating (minimum) contribution is marked with solid lines.
Nondominating configurations are marked with dashed lines. The
moments of the emergence and disappearance of the islands are
marked with black dashed lines. After the disappearance of the
island for the region Ry (sky blue line), there is an instantaneous
transition to the entropy for the configuration without island (dark
magenta line).

there is no real solution to the extremization problem for
a > ry; see Eq. (Al1).
At late times

cosh «,(t, + t,) > cosh «k,(r.(q) —

ri(a)),

cosh 2kt;, > cosh k,(r,(q) — r.(b)),

along with 7, ~1,, the generalized entropy functional
Seenll. Rys] grows monotonically with time #, (A13);
hence, there is no solution either.

We conclude that the island exists only for a finite time,
determined by the inequalities (33) (see Fig. 10). Starting

S

120F — Su(Rus)

100} j Sl L, Rs]
o

o | ;

o ;

n ;

0 40 w0 s 0 w0 "
FIG. 11. Entanglement entropy evolution of the region Ry

with ¢ = 150 (dark magenta line) and the generalized entangle-
ment entropy functional S5, [, Rys| (sky blue line). We take the
parameters as b =5, r,=1, c=3, Gy=0.1, and e =1.

During the entire lifetime, the island does not dominate.

S
180f — b=15,q =150
140;—b=5,q=150 ;;

I —b=5, ¢ =350 %
120¢ ! D
100} ‘
80¢ o X

N AR R T PR P R | tb
50 100 150

FIG. 12. Time evolution of the generalized entanglement
entropy Sgen[l, Rys] for different b and g. The parameters are
fixed as r, =1, c =3, Gy =0.1, and e = 1. A decrease in ¢
leads to a faster disappearance of the island. An increase in b

leads to its later appearance.

from relatively small values of ¢, the island never domi-
nates (see Fig. 11). Reducing the size of the finite region—
by increasing b or decreasing g—leads to a decrease in the
lifetime of the island (see Fig. 12). For sufficiently large
or small ¢, the island does not appear at all; i.e., there is a
region size threshold at which the island ceases to exist.

There is also a discontinuity in the entropy at the moment
when the island disappears; see Fig. 10. In Sec. V, we will
show that this behavior causes the entanglement entropy to
exceed the Bekenstein-Hawking entropy.

Numerical analysis reveals several additional features.
From Figs. 10 and 11, we note that the entropy for the
configuration without islands reaches saturation at the
moment that approximately coincides with the disappear-
ance of the island. Also, the parameters of the island
configuration a and 7, for Ry coincide with that for R,
up to a short period of time before the disappearance of the
island (see Fig. 13). The island gets smaller but remains
mirror symmetric throughout the entire lifetime.

C. Asymmetric finite entangling region

1. Cauchy surface breaking

Now let us consider the following union of two intervals,
which we call the asymmetric (AS) finite entangling region
(see Fig. 14):

Ras = [, b U [bY, ).

Its name comes from the fact that this region is not in any
sense symmetrical in the Penrose diagram.

In this setup, there is an upper bound on time t, (see
Sec. IVA): During time evolution, the point q%°*" moves
in time along the flow of the Killing vector d;, while
the point b moves in the opposite direction, such that
the interval between them eventually becomes timelike
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FIG. 13. Top: evolution of the island radial coordinate a

corresponding to the finite size entangling region Ry;g (orange)
with ¢ = 150 and to the semi-infinite region R, (blue). Bottom:
evolution of the island time coordinate 7, for the same regions.
Parameters are fixed as b=35, r, =1, ¢ =3, Gy =0.1, and
e = 1. Just before the island for the region Ryg disappears, its
coordinates start to deviate from the coordinates of the island
for R,.

(see Fig. 14). Indeed, consider the distance squared
between q%°"" and b'P:

d*(q4"", b") o cosh &, (r,(q) — r.(b)) — cosh 2k,t,.

This expression gets negative at the moment

ri@) = r.(b).

tbreak(b’ Q) = 2

(35)

Hence, for #;, > #;.a the problem becomes ill defined,
since there is no longer a Cauchy surface (i.e., a spacelike
hypersurface) to define a pure quantum state. A larger size
of the finite region R,g leads to a larger #y.q. In the limit
q — oo, this time also gets infinite: f,., — o0, and the
Cauchy surface breaking never happens.

