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Quantum study of supersymmetric theories on Euclidean two dimensional anti–de Sitter space (AdS2) is
invalid if we use the standard normalizable functional basis due to its incompatibility with supersymmetry.
We cure this problem by demonstrating that supersymmetry requires a complexified spectrum and
constructing the supersymmetric basis for scalar and spinor fields. Our new basis is free of fermionic zero
modes, delta-function normalizable with respect to a newly defined inner product, and compatible with the
supersymmetric asymptotic boundary condition. We also explore the one-loop evaluation using this basis
and show that it agrees with the standard nonsupersymmetric basis up to a global contribution arising from
the fermion zero mode.
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I. INTRODUCTION

Supersymmetric theories on Euclidean AdS2 have been
an interesting subject of research in the past few decades.
This is mainly because all extremal black holes univer-
sally have an AdS2 factor in their near horizon geo-
metry [1], where their thermodynamic properties can be
studied via the Euclidean path integral approach [2].
Supersymmetry provides us with a powerful tool for
studying quantum aspects of black hole entropy. For
instance, the “quantum entropy function” [3] defined as
the Euclidean supergravity partition function on their near
horizon geometry in global coordinate for supersymmetric
black holes has received a successful one-loop test by
comparing it with corresponding microscopic results
[4–10]. Furthermore, computation using the supersym-
metric localization method capturing all quantum correc-
tions has achieved exact matching with microstate
counting of black holes [11–22].
However, despite all those extensive results, quantum

studies of supersymmetric theories on Euclidean AdS2
have suffered from a fundamental underlying problem.
(In the Lorentzian case [23], no such problem occurs.)
As noted in [24,25] and highlighted again in [26], quantum

fluctuations of bosonic and fermionic fields are not mapped
to each other by supersymmetry when expressed in terms of
the standard delta-function normalizable eigenmodes of their
respective kinetic operators [27–29], due to the asymptotic
growth of Killing spinors. This would yield the conclusion
that supersymmetry demands non-normalizable modes over
which the path integralwould be ill defined, hence seemingly
invalidating its evaluation exploiting supersymmetry. This
raises the following questions about the aforementioned
quantum studies: how is the localization method, which
should rely on supersymmetry, valid and capable of giving
the correct exact result, and how can the one-loop study using
the heat kernel with standard nonsupersymmetric basis agree
with supersymmetric results? A recent thorough study on a
simple theory on AdS2 has also supported consistent results
in both approaches [30], yet an addressal of this question is
awaited.
We resolve this problem by showing that supersymmetry

on Euclidean global AdS2 requires a complexified spec-
trum. We provide an explicit construction of the “super-
symmetric Hilbert space” for scalar and spinor fields on
that space by compexifying the spectrum of the Dirac
operator via the shift of the eigenvalue λ by i=2. With this
construction, all the basis functions of the scalar are
mapped by supersymmetry to the basis functions of the
spinor. These spectra form a Hilbert space, as they are still
delta-function normalizable under an appropriate definition
of the “Euclidean inner product,” thereby making the
supersymmetric partition function well defined. Using an
example of a supersymmetric theory, we demonstrate that
this Hilbert space indeed provides a good supersymmetric
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basis to span all the fluctuations of fields demanded by the
asymptotic boundary condition as dictated by the varia-
tional principle. The seemingly non-normalizable modes in
the standard Hilbert space are now treated as normalizable
modes in the supersymmetric Hilbert space. Additionally,
we find that the new basis is free of fermion zero modes,
making the path integral well defined. Using this basis, we
explore the one-loop evaluation and show that the local part
of the heat kernel computation is the same as the one
obtained using the standard nonsupersymmetric basis. The
difference in the global part arises from the fermion zero
mode that can appear in the standard basis but not in the
supersymmetric basis. Therefore, this construction pro-
vides a foundation for quantum study of supersymmetric
theories on AdS2 [24,25,30,31], thereby resolving the
previously stated questions concerning supersymmetric
black holes.

II. DELTA-FUNCTION NORMALIZABLE MODES

We begin by revisiting the standard basis for scalar and
spinor fields given by delta-function normalizable eigen-
functions [27–29] of the Laplace and Dirac operators on the
Euclidean global AdS2 background whose metric is given
by ds2 ¼ L2ðdη2 þ sinh2 ηdθ2Þ.

A. Scalar modes

For the Laplacian operator −∇2 on AdS2, the eigen-
functions are given by

ϕλ;kðη;θÞ

¼ 1ffiffiffiffiffiffi
2π

p 1

2jkjjkj!

