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Generalized Hall currents in topological insulators and superconductors
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We generalize the idea of the quantized Hall current to count gapless edge states in topological materials,
applying equally well to theories in different dimensions, with or without continuous symmetries in the
bulk or chiral anomalies on the boundaries. This current is related to the index of the Euclidean fermion
operator and can be calculated via one-loop Feynman diagrams. Quantization of the current is shown to be
governed by topology in phase space, and the procedure can be applied to topological classes governed by
either Z or Z, invariants. We analyze several explicit examples of free fermions in relativistic field theories.
We speculate that it may be possible to extend the technique to interacting theories as well, such as the
interesting cases where interactions gap the edge states.
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I. INTRODUCTION

Topological insulators and superconductors, often well
described by free fermion theories [1-5], generally have
gapless fermion excitations confined to the boundary
between two different topological phases. For d + 1 dimen-
sional defects, where d is odd, these massless fermions can be
Weyl fermions. In that case the boundary theory has a chiral
anomaly, and the currents for classical axial symmetries can
have nonzero divergence in the presence of background
gauge fields. These currents are conserved in the higher
dimensional bulk theory, and the violation of axial charge in
the boundary theory can be understood as the result of a
fermion number current flowing in from the bulk, as in the
integer quantum Hall effect [6]. The argument can be turned
around: the inflow of current from the bulk indicates a
boundary theory with a chiral anomaly, which in tumn
requires massless particles to exist at the boundary.

It is appealing that one can deduce the existence of
gapless edge states from the inflow of current from infinity,
but it is not general. For example, gapless edge states exist
for superconducting systems for which there is no con-
served fermion number current, as well as for boundaries
with even spatial dimension d where there are no chiral
anomalies. The anomaly inflow observed by Callan and
Harvey has been shown to be an example of a more general
phenomenon operative with all topological insulators and
superconductors (see Ref. [7] and references therein). In
general, the fermion operators in the bulk for such systems
are not self-adjoint when a boundary is present, and the
partition function for the bulk has a phase canceled by the
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anomaly of the edge states. This phenomenon still goes by
the title “anomaly inflow” even though for discrete and
global anomalies there is no actual current flowing onto or
off of the boundary.

In a recent paper we showed, however, that in the cases
controlled by perturbative anomalies, one can generalize the
idea of Hall currents and detect the existence gapless edge
states by this current’s divergence [8], even when the anomaly
is for a discrete symmetry. That theory makes use of the index
of the fermion operator in the Euclidian action in the presence
of external “diagnostic fields.” A very simple procedure for
calculating the current flow in terms of a one-loop Feynman
diagram allows one to detect the existence of gapless edge
states. One benefit of this complementary construction is that
it makes the topological protection of the gapless modes
manifest, arising from a winding number in momentum space
in direct analogy to the [9] explanation for current quantiza-
tion in the integer quantum Hall effect [9]. This feature is
obscured in the anomaly inflow analysis in [7]. Also, by
presenting the calculation in the familiar language of
Feynman diagrams, we hope to develop a framework for
computing the effects of interactions.

In the present paper we work through the examples given
in Ref. [8] in greater detail, including the construction of
the generalized Hall current, the topological origins of its
nonzero divergence, and the role of regularization. We also
extend the previous work with a discussion of the effect of
interactions. Our discussion throughout is in the context of
relativistic quantum field theory.

II. GENERAL FRAMEWORK

Our starting point is a relativistic quantum field theory of
free fermions in infinite d 4+ 1 dimensional Minkowski

© 2023 American Physical Society
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spacetime. The action is Sy = [ d"'xyDyy, where the
fermion operator Dy; can include a position dependent
mass term, e.g. one that exhibits defects like a domain wall
or a vortex singularity, which will serve as proxies for a
boundary. If the fermion operator Dy; hosts massless
fermion states trapped in these defects, and the defects
are space and time translation invariant in the codimen-
sions, then the spectrum will include a state with zero
momentum that is constant in the spacetime coordinates of
the defect, and is localized on the defect in the transverse
direction(s). We wish to have a simple way to detect the
existence of such states which makes manifest the under-
lying topology. The approach we use is to note that when
Dy is analytically continued to Euclidian time, the
Euclidian fermion operator D is an elliptic operator and
the propagator 1/D will have poles corresponding to
gapless Minkowski edge states with zero momentum.
We detect these states by computing the index of D—
the number of zeromodes of D minus that of D. One
obstacle to this program is that the index only counts
normalizable zeromodes, while the states we are discussing
are constant in the noncompact boundary dimensions;
another is that D' also exhibits poles corresponding to
these states. Both can be circumvented by adding ‘“diag-
nostic” background fields that localize these states within
the boundary. These diagnostic fields are instantons, where
we use that term loosely to describe background field
configurations in Euclidian spacetime which have non-
trivial topology which localize to a spacetime point mass-
less fermions that they couple to and give the edge state
fermion operator a nonzero index. An interesting feature of
this approach is that the diagnostic fields are typically not
fields that could have been introduced into the original
Minkowski theory, as we will explain below. In the
presence of these diagnostic fields, solutions to Dy = 0
can be localized, while those to D'y = 0 are delocalized,
resulting in a nonzero index for D. This effect is seen with
the toy operator D = d, + €¢(x) [where e(x) = x/|x| plays
the role of the diagnostic field] which has a localized
solution to Dy = 0 while the conjugate operator D' =
—0d, + €(x) does not. The index then indicates the presence
of a massless edge state in the original Minkowski theory,
provided that it persists in the limit that the energy density
in the diagnostic fields tends to zero so that it cannot
significantly affect the bulk gap and change its topological
phase. The index being the difference between the number
of zeromodes of D and of DT it follows that a nonzero index
necessarily implies the presence of a boundary zeromode.
The converse does not hold: an index of zero does not rule
out the existence of an equal number of zeromodes, but
such an occurrence would not be topologically protected
and would presumably require a fine-tuning of parameters.

Computing the index then simply requires computing the
divergence of an in-flowing current by means of a 1-loop
diagram, which generalizes the inflow picture from the

quantum Hall system in any dimensions and whether the
system has a conserved current or not. Furthermore, the
index is shown to be the product of the winding number of
the diagnostic fields in coordinate space times the winding
number of the fermion dispersion relation in momentum
space, making manifest the topological nature of the
gapless modes. We will see that the Euclidian momentum
space topology is simpler than the topological invariants of
the Minkowski systems would suggest: in each case we
examine it is governed by the homotopy group =,(S"),
where 7 is the number of spacetime dimensions. The index
we compute reflects the correct invariant of the Minkowski
system, Z, for example, due to the interplay of momentum
space and coordinate space topology in its definition.

Our procedure is (i) start with a Minkowski theory of
interest; (ii) analytically continue to Euclidian spacetime;
(iii) introduce diagnostic fields to localize edge states;
(iv) compute the index of the Euclidian fermion operator in
the limit of vanishing diagnostic fields, which involves
computing the inflow of a generalized Hall current. In the
cases where the fermion number is not conserved, relativ-
istic systems analogous to topological superconductors, the
Euclidian action takes the form Sg =1 [y’ CDy, where C
is the charge conjugation matrix. In these cases at step
(i1) we consider instead the Dirac action S; = f wDy and
proceed from there, since solutions to Dy = 0 are also
solutions to CDy = 0. The Dirac theory allows for the
addition of diagnostic fields not possible in the original
theory, such as a U(1) gauge field coupled to fermion
number, or fields in D which appear symmetrically in CD,
and hence would not couple to the fermions in w’ CDy.

The procedure for computing the index of an elliptic
operator D is to first define

M? M?
D'D+M? DD’ + M2> 2.1)

(M) = Tr(
with

ind(D) = Z(0) = limZ(M).

lim (2.2)

Note that Z(M) can generally take noninteger values for
arbitrary M. However, it must be an integer when M — 0.
The function Z (M) can be computed by means of Feynman
diagrams by first defining

(0T e ) e

in terms of which Z(M) is expressed as

T(M) = Tr (rx = ﬂ‘f M> . (2.4)
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The matrix K and I" have twice the dimension of D. The
operator 1/(K + M) looks like a fermion propagator in a
theory whose action is

Sk = /dd“xli'(l( +M)¥, (2.5)

where ¥ has twice the number of components as the
original y field off our Minkowski theory, but the integra-
tion is still over d+ 1 spacetime coordinates. In this
extended theory, the quantity Z(M) in Eq. (2.4) can be
expressed as the matrix element of the pseudoscalar
density,

I(M)=-M / dx (YT, ), (2.6)

where <‘i’FX‘I‘) is computed using a path integral with
weight e~5¢. We can also define an axial current
% =9r,r,Y, (2.7)
where ', = i0K(p)/dp*, where we use the tilde to indicate
the operator has been Fourier transformed to momentum
space. Assuming that D =g+ ---, where the ellipsis
denotes nonderivative terms, then I'y = o) ® y,, in the
notation where I', = 63 ® 1. Applying the axial trans-
formation ¥ — ¢T0W, we can derive the Ward-
Takahashi identity for this axial current as
HTh =2MYT,¥ — A, (2.8)
where the first term on the right is the classical divergence
due to the mass M, and the second term is the anomaly,

which can be computed using the method of Ref. [10],
A= -21mTr([,eX/N) = 2T (c0).  (2.9)

A—oo

As we show below the anomaly vanishes in the cases we

consider. With 4 = 0, Eq. (2.8) can then be used to express
the index ind(D) as

1
ind(D) = ~ 3 lim / A (Th. (2.10)

The current jﬁ is what we refer to as the generalized
Hall current. With the anomaly A vanishing, the nonzero
divergence of this current in the M — 0 limit arises from
infrared divergences in the theory, and its inflow counts
gapless edge states in the original Minkowski theory. The
diagnostic fields we will add to the d + 1 dimensional bulk
theory are chosen to contribute a term to 7, proportional to
a (d + 1)-index epsilon tensor, where one index is saturated
by the derivative acting on the domain wall mass, while the

remaining (d — 2) indices are saturated by derivatives or
gauge fields. With the limited variety of marginal inter-
actions for the fermions, these requirements seem to
uniquely specify the choice of fields.