For intermediate times r;, < t, < f.qk, the entangle-
ment entropy for R g grows linearly [refer to Eq. (A18) for
the full expression]:

c
Sm(Ras) = gKhtb~ (36)

iO

entangling region at t;

—— r =const, r >y,
m— entangling region at to > t;

— t=const, t >0

—— 1 =const, r <1y
— 1'p

..... t =const, t <0

FIG. 14. Penrose diagram for the eternal Schwarzschild black
hole with a finite asymmetric entangling region R,g = [q**",
b*?] U [bF, q']. Arrows indicate the direction of flow of points
during time evolution.

Figure 15 shows that the entanglement entropy for Rg
almost coincides with that for the semi-infinite region R,
without strong dependence on g. Just before the breaking
time fi..,, the entropy abruptly decreases and hits the
singularity, after which it is not well defined.

2. Nonsymmetric islands

Let us consider the island ansatz I = [p_,a ] for the
AS entangling region (see Fig. 16). For relatively early
times, i.e.,

cosh k,(t, + t,) < cosh k,(r.(q) — r.(p)).

cosh ky (1, — t,) < cosh k;,(r.(q) — r

*
—
Q
~—
~—

FIG. 15. Entropy evolution for the finite entangling region Rag
with ¢ = 50 (dark magenta line) and ¢ = 100 (sky blue line)
and for the semi-infinite one R, (blue line). For all cases, we take
b=35,r,=1,c=3,ande = 1. The entropy for R 55 has the same
slope as that for R, but gets singular at ., (35) (dotted lines).
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island at t; —— t=const, t >0
m island at t, > ¢, 00 ... t = const, t <0
entangling region at t; —— r =const, r >y

= entangling region at to >t —— r = const, r <

— T'p

FIG. 16. Penrose diagram for the eternal Schwarzschild black
hole with a finite asymmetric entangling region R,g = [q*",
b*] U [b’, @] (orange) and the island I = [p_, a, ] (magenta).
Arrows indicate the direction of flow of points during time
evolution.

all the terms in the formula for the generalized entropy

functional See,[/, R ), that are nonsymmetric with respect

to permutations of the island coordinates a <> p, 1, < 1,,,

get suppressed [see Eq. (A20)]. Hence, for early times, it is

reasonable to take a mirror-symmetric ansatz: a ~ p, t, ~t
Then, for intermediate times

p-

cosh k,(r,(a) — r,(b)) < cosh (1, + 1)
< cosh «,(r.(q) —

r.(b)),

the extremization gives the same solution as in Ref. [18]:

(37)
t, = 1p, 0<a—rh<<rh.

The approximate analytical expression for the generalized
entropy is given by Eq. (A26):

C
Sgenll. Rasllme = S(Roo)| e =5 exp (241 — K3 (7 ()
c 4f(q)
)]+ 51 . 38
)]+ 2 39)

The limit ¢ — oo at fixed ¢, of this expression recovers the
semi-infinite case (28), except for the anomalous term (22),
which is to be subtracted.

At late times

cosh K'h(tp + 1) > cosh k;,(r.(q) — r.(p)),

cosh ky(t, — t,) > cosh k,(r.(q) — r.(a)),

the contribution of nonsymmetric terms in Sye,[l, Rag]
becomes significant, which leads to the fact that the solution

4t 1077 (a—rp), 1077 (p—1h)

3
260 —a 3
. .
1 1
: e tbreak
: 1 \ \ \ \ L ty
30 40 50 60 70
80F tq,t,
60}
a0(
201 —tap ="t
: e tbreak :
L N R B R N S tb
30 40 50 60 70
FIG. 17. Top: evolution of the island radial coordinates a (blue)

and p (orange) corresponding to the finite size entangling region
Ryg with b =5 and ¢ = 150. Bottom: evolution of the island
time coordinates #, (blue) and ¢, (orange) corresponding to the
same region. Parameters are fixed as r, =1, ¢ =3, Gy = 0.1,
and € = 1. Near the breaking time #y., (35), there are spatial
a # p and time t, # ¢, asymmetries.

to the extremization equations becomes nonsymmetric.
This logic is verified by numerical calculations; see Fig. 17.

Numerical results provide us with more details. For large
finite entangling regions r,(q) > r,(b) (see Fig. 18), the

S
h— Sm(RAS)
120 i) p
100 aon| L, Ras]

80
60
40
20

| | | tb
50 100 150

FIG. 18. Entanglement entropy evolution of the region Rxg
with b =5 and ¢ = 350 (dark magenta line) and of the same
region with the island (sky blue line). The parameters are taken as
rp,=1,¢=3, Gy=0.1, and € = 1. Note the abrupt decrease

near fty., (35), which is caused by the subsequent Cauchy
surface breaking.
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FIG. 19. Entanglement entropy evolution of the region Rug
with b =5 and ¢ = 150 (dark magenta line) and of the same
region with the island (sky blue line). The parameters are taken as
rp,=1, ¢=3, Gy=0.1, and ¢ = 1. The extremization pro-
cedure never leads us to the entropy with an island over that for
the configuration without an island.

dynamics of the entropy is qualitatively the same as for R,
except that S(R,g) slightly decreases just before the
Cauchy surface breaking. For smaller regions, the island
contribution is never dominant (see Fig. 19).

