
Supersymmetry with Lorentz symmetry violation

I. T. Drummond *

Department of Applied Mathematics and Theoretical Physics, Centre for Mathematical Sciences,
University of Cambridge, Wilberforce Road, Cambridge CB3 0WA, United Kingdom

(Received 28 June 2023; accepted 21 July 2023; published 8 August 2023)

We study two (massless free field) models, a photon/photino model with a vector gauge field and a
Majorana spinor field, and a Wess-Zumino model. They each exhibit Lorentz symmetry violation but
retain, in an appropriate way, the supersymmetry correspondence between the particles of the two fields. In
relation to the photon field the Lorentz symmetry violation is of a simple but nontrivial kind that implies
birefringence. In relation to the spinor field the Lorentz violation is produced by a modification of the
Majorana equation that is a simplified version of more general investigations of Lorentz symmetry
violation of the Dirac equation. In the case of the Wess-Zumino model we retain the same violation of
Lorentz symmetry for the Majorana field and adjust the propagation of the scalar particles so that they
exhibit a corresponding birefringence. The advantages of the models are that they are straightforward to
investigate completely and both retain the basic aspect of supersymmetry namely the one-to-one
correspondance between bosons and fermions. As a result of this bottom-up approach it is then possible
to construct conserved supersymmetry charges and investigate their algebraic properties. To some extent
these are similar to those encountered in the case of Lorentz invariance. However, there are differences and
in particular nonlocal terms appear in the commutation relations of the supersymmetry charges and fields of
the models. We examine carefully the rather intricate nature of the limit back to Lorentz invariance.
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I. INTRODUCTION

Generally, and for good reasons, supersymmetry is
viewed as fitting into the standard scheme of Lorentz-
invariant field theory. However there are also good reasons
for investigating the possibility that Lorentz symmetry
might be violated and in particular at high energy [1–4].
One of the attractions of supersymmetry is that it can
modify the high-energy behavior of field theories rendering
them strongly renormalizable or even finite. Hence, the
possibility of retaining supersymmetry in a context in
which Lorentz symmetry is violated is to be taken seriously.
There have been a number of proposals formulating models
that retain supersymmetry while admitting Lorentz sym-
metry violation (LSV) [5–9]. Away of understanding some
of the of issues involved is to adopt a distinction between
intrinsic and extrinsic Lorentz symmetry violation. An
example is LSV in deep inelastic scattering of electrons
on hadrons [10–13]. If we assume that the electron beam is
as it is usually understood to be then LSV effects might be

due either to a modification of the Dirac equation describ-
ing the quarks making up the hadrons (intrinsic LSV), or to
a distortion of the spacetime relationship between the
quarks, perfectly standard in their own frame that differs
however from that of the elctron beam (extrinsic LSV) (see
the discussions in Refs. [7,13]). Of course both types of
LSV together with additional spin modification of the
electron beam may be present.
We regard the case of intrinsic LSV as of particular

interest and propose two models to illustrate this. The first
comprises a vector field, the “photon,” and a massless
Majorana spinor field, the “photino.” The Lorentz sym-
metry breaking is unequivocal, both particles exhibit
birefringence in the form of a double light cone. The
parameters in the model can be adjusted so that the
dispersion relations for the photon and the photino conform
appropriately with one another. This makes it possible to
make a pairing, for each light cone, between a photon state
of given 4-momentum and a photino state with the same
4-momentum. We are then able to construct conserved
supersymmetry charges that convert one type of particle
into the other, thus justifying the photon/photino nomen-
clature. However although the supersymmetry charges are
obtained from locally conserved currents they are more
limited in scope than the standard supersymmetry charges
of the fully Lorentz invariant model. For example, they
cannot connect states on distinct light cones.
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The second model is a simplified Wess-Zumino
model [14] in which we retain the massless Majorana
particle and introduce scalar and pseudoscalar particles that
travel on lightcones that match the birefringent light cones
of the Majorana particle. In a manner similar to that of the
photon/photino model we find conserved supersymmetry
charges that are again of restricted scope. In both models
this feature complicates the approach to Lorentz symmetry
where the full supersymmetry should be recovered. We
examine this limiting procedure in some detail.

II. PHOTON LAGRANGIAN

On setting up the photon/photino model we introduce, on
the basis of discussions of Lorentz symmetry breaking in
Refs. [4,15–17] for the vector field of the photon, AμðxÞ, the
Lagrangian

LPðxÞ ¼ −
1

4
FμνðxÞFμνðxÞ þ

1

8
CμνλτFμνðxÞFλτðxÞ: ð1Þ

Here, FμνðxÞ ¼ ∂μAνðxÞ − ∂νAμðxÞ, and Cμνλτ is a tensor
with the algebraic symmetries of a Weyl tensor, namely

Cμνλτ ¼ Cλτμν ¼ −Cνμλτ; ð2Þ

together with a zero-trace condition

ημλCμνλτ ¼ 0; ð3Þ

and a Bianchi identity

Cμνλτ þ Cμλτν þ Cμτμλ ¼ 0: ð4Þ

Here ημλ is the diagonal metric tensor with entries
ð1;−1;−1;−1Þ. This framework covers all possible types
of (intrinsic) Lorentz symmetry violation for the photon
field. From the Lagrangian LPðxÞwe obtain the equation of
motion

∂μGμνðxÞ ¼ 0; ð5Þ

where

Gμν ¼ −
∂LP

∂ð∂μAνðxÞÞ
¼ FμνðxÞ − Cμνλτ

∂λAτðxÞ: ð6Þ

Petrov [18] identified a classification of the possible
versions of Cμνλτ. The Petrov classification is based on the
principal null vectors of the Weyl tensor [19]. In the general
case there are four for a given Weyl tensor. However they
may coincide in various ways and this is the basis of the
Petrov scheme. In our model we select the simplest case,
class N, in which they all coincide. If we denote this
principal null vector by lμ we can include it in a Penrose
null tetrad [19] comprising vectors lμ,nμ,mμ, m̄μ, that satisfy

l2 ¼ n2 ¼ m2 ¼ m̄2 ¼ l:m ¼ l:m̄ ¼ n:m ¼ n:m̄ ¼ 0; ð7Þ

together with

l:n ¼ −m:m̄ ¼ 1: ð8Þ

Explicitly,we choose lμ¼ð1= ffiffiffi
2

p
;0;0;1=

ffiffiffi
2

p Þ,nμ ¼ ð1= ffiffiffi
2

p
;

0; 0;−1=
ffiffiffi
2

p Þ, mμ ¼ ð0; 1= ffiffiffi
2

p
; i=

ffiffiffi
2

p
; 0Þ, m̄ ¼ ð0; 1= ffiffiffi

2
p

;
−i=

ffiffiffi
2

p
; 0Þ. We can complete the construction of the photon

Lagrangian by setting (see [19])

Cμνλτ ¼ κðAμνAλτ þ ĀμνĀλτÞ; ð9Þ

where

Aμν ¼ lμmν − lνmμ ð10Þ

and

Āμν ¼ lμm̄ν − lνm̄μ: ð11Þ

An important property of the bivector Aμν is self-duality,
that is

i
2
ϵμνλτAλτ ¼ Aμν; ð12Þ

while the bivector Āμν is antiself-dual, that is

i
2
ϵμνλτĀλτ ¼ −Āμν: ð13Þ

It is useful to note that

lμAμν ¼ lμĀμν ¼ 0; ð14Þ

and

AμνĀμλ ¼ −lνlλ: ð15Þ

A. Photon dynamics

Because of the presence of the Lorentz symmetry
violating term in Eq. (1) the model has unconventional
features, we present the quantization of the photon field in
some detail. Following Refs. [16,20,21] we adopt the well
known Gupta-Bleuler method adapted to our new circum-
stances. The first step is to replace the Lagrangian in Eq. (1)
with

LGBðxÞ ¼ −
1

2
∂μAν∂

μAν þ 1

2
Cμνλτ

∂μAν∂λAτ: ð16Þ

This is equivalent to the original version (up to total
derivative terms) for fields obeying the gauge constraint
∂:AðxÞ ¼ 0. The equation of motion is
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∂μ

�
∂LGB

∂ð∂μAνÞ
�

¼ 0: ð17Þ

This becomes

−∂2Aν þ ∂μCμνλτ
∂λAτ ¼ 0: ð18Þ

The Hamiltonian formulation of the photon dynamics
requires the construction of the field ΠμðxÞ canonically
conjugate to AμðxÞ. This is given by

ΠνðxÞ ¼ ∂LP

∂ð∂0AνðxÞÞ
¼ −KντȦτðxÞ þ

X3
k¼1

C0νkτ
∂kAτðxÞ;

ð19Þ

where

Kντ ¼ ηντ − C0ν0τ: ð20Þ

B. Plane-wave solutions

Plane-wave solutions have the form

AνðxÞ ¼ ενe−ip:x: ð21Þ

From Eq. (18) we have

p2εν − pμpλCμνλτετ ¼ 0: ð22Þ

The gauge condition is

p:ε ¼ 0: ð23Þ

The wave equation becomes

p2εν − κðpμAμνpλAλτ þ pμĀμνpλĀλτÞετ ¼ 0: ð24Þ

There are four positive energy solutions. Two are
“unphysical,” comprising a gauge solution, ενG ¼ pν and
a complementary solution ενC ¼ lν. Both these solutions
require p2 ¼ 0 which implies that the mass-shell cone
and the light cone on which they propagate are the standard
cones associated with the metric ημν. There are
also two “physical” solutions for which p2 ≠ 0. It is
immediately obvious from Eq. (24) any such solution
has the form

