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Naturalness and UV sensitivity in Kaluza-Klein theories
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More than twenty years ago a paradigm emerged according to which a UV-insensitive Higgs mass
my and (more generally) a UV-insensitive Higgs effective potential V;(¢) are obtained from higher-
dimensional theories with compact extra dimensions and Scherk-Schwarz supersymmetry breaking. Since

then, these ideas have been applied to different models of phenomenological interest, including recent
applications to the dark energy problem. A thorough analysis of the framework on which such a paradigm
is based allows us to show that a source of strong UV sensitivity for my and V;(¢), intimately connected to
the nontrivial topology of these models’ spacetime, was missed. The usual picture of the Scherk-Schwarz
mechanism and its physical consequences need to be seriously reconsidered.
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I. INTRODUCTION

The Standard Model (SM) of particle physics has met
with enormous successes, culminating ten years ago in the
discovery of the Higgs boson [1,2]. However, several
important issues (dark matter, matter-antimatter asym-
metry, neutrino masses, flavor problem, strong CP-
problem,...) are left unsolved, and urge us toward a theory
beyond the Standard Model (BSM). Among them the
naturalness and hierarchy (NH) problems, and the way
gauge theories should merge with gravity in a consistent
unified theory, more generally the problem of a complete
unification of forces.

Concerning the naturalness and hierarchy problems,
traditional approaches such as supersymmetry and/or
composite models have to cope with the experimental
constraints coming from the LHC: the compositeness scale
or the SUSY breaking scale, more generally, the scale at
which new physics is expected to appear, should be in the
TeV region, but no sign of new physics has been observed
in this energy regime so far. Other attempts, that suffer
however from similar difficulties, are related to the pos-
sibility of lowering the fundamental scale of quantum
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gravity through large (compact) extra dimensions [3,4]
or warped dimensions, as in Randall-Sundrum models
[5,6]. Some other popular approaches are based on per-
turbative calculations, implemented with dimensional regu-
larization and/or perturbative RG equations, but a recent
analysis has shown that the theoretical frameworks on
which they are based are not sound (see [7,8] and
references therein). Other lines of research have also been
developed in the last years. These include: (i) the search for
UV/IR mixing properties in a quantum gravity/string
framework (see for instance works on the role of modular
invariance in the calculation of the Higgs mass in String
Theory [9], and on the application of the Swampland
arguments to the problem [10-12]), that would require at
least a partial breakdown of the EFT paradigm even below
the Planck scale; (ii) cosmological selection mechanisms,
originally inspired by the so-called relaxion of [13], where
different arguments are used with the aim of explaining the
observed value of the weak scale in terms of preferential
values determined by the cosmological evolution; (iii) the
use of discrete symmetries, as opposed to those of the
traditional approaches, started with the twin Higgs model
proposed in [14]; (iv) the possibility that the small value of
the Higgs mass results from a self-organized approach to
the critical point my = 0 [15,16].

As for the unification of forces, one of the most popular
approaches is inspired to the pioneering works of Kaluza
[17] and Klein [18], and consists in considering theories
with compact extra dimensions (sometimes related to string
theory), most often with at least one supersymmetry. Let us
take for instance a 5D theory with one compact circular
dimension of radius R. Fourier expanding the 5D fields of
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the original action along the compact dimension z, the
integration over z results in an effective 4D action. The
original 5D fields split into different representations of
the 4D Lorentz group and give rise to infinite towers of 4D
fields, the so-called Kaluza-Klein (KK) fields, one for each
distinct representation they decompose into, with masses
determined by the discrete values n/R of the momentum
along the compact dimension.

More than twenty years ago the idea emerged that some
theories with compact extra dimensions could naturally
provide finite (UV-insensitive) values for the masses of
scalar particles [19,20], in particular of the Higgs boson.!
This result was greeted with great enthusiasm, as it seemed
to hint to a physically well-motivated mechanism for the
solution of the long-standing naturalness problem. In its
original formulation, this mechanism was implemented by
considering supersymmetric extensions of the SM, with
one extra dimension compactified on the orbifold S;/Z,,

|

where §; is a circle of radius R [19,20]. The particle
spectrum is given by KK-towers of states with masses
dependingonn/R (n = 0, 1, ...). Supersymmetry is broken
through the Scherk-Schwarz mechanism [23,24], and the
masses of the KK fields are identified as (g;, and g, are
the R-symmetry charges or the periodicities of the boson
and fermion fields respectively):

my, = (n/R+4q,,)°  mj = (n/R+qy)"

where “a” refers to each of the superpartner families, while b
and f are for bosons and fermions respectively.

Indicating with ¢ one of the scalar fields, that could
either be the n = 0 mode of a scalar that lives in the 5D
bulk, or a Higgs field living on a boundary brane, the
resulting 4D one-loop effective potential V;(¢) is written
as [19,20]:

Vi) =535t 3 [ o (@) + (3a.)). m

lg

where M?(¢) is the field dependent mass of each family
that interacts with the field ¢, and i, = b,, f, indicates
the boson or the fermion partner in the family. Another
typical identification of the 4D Higgs field from higher-
dimensional theories with compact extra dimensions is
obtained by considering gauge theories, where the extra
components of the gauge fields serve as 4D scalars [25]. As
it was observed in [26,27], and later re-derived and care-
fully analyzed in [28], in such a framework a finite one-
loop Higgs potential (and thus a finite mass) is obtained
with no need for supersymmetry. In the present work we
limit ourselves to consider only supersymmetric models
with Scherk-Schwarz breaking mechanism, and leave the
analysis of the gauge-Higgs unification scenario, with the
related Hosotani mechanism, to a forthcoming paper [29].

Coming back to (1), it is important to point out that in the
usual approach the sum over n and the integration over p
are considered as independent operations. As we will see,
this is a delicate point, and we will discuss this issue at
length in due time. In [19,20] it is stated that the sum over n
must be done before the integration over p (as in finite
temperature field theory [30-32]), and the p integration is
performed introducing a hard momentum cutoff A. They
find that, in addition to finite contributions, V;(¢) contains
divergent terms as A3, M2(¢)A3, and M%(¢)A (apart from
A, these are all field dependent divergences). In super-
symmetric theories those are canceled due to the presence
of superpartners (M2(¢) is the same both for i, = b, and
i, = fa), and a finite V;(¢) is obtained. We stress however
that, once a hard cutoff A for the integration over p is

|
introduced, the well-known finite V;(¢) of [19,20] is
obtained irrespectively of the order followed for the two
operations (sum over n and integration over p), as first
hinted in [33,34]. This point will be further investigated in
the present work. Moreover we will see that there is a more
subtle issue, overlooked in the previous literature, ulti-
mately related to the way the quantum fluctuations of the
original 5D theory are treated. As the original theory lives
in 5 dimensions (one of which is compact), the dimen-
sionally reduced 4D one-loop Higgs potential V;(¢)
actually derives from the original 5D one-loop potential.
The consequences of this apparently obvious observation
are profound, and will be carefully explored in this work.
A mechanism similar to the one proposed in [19,20] was
later implemented in slightly different supersymmetric
models, with M2(¢) =0 and g; field-dependent, where
the compactification was realized on S;/Z, x Z) [35] (see
also [36]). The calculation of the 4D potential V{;(¢) yields
the same expression as in (1), with MZ2(¢) — 0 and
q;. = q; (¢). In [35,36] it is suggested that the finiteness
of Vy;(¢) and mé is due to compactification, and this
procedure is named “KK-regularization.” It is also worth to
stress that in the usual approach the need for considering
the sum over the KK-modes all the way up to infinity is
often presented as a requirement that comes from the

"This was built on observations and calculations already put
forward for other scopes in [21,22].
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higher-dimensional symmetries of the original theory (5D
Lorentz symmetry, SD SUSY, )2

The approach followed in [19,20,35,36] was challenged
in [33] (see also [37]), where it was hinted that, introducing
a hard numerical cut (L) for the sum over the KK-modes, and
a hard momentum cutoff (A) for the integration over p,
divergences show up unless L is taken much larger than A,
more precisely L/R > A. They argued that under this
condition the A-insensitive results of [19,20,35,36], together
with terms suppressed by powers of AR/L, are obtained.
This work triggered a heated debate on the validity of the
techniques used to obtain the finite V;(¢) and m3,. Some
authors reacted to [33] reproducing the finite results with the
help of smooth regularizations [38,39], suggesting that the
hard cut L used in [33] for the sum could be at the origin
of the (unwanted) UV-sensitive terms. Accordingly, it was
argued that “the sharp truncation of the KK-modes spoils the
tower structure of the 5D theory” [38].

More specifically, considering a model with interactions
localized on an orbifold fixed point brane, for the calcu-
lation of m%, in [38] a “thick brane” regularization was
used. Indicating with z the coordinate along the compact
dimension, the §(z) function that localizes the interactions
on the brane is smoothed with a Gaussian f(z;/,)=

1/1/2xl2e=%/?5 where [, is the thickness of the brane
[lim,; _o f(z; ;) = 8(z)]. Integrating over z, a smooth cut-

off function e~ ("/R+4)’L for the sum over each of the KK-
towers is generated (g generically indicates either g, or ).
The authors find the same finite results of [19,20,35,36],
and claim that their smooth procedure provides a solid
derivation of them. From a similar perspective, the issues
raised in [33] were also challenged in [39]. Considering
again the one-loop correction to the Higgs boson mass, a
Pauli-Villars regularization is implemented through the
introduction of higher derivative terms. This generates
the smooth cutoff function A*/[A*+ (p? + (& + ¢)*)?]
for each of the ¢ and each propagator, and (in their words)
such a regularization ‘“manifestly preserves supersym-
metry.” Once again the finite results of [19,20,35,36] are
obtained.

It seemed that these and similar works [38—41] closed the
debate, and that the community came to a general agree-
ment in favor of the finiteness of m% and V,(¢), as for
example later reported in the lecture notes [42], and more
recently in [43]. Since then, these ideas have been imple-
mented in several contexts and even in recent times they are
actively applied when working on theories with compact
extra dimensions [44—57]. Very recently there has also been
renewed interest in models with large extra dimensions in

“Sometimes the shift symmetry along the compact dimension
is also evoked and presented as the reflection on the effective field
theory of the modular invariance of the string theory in which the
former should be embedded.

connection to a Swampland approach to the cosmological
constant problem [58,59].

In this work we show that delicate and critical questions
went (and are still going) unnoticed. We will see that, when
sufficient attention is paid to the correct implementation of
the sum over n and integration over p, the expectation of
getting UV-insensitive results turns out not to be fulfilled.
The goal of the present work is to investigate on these
issues. We will see that the idea that compactification could
provide a mechanism (complementary to supersymmetry)
to obtain a finite Higgs boson mass needs to be deeply
reconsidered. As a consequence, the sometimes evoked
physical picture of the Scherk-Schwarz breaking as an
“effective lower-dimensional” SUSY breaking, more pre-
cisely as an apparent nonlocal and thus finite breaking for
low-energy observers that cannot resolve the additional
dimension, needs to be revisited too. In this respect, it is
worth to stress that in their original work Scherk and
Schwarz only use the extra dimensions as a trick/tool to
generate mass splittings in the context of “dimensional
reduction,” but do not give them any physical reality. The
question that needs to be reconsidered then concerns the
nature of what is usually named Scherk-Schwarz SUSY
breaking mechanism when the compact extra dimensions
are taken as physical.