The generalized Hall current in Eq. (2.10) in the M — 0
limit can be computed from a one-loop Feynman diagram
T, I, K -1, which may need to regulated. The UV regu-
lator will in general contribute to the current in odd
spacetime dimensions, but not to its divergence, which
arises from infrared physics. However, in these cases the
topological meaning of the current is obscured if regulator
contributions are neglected, as the Feynman diagram can be
interpreted as being proportional to the winding number of
a map from momentum space to an n sphere—but only if
the momentum space of the fermion is compact. This
makes the winding number sensitive to the ultraviolet
behavior of the fermion propagator. Here we use Pauli-
Villars regularization when required, computing the index
of Dyp = %, and then sending the regulator mass A to

infinity. The regulated current then is given by Trl",I", K ,‘e}g,

where K, is given by Eq. (2.3) with D replaced by D,
We do this in any spacetime dimension d + 1, but find that
for even d+ 1, the regulator does not contribute to
the index.

In the next sections we work out in detail the examples of
Ref. [8], starting with the continuum example of a single
Majorana fermion chain in 1 4 1 dimensions with 0 + 1
dimensional defect hosting a Majorana zero mode. This is
followed by the example of multiple flavors of Majorana
fermions in 1 + 1 dimension with time-reversal symmetry
violation. In both cases, the generalized Hall current
correctly produces the index of the fermion operator and
counts the number of massless fermions in Minkowski
space. We then discuss Dirac fermion in 2 4 1 dimensions,
which exhibits the integer quantum Hall effect, with the
inflow anomaly current described in Ref. [6]. We then add a
fermion number violating Majorana mass term to this
theory, modeling a topological superconductor in 2 + 1
dimensions. Again we show how the divergence of the
generalized Hall current correctly detects edge states, even
though there is no conventional Hall current in such a
system, and we discuss the topological origins of the index.
After discussing the 2 4 1 dimensional case, we work
through an analogous example in 3 + 1 dimensions: that of
Dirac fermion with a domain wall in its mass which
describes a three-dimensional topological insulator and
its edge states. We again compute the generalized Hall
current, show how it reproduces the index, and display it
topological origins. The final section provides a qualitative
argument in the context of 14 1 dimensional interacting
Majorana chains that the divergence of the generalized Hall
current detects zeromodes even in the presence of inter-
actions, even though the index of the free fermion propa-
gator is no longer relevant.
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III. MAJORANA FERMION 1 +1 DIMENSIONS

A. One flavor of Majorana fermion

For our first example we consider a single Majorana
fermion in 1 + 1 dimension with domain wall profile for
the Majorana mass, with the 0+ 1 dimensional defect
hosting a 1-component real massless fermion. Majorana
edge states were first discussed in Refs. [11] and [12]. In
this theory there is no continuous symmetry, and hence no
conserved current in the bulk, and no chirality or chiral
anomaly on the 0 + 1 dimensional defect. Therefore this
system cannot exhibit the conventional Hall response. As
we will show, however, we can compute generalized Hall
currents which converge on the defect when it hosts gapless
states.

The Minkowski Lagrangian in this case is

Ly :%WTC(id—m)u/» (3.1)

which is the continuum version of the 1-flavor theory
considered in Ref. [13]. Here y is a real, two-component
Grassmann spinor. The y matrices we take are

P’ =C=o0,, y' = —ioy, Yy = 03 (3.2)

where o; are the Pauli matrices. This model of Majorana
fermions has a rich phase structure when interactions are
included [13], but in this section we restrict ourselves
to analyzing the free theory. To construct the generalized
Hall current for this model we first define the Euclidian
theory1

1
Lp= EV/TCDI//, (3.3)
where in Euclidean spacetime
D=d+m, yy=C=o0, yi=-01. y,=03 (3.4)

We now wish to study the index of D, somewhat modified
(there being a one-to-one correspondence between zerom-
odes of D and CD). The modifications involve replacing
the step function mass with a general scalar field ¢, (x), and
adding a pseudoscalar field ¢, (x) as our diagnostic field, so
that the more general operator we consider is

'We use the mostly minus convention for the Minkowski
metric, and in d + 1 dimensions we denote both Minkowski and
Euclidean time by x°. The relation between Euclidian and
Minkowski y matrices is 73, = y¥, v}, = iyk, and 7, is the same

in both Minkowski and Euclidean spacetime.

+1 —idy—0
D:J+¢1+i¢2yx:(¢l ih, —io 1>’

i0y—01 ¢ —igy
: $r—ipy idy+0;
D*:—a+¢1—l¢2}’12 < . . . (35)
—idy+ 0y ¢1+iy
To understand the logic of this construction, first con-
sider the operator we are ultimately interested in, where
¢, = 0 and ¢ (x) = mgye(x;) with my > 0. In this case we
find two solutions each to the equations Dy = 0 and
D'y = 0, namely

v = () )ems = () e

=) )il g= (el o

where the 4 subscript refers to the eigenvalue of y;. None
are normalizable since they are constant in x, whether or
not they are localized in x; about x; = 0, and therefore the
index calculation will give us ind(D) = 0. However, if we
now add ¢, = upe(xy) with py > 0, a domain wall in
Euclidian time, we find the four solutions to Dy = 0 and
D'y =0 are

y_(x)= (1)emo)61|-Hloxo|7 l//+(x) — ( 1 )e_m()xl_l‘()xo’
1 —

r-(x)= <l)e—moxl+ﬂnxo’ 7+ (x)= ( ! )em0x1|_ﬂ0x0|7
1 -1
(3.7)

p—

(x2 = x0).

D now has a single normalizable zeromode y . localized at
X9 = x; =0 while D" has none. Therefore the index is
given by ind(D) = 1 in this background scalar field. By
considering the other signs for m and y, one sees that more
generally we get ind(D) = —v,, where v, is the winding
number of ¢ = ¢; + i¢h, in the xy — x; plane.2 As we shall
see, this expectation is born out by the explicit calculation
we give below. Furthermore, our results persist even no
matter how small we take |ug|. We also see how the
zeromodes we are counting would not have existed if there
had not been a solution to Dy = 0 for the case of interest,
¢> = 0and ¢, = mye(x;) (for either sign of my), and so the
nonzero value for ind(D) informs us that the original
Minkowski theory has massless edge states.

The reason this procedure works is that the background
¢, field breaks symmetries of the original theory (in this
case, time-reversal symmetry), and a constant field would

“This is easier to see if one replaces the singular step functions
with something smoother, such as a tanh function. In fact, it has to
be smoothed out to justify the derivative expansion we perform
next.
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gap the spectrum entirely. However, by giving a domain
wall structure to ¢,, which by itself would lead to gapless
edge states, it cannot gap fermions along the domain wall
surface at xy = 0. Thus theory with both ¢, , domain walls
will be left with a massless, normalizable fermion at the
origin where the two domain walls cross.

Following the procedure laid out in the previous section,
we compute the index of D by constructing the fermion
operator K which serves as the fermion operator in a theory
with twice the number of fermion degrees of freedom,

<0 Dt
K =
D 0

where we have defined the five 4 x 4 matrices

) =T,0, +i(¢hI, + i T5), (3.8)

I'i=0,8®7:, [ =01®7,
F3 = —0) ® 1, F){ = 03 ® 1 (39)
with i =0, 1.

Our task is to compute the part of the chiral current
J u= ‘i‘F”FZ‘P that contributes to the index, where
u=0,1 and ¥ is a fermion with action § = WYK¥. To
do this we first write the scalars as

¢ =i +idy=(v+p(x)e”  (3.10)
assuming constant v with p and @ slowly varying about
p = 0 = 0, their gradients falling off at infinity. To compute
the part of the current that contributes to the index we need
the leading term in a 1/v expansion, since higher order
terms will drop off too fast at infinity to contribute to the
integral [ 0,J - Thus we can write

K = Ko + 6K, (3.11)

with

Ko=0,I, +ivls3, 6K =ivf(x)[', +ip(x)[5. (3.12)
Then K;' will be our free fermion propagator, while we
perturb in 5K.

When expanding J u in 6K, note that because of the
insertion of I, in the fermion loop we require that the rest
of the graph supplies one each of the other four I matrices
in order to get a nonzero contribution from the trace. The
matrices Iy ; 5 can be supplied by the fermion propagators
1/K,, while I'; must arise from an insertion of €. Thus the
leading contribution is given by the graph in Fig. 1
expanded to linear order in the momentum carried by 6.

Using K, to denote the Fourier transform of K| in
momentum space, the diagram can be computed as

(0

lll:;ll
p

FIG. 1. The loop diagram for computing the generalized Hall
current for the 1 + 1-dimension Dirac fermion. The black dot is
an insertion of the chiral current I',I", with incoming momentum
p.- The outgoing field « is the spatially varying part of the phase
of the complex field ¢, + i¢,, and the fermion propagator is
given by K;'.

00 [ d*q okKy! -
7= i [ Gl (e e

2609/6ﬂ14f
)27 % (2”)2 (q2 + 1)2)2

1

= —¢,,0,0. (3.13)
T

In this expression, the derivative 9, acting on 6(x) is with
respect to x,, while the derivative 9, acting on K, is with
respect to g,. The positive sign in the first line above arises
from (—1) from the fermion loop, a (—i) from Fourier
transforming p, - —id/(dx,), and another (—i) from the 6
vertex factor —ivl,.

From Eq. (2.10) it follows that the index of D is given by

. 1 1 a0
md(D) = —E/dzxdﬂjﬂ = —Efgdlfﬂ = —l/¢, (314)
i

where v, is the winding number of ¢. This result agrees
with what was predicted from our earlier heuristic argument
with a configuration of crossed domain walls.