The Cauchy surface breaking, which bounds the
lifetime of the configuration containing the AS finite
region, constrains the lifetime of the island as well. It is
not the case for sufficiently large regions, such that
cosh k,(r,(a) — r,(b)) < cosh kjfpeq, because in this
case there is no solution under the condition (37).
However, for smaller regions, the appearance of the island
may not occur before f,qy.

The lifetime of the island shortens as the size of the
entangling region R,g gets smaller (as ¢ decreases or b
increases; see Fig. 20).

S
8sf — b=15,¢ =150 b=15,q =350
sof —b=2>5, ¢=150 —b=5, ¢=2350

[ D o Threak D
75 . ¥
700 | Isi
65F | | ] ]

‘1 ‘11 N ““ N | N N | N tb
50 100 150

FIG. 20. Time evolution of the generalized entanglement
entropy Sge, [I, Rys] for different b and g. Parameters are fixed
asr, = 1,c =3, Gy = 0.1, and ¢ = 1. The lifetime of the island
configuration increases due to the change in the time of the
Cauchy surface breaking #,,..c, as well as due to the dependence
of the time of the island appearance on b.

V. INFORMATION LOSS PARADOX FOR FINITE
ENTANGLING REGIONS

A Cauchy surface X in the eternal Schwarzschild black
hole might be divided into the semi-infinite entangling region
R, the region associated with the black hole BH, and the
domain in between. If the latter is negligible, we have

S =BHUR,,. (39)

Given that the state is pure, the entanglement entropy
obeys the complementarity property

S(Ry,) = S(BH). (40)

The fine-grained entropy S(BH) is to be bounded from
above by the coarse-grained entropy Sipemo(BH):

S(BH) < Sthermo(BH)' (41)
The latter is twice the Bekenstein-Hawking entropy [12,18]:

2
2zr,

Sthermo(BH) = 2SB»H = Gu
N

(42)

As aresult, the upper bound on the entanglement entropy of
Hawking radiation is expected to be [25]

S(Ry) < 2Spn- (43)

In fact, this limit is violated due to the unstoppable growth of
the entanglement entropy. This might be seen as a version of
the information loss paradox [12,18].

The evolution of the entropy changes in the presence of
entanglement islands. When the island starts to dominate,
the entanglement entropy is given by Eq. (28) and consists
of two terms, one of which is the Bekenstein-Hawking
entropy, while the other denotes additional corrections:

S(Roo) |l}ale =~ ZSB—H + SCOIT‘ (44)

These corrections are time independent and small com-
pared to the area term Sp_y under the “black hole classi-
cality” condition [18]

I e (45)

We say that the information paradox in two-sided
Schwarzschild black holes does not arise if either the
bound (43) is respected or violated only by terms sup-
pressed under Eq. (45). Formally,

S
S(Ry) < 28g. + Seoms T« 1. (46)
Sp-H
We can also divide a Cauchy surface into the region
associated with the black hole BH, a finite entangling
region R, a finite domain in between, and an adjacent semi-
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== finite entangling region

—— r =const, r >y
= adjacent semi-infinite region —— r = const, r <1y,
— t=const, t >0

..... t =const, t <0

— '},

FIG. 21. Top: Penrose diagram for the eternal Schwarzschild
black hole with semi-infinite entangling region R, partitioned
into finite MS subregion Ryg = RMS U RMS (orange) and its
adjacent semi-infinite region Cys = CMS U CYS (blue). Bottom:
the same diagram with semi-infinite entangling region R
partitioned into finite AS subregion Rag = RAS U R4S (orange)
and its adjacent semi-infinite region Cas = CAS U C4S (blue).

infinite region C, which extends to spacelike infinities i
(see Fig. 21):
X=BHURUUC. (47)

The strong subadditivity of entanglement entropy [78]
for a tripartition like Eq. (47) gives the inequality

SBHURUC)+ S(R)<S(BHUR)+S(RUC). (48)
Then, using the complementarity property
S(BH) = S(Ru C),
S(R) =S(BHU C),
S(C)=S(BHUR), (49)

and the pure state condition for the total state, S(X) = 0, we
derive the upper bound on the entanglement entropy for a
finite region R (the strong bound):