The rest of the paper is organized as follows. In Sec. II we
pave the way to our analysis. Starting from a 5D theory with
one compact dimension, we review the usual way to derive
V1,(¢), and recover the usual results [19,20,35,36,38-40].
Starting with the 5D action of the original theory, in Sec. III
we specify and set up the physical and mathematical
ingredients needed for a careful derivation of the (dimen-
sionally reduced) 4D Higgs potential V;(¢). In Sec. IV we
calculate V;(¢p) with the help of the Euler-McLaurin
formula, that allows us to obtain the full result for V;(¢)
for the first time. We use a hard cutoff that we implement in
two different ways: in Sec. IVA we introduce a numerical
cut L for the sum over n, and a spherical cutoff A for the
remaining four components of the loop momentum; in
Sec. IV B a spherical hard cutoff for the whole 5D loop
momentum is considered. Section V is devoted to the study of
the problem through the introduction of a smooth cutoff. In
Sec. VA we calculate V;(¢) performing the infinite sum
over the KK-modes (with no cutas in Sec. II), and introduce a
smooth cutoff function for the integration over p, getting the
well-known finite result. In Sec. V B we introduce a smooth
cutoff function for the whole 5D momentum (p,n/R),
getting this time the results of Sec. IV B. In Sec. VI we
compare our results with those of previous literature.
Section VII is for the conclusions.

II. ONE-LOOP POTENTIAL:
INFINITE KK-TOWER SUM

To introduce the tools for our work and pave the way to
our analysis, in the present section we review the usual way
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a 4D one-loop potential V;(¢) is derived from a higher-
dimensional theory with compact extra dimensions.

As specified in the Introduction, we limit ourselves
to the case of higher-dimensional supersymmetric theories
with compact dimensions and SUSY broken by the
Scherk-Schwarz mechanism [23,24]. The case of higher-
dimensional gauge theories with compact extra dimensions
is left for a future publication [29]. For our illustrative
purposes it is sufficient to focus on 5D theories (the results
are easily generalized to 4 + n dimensions). Let us consider
for example the following (Euclidean) action in 4+ 1
dimensions (a = 1,...,5),

A 1. 4 Lo a
Sifd.d) = [ a{jodee v ages + i@ )

(2)

1 “+o0 d4p R
dr)=2Y [T,
(x.2) 2R 2= | @Qa)t "¢
(6.2) 1 X [ d'p
X,7) =—— ——n
A5 =50 Qry* e

n=—oo

where the 4D fields ¢,(x) are defined by [a similar
equation holds for y,(x)]

bn(x e, (6)

/ d4p é
\/ﬁ Prr

In realistic phenomenological applications, additional fer-
mion and boson fields (with supersymmetry explicitly
implemented), and possibly different compactifications
(typically orbifolds), are considered. The Higgs field is
usually identified either with the n = 0 mode ¢ (x) of the
KK-tower of a scalar field ®(y) [19,20,35,36], or with a 4D
scalar field ¢(x) confined on a brane placed at the orbifold

fixed point [36,38].
In the next section we will focus our attention on the
question of considering an infinite sum over n and the
|

Viule) =

n—=——00

i(px+iz) —

ei(p'x+( +q;(

where ®(y) and 7 () are 5-dimensional scalar fields (real and
complex respectively), with y = (x, z), z being the compact
spatial coordinate along S' and x the spacetime coordinate
on R, (M, before Euclideanization). Moreover, M?(®) =
M2 + f(®), where i is the 7 mass and f(d)pp" the
interaction between ® and 7. As for the periodicities of

the fields along the compact dimension, for & we have
& (x,z + 22R) = ®(x,z), (3)

while for the complex scalar field 7 we consider the non-
monodromy

F(x.z+27R) = e?™4j(x, ) (4)

allowed by the existence of an internal symmetry, whose
charge is g,. Expanding the fields in Fourier components:

- \/271' Z ¢n eZZ
n=—00

T el ®

[
whole R, space for the integration over p. For the time
being, we start the usual calculation of V;(¢) inserting the
expansions (5) in (2), and performing the integration over
the compact dimension z, thus ending up with a dimen-
sionally reduced 4D action for the KK-fields ¢, (x) and

n(x). The 4D one-loop Higgs potential V;(¢) is then

calculated summing up the loop contributions [60] from the
infinitely many fields that appear in this action. When the
Higgs field is identified with the zero KK-mode of a 5D
scalar field, as ® in (2) (see for instance [19,20]), or with a
brane field localized on an orbifold fixed point (see for
instance [36,38]), V;(¢) takes the form (the index i runs
over the families of bosons (b) and fermions (f) of the
considered model)

( M) + (% + q,~>2>, (7)

while in other supersymmetric theories, with S'/Z, x Z, compactification and mass mixing [35], it is given by

1/

Vi(e) =

n=—00

(p + <% + qi(cb))z)- (8)
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For our illustrative purposes, we do not need to concentrate
on details of the (orbifold) compactifications considered, or
on specific phenomenologically viable models that lead to
(7) or (8). Dwelling too much into them would obscure the
message/focus of this work: the UV behavior of V;(¢) can
be studied from (7) and (8), independently of the model from
which either of them is derived.

In [35,36] supersymmetric theories that lead to a
potential of the kind (8) (or directly to the corresponding
one-loop contribution to the Higgs mass) were considered.
The authors, performing first the sum over the infinite
tower of KK-modes, and successively the infinite integra-
tion over the four-momentum p, obtain for (8) a finite
result, the same being obviously true for m?. They dubbed
this procedure “KK-regularization.” It was later observed
(and we will see it below) that for models described by (8)
supersymmetry is not necessary, as the boson and fermion
contributions are separately finite [33]. When the same
calculation is done for models described by (7), Vy;(¢)

turns out to be finite only if the model is supersymmetric:
finite contributions are obtained when the superpartners are
combined together, but each single tower gives rise to
divergences proportional to powers of M>(¢).

Let us move now to the explicit calculation of V;(¢).
We begin with (7) and consider first a generic bosonic
contribution V%(¢), subtracting a normalization term
log(p? + Z—;) to log(p* + M* + (% + g5)?). Following the
strategy usually adopted in the literature [see the comments
above Eq. (7)], we perform separately the sum over n and
the integral over p, invert in (7) the sum with the integral,
and carry out the former first. A simple look to (7) shows
that, independently of getting or not a finite result for
V1:(¢), this calculation is possible only if a cutoff A in the
momentum integral is introduced (whatever order we
consider in performing the sum and the integral). With
the help of the Schwinger identity (the upper case A
indicates that the integral over p is performed with a cutoff
A), we can then write:

|
4
V}l’l /A d / dS Z s(R2(p2+M?)+(n+Rq,)?) _e_s(szerHZ)]. (9)

n=—o0

As the above series is uniformly convergent, we also exchanged the integral over s with the sum over n. With the help of the

. . )
Poisson resummation formula we obtain

A J4
Vii(g) = f/ o / - [8s<anh,e D)oK _ 9,0, 07 ) e KN || (10)

where

9(x,y) =1+ 2200s(2kx)yk2. (11)
=1

Taking first for both 95 in (10) only the first term in the right-hand side of (11), we get

1

-3 |7 v

and integrating” finally over p we have

ASR MR A*M?RVA? + M?

— RV = 7R (—p + /M + pz), (12)

A*RVA? + M?  M*RVA? + M?

/A a'p R(=p+ /M + p?) +
aR(— =—
QTP P 407 ' 60x

A3M?
NR(_

where in the last line we expanded the result for M/A < 1.

AM?* e M
487 64r  60x

1207 407 - 607

co() a3

*Note for the expert reader. As we introduced the cutoff A for the momentum integration, the lower extreme of the proper time integral
need not to be replaced with an UV cutoff, but should be kept zero, since the Schwinger parametrization is here used only as an identity.
It is worth to note that (13) is the result one would obtain for the one-loop potential in 5 noncompact dimensions (M?>, or R’ after
Euclideanization, where, being the spacetime simply connected, there is obviously no room for any ¢), when the integration over ps is

performed in the whole range | —

00, oo (i.e., with loop integral [*_dps [ d*p). We also note that it differs from the result that would

be obtained in M?3(R3) with a more uniform cutoff, say p? + p% < A% only for the coefficients in front of the divergent terms.
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Considering now the second term in the right-hand side of (11), and inserting it in (10), we note that both series in k are
uniformly convergent, so that we can treat each of the two integrals over s separately. Again we can exchange the sum over k
with the integration over s, and picking up from (10) only the contribution coming from the first J; we obtain

=~ cos(2wkRq), ) —2kR\/MP+p*

3/2\/— o~ SR (M>+p?) e~ 2 cos(2zkRqy) Z N
=1 =1
Inserting (14) in (10), and exchanging the sum over k with the integration over p we have
Z / ' d“p cos(2akRqy)e > FVI 0
k
o—27kRA A3 Cos(zﬂqub) (15)

647°k> R*

B [ —ZﬂkMR(znkMR(znkMR +3) + 3) cos(27kRg,)
k=1

27k*R

where the second term in the square brackets, as well as the terms indicated with the dots, is suppressed in the A — oo limit.

Finally, from the second &3 function in (10), we obtain

> [
2z)* Jo

S Jreskr _#_k_z/ d4p
3/2

e —2nkRp 00 3
N

— 647°k°R*  647°R*’

where A suppressed terms are ignored. Adding together (13), (15) and (16) (and neglecting all the A suppressed terms), for

VP (¢) we get [19,20]

Vo (4) = R NM> AM? N M 3((5) e MR(2akMR(27kMR + 3) + 3) cos(27kRq,,)
W7\ 48 64n  60n)  64n°RP L= 647°k°R*
R ANM?> AM* M 3¢(5)  U(ry,x) (17)
-\ 487 64z  60n)  647°R* 1282°R*
where
U(ry, x) = x*Liz(rpe™) + 3xLiy(r,e™) + 3Lis(r,e™) + H.c., (18)
with

2niRq),
b

x =27R\/M?(¢h), (19)

and Li;(x) are the Polylogarithm functions.

If we now calculate the contribution to V;(¢) of the
corresponding fermion superpartner, we get the same result
as in (17), with g, replaced by g (and then r;, by ry), and a
minus sign overall. Combining these two contributions, the
first and second term in the right-hand side of (17) cancel
the corresponding ones of the fermion superpartner, and for
each couple (b, f) we are left with two finite contributions
to Vy;(¢). The potential (7) becomes

r, =¢€

V) = g SNV 7o) = Ul (20)

Letus consider now the models described by (8), i.e., those
with M?(¢p) = 0and q; = g;(¢). In this case V;(¢) is given
by (17) with the term in parenthesis in the second line
vanishing, so that (as observed above) a finite result is
obtained separately for bosons and fermions. Irrespectively
of being the theory supersymmetric or not, each of the finite
boson or fermion contributions to V;(¢) is obtained taking
x =0 (i.e., M> = 0) and q; = ¢;(¢) in (17) (i = b, f):

3(5) 3 cos(2mkRq;(¢))
647°R* 64n°R* & IS '

Vi) = (<1) (
1)

Equations (20) and (21) are the well-known UV-
insensitive (finite) results for the two classes of models (7)
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and (8) respectively (see [19,20] and [35]). For models
described by (7) (M? # 0) the strategy of considering the
infinite sum over n first is not sufficient to render V;(¢)
finite: SUSY is also needed to cancel divergences propor-
tional to powers of M? (a finite term proportional to M? is
also canceled). For models described by (8) (M? = 0)
SUSY is unnecessary, and a finite V;(¢) is obtained even
without supersymmetry. We also stress that within such a
calculation strategy the terms that contain g; [whether they
are ¢; or q;(¢)] give rise only to UV-insensitive (finite)
contributions, more precisely to oscillatory functions of
the g; [see (20) and (21)]. Interestingly, this oscillatory
dependence of V;(¢) in (7) and (8) on the g; is a general
property that can be proved even before the calculation is
performed. It is due to the fact that there is an infinite sum
over n, and that the latter is performed independently of the
integration over p (in a sense that will be better clarified in
the next sections). This property is shown in the Appendix.