εν ¼ αpμAμν þ ᾱpμĀμν; ð25Þ

for some values of α and ᾱ. On substituting this form into
Eq. (24) we obtain

p2αþ κðl:pÞ2ᾱ ¼ 0; ð26Þ

p2ᾱþ κðl:pÞ2α ¼ 0: ð27Þ

To obtain a nontrivial solution we require

ðp2Þ2 − κ2ðl:pÞ4 ¼ 0: ð28Þ

That is

p2 � κðl:pÞ2 ¼ 0: ð29Þ

For simplicity of presentation we assume that κ > 0. It is
then obvious that the two mass-shell cones are nested, the
“−” cone lying in the interior of the “þ” cone, except where
they touch along a common generator parallel to lμ. Indeed
they share this generator with the standard cone p2 ¼ 0
(appropriate to the unphysical solutions) which is nested
between the physical “�” cones. However it should be
noted that when κ ¼ 2 the “−” cone acquires a generator
parallel to the 0-axis and the “þ” cone acquires a generator
along the (negative) 3-axis. We impose the constraint
κ < 2. We comment on the significance of this constraint
later. When κ < 0 the “þ” and “−” cones interchange roles
in the nesting structure. For this reason we impose also the
corresponding constraint κ > −2. Ultimately then we have
(see also Ref. [22])

−2 < κ < 2: ð30Þ

Subject to this restriction we can identify four positive
energy solutions. The negative energy solutions are obtained
by complex conjugation. From Eq. (29) we find the allowed
momenta pμ

� ¼ ðE�;pÞ ¼ ðE�; p1; p2; p3Þ, where

E� ¼ 1

1� κ=2

�
�ðκ=2Þp3 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� κ=2Þðp2

1 þp2
2Þ þp2

3

q �
:

ð31Þ

Taking account of the relevant mass-shell conditions, the
solutions to Eq. (27) are α� ¼ �ᾱ�. The physical solutions,
conveniently normalized, are then

εμþðpþÞ ¼ ðl:pþÞeμ1 − ðe1:pþÞlμ; ð32Þ

and

εμ−ðp−Þ ¼ ðl:p−Þeμ2 − ðe2:p−Þlμ; ð33Þ

where eμ1 ¼ ð0; 1; 0; 0Þ and eμ2 ¼ ð0; 0; 1; 0Þ.

C. Light cone structure

It is useful to examine the light cone behavior of the
photons since this governs the causal structure of the
model. Consider the “+” mode. Define a transform of
the momentum pþ → p̂þ where
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p̂μ
þ ¼ pμ

þ þ κ

2
lμðl:pþÞ: ð34Þ

This mapping is a null shear in momentum space. It is
immediately obvious from Eq. (29) that

p̂2þ ¼ p2þ þ κðl:pþÞ2 ¼ 0: ð35Þ

The null shear maps the “+” mass-shell cone onto
the standard null cone. Similarly in spacetime introduce
x → x̂þ, where

x̂μþ ¼ xμ −
κ

2
lμðl:xÞ: ð36Þ

This is a null shear (of the opposite sign) in spacetime. We
have immediately

x̂þ:p̂þ ¼ x:pþ; ð37Þ
and therefore the phase factor f ¼ expf−ix:pþg ¼
expf−ix̂þ:p̂þg satisfies the wave equation

∂̂
2
þf ¼ −p̂2þf ¼ 0: ð38Þ

Here we have set

∂̂þμ ¼
∂

∂x̂μþ
: ð39Þ

It follows that in terms of the coordinates x̂μþ the “+” light
cone is x̂2þ ¼ 0, which yields

x2 − κðl:xÞ2 ¼ x̂2þ ¼ 0: ð40Þ

A similar discussion for the “−” mode leads to the
transformation

pμ
− → p̂μ

− ¼ pμ
− −

κ

2
lμðl:p−Þ; ð41Þ

and

xμ → x̂μ− ¼ xμ þ κ

2
lμðl:xÞ; ð42Þ

and the conclusion that the corresponding light cone is

x̂2− ¼ x2 þ κðl:xÞ2 ¼ 0: ð43Þ

The light cone structure therefore is similar, to that of
the mass shells in momentum space, except that now the
interior cone, the slow cone, is the “þ” cone and the
exterior cone, the fast cone, is the “−” cone.
A geometrical understanding of the need for a restriction

on the range of κ can be obtained by noting that when κ ¼ 2
the “þ” cone tilts so that it acquires a generator along the
time axis. When κ > 2 the positive time “þ” cone
lies entirely within the region x3 > 0 at which point
the coordinate system represented by xμ ¼ ðt;xÞ ¼
ðt; x1; x2; x3Þ is no longer appropriate for describing the
causal evolution of the model. This picture can be devel-
oped further by noting that observers (each associated with
a reference frame that has ημν as a metric) have coordinate
systems related by Lorentz transformations. One such
transformation is LðψÞ; a boost along the (negative)
3-axis of velocity v ¼ tanhψ. It is easy to check that under
such a transformation

lμ → Lμ
νðψÞlν ¼ eψ lμ: ð44Þ

The description of the model in the new frame is unchanged
provided we make the replacement κ → κ0 ¼ e2ψκ. Even if
κ lies within the acceptable range a sufficiently powerful
boost will shift κ0 out of this range. A boost in the opposite
direction can be of any strength and will cause a shift
eventually to observers who, because of limitations of
measurement accuracy, are unable to detect the Lorentz
symmetry violation. The constraint on κ can be reinter-
preted as a constraint on the allowed reference frames.
Observers may not be boosted to the point at which they
can overtake particles moving on the slow light cone. We
develop this point further in Sec. VI.

D. Overlaps of the photon wave functions

In order to control the normalization of wave functions it
is necessary to define a scalar product or overlap between
them. We follow Ref. [20] and define the overlap of two
solutions, AμðxÞ and BμðxÞ, of Eq. (18) to be (A, B) where

ðA;BÞ ¼ −i
Z

d3xðA�
νðxÞ∂0BνðxÞ − BνðxÞ∂0Aν�ðxÞ

−C0νλτðA�
νðxÞ∂λBτðxÞ − BνðxÞ∂λA�

τðxÞÞÞ: ð45Þ

It is easy to verify that it is independent of time. We denote
the wave functions as

ΨGμðp; xÞ ¼ pμe−ip:x;

ΨCμðp; xÞ ¼ lμe−ip:x;

Ψþμðp; xÞ ¼ ððl:pþÞe1μ − ðe1:pþÞlμÞe−ipþ:x ¼ εþμðpþÞe−ipþ:x;

Ψ−μðp; xÞ ¼ ððl:p−Þe2μ − ðe2:p−ÞlμÞe−ip−:x ¼ ε−μðp−Þe−ip−:x: ð46Þ
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The overlaps for the unphysical wave functions are

ðΨGðpÞ;ΨGðp0ÞÞ ¼ ðΨCðpÞ;ΨCðp0ÞÞ ¼ 0; ð47Þ

ðΨGðpÞ;ΨCðp0ÞÞ ¼ −2Eðl:pÞð2πÞ3δ3ðp − p0Þ: ð48Þ

The overlaps between unphysical and physical wave
functions all vanish. The nonvanishing overlaps for the
physical wave functions are

ðΨþðpÞ;Ψþðp0ÞÞ ¼ ð2πÞ3δð3Þðp − p0ÞðEþ − p3Þ2

×

�
Eþ þ κ

2
ðEþ − p3Þ

�
;

ðΨ−ðpÞ;Ψ−ðp0ÞÞ ¼ ð2πÞ3δð3Þðp − p0ÞðE− − p3Þ2

×

�
E− −

κ

2
ðE− − p3Þ

�
: ð49Þ

The structure of the overlaps of the unphysical wave
functions is equivalent to that of the standard Gupta-Bleuler
formalism. That is, they comprise a subspace, in this case
spanned by two sets of zero norm wave functions, that
contains both positive and negative norm wave functions.
Ultimately this is why the corresponding excitations do not
contribute to the values of physical, that is gauge invariant,
quantities. This is particularly significant here because the
unphysical light cone is distinct from the birefringent
structure of the physical light cones and any unphysical
signal will be transported in manner distinct from the
physical signals.