S(R) < 284 + S(C). (50)

We interpret its violation as the information paradox for
finite entangling regions. The island prescription leads to
softening of this constraint (the soft bound):

S(R) <2Sgy + S(C) + Scor- (51)

A. MS finite entangling region

1. Do islands for Cyig influence the bound?

As Cys we referred to a semi-infinite outer entangling
region, which is adjacent to Ryg. It can be defined as the
limit of the following finite entangling region:

Cus = lim [w, q*] U [q, w'F]

Ww—00

The points wi*" and w"" are IR regulators. Essentially, it is
the same region as considered in Ref. [18]. Hence, we
already know the features of its dynamics: The entropy for
Cys grows at early times [see Eq. (14)]:

2
S(Cyis)|ens = & In <M> (52)

times 6 K%l 82

while, at late times, it saturates due to the formation of the
island /. for this region [see Eq. (28)]:

flg)  c

et 6

272 ¢
S C ate 2 h — 1
(Cos), =50+ 5 In

(247, (q) = 1). (53)
Since the end points q} are adjacent for Ry and Cyys,
their shifts influence oppositely the formation of the islands
I for Ry and I- for Cyg. Indeed, there are the island
solutions, when the following conditions are satisfied:

Rys: cosh iy, (r,(b) — r.(a®)) < cosh k(8 +1,)
< cosh x(r.(q) = r.(a®)),
Cwms: cosh k(1§ + t,) > cosh x;,(r,(q) — r.(a®))

> cosh & (r.(q) = r.(b)).

We see that these conditions cannot hold together because
af ~ a€; therefore, the corresponding islands / and /. do
not exist simultaneously.

Actually, even when the island /. is formed, the bound

on the entropy for Rys, imposed by S(Ciys)| e, cannot be
e (53) and Sp(Rys)|we (32)
have the same dependence 18; g and, thus, never it‘ll;zrsect.
What we are left with to check is whether the strong bound,
related to Cyg without the island /-, holds:

violated, because S(Cys)
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FIG. 22. The early-time evolution of the matter entropy
Sm(Rys) (dark magenta line), the entropy for the configuration
with the island Sg, [7, Ryis] (sky blue line), and the strong bound
(54) (dotted blue line) for a finite size entangling region Ryg with
b=5and g =350.Wetaker, =1,c =3,Gy =0.1,and e = 1.
After the disappearance of the island, there is a discontinuous
transition to the entropy of matter S,,(Rys) that is larger than the
upper bound during some finite time of violation #,. As ¢
increases, the maximum difference between S, (Rys) and the
strong bound increases, while S does not change significantly.

? 27r? 4 cosh? k¢
S(RMS) < Spound = s + : In <M) .

Gy 6 K72

(54)

2. Without islands for Ry

Since the entropy of matter for MS region (31) grows
twice as fast as that for the semi-infinite region R, and the
strong bound (54) is imposed by the semi-infinite region
of the same type as R, the bound might be eventually
violated. However, the entropy saturates at some finite
value (see Sec. IV B), while the bound would keep growing
linearly. Therefore, if the bound is violated, then only for a
finite time (see dark magenta curve in Fig. 22).

3. Island dominating for finite time

When the island / dominates, Sgi,[7, Rys] is larger than
the strong bound by S, which does not change signifi-
cantly if we vary ¢. Indeed, their difference S, is

Scor = Sgéh [I’ RMS} — Sbound

c . f(b) ¢ c
6 In @—Fgl('hr*(b)—g

—% exp [2K}1tb_Kh(r*(Q>_r*(b))L (55)

R

with a strongly suppressed dependence on #;, and g.
After the disappearance of the island, there is a discon-
tinuous transition to the constant entropy (32). Its value
depends on ¢ and is significantly larger than the strong
bound (see Fig. 22), because, during the island domination,

the matter entropy Sy, (Ryis) grows twice as fast (31) as the
bound. After that, the difference decreases. The larger
the value of ¢ is, the longer the constraint is violated. Thus,
we say that the island prescription for Ryg does not solve
the information paradox completely.

4. Never dominant island

For relatively small sizes of the region Ryg, the entropy
of matter always dominates (see Sec. IV B) and does not
exceed the entropy with an island:

S(RMS) = Sm(RMS) < Sgéﬁ[l» RMS] = Sbound + Scorr; (56)
hence, the soft bound is not violated.