To summarize, in the present section we reviewed the
usual approach for the calculation of the one-loop Higgs
potential V;(¢) from a higher-dimensional theory with
compact dimensions. Using the example of a 5D theory
with one compact dimension, we considered the decom-

position of the 5D fields in terms of KK-modes, obtained
|

A

| NN . om3 . s A2 G anpns
Si5)[®.7] = / d4xdz<§aad>aacb+aajaﬂ;w+7“’d>2+m§;m+ q>4+§d>2;0(‘>.

the dimensionally reduced 4D action upon integration over
the compact dimension z, and then calculated V;(¢)
summing up the Coleman-Weinberg contributions from
the infinitely many fields of the KK-towers.

As mentioned in the Introduction, however, this
approach needs to be carefully investigated. In the next
section we begin our analysis taking a 5D theory with a real
scalar field ®(x, z) interacting with a complex scalar field
7(x,z), and calculate the 5D one-loop potential V) (&),
Successively, considering the KK-decomposition of
®(x, z) and 7(x, z), and choosing ¢(x) as the 4D Higgs
field, we calculate the 4D one-loop potential V;(¢q) and
establish the relation between VOP) (&) and V;(¢by). This
will allow us to draw important conclusions on the UV-
sensitivity of V;(¢).

II1. FIVE- AND FOUR-DIMENSIONAL
ONE-LOOP POTENTIAL

Let us consider a 5D theory with a real scalar field ®
interacting with a complex scalar field 7, where the fifth
dimension is compact in the shape of a circle S' of radius R
(the generalization to phenomenologically viable models is
straightforward), with 5D (Euclidean) action (a =1, ...,5)

— 22
4! 2 (22)

Taking for ®(x,z) and j(x, z) the boundary conditions (see previous section)

&(x,z 4 27R) = d(x,z2);

7(x, 7+ 22R) = e*™Riy(x, 7),

(23)

we consider their Fourier expansions. As z is compact, and R is much smaller than the size of the other four dimensions, the

5D momentum p®® is (n integer)

p®) = (p1. pa. p3. pa.n/R) = (p.n/R).

(24)

To investigate on the UV sensitivity of the dimensionally reduced Higgs one-loop potential V,(¢), we begin by

considering the 5D one-loop potential V) ()

>

2

PP+ (E+q)?+ml+1d?

pP+L

[SJi

2 )
1 Z/ d*p (logp2+—;z+m;+§® .
2 2
4zR <~ | (2z)* e pr+5

4

982
10gp2+(%+q)2+m§+§cp >

where the subscript 5 indicates that the trace is calculated in the 5D Fourier space.

We are already in the position to make some important
comments. As the 5D momentum p®) = (p,n/R) that
appears in (25) is the momentum of a generic 5D virtual
particle in the loop, the sum over n and the integral over p

are intrinsically intertwined. Therefore in (25) we cannot
take the asymptotics of one the components of p®)
without considering also the asymptotics of the other
components. In particular, we cannot send n to infinity
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independently of p. These observations show that
VOD)(d) in (25) diverges,® and that the regularization
has to be implemented over the full momentum p®). From
the physical point of view, this simply means that the
model has to be regarded as an effective theory, so that the
modulus of the 5D momentum p®) should not exceed a
maximal UV value above which the theory is no longer
valid. In other words, we need to require

(P9)? = p> + /R < (phax)? = A2 (26)
This in turn means that in (25), where originally the sum
over n and the integral over p are extended up to infinity,
we have to make the replacement

> [ (S [orw)

[RA] n 4

1 /CA d P
=_—— , (27)

27R n:—Z[RA] (2m)*

where
2
n

Clt =[N - 7 (28)

and [RA] is the integer part of RA. For the sake of
simplicity, in practical calculations we adjust A in such a
way that RA is an integer.

These considerations are better formulated in a
Wilsonian framework, that is at the basis of our physical
understanding of quantum field theories. Being our 5D
model not a UV-complete theory but rather an effective one,
valid up to a certain UV scale A, the Fourier components of
|

the 5D fields ®(x,z) and 7(x,z) must be such that p®)
obeys the condition (26), so that

<Z / 2 5R> n’pei(p-er%z);
7[

X+(5+g
2= (8. i

Therefore, when calculating the determinant that gives the
one-loop potential YP) (CTD), only those eigenvalues of the
fluctuation operator that respect this condition have to be
taken into account. This means that in (25) the replacement
(27) has to be made. Finally, from (29) we have

(29)

d(x, 2) — o (x)e',
27R n;RA
P(xz) = Z I (x)eltita) (30)
V2R n=RA

where ¢ (x) and y/ (x) are defined through the relations

eip-x.

bl

o= / CAP b,

( Cn d4
Xn (X \/7/ 4)(np

Inserting (30) in (22), choosing (similarly to what is done
in Sec. IT) ¢ (x) as the 4D Higgs field, and integrating over
the compact variable z, we end up with a 4D action that
contains a finite number of Kaluza-Klein fields ¢/ (x) and
x(x). The calculation of the Higgs one-loop potential for a
constant value ¢ of ¢)(x) then gives

(31)

Cy d“ p +5% +m¢+2¢2
V(g 5
n*—RA P

where, in terms of the dimensionful 5D couplings J and gin
(22) and (25), the 4D couplings 1 and g are defined through
the relations

g=50 (33)

Note that this is the procedure followed in the usual
calculation of the four-dimensional V;(¢) (see Sec. II).

If we would perform the infinite sum over n before consid-
ering the integral over p [as done in Sec. II for the calculation
of Vy,(¢)], we would erroneously conclude that VG5P)(®) is
convergent.

2 n g 42
+ (% + + m +
+log )4 (R Q) d’ ) (32)
+o PP+
[
and the combinations
2 2 n’ 2 2 n :
my , = my + F; m,, =m, + <E + q> (34)

are the so called KK-masses of each of the ¢/} (x) and y (x)
4D fields.

As a result of the physical cuts in (30) and (31), the 4D
one-loop Higgs potential in (32) differs from (7) for the
presence of the cuts in the sum over n and integration over
p- From (30) and (31) we also see that the constant value i)
of the 5D field Ci>(x, z) in the 5D potential (25), and the
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constant value ¢ of the 4D field ¢} (x) in the 4D potential
(32) are related, with

1
vV27R

and this shows that the 4D one-loop Higgs potential V{;(¢)
(32) [and not (7)] is obtained from the one-loop potential

VSD) (®) (25) of the original 5D theory through the relation

d = . (35)

Vilg) = Z”RVSD) (qA’) (36)

A few comments are in order. As already noted below
Eq. (25) for V(ISZD) (d), the sum over 1 and the integral over
p are intertwined, and we cannot include in the calculation
the asymptotics of n independently from the asymptotics
of p. On the contrary, in Egs. (7) and (8) for the four-
dimensional V;(¢) it seems that n and p have genuinely
different roles: p has the role of the four-momentum of the
KK-particles in the 4D theory, while n enumerates the
infinitely many KK-fields. From this 4D perspective it then
seems that to calculate V;(¢p) we have to sum up the
infinitely many Coleman-Weinberg one-loop contributions
from the KK-fields. However, from Eq. (36) that gives the

connection between V(SD)(@) and Vy;(¢), we already
know that this amounts to consider the asymptotics of
ps independently of the asymptotics of p. This is at the
origin of the illusory result that V;(¢) is UV-insensitive. In
this respect, we also note that the vivid interpretation of
n/R as the mass of a KK particle has to be taken with a
grain of salt, as it should never be forgotten that /R is the
fifth component of the loop momentum and as such it is
deeply intertwined to the other components. It is also worth
to note that this latter observation allows to understand that
the EFT paradigm is perfectly suited to higher-dimensional
theories with compact extra dimensions, and in our opinion
overcomes some recently expressed warnings [59].

These considerations have an important mathematical
counterpart, that helps to shed more light on the flaws
hidden in the usual calculation. Sending ~ to infinity while
keeping the domain of the p integration fixed (that is
realized keeping A fixed), and expanding only later this
domain to cover the entire R* (obtained sending A — c0),
that is the usual approach to the calculation of V;(¢), does
not respect the very definition of multidimensional
improper integrals. To better appreciate this point, it is
useful to transform first the infinite sum over n into an
integral of a piecewise constant function, thus getting a
five-dimensional integral of the kind [, &®pf(p®®)), where
D = R°. To define this improper integral, we must consider
a sequence of compact five-dimensional domains D; (with
D; € D;.y), that in the limit i = oo cover D. When we
integrate (sum) over the fifth component of p® in the

whole infinite ps range (infinite n range), that is what is
done in the usual approach for the calculation of Vy;(¢)
(see Sec. II), we are rather taking a sequence of noncompact
domains D, and this can lead (and actually leads) to
incorrect results. In Sec. IV we will see that the UV-
insensitive result for V{;(¢) comes from such an incorrect
procedure. When the calculation is performed correctly,
UV-sensitive terms appear.

Keeping in mind the above remarks, in the next section
we start our analysis on the UV-sensitivity of Vy;(¢)
introducing a hard cutoff (along the lines exposed above)
both for the sum over n and for the integration over p.
In Sec. V a similar calculation is performed with the help a
smooth cutoff.

IV. UV-SENSITIVITY OF V,;(¢)): HARD CUTOFF

To begin our analysis on the UV-sensitivity of V;(¢), in
the present section we perform the calculations introducing
a hard cut for the sum over n and the integration over p. We
have already seen in the previous section that as p;, ps, ps,
P4, n/R are the components of the 5D loop momentum
p), the cut on the latter has to be realized requiring [here
we write again (26)]

2
(P9 =p* + % <A (37)

where p was already defined as p = (py, p2, P3, P4)-

For the purposes of our analysis, however, in Sec. [VA we
will consider as in [33] a numerical cut L for the sum over n
and a momentum cutoff A for the integration over p, since
this allows us to get a result for V ;(¢) that can be compared
with those obtained with the usual approach, where the
infinite sum over 7 is performed first. With these two separate
cuts, in fact, we can calculate the limit L — oo while keeping
A fixed (that corresponds to perform the infinite sum over n
first), and compare it with the usual result. In Sec. IV B we
will come back to the more physical cut (37).

A. Cylindrical hard cutoff

Let us introduce then a momentum cutoff A for the
integration over p, and a numerical cut L for the sum over
n, that means a cutoff L/R for the fifth component ps =
n/R of the 5D momentum p®) = (py, p,, p3. pa. ps). For
the sake of definiteness, we begin by considering a single
bosonic contribution to V;(¢) only. Moreover, we note
that we can treat both cases (7) and (8) at once if we write
V1,(¢) with the convention that M> = M?(¢) and g, is
field-independent for the case (7), while M? = 0 and g, =
q, () for the case (8). We have:
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1 <& A d*p PP+ M+ (24 q,)?
Vi) =5 Y [ 5 eoe( ek, (38)
! 2 ,,;L (2z)* PP+%
Performing first the integration over p we obtain (omitting for simplicity the label b)
L 2 2 (n 2 2
1 A+ M+ (5+q) n 2 n
v = —— |A*] 2 A M*+ (— -—
11<¢) ’;_L 647[2 |: 0og A2 ;—i + + R + q R2
n 2\ 2 M? 4 (2 + g)? nt n’ L
+ <M2 + (——f— q) ) log o ——log—f—| = F(n). (39)
R N+M +(g+q)° R AN 4+L ;L

An important novelty of our analysis is that we calculate (39) with the help of the Euler-McLaurin (EML) formula. This
turns out to be a good choice since, differently from previous attempts [33,34,37], it allows us to obtain for the first time the

complete result for V,(¢). We then write

F(L)+F(-L)

Vi(e) = /_Z dxF(x) + 5

+
k=1

(FPD(L) = FED(=L)) + Ry, (40)

(2k)!

where r is an integer, B, are the Bernoulli numbers, and the rest R,, is given by

Ror= 30 2 (o0 = o0 o)) = S [ a8 - ), @)

@n' Joo

with B, (x) the Bernoulli polynomials, while [x] indicates the integer part of x.