E. Quantization of the photon field

The quantization of the photon field is achieved by
imposing the (equal-time) commutation relations

½ΠνðxÞ; Aλðx0Þ� ¼ −iδνλδð3Þðx − x0Þ: ð50Þ

The field ΠνðxÞ is defined in Eq. (19), see also [20,21].
A convenient way of exploiting the canonical commu-

tation relations is through the identity

½ðf; AÞ; AμðxÞ� ¼ f�μðxÞ; ð51Þ

where fμðxÞ is any arbitrary photon wave function and
AμðxÞ is the quantum photon field. We can obtain this result
by noting that from the definition in Eq. (45) we obtain

ðf; AÞ ¼ i
Z

d3x0f�νðx0ÞΠνðx0Þ þR; ð52Þ

where the remainder term R commutes (at equal times)
with AμðxÞ. The identity follows.
The quantum field AμðxÞ can be separated into a number

of terms. They are

AμðxÞ ¼ AþμðxÞ þ A−μðxÞ þ AUμðxÞ; ð53Þ

where

A�μðxÞ ¼
Z

d3p
1

N �ðpÞ
½a�ðpÞΨ�μðp; xÞ

þ a†�ðpÞΨ�
�μðp; xÞ�; ð54Þ

and AUμðxÞ contains the unphysical mode contributions.
We include a normalizing factor 1=N �ðpÞ in Eq. (54) in
order to permit the imposition of the nonvanishing com-
mutation relations in the form

½a�ðpÞ; a†�ðp0Þ� ¼ ð2πÞ3δð3Þðp − p0Þ: ð55Þ

It follows, for example, that

½aþðpÞ; AμðxÞ� ¼
1

N þðpÞ
Ψ�þμðp; xÞ: ð56Þ

We also have from the overlap calculation

ðΨþðpÞ; AÞ ¼
1

N þðpÞ
ðEþ − p3Þ2

×

�
Eþ þ κ

2
ðEþ − p3Þ

�
aþðpÞ: ð57Þ

If we choose fμðxÞ ¼ Ψþμðp; xÞ in the identity Eq. (51)
then using Eqs. (56) and (57) we find

½ðΨþðpÞ; AÞ; AþμðxÞ� ¼
1

ðN þðpÞÞ2
ðEþ − p3Þ2

×

�
Eþ þ κ

2
ðEþ − p3Þ

�
Ψ�þμðp; xÞ:

ð58Þ

It follows that

N þðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðEþ − p3Þ2

�
Eþ þ κ

2
ðEþ − p3Þ

�s
: ð59Þ

By a parallel discussion we can show that

N −ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE− − p3Þ2

�
E− −

κ

2
ðE− − p3Þ

�s
: ð60Þ

F. Photon energy-momentum tensor

The energy-momentum tensor for photons in the Gupta-
Bleuler formalism can be computed along conventional
lines in the form
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Θμν
GBðxÞ ¼

∂LGB

∂ð∂μAλÞ
∂
νAλ − ημνLGB: ð61Þ

If we define

Gμν ¼ −
∂LGB

∂ð∂μAνÞ
; ð62Þ

then the Lagrangian is

LGB ¼ 1

4
GμνFμν; ð63Þ

and the equation of motion is

∂μGμν ¼ 0: ð64Þ

The energy-momentum tensor becomes

Θμν
GBðxÞ ¼ −GμλðxÞ∂νAλðxÞ þ

1

4
ημνGλτðxÞFλτðxÞ: ð65Þ

It follows readily that

∂μΘ
μν
GBðxÞ ¼ 0: ð66Þ

This version of the energy-momentum tensor, just as in the
Lorentz symmetric case, is unsatisfactory as a physical
quantity because it is not gauge invariant. The remedy is the
same also see [23]. We introduce a correction

Θμν
C ðxÞ ¼ Gμλ

∂λAνðxÞ: ð67Þ

The physical energy-momentum tensor is then

ΘμνðxÞ ¼ Θμν
GBðxÞ þ Θμν

C ðxÞ: ð68Þ

It is conserved

∂μΘμνðxÞ ¼ 0: ð69Þ

The 4-momentum operator is

Pν ¼
Z

d3xΘ0νðxÞ: ð70Þ

In terms of mode operators we have

Pν ¼ Pνþ þ Pν
−; ð71Þ

where

Pν
� ¼ 1

2

Z
d3p
ð2πÞ3 ða

†
�ðpÞa�ðpÞ þ a�ðpÞa†�ðpÞÞpν

�: ð72Þ

In the Lorentz symmetric case the procedure we have
adopted in constructing ΘμνðxÞ also renders it symmetrical.

This is not true in the presence of Lorentz symmetry
violation, the reason being that the generators of Lorentz
transformations Lμν are computed as

Lμν ¼
Z

d3xðxμΘ0νðxÞ − xνΘ0μðxÞÞ: ð73Þ

Now

∂λðxμΘλνðxÞ − xνΘλðxÞÞ ¼ ΘμνðxÞ − ΘνμðxÞ: ð74Þ

The absence of symmetry for ΘμνðxÞ then implies that the
generators Lμν are not time independent which is the case in
our model.

III. MAJORANA SPINOR FIELD

The Lorentz-invariant Lagrangian, LMðxÞ for the
Majorana field ψðxÞ, is

LMðxÞ ¼
i
2
ψ̄ðxÞγμ∂μψðxÞ: ð75Þ

Here γμ are the standard Dirac matrices appropriate to the
metric ημν. We will follow [24] and adopt a chiral
representation. The Majorana field satisfies the massless
Dirac equation,

γ:∂ψðxÞ ¼ 0: ð76Þ

The charge-conjugation transformation is ψ → ψC where

ψC ¼ Cðψ̄ÞT: ð77Þ

The γμ obey the conditions

CγμC−1 ¼ −ðγμÞT; ð78Þ

and

CT ¼ C† ¼ −C;

C2 ¼ −1: ð79Þ

These properties are satisfied by the representation

C ¼
�
iσ2 0

0 −iσ2

�
: ð80Þ

These properties imply that ψCðxÞ also satisfies Eq. (76).
We are then free to impose the Majorana condition
ψðxÞ ¼ ψCðxÞ thus reducing the Majorana field to the
two independent components appropriate for a photino
field.
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A. Lorentz symmetry violation and the Majorana field

In order to introduce Lorentz symmetry violation into
the evolution of the Majorana field we follow the work of
a number of authors [24–26] who have considered the
implications of introducing Lorentz symmetry violation by
means of generalisations of the Dirac equation. In con-
structing our model we require only a simplified version of
that approach applied to the Majorana equation. We adopt
then the modified Majorana Lagrangian LM where

LMðxÞ ¼
i
2
ψ̄ðxÞΓμ

∂μψðxÞ; ð81Þ

where

Γμ ¼ γμ þ 1

2
Tμ

αβσ
αβ; ð82Þ

and σαβ ¼ ði=2Þ½γα; γβ�. The modified Majorana equation is

Γ:∂ψðxÞ ¼ 0: ð83Þ

It is easy to check that ψCðxÞ is also a solution of Eq. (83)
so we can indeed impose the condition ψCðxÞ ¼ ψðxÞ
on the solutions. The field πðxÞ canonically conjugate to
ψðxÞ is

πðxÞ ¼ iψ̄ðxÞΓ0; ð84Þ

and the canonical equal time anticommutation relation is

fψαðxÞ; πβðx0Þg ¼ iδαβδð3Þðx − x0Þ; ð85Þ

or more succinctly

fψðxÞ; ψ̄ðx0ÞgΓ0 ¼ δð3Þðx − x0Þ: ð86Þ

B. Plane waves and dispersion relation

Crucial to constructing a supersymmetric model is
arranging for a concordance between the photon and
photino dispersion relations [5]. To investigate this we
need the plane-wave solutions of Eq. (83). These have the
form

ψðp; xÞ ¼ ue−ip:x; ð87Þ

where p ¼ ðE;pÞ with E > 0 and uðpÞ is spinor with
components ðu1; u2; u3; u4Þ. Equation (83) implies

Mu ¼ 0; ð88Þ

where

M ¼ Γ:p ¼ γ:pþ 1

2
Tαβσ

αβ; ð89Þ

and

Tαβ ¼ pμTμ
αβ: ð90Þ

Following the reasoning in [24–26] we introduce the dual
tensor

T̃αβ ¼ 1

2
ϵαβλτTλτ; ð91Þ

together with

Tð�Þ
αβ ¼ 1

2
ðTαβ � iT̃αβÞ; ð92Þ

the self-dual and antiself-dual parts of Tαβ. It then follows
(see [24–26]) that ΔðpÞ ¼ detM is given by

ΔðpÞ ¼ ðp2Þ2 þ ðTðþÞÞ2ðTð−ÞÞ2 þ 8VðþÞ:Vð−Þ; ð93Þ

where

Vð�Þ
ν ¼ pμTð�Þ

μν : ð94Þ

The dispersion relation we require is

ΔðpÞ ¼ 0: ð95Þ

In order to fix the model precisely we must choose a

specific form for Tð�Þμ
αβ . In doing so it helps to recall that the

photon model involved the null vector lμ and the self- and
antiself-dual tensors Aαβ and Āαβ. These suggest them-
selves as candidates for the chiral structure we seek. Our
initial proposal is then

TðþÞμ
αβ ðθÞ ¼ ξeiθlμAαβ; ð96Þ

together with the complex conjugate relation, θ being real,

Tð−Þμ
αβ ðθÞ ¼ ξe−iθlμĀαβ: ð97Þ

In turn this yields

Tμ
αβðθÞ ¼ ξlμðeiθAαβ þ e−iθĀαβÞ: ð98Þ

If we make the replacements m → m0 ¼ eiθm and
m̄ → m̄0 ¼ e−iθm̄ in the choice of Penrose tetrad in the
Majorana field we see that relative to the photon tetrad this
represents a clockwise rotation in the (1, 2)-plane about
the 3-axis. However the extra generality represented by the
angle θ is spurious. If we define
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ΓμðθÞ ¼ γμ þ 1

2
Tμ
αβðθÞσαβ; ð99Þ

then we can easily show that

ΓμðθÞ ¼ XðθÞΓμXðθÞ; ð100Þ

where Γμ ¼ Γμðθ ¼ 0Þ and

XðθÞ ¼ eiθ=2
1þ γ5

2
þ e−iθ=2

1 − γ5
2

: ð101Þ

The Majorana Lagrangian becomes

LMðxÞ ¼
i
2
ψ̄ðxÞXðθÞΓ:∂XðθÞψðxÞ: ð102Þ

By means of the field transformations XðθÞψðxÞ → ψðxÞ
and (consistently) ψ̄ðxÞXðθÞ → ψ̄ðxÞ we have