�
Γð1

2
þjkjþ iλÞΓð1

2
þjkj− iλÞ

ΓðiλÞΓð−iλÞ
�1

2

eikθ

×sinhjkjηF
�
1

2
þjkjþ iλ;

1

2
þjkj− iλ; jkjþ1;−sinh2

η

2

�
;

ð1Þ

with k ∈ Z, λ ∈ R>0, where Fðα; β; γ; zÞ is the hyper-
geometric function, which have eigenvalue, L−2ðλ2 þ 1=4Þ.
The eigenfunctions (1) satisfy delta-function orthonormal-
ity under the following definition of inner product (see
Appendix B):

hϕλ;kjϕλ0;k0 i≡
Z

dηdθ
ffiffiffi
g

p
ϕλ;−kϕλ0;k0 ¼L2δðλ−λ0Þδk;k0 : ð2Þ

Note that since we will complexify the parameter λ, we
have defined the dual of a basis element ϕλ;k for the inner
product as ϕλ;−k, without using complex conjugation. This
definition stems from the property that ϕλ;−k ¼ ðϕλ;kÞ� for
real λ.
Homogeneity of AdS2 implies that the spectral density

can be obtained using the eigenfunctions evaluated at
η ¼ 0, where only the k ¼ 0 mode survives. Hence,

μϕðλÞ≡
X
k

ðϕλ;−kϕλ;kÞjη¼0 ¼
λ

2π
tanh πλ: ð3Þ

We note that λ ¼ 0 is not a part of the scalar spectrum
since μϕð0Þ ¼ 0.
Using the inversion formula of hypergeometric function

(A3), one can show that the eigenfunctions have the
following asymptotic behavior as η → ∞:

ϕλ;kðη; θÞ ∼ e−
1
2
ηþikθðαλ;keiλη þ α−λ;ke−iληÞ;

αλ;k ≡ 1

π
ffiffiffi
2

p
�
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2
þ jkj − iλÞ
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2
þ jkj þ iλÞ

�1
2

: ð4Þ

B. Spinor modes

For the Dirac operator iD on AdS2, with the gamma
matrices being Pauli matrices, the eigenfunctions are given
by [32]

ψþ
λ;k ¼

1ffiffiffiffiffiffi
4π
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with λ ∈ R; k ∈ Z≥0, which have the eigenvalue L−1λ. The eigenfunctions (5) satisfy delta-function orthonormality under
the following definition of inner product:

hψ�
λ;kjψ�

λ0;k0 i≡�i
Z

dηdθ
ffiffiffi
g

p
ψ∓
λ;kψ

�
λ0;k0 ¼ L2δðλ − λ0Þδk;k0 ; ð6Þ
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where our convention for the spinorial multiplication is
ψχ ≡ ψTCχ with C ¼ γ2. Note that we have defined the
dual of a basis element ψ�

λ;k for the inner product through
the symplectic Majorana conjugate as �iðψ∓

λ;kÞTC, not
using Hermitian conjugate. This definition stems from
the property that ðψ�

λ;kÞ† ¼ �iðψ∓
λ;kÞTC for real λ. In fact,

this is the natural definition in Euclidean space because
Euclidean space treats the conjugate of a spinor as an
independent spinor, formally doubling fermionic degrees of
freedom [33,34]. Therefore, we would call (6) the “Euclid-
ean inner product.”
Homogeneity of AdS2 implies that the spectral density

can be obtained using the eigenfunctions evaluated at
η ¼ 0, where only the k ¼ 0 mode survives. Hence,

μψ�ðλÞ≡�i
X
k

ψ∓
λ;kψ

�
λ;k

����
η¼0

¼ 1

4π
λ coth πλ: ð7Þ

We note that, unlike the case for scalar modes, the spectrum
exists at λ ¼ 0 since μψ�ð0Þ ≠ 0.
Finally, we note the asymptotic behavior for large η as

follows:

ψ�
λ;k∼e−

η
2
�iðkþ1

2
Þθðeiληβλ;kυð−Þ �e−iληβ−λ;kυðþÞÞ;

βλ;k≡ 1

2π

�
Γð1

2
þ iλÞΓð1þk− iλÞ

Γð1
2
− iλÞΓð1þkþ iλÞ

�1
2

; υð�Þ≡
�

1

�1

�
; ð8Þ

where we note the projection property, P�υð�Þ ¼ υð�Þ, with
the projector, P� ≡ 1

2
ð1� γ1Þ.