Before turning to the question of topology we address
two issues about the way we handled the Ward-Takahashi
identity for the generalized Hall current, given in Eq. (2.8).
First of all, we set M = 0 from the outset, rather than
performing the computation at nonzero M and then taking
the limit M — O at the end. This is discussed further in
Sec. VI, but in brief, the role of M was to serve as an IR
regulator for the calculation, but instead we used our
background field ¢ to serve as the IR regulator. Note that
the generalized Hall current we found in Eq. (3.13) is

proportional to 9,0 = iqﬁ*gﬂqﬁ/ 2|¢|?, and that the inverse
dependence on |¢| indicates its role as an IR regulator.
Secondly, we ignored the anomaly term, .A. This quantity
can be computed using the methods of Fujikawa [10],
where

A= lim TiT, eK/N

A—oo

(3.15)
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[Note that K, defined in Eq. (3.12), is anti-Hermitean.] The
two-derivative term in K gives rise to the Gaussian integral

[
T

On the other hand, since the I matrices obey the Clifford
algebra for SO(4), the I'-matrix trace with I, requires that
K2/A2

(3.16)

the expansion of e supplies at least four different I', to
the trace before one obtains a nonzero value. As K/A is
linear in the I matrices, these four I" matrices will be
accompanied by a factor of 1/A* which overwhelms the
factor of A% from the momentum integral and causes the
anomaly term .4 to vanish as A — oo0. This will occur in all
of our examples, since the doubled theory always has the
same d + 1 spacetime dimension as the original theory,
while the I' matrices belong to the Clifford algebra for
SO(d +3).

The calculation we have performed does not make
explicit the topological quantization of the index. To display
the topology underpinning of the calculation explicitly we
define D, to equal D with ¢, — v and ¢, — 0 and use the
identities T, = —id, K, and {y,, Dy} = 20y, to rewrite
Eq. (3.13) as

d2
Jﬂ——waye/( 7 Trr,

2z)?
_ d*q I
=0 | 55 _Trly, (D5'0,D00,D5" + Dy — D})]

(auf(51)rzi(610ﬂko]

Pg
46‘/“/0 86 /WTI'[]/I(DOIOGD()DOI()TDO

+ Dyd,D;'Dyo. D" + Dy — D})). (3.17)
We can then define the special unitary matrix
— Dy
\/det bo

. (3.18)

+iq,y
Hip q2+1}2

. v
Ve o

in terms of which Eq. (3.17) can be rewritten as

d2
Ty = gentibln | ST (€080

+(60,£7)(£0.87)]. (3.19)
unaffected by the normalizing determinant factor (which
cannot vanish for nonzero »). As a final manipulation, we
can define the “axial current,”

=2 (E0E— 0,8, (3.20)

and using the identity y,&y, = &' we can write the

generalized Hall current as

‘7/4 = —ieﬂyabgem/ (2

In Appendix A we show that the above integral is propor-
tional to the winding number of the map provided by the
Dirac propagator from momentum space compactified to
$2, to “Dirac space” (the analog of the Bloch sphere), also
S$? in two spacetime dimensions. That winding number Vg 1s
an element of 7,(S?) = Z, and for this particular map we
have v, = 1. Making use of the normalization given in
Eq. (A.11) we arrive at

Trly,AA). (321)

_€,0,0

- ’
H T q

(3.22)

The topological quantization in momentum space is
analogous to the topological origin of the quantization
of the integer quantum Hall effect discovered in the
celebrated TKINN paper and related work [9,14,15].3

Our final result for the index is then given by

ind(D) = —v,v,, (3.23)
where v is the winding number of our diagnostic field in
coordinate space, obtained by integrating ¢,,0,0 and
determined by the homotopy group z;[U(1)] = Z. We
see that the index, which counts edge states, is manifestly
quantized by simultaneous nontrivial topology in both
momentum and coordinate space. This result confirms
our heuristic argument about localizing the zeromode with
crossed domain walls, and agrees with Eq. (3.14).

Relativistic quantum field theories can be assigned to the
same ten topological classes as used for condensed matter
systems; for example see Ref. [5]. The translation is simple,
with what are called time-reversal symmetry, particle hole
symmetry, and sublattice symmetry replaced by the con-
ventional 7, C and CT symmetries respectively in the
relativistic theory. The ten categories are constructed from
(i) time-reversal symmetry with 77 = T, or T symmetry
with 7T = —T, or T violation; (ii) charge conjugation
symmetry with CT = C, or C symmetry with CT = —C, or

*In contrast with the physics in 2 + 1 dimensions for which the
topology is dependent on the UV regulator (as we demonstrate
in the next section), the calculation here and in 3 + 1 dimensions
is insensitive to UV physics. That is because the current in

Eq. (3.21) is proportional to 9,0 = i¢h*d,¢/2|¢p|* which cannot
be obtained by the variation of a local relevant or marginal
operator, and hence cannot be sensitive to the UV. In contrast, the
current we will find in 2+ 1 dimensions [Eq. (4.9)] is the
variation of the Chern-Simons operator which is a local marginal
operator and receives contributions from the UV regulator.
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C violation; (iii) both C and T violation, but good CT
symmetry. The only caveat in comparing using the tables
from condensed matter papers is that the symmetry of C is
opposite that of the conventional particle-hole symmetry
“P,” since in the relativistic case charge conjugation is the
transformation yw — Ciy’ for a Dirac fermion, while
particle hole symmetry is y — Py*, without the extra y°
matrix. In the present example we have both 7 and C with
symmetric 7 and antisymmetric C, which puts the system
in the BDI [16] class, with topological invariant Z. If we
had considered a N -flavor version of the theory consid-
ered in this section without special global flavor sym-
metries, we would have trivially found ind(D) = Az 2
which can take on any value in Z as one would expect for a
BDI topological class in one spatial dimension.

B. Multiple flavors of d=1+1 Majorana fermions
with time-reversal symmetry violation

With N, flavors of free fermions in our 1 + 1 dimen-
sional model, it is possible to include both scalar and
pseudoscalar mass terms:

1 . .
Lyr = i Clig5i; = myj — iy pij)wjs (3.24)

where m must be a real and symmetric matrix, while y is
imaginary and antisymmetric. Without loss of generality it
is possible to take m;; to be diagonal.

The theory with y;; = 0 is invariant under the antiunitary
time-reversal symmetry, y;(x, t) = oy;(x, —t). When the
masses have domain wall profiles, such as m; = mye(x)
with m( > 0, there will be N, massless Majorana modes
localized at the mass defect with wave function

m(f)(_]l)

in the 0 4+ 1-dimension theory at the defect. In order to gap
these modes in the free theory, one might add a term
pijnion; with p imaginary and antisymmetric, and it is
easy to see that this term lifts into the bulk theory as the y
term in Eq. (3.24). However, the pseudoscalar x term is odd
under the time-reversal symmetry we identified (since u is
imaginary), and therefore time-reversal symmetry requires
1 = 0 and ensures that the edge states remain gapless. Such
a system is in the BDI topological class, whose gapless
states are characterized by the group Z [17].

For Ny > 3 it is possible to show that one can choose m
and p such that time-reversal symmetry is broken, and
generically the edge states will be gapped pairwise, so that
there will be one massless edge state for N, odd, and none
for N even. Such a system is in the D class, with topology
characterized by the group Z, [17].

(3.25)

For N = 2, time reversal is not actually broken when
u # 0, since the theory is invariant under the simultaneous
antiunitary transformations y(x,t) - 4oy (x,—t) and
Wwa(x,1) = —o 1y, (x, —t). In this case edge states can still
be gapped because the fermions transform with opposite
signs under time reversal and the system is topologically
trivial. So the system is indistinguishable from the D class
as far as edge states are concerned.

We focus on this simplest N, = 2 case to show how the
index calculation procedure we have developed here gets
the correct answer, that there are no gapless edge states. The
Minkowski theory we consider is

1 . :
Ly = Ey/iTC(zd — moe(x) — 17;(/472)1//1" (3.26)
where we have suppressed the two flavor indices. The
(ig — mye(x)) operator is diagonal in flavor, while 7, is the
y-Pauli matrix acting in flavor space, and yu is real and
constant in spacetime.
Our Euclidean operator D with a diagnostic field ¢(x) in

this case is given by

D =g+ ¢1(x) + i(g2(x) + ura)y,. (3.27)
This can be diagonalized in flavor to give two 1-flavor
Dirac operators

Dy =g+ ¢i(x) +i(dha(x) £ p)y,. (3.28)
Now we expect the sum of two contributions to 7,
proportional to €,,0,(6 + 6_) where

+
0, = arctanM.

¢ (x)

Now we see that even if ¢(x) = ¢;(x) + ih(x) has
winding number, as we take the limit ¢, — 0, that winding
number vanishes. For example, if we take ¢; = me(x) and
¢-(x) = m'e(7), the two contributions to the index will
both equal 1 for |m’| > |u|, but will jump to zero for
|m'| < |u| as we remove our diagnostic field—this is
possible because the bulk goes gapless at the critical value
|m'| = |p|. So the index in this case would give the correct
answer of zero, as it will for any even number of flavors.

If we have an odd number of flavors with a constant y
matrix for Ny = 2n + 1, we will find n pairs of fermions
coupling to ¢, (x) with +y; shifts, each contributing zero to
the index; however there would be one flavor with no shift,
and we would find an index of 1 then. Thus we find that
ind(D) takes values in Z,. That is the correct answer since
having no 7 symmetry while having C symmetry with
antisymmetric C puts the model in the D topological class,
whose topological invariant in one spatial dimension is Z,.

(3.29)
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We emphasize though that in our calculation the reduc-
tion of the topological invariant from Z in the time-reversal
symmetric case to Z, in the case with broken time-reversal
symmetry manifests itself in the change in the spacetime
coordinate topology that the fermion sees, and not due to a
change in momentum space. The index we compute sees
the topology in phase space, and is sensitive to both.