LMðxÞ ¼
i
2
ψ̄ðxÞΓ:∂ψðxÞ: ð103Þ

The implication is that we can choose any value of θ
without changing the model. For convenience we then
choose θ ¼ 0 and replace Eq. (98) with

Tμ
αβ ¼ ξlμðAαβ þ ĀαβÞ: ð104Þ

For our model then we easily see that Tð�Þ2 ¼ 0 and find
for the dispersion relation

ðp2Þ2 − 8ξ2ðl:pÞ4 ¼ 0: ð105Þ

This coincides with the result in Eq. (28) when κ2 ¼ 8ξ2.
There are then two possibilities

κ ¼ �2
ffiffiffi
2

p
ξ: ð106Þ

In either case the birefringent mass-shell cone structure of
the Majorana field corresponds exactly with that of the
birefringent photons though with a differing matching of
states in the two cases. We make the choice ξ ¼ κ=ð2 ffiffiffi

2
p Þ

(implying ξ > 0) for simplicity of exposition. We will
however deal with the case ξ ¼ −κ=ð2 ffiffiffi

2
p Þ later when

considering the limiting case of Lorentz invariance. There
are a number of approaches to deriving the expression for
ΔðpÞ but it will reemerge straightforwardly when we
examine the explicit form of the spinor wave functions.
To obtain explicit plane-wave solutions we follow

Refs. [24–26] and adopt the chiral representation for the
γμ, namely

γμ ¼
�

0 σ̄μ

σμ 0

�
; ð107Þ

with σμ ¼ ð1; σ1; σ2; σ3Þ and σ̄μ ¼ ð1;−σ1;−σ2;−σ3Þ,
σk k ¼ 1; 2; 3 being the standard Pauli matrices and

γ5 ¼
�
1 0

0 −1

�
: ð108Þ

It is a little simpler to deal with the modified version of
Eq. (88)

M̃u ¼ 0; ð109Þ

where

M̃ ¼ γ:pM ¼ p2 þ 1

2
Tαβγ:pσαβ: ð110Þ

Using the well-known identity

γλσαβ ¼ iðηλαγβ − ηλβγαÞ − ϵλαβτγτγ5; ð111Þ

M̃ can be put in the form

M̃ ¼
�

p2 2iVð−Þ:σ̄

2iVðþÞ:σ p2

�
; ð112Þ

where Vð�Þ
μ are defined in Eq. (94). We then obtain the

equations for the spinor u

p2u1 − i2
ffiffiffi
2

p
ξðl:pÞðm̄:pÞu3 ¼ 0;

p2u2 þ i2
ffiffiffi
2

p
ξðl:pÞ2u3 ¼ 0;

−i2
ffiffiffi
2

p
ξðl:pÞ2u2 þ p2u3 ¼ 0;

−i2
ffiffiffi
2

p
ξðl:pÞðm:pÞu2 þ p2u4 ¼ 0: ð113Þ

In order to yield a nontrivial solution the first and last of
these equations show that u2 and u3 cannot both vanish.
The other two equations therefore require that

det

�
p2 i2

ffiffiffi
2

p
ξðl:pÞ2

−i2
ffiffiffi
2

p
ξðl:pÞ2 p2

�
¼ 0: ð114Þ

That is, of course, identical to the dispersion relation from
Eq. (105) and, on imposing the relation κ ¼ 2

ffiffiffi
2

p
ξ (which

we will asume from here on), the same as that from
Eq. (28). The mass-shell “�” cones are identical between
photon and photino. The plane-wave solutions are

ψ�ðp; xÞ ¼ u�ðp�Þe−ip�:x; ð115Þ

where
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u�ðp�Þ ¼

0
BBB@

−ðm̄:p�Þ
ðl:p�Þ

∓iðl:p�Þ
∓iðm:p�Þ

1
CCCA: ð116Þ

The positive-energy plane waves are therefore

ψ�ðp; xÞ ¼ u�ðp�Þe−ip�:x: ð117Þ

The negative energy plane waves are the charge-conjugate
wave functions

ψ�Cðp; xÞ ¼ Cðψ̄�ðp; xÞÞT ¼ u�Cðp�Þeip�:x; ð118Þ

where

u�Cðp�Þ ¼ Cðū�ðp�ÞÞT ¼ ∓ iu�ðp�Þ: ð119Þ

For general 4-vector q we write

u�ðqÞ ¼

0
BBB@

−ðm̄:qÞ
ðl:qÞ

∓iðl:qÞ
∓iðm:qÞ

1
CCCA: ð120Þ

It is easily checked, in the chiral representation for
γ-matrices, that

u�ðqÞ ¼ γ:quð0Þ� ; ð121Þ

where

uð0Þ� ¼

0
BBB@

∓i=
ffiffiffi
2

p

0

0

1=
ffiffiffi
2

p

1
CCCA: ð122Þ

It also obvious that

u�ðqþ slÞ ¼ u�ðqÞ; ð123Þ

for any value of the scalar s. We have then

u�ðp�Þ ¼ γ:p�u
ð0Þ
� ¼ γ:p̂�u

ð0Þ
� ; ð124Þ

with the result

γ:p̂�u�ðp�Þ ¼ ðγ:p̂�Þ2uð0Þ� ¼ 0: ð125Þ

The Majorana wave functions can be put in the form

ψ�ðp; xÞ ¼ iγ:∂̂�u
ð0Þ
� e−ip�:x ð126Þ

and

ψ�Cðp; xÞ ¼ Cðψ̄�ðp; xÞÞT ¼ −iγ:∂̂�u
ð0Þ
�Ce

ip�:x; ð127Þ

where

uð0Þ�C ¼ Cðūð0Þ� ÞT: ð128Þ

We then have the result

γ:∂̂�ψ�ðp; xÞ ¼ ∂̂
2
�ψ�ðp; xÞ ¼ 0: ð129Þ

The complete Majorana field comprises a superposition of
these plane-wave solutions. It can be split into two parts
ψ�ðxÞ each associated in the obvious way with the “�”
light cones. We can write

ψðxÞ ¼ ψþðxÞ þ ψ−ðxÞ; ð130Þ

where

γ:∂̂�ψ�ðxÞ ¼ 0: ð131Þ

C. Overlaps of the Majorana wave functions

If ψðxÞ and ϕðxÞ are Majorana wave functions then the
current JμðxÞ ¼ ϕ̄ðxÞΓμψðxÞ is conserved

∂μJμðxÞ ¼ 0: ð132Þ

It is then possible to define a time-independent overlap
ðϕ;ψÞ,

ðϕ;ψÞ ¼
Z

d3xϕ̄ðxÞΓ0ψðxÞ: ð133Þ

The nonvanishing overlaps between the plane-wave
solutions are easily computed as

ðψ�ðpÞ;ψ�ðp0ÞÞ ¼ ð2πÞ3δð3Þðp − p0Þ2ðE� − p3Þ

×

�
E� � κ

2
ðE� − p3Þ

�
: ð134Þ

The same holds true ðψ → ψCÞ for the charge conjugate
wave functions.

D. Quantization of the Majorana field

We introduce mode operators b�ðp Þ; b†�ðp Þ for the
Majorana field by expanding ψ�ðxÞ in the form

ψ�ðxÞ ¼
Z

d3p
ð2πÞ3

1

N�ðpÞ
ðb�ðpÞe−ip�:x

∓ ib†�ðpÞe−ip�:xÞu�ðp�Þ: ð135Þ
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The factor ∓ i in the second term of the integrand renders
the field even under charge conjugation.The normalizing
factor N�ðp Þ is chosen so that the nonvanishing anti-
commutation relations

fb�ðpÞ; b†�ðp0Þg ¼ ð2πÞ3δð3Þðp − p0Þ; ð136Þ

are consistent with the canonical anticommutation relations
in Eq. (86). It is easily checked that

N�ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðE� − p3ÞðE� � ðκ=2ÞðE� − p3ÞÞ

p
: ð137Þ

E. Energy-momentum tensor for the Majorana field

The energy-momentum tensor for the Majorana field in
our model is Θμν

M ðxÞ where

Θμν
M ðxÞ ¼ i

2
ψ̄ðxÞΓμ

∂
νψðxÞ − ημνLMðxÞ: ð138Þ

When ψðxÞ satisfies the equations of motion the
Lagrangian contribution vanishes and

∂μΘ
μν
M ðxÞ ¼ 0: ð139Þ

The 4-momentum Pν is then given by

Pν ¼
Z

d3xΘ0ν
MðxÞ; ð140Þ

and is independent of time. Expressed in terms of mode
operators we have

Pν ¼ Pνþ þ Pν
−; ð141Þ

where

Pν
� ¼ 1

2

Z
d3p
ð2πÞ3 p

ν
�ðb†�ðpÞb�ðpÞ − b�ðpÞb†�ðpÞÞ: ð142Þ

It is immediately obvious that the vacuum contributions
of the Majorana spinors to the 4-momentum cancel the
corresponding contributions of the gauge fields. This must
be necessarily the case if supersymmetry is to be main-
tained in the Lorentz symmetry breaking model.