III. PROBLEM WITH SUPERSYMMETRY

Let us elaborate on the problem concerning the super-
symmetry of the standard delta-function normalizable
modes. The supersymmetry relation between boson Φ
and fermion Ψ is generically given by local transformation
using Killing spinors, ε, as

QΦ ¼ εΨ: ð9Þ

On AdS2, the Killing spinors satisfy the following con-
formal Killing spinor equations:

Dμε
s ¼ s

1

2L
γμε

s; s ¼ �1; ð10Þ

depending on the sign factor s associated with the back-
ground value of fields in gravity multiplet. With our choice
of the gamma matrices, the Killing spinor solutions are

εsþ ¼
ffiffiffiffi
L

p
e
iθ
2

�
cosh η

2

ssinh η
2

�
; εs−¼

ffiffiffiffi
L

p
e−

iθ
2

�
ssinh η

2

cosh η
2

�
: ð11Þ

We note that these spinors grow as expðη=2Þ for large η,
which we call degree of growth 1=2.
Let us look at the supersymmetry relation between scalar

and Dirac spinors, for the left- and right-hand sides of (9)
respectively, in terms of the basis functions presented in
previous section. On one hand, we recall from (4) that the
basis functions for scalar have degree of growth −1=2. On
the other hand, since the Killing spinors on the AdS2
presented in (11) have degree of growth 1=2, one can show
using (8) that the basis functions for spinor fields combined
with the Killing spinors have degree of growth 0 having the
following asymptotic behavior, up to proportionality
factors,

εs�ψ
�
λ;k ∼ esiλη�iðkþ1Þθ; εs∓ψ�

λ;k ∼ esiλη�ikθ: ð12Þ

Therefore, the degree of growth of left- and right-hand sides
of the supersymmetry relation (9) do not match when
expressed in terms of the delta-function normalizable basis
functions given in (1) and (5).
The mismatch at the level of asymptotic growth of basis

elements is an indication that there is no mapping between
the boson and fermion. To elaborate the argument, we try to
find the supersymmetry transformation in terms of the
mode expansion coefficient. If we schematically expand the
boson and fermion in terms of complete basis ϕm and ψn,
respectively, as Φ ¼P amϕm, Ψ ¼P bnψn, then super-
symmetry relates the bosonic coefficient am and the
fermionic coefficient bm as

Qam ¼ hϕmjεΨi ¼
X
n

bnhϕmjεψni: ð13Þ

Here, there is an issue: according to the asymptotic
behavior of scalar in (4) and bifermion in (12) having
degree of growth−1=2 and 0 respectively, the inner product
h·j·i in (13) is ill defined as the integration diverges,

hϕλ0;k0 jεψλ;ki ∼
Z

∞

0

dη
ffiffiffi
g

p
e−

1
2
η → ∞: ð14Þ

Nevertheless, we can extract finite information by analyti-
cally continuing the integration. We introduce the param-
eter ϵ > 1=2 such that the integrand, including the measureffiffiffi
g

p
, has degree of growth less than zero behaving as

exp½ð1=2 − ϵÞη� for large η. Then we can perform the well-
defined integration, from which we take the ϵ to be zero. In
this way, one can show that the result is

hϕλ0;kjεsψλ;ki ∝ δ

�
λ0 þ

�
λ− s

i
2

��
þ δ

�
λ0 −

�
λ− s

i
2

��
:

ð15Þ
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We shall omit the detail on how to introduce the parameter ϵ
and perform the integration as this result is clear once we
note the property of the bispinor that will be given in (17).
Since the spectral parameter for scalar and fermion basis

is real, the inner product (15) between the scalar basis and
the bifermion vanishes. This result concludes that the
superpartner of the scalar mode (1) is not expressible in
terms of standard delta-function normalizable basis for
spinor field (5). This seems to suggest that we have to give
up the delta-function normalizable basis and find a way to
introduce non-normalizable modes as argued in [24–26].
However, in the following, we will show that we can still
have the supersymmetric delta-function normalizable basis
furnishing a supersymmetric Hilbert space.

IV. SUPERSYMMETRIC HILBERT SPACE
WITH COMPLEXIFIED SPECTRUM

In order to have supersymmetry, the inner product in (15)
should be nonzero. From the expression, we notice that it is
natural to consider complexifying the parameter λ: if we
consider fermionic modes with complex eigenvalue λ by
shifting with imaginary value i=2, i.e. λ → λþ si=2, then
we obtain δðλ0 − λÞ in (15). This idea of shifting λ by i=2 is
also supported by the following observation. Using the
Killing spinor equation (10), eigenvalue equation for ψ�

λ;k,
and the fact that the scalar curvature of AdS2 is R ¼ −2L−2,
we can easily find the eigenvalue of bispinor with respect to
the Laplace operator as

−∇2ðεsψ�
λ;kÞ ¼

1

L2

��
λ − s

i
2

�
2

þ 1

4

�
ðεsψ�

λ;kÞ: ð16Þ

Therefore, if we shift the λ → λþ si=2, then the bispinor
has the same eigenvalue of the scalar modes. This means
that the bispinor is expanded in terms of the scalar
eigenfunctions and the map between the scalar and fermion
is straightforward. In fact, one can show using the recursion
relations (A5) that the bispinor with shifted λ by i=2 is
exactly proportional to the eigenfunctions for scalar as [35]

εs�ψ
�
λþs i

2
;k
∝ ϕλ;�ðjkjþ1Þ; εs∓ψ�

λþs i
2
;k
∝ ϕλ;�jkj: ð17Þ

With the above idea, we propose a supersymmetric
Hilbert space, which is composed of the bosonic modes
given in (1) together with the fermionic modes given in (5)
with shifted λ as

Scalar∶ fϕλ;kðη; θÞjλ ∈ R>0; k ∈ Zg
Spinor∶ fψ�

λþs i
2
;k
ðη; θÞjλ ∈ R; k ∈ Z≥0g. ð18Þ

As a result, all the modes of the scalar fields have their
superpartners through the supersymmetry transformation
(9), which is clear from the relation (17).