Clearly, if in (39), (40) and (41) we send L — co while
keeping A fixed, we get for V,(¢) the celebrated UV-
insensitive (finite) result of Sec. II. From the discussion of
Sec. III, however, we know that the asymptotics of the
different components of p©® cannot be included in the
calculation of V;(¢) independently of one another. As a
consequence, we cannot take the L — oo limit while
keeping A fixed. In the process of including the asymp-
totics of the loop momentum in V'{;(¢), on the contrary, we
have to keep the ratio L/RA finite, that is we cannot
introduce any hierarchical order in the formal limits
L, A — oo. In other words the asymptotics are properly
taken into account if we include them in (38) while keeping
the ratio L/RA finite:

L
—— finitewhen L,A — . (42)
RA

Moreover, from the physical meaning of the UV cuts, we
know that the right-hand side of (38) has to be considered
only for values of M and ¢ that fulfill the conditions

M?, g> < N2, L*/R?. (43)

The conditions (42) and (43) are easily implemented in our
calculations if we write (¢ dimensionless finite number)

L = ERA, (44)

and expand each term in (40) for M?/A?, g*/A?> < 1.

After inserting (44) in (40), we see that the first term in
the sum over k in the latter equation (i.e. the term with
k = 1) turns out to be linearly divergent (~A), while those
starting from k = 2 are suppressed by inverse powers of A,
more precisely they behave as A3~2%. In particular, as the
term with k=2 is O(A7!), for any r>1 we have
Ry, = R, + O(A™"). Therefore, we can (and will) perform
the calculation by referring always to the rest R,.
Expanding (40) for M?/A?, ¢*/A*> < 1, we finally obtain
(& is finite)
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Left panel: the rest R, for r = 1 as a function of ¢ in the range ¢ € [0, 10], foré = 1, R = 1, A = 5 x 10* and M = 0. The red

dots come from the numerical integration of (41). The continuous blue curve is R,(q) for the same values of R and M obtained for
& — o0, Eq. (47). Right panel: the same as in the left panel, with A = 107,

2MPtan~ E+ E( Elog£—+1) (M2 +3¢?)
Vi) = ( s )

2M2 32 2 (£2 1M2 32]
RA3+§( +3¢%) + & (& +1)(M* +347) log

& 2., 2
§2+]+M +q A2

4872

327%(E2+1)

2
LEMPOGR + 1)(E 4 1) + & (R + (L +5)A | Eloggfr GRM? +¢°) + M +347) —3MR*an” £

9622(E 1+ 1) 9672 R
2
32+ 12M* +6(8 + 42 + M2 + (3 + 62+ 11)g*  16AM R+ 15log#— (M? + ¢*)?
+(§+) +6(E* +4E +3) q+(§+(§+)q+ o R+ O(A),

19272(&2 +1)3

96072
(45)

To realize the previously mentioned comparison of our result (45) with the usual calculations present in the literature
(Sec. II), we now consider its limit for £ — oo, with A kept finite. We get7 (Ry = limg_, o, Ry)

— RA3M? RAM*

RM?

Vi(p)é>1

487 64r

i -1
+ cOn + R, +O(). (46)

Due to (44), in this limit we must obtain the result (17) of Sec. II. The comparison of (46) with (17) then shows that, in the
& — oo limit, R, has to coincide with the sum of the second and third term in the right-hand side of (17) [see also (18) and

(19)]. Restoring the label b, we finally have

3¢(5) 1
647°R*  1287°R*

R2 = éhmRz =

[x®Lis(rye™™) + 3xLis(rpe™) + 3Lis(rye™) + H.c..

(47)

The corresponding fermion contribution has the same form with a minus sign overall and r;, replaced by ry.

To make the correct calculation with no hierarchy between
the asymptotics of L and A, we need to evaluate R, for finite
O(1) values of &£ To this end we resort to (41), which

"Resorting directly to (40), and taking the L — oo limit (while
keeping A finite), for V,(¢) we get [see (13)]

ANR MR NM?’RVA> + M

Vll — e
(¢) 407 * 607 1207
A*RVA2 +M?* M*RVA?+ M?
* 407 B 607 + Ro.

This coincides with (46) if we expand for M?/A% < 1.

provides an explicit formula to calculate R,. Although we
cannot perform this calculation analytically, using for the
Bernoulli polynomials B,,(x — [x]) the relation

Balr= ) = (-1 3 2,

k=1

(48)

we can resort to a numerical analysis.

It is convenient to consider separately the two cases (7)
and (8). Let us begin with (8), i.e., with the case M = 0 and
q = q(¢). Taking £ = 1, and assigning also specific values
to R and A, with the help of (41) we evaluate numerically
R, as a function of g. In the left panel of Fig. 1, the result
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for R = 1and A = 5 x 10* in the range g € [0, 10] is given
by the red dots, while the continuous blue line is the plot
of R, in (47) for the same value of R. We see that, under
the condition ¢?/A%> < 1, even when &~ 1, the rest R,
coincides with f(’z (in this case M = 0, i.e. x = 0). As we
know, (47) is nothing but (a bosonic contribution to) the
celebrated U V-insensitive one-loop Higgs potential (21) of

|

2
Mg oy Ao oy h 4
Uig) =75 ¢+ 30 + g {A ln<1+

M (¢)
A

the usual approach. We have then found that such a finite
contribution is present also for values of £ ~ 1 as long as the
necessary condition ¢*(¢)/A> < 1 is satisfied.

It is worth to stress the centrality of this latter point. To
this end we use the example of a four-dimensional ¢*
theory, for which, after performing the loop integral

2., %042
% f (A) (5111;4 In(1 + mo;zd’ ), the one-loop potential reads®

) @n - or@rn (faos1)| e

where M*(¢) = m* + 4 ¢*. As it is well known, (49) is physically meaningful only for M*(¢)/A* < 1. Expanding (49) in

powers of M?(¢)/A?

2
L) /1_0 4
Ulg) = 2 ¢ +4!¢ +6477:2

that finally becomes the renormalized potential once the
bare parameters are written in terms of the renormalized
ones and of the counterterms (that eventually cancel the
divergences).

This example underlines the importance of the condition
q*(¢)/A\?> < 1 in our case. This is even better appreciated
if we consider again Eq. (41) for R,(q) in the range ¢ €
[0, 10] with R = 1 (as for the left panel of Fig. 1), but with a
lower cutoff, A = 102. The result of the numerical analysis
is given by the red dots in the right panel of Fig. 1. As for
the left panel, the blue continuous line is the plot of (47) for
the same value of R. Comparing with the left panel, we see
that the superposition between dotted and continuous curve

|

52
35(52 log 7 + 1> X

A? 2

2w+ e (0520 (50)

holds for a more limited range of ¢, since in this case the
condition g%>/A? < 1 breaks up for smaller values of g.
The important result that emerges from this analysis
is that the finite term (47), that is the only outcome of
the calculation for V;(¢)) when the usual approach is
considered, does not come from the fact that the infinite
sum over n is performed, but rather from the physical
requirement g°>/A%> < 1, even when the limits L — oo,
A — oo are properly considered, i.e. when the ratio L/RA
is kept finite (¢ finite). We will further comment on this
point later. For the time being we observe that in the present
case (M =0 and ¢ field dependent), from (45) we have

for V()

3 388+ loggfy + 1

Vilg) = 1352 7 ()RA° +

E(3E +5) + 35 + 1) log-£
967%(&2 4 1)2

where we see that, in addition to R,, that is nothing but the
result obtained with the usual calculation, UV-sensitive
field-dependent terms (cubic, quadratic, and linear diver-
gences in A), and a new finite term, contribute to V;(¢).
From (51) we see that in the limit & — oo only the term R,

In M 2(¢) the bare parameters m(z) and /, are replaced with the
renormalized ones m? and A as the counterterms are O(%) and the
loop correction already contains the 7 factor.

22 (2 +1)

TR (B) + () 5 +

AL

62
A (3682411 loggy ) )
<]92ﬂ2(§2+])3 6472 q*(¢) + Ry + O(A™Y),

(51)

R

[
survives, i.e. (as expected) we recover the usual finite
result.

Let us consider now Vy;(¢) in (7), i.e., for models with
M? = M?(¢) and g field-independent. As for the previous
case, we take & = 1, assign specific values to R, ¢ and A,
and evaluate numerically the rest R, in (41), this time as a
function of M. In the left panel of Fig. 2, R, (M) is given by
the red dots, with R = 1, ¢ = 0.1, A = 5 x 10* in the range
M € [0, 10]. The continuous blue line is the plot of R, (M)
given in (47) for the same values of R and ¢. Similarly to
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FIG. 2. Left panel: the rest R,, for r = 1 as a function of M in the range M € [0, 10], foré = 1,R = 1, A =5 x 10* and ¢ = 0.1. The
red dots come from the numerical integration of (41). The continuous blue curve is R,(M) for the same values of R and ¢ obtained for
& — o0, Eq. (47). Right panel: the same as in the left panel, with A = 107,

the previous case, we see that, even when & ~ 1, the rest R,
in (41) coincides with R’z in (47) when the conditions
M?(¢)/ A%, q*/ N> < 1 are fulfilled.

To better appreciate the importance of these physical
conditions, in the right panel of Fig. 2 we plot again (41) for
R, (M) in the range M € [0, 10], where (as in the left panel)
we take R = 1 and ¢ = 0.1, but consider now a lower cutoff
A = 10?. The result is given by the red dots. As for the left
|

4,47

panel, the blue continuous curve is the plot of (47) for the
same values of R and ¢, but differently from that case, the
superposition between dotted and continuous curve holds for
a more limited range of M, since in this case the condition
M?/A? < 1 breaks up for smaller values of M.

Let us consider in particular a SUSY model. From (45)
we see that the contribution to V;(¢) from a single couple
of superpartners with charges ¢, and gy is

Vato) =" () (26100

Zr1 2+l

and that, as long as ¢ is kept finite, together with the usual
result (that in this case consists of the difference
R(Zb> —Rgf )), an additional finite term and an additional
A-sensitive term (linear divergence) are present. It is
immediate to see from (52) that, when & — oo, these terms
disappear and we are left with the well-known finite result
of Sec. II. Moreover, from (45) and (52) we see that, while
the UV-sensitive terms proportional to powers of M?(¢)
(but that do not depend on the g;) are canceled by the
presence of superpartners, this does not happen for the
terms g?M?*(¢)RA, with the exception of the trivial case
qp = 4y-

An important outcome of the present analysis is that in
(51) and (52) UV-sensitive terms proportional to powers of
the ¢; appear. They are lost when the calculation is done in
the usual manner (Sec. II), that in this section is realized
with the £ — oo limit, but when we take into account the
asymptotics of the loop momenta properly, we find that
V1:(¢) is UV-sensitive. Further important comments on the
physical meaning and origin of such an UV-sensitivity will

2 2 2 _ 2
¢ ¢ )AR T q’; 6ﬂff M2(¢) <1og

& &£+3 5(0) _ 5 -
§2+1+(§2+1)2 +R2 R2 +O<A )?

(52)

[

be done at the end of the next section, where a spherical
cutoff is used.