B. AS finite entangling region
The semi-infinite adjacent region for AS region turns out
to be neither of MS type nor AS. It can be defined as the
following limit:
Cas = lim [wdovn qdovn] y [ P, wiP).

w—00

The entropy of matter for this region is [see Eq. (A27)]

c . 4f(q)
Sm(CAS) = g In 22
h

(57)

which is time independent, because all points of Cyg lie
on the same time slice. This entropy is of the order of
c <K r% /Gy, and, hence, it is subdominant compared to
Sp.p- This means that there is no information paradox for
the region C,g even without islands.

As for the region R g, the strong bound (50) is explicitly
given by

? 2zrs ¢ . 4f(q)
S(RAS)SSbound = GN +6 In K%SZ : (58)

We want to check whether this inequality holds.

1. Without islands

If we do not take into account the islands for R,g, the
entanglement entropy for R o5 has the largest possible value
just before the Cauchy surface breaking. For large enough
g, the entropy exceeds the strong bound (see the dark
magenta curve in Fig. 23). However, there is some critical
value ¢, such that for ¢ < ¢, the Cauchy surface breaks
before the strong bound is violated, and, hence, the
information paradox does not arise.

2. Island dominating for finite time

The island contribution to the generalized entropy
S(R,s) starts to dominate for large enough ¢. It exceeds
the strong bound (50) (see Fig. 23), but the soft bound is
still satisfied:
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FIG. 23. Time evolution of the entropy S,,(R,s) (dark magenta
line), the generalized entropy Sgi, [1, R,s] (sky blue line), and the
strong bound (58) (dotted blue line) for the finite size entangling
region Ry with b = 5 and g = 350. The parameters are r;, = 1,
¢ =3, Gy =0.1, and € = 1. Introduction of the island helps
to keep the entropy close to the bound within the level of
corrections S¢qp-

S(RAS> < Sbound + Scorr’ (59)

where Sgo = Sgen[l. Ras] — Spouna s given by the same
expression as in the MS case (55) and is proportional
to ¢ < r7/Gy.

3. Never dominant island

If the island configuration never dominates, then the
entropy of matter is always less than the generalized entropy:

S(RAS) = Sm (RAS) < S?& [17 RAS} = Sbound + Scorr- (60)

Therefore, the soft bound (51) is obeyed.

VI. CONCLUSIONS AND FUTURE
PROSPECTS

In this paper, we address the properties of the entangle-
ment entropy of Hawking radiation on the background of
the eternal Schwarzschild black hole in the context of
entangling regions of finite size. This can be seen as a
starting point for studying the entropy in spacetimes with
finite observable domains. Among them are de Sitter (dS)
and Schwarzschild—de Sitter (SdS) universes, where a
physical observer is bounded within the cosmological
horizon. Therefore, only finite entangling regions are of
physical significance in these spacetimes, and a generali-
zation of the results of this paper on dS and SdS cases is
needed.

We have elaborated on the infrared regularization of
spacelike infinities of Cauchy surfaces and semi-infinite
regions in two-sided Schwarzschild black holes. Our
procedure allows to preserve complementarity and the

pure state condition within the approximation (9) and in
the prescription of subtracting the anomalous term (22).

We have established two qualitatively different types of
finite entangling regions—mirror-symmetric and asymmet-
ric. The first type represents finite domains between
concentric spheres. The slope of the early-time evolution
of the entanglement entropy of conformal matter for such
regions is twice as large as for the canonical semi-infinite
setup. For late times, the entropy saturates at a constant
value even without entanglement islands. Island configu-
rations exist only for finite time for such regions.

The outer end points of AS regions are chosen spatially
symmetric and lie on the same time slice. The corres-
ponding Cauchy surfaces have a finite lifetime depending
on the size of the entangling regions. In this case, the
entropy grows linearly. At the time when the Cauchy
surface breaks, the entanglement entropy hits singularity.
Just before this moment, the island configuration becomes
nonsymmetric. Also, islands for the regions of both types
might never dominate in the generalized entropy functional
if their size is relatively small.