IV. DIRAC FERMION AND MAJORANA
FERMIONS IN 2 +1 DIMENSIONS

A. A d=2+1 Dirac fermion with U(1) fermion
number symmetry

Our next example is a massive Dirac fermion in 2 + 1
(Minkowski) dimensions, which is directly analogous to
the integer quantum Hall effect and is quite familiar. The
coordinates are {x°, x', x*} = {t,x,y}, and the fermion
mass m(y) which has a “domain wall” structure—a
monotonically increasing function of y with m(0) =0
[18]. For convenience we choose the particular basis for
the y matrices

0 _ 1 _;
Y = 03, V. = —loy,

P =ioy, (4.1)
in which case the Dirac equation [ig — m(y)]y = 0 has the

two special solutions,

y = e_"“’(””)e¥ﬁ5v dsm(s))(i’ (4.2)

where y, are constant 2-component spinors satisfying
03x+ = £y.. The solution y, is localized on the 1 + 1
dimensional domain wall and corresponds to a massless
Weyl fermion that travels at the speed of light in the —x

direction. However, since e Jg dsmis) is not normalizable,
the y_ solution does not correspond to a state in the Hilbert
space. Therefore the spectrum on the domain wall is chiral,
and if the fermion number is gauged, this 1 4+ 1 dimen-
sional theory on the domain wall is anomalous.

We must next determine how to localize the massless
edge state with diagnostic fields and produce a nonzero
index. This is readily accomplished with help from the
Atiyah-Singer index theorem, which states thatin d = 2 the
index of the massless Dirac operator in the presence of
gauge fields is given by 5- [ d*xe;; F;; = 5- § A-d 7, where
the loop integral is computed at infinity. Therefore we can
add a 3D gauge field and be assured that for some
background field configurations a nonzero index will result
whenever a gapless edge state existed in the absence of
those gauge fields.

All other eigenstates of the Dirac operator are gapped
and are not localized. One might therefore expect that these
heavy states could be integrated out, leaving an effective
1 4 1 dimensional theory of a Weyl fermion at y = 0, along
with irrelevant operators. However, when fermion number

symmetry is gauged the heavy fermions do not decouple
entirely, giving rise to a marginal Chern-Simons operator
after being integrated out of the theory, as pointed out by a
number of authors [6,19,20]. For a constant mass m, this
contribution is*

L m
ECS = El—eﬂ ”A”(),/Ap. (43)

m|

The coefficient of this operator depends on the sign of m
but not its magnitude; the dependence on the sign is
required because m changes sign under 7" or P trans-
formations (time-reversal and space reflection), as does the
Chern-Simons operator. Variation of Lcg with respect to
the gauge field gives rise to a current,

I m
Jlés = ZW ’”’/6,,14,,.

(4.4)

Callan and Harvey [6] discussed the effects of this
operator in the presence of a domain wall profile, sub-
stituting the step function e(y) for m/|m| in the above
expression, so that Jiog corresponds to a current flowing on
or off of the domain wall from both sides, with a divergence
proportional to &(y) that exactly cancels the anomalous
divergence of the chiral current on the domain wall. There
are a few problems with their analysis. For one, the
substitution of spatially varying mass for a constant mass
in the coefficient of the Chern Simons term is not correct
where the fermion mass is varying appreciably, i.e. near the
domain wall; however to demonstrate overall charge
conservation, one need only look at the spatial integral
of the divergence of the current, which involves the Chern
Simons coefficient at infinity, where the substitution is
valid if the mass is not rapidly changing there. A second
problem is that while the 1-loop integral for deriving
Lcs is finite, the full theory requires a regulator which
contributes to the Chern-Simons operator as well. For
example, with a Pauli-Villars regulator of mass A, the
coefficient in Egs. (4.3) and (4.4) becomes proportional to
(m/|m| — A/|A]). With the Pauli-Villars mass A being
independent of y, the effect is to double the inflowing
current on one side of the domain wall, and cancel it on the
other. This has no effect on the divergence of the current,
but corrects the coefficient of the Chern-Simons term and
makes a topological interpretation possible by compactify-
ing momentum space. Other regularization schemes, such
as the lattice, can have richer topological phase structure.

Even with the correct expression for the current, the
connection with the integer quantum Hall effect is obscure,
beyond the fact that an electric field in the x direction gives

*Our notation is that the covariant derivative is D, = (0, —iA,),
where A, has mass dimension 1, setting the electric charge to
e=1.
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rise to a current in the y direction; missing is an analog of
the famous plot of the resistivity p,, versus magnetic field
in the condensed matter system, with its characteristic
steps. In the Dirac fermion case, the domain wall plays the
role of one of the boundaries of the quantum Hall system,
and the Dirac mass—which is time-reversal violating in
2 + 1 dimensions—plays the role of the magnetic field,
while the resistivity is the ratio of the applied electric field
to the Chern Simons current. However, one does not see a
stepwise increase in the current as a function of the Dirac
mass. Once again, that is a result of how the short-distance
physics of the theory is being regulated. For example, when
one uses a lattice and Wilson terms to regulate the UV, one
does see quantized jumps in the Chern-Simons current as a
function of the fermion mass [21-23].
The Euclidean fermion operator for this fermion is

D=[P+my). r0=0n. (4.5)

Y1=—01, 72=03;

with D, = d, +iA,. From Eq. (2.3) we have

< 0 -Df
K =
D 0

where we define the matrices [satisfying the SO(5) Clifford
algebra]

) =D,I', —im(y)[’5, (4.6)

[,=01Q®y, I3=0,01 TI,=06;81 (4.7)
for u = 0, 1, 2. Our task now is to compute the generalized
Hall current 7, in Eq. (2.7). Since the bulk mass |m| serves
to regulate the IR divergences of the theory, we can take the
limit M — 0 in Eq. (2.10) from the start. Another sim-
plification is that since we only need the current inflow
from infinity in the limit that the gauge field strength is
weak, we can compute J, to leading order in a 1/m
expansion which is given by the Feynman diagram in Fig. 2
expanded to first order in the incoming momentum.

We first perform the calculation naively, without a Pauli-

Villars regulator, with the result

d3 - ~
To=0,A / ﬁTrFaFZ(GyK(}](q))F/;KE "(q), (438)

where as before, the tilde indicates a Fourier transform to
momentum space, and K, = K| 4,=0- The factor of I',I, in
the trace comes from the insertion of the generalized Hall
current, while the photon vertex gives il'; the two factors

of Ka I are the two fermion propagators, and the derivative
d, = d/0dq, arises from expanding the graph to first order in

>The term we keep will give a finite contribution to the index,
while higher order operators fall off too fast at infinity to
contribute to the integral [ 9,7 .

FIG. 2. Loop diagram for computing the generalized Hall
current for the 2 + 1-dimension Dirac fermion. The black dot
is an insertion of the chiral current I',I', with incoming

momentum p, and the propagators are given by K.

the external momentum p. With T, = —id,K,, we can
rewrite this as

d*q
Tu(p) = ayAﬁ/W
x Tr[l, (K5'0,K,) (K" 05K, ) (Kg'0,K )]

d’q 4m
yAﬁ 37,2 212
(27)° (m* + q°)

1 m
= - ZW €aﬂ},a},Aﬂ.

(4.9)

With a domain wall profile for m(y), the above expression
exhibits a generalized Hall current flow converging on (or
diverging from) the wall similar to the electromagnetic
current found by Callan and Harvey [6].

To better understand the topology behind the loop
integral, it is convenient to rewrite Eq. (4.9) in terms of
the fermion operator D, of the undoubled theory,

1 d*q
To= —€apy yA/} <3 €ijk

(2m)?

xTr[(balam<f>ala,~f>o><balak®o>]). (4.10)

As in the example in the previous section, for constant m
we can define the SU(2) matrix

750 (q)

0 . 0
U(q) = = Ecos§+i0-ysin§ (4.11)
detpo(q)
where @ is a real 3-vector with & = |@| and
0 0 N
COSe=—_ sino= 1 0=q. (4.12)

m? +q* m? + qz’
The coordinates 6; parametrize SU(2) = S as a three-
dimensional ball of radius 2z, where we can identify U = 1
and |0| = 0 as the “north pole” of S, while U = —1 and
|@| = 27 corresponds to the “south pole.” However, as the
magnitude of the momentum ¢ ranges from g =0 to
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g = oo, we see that U(q) only visits half of S°. In
particular, for m > 0 we see that ¢ = 0 corresponds to
|#] =0, the north pole, while ¢ — oo corresponds to
|@| = =, the equator, so the mapping only covers the
northern hemisphere of S3. On the other hand, when
m < (0 one can see that the mapping just covers the
southern hemisphere. We can rewrite our expression
[Eq. (4.10)] in terms of the @; variables as

dq
(27)3

* TrKU' aU) <U aU) (U+ aUﬂ
9q; 9q; aqy,
1 1
= =50, —€i; 4?0
ﬂeaﬁr % ﬁ<24ﬂ2 €ijk Al/z

.oU N s oU

x Tr[(U 09) (U - ) (U aek)]) (4.13)
where as discussed above, the volume of integration V /,
only covers half of the ball, corresponding to the northern
hemisphere of S° for m > 0, or the southern hemisphere for
m < 0. As such, the integral cannot be considered to be the
winding number of a map from momentum space to S°.
The situation is remedied when a regulator is included.
Here we consider a Pauli-Villars regulator, which corre-
sponds to replacing D — Dy, = D/Dpy = D(m)/D(A)
everywhere, where in Dpy we have simply replaced m by
the Pauli-Villars mass A, which we will take to +oo
after the calculation. This has the effect of compactifying
momentum space, since lim,_,, T)reg(q) = 1, independent
of the orientation of the momentum vector (. The calcu-
lation proceeds as before, but now the SU(2) matrix in
Eq. (4.11) gets replaced by