IV. SUPERSYMMETRY CHARGES

The photon/photino model is potentially supersymmet-
ric, even in the presence of Lorentz symmetry breaking,
because it is possible to align the birefringent mass-shell
cones and light cones of the photons and photinos. The
crucial stage in completing the model is the construction
of supersymmetry charges. We show that this is indeed
possible although with a somewhat unconventional

approach forced on us by the birefringence that expresses
the Lorentz symmetry violation in the model. The conven-
tional procedure is to derive a conserved Noether current
from a symmetry of the Lagrangian. We reverse the
procedure and postulate a current that we show to be
conserved. Subsequently, we explore the algebra of con-
served charges and their efficacy in connecting photon and
photino states.
Guided by the conventional form of the current we

postulate currents, one for each mass-shell cone, Ĵμ��ðxÞ
where

Ĵμ��ðxÞ ¼ F̂�λτðxÞσλτγμψ�ðxÞ: ð143Þ

Here, we are using

F̂�μνðxÞ ¼ ∂̂�μÂ�ν − ∂̂�νÂ�μðxÞ; ð144Þ

where [recall that l:A�ðxÞ ¼ 0]

Â�μðxÞ ¼
�
δλμ �

κ

2
lμlλ

�
A�λðxÞ ¼ A�μðxÞ: ð145Þ

It is then easy to see that

∂̂�:Â�ðxÞ ¼ ∂:A�ðxÞ ¼ 0; ð146Þ

and that

∂̂
μ
�F̂�μνðxÞ ¼ ∂̂

2
�A�νðxÞ ¼ 0: ð147Þ

We have also the Bianchi identity

∂̂�λF̂�μνðxÞ þ ∂̂�μF̂�νλðxÞ þ ∂̂�νF̂�λμðxÞ ¼ 0: ð148Þ

Using the identity in Eq. (111) and the Bianchi identity we
see by a standard argument that

∂̂�μF̂�λτðxÞσλτγμ ¼ 0: ð149Þ

Also from Eq. (126) we have

γ:∂̂�ψ�ðxÞ ¼ 0: ð150Þ

It follows immediately that

∂̂�μĴ
μ
��ðxÞ ¼ 0: ð151Þ

Introducing

Jμ��ðxÞ ¼ Ĵμ��ðxÞ �
κ

2
lμl:Ĵ��ðxÞ; ð152Þ

we find
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∂μJ
μ
��ðxÞ ¼ 0: ð153Þ

It is worth noting that we can also introduce the currents
Ĵμ�∓ðxÞ, where

Ĵμ�∓ðxÞ ¼ F̂�λτðxÞσλτγμψ∓ðxÞ: ð154Þ

However these currents, for the present choice of
ξ ¼ þκ=ð2 ffiffiffi

2
p Þ, are not conserved. For example we can

easily show that

∂̂þμĴ
μ
þ−ðxÞ ¼ κF̂þλτðxÞσλτl:γl:∂ψ−ðxÞ ≠ 0: ð155Þ

The corresponding supersymmetry charges are therefore
not independent of time and reflect the presence of Lorentz
symmetry violation in the model when ξ ¼ þκ=ð2 ffiffiffi

2
p Þ.

Suitably interpreted however when ξ ¼ −κ=ð2 ffiffiffi
2

p Þ, they do
provide conserved charges because of the interchange of
photino mass shells that occurs in this case. We consider
this possibility later.
The conserved supersymmetry charges with which we

are concerned are given by

Q�� ¼
Z

d3xJ0��ðxÞ: ð156Þ

When expressed in terms of the mode operators we have

Qþþ ¼ 2

Z
d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ
p

× ðaþðpÞb†þðpÞ − ia†þðpÞbþðpÞÞuþðpþÞ; ð157Þ

and

Q−− ¼ 2

Z
d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ
p

× ðia−ðpÞb†−ðpÞ − a†−ðpÞb−ðpÞÞuþðp−Þ: ð158Þ

We draw attention to the apparently anomalous factor
uþðp−Þ in the integrand in Eq. (158). This factor can be
reexpressed as γ5u−ðp−Þ which leaves it more seemingly
natural but requires the explicit presence of γ5. We leave
Eq. (158) as it stands. We define also the conjugate charges

Q̄�� ¼ Q†
��γ

0: ð159Þ

We have immediately

fQ��; Q̄∓∓g ¼ 0: ð160Þ

The nonvanishing anticommutators are

fQ��; Q̄��g ¼ 8

Z
d3p
ð2πÞ3

1

ðE� − p3Þ
ða†�ðpÞa�ðpÞ

þ b†�ðpÞb�ðpÞÞuþðp�Þūþðp�Þ; ð161Þ

using the result (which can be checked by taking the trace
with a complete basis of γ-matrices)

uþðp�Þūþðp�Þ ¼
1

2
½ðE� − p3Þp̂�:γ þ

ffiffiffi
2

p
ελþðp�Þp̂τ

�σλτ�:
ð162Þ

We can then show that

fQ��; Q̄��g ¼ 4

Z
d3p
ð2πÞ3 ða

†
�ðpÞa�ðpÞ þ b†�ðpÞb�ðpÞÞ

×

�
p̂�:γ þ

ffiffiffi
2

p ελþðp�Þp̂τ
�σλτ

ðE� − p3Þ
�
: ð163Þ

The first term in the integrand in Eq. (163) yields a
contribution to the anticommutator of the supersymmetry
charges of the form

fQ��; Q̄��g ¼ 4P̂�:γ þ � � � ; ð164Þ

where P̂� is the appropriately modified 4-momentum
operator for the photon/photino system. This term is a
contribution to the anticommutator similar to the standard
result for the Lorentz symmetric case and to which it
reduces when ξ → 0þ : The remaining term seems to stand
in the way of reproducing the standard result in the limit
ξ → 0. However an examination of the corresponding limit
ξ → 0− provides the appropriate canceling contributions.

A. Interchange of mass-shell cones

The result of setting ξ ¼ −κ=ð2 ffiffiffi
2

p Þ is not only directly
interesting but is crucial in understanding the limit κ → 0
when Lorentz invariance is restored. We retain the �
identification of the mass-shells established by the photon
field. The reversal of sign for ξ interchanges the mass shells
for the photino field with the outcome that

ψ∓ðxÞ ¼
Z

d3p
ð2πÞ3

1

N�ðpÞ
× ðb∓ðpÞe−ip�:x � ib†∓ðpÞeip�:xÞu∓ðp�Þ: ð165Þ

The time independent supersymmetry charges Qþ− and
Q−þ can be constructed from the now conserved currents
Jμþ−ðxÞ and Jμ−þðxÞ, where

Jμ�∓ðxÞ ¼ Ĵμ�∓ðxÞ � ðκ=2Þlμl:Ĵ�∓ðxÞ; ð166Þ

and
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Ĵμ�∓ðxÞ ¼ F̂�λτðxÞσλτγμψ∓ðxÞ: ð167Þ

The supersymmetry charges take the form

Qþ− ¼ 2

Z
d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ
p

× ðaþðpÞb†−ðpÞ þ ia†þðpÞb−ðpÞÞu−ðpþÞ: ð168Þ

Similarly, we have

Q−þ ¼ 2

Z
d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ
p

× ðia−ðpÞb†þðpÞ þ a†−ðpÞbþðpÞÞu−ðp−Þ: ð169Þ

Following the scheme of previous calculations we find
the nonvanishing anticommutators to be

fQ�∓; Q̄�∓g ¼ 4

Z
d3p
ð2πÞ3 ða

†
�ðpÞa�ðpÞ þ b†∓ðpÞb∓ðpÞÞ

×
�
p̂�:γ −

ffiffiffi
2

p ελþðp�Þp̂τ
�σλτ

ðE� − p3Þ
�
: ð170Þ

Note the change of sign for the second term in square
brackets relative to the corresponding term in Eq. (163).

B. Lorentz invariant limit

Lorentz invariance is achieved in the model by setting
ξ ¼ 0. We have then that p� and p̂� all reduce to a
common value of p where p2 ¼ 0. We have also in this
limit N þðpÞ ¼ N −ðpÞ ¼ N ðpÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE − p3Þ2E

p
and

NþðpÞ ¼ N−ðpÞ ¼ NðpÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðE − p3ÞE

p
. In that case

the supersymmetry charges, all of which are constant, take
the form

Qþþ ¼ 2

Z
d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE − p3Þ
p ðaþðpÞb†þðpÞ − ia†þðpÞbþðpÞÞuþðpÞ;

Q−− ¼ 2

Z
d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE − p3Þ
p ðia−ðpÞb†−ðpÞ − a†−ðpÞb−ðpÞÞuþðpÞ;

Qþ− ¼ 2

Z
d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE − p3Þ
p ðaþðpÞb†−ðpÞ þ ia†þðpÞb−ðpÞÞu−ðpÞ;

Q−þ ¼ 2

Z
d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE − p3Þ
p ðia−ðpÞb†þðpÞ þ a†−ðpÞbþðpÞÞu−ðpÞ: ð171Þ

The full list of anticommutation relations is given in
Appendix A. The diagonal relations can be read off from
Eqs. (163) and (170) by setting κ ¼ 0. We have

fQ��; Q̄��g ¼ 4

Z
d3p
ð2πÞ3

�
p:γ þ

ffiffiffi
2

p ελþðpÞpτσλτ
E − p3

�

× ða†�ðpÞa�ðpÞ þ b†�ðpÞb�ðpÞÞ; ð172Þ

and

fQ�∓; Q̄�∓g ¼ 4

Z
d3p
ð2πÞ3

�
p:γ −

ffiffiffi
2

p ελþðpÞpτσλτ
E − p3

�

× ða†�ðpÞa�ðpÞ þ b†∓ðpÞb∓ðpÞÞ: ð173Þ

Of the off-diagonal anticommutators some are directly
zero. The others as can be seen from Appendix A, yield
contributions that cancel in pairs. It follows that if we set

Q ¼ Qþþ þQ−− þQþ− þQ−þ; ð174Þ

then we find

fQ; Q̄g ¼ 8

Z
d3p
ð2πÞ3 p:γða

†
þðpÞaþðpÞ þ a†−ðpÞa−ðpÞ

þ b†þðpÞbþðpÞ þ b†−ðpÞb−ðpÞÞ ¼ 8γ:P; ð175Þ

where Pμ is the complete 4-momentum operator for the
model in the Lorentz invariant limit. This demonstrates that
in the Lorentz invariant case, we can recover the complete
constant supersymmetric charge with the correct anticom-
mutation relation. However it is evident that to achieve this
outcome it is necessary to include contributions from both
limits ξ → 0�.