We have derived constraints from above on the entan-
glement entropy for finite entangling regions coming
from strong subadditivity and complementarity. The upper
bounds depend on the size of the region and on the location
of its end points. For the AS type, the paradox is solved by
entanglement islands. However, the entanglement entropy
for MS regions might violate the upper bound even in the
island prescription.
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APPENDIX: EXPLICIT FORMULAS
FOR ENTANGLEMENT ENTROPY
FOR FINITE ENTANGLING REGIONS

1. MS entangling region without island

With use of the formula for the entropy collected in
multiple intervals (9) and the formula for distances (8),
along with the definition of up and down points (29), the
entanglement entropy for the mirror-symmetric finite
entangling region takes the form
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c (b3, bLP)d(gP, btP) ¢ (16£(b)f(q)
S(RMS) = § In < 6' S(RMS) [ilrz::s Zg In < 2 ) >
p UP up LUP
+5 In (ARnaRleR00)) +5 I eosh (1. (q) = r.(8) ~ 1], (A3)
— d(b®.q p) (g, bt In the limit ¢ — o0, we get
3 £
. c 16f ( )
—‘n {16}0(417)4( )COSh4Khlb:| ;LT{LS(RMS) =g n < 005h4(’<hlb)>- (A4)
6 K€ ke
h (q)—r.(b))—1
+ “In cosh K, (r.(q) = r.(b)) . 2. MS entangling region with island
3 cosh «,(r,(q) — r.(b)) + cosh 2k,1,
The entropy for a nontrivial island configuration before
the extremization procedure has the form . A genera
(A izati dure has the form (10). A I
single-interval, nonsymmetric ansatz for the island is
At late times, such that I =[p_,a_]. The area of its boundary is
_ 2 2
cosh 2k,t;, > cosh k;,(r,(q) — r.(b)), (A2) Area(dl) = 4z(a® + p®). (AS)
With use of this, the entanglement entropy functional takes
the expression simplifies to the form
324/f(
Sgen [I, RMS] M + |: f f COSh4 Khtb:|
GN 6 hE’

+% In [cosh ky(r.(a) — r.(p)) + cosh &, (1, +1,)] + ‘I {COSh (r.(b) = r.(a)) = cosh ky(ty = tb)}

)
6 cosh «;,(r,(b) — r.(a)) + cosh k,(t, + t;)
(b) = r.(p)) —cosh k,(t, — th)] o [cosh kp(r.(q) —r.(a)) + cosh (1, + t,,)}
(b) = r.(p)) + cosh &, (t, +1,)] 6 cosh x;,(r.(q) — r.(a)) — cosh x; (t, — 1)
)=ro) remns )] e, [ eob st =rit) 1]
cosh &, (r,(q) — r.(p)) — cosh k,(t, — 1) cosh &, (r.(q) — r.(b)) + cosh 2kt,]
(A6)

+

{cosh K (7,

A/\

L (
6 (
c cosh «,(r,(q

cosh x,(r,

This expression is to be extremized with respect to the parameters (a,1,, p.1,).

The four-parameter extremization can be brought to extremization over only two parameters. Indeed, all the terms in
Seen|, Rys| are symmetric with respect to permutations a <> p, t, <> t,; hence, it is reasonable to take a mirror-symmetric
ansatz for the island: ;g = [a_, a.]. For such a choice, the full expression for the generalized entropy functional reads as

_2ra* ¢ [64f(a)f(b)f(q) cosh x,(r,(b) —r.(a)) —cosh k;, (¢, —t5)
Seenllas: Russ] = G—N+6 in [ K0 el cosh ky,(r,(b) = r,(a)) + cosh k (1, + tb)}

(
¢ . [coshky,(r.(q)—r.(a))+coshk,(t,+1,)] ¢ coshk;,(r.(q)—r.(b))—1
+§ n Loshxh(r*(q)—r*(a))—coshkh(ta—tb)} +§ " |:COShKh(I”*(C])— r.(b)) 4 cosh 21<htb]' (A7)

cosh?k,t,cosh* i, tb] +§ In [

In this expression, we can identify a part of the terms with the generalized entropy functional for the semi-infinite region and
the other part with an effect of finite size of the region:

4
Seen[Tms> Ruis] = Sgen[Imss Roo] +Sn #COShZ Kntp +5 I
6 K€ 3
+£ 1 cosh Kh(r*<Q)_r*<b))_1
3 cosh «,(r.(q) — r.(b)) + cosh 2k, |

cosh k(r,(q) — r.(a)) + cosh k,(t, + tb)}
cosh «,(r.(q) — r.(a)) — cosh «;,(t, — t;)

(A8)

046005-17



D.S. AGEEV et al. PHYS. REV. D 108, 046005 (2023)

It can be simplified further by using small-, intermediate-, Sy, [Iyis. Rys] |ty & Sgen[Tutss Roo)
or large-time approximations. e