1
T = =75 €ap Oy Ap€iji

Dres(q)

Ureg (q) = I
det Dy, (q)

= COS

ere A . Hre
2g—|—i0reg-ysm 2g (4.14)

where Oreg q as before, and
O A 2
cos—2 = mtd ,
2+ )N+ )
Ore A—
sin —=& = 4l m) (4.15)

2 Vs W )

We note that at ¢ — co we have U,,(q) — 1, correspond-
ing to compactifying momentum space to S*> and mapping
the point at ¢ = oo to the north pole of the S* parametrized
by 6. [This is in contrast to U in Eq. (4.11) which maps the

2-sphere at g — oo onto the equator of $°.] At ¢ =0,
however, we find that U,,(0) = £1 depending on the
relative sign of m and A. When A and m have the same
sign, cos% > 0 for all values of g, with 6., = 0 for both
q=0 and g =co. In this case U,y(g) describes a
topologically trivial map from our compact momentum
space to the northern hemisphere of $* (0 < Oreg < 7/2).
However, when m and A have opposite signs Uy, (g) is a
nontrivial map from momentum space to S° with winding
number equal to 1. It is no surprise then that we find that for
the regulated theory

1 1
ja = ——€upy yAﬂ(p) (meijk//dBGreg

oU,, U, oU,.
o () %) (=)

aﬁ,aﬂA (4.16)

where

1/ A m
v, ==———
TO2\A] |m|

is the winding number of the map from compact momen-
tum space to S3, where v, = O when A and m have the same
signs, and v, = 1 when A and m have the opposite signs.
This relation between the topology in momentum space of
the fermion dispersion relation and the quantization of the
Hall current in 2 + 1 dimensions has been remarked on
previously in connection with the Ward-Takahashi identity
in Refs. [23,24].

We arrive at the index of D as the surface integral at
infinity in Euclidian 3-space

(4.17)

ind(D) = ——/j dS, = =" /eaﬂyaﬁA ds,. (4.18)
T

and it remains for us to show that what is multiplying v,, is
an integer winding number in coordinate space. For our
diagnostic gauge field, we choose A ; to be independent of
v, while A, = 0, and for our integration region we take the
volume to be a cylinder with its axis perpendicular to the
domain wall, which we then take to infinite size in every
direction. The surface integral only gets contributions from
the end caps of the cylinder, v, being different at the two
ends when we assume that A (with A > 0) and m have the
same sign for y > 0 and the opposite signs for y < 0. The
expression for the index then becomes
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d(D) == A-a7 )u, ) =)
- [%'_%M °°oo . (4.19)

where v, is the winding number of our Abelian gauge field
integrated over the circle at infinity in the 7 —x plane
(where 7 = xy and x = x;), evaluated at y = x, = d-00. We
see that a diagnostic gauge field with winding number
vy = 1 yields ind(D) = 1, revealing the existence of the
gapless edge state in the corresponding Minkowski space-
time theory through a combined topological configuration
in both coordinate and momentum space. Again, with more
flavors we could get any integer value for the index,
consistent with the fact that this model is in the D class
(antisymmetric C and broken T symmetry) for which the
topological invariant is known to be Z in two spatial
dimensions.

B. A d=2+1 Majorana fermion with only Z, fermion
number symmetry

The model becomes more interesting when we explicitly
break the fermion number symmetry down to Z, by adding a
Majorana mass (with the domain wall profile still in the
Dirac mass). This system is analogous to a topological
superconductor with the Majorana mass playing the role of
the condensation of Cooper pairs. As it has no conserved
fermion number, there is no conventional Hall current in this
model, even though, as we shall see, for some parameters
there exist gapless edge states. The Minkowski theory is

. iu M _
Ly = w(ig — m)y +—y' Cy + S5 Cip”,

5 5 (4.20)

where m is real, we can take y to be real and positive, and C is
the charge conjugation matrix satisfying

ct=c'=c, Cy'c™! = —(y")7T. (4.21)
Once again we will assume a domain wall profile m(y),
while keeping the Majorana mass y constant. Because of the
lack of continuous symmetry in this model, there are no
conserved currents and hence no anomaly current inflow
picture at nonzero . Nevertheless, we will show that one can
still detect massless edge states in this model by computing
the generalized Hall current, which does have inflow onto
the defect when massless edge states exist, and we show that
we can use this inflow to count such states.

Since Dirac notation is cumbersome when the fermion
number is violated, our first step is to rewrite £y, in terms
of two real spinor fields y;,, where w = (x| + ix2)/V/2.
The Lagrangian can then be expressed in terms of a
4-component spinor

(4.22)

(%)

as

B ANV (0 1> ]
Ly =5k [(_i 1>®YM(15 m=u{ 1, ®CA)(,
(4.23)

33 kX

where the subscript means ‘“‘antisymmetric part,’
derivatives being antisymmetric. We can now Wick rotate
to Euclidean space and write the Euclidean Lagrangian as

1 1 i 0 1
£E:§IT|:<_i 1>®}'o(5+M)+M<1 0)®C

X
A
(4.24)
In the particular y-matrix basis of Eq. (4.5)
Yo =C =0y, 71 = —0y, 72 = 03, (4-25)
we can write L in terms of the fermion fields
1 +
C=—<Zl Zz)E(C+) (4.26)
\/E X1~ X2 -
as
1
Lp= 5 [€£CD+§+ + CZCD—C—],
D.=dg+ (m=+u). (4.27)

As in the 1 4 1 dimensional case we can drop the C
matrix and use [ind(D_) + ind(D_)] to detect edge states
in this case, with m(y) having a domain wall form and p
being constant. We can immediately adapt the result
[Eq. (4.19)] in the previous section and evaluate this
index as

ind(D) = [ind(D, ) + ind(D_)]
_ —(fﬁ ~ d7) W) + 03 0))

= —va(g (3) + 15 () =%

y=co

y=-00

(4.28)

where

o LA mEp
T 2\Al |mEpl

Assuming positive A, we have

(4.29)
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2 m<—|ul,
=31 - 430
(vg' +vg ) = ul <m <lul,  (4.30)
0 |y <m.

The analog of Eq. (4.19) then follows for the index in this
theory,
ind(D) = —v [ () + 5 O)IF=2,  (431)
i
where v, is the winding number in the diagnostic gauge
field. For v, = 1 it follows that the index takes on one of
the values 0,+1,+2 depending on which the cases in
Eq. (4.30) pertain for the asymptotic values of m at the two
sides of the domain wall. If we denote the asymptotic
values m(+oo0) = m., then our result for the index for
various cases is given in Table 1.
We now show that the above results agree with what one
finds when constructing explicit domain wall solutions for
this model. We return the Minkowski Lagrangian

Ly = p(id —m)y + igv/TCw

+ igl/_/Cl/_/T, sign of u (4.32)
and consider the equation of motion in our basis
PY=0,, yl=-ic,, y*=ioc;, C=o0, (4.33)

To obtain the solutions to the equations of motion we
redefine the fermion field y = eip in which case we can
write the solutions as

(=m=p)y 1 ;B3 p(—m+u)y

o(x) = (ale s M ) (4.34)
ae + ifyelmHh

We take u to be spatially constant, and without a loss of
generality we assume u > 0, while the mass m depends on
the coordinate y and takes the asymptotic values m — m_.
as y — +oo. For y > 0, a localized solution requires that
the coefficient of y in the exponent in Eq. (4.34) be negative
when m is replaced by m_. Out of the four exponentials in
Eq. (4.34), there are always two that meet this criterion.
Labeling them by their coefficients, they are

TABLE I. The index ind(D) for spatial topology v4 =1 as a
function of m,. and the asymptotic values of the fermion mass on
the two sides of the domain wall, relative to the constant
Majorana mass x.

my > |ﬂ| al?ﬁl?
—lpul <my <|ul: ar, fa.
my < —|ul: a, . (4.35)

We can do the same thing for solutions at y < 0 and
m — m_; in this case the coefficient of y must be positive,
and again there are always two solutions, the same as the
above but with subscripts 1,2 reversed:

m_ > |//l| a23ﬂ2v
_‘lu| <m_<|,u|2 aZvﬂlv
m_ < —|ﬂ|: al,ﬂl. (436)

When we match solutions at y =0 there must be
localized solutions of the same chirality on both sides,
and they must be both real or both imaginary. That means
that the must be the same a; or f5; solution for positive and
negative y. It is evident then that depending on the two
values m. relative to |u| there can be 2, 1, or 0 solutions.
For example, if m_, > |u| while —|u| < m_ < |u|, then
there is one localized positive chirality 3, solution that can
be matched across y = 0. The number and chirality of edge
state solutions are given in Table II, where the R, L entry
tells us whether we have upper or lower component
solutions respectively.

Note that the index in Table I is giving us the number of
positive chirality massless edge states minus the number of
negative chirality ones. The reason for that is that the
equation D'y = 0 has the same solutions as Dy =0
except for a parity flip, exchanging R <> L. When the
gauge field is turned on with v, = 1, then it localizes the R
solutions of D while delocalizing the L solutions.
Therefore what the index is counting is the number of R
solutions for Dy = 0, minus the number of R solutions for
D'y = 0, which is equivalent to the number of positive
chirality massless edge states minus the number of negative
chirality ones for the operator D.

The index we computed still takes values in Z, which is
appropriate since the Majorana mass p does not break T
symmetry and the system remains in the D topological
class.