B. Spherical hard cutoff

In the present section we consider the spherical cutoff
p*+ p% < A? introduced in (37), that immediately leads to
the cutoff C%, = \/A> —n?/R? in (28) for the integration
over p, while for the sum over the integer n it is n =
—[RA], ..., [RA] (with [RA] integer part of RA). Assuming
for the sake of simplicity that A is adjusted so that RA is an
integer (R is fixed), for V;(¢p) we have

A rey gt PAM+ (5+q)
V11(¢):% Z /C (621”1;4105:{( (R ) )

2 n?
n=RA Pt

(53)

and performing the integration over p:
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RA 1

o= 85 el (v 5) o

n=—RA

n 2\ 2
+ <M2+ <E+q> ) log

n? n 2\ nt n?
“m T <E+q> )‘Fl"gw

M+ (z+a)

A2+ M? - 4 (54 )

, m\* AN+ M
+ A ' log

Lt (54 q)?
Az :

(54)

Asin Sec. IV A, we calculate the sum over n with the help of the EML formula (40) and truncate the sum over k at r = 1. We

obtain

_ 5M? + 347

AG 35M* + 14M?q* + 3q* M°R

RA +

V11(¢) - ]8077.’2

Contrary to what happens with the cylindrical regulariza-
tion of Sec. IVA, from (54) we see that the cubic and linear
terms in A come from the first term in the right-hand side
of the EML formula (40), i.e. from the integral, while
the second and third term vanish. This means that, with the
exception of R,, all the terms in (55) come from the
integral. Therefore, the difference between having a sum
(as in the present case) rather than an integral over ps is
entirely encoded’ in the presence of the rest R,.

Equation (55) looks similar to (45) (where, however, an
additional term proportional to A% and an additional finite
term are also present), but the terms proportional to A> and
A have different numerical coefficients. This mismatch is
easily understood if we note that treating the cut in the 5D
momentum in a symmetric manner (as done in this section)
and introducing two separate cuts for the modulus of the
first four components p = /p? + p3 + p3 + p; and for
the fifth component ps (as done in Sec. IVA) are clearly
two different operations. In this latter case, in fact, the
integration over p reproduces the typical results of a 4D
theory, including the quadratic divergences. Obviously,
performing the integration over p©® (that for the fifth
component n/R means ), ) with a spherical cutoff, cannot
generate any term proportional to A%, By the same token,
the additional finite terms in (45) are again due to the
asymmetric way of treating the cuts in n/R and in p.

To proceed with our analysis, let us consider now the
M =0 and g = q(¢) case, i.e., the case where V;(¢) is
given by (8). Assigning specific values to R and A, from
(41) and (48) we can evaluate numerically the rest R, as a

°In the cylindrical regularization, where p and ps are treated
asymmetrically, we see the appearance of a term proportional to
A? from the second term of the EML formula, and a term
proportional to A from the third one. However, both in the
cylindrical and spherical regularization, the k = 2 term in the sum
over k is O(A™1).

84072 60

C Ry O(A7), (55)

function of ¢q. In the left panel of Fig. 3 the result for R = 1
and A = 5 x 10* in the range g € [0, 10] is given by the red
dots. The continuous blue curve is the plot of (47) for the
same value of R. As it was the case for the cylindrical
regularization (Sec. IV A), under the condition ¢*/A* < 1
also for the spherical regularization the rest R, coincides
with R, in (47) (here we have M = 0, i.e., x = 0), i.e. with
the usual result (21) for Vy;(¢).

As before, we now investigate on the importance of the
condition ¢*(¢)/A* < 1. Again we consider (41) for
R,(g) in the range g € [0, 10] with R =1 (as in the left
panel of Fig. 3), but this time with a lower cutoff, A = 102,
The resulting curve is given by the red dots in the right
panel of Fig. 3, while the blue continuous curve (as for the
left panel) is the plot of (47) for the same value of R. We
immediately see that with this choice of A the superposition
between the dotted curve and the continuous one holds for a
more limited range of g. In this case, in fact, the condition
g*/A\* < 1 breaks down for smaller values of g.

In conclusion, as long as we limit ourselves to consider
values of ¢ much smaller than A (as we have to), the rest R,
coincides with the usual finite result R, in (47). Under this
condition, from Eq. (8) we obtain

3
2(H)RA3 — 4(BIRA
8024 (@) sa027 9

+ Ry + O(A™), (56)

V11<¢> =

from which we see that, in addition to the UV-insensitive
result R, obtained in the usual approach (Sec. II), UV-
sensitive field-dependent terms also contribute to V;(¢).

Let us consider now the cases when V{;(¢) is given by (7),
i.e., models with M?> = M?(¢) and g field-independent.
Similarly to the previous case, we assign specific values to R,
g and A, and evaluate numerically the rest R, in (41) as a
function of M. In the left panel of Fig. 4 the numerical result
for R,(M) with R =1, ¢ = 0.1, and A = 5 x 10* in the
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FIG. 3. Left panel: the rest R,, for r = 1 as a function of ¢ in the range ¢ € [0, 10], for R = 1, A = 5 x 10* and M = 0. The red dots
come from the numerical integration of (41). The continuous blue curve is R, (g) for the same values of R and M in (47). Right panel: the
same as in the left panel, with A = 10?. With respect to the analogous case of Sec. IIl A, the drift of the red dots from the blue curve
(at increasing values of ¢) is more pronunced, and this is why we need a wider range for the vertical axis (note that, despite the difference
in scale, the blue curve in the right panel is the same as the blue curve in the left panel).

0.00006 | 0.00006 |
0.00005 0.00005 .
3 0.00004 3 0.00004 ..
= 0.00003 = 0.00003
5F0.00002 5F0.00002 :
0.00001 0.00001
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FIG. 4. Left panel: the rest R,, for r = 1 as a function of M in the range M € [0, 10], for R =1, A =5 X 10, and g = 0.1. The red
dots come from the numerical integration of (41). The continuous blue curve is R, (M ) in (47) for the same values of R and ¢. Right

panel: the same as in the left panel, with A = 102.

range M € [0,10] is given by the red dots, while the
continuous blue line is the plot of the analytic curve
R,(M) in (47) for the same values of R and g. Under the
condition M?/A? < 1, once again we see that the rest R,
in (41) coincides with R, in (47): the finite contribution (47)
to V;(¢) is present also with the spherical regularization.

In the right panel of Fig. 4 we plot again the numerical
result for R,(M) in the range M € [0, 10], where we take
R = 1and g = 0.1 (as for the left panel), but A = 102. The
result is given by the red dots, while the blue continuous
curve is the plot of (47) for the same values of R and g.
Differently from the left panel, the superposition between
dotted and continuous curve holds for a more limited range
of M, as in this case the condition M?/A?> < 1 breaks down
for smaller values of M.

Focusing as before on SUSY models, we now consider
the contribution to V;(¢) from a single couple of super-
partners. From (55) we get

14(q; —q7)

M2(b)RA R(b)—fi’(f) A-l

Vi(p)=-
(57)

from which we see that V;(¢) is given by the sum of the
usual finite result (Sec. II), that here consists in the

difference Rgm - Rgf ), with a UV-sensitive term. An
important outcome of the present analysis is that, while
in (55) the UV-sensitive terms proportional to powers of
M?(¢) (butindependent of ¢;) are canceled by the presence
of superpartners, the same does not hold for the UV-
sensitive terms of the kind g?M?(¢)RA, with the exception
of the g;, = g irrelevant case.

Let us discuss now the findings of the present section.
The result in (55) [see also (56) and (57)] for V;(¢) can
hardly be overestimated. It contains two different contri-
butions: (i) the result obtained in the usual approach (see
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the last line of (17) in Sec. II); (ii) additional UV-sensitive
terms proportional to powers of g. These latter terms do not
vanish due to the fact that in the calculation of V;(¢) we
included the asymptotics of the loop momenta in a proper
manner. Their absence in the celebrated U V-insensitive result
for V;(¢) comes from an inconsistent limiting procedure.
‘We have also found that the finite contribution to the potential
does not arise because of the infinite sum over n, but rather
from the fact that we take into account the necessary physical
limitations of the calculation, namely ¢?/A%, M?/A?> < 1.

It is of the greatest importance to stress that the
UV-insensitive contribution to V;(¢) (usual result) and
the UV-sensitive ones found in the present work have a
totally different origin. The former [right-hand side of (47)]
arises because the fifth component of the loop momentum
comes with a sum rather than an integral. Physically this is
due to the large scale hierarchy between the dimension of
the 4D box (~R*) and the finite radius R of S'. The use
of the EML formula greatly helps in highlighting this point:
the finite term is nothing but the rest of the EML. In this
respect, we observe that such a term vanishes in the R — oo
limit (i.e., when the difference between sum and integral
is practically washed out). The physical origin of the
g-dependent UV-sensitive terms is different. Their presence
is entirely due to the topology of the nonsimply connected
R* x S! manifold, which implies that boundary conditions
are needed to define the theory. In particular, nontrivial
boundary conditions as those in (4) can be realized,
independently of the value of R. This holds true even
when the size of the 4D box and R are comparable, that in
turn means even when the sum over the fifth component
of the momentum can be replaced with an integral (as it is
the case for the other four components). Therefore, these
previously missed g-dependent UV-sensitive terms are a
consequence of the nontrivial topology of the spacetime,
and are always present when nontrivial boundary condi-
tions are realized.

One might think that when the size of the compact
dimension is sufficiently large (R — o0) we should recover
for V;(¢) the result obtained in R. However we have just
seen that, whatever the size of the compact dimensions of
the multiply connected manifold, in the presence of global
supersymmetry the physics in R**" can sensibly differ
from the physics in R*x H (with H=T",T"/Z,, ...,
where 7" is the n-dimensional torus). The difference is
due to the UV-sensitive terms of topological origin that we
have found. Physically this comes from the difference
between ¢, and ¢;: the nontrivial boundary conditions

|
ST

ldp_ﬁoo

Vi(#) =

[ — A2 —s\/J_T[193(7qu, e—%)e_sRZ(pZH\/]Z) _ 193<0’ e_Tz)e_SRzl’ },

(27:) 0§72

introduce a mismatch in the mode expansion of super-
partners. This determines a breaking of SUSY, governed
by the parameter (g} — ¢7), in a way similar to the more

typical and better known breaking that arises in R**" when
the masses of superpartners do not coincide. Moreover, the
fact that in (57) the field-dependent A® terms are canceled
seems to suggest that the breaking is spontaneous. In fact,
we are left with linearly divergent terms only, that are
reminiscent of the typical log A terms of a softly broken
4D theory (the linear divergence is clearly the upgrade
of the logarithmic one when we move from four to five
dimensions). On the contrary, the result (56) for the super-
symmetric models [35] described by (8) shows a cubic
divergence, so that one could be tempted to conclude that in
this case the SUSY breaking is hard. However, we should
note that (8) is obtained only after the diagonalization of an
infinite KK mass matrix. According to our findings, such a
procedure is ill defined. In fact, treating the descendant
theory as a 4D theory with an infinite number of KK-fields
corresponds to take the asymptotics of the Fourier compo-
nent of the momentum along the fifth compact dimension
independently from the others, and we have shown that this
is an inconsistent procedure.

To further deepen our analysis, in the next section we
calculate V;(¢) introducing a smooth cutoff.

V. UV-SENSITIVITY OF V;(¢)): SMOOTH CUTOFF

In the present section we consider the calculation of
V1,(¢) resorting to a smooth regularization. In Sec. VA we
introduce a smooth cutoff only for the four components
p = (p1, P2, P3, p4) of the 5D momentum. The reason for
this choice is that we want to check whether, treating again
the sum over n independently from the integration over p,
even with a smooth cutoff we recover the finite result of the
usual calculation. The consistent way of implementing the
asymptotics of the 5D momentum p©® is considered in
Sec. V B, where a smooth spherical cutoff for the 5D loop
momenta p® = (p,n/R) is introduced.

A. Smooth cutoff on p=(py,p,,p3.p4)

We now calculate V;(¢) introducing a smooth cutoff for

the integration over p through the cutoff function e PN,
and (as in Sec. II) we perform first the infinite sum over n
and then the integration over p.

Referring to Eq. (9) for a bosonic contribution to V;(¢),
multiplying the integrand in (9) for e P’/ and using the
Poisson summation formula we get

S(R2(p2+M2) +(n+q,)?) _ e—s(pzmnﬂ

(58)
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where 95(x,y) = 1 +2 3%, cos(2kx)y~
given in (11).