C. Action of supersymmetry charges
on modes and fields

We return to the broken symmetry case with
ξ ¼ þκ=ð2 ffiffiffi

2
p Þ. The action of the supersymmetry charges

on mode operators can be read off from their definition in
Eqs. (157) and (158). We have

I. T. DRUMMOND PHYS. REV. D 108, 045005 (2023)

045005-12



½Qþþ; aþðpÞ� ¼
2iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ

p bþðpÞuþðpþÞ;

½Qþþ; a
†
þðpÞ� ¼

2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ
p b†þðpÞuþðpþÞ;

fbþðpÞ; Q̄þþg ¼ 2iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ
p aþðpÞūþðpþÞ;

fb†þðpÞ; Q̄þþg ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ
p a†þðpÞūþðpþÞ; ð176Þ

and

½Q−−; a−ðpÞ� ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ

p b−ðpÞuþðp−Þ;

½Q−−; a†−ðpÞ� ¼
2iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ

p b†−ðpÞuþðp−Þ;

fb−ðpÞ; Q̄−−g ¼ −2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ
p a−ðpÞūþðp−Þ;

fb†−ðpÞ; Q̄−−g ¼ −2iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ
p a†−ðpÞūþðp−Þ: ð177Þ

The (anti)commutators therefore convert the photon/pho-
tino mode operators correctly into the corresponding
photino/photon mode operators. The action of the super-
symmetry charges on fields can be deduced immediately.

1. Anticommutators for Majorana fields

From Eqs. (135) and (137) we have

fψþðxÞ; Q̄þþg ¼ i
ffiffiffi
2

p Z
d3p
ð2πÞ3

1

N þðpÞ
× ðaþðpÞe−ipþ:x − a†þðpÞeipþ:xÞuþðpþÞ
× ūþðpþÞ: ð178Þ

We have used the result

NþðpÞðEþ − p3Þ1=2 ¼
ffiffiffi
2

p
N þðpÞ: ð179Þ

From Eq. (162) we conclude that right-hand side of
Eq. (178) becomes

− ∂̂þτ

Z
d3p
ð2πÞ3

1

N þðpÞ
ðaþðpÞe−ipþ:x þ a†þðpÞeipþ:xÞ

× ½γτðl:pþÞ þ εþλðpþÞσλτ�:

Expressed in terms of fields Eq. (178) takes the form

fψþðxÞ; Q̄þþg ¼ 1

2
F̂þλτσ

λτ − γ:∂̂þl:∂ϕþðxÞ; ð180Þ

where

ϕþðxÞ ¼ i
Z

d3p
ð2πÞ3

1

N þðpÞ
ðaþðpÞe−ipþ:x − a†þðpÞeipþ:xÞ:

ð181Þ

Similarly we have

fψ−ðxÞ;Q̄−−g¼−
ffiffiffi
2

p Z
d3p
ð2πÞ3

1

N −ðpÞ
×ða−ðpÞe−ip−:x−a†−eip−:xÞu−ðp−Þūþðp−Þ:

ð182Þ

Making use of the identities

γ5σ
λτ ¼ i

2
ϵλταβσαβ; ð183Þ

and

εþλðp−Þp̂−τγ5σ
λτ ¼ ip̂−λε−τðp−Þσλτ; ð184Þ

we can show that

fψ−ðxÞ; Q̄−−g ¼ 1

2
F̂−λτσ

λτ − iγ5γ:∂̂−l:∂ϕ−ðxÞ; ð185Þ

where

ϕ−ðxÞ ¼ i
Z

d3p
ð2πÞ3

1

N −ðpÞ
ða−ðpÞe−ip−:x − a†−ðpÞeip−:xÞ:

ð186Þ

These anticommutation relations for the supersymmetry
charges involve the newly introduced additional fields
ϕ�ðxÞ. Since they are built from the mode operators
a�ðpÞ; a†�ðpÞ they involve the same degrees of freedom
as the original vector fields.

2. Commutators for the photon fields

The commutation relations with the photon field yield

½Qþþ; AþμðxÞ� ¼ 2i
Z

d3p
ð2πÞ3

1

NþðpÞ
× ðbþðpÞe−ipþ:x − ib†þðpÞeipþ:xÞ

×

�
e1μ −

e1:pþ
l:pþ

lμ

�
uþðpþÞ; ð187Þ

which can be put in the form

½Qþþ; AþμðxÞ� ¼ 2iψþðxÞe1μ þ 2lμðe1:∂ÞΩþðxÞ; ð188Þ

where the additional field ΩþðxÞ depends on the photino
mode operators in the form
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ΩþðxÞ ¼
Z

d3p
ð2πÞ3

1

NþðpÞ
1

l:pþ
× ðbþðpÞe−ipþ:x þ ib†þðpÞeipþ:xÞuþðpþÞ; ð189Þ

and ΩþðxÞ satisfies

il:∂ΩþðxÞ ¼ ψþðxÞ: ð190Þ

We also have

½Q−−; A−μðxÞ� ¼ 2

Z
d3p
ð2πÞ3

1

N−ðpÞ
× ðb−ðpÞe−ip−:x þ ib†−ðpÞeip−:xÞ

×

�
e2μ −

e2:p−

l:p−
lμ

�
u−ðp−Þ; ð191Þ

leading to

½Q−−; A−μðxÞ� ¼ 2ψ−ðxÞe2μ − 2ilμðe2:∂ÞΩ−ðxÞ; ð192Þ

where

Ω−ðxÞ ¼
Z

d3p
ð2πÞ3

1

N−ðpÞ
1

l:p−

× ðb−ðpÞe−ip−:x − ib†−ðpÞeip−:xÞu−ðp−Þ; ð193Þ

and Ω−ðxÞ satisfies

il:∂Ω−ðxÞ ¼ ψ−ðxÞ: ð194Þ

It is interesting to note that the solutions of Eqs. (190)
and (194) can be expressed in the form

Ω�ðxÞ ¼ i
Z

∞

0

dse−ϵsψ�ðxþ slÞ: ð195Þ

The limit ϵ → 0þ is assumed. The integration over s
creates the factor 1=ðl:p�Þ in the integrands on the
right-hand sides of Eqs. (189) and (193). The point here
is that although, in this form, the right-hand side of
Eq. (195) can be expressed directly in terms of the
Majorana field, the result is not local but requires an
integration over a line of points emerging from x in the
lightlike direction l. A similar factor appeared in the
integrand of the right side of Eq. (163) for the anticom-
mutators of Q�. This suggests that a nonlocal structure is
intrinsic to the supersymmetry algebra that can be formu-
lated in the presence of Lorentz symmetry breaking (of the
type we have considered). This may help to explain why
there seems to be no obvious Noether method for con-
structing the supersymmetry charges in our model. In this
context we should recall that while this is not true for an

extrinsic Lorentz symmetry violation our model has a
violation that is intrinsic.
Finally, we note that the fields ϕ�ðxÞ and Ω�ðXÞ are

related through the commutation relations

½Q��;ϕ�� ¼ −Ω�ðxÞ; ð196Þ

and

fΩþðxÞ; Q̄þþg ¼ i
Z

∞

0

dse−ϵsfψþðxþ slÞ; Q̄þþg; ð197Þ

and similarly

fΩ−ðxÞ; Q̄−−g ¼ i
Z

∞

0

dse−ϵsfψ−ðxþ slÞ; Q̄−−g: ð198Þ

Again we note the nonlocal character of these results.

D. Algebra of supersymmetric charges and fields
in the Lorentz invariant limit

We again consider the limit of Lorentz symmetry.
The four supersymmetry charges are given in Eq. (171).
The nonvanishing anticommutators of the charges with the
fields become

fψþðxÞ; Q̄þþg ¼ 1

2
Fþλτσ

λτ − γ:∂l:∂ϕþðxÞ;

fψþðxÞ; Q̄−þg ¼ 1

2
F−λτσ

λτ þ iγ5γ:∂l:∂ϕ−ðxÞ;

fψ−ðxÞ; Q̄−−g ¼ 1

2
F−λτσ

λτ − iγ5γ:∂l:∂ϕ−ðxÞ;

fψ−ðxÞ; Q̄þ−g ¼ 1

2
Fþλτσ

λτ þ γ:∂l:∂ϕþðxÞ: ð199Þ

Using the definition in Eq. (174) for the total supersym-
metry charge Q we can deduce that

fψðxÞ; Q̄g ¼ Fλτσ
λτ; ð200Þ

where, of course

ψðxÞ ¼ ψþðxÞ þ ψ−ðxÞ; ð201Þ

and

Fλτ ¼ Fþλτ þ F−λτðxÞ: ð202Þ

This is exactly what we expect for this Majorana field
anticommutator in the Lorentz symmetric case.
The nonvanishing commutators for the photon fields

become in the Lorentz invariant limit is most conveniently
considered in two stages. In the first stage we find directly
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½Qþþ; AþμðxÞ� ¼ 2iψþðxÞe1μ þ 2ilμe1:∂
Z