TABLE II. The number and chirality of edge state solutions to
Dy = 0 before introducing a gauge field, where the R,L indicates
chirality. The table for solutions to Dy = 0 would be the same
with substitution L <> R.

my <=l =lpl <my <lp| |p| <m, my <—=|ul  =lpl <mg <lp| |p| <m,
m_ < —ul 0 1 2 m_ < —|ul 0 R 2R
—|ul <m_ < |yl -1 0 1 —|ul <m_ < |yl L 0 R
lul < m_ -2 -1 0 |ul < m_ 2L L 0
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V. DIRAC FERMION IN 3 +1 DIMENSIONS

Our last example of a Dirac fermion 3 + 1 dimension
shares many features with the 1 + 1-dimension example.
When the mass m has a domain wall profile, the Dirac
equation in Minkowski spacetime has exact solutions
corresponding to 2-component massless edge states local-
ized on the 2 + 1 dimensional wall. Such a domain wall
describes the physics of a topological insulator, where the
region with m <0 is considered the interior of the
topological insulator and the region with m > 0 is consid-
ered to be the exterior. There is no analog of chirality in
2 4 1 dimensions, and hence no charge violation on the
wall in the presence of background gauge fields and no
inflowing current from the bulk to the wall maintaining
current conservation. This makes the theory of three-
dimensional topological insulator another interesting exam-
ple to which one could imagine applying our construction
for which to compute the generalized Hall current and
index.

The Euclidean Dirac operator is simply g + m(x3) which
has a static and unnormalizable solution localized at x; = 0
and constant in all the other coordinates. The edge state has
two nonzero spinor components and is an eigenstate of y5.
To fully localize this state we add as diagnostic fields a
four-dimensional gauge field and a pseudoscalar, and again
we consider the mass to be an arbitrary scalar field for now.
Thus the operator we consider is

D:Dﬂ}/ﬂ+¢1 +i¢2}/)ﬂ (51)
where D, = (6ﬂ + iA”) is the d =4 gauge covariant
derivative and y,, y, are our 4D Dirac matrices.

To compute the index of D we once again construct the
K operator,

<
=
D

where ¢ =0,...3 and the I', are the eight-dimensional
matrices

—Df . )
0 > = DMFﬂ + l¢2F4 + l¢1F5, (52)

Fﬂ:61®}/ﬂ7 /’l:O,...,S,

1—‘4 =01 ® Yy
FS = —0) ® 1,
I,=0;®1, index starts at0. (5.3)

Our task is to compute the part of the chiral current
J. =Y, I,Y that contributes to the index, where ¥ is a

fermion with action § = WK¥. As in the 1+ 1 dimen-
sional example in Eq. (3.10), we first write the scalars as

b=+ iy = (v+p(x))e?™, (5.4)

assuming constant v and slowly varying p and 6 where
p =0 =0. We compute the leading contribution to the
chiral current in a 1/v expansion, since higher order terms
will drop off too fast at infinity to contribute to the integral
J0,7,. To this end we write

K =K, + 5K, (5.5)
with
Ko = 9,T, + irls,
0K = iA, ', +i6vly + ip(x)Ts. (5.6)

Then K;' will be the free fermion propagator, while we
perturb in 6K. To compute the part of the current that
contributes to the index we need the leading term ina 1/v
expansion, since higher order terms will drop off too fast at
infinity to contribute to the integral [d,J,.

When expanding J u in 6K, the Fx insertion in the
fermion loop requires that the rest of the graph supplies one
each of the other six I', matrices in order to get a nonzero
contribution from the trace. First consider the source of I'y 5
in the graph. We see the I's can come from one of the
fermion propagators K;'!, but to obtain I'; we require an
insertion of @ in the graph, while to lowest order the p
contribution will vanish. To obtain the other four I', we
note that the result for 7, will be proportional to an epsilon
tensor €45, and that we can only contract the a, 3, y indices
with a gauge field and two derivatives—one acting on the
gauge field, the other on #. Thus we must expand the
graphs in Fig. 3 to linear order in the momenta carried by
the gauge field and by 6.

It is straightforward to evaluate this loop integral, with
the result

FIG. 3. Loop diagrams for computing the generalized Hall
current for the 3 + 1-dimension Dirac fermion. The black dot is
an insertion of the chiral current I',I', with incoming momentum
p + k. The outgoing fields are the gauge field and the phase € of
the complex field ¢; + i¢h,, and the fermion propagator is given
by Ky L
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d'q o I\ B o
‘7/4 = vayeaaAﬂ/WTr(Fﬂl}[(aaKOl)FﬂKO1]“4(6},1(01)

+(0,K5" )Ty ' T4(0.K5")])
dq 1612
= Wﬂyay‘gaaAﬂ/(Zﬂ)4(q2+vz)3

0,00,A, (5.7)

T2 Cnaby
where the derivatives inside the integral are with respect to
q. The prefactor in the first line includes a (—1) for the
fermion loop, (—1) from the Fourier transform p?> — —d2,
(—1) from the two derivatives with respect to momentum
with opposite signs due to momentum flow, and factors
(=iv) and —il'; for O and A4 vertices respectively.

To highlight the momentum space topology underlying
the above calculation, we follow similar steps as in the
1 + 1 dimensional example of Sec. III to rewrite the result
as the analog of Eq. (3.19):

1
Ty = Eeﬂaﬂra 09,44

e | o Tor(€10,8)€10,8) €10, €10,

+(£0,€7)(£0,¢7)(0.£7)(80,,¢7)]. (5.8)
where
T)O v . men
= = . (59
(det Dy)s \/q2+v \/q +0v? 59)
Making use of the currents A, and V, defined as
—(ET il
= (€05 - @,8,
l(f:'a E+&0,EN), (5.10)

the integrand in Eq. (5.8) can be related to the volume form
derived for four spacetime dimensions in Eq. (A11) using
the relation that one can derive

9’;”“2’[(5*6 £)(&70,£)(570:£)(£70,,)

+(£0,€")(60,¢7)(£0:87) (£0,¢")]

1
TeaAAAA,+0, <24 SALA vﬂ (5.11)

:e/m"m) -
On taking the trace of the above equation multiplied by y,,
the first term on the right is recognized from Eq. (A11) as
the volume measure for S*, while the second term is the
divergence of a current which is well defined without

singularities on $*, and hence integrates to zero. Therefore
the generalized Hall current in Eq. (5.8) can be written as

v,
T = —2” €0y 0y00,A 4, (5.12)
where v, is the element of 74(S*):
1 4
I/q = —mé'uhcd d qTr}/){AuAhACAd =1. (513)
Vs
The index is given by
. L[
ind(D) = ~3 d*x0,J ,
Yy
= W eﬂaﬁ},ayﬁaaAﬁdS”. (514)
s

To evaluate the spatial integral we first must choose a
topologically nontrivial set of diagnostic fields to localize
the solutions to Dy = 0. That can be done by making use
of the Bogomolny-Prasad-Sommerfeld monopole field
configuration discussed in Ref. [25] which considers a
massless Dirac fermion in three Euclidean dimensions
interacting with a scalar field and a gauge field,

:i<a_i> A= JUHc0sO) g

2 20 ) Azrsing ?

and discuss how when the couplings obey the minimal
Dirac quantization relation, eg = 2z, the d = 3 conjugate
Dirac operator DQ has a zeromode proportional to
exp(—ar) while D5 has none. This configuration can be
lifted into our four-dimensional Euclidean theory by taking
A to be the first three components of our four-component
gauge field, independent of the fourth coordinate, while

gy
ij:€ijk4mv (5.16)

d=m(xy)+i®(x), A4=0, F

where for notational convenience we have relabeled our
coordinates so that the domain wall mass is a function of x,
and coordinates on the mass defect are labeled by x5 3.
Since we have set the electric charge e = 1 in our covariant
derivative, we take g = 2z for the magnetic charge. With
these background fields we then expect that the existence of
a massless edge state in the original d = 3 4+ 1 Minkowski
theory implies one zeromode for D' only if @ > 0 and no
zeromode for D, so that ind(D) = —0(a).

This is indeed what we find. Plugging in these fields into
Eq. (5.12), we get the generalized Hall current
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dm(x3)
(2ar—1) dx;

27°r (2ar = 1)? + 4r*m(x3)?’
_ m(x3)
222 ((2ar — 1) 4+ 4r’m(x;3)?)’

ji:

T (5.17)

for i=0, 1, 2. We then compute the integral of its
divergence,

/ d4x5,,Jﬂ
R 3
L3,R—c0 |:/ d rJ4

= lim

xX3=L; L; " -
+/ dx3/dQR2R-J}
xy=—L; —L;
(5.18)

Specializing to the mass profile m(4o0) = +m, and using
the expression for current given in Eq. (5.17) we find

_ L, - 2tan”!(™)
lim / dx4/dQR2r-J:7“,
L3.R—>00 —L4 T
2tan~! -~
- (1+—°>. (5.19)
pia

Summing these two terms gives us

. R x3=Ls
lim d*rls
L3, R—o0 N

x3==Lj

/d“xaﬂjﬂ =26(a) (5.20)
and yields the anticipated result for the index,
1
ind(D) = —E/d“xdﬂjﬂ = —0(a). (5.21)

So we see again that with diagnostic fields to localize
massless edge states, the index of the Euclidean fermion
operator counts these edge states and is quantized because
of both the spacetime topology of the background fields,
and the momentum space topology of the fermion
dispersion relation. As in the d =1+ 1 case and unlike
the d = 2 + 1 example, we find that the d = 3 + 1 result is
not affected by regulator fields, which decouple.

This model is in the DIII class, symmetric under both C
and T with both C and T matrices antisymmetric [5]. The
topological invariant in this case for three spatial dimen-
sions is Z, consistent with what we would find if we
generalized this theory to more flavors without any flavor
symmetry.