As in Sec. II, we begin by taking in (58) only the term
“1” for both of the J;, thus obtaining (12). Performing
successively the integration over p we get

was already

R(AME_AME M (L (59)
64/ 128/ 60 A)’
|

where we expanded the result for M/A <« 1. Comparing
(59) with its hard cutoff counterpart (13), we see that the
only difference between these two results is in the value of
the numerical coefficients in front of the divergent terms. '’

Let us go on with our calculation, and consider the first
of the two &5 in (58). Inserting in this equation the
remaining part of the 95 function (the series of cosines),
for this contribution to V;(¢) we get

615 R4
— 647°k°R

e 2 MR(_S3 I3 MPR? — 247 k> M*R? — 30nkMR — 15) cos(2nkq)

f: [ e 2" MR(2nkMR(2nkMR + 3) + 3) cos(2nkqp)

642 (5K RS)

+} (60)

where the second term in the square brackets and the terms indicated with the dots are suppressed in the A — oo limit.
Comparing with the corresponding hard cutoff result (15), we see that the finite results in (60) and (15) coincide. !

To complete our calculation, we still have to consider the remaining term in the second line of (58), namely the
contribution of the cosines in the second of the two &3 functions. We get

2 d*p _2 [~ ds 22
— N ——\/me SR e~
; / (27)* o s/ v

that coincides with the hard cutoff result (16).

3¢(5)

2 - 3 1
=Y —— 4+ 0|5 | 2—"%. 61
; 6475k R* * <A2> 647°R* (61)

Putting together (59), (60) and (61), we get the complete result for V{;(¢). Once again we see that, having introduced a
cut (although smooth) over p but none for n, the usual finite result (Sec. II) for V1;(¢) is obtained. The reason is that even in
this case we treated the asymptotics of the different components of p(®) in an asymmetric (incorrect) manner.

B. Smooth cutoff over the 5S-momentum p®) = (p,n/R)

In this section we calculate V;(¢) using the 5D cutoff function e

p2+r12/R2 .
, that smoothly suppresses in the loop the

contribution of the modes with 5D momenta (p©®))? = p? + n?/R> > A*:

= [

n=—oo

1t is worth to stress that the coefficients of (nonuniversal)
powerlike divergences obtained through different regularization
procedures may well differ. Moreover, we know that in four-
dimensional QFTs the coefficients of the logarithmic divergences
are universal and do not depend on the regularization. In fact they
determine the anomalous dimension of the couplings, that is in
turn related to the critical exponents. In the present 5D case the
term that shows universality is the finite M> term. It has the same
coefficient in (13), (45), (55), and (59). The reason is that the M°>
contribution is generated by the sum over n of terms of the kind
(m2)?log(m2) (with m2=M?>+ (n/R+ q)?), that are well
known to be universal.

"All the other terms (that of course vanish in the A — oo limit)
are suppressed as inverse powers of A, while in the hard cutoff

case (15) they are exponentially suppressed by factors of the kind
o 2TKRA

d*p n 2 n? _pen?/R?
27) {log (p2+M2+ <I_€+q> ) —log <p2—|—ﬁ>}e A2 (62)

In connection with the warnings raised in previous
sections (correct treatment of the p(>) asymptotics), it is
important to observe that the presence in (62) of the cutoff

function e~(P*+7*/R)/A" makes the integrand sufficiently
damped, so that the infinite sum over n and the integration
in the infinite domain R* over p can be performed in any
order, obtaining always the correct result. From the
mathematical point of view, this means that in this case
there is no need to pay attention to the construction of the
set of compact domains.

Comparing with the hard cutoff calculation of Sec. IV B,
the upside of the present regularization is that it
manifestly respects the higher-dimensional symmetries
of the model, as for, e.g., the 5D Lorentz symmetry (before
Euclideanization). Moreover, thanks to the fact that we can
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perform the infinite sum over n without making any
violence to the asymptotics of p®), the above expression
also preserves the shift symmetry along the circle. In fact,

Performing in (62) the integration over p, we get

while implementing a decoupling of the modes with
(p©))? > A2, the potential V,(¢) in (62) is invariant under
the transformation n — n + m (with m integer).

HZ/RZ
P A2 N [ wrigPem? n 2 ) n )2 L M
Vi) = D~ [e - <M2 + <E - q) - A2>E1 G&)

3272

n=-—oo

A2

+ A2 log <W> - enzALZR2 (Zz - A2> Ei <— n21<52>:| = zoo: G(n), (63)

n=-—o0o

where Ei(x) is the exponential integral function. Resorting again to the EML formula, we have

G(y) + G(—y)

Vi(p) = lim U_y dxG(x) +

where the rest R,, is given by [see (41)]

_1)\2r+1 y
Ry = [ G )y (o= ). (69

with B, and B,,(x — [x]) defined below Egs. (40) and (41).

As G(y) and its derivatives all vanish in the y — oo limit,
in (64) the terms beside the integral and the rest all give null
contributions to V;(¢). This results from the presence of

the damping factor /(RN in (63). Two different
choices of r for the calculation of the rest differ only for
terms that vanish in the y — oo limit, so that, depending on
calculation convenience, one can choose which value of r
to consider. Unfortunately, the integral in (64) cannot be
performed analytically. This might seem a serious obstacle
to our calculation, but we will see that it is possible to
overcome such an apparent problem: combining together
analytic and numerical calculations, we will eventually
obtain the result.

Let us expand first G(x) in (64) in powers of M and g,
and then evaluate the integral. We obtain

5M? + 347 3 35M* + 14¢°M? + 34*
Vuld) = =007 - 168072 RA
+ Ry +O(A7)). (66)

From the numerical evaluation of (65), we see that the rest
R, is nothing but R, in (47) (see also the left panels of
Figs. 3 and 4). Moreover, comparing (66) with its spherical
hard cutoff analog (55), we see that they have the same kind

n i BZk, (GP=D(y) = G- (=y)) + Rzr} , (64)
k=1 :

(2k)

of divergences with the same relative weight among the
terms that multiply a given divergence. Considering for
instance the A® divergence, we see that (66) differs from
(55) only for an overall numerical factor. The same holds
true for the A divergence.

There is however an important difference between (55)
and (66), namely the finite term M?>, which is missing in the
latter. We then ask ourselves the following question. Is this
term missing as it does not appear when a smooth cutoff is
used, or is it lost due to the fact that we possibly performed
an illegitimate exchange in (64) between the integral over x
and the expansion in powers of M and ¢ in the term
J=.dxG(x)?. To answer this question, we begin by
observing that in this integral, upon expansion of G(x)
in powers of M, only even powers of M can be generated
(the same is true for g). Therefore, performing the integral
after this expansion, no odd powers of M (and g) can ever
show up in the final result. This already suggests that
making the expansion in G(x) before performing the
integral over x might be a mathematically illegitimate
operation.

To further investigate on this point, we now move to a
fully numerical analysis: we evaluate the integral in (64)
numerically, with no reference to any expansion. This
analysis should allow to check: (i) whether odd powers of
M and ¢ are actually present, in particular the term M>;
(i1) whether the coefficients of the even powers of M and ¢
in (66) [obtained after the expansion of G(x)] are the
correct ones. To isolate the different powers of M and ¢, we
use the following numerical strategy. We first take specific
values for ¢ and R. Then, given a value of A (such that the
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FIG. 5. The red points show the numerical value of the
coefficient ¢y in (67) for R=1 and ¢ = 10 as a function of
the smooth cutoff A. The blue continuous line is the theoretical
prediction given in (66), namely cy(A) = ¢g>RA3/80x%%—
q*RA/5607m%/2.

conditions ¢,1/R < A are fulfilled), we perform the
integration over x for a range of values of M such that
M < A. For any fixed triple (¢, R, A), the integral [ =
J=,dxG(x) becomes a function of M, I=I(M).
Successively we fit (M) with a polynomial expansion

(M) = 26: c,M" (67)
n=0

and extract the coefficients of each power of M. Starting
over and over again, while keeping fixed values for ¢ and R
but varying A, we obtain the dependence on A of the
various ¢,: ¢, = ¢,(A). The results of the fits for the
different ¢, (A) are presented in Figs. 5-8.

In Fig. 5 the coefficient ¢o(A) is plotted in the range
10° < A <6 x 103, for R = 1 and ¢ = 10. The red dots are
the outcome of the numerical analysis, while the blue
continuous line is the analytic result contained in (66),

8x 108 "

6 x 108 L

& 4x 108}

2% 108 L

0

3000 4000 5000 6000

A

1000 2000

C2

namely co(A) = ¢*RA3/807%/% — ¢*RA/5607%/%. The
numerical values perfectly sit on the analytic curve. The
function ¢,(A), again for R = 1 and ¢ = 10, is plotted in
the left panel of Fig. 6, where again we see that the numerical
values (red dots) sit on the theoretical curve c¢,(A)
RA3/487%/% — ¢?RA/1207%/* (blue continuous line) con-
tained in (66). In order to evidentiate the two different
contributions to ¢,(A) (one proportional to A® and g¢-
independent, the other proportional to A and g-dependent),
in the right panel of Fig. 6 we compare the two cases g = 0.1
and ¢ = 103, and zoom in the region 14200 < A < 14500.
The distance between the blue dots (curve) and yellow dots
(curve) allows to ascertain that the results of the numerical
analysis actually contain for ¢, the sum of the two analytic
terms that appear in the curve ¢,(A) given above.

In the left panel of Fig. 7, taking once again R = 1 and
q = 10, we plot the results of the numerical analysis for
the function c4(A), together with the analytic prediction
c4(A) = —RA/487%2. Once more we see that numerical
and analytic curves coincide. We also observe that the
analytic prediction for c4(A), namely c4(A) =—RA/
48732, does not depend on ¢. The numerical investigation
on this point is carried out performing the analysis for g = 1,
q = 10, and ¢ = 100. The results are reported in the right
panel of Fig. 7. The analysis confirms the independence of ¢,
from g.

Up to now we considered only even powers of M.
Moving to the coefficients ¢; and c3 in (67), and perform-
ing for them the same numerical analysis as for ¢, ¢,, and
¢4, we find that these terms are not present: ¢; = ¢3 = 0.
We now come to investigate on the possible presence of a
term proportional to M>. In Sec. IV B we have seen that
such a term shows up when a hard spherical cutoff is used,
but it is missing in (66), where not only we implement a
smooth spherical cutoff, but also perform an expansion of
G(x) in powers of M and ¢ before proceeding to the
evaluation of [® dxG(x) in (64). The results of our

1.14x 1010F
1.13x 1010}
1.12x 10'0F
1.11x 10'0F
1.10x 1019
1.09x 10'0F
1.08x 1010F

1.07x 1010 , , , , , E
14200 14250 14300 14350 14400 14450 14500
A

FIG. 6. Left panel: the red dots show the numerical value of the coefficient ¢, in (67) for R = 1 and ¢ = 10 as a function of the smooth
cutoff A. The blue continuous line is the theoretical prediction given in (66): ¢,(A) = RA3 /48732 — g>RA /12072, Right panel: zoom
of ¢, in the range 14200 < A < 14500 for ¢ = 0.1 (the blue points show the numerical value, the blue line the analytic curve) and

g = 1000 (yellow points and yellow line).
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FIG. 7. Left panel: the red dots show the numerical values of ¢4 for ¢ = 10, while the blue continuous line is the theoretical prediction
given in (66): ¢,(A) = —RA/487/?. Right panel: The red, yellow, and green dots are the values of ¢, for ¢ = 1, ¢ = 10, and g = 100
respectively. The blue continuous line is again the analytic prediction given above.
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FIG. 8. The red dots show the numerical values of c5 as a
function of A for R = 1 and ¢ = 10, the blue continuous line is
the analytic prediction (55) of the spherical hard cutoff in Sec. IV
B, ¢5 = 1/60x.

numerical analysis for the function c¢5(A) are reported in
Fig. 8. The red dots are the numerical values of c¢5 (obtained
for R = 1 and ¢ = 10) for different values of A, while the
blue horizontal line is the analytic prediction obtained with
the hard cutoff in (55), namely ¢; = 1/60x. Repeating the
same analysis for different values of ¢ we always obtain the
same result for c5(A).