The immediate consequence of the shifted λ is that the
fermionic modes have a complex eigenvalue for the Dirac
operator as L−1ðλþ si=2Þ. We note that this complex
eigenvalue is not unnatural because AdS2 is a noncompact
space with boundary and the Dirac operator iD is no longer
Hermitian on that space. This non-Hermiticity of the Dirac
operator was reported also in flat space with boundary [36].
By this shift, the spectral density of the spinor basis in
supersymmetric Hilbert space now becomes

μψ�

�
λþ s

i
2

�
¼ 1

4π

�
λþ s

i
2

�
tanh πλ: ð19Þ

We note that the measure vanishes at λ ¼ 0 unlike the
original measure in (7). This implies that, while the mode
with λ ¼ 0 in the basis given in (5) is zero mode for
massless case, the supersymmetric basis defined in (18)
does not have such zero modes irrespective of the value
of mass.
The eigenmodes for the spinor in the supersymmetric

Hilbert space (18) have the degree of growth 0 as they have
the following asymptotic behavior:

ψþ
λþs i

2
;k
∼ eiðkþ1

2
Þθe−siληβ−sλ− i

2
υðsÞ;

ψ−
λþs i

2
;k
∼ −se−iðkþ1

2
Þθe−siληβ−sλ− i

2
υðsÞ; ð20Þ

where the βλ and υðsÞ are given in (8).
Note that although these eigenmodes survive at the

asymptotic boundary of AdS2, being degree of growth 0,
the inner product among them, defined in (6), is still well
defined because the spinorial multiplication of two leading
terms in (20) vanishes identically due to the projection
property of υð�Þ and only the product of the leading and
subleading terms survives, having degree of growth −1.
Furthermore, the inner product (6) is defined in a manner
that the parameter λ can be complexified. Within this
definition we find that the supersymmetric basis functions
for the spinor field in (18) form a delta-function ortho-
normal basis satisfying

�
ψ�
λþs i

2
;k

����ψ�
λ0þs i

2
;k0

�
¼ L2δðλ − λ0Þδk;k0 : ð21Þ

Here, the resulting Dirac delta function is natural because
we have shifted both of λ and λ0 by same imaginary number
i=2. It may seem that shifting of λ and λ0 by any imaginary
number, say ix, results in the delta function in (21) while
preserving well-defined integration. However, we note that
the integration in (21) is normalizable only if x ≤ 1=2. To
explain, suppose x > 1=2. Then in the asymptotic behavior
(20), the leading term and subleading term behave as
expðð−1=2þ xÞηÞ and expðð−3=2þ xÞηÞ respectively, and
thus the integrand in (21) has degree of growth −1þ 2x
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which is greater than zero resulting in the integration being
divergent.
In contrast to the standard basis given in (1) and (5), the

basis functions constructed in (18) indeed form a suitable
basis to span all the fluctuations that satisfy supersym-
metric asymptotic boundary conditions dictated by the
variational principle. To demonstrate this, let us exploit the
relevant result from the analysis of the supersymmetric
boundary condition in [30] for Euclidean global AdS2.
The analysis is reviewed in Appendix C in terms of the
convention used in this paper (see also [37–39] for the
Lorentzian or Poincare patch of Euclidean AdS2). For a
supersymmetric action, if we demand that the variation of
the action around the on-shell saddle vanishes, then the
asymptotic expansion of the scalar and spinor fluctuations
are restricted as

δϕ ¼ δϕð0Þe−Δϕη þ � � � ; Δϕ >
1

2
;

δψ ¼ δψ ð0Þe−Δψ η þ � � � ; Δψ > 0: ð22Þ

From this, we note that the lowest bounds of the scalings
for fluctuation of scalar and spinor fields are given by
Δϕ ¼ 1=2 and Δψ ¼ 0, and they are actually the degree of
growth of our supersymmetric basis functions for scalar
and spinor fields in (18), respectively. This implies that all
the possible fluctuations that have the asymptotic scaling
above their bound given in (C5) can be spanned by the
supersymmetric basis. Special attention is required for the
case where 1=2 ≥ Δψ > 0. In this range, the spinor
fields are seemingly non-normalizable as they cannot be
expanded in terms of the standard basis. However, in terms
of our supersymmetric basis with the Euclidean inner
product, it is still regarded as a normalizable boundary
condition and corresponding fluctuations can be expanded
using the delta-function normalizable basis.