VI. INTERACTIONS

Our interest in understanding edge states via the index of
the Euclidean fermion operator led us to computing the
incoming flux at infinity of the generalized Hall current.
This has all been for free fermions, but interacting systems

are more interesting [26—34], and we know that interactions
can change the topological classification [13]. The ram-
ifications go beyond condensed matter systems and have
been applied to lattice models for chiral gauge theories,
where vectorlike fermions appear as chiral edge states until
interactions are turned on, gapping some of them and
leaving behind a chiral representation [35-38]. For an
analogous discussion in continuum chiral gauge theories,
see [39,40]. Clearly the index of the free fermion operator
cannot capture this physics. The generalized Hall current,
on the other hand, is well defined even in the presence of
interactions, and so it is reasonable to ask whether its
divergence still tells us about massless edge states in an
interacting theory. In this section we speculate that that is
plausible, in the context of the same 1 + 1 model described
in Ref. [13].

First we examine more closely how the calculations for
free fermions were done. Our method followed the work of
Callan and Harvey [6], which in turn used the methods
developed by Goldstone and Wilczek [41]. We computed
the generalized Hall current in a derivative expansion,
integrating out the fermions in a background field. In the
d =1+ 1 example, this background field was a complex
scalar field, and we obtained a contribution to the current

proportional to 9,0 = i¢h*d,¢/|$|*. Recall that the index
was defined in Eq. (2.10) as the integral of the divergence
of the generalized Hall current in the limit that the doubled
fermion’s mass M tended to zero. As seen in Eq. (2.1), the
mass M was introduced as an infrared cutoff, and in the
Ward-Takahashi identity for the current in Eq. (2.8),

' Th =2MYT,¥ — A, (6.1)
where A =0. The nonzero divergence indicating the
existence of the massless edge state comes from the
ZM@FX‘P term on the right-hand side, in the limit that
M — 0, where M serves as an IR regulator. In our
calculation, the inverse dependence on |¢|* is the sign of
an infrared divergence regulated by (¢)—it was because
the background field served as an IR regulator that we
could set the parameter M in Eq. (2.10) to zero before
computing the Feynman diagrams. We replaced M by a
spatially varying the ¢ field as the IR regulator so that a
nonzero index of the fermion operator D would indicate
there was a massless edge state when ¢ was removed. The
calculation was performed as if the fermions were fully
gapped by ¢. This is clearly false, since we were studying
systems with an exact zeromode. The current we computed
cannot be valid in the region where the zeromode wave
function is appreciable since the fermion is not gapped
there and the derivative expansion in the background field
breaks down. However, since the index is proportional to
f 0,J ,» it only depends on the current asymptotically far
away from the localized zeromode, For that reason we were
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able to treat the fermion as gapped, and justify the
derivative expansion. This is the same justification as for
the Callan-Harvey calculation [6].

We will argue that in theories where interactions fully
gap the fermions, this spatially constant gap will serve as
the dominant infrared regulator in calculating the general-
ized Hall current, and since it cannot localize the fermions,
it will lead to a vanishing divergence of the current. We
envision a mechanism similar to what we saw in Sec. III
where we discussed the example of 2N flavors of free,
d =141 Majorana fermions in the presence of time-
reversal violation. There we found that if we explicitly
broke time-reversal invariance via a spatially constant
l'/tl//TC}/Xl// term, the index vanished. The reason was that
in this case, as we removed the diagnostic field ¢, (x) — 0,
the spatial topology experienced by the fermion abruptly
became trivial at the point where y dominated over ¢, as
the infrared regulator. The question then is whether the
same phenomenon can occur when interactions gap the
fermions as we remove the diagnostic fields. This seems
plausible, making the procedure described here for
detecting massless edge states relevant when interactions
are introduced, even though the original motivation of
looking at zeromodes of the free fermion operator is no
longer applicable. To understand this better, we look at the
model of Ref. [13] in greater detail.

Consider 2N copies of the 1 + 1-dimension Majorana
fermion model discussed in Sec. III. As shown in Eq. (3.6)
the Minkowski domain wall solutions in the free theory
with a step function mass take the form

i) =nei (). (62)

and when quantized, the Hermitian #; operators obey the
Clifford algebra

(i} =26, i=1,..2N. (6.3)
From these we can construct the ladder operators
ea:%, @L:"“—’%, a=1,..N, (6.4)

which obey the usual fermion anticommutation relations

{éa’ &b} = {627 62 =0, {65;, 62} = Oyp- (65)

The 2V-fold degenerate edge states can then be constructed
by acting with ch operators on a state |0), which is defined
to be the state annihilated by all of the ¢, operators.
Since the #; operators obey a Clifford algebra, they
define an 80(2N) Lie algebra, under which the degenerate
ground states transform as the 2"-dimensional reducible
spinor representation. When considering interactions

between the edge states, it is convenient to represent the
71; operators as 2V x 2V Hermitian Dirac gamma matrices
which act on these states. Interactions between these states
can then be represented as a matrix consisting of sums of
totally antisymmetrized products of even numbers of
gamma matrices, which we will call Hy.

One constraint we will impose on the interactions is that
they preserve time-reversal symmetry, since the gapless
edge states in the free theory owe their existence to that
symmetry in the first place, as discussed in Sec. III B. The
action of time reversal on the bulk states is  — oy which
takes #; — —1#;. This sign is not interesting since we will
only be considering products of an even number of the 7#;
operators; however, in order for an interaction represented
as an antisymmetrized product of 2k antisymmetrized
gamma matrices to be Hermitian it must be proportional
to i¥, which means that operators with an odd k flip sign
under the antiunitary time-reversal transformation. So we
restrict the interaction to operators involving products of
multiples of four fermion fields.

One of the results of Ref. [13] is that this time-reversal
invariant H;,, can gap all of the edge states in this model if
and only if the number of flavors is a multiple of eight.
Completely gapping the edge states means that there is a
unique, nondegenerate ground state—so to prove this result
we need to show that a sum of totally antisymmetrized
products of 4k SO(2N) gamma matrices can only have a
unique lowest eigenvalue when 2N = 0 mod 8. This is
easy to show, and the argument is given in Appendix B.

Consider the case with eight flavors of fermions and
consider the interaction defined in Egs. (B10) and (B11).
On the domain wall,

Hint = 0)(6‘16‘26’36’4 + H.c. + 1), (66)

which for @ > 0 has the unique ground state |Q) =
(|0000) — [1111))/+/2 with energy E = 0, fourteen degen-
erate states with £ = w, and an isolated state with energy
E = 2w. In the effective Euclidean 0 + 1-dimension theory
one can compute the 1-particle propagator and find
(Q|;e iy |Q) = e775;;. (6.7)
How do these interactions affect the actual calculation of
the divergence of the generalized Hall current in the
doubled Euclidean version of the 1+ 1-dimension
Minkowski theory? We do not have a quantitative answer,
but believe that the gapping of the single particle propa-
gator in the fully interacting theory will render the
generalized Hall current divelrgenceless.6
In the 1+ I-dimension bulk theory we expect the
interactions act like the ’t Hooft operator induced by

®For work on the Greens function for theories with gapped
edge states, see Refs. [42-45].
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instantons in Ref. [46], saturating the zeromodes and
serving as topologically trivial infrared cutoff. In the
absence of interactions and diagnostic fields, the fermion
propagator we use to compute the generalized Hall current
in the Ny = 8 model defined as

JTIE d¥ie5¥,(31) Wi (r2)
ST d¥e™s

is divergent since the denominator vanishes due to the
integration over zeromodes of D which do not appear in the
action.

Suppose we now add a fully gapping interaction, such as
the one given in (Eq. (B11),

., S= / d>x¥YD¥Y  (6.8)

Line = o[(y1 + iys)" Cr, (w2 + iwe)]

x (s + iy7)" Cry (wa + iwg)] + He.  (6.9)

The natural extension to add in the doubled Euclidian
theory is then

Lin=[(P; +iPs)T3(Ys+iPe)] [(P3+iP7)T3 (W +i¥s)]
YHe., (6.10)

where I'; = 6, Xy, is the doubled version of y, given in
Eqg. (3.9). When this term is added to the action in Eq. (6.8)
the fermion propagator is no longer IR divergent since the
zeromodes of D now appear in the action. As a result, one
should still find a well defined index as the diagnostic fields
are removed—but as the infrared cutoff arising from the
interaction presumably has trivial spatial topology, we
expect a topological phase transition to a trivial phase with
vanishing divergence for the generalized Hall current,
similar to that seen in Sec. III B. It would be interesting
to develop a quantitative method to perform the calculation
in the presence of interactions, but this is beyond the scope
of this paper.

VII. DISCUSSION

We have shown that the presence of the massless edge
states in topological matter manifests itself by the inflow of
a current—which we call a generalized Hall current—in a
related system in Euclidian spacetime. The divergence of
this current indicates the existence of massless edge states
just as the Hall current inflow does for the integer quantum
Hall effect. But this current appears in all topological
classes in Minkowski spacetime, including those that do
not have conserved currents because of a lack of continuous
symmetries (such as a topological superconductor), or
whose edges do not suffer from chiral anomalies because
they lack chiral symmetry (such as topological insulators in
1+ 1 and 3 + 1 dimensions). In this sense one arrives at a
unified picture for disparate manifestations of topological
matter.

Furthermore, while the original motivation was to study
the index of the free Euclidean Dirac operator, the gener-
alized Hall currents can be computed for interacting
systems as well, and we gave qualitative arguments for
why we expect the utility of such currents to persist.
Whether this idea can be put on a firmer foundation is an
open question. It is an attractive proposition to be able to
compute analytically how interactions affect topological
properties in different systems in various dimensions. If a
general theory for gapping massless chiral edge states in
3 + 1 dimensions can be derived, that might shed light on
what restrictions there are on the matter content of chiral
gauge theories regulated on a lattice; this is of obvious
interest given that the Standard Model is a chiral gauge
theory.
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APPENDIX A: TOPOLOGY IN MOMENTUM
SPACE FOR DIRAC OPERATORS

We have seen repeatedly in this paper that the Feynman
diagram for the generalized Hall current can be expressed
as a trace involving a unitary matrix £ and its derivatives,
contracted with an epsilon tensor, where £ is the unitarized
Euclidiean fermion operator in d + 1 dimensions, & =

D/(det D)*" where d 4+ 1 = 2k for even dimensions and
d = 2k for odd dimensions. £ in general takes the form

&=a(p) +if(p), (A1)

a(p)* + b,(p)b,(p) = 1.