These results allow us to ascertain that: (i) the M° term is
present even when the theory is regularized with a smooth
spherical cutoff (we have already seen in (55) that it is
present when an hard spherical cutoff is used); (ii) its
absence from (66) is certainly due to the fact that the
expansion of G(x) in powers of M and ¢ before performing
the integral over x is illegitimate [in other words, we cannot
invert the integral over x with the series in powers of M and
g, as done to obtain (66)]; (iii) the coefficient of M? is the
same both for the hard and the smooth spherical cutoff
regularizations, and does not depend neither on A, nor on q.

Once again, this indicates the universality of this term.
Finally, pursuing the numerical analysis to consider powers
of M higher than 5, we find that no such terms are present.
They all vanish.

The same kind of numerical analysis can also be per-
formed exchanging the roles of M and q. In the left panel of
Fig. 9, for instance, the red dots are the numerical values, for
R =1 and M = 10, of the coefficient of q2 for values of A
within the range 10° < A < 6 x 103, while the blue line is
the analytic result b,(A) = A3/807%/% — M>A/1207°/?
contained in (66). In the right panel we focus on a shorter
range of A, namely 1.42 x 10* < A <1.45 x 10%, con-
fronting the cases M = 0.1 and M = 10°. The distance
between the resulting two curves allows to ascertain the
presence of both terms A?/807/% and —M?A /120732 in
b>(A). Another example is given in Fig. 10, where the
coefficient by(A) of g* is initially plotted for R = 1 and
M = 0.1. The red dots are the results of the numerical
analysis, while the blue continuous line is the analytic
prediction by(A) = —A/56073/% contained in (66).
Successively we consider the case M = 1, and obtain exactly
the same plot, thus confirming the correspondence of the
analytic and numerical results for b4(A), and its independ-
ence from M (see above).

Finally, putting together all the results of the present
section, we conclude that when a spherical smooth cutoff is
used, V;(¢) is given by

5M? + 34>
24073/2

3 35M* + 14¢*M? + 3¢*
16807%/2

V11(¢) -

5

MR
X RA +——+ R, + O(A7Y),

607 (68)

which is nothing but (66) with the addition of the universal
M? contribution.

045007-20



NATURALNESS AND UV SENSITIVITY IN KALUZA-KLEIN ...

PHYS. REV. D 108, 045007 (2023)

5x 108

4% 108}

3x 108}
<

2x 108}

l><108'

0

3000 4000 5000 6000

A

1000 2000

< 6.6x10°}

6.8x10°f

6.7x 10°t

6.5x10°}

6.4x10°F ]
14200 14250 14300 14350 14400 14450 14500
A

FIG.9. Left panel: the red dots are the numerical values of the coefficient of ¢2, by(A), for R = 1 and M = 10. The values of A are in
the range [10%, 6 x 10%]; the blue continuous line is the analytic prediction b,(A) = A? /807> — M?A /120732 contained in (66). Right
panel: zoom in a limited range of A of b,(A), for M = 0.1 (the blue dots show the numerical values, the blue line is the analytic curve)

and M = 1000 (yellow dots and yellow line).
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FIG. 10. The red dots are the numerical values of the coefficient
of ¢*, b,(A), for R = 1 and M = 0.1. The blue continuous line is
the analytic prediction b,(A) = —A/5607%? contained in (66).

Equation (68) is of paramount importance for our
analysis. It shows that the UV-sensitive terms proportional
to powers of ¢, whose presence in V,(¢) we first
evidentiated using for the calculation a hard cutoff (see
Sec. IV B), are also found when a smooth cut is used: the
results (55) and (68) for V;(¢) (hard and smooth cutoff
respectively) crucially differ from (13) and (59) (the well-
known U V-insensitive result of Sec. II) for the presence of
additional UV-sensitive terms proportional to ¢> and g*.
Contrary to the largely diffused idea [38—41] that the
appearance of these terms is due to the use of a hard
cutoff, we have shown that when V;(¢) is calculated
including the asymptotic regions of the virtual momenta in
a consistent manner, UV-sensitive terms proportional to
powers of g show up, irrespectively of the use of a hard or
smooth cutoff. Therefore, the comments that we have done
below Eq. (57) also apply to the present section.

Let us summarize the results obtained so far. In the usual
approach (see Secs. II, IVA, and VA), where V,;(¢) is
calculated performing the infinite sum over n independ-
ently from the integration over p, only divergences propor-
tional to powers of M (eventually canceled in SUSY
theories) appear. In Secs. III, IV B, and V B, however,
we have shown that, when the calculation of V;(¢) is
properly done, new field dependent UV-sensitive terms
proportional to powers of ¢ show up. They originate from
the presence of nontrivial boundary conditions on a
multiply connected spacetime. These additional terms
are artificially canceled out when the asymptotic contribu-
tion of the fifth component of the loop momentum p® is
included in V;(¢) independently from the asymptotic
contributions of the other components. We have also found
that the finite contribution to V;(¢) is always obtained
when the physical conditions ¢?/A% M?>/A> <1 are
fulfilled, and is physically relevant when the size of the
compact dimension is sufficiently small (compared to the
size of the 4D box).

Coming back to the smooth cutoff case of the present
section, we point out that, using smooth cutoff functions
different from ours, some authors recovered the UV-
insensitive result for V;(¢). In the next section we
investigate on this issue, considering three notable exam-
ples, namely the “thick brane” [38], the “Pauli-Villars”
[39], and the “proper time” [21,22] calculations.

VI. COMPARISON WITH OTHER SMOOTH
CUTOFF REGULARIZATIONS

We now compare the results that we obtained in
Sec. VB, where for the calculation of V;(¢) we used
the smooth cutoff function e‘<p2+"2/R2)/A2, with those
present in the literature, where other smooth functions
are considered. We focus on three different realizations:
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“thick brane” [38], “Pauli-Villars” [39], and “proper time”
[21,22]. To make contact with the existing literature, for the
thick brane and Pauli-Villars regularizations we consider
tadpole one-loop corrections dm? to the Higgs mass (rather
than the one-loop corrections to the Higgs potential), that
without regularization read

1
om? _Z/Zﬂ)4p2+ g+ m? (69)

n=—0o0

When discussing the proper time, we will go back to

V11(¢)'

For the thick brane case [38], the authors consider a
model with orbifold compactification, and interactions
localized on branes placed at the orbifold fixed points.
Indicating with z the coordinate along the compact dimen-
sion, these interactions in the 5D action S/s) are regularized
by smoothening the localizing delta function §(z) with a
Gaussian distribution f(z,1;) = 1/(v/27l)e™</%, where [,
is the thickness of the brane. Performing in Ss) the
integration over z, the 4D action S is generated, and
the coupling constants turn out to be multiplied by
e~(n/R+a)'7 /20 | g4 that (69) becomes'?

(n/R+q)2n2

A d4 A2
Z/ (24 q)* +m*’ (70)

n=—oo

The function ¢~("/R+4°%/2A* provides a smooth cut for the
sum over the fifth component ps = n/R of the 5D momen-
tum, while the hard spherical cutoff A = 5! is used for the
integration over the remaining four components (this is
indicated by the uppercase A in the above integral).
Altogether, the sum/integration over the 5D loop momentum
p©) is done with the cutoff e~("/R+a77 /28 g(A2 _ p2),
From (70) we see that the fifth component ps = n/R
appears only in the combination n/R + ¢, both in the cutoff
function and in the original propagator. From a physical
point of view, such a combination in the cutoff function
is disturbing, as for each of the ¢g; that appear in the
contribution to §m? it introduces a different cutoff function.

On the contrary, our cutoff function e™/(R*A) does not
depend on the g;, so that in 6m? the high energy modes
are all uniformly cut. We will further comment on this
point later.

Let us move to the Pauli-Villars regularization [39]. The
authors consider the model introduced in [35], and imple-
ment this regularization through the insertion in Ss) of
higher derivative terms. The 5-dimensional d’Alambertian
Ls) is replaced by

“In the model discussed in [38] m? =0. Eq. (70) is more
general, but this does not change the conclusions.

D1+ Oy /A%), (71)

so that Eq. (69) becomes'

A* 1
nzm/ P+ G+ PP+ Gra?+m®
(72)

From (72) we see that (71) generates the smooth cutoff
function A*/[A* + (p? + (% + ¢)*)?] for the sum/integra-
tion over the 5D momentum p>). Moreover, as for the thick
brane case (70), n/R appears only in the combination
n/R + g, so that the observations we made above also
apply to the present case.

Pushing our analysis a step further, we proceed now
to a comparison between the smooth cutoff function

e~(/R+qP7*/2A* for the sum over n in (70) and the
corresponding function that we introduced in Sec. V B,
namely e~/ (R*A%) that appears in (62). In Sec. VB we
calculated the one-loop Higgs potential V;(¢), while here
we are considering a tadpole contribution to the Higgs
mass. But this is not a problem, since a typical tadpole
contribution of the kind (69) emerges from our V;(¢) with
each term of the sum multiplied by e=/(*A%)_ The former
cutoff function can be obtained from the latter 1rep1acing14
n/R with n/R + ¢q. Although such a replacement might
seem a harmless deformation of our cutoff function, the
final result strongly depends on whether one or the other
of these functions is used. We will see in fact that (i) the
presence of the combination n/R + ¢ in the cutoft function,
and (ii) the fact that in [38,39] the sum over n is done
independently from the integral over p, together conspire to
make the final result artificially UV-insensitive: they realize
a washing out of the UV-sensitive terms proportional to

powers of g>.

BIn the model considered in [39] the boson and fermion
partners are considered together, and the loop integral for the two
point function is then

@y (AR)® R
> [ T )
(AR)®

1 2
(AR + (% + 20+ 127 ( +(2n+ 1>2> } ’

where x = pR is the adimensional four-momentum, and ¢ takes
the values g =0,1/2 for bosons and fermions respectively.
The arguments developed in this section apply to each of the
above integrals.

*In (72) a different cutoff function appears, but it still depends
on ¢ through the combination n/R + ¢, and the considerations
that we develop below also apply to that case.

045007-22



NATURALNESS AND UV SENSITIVITY IN KALUZA-KLEIN ...

PHYS. REV. D 108, 045007 (2023)

To further investigate on this point, we begin by
observing that both (70) and (72) contain functions of
the kind f,(p,n/R + ¢), where the dependence on n only
comes through the combination n/R + ¢g. Within the usual
strategy (where the sum over n and the integral over p are
performed independently from one another), we have then
to calculate expressions of the kind

A(gR) = 2’0: Cp(n+¢qR) (73)

n=—oo

with

crnrar = [ S (para). (9

For the purposes of the present discussion, we are only
interested in the presence or absence of divergences
proportional to powers of g, so we disregard the possible
presence of other divergent terms (that in SUSY theories in
any case disappear when the contributions of each couple
of boson and fermion superpartners are combined).

The right-hand side of (73) can be evaluated resorting
again to the EML formula

+ ¢R) cW(L + gR) = CV (=L + ¢R)

A(gR) = / dxCy(x + gR) +L11_{130< 5

where CE\”(x) indicates the first derivative of the function

Ca(x), B, is the Bernoulli number B; with i = 2, and R, the
rest. The integer L in (75) is needed in the intermediate steps
of the calculation, and is eventually sent to infinity. Inserting
(75)in (70) and (72), we find that in both cases all the terms in
the second line of (75), with the exception of R,, are O(L™!),
so they vanish in the L — oo limit. In the same limit R,
gives the usual result, with its well-known finite periodic
dependence on ¢. Therefore, the only possible source of
(g-dependent) divergences in (75) is the integral. However,
due to the choice of a cutoff function that depends on n only
through the combination n/R + ¢, the trivial change of
variable x — x 4 ¢R shows that no g-dependent terms arise
from it, and a fortiori no g-dependent divergences.