∞

0

dse−ϵsψþðxþ slÞ;

½Qþ−; AþμðxÞ� ¼ −2iψ−ðxÞe1μ − 2ilμe1:∂
Z

∞

0

dse−ϵsψ−ðxþ slÞ;

½Q−−; A−μðxÞ� ¼ 2γ5ψ−ðxÞe2μ þ 2lμγ5e2:∂
Z

∞

0

dse−ϵsψ−ðxþ slÞ;

½Q−þ; A−μðxÞ� ¼ −2γ5ψþðxÞe2μ − 2lμγ5e2:∂
Z

∞

0

dse−ϵsψþðxþ slÞ: ð203Þ

These equations, together with the related vanishing anti-
commutators, imply that

½Q;AμðxÞ� ¼ 2ðie1μ − γ5e2μÞðψþðxÞ − ψ−ðxÞÞ

þ 2lμðie1 − γ5e2Þ:∂
Z

∞

0

dse−ϵs

× ðψþðxþ slÞ − ψ−ðxþ slÞÞ; ð204Þ

where Q is the total supersymmetry charge [see Eq. (174)]
and AμðxÞ ¼ AþμðxÞ þ A−μðxÞ. We now make use of the
identity

γμuþðpÞ ¼ 2pμu
ð0Þ
þ − lμunþðpÞ þ ðie1μ − γ5e2μÞuþðpÞ;

ð205Þ

where

unþðpÞ ¼ γ:pn:γuð0Þþ : ð206Þ

From Eq. (205) we then obtain

γμψþðxÞ ¼ 2∂μψ
ð0Þ
þ ðxÞ − lμψnþðxÞ þ ðie1μ − γ5e2μÞψþðxÞ:

ð207Þ

We have for convenience, introduced

ψ ð0Þ
þ ðxÞ ¼ i

Z
d3p
ð2πÞ3

1

NðpÞ ðbþðpÞe
−ip:x þ ib†þðpÞeip:xÞuð0Þþ ;

ð208Þ

and

ψnþðxÞ¼
Z

d3p
ð2πÞ3

1

NðpÞðbþðpÞe
−ip:x−ib†þðpÞeip:xÞunþðpÞ:

ð209Þ

By multiplying the terms in Eq. (205) by γ5 we obtain

−γμu−ðpÞ ¼ −2pμuð0Þ− þ lμun−ðpÞ þ ðe1μ − γ5e2μÞu−ðpÞ;
ð210Þ

where uð0Þ− ¼ −γ5u
ð0Þ
þ and un−ðpÞ ¼ −γ5unþðpÞ. This

leads to

−γμψ−ðxÞ ¼ −2i∂μψ ð0Þ
− ðxÞ þ lμψn−ðxÞ

þ ðie1μ − γ5e2μÞψ−ðxÞ; ð211Þ

where

ψ ð0Þ
− ðxÞ ¼ i

Z
d3p
ð2πÞ3

1

NðpÞ ðb−ðpÞe
−ip:x − ib†−ðpÞeip:xÞuð0Þ− ;

ð212Þ

and

ψn−ðxÞ¼
Z

d3p
ð2πÞ3

1

NðpÞðb−ðpÞe
−ip:xþ ib†−ðpÞeip:xÞun−ðpÞ:

ð213Þ

Subtracting Eq. (211) from Eq. (207) we obtain

γμψðxÞ ¼ 2i∂μψ ð0ÞðxÞ − lμψnðxÞ
þ ðie1μ − γ5e2μÞðψþðxÞ − ψ−ðxÞÞ; ð214Þ

where ψ ð0Þ ¼ ψ ð0Þ
þ ðxÞ þ ψ ð0Þ

− ðxÞ etc. We can use Eq. (214)
to eliminate ðψþðxÞ − ψ−ðxÞÞ from Eq. (204) with the
result

½Q;AμðxÞ� ¼ 2γμψðxÞ − 4∂μψ
ð0ÞðxÞ þ 2lμψnðxÞ

þ 2lμ∂α
Z

∞

0

dse−ϵsðγαψðxþ slÞ

− 2∂αψ
ð0ÞðxÞ þ lαψnðxþ slÞÞ: ð215Þ

We note that γ:∂ψðxÞ ¼ ∂
2ψ ð0ÞðxÞ ¼ 0 and

l:∂
Z

dse−ϵsψnðxþ slÞ ¼ −ψnðxÞ; ð216Þ

we find

½Q;AμðxÞ� ¼ 2γμψðxÞ − 4∂μψ
ð0ÞðxÞ: ð217Þ
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The outcome is exactly what we expect for the Lorentz
symmetric model apart from the derivative term on the
right-hand side of Eq. (217). This can be accommodated by
incorporating an appropriate gauge transformation of AμðxÞ
and in any case does not affect the result for ½Q;FμνðxÞ�. In
fact we could have approached the whole analysis in the
Lorentz symmetric case along the lines we have set out
above without reference to Lorentz symmetry breaking. It
would of course seem a rather roundabout approach. The
key point is that when we have Lorentz symmetry there are
four conserved supersymmetry charges that may be com-
bined to make up the total supersymmetry charge, whereas
there are only two when we violate Lorentz symmetry in
the manner of our model.

V. WESS-ZUMINO MODEL

It is interesting to compare the results of the photon/
photino model with similar birefringent phenomena that
can be obtained in a simple non-interacting Wess-Zumino
model [14] with the Majorana photino field and two scalar
fields. We retain the Majorana Lagrangian of Eq. (103). We
introduce a scalar field ΦþðxÞ and a pseudoscalar field
Φ−ðxÞ with a Lagrangian LSðxÞ, where

LSðxÞ ¼
1

2
ðð∂þ ðκ=2Þll:∂ÞΦþðxÞÞ2

þ 1

2
ðð∂ − ðκ=2Þll:∂ÞΦ−ðxÞÞ2: ð218Þ

The fields Φ�ðxÞ satisfy the equations of motion

ð∂2 � κðl:∂Þ2ÞΦ�ðxÞ ¼ 0: ð219Þ

The plane waves satisfying these wave equations are

Φ�ðxÞ ¼ e−ip�:x; ð220Þ

where

p2
� � κðl:p�Þ2 ¼ 0: ð221Þ

It is obvious that these dispersion relations for the scalar
particles associated with these plane waves yield the same
“�” light cones as for the photons and the photinos.
The quantum fields can be expanded in terms of these

wave functions in the form

Φ�ðxÞ ¼
Z

d3p
ð2πÞ2

1

N S�ðpÞ
ðc�ðpÞe−ip�:x þ c†�ðpÞeip�:xÞ;

ð222Þ

where

½c�ðpÞ; c†�ðp0Þ� ¼ ð2πÞ3δðp − p0Þ; ð223Þ

and N S�ðpÞ is chosen to guarantee the canonical commu-
tation relations, that is

N S� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðE� � ðκ=2ÞðE� − p3ÞÞ

p
: ð224Þ

A. Supersymmetry charges with scalar fields

Because of the conformity of the scalar and photino light
cones we can realize the associated supersymmetry by
means of conserved currents JμS��ðxÞ that give rise to
conserved supersymmetry charges QS��, where

QS�� ¼
Z

d3xJ0S��ðxÞ: ð225Þ

First we note the modified currents

ĴμSþþðxÞ ¼ i∂̂þλΦþðxÞγλγμψþðxÞ; ð226Þ

and

ĴμS−−ðxÞ ¼ γ5∂̂−λΦ−ðxÞγλγμψ−ðxÞ; ð227Þ

satisfy

∂̂�μĴ
μ
S��ðxÞ ¼ 0: ð228Þ

The factor γ5 in Eq. (227) is for future convenience. It
relates to the fact that ΦþðxÞ and Φ−ðxÞ have opposite
parities. We then set

JμS��ðxÞ ¼ ĴμS��ðxÞ � ðκ=2Þlμl:ĴS��ðxÞ: ð229Þ

It follow from the equations of motion, that

∂μJ
μ
S��ðxÞ ¼ 0: ð230Þ

The associated supersymmetry charges are then also con-
served. We find

QSþþ ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ
p

× ð−icþðpÞb†þðpÞ − c†þðpÞbþðpÞÞuþðpþÞ; ð231Þ

QS−− ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ
p

× ðc−ðpÞb†−ðpÞ þ ic†−ðpÞb−ðpÞÞuþðp−Þ: ð232Þ

These have the same form (up to a normalization) as the
corresponding charges linking photons and photinos. The
nonvanishing anticommutation relations are
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fQS��; Q̄S��g ¼ 2

Z
d3p
ð2πÞ3

1

ðE� − p3Þ
ðc†�ðpÞc�ðpÞ

þ b†�ðpÞb�ðpÞÞuþðp�Þūþðp�Þ: ð233Þ

Making use of the identity in Eq. (162) we have

fQSþþ; Q̄Sþþg ¼
Z

d3p
ð2πÞ3 ðc

†
þðpÞcþðpÞ þ b†þðpÞbþðpÞÞ

×

�
γ:p̂þ þ

ffiffiffi
2

p ελþðpþÞp̂τþσλτ
ðEþ − p3Þ

�
; ð234Þ

and

fQS−−; Q̄S−−g ¼
Z

d3p
ð2πÞ3 ðc

†
−ðpÞc−ðpÞ þ b†−ðpÞb−ðpÞÞ

×

�
γ:p̂− þ

ffiffiffi
2

p ελþðp−Þp̂τ
−σλτ

ðE− − p3Þ
�
: ð235Þ

B. Commutation relations of supersymmetry charges
with fields

We have for the mode operators

½QSþþ; cþðpÞ� ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ

p bþðpÞuþðpþÞ;