V. ONE LOOP IN SUPERSYMMETRIC
HILBERT SPACE

Now, we want to explore the one-loop partition function
of a theory consisting of the scalar and spinor fields
evaluated in the supersymmetric Hilbert space and compare
it with the one that would be evaluated in nonsupersym-
metric standard Hilbert space that would satisfy a asymp-
totic boundary condition different from (C5). For this
purpose, we shall use the heat kernel method. Since the
scalar basis is the same for both of supersymmetric and
nonsupersymmetric Hilbert spaces, we can focus only on
the contribution of the spinors having the kinetic term
−iψ̄ðDþMψÞψ , where ψ̄ and ψ are independent spinors.
A crucial difference between the two cases is that, while

the nonsupersymmetric Hilbert space can suffer from
fermionic zero mode, our supersymmetric Hilbert space
does not: for the former case, the kinetic operator of the

spinor vanishes at λ ¼ 0 when Mψ ¼ 0 and the spectrum
exists at this point as noticed in (7), whereas for the later
case even though the kinetic operator vanishes at λ ¼ 0
when Mψ ¼ −1=2, such point in the spectrum does not
exist as was pointed out in (19). In general, if there are zero
modes, we separate out their regularized contribution as
Z1-loop ¼ ZzmZ0

1-loop. However, as we do not have zero
modes, we can directly compute the one-loop partition
function via the standard procedure of heat kernel
method [40] as

logZψ
1-loop ¼

1

2

Z
∞

ϵ=L2

ds̄
s̄
Kψðs̄Þ;

Kψ ðs̄Þ≡−Tr exp½−s̄ðiLðDþMψÞÞ2�

¼ −2
Z

d2x
ffiffiffi
g

p Z
C
dzμψðzÞ exp½−s̄ðzþ iLMψÞ2�:

ð23Þ

Here we have defined Kψ ðs̄Þ as minus of trace over heat
kernel for the Dirac spinors, which is to be integrated over
its dimensionless argument s̄ from the UV cutoff ϵ=L2 to
infinity. As the trace is over the complete Hilbert space, the
quantity Kψðs̄Þ is a local quantity.
In the last line of (23), the trace now involves integration

over the complex spectrum parametrized by z ¼ λþ i=2.
We note that this is nothing but the heat kernel in standard
delta-function normalizable basis with the contour in λ
shifted by i=2. Let us recall that the measure μψ ðzÞ, which is
the spectral function, was defined such that it is a
meromorphic function of z as in (7), and it has poles at
z ¼ �i;�2i;…. Therefore, the shift of the contour does not
cross any poles and thus does not change the result of the
heat kernel. This concludes that the local contribution of the
heat kernel method is the same for the supersymmetric and
the nonsupersymmetric result. However, the nonlocal
contribution can be different as the standard nonsupersym-
metric basis can have fermionic zero mode.
This result explains how the one-loop study of super-

symmetric black holes via the standard heat kernel agrees
with the supersymmetric result. For the near horizon
geometry of supersymmetric black holes of the form
AdS2 × S2, there are no zero modes of spinor fields since
the Dirac operator along S2 does not give zero mass in the
Kaluza-Klein tower. Therefore, there is no difference even
in the global contribution of heat kernel computation
between nonsupersymmetric and supersymmetric Hilbert
spaces.

VI. DISCUSSION

It is worth emphasizing that the quantum fluctuations of
fields in supersymmetric theories should reside in a super-
symmetric Hilbert space. Therefore, our construction
serves as a basic foundation for quantum studies of
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supersymmetric theories on AdS2, including supersym-
metric black hole entropy. We note that in the exact results
using supersymmetric localization [19,20,30], the boun-
dary conditions of fields indeed meet the conditions of the
basis functions in our supersymmetric Hilbert space.
It is also worth emphasizing that, unlike the standard

basis, the spinor basis in (18) does not admit fermionic
zero modes. Therefore, it ensures that the path integral is
nonvanishing.
Although this paper analyses chiral multiplet fields on

AdS2, we expect that the complexified spectrum is perva-
sively necessary for supersymmetry in generic situations.
Specifically, on higher dimensional AdSd, the spectrum of
the chiral multiplet will also have i=2 shift independently of
d. Other multiplets, such as vector and gravity multiplets,
should also have a complex spectrum. The explicit con-
struction of the basis for them is an interesting subject for
future research.
Even though the new basis functions are delta-function

normalizable, the asymptotic behavior shown in (20)
reveals that the spinor modes can reach the boundary of
AdS2. It would be interesting to investigate the implications
of this property of the modes for black hole physics.
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APPENDIX A: SPECIAL FUNCTIONS

In this appendix, we present some useful properties
concerning the hypergeometric function [41] and gamma
function.