To better appreciate the difference with our smooth
cutoff function e~/ <R2A2), we go back to our result (62)
for Vy;(¢) and consider the derivation of a tadpole
contribution to the mass. A simple inspection of (62)
shows that in this case Eq. (73) is replaced by an expression
of the kind

A(qR) = i Ca(n + qR:n),

n=—oo

(76)

where the terms of the series do not depend only on the
combination n + gR, but also on n alone.

This difference between A(gR) and A(gR) is crucial. We
have already argued that from the physical point of view
A(gR) presents the drawback that it generates different
cutoff functions for different values of ¢ in the same
potential, while A(gR) results from a cutoff function that
implements the cut in the high energy modes in a physically
uniform way for all the terms that contribute to the
potential. Now, applying the EML formula to (76), we
see that in the integral [ dxCx(x + gR;x) it is not
possible to get rid of the dependence on g by performing

+ B, 5 + Rz), (75)

the change of variable x 4+ gR — x. These observations
allow us to understand the reason why in the one-loop
Higgs potential V,(¢) in (68), that is calculated with the
smooth cutoff function e~/ (RZAZ), UV-sensitive terms
proportional to powers of g> appear.

Differently from the UV-sensitive terms proportional only
to powers of M2, the g*-dependent ones do not disappear
even when supersymmetric theories are considered. They are
profoundly different from the former, and are the hallmark of
the UV-sensitivity of V;(¢) that comes from the nontrivial
boundary conditions allowed by the compact extra dimen-
sions when the spacetime manifold is multiply-connected
[see also the discussion below Eq. (57)].

We can ask why, when considering the thick brane and
Pauli-Villars regularizations, smoothing functions that
depend on the combination n/R + g = ps + g appear.
The reason is that these functions come out from defor-
mations of the original lagrangian in x-space (see
comments above Egs. (70) and (72) for thick brane and
Pauli-Villars respectively), so that the nonmonodromies of
the fields along the compact dimension [see (5)] generate
the quantity ps + ¢ for the regulating functions in momen-
tum space. This results in cuts on n/R + ¢ rather than on
the fifth component of the momentum ps = n/R. But we
already stressed that this is physically not sound, as
different cutoff functions are generated for each value of
the charges g,. Therefore, the thick brane and Pauli-Villars
regularizations implement an ad hoc procedure that arti-
ficially cancels the divergences proportional to powers of
g*. In other words, a class of specially chosen functions
forces the calculations to wash out UV-sensitive terms that
are actually present. There is another reason why such a
way of implementing cutoff functions is physically unac-
ceptable. For models with an effective potential of the
kind (8), where ¢ = ¢(¢), a field dependence in the cutoff
function would appear, but clearly this is physically
unacceptable.
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We now move to consider the calculation of V;(¢) with the proper time regularization [21,22]. Writing the loop integral
with the help of the Schwinger identity, replacing the lower extreme “0” for the integration over s with 1/A2, and

performing the s integral, we get

) d4p © (s ) ., 2
Vul) == 3 / (a) / . {e‘s(l’ M+ Ga)) _ (P +R2>}
n=—o0 F

2

e
a n=—oo (27[)4
where T'(x,y) is the incomplete gamma function. The

proper time regularization then casts the calculation of
V1i(¢) in the form

Vil(e) = nim/% <fA <p,%+q) +9A(p,%>>,
(78)

that is of the kind (73) (disregarding the second term in the
right-hand side of (78) that is related to the subtraction of
field independent quantities, and then irrelevant for our
physical considerations). The comments made above for
the thick brane and Pauli-Villars regularizations then also
apply to this case.

Before ending this section, we stress again that the above
attempts to implement smooth cutoff regularizations were
made to overcome the objections originally raised in [33]
against the UV-insensitivity (finiteness) of V;(¢). Our
conclusion is that they are flawed by the use of cutoff
functions that are physically unacceptable and artificially
realize the cancellation of UV-sensitive terms. On the
contrary, the use of physically sound cutoff functions
shows that these are genuine UV-sensitive contributions
that have to be taken into account.

VII. SUMMARY AND CONCLUSIONS

We considered higher-dimensional theories with com-
pact extra dimensions and studied the UV-sensitivity of
the Higgs effective potential V;(¢) derived from these
models. About twenty years ago, some results indicated
that V1;(¢), as well as the Higgs boson mass my, could be
U V-insensitive (Introduction and Sec. II). The possibility of
having a finite my was clearly seen as a very welcome
result, leading to the widespread belief that compactifica-
tion could be combined with unbroken higher-dimensional
supersymmetry to alleviate (and possibly get rid of) the
naturalness problem, while still furnishing at low energies
the typical spectrum of a softly broken SUSY theory.
Objections against these results were raised, that triggered a
heated debate. However, the community soon came (or
seemed to came) to a general agreement in favor of the
correctness of the finite results for V;(¢), that have since

{r(o,”2 + M2+ (ot q>2> _F(O’Z—H p2>} -

A? A?

been used in many different applications, even in very
recent times.

The search for a mechanism, a symmetry, a theoretical
framework, where the Higgs mass could show UV-
insensitivity, or at least a much milder sensitivity to UV
physics than the typical one, is clearly a question of the
greatest importance. This motivated us to reconsider the
entire approach based on higher-dimensional theories with
compact extra dimensions. Combining analytical and
numerical methods, we found that the UV-insensitivity of
the Higgs one-loop potential V;(¢) is illusory. In fact, it
results from physically and mathematically illegitimate
steps in the calculation, and we have shown in detail how
an artificial cancellation of UV-sensitive terms occurs. For
the purposes of our analysis, it was sufficient to consider
5D theories with one compact dimension in the shape of a
circle of radius R (Secs. III, IV, and V), but the results can
immediately be extended to more general cases. They show
that V,(¢) has a previously overlooked UV sensitivity,
whose physical origin is in the boundary conditions of the
fields in spacetimes with nontrivial topology.

We have found that the usual result of a UV-insensitive
Higgs potential V;(¢) comes from an incorrect treatment
of the loop momentum asymptotics in the calculation: the
fifth component ps of the loop momentum p®) is included
separately from the asymptotic contributions of the other
components. In Sec. IVA we have explicitly shown how
such an artificial cancellation of the above mentioned
UV-sensitive terms from V;(¢) takes place in the original
calculation. In Secs. III, IV B (with a hard cutoff), and
V B (with a smooth cutoff) we have shown the way to
properly include the asymptotics of the loop momentum
in the calculation of V;(¢). As a result, we found the
UV-sensitive terms previously overlooked.

In Sec. VI we analyzed certain smooth regularizations
considered in the previous literature that allowed to recover
the finite result, and thus consolidated the belief that in
V1,(¢) and my no UV-sensitive terms are present. We have
shown that these calculations once again implement an
artificial washing out of the UV-sensitive terms. In par-
ticular, this is what happens in the framework of the proper
time regularization. This latter observation is relevant in
connection with the usual way string theory calculations are
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related to field theory ones. In fact, unfolding the funda-
mental domain of the torus on which the string partition
function is calculated, an integral that strongly resembles a
proper time realization of a loop integral is obtained. Our
results raise some warnings on the use the proper time
integral as the appropriate bridge toward field theories with
nontrivial boundary conditions [9,34].

We cannot conclude the present work without discussing
some well-known attempts to justify the asymmetrical
treatment of the sum over n and the integration over p.
One is rooted in the comparison of this usual way of
performing the calculation of V;(¢) with the correspond-
ing one in finite temperature field theory for the free energy.
It is pointed out that the infinite sum over n has to be
performed before the integration over p as it is the case in
finite temperature field theory for the sum over the
Matsubara frequencies w,. However, such an advocated
analogy between these two cases is misleading. In fact, the
sum over 7 in finite temperature field theory is needed to
realize the ensemble average, that implements the ergodic
hypothesis, and as such must be extended up to infinity
(otherwise ergodicity would be violated). The sum over n
and integration over p in our case realize the inclusion in
the theory of the quantum fluctuations, and obviously none
of the components of the loop momentum can be treated
differently from the others. In particular, we should be
extremely careful when treating the asymptotics of each of
these components.15

Another apparently different attempt consists in perform-
ing the calculation of the two-point Green’s function in the
“mixed position-momentum” space [36]. This corresponds
to a physically unrealizable separation of the dynamics
along the compact dimension (S! in our case) from that in
R*. Actually, trying to solve the dynamics along the circle
while keeping the other components frozen (i.e. technically
swapping d{, <> p(,) and treating pf, as a constant in the
equations of motion), is tantamount to perform the infinite
sum over n first, and is equally unacceptable on physical
grounds.

We conclude underlining once again that the deep
physical reason for the appearance of UV-sensitive terms
in V;(¢) is in the nontrivial boundary conditions allowed
by the multiply connected nature of the spacetime. We do
not see how such a physical effect related to the nontrivial
topology of the spacetime could be circumvented to make
these terms disappear from V;(¢).

In this respect we note that we should not be misled by the
fact that in finite temperature field theory in the imaginary time
formalism the “space” is R? x S', and in our case it is R* x S'.
We stress again that the crucial difference between the two cases,
is that in the latter case we cannot send n — oo otherwise we
would treat inconsistently the different components of the loop
momentum, while in the former case we must send n — oo
otherwise we would violate ergodicity.
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APPENDIX

In Egs. (70), (72), and (77) in the text we have to perform
the sum and the integral of a function of the kind
falp,n/R+ q), where the dependence on n comes only
through the combination n/R + ¢ (apart from a possible
field-independent normalization). Actually f, depends on
the square of n/R + ¢, so that we have to calculate an
expression of the kind

FlgR) = Y ( / %[fA<p, (n+ gR):A)

n=-—oo

; gA<p,n/R;A>]). (A1)

In the text we have found that the function F(gR) written
above is periodic (see (18), polylogarithmic functions).
Interestingly, we can show that the fact that a function
F(gR) of the kind defined in (A1) is periodic, with period
the unitary interval, can be seen even before performing the
actual calculation. In fact, being the sum infinite, when
gR € N the final result for F(gR) does not depend on g (we
can operate the replacement n + gR — n in the summation
index). This means that a g-dependence can only arise from
values of ¢ such that gR& N. From (A1) we immediately
see that F(gR) = F(—¢gR) and that F(gR + s) = F(qR),
where s is an integer. Combining the two, we also have that
F(gR) = F([qR] + 1 — gR), where [¢R] is the integer part
of gR. There are two important consequences of these
relations: (i) the function F(gR) is periodic, with period
equal to the unitary interval; (ii) in each unitary interval
[0, 1], [1, 2], ..., the function F(gR) is such that in the
second half of the interval it is the mirror symmetric of itself
in the first half of the interval.

We then see that, even before performing the actual
calculation, F(gR) can have only a periodic and oscillatory
dependence on g when the sum over n is extended up to
infinity. To obtain such a result two crucial steps are
needed: (i) the introduction of a regularizing function that
casts the ill-defined original one-loop correction into a
well-defined (convergent) contribution of the form (Al)
[(78) in the text]; (ii) the infinite sum over n is performed
independently of the integration over the four-momentum.
In this respect, we observe that even the one-loop potential
considered in Sec. II has the general form (Al), and that
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also for that calculation we followed the usual strategy of
performing the infinite sum over n independently from the
integration over p. Therefore, all the considerations on the
dependence on ¢ developed above apply straightforwardly
to that calculation, so that the oscillatory form of V;(¢)
had to be expected even in (15).

Finally, we note that in all the cases considered:
(i) limy_o f(p,n/R+ q;A)=h(p,n/R+ q) is finite;
(i) Y- _ h(p,n/R + q) is convergent. As the argument
developed above do not depend on the specific value of A,
we conclude that the periodic function of ¢ does not
contain A.
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