We use a general property that for x> 1 holds + ‘I (4f (4) cosh2 K;Jb)- (A11)
cosh x ~ 1/2¢*, and for A and B such that cosh B <« 6 Kﬁgz

cosh A and A > 1 holds
Since the remaining term, describing the effect of the finite
In(cosh A + cosh B) ® A + 2 cosh B exp(—A). (A9) size of the region, does not depend on either a or ¢, there is
no solution as in the semi-infinite case [18].
Then, for early times (small with respect to tortoise radial For late times
coordinate of the inner end points),

cosh ky,(t, + t,) > cosh «;,(r.(q) — r.(a)),
cosh 2k, 1, > cosh «;,(r.(q) — r.(b)), (A12)

cosh ky,(t, £ t,) < cosh k;,(r.(b) — r.(a))
< cosh Kh(r*(q) - r*(a))’ (A]O)

we obtain the functional reduces to
|

4f(a)f(b)f(q)

6.6
Kj€

2rna®> ¢ c
early =~ + _Kh(ta + tb) + - 11’1
times N 3 6
c

Seen[Ims> Rus] cosh?k;, tb}

+ < 1n [cosh x,(r.(q) — ro(b)) = 1] (A13)

cosh (. (b) — r.(a)) — cosh & (t, — lb)]
3

3 cosh «y,(r.(q) — r.(a)) — cosh k;,(t, — t;)
Because of linear growth, there is no solution to the extremization equation for 7, = t,,.
For intermediate times
1 < cosh k;,(r,(b) = r,(a)) < x
< cosh k;,(r,(q) — r.(b)) < cosh k,(r.(q) — r.(a)), (A14)

where x = cosh k,(t, + t;,) or cosh 2k,1,, making use of Eq. (A9) and 7,, 1, > r;,, we can simplify the generalized entropy
functional to

Senllras: Russ [ ==+

2na + ¢ In <wcoshzmtb> +§Kh(l"*(b) - r.(a))
h

—2€ cosh (1, — t,)e-r-0)r-(@) %e—Kh(fﬁtb)Hh(r*(b)—r*(a))

_ g e2utv=xi(r.(a)=r.(0) 4 € cosh K, (1, — 1,)e~(r-(@)=r(@) 4 g i) =xi(r(g)=r.@)  (A]5)

The extremal curve with respect to the time coordinate is at ¢, = #,. Using this, we get

SeenlImis: sl ===+

2ra? 4
na + ¢ In <wcoshthtb> + %Kh(r* (b) = r.(a)) _%e2r<ht;,—1<h(r*(q)—r*(b)). (A16)
K)€

We keep the vanishingly small last term from other exponential terms as that describing the leading-order effect of the finite
size of the region.

Taking then a near-horizon-zone ansatz for the radial coordinate of the island, a = rj, 4 da, da < ry,, we find the analytical
expression (34) for the entropy in the leading order in da/r; without solving the extremization equation on a explicitly:

N 2zrs ¢ . f(b) ¢ c ¢
Seen[Tus s Rus]|imer = Cn tgn @4'5’%?*(17) ¢t

4f(q)cosh? k1,
K22

) — & om0 ) 4 O(bar,).

(A17)
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3. AS entangling region without island

The entanglement entropy for the asymmetric finite entangling region takes the form

d up pup down Jup up _up down Up d(b'P d down RUP
S(Ras) = In (b5, b2 )dzﬁq- LA N d(b+,q+>d(q_ Q) e (4P, qF) (q b)
3 € & 3 &
c 161 (b)f(q) c cosh x,(r.(q) — r.(b)) — cosh 2x,t,,
=— In |—— %~ cosh? k¢t -1
6 [ Ky et cosh ity | 6 " |cosh k,(r.(q) — r.(b)) + cosh 2kt
c cosh «;,(r.(q) = r. (b)) — 1
-1 : Al8
6 " [cosh kp(ro(q) —ro(b)) +1 (A18)
In the limit ¢ — oo, we obtain
16f1(b
lim S(RAs) = ( {(4) cosh? K‘htb>. (A19)
q—c0 6 K€

4. AS entangling region with island
The generalized entropy functional for a general nonsymmetric island ansatz is

) € [PV ff
6 h

(@ + p?
Gy

Sgen [I, RAS] COSh2 Khtb:|

c cosh «,(r,.(b) — r.(a)) — cosh k(t, — t;)
| ) |

c
¢ 1n [cosh K, (r,(a) =, hoiy(t, +1,)] + 5
te " [cosh iy (r.(a) = r.(p)) + cosh w(ta +1,)] + 6 " |cosh kp(r.(b) —r.(a)) + cosh k(t, + 1)