1. Definition

The hypergeometric function is defined by the power
series

Fðα; β; γ; zÞ ¼ 1þ α × β

γ × 1
zþ αðαþ 1Þβðβ þ 1Þ

γðγ þ 1Þ × 1 × 2
z2

þ αðαþ 1Þðαþ 2Þβðβ þ 1Þðβ þ 2Þ
γðγ þ 1Þðγ þ 2Þ × 1 × 2 × 3

z3

þ � � � : ðA1Þ

Integral representation

Fðα;β; γ;zÞ ¼ 1

Bðβ; γ − βÞ
Z

1

0

dt tβ−1ð1− tÞγ−β−1ð1− tzÞ−α;

½Reγ > Reβ > 0�; ðA2Þ

where Bðα; βÞ is Euler’s beta function

Bðα; βÞ ¼ ΓðαÞΓðβÞ
Γðαþ βÞ :

2. Useful relations

Inversion formula:

Fðα; β; γ; zÞ

¼ ΓðγÞΓðβ − αÞ
ΓðβÞΓðγ − αÞ ð−zÞ

−αF

�
α;αþ 1− γ;αþ 1− β;

1

z

�

þ ΓðγÞΓðα− βÞ
ΓðαÞΓðγ − βÞ ð−zÞ

−βF

�
β;βþ 1− γ;βþ 1− α;

1

z

�
;

½j arg zj < π;α− β ≠ �m;m ¼ 0; 1; 2;…�: ðA3Þ

Euler’s transformation:

Fðα; β; γ; zÞ ¼ ð1 − zÞγ−α−βFðγ − α; γ − β; γ; zÞ: ðA4Þ

Gauss’ recursion relations:

0¼ ð2β− γ− βzþαzÞFðα;β;γ;zÞþ ðγ− βÞFðα;β− 1;γ;zÞ
þ βðz− 1ÞFðα;βþ 1;γ;zÞ;

0¼ γFðα;β;γ;zÞ− ðγ−βÞFðα;β;γþ 1;zÞ
− βFðα;βþ 1;γþ 1;zÞ;

0¼ γFðα;β;γ;zÞ− ðγ−αÞFðα;β;γþ 1;zÞ
−αFðαþ 1;β;γþ 1;zÞ;

0¼ γFðα;β;γ;zÞ− γFðα;βþ 1;γ;zÞ
þαzFðαþ 1;βþ 1;γþ 1;zÞ;

0¼ γð1− zÞFðα;β;γ;zÞþ ðγ− βÞzFðα;β;γþ 1;zÞ
− γFðα− 1;β;γ;zÞ;

0¼ γð1− zÞFðα;β;γ;zÞþ ðγ−αÞzFðα;β;γþ 1;zÞ
− γFðα;β−1;γ;zÞ: ðA5Þ

Integration:
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Z
∞

0

dxxγ−1ðxþ zÞ−σFðα; β; γ;−xÞ ¼ ΓðγÞΓðα − γ þ σÞΓðβ − γ þ σÞ
ΓðσÞΓðαþ β − γ þ σÞ Fðα − γ þ σ; β − γ þ σ; αþ β − γ þ σ; 1 − zÞ;

½Reγ > 0;Reðα − γ þ σÞ > 0;Reðβ − γ þ σÞ > 0; j arg zj < π�: ðA6Þ

3. Some properties of gamma function

Euler’s reflection formula:

Γð1 − zÞΓðzÞ ¼ π

sin πz
; z ∉ Z: ðA7Þ

Legendre duplication formula:

ΓðzÞΓ
�
zþ 1

2

�
¼ 21−2z

ffiffiffi
π

p
Γð2zÞ: ðA8Þ

Formula for absolute value:

jΓðaþ ibÞj2 ¼ jΓðaÞj2
Y∞
k¼0

1

1þ b2

ðaþkÞ2
: ðA9Þ

In particular,

����Γ
�
1

2
� nþ ib

�����
2

¼ π

coshðπbÞ
Yn
k¼1

��
k −

1

2

�
2

þ b2
��1

;

n ∈ N; ðA10Þ

jΓðiλÞj2 ¼ π

λ sinhðπλÞ ;
����Γ
�
1

2
þ iλ

�����
2

¼ π

coshðπλÞ ;

jΓð2iλÞj2 ¼ 1

4π
jΓðiλÞj2

����Γ
�
1

2
þ iλ

�����
2

: ðA11Þ

4. Dirac delta function

The representation in terms of gamma matrix is given as

lim
ϵ→0

Γð−iλþ ϵÞΓðiλþ ϵÞ
ΓðϵÞ ¼ lim

ϵ→0
ΓðϵÞ

Y∞
k¼0

1

1þ λ2

ðϵþkÞ2

¼ lim
ϵ→0

ϵ

λ2 þ ϵ2
Y∞
k¼1

1

1þ λ2

k2

¼ lim
ϵ→0

ϵ

λ2 þ ϵ2
¼ πδðλÞ: ðA12Þ

Here, for the first equality we have used the formula (A9),
and for the third equality we have used the fact that the
products

Q∞
k¼1ð� � �Þ give 1 for λ ¼ 0.