For an ordinary Dirac fermion, we have

m Py

gy P man W
We see that the d+ 2-component unit vector {a,b,}
represents a map from (d + 1)-dimensional momentum
space to the sphere S?*!. Note, however, that & maps all of
momentum space onto half of the sphere, as p — co. At
p =0 we have £=1, while for infinite momentum,
& — ip,y, which can be thought of as the equator of the
sphere, where the poles are represented by the matrices +1.
A map onto all of S*! is described by U = &, where for
infinite momentum U — —1. Evidently the topology for a
Dirac fermion in (d + 1)-dimensional momentum space is

045019-17



DAVID B. KAPLAN and SRIMOYEE SEN

PHYS. REV. D 108, 045019 (2023)

described by the O(d+ 1) nonlinear sigma model in
(d + 1) dimensions.

A convenient way to describe this nonlinear sigma model
isasan SO(d +2)/SO(d + 1) sigma model, which is what
we do here. By computing /g, where g,, is the metric of
the sigma model and g is its determinant, we can simply
express the volume form in terms of the matrix &, in a form
easy to relate to the Feynman diagram calculations.

We define

) 0 N
&= e/t = cos ; + iﬂsinz,

. 0 .
U= 52 — el(f,,}’,,/z — COS§+ lﬂSiIl—,

2

Ao =3 (60,6~ E0,6) = Ayt (43)

For even d + 1, it is easy to show that U parametrizes an
SO(d+2)/S0(d + 1) sigma model. We can write U as

U=e%an,  p=1,..,d+]1, (A4)
where
i .
Ow =Wt Vi iranre vap=ran. (A5
since 0, 4, = 7,/2. In this form we see that U(x) would

describe the Goldstone bosons of the spontaneous sym-
metry breaking pattern SO(d +2) — SO(d + 1), where
the o}, generate SO(d +2), and the subset o, ;. , are the

“broken generators” which are not also generators of the
SO(d + 1) subalgebra. A similar construction can be made
for odd d + 1.

The metric for this sigma model is given by

G x Tr0,U0,U x TrA,A, = A, AsTry,ys < (AAT),,.
(A6)

where the proportionalities are all constant. Thus we have
Vg = Ndet A. (A7)

With the convention for both SO(2k) and SO(2k + 1)

Tr[yszrl}/ﬂl . '7//42,(] = (21.)](6/4]4..”21(’ (Ag)
we can rewrite this as
Try A, .. A evend+1
\/§:N€#1~-~H(1+1 x ) e : (A9)
TrAMl "'Aﬂd+| oddd+1

With the normalization condition

/dd+19\/§ =1, (A10)

we have

d"’ 1=2: \/gz —LeijTrJ/:;AiAj
T

i
= Fei,‘Tr[h(aiU)(UTd;'U)

sin@/2
877 0 )’

= F ijkTrAiAjAk

d+1=3:/g

1
— meijkTr(UTaiU)(UTajU)(UTakU)

1 [sinf/2)\?2
T4 0 '

d+1=4: Jg=—

1
FeijkaryiAiAjAkAf
= 256 2€t]kar[7/5(a U)<U 0; U)
x (U9, U)(U"0,U)

3 [sing/2)\?3
 16x2 0 ’

d+1=5:/g=

F €ijkem TrA;A jAkAfAm

480 Ton_3 etjkfmTr[<U16 U)(Ura U)
x (Ut U)(Uto,U)(U"9,,U)

1 [sin@/2\*
=i—(——).
273 0

The integral in Eq. (A10) has an interpretation other than
as the normalized volume integral: with the definitions in
Egs. (A1) and (A3) it is the winding number of a map U(p)
from momentum space to SO(d +2)/SO(d + 1) = S+
Since U(p) — —1as |p| = oo in any direction, momentum
space is effectively compactified to S¢*!, and so the
winding number is an element of the homotopy group
7,(S") with n =d + 1.

(A11)

APPENDIX B: GAPPING THE MAJORANA
EDGE STATES WITH INTERACTIONS
IN 1+1 DIMENSIONS

Here we give a simple argument for a result of [13],
that one can fully gap the edge states in the 1 + 1 dimen-
sional Majorana model when the number of flavors is
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2N = 0 mod 8, and not for other numbers of flavors. For a
pedagogical review, see [47].

We have seen in Sec. VI that for 2N flavors, the most
general time-reversal invariant interactions can be written
as sums of totally antisymmetrized products of 4k SO(2N)
gamma matrices acting on the 2V-dimensional Hilbert
space of degenerate ground states. Call this interaction
matrix H,,, and consider the effect on H;, of two
special matrices: y,y,;, which anticommutes with all the
other gamma matrices, and C which has the following
properties7:

C=Cl=cC",
. (=T 2N =8k+2. 8k+6
Cy,C= r
4T 2N =8k, Sk+4.
o {+c IN =8k 8k+6
—C 2N =8k+2, 8k-+4.
~ ~ +7/2N 1 ZN = 4k,
Crmat={ T . (B1)
—7/2N+l ZN = 4k ‘l‘ 2

An explicit representation of C can be easily found using
the following recursive definition for the gamma matrices
of SO(2N). For SO(2) we take the Pauli matrices as our
gamma matrices:

2

S02): v =6, i=1,...3, (B2)
and then for SO(2N) for N > 2 we take
Yy =@y, i=1,..,2N-1,
I =0 ® 1,
Vv =03 ® L. (B3)

In this basis the matrix C is found to be a direct product of
matrices alternating between o, and o3:

C(2> = 0j, 6(4) = 03 ® Oy,
C(8> :03 ®02 ®63 ®02,

6(6) = 0) ® 63 ® 0Oy,
(B4)

and so on. It can be easily verified in this basis that C
possesses the properties in Eq. (B1).

Now it is easy to prove that the eigenvalues of H;,, have
to be at least doubly degenerate for all SO(2N) groups

"Note that the conventional definition of the charge conjuga-
tion matrix C satisfies Cy,C = —y; whereas C defined here sat-
isfies that equation for SO(4k + 2) but Cy,C = +y,, for SO(4k),
both C and C to conjugate the generators, Oy = —a,fy, and the
alternating sign better serves our purpose here. For SO(4k) the
conventional C is given by multiplying C by the chiral matrix

Vak+1-

except 2N = 8k, where k is an integer. H;, consists of
sums of products of 4k y matrices totally antisymmetrized
in their indices, with real coefficients; it follows that

Hy=H{,. [Hp.yn:1]=0. CHyC=HI

nt*

(B5)

Since [Hiy, 7on+1) = 0 we can simultaneously diagonal-
ize H;, and y,y, with eigenvectors v, , where

Hintl//n,a = j'nll/n,a s

YoN+1¥no = OWno> 1, ER, c==x1. (B6)

Now consider their action on the vector y,, , = Cy/,’;!(,:

mnt 1

Hint)(n,a = C<CHinl )er,a = CHT sz = CH*ml//:;
A

= 2V = Akl (B7)
and
VoN+1Xne = C(Cy2N+IC)W;,o—
_ { C}:ZNH Wno="10)ns 2N=4k (BS)
—CYoN i 1Whno=—0fno 2N=4k+2.

Thus y, , is an eigenstate of H;,, with eigenvalue 4,,, and now
we would like to know if it is proportional to y,, ,, in which
case we have learned nothing, or orthogonal to y,, ;, in which
case we have shown that the eigenvalue 4 is at least doubly
degenerate.

First of all, we see that while y,y 1y, , = oy, , We have
]/2N+1)(n.0- = _GXIZ,G for 2N = 4k/ + 2 = 8k + 2, 8k + 6,
proving that v, , and y, , are indeed orthogonal in these
cases and the spectrum is doubly degenerate. We can also
directly compute their inner product and find

)(Z,O'l//n,o’ = l//z;.o'cw",m (B9)
which equals zero whenever C is antisymmetric, which
occurs for 2N = 8k + 2, 8k + 4—and so the spectrum is
doubly degenerate in these cases also.

Putting the two results together we see double degen-
eracy for 2N =8k+2,8k+4,8k+6, leaving only 2N =8k
as a possible candidate for H;, to have unique eigenvalues.

Now we can ask: for SO(8k) do we need to go beyond the
y* terms in H,,, in order to gap all of the edge states? For this
we will just count parameters. Hjy, is 2V-dimensional, so we
should be able to obtain 2V different eigenvalues if we have
atleast 2V parameters in H,,,. (This is overkill, since we only
need the lowest eigenvalue to be unique). The number of
independent antisymmetric 4-index tensors, whose indices
can take 2N values is 2N!/[4!(2N — 4)!] which is greater
than 2V for N > 3. Therefore a purely 4-fermion interaction
can gap all the fermions for every SO(8k).
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A simple example in the eight flavor model of a time-
reversal invariant interaction that gaps all of the edge
states is

Hint = (0(6'16'26'36'4 —+ H.c. —+ 1), (BlO)

where the ¢; ladder operators were defined in Eq. (6.4), and
we assume @ > 0. (Under time reversal, ¢; <> —6;.)
The eigenstates of H;, include a unique ground state

with eigenvalue E = 0, fourteen degenerate states with
eigenvalue £ = w, and a unique maximal state with

eigenvalue 2w. The eigenstates corresponding to the mini-
mum and maximum energy are linear combinations of the
empty and fully occupied states, (]0000) F [1111))/+/2,
where ¢;/0000) = 0, and |1111) = &}12]710000).

The interaction in Eq. (B10) can be realized in our
1 4+ 1-dimension Lagrangian by the term

Line = o[(p1 + iys)" Cr, (wr + iye)]

x [(y3 + iy7) Cry (ws + iyg)] +He.  (B11)
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