¢ 1y [cosh xa(ri(b) = r.(p)) — cosh Ky (1, — tb)] ¢ [Cosh kn(ri(q) —ri(b)) - 1]
cosh k,(r,(b) — r.(p)) + cosh k,(t, +1,)] 6 cosh Kh(r*(q) r.(b)) +1
S cosh «,(r.(q) — r.(b)) — cosh ZKhtb] % [cosh ku(r.(q) —r.(a)) + cosh k,(t, — t,,)}
6 cosh «;,(r.(q) — r.(b)) + cosh 2k,t,| 6 cosh ky(r,(q) — r.(a)) — cosh «;,(t, — t;)
¢ . [cosh &, (r.(q) = r.(p)) + cosh x,(t, + 1)
+ 6 In cosh k,(r.(q) — r.(p)) — cosh k(z, + tb)] ' (420)

The only nonsymmetric under exchange a <> p, t, <> 1, terms in this expression are in the last two lines. These terms are
vanishingly small for times such that

cosh k,(t, +1,) < cosh k,(r.(q) — r.(p)).
cosh (1, — t,) < cosh k,,(r,.(q) — r.(a)). (A21)

Under these assumptions, taking the mirror-symmetric ansatz for island I;g = [a_, a_ | is valid. Substituting it to S[/, R,s],
we arrive at

2 4 b
Seen[Ims: Ras] = e’ % In 64f(a)f (6) fla )cosh2 Kt cosh? Kt
KSe ]
c [ cosh Kh(r*(b) *(a)) —cosh Kh(ta - th)_ ¢ cosh Kh(r*(q) ( )) -1
+=1In +—In
3 |cosh k;,(r.(b) = r.(a)) + cosh k,(t, +1,)] 6 cosh k,,(r,(q) = r.(b)) + 1
S [cosh «;(r,(q) — r.(b)) —cosh 2x,1,] ¢ cosh «;,(r.(q) — r.(a)) + cosh k,(t, — t,)
6  |cosh k,(r,(q) — r.(b)) + cosh 2k, 1, 6 cosh k,(r.(q) — r.(a)) — cosh «;,(t, — t;)
+ ¢ In cosh Kh(r*(Q) *(a)) + cosh Kh(ta + tb) . (A22)
6 "™ |cosh xy(r. () = 7. (a)) — cosh xy(ta + 1)]

If we then assume that the island end points are near the horizon and times are long before the Cauchy surface breaking
(35) (intermediate times), such that
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1 < cosh «;,(r,(b) —

< cosh k(. (q) —

r.a)) < x
r.(b)) < cosh x(r.(q) — r.(a)).

(A23)

where x = cosh (¢, + t;,) or cosh 2k,1,, making use of Eq. (A9) and #,, 1, > r;,, we can simplify the generalized entropy

functional to

inter &2

times GN 6

na* ¢ a
SeenImss Ras] 2 +— In <M

Kp€

_< e knlta+tp)+1y(ri(b)=r.(a)) _ ¢
C
+ 5 eKh(tn+tb)—Kh(r*(q)—r*(a)).

Extremizing with respect to t,, we obtain

Sgen [IMS, RAS]

inter =
times

6.6
Kp€

e2knty—xn(r.(q)

2ra* ¢ 4f(a)f(b)f(q)
—‘rg In <—

c 2c
D)+ 0,(6) = ) =5 cos 1, )07

() 4 % cosh (1, — t,) e~ (-@=r.(@)

and, hence, an approximate analytical expression (38) in the near-horizon zone in the leading order in da/r; is

2zr2 ¢ . f(b) ¢
inter =2 - 1 A = % b
times GN + 6 n K;t€4 + 3 Khr ( )

SgenlIms: Ras]

5. Outer entangling region for AS finite region

The entanglement entropy for C,g takes the form

d(q?, q‘i"wn)d(th W)

Ww—00 8

Si(Cas) = lim [% In (

£2

Cc

c

6 K, 3 Khs

g

d (iown d 7 (iown
1 (2 )d(w?. q

f()
= li + i
WHEO ( > wgrolo3
)

(A24)
¢ € okyty— —r.(b
350 (b) —ri(a)) - gernTn @), (A25)
4
—~4-n J;(z) S @) 1 O(5a/r,).  (A26)
Ky€ 3
down down down up
>+£ . (d(w_ A >>
3 e
1 (Sosh xu(r.(w) —r.(q)) — 1
cosh Kh(r*(w) - r*(Q)) +1
(A27)

According to our prescription for IR regularization, the latter term is to be subtracted. Interestingly, the same result can be
obtained if C,g is considered as the complement of the regularized Cauchy surface. The entropy for it we have already

calculated in Eq. (18): Sy(Cas) = Sin(Zreg)-
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