APPENDIX B: ORTHONORMALITY
OF EIGENBASIS

In this appendix, we prove the orthonormality for scalar
basis (1). This can serve as the building block to show the
orthonormality of spinor basis.
The inner product is given by

hϕλ;kjϕλ0;k0 i ¼ L2δkk0cλ;jkjcλ0;jkj2 · 4jkjI1;

I1 ≡
Z

∞

0

dx xjkjðxþ 1ÞjkjFðα; β; γ;−xÞ

× Fðα0; β0; γ0;−xÞ; ðB1Þ

where we have redefined the variable as x ¼ sinh2 η
2
, and

have denoted

cλ;jkj≡ 1

2jkjjkj!

�
Γð1

2
þjkjþ iλÞΓð1

2
þjkj− iλÞ

ΓðiλÞΓð−iλÞ
�1

2

;

α≡ iλþ1

2
þjkj; β≡−iλþ1

2
þjkj; γ≡ jkjþ1: ðB2Þ

To evaluate the integration I1 in (B1), we use the trans-
formation formula (A4) and the integral representation of
the hypergeometric function (A2) to obtain

I1 ¼
Z

∞

0

dx xjkjFðγ − α; γ − β; γ;−xÞFðα0; β0; γ0;−xÞ

¼ 1

Bðγ − β; βÞ
Z

1

0

dt tα−β−1ð1 − tÞβ−1I2ðtÞ; ðB3Þ

where we define

I2ðtÞ≡
Z

∞

0

dx

�
1

t
þ x

�
α−γ

xjkjFðα0; β0; γ0;−xÞ: ðB4Þ

Here, we note that the relation (A2) can be used provided
the following constraints are met:

ReðγÞ > Reðγ − βÞ > 0; ðB5Þ

which is always satisfied according to (B2).
Now, to calculate (B4), we want to apply the integration

formula (A6) which requires the following conditions:

Reðα0 − γ0 þ γ − αÞ > 0; Reðβ0 − γ0 þ γ − αÞ > 0;

Reðγ0Þ > 0; arg

�
1

t

�
< π; ðB6Þ
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where the last two relations in (B6) are always satisfied
while the first two, using (B2), reduce to

Reðα0 − αÞ ¼ 0; Reðβ0 − αÞ ¼ 0: ðB7Þ

We can avoid violating the bounds by introducing a
regulator in (B6) as follows:

α→ αþ ϵ; β→ βþ ϵ; γ→ γþ2ϵ; ϵ> 0; ðB8Þ

which will guarantee the applicability of (A6) and we take
the limit ϵ → 0 at the end of the calculation. Hence,

I2ðtÞ ¼
Γðγ0ÞΓðα0 − γ0 þ γ − αþ ϵÞΓðβ0 − γ0 þ γ − αþ ϵÞ

Γðγ − β þ ϵÞΓðα0 þ β0 − γ0 þ γ − αþ ϵÞ

× F

�
α0 − γ0 þ γ − αþ ϵ; β0 − γ0 þ γ − αþ ϵ;

α0 þ β0 − γ0 þ γ − αþ ϵ; 1 −
1

t

�
: ðB9Þ

We are now left with the integration given in (B3),

I1 ¼
1

Bðγ − β; βÞ
Z

1

0

dt tα−β−1ð1 − tÞβ−1þϵI2ðtÞ: ðB10Þ

We redefine the variable 1 − 1
t ¼ −x, and use the integra-

tion formula (A6) again. Then

I1 ¼
1

Bðγ − β; βÞ
Z

∞

0

dxð1þ xÞ−ðαþϵÞxβ−1þϵI2ðxÞ

¼ 1

Bðγ − β; βÞ
Γðγ0ÞΓðα0 − γ0 þ γ − αþ ϵÞΓðβ0 − γ0 þ γ − αþ ϵÞΓðβ − β0 þ ϵÞΓðβ − α0 þ ϵÞ

Γðγ − β þ ϵÞΓðα0 þ β0 − γ0 þ γ − αþ ϵÞΓðβ þ ϵÞΓðγ − γ0 þ 2ϵÞ ; ðB11Þ

where we can check that the conditions in (A6) are satisfied
due to the regularization parameter ϵ as

Reðβ − β0 þ ϵÞ > 0; Reðβ − α0 þ ϵÞ > 0: ðB12Þ

By taking the ϵ → 0 and recovering all the factors defined
in (B2), we obtain

hϕλ;kjϕλ0;k0 i ¼ L22δkk0
1

jΓðiλÞj2jΓð1
2
þ iλÞj2

×
jΓðiðλþ λ0Þ þ ϵÞj2jΓðiðλ − λ0Þ þ ϵÞj2

Γð2ϵÞ

¼ L24πδkk0
jΓði2λÞj2

jΓðiλÞj2jΓð1
2
þ iλÞj2

× ðδðλ − λ0Þ þ δðλþ λ0ÞÞ
¼ L2δkk0 ðδðλ − λ0Þ þ δðλþ λ0ÞÞ; ðB13Þ

where we use the identity (A12) for the second equality and
(A11) for the third equality. The fact that λ > 0 and λ0 > 0
for scalar basis yields the orthonormal condition (2).

APPENDIX C: ASYMPTOTIC
BOUNDARY CONDITION

For the chiral multiplet on AdS2 and s ¼ þ1 in (10), the
supersymmetric Lagrangian is given by

L ¼ ∂μϕ̄∂
μϕþM2

ϕϕ̄ϕ − iψ̄ðDþMψ Þψ þ∇μVμ;

Vμ ≡ 1

2iϵ̄ϵ
½iϵμνðiϵ̄γ3ϵÞðϕ̄∂νϕ − ϕ∂νϕ̄Þ

− ðϵ̄γμψ̄Þϵψ þ ðϵψ̄Þϵ̄γμψ �; ðC1Þ

with mass relation ðLMϕÞ2 ¼ ðLMψÞ2 þ LMψ , thereby
satisfying the Breitenlohner-Freedman bound [42,43],
ðLMϕÞ2 ≥ −1=4. Here, the total derivative term is chosen
[30] such that it ensures the total Lagrangian is invariant
under the following transformations:

Qϕ ¼ ϵ̄ψ ; Qψ ¼ iγμϵ∂μϕ − iϵMψϕ;

Qϕ̄ ¼ ϵψ̄ ; Qψ̄ ¼ iγμϵ̄∂μϕ̄ − iϵ̄Mψ ϕ̄: ðC2Þ

We note that two spinor fields ψ and ψ̄ are independent
spinors in Euclidean theory. Likewise, ϵ and ϵ̄ are also
independent Killing spinors each of which can a priori be
spanned by two solutions (11). However, since the presence
of boundary preserves only half of the supersymmetries, we
set ϵ ¼ εþ and ϵ̄ ¼ ε− as the preserved supersymmetry
such that the Killing vector ϵ̄γμϵ∂μ ¼ ∂θ preserves the
boundary of AdS2.
The asymptotic expansion of the fields is determined by

asymptotic equations of motion with two expansion
coefficients. For the scalar and the Dirac spinor, we have
respectively
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ϕ ¼ ϕþ
ð0Þe

−Δþ
ϕ η þ ϕ−

ð0Þe
−Δ−

ϕη þ � � � ;

Δ�
ϕ ¼ 1

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

4
þ ðLMϕÞ2

r
¼ 1

2
�
����LMψ þ 1

2

����;
ψ ¼ ψþ

ð0ÞυðþÞe−Δ
þ
ψ η þ ψ−

ð0Þυð−Þe
−Δ−

ψη þ � � � ;

Δ�
ψ ¼ 1

2
� LMψ : ðC3Þ

The same expansion applies to ϕ̄ and ψ̄ , so we omit their
analysis.
Since supersymmetry relates the masses of scalar and

spinor fields, it also relates the expansion coefficients and
the corresponding scaling behavior of scalar and spinor in
(C3), depending on the range of fermionic mass as

Qϕ�
ð0Þ ¼ ψ�

ð0Þ; Δ�
ϕ ¼Δ�

ψ � 1

2
; for Mψ ≥−

1

2
;

Qϕ�
ð0Þ ¼ ψ∓

ð0Þ; Δ�
ϕ ¼Δ∓

ψ ∓ 1

2
; for Mψ <−

1

2
: ðC4Þ

The variational principle determines the boundary con-
dition for the expansion coefficients as well as the allowed
range of the falloff of quantum fluctuations. If we insert
the asymptotic expansion (C3) into the variation of action
(C1) and demand that it vanishes on shell, then we can
obtain

0 ¼ ϕ−
ð0Þ ¼ δϕ−

ð0Þ ¼ ψ−
ð0Þ ¼ δψ−

ð0Þ; Δδϕ >
1

2
;

Δδψ > 0; for Mψ > −
1

2
;

0 ¼ ϕ−
ð0Þ ¼ δϕ−

ð0Þ ¼ ψþ
ð0Þ ¼ δψþ

ð0Þ; Δδϕ >
1

2
;

Δδψ > 1; for Mψ < −
1

2
and Mψ ≠ −1; ðC5Þ

where ϕ−
ð0Þ ≠ 0 is allowed for the case where Mψ ¼ −1.
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