½QSþþ; c
†
þðpÞ� ¼

−iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ
p b†þðpÞuþðpþÞ;

fbþðpÞ; Q̄Sþþg ¼ −1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ
p cþðpÞūþðpþÞ;

fb†þðpÞ; Q̄Sþþg ¼ iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ
p c†þðpÞūþðpþÞ; ð236Þ

and

½QS−−; c−ðpÞ� ¼
−iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ

p b−ðpÞuþðp−Þ;

½QS−−; c†−ðpÞ� ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ

p b†−ðpÞuþðp−Þ;

fb−ðpÞ; Q̄S−−g ¼ −iffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ
p c−ðpÞūþðp−Þ;

fb†−ðpÞ; Q̄S−−g ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ
p c†−ðpÞūþðp−Þ; ð237Þ

giving rise to the results

½QSþþ;ΦþðxÞ� ¼ ψþðxÞ;

fψþðxÞ; Q̄Sþþg ¼ −i
2

�
γ:∂̂þΦþðxÞ þ e1λ∂̂τσλτΦþðxÞ

þ e1:∂lλ∂̂þτσ
λτ

Z
∞

0

dse−ϵsΦþðxþ slÞ
�
;

ð238Þ

and

½QS−−;Φ−ðxÞ� ¼ −iγ5ψ−ðxÞ;

fψ−ðxÞ; Q̄S−−g ¼ 1

2
γ5

�
γ:∂̂−Φ−ðxÞ þ e1λ∂̂−τσλτΦ−ðxÞ

þ e1:∂lλ∂̂−τσλτ
Z

∞

0

dse−ϵsΦ−ðxþ slÞ
�
:

ð239Þ

These results are similar in character to those for the
photon/photino model and reveal the presence of nonlocal
terms in the anticommutators of the conserved supersym-
metry charges with the photino fields. The commutators
with the scalar fields are in this case purely local and yield
the photino fields without any further contributions.

C. Interchange mass-shell cones in Wess-Zumino model

Just as for the photon/photino model we can inter-
change the mass-shell cones of the Majorana particles
by setting ξ ¼ −κ=ð2 ffiffiffi

2
p Þ. This leads in a straightforward

way to conserved supercurrents JμS�∓ðxÞ ¼ ĴS�∓ðxÞ�
ðκ=2Þlμl:ĴμS�∓ðxÞ, where

ĴμSþ−ðxÞ ¼ i∂̂þλΦþðxÞγλγμψ−ðxÞ; ð240Þ

and

ĴμS−þðxÞ ¼ γ5∂̂−λΦ−ðxÞγλγμψþðxÞ: ð241Þ

Here ψ∓ðxÞ has the form given by Eq. (165). Computing
the now conserved supercharges in the usual way we find

QSþ− ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðEþ − p3Þ
p

× ðicþðpÞb†−ðpÞ − c†þðpÞb−ðpÞÞu−ðpþÞ; ð242Þ

QS−þ ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE− − p3Þ
p

× ð−c−ðpÞb†þðpÞ þ ic†−ðpÞbþðpÞÞu−ðp−Þ: ð243Þ

We have, following the same pattern of argument as
Sec. IVA
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fQS�∓; Q̄S�∓g ¼
Z

d3p
ð2πÞ3

�
γ:p̂� −

ffiffiffi
2

p
εþλðp�Þp̂�τσ

λτ

E� − p3

�

× ðc†�ðpÞc�ðpÞ þ b†∓ðpÞb∓ðpÞÞ: ð244Þ

The nonvanishing (anti)commutation relations of these
charges are

½QSþ−;ΦþðxÞ� ¼ ψ−ðxÞ;

fψ−ðxÞ; Q̄Sþ−g ¼ −i
2

�
γ:∂̂þΦþðxÞ − e1λ∂̂þτσ

λτΦþðxÞ

− e1:∂lλ∂̂þτσ
λτ

Z
∞

0

dse−ϵsΦþðxþ slÞ
�
;

ð245Þ

and

½Q−þ;Φ−ðxÞ� ¼ −iγ5ψþðxÞ;

fψþðxÞ; Q̄S−þg ¼ 1

2
γ5

�
γ:∂̂−Φ−ðxÞ − e1λ∂̂−τσλτΦ−ðxÞ

− e1:∂lλ∂̂−τσλτ
Z

∞

0

dse−ϵsΦ−ðxþ slÞ
�
:

ð246Þ

The results in Eqs. (245) and (246), although a little simpler
than the corresponding results for the photon/photino
model, have in common the feature of involving nonlocal
terms with integrals over a line starting at x and parallel to
the null 4-vector l.

D. Lorentz-invariant limit for the Wess-Zumino model

In the same way as for the photon/photino model we
can examine the limit of Lorentz invariance for the Wess-
Zumino model. Recall that when κ → 0� the 4-momenta
satisfy p� ¼ p̂� ¼ p where p2 ¼ 0 and all of the super-
charges are conserved. The form of the of the super-
symmetry charges is listed in Appendix B together
with the complete set of anticommutators. We again find
that the off-diagonal anticommutators cancel in pairs. We
may therefore define an overall supersymmetry charge
QS ¼ QSþþ þQS−− þQSþ− þQS−þ. It is easy to estab-
lish that

fQS; Q̄Sg ¼ 2γ:P; ð247Þ

where Pμ is the 4-momentum operator for the fields in
the model.
From Eqs. (238), (239), (245), and (246) we can, in the

Lorentz invariant limit, obtain the results

½QSþþ;ΦþðxÞ� ¼ ψþðxÞ;
½QS−−;Φ−ðxÞ� ¼ −iγ5ψ−ðxÞ;
½QSþ−;ΦþðxÞ� ¼ ψ−ðxÞ;
½QS−þ;Φ−ðxÞ� ¼ −iγ5ψþðxÞ: ð248Þ

These may be combined appropriately to yield

½QS;ΦþðxÞ � iΦ−ðxÞ� ¼ ð1� γ5ÞψðxÞ: ð249Þ

We can also extract the results

fψþðxÞ; Q̄Sþþg ¼ −
i
2
γ:∂ΦþðxÞ þ � � � ;

fψ−ðxÞ; Q̄S−−g ¼ 1

2
γ5γ:∂Φ−ðxÞ þ � � � ;

fψ−ðxÞ; Q̄Sþ−g ¼ −
i
2
γ:∂ΦþðxÞ þ � � � ;

fψþðxÞ; Q̄S−þg ¼ 1

2
γ5γ:∂Φ−ðxÞ þ � � � : ð250Þ

The ellipses in Eq. (250) indicate terms that cancel from the
final result. In particular these cancelling terms include the
nonlocal contributions. Finally, we obtain the purely local
result

fψðxÞ; Q̄Sg ¼ −iγ:∂ΦþðxÞ þ γ5γ:∂Φ−ðxÞ: ð251Þ

This result may be reexpressed as

fð1� γ5ÞψðxÞ; Q̄Sg ¼ �ið1� γ5Þγ:∂ðΦþðxÞ � iΦ−ðxÞÞ;
ð252Þ

which is the standard result for the Lorentz invariant Wess-
Zumino model.

VI. CONCLUSIONS

We have argued for a distinction between an extrinsic
breaking of Lorentz symmetry that can be “removed” by an
appropriate coordinate transformation and an intrinsic
breaking that cannot be so removed. In the extrinsic case
such a model can retain in full the original supersymmetry
in a “disguised" form but with essentially the same formal
algebraic structure. This does not mean that the violation of
Lorentz invariance is illusory but merely that the allowed
observer frames may differ from the coordinate frames
natural to the model under investigation. In the intrinsic
case the origin of Lorentz symmetry violation is irremov-
able by a change of coordinates. A clear case is the presence
of birefringence. It is then less obvious a priori that any
supersymmetry can be retained. However, we have shown
from an examination of two simple models, a photon/
photino model and a Wess-Zumino model (both exhibiting
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birefringence), that some supersymmetry can indeed be
retained.
In the photon/photino model the Lorentz symmetry

violation for the photons is provided by coupling the
vector field to a Weyl tensor background field. The
Weyl tensor is of class N in the Petrov classification
scheme. This is the simplest case. The result is a birefrin-
gent form of photon propagation. The photino field is a
(massless) Majorana field coupled to a Lorentz symmetry
violating background bivector field related to the (Petrov
class N) Weyl field controlling photon propagation. By
adjusting the strength of the coupling it is possible to align
the birefringence of the photinos with that of the photons.
This means that for every photon of spatial momentum p
there is an appropriate companion photino with the same
momentum and energy. This is the basis of the supersym-
metry in the model. In the Wess-Zumino model we retain
the Majorana field and adjust the scalar field propagation so
that it exhibits birefringence that matches appropriately the
propagation of the Majorana field.
Consideration of the double light cone structure that

governs the propagation of both photons and photinos or
scalar particles and Majorana particles, shows that there are
limitations on the ensemble of allowed observational
reference frames. No boost to a reference frame is accept-
able if it requires the observer to travel faster than particles
on the slower light cone. This constraint can be re-
expressed as a bound on the magnitude of the coupling
to the Lorentz violating background fields. When this
bound is broken the (positive time) slow cone tilts over
so far that the time axis of the observer’s coordinate system
no longer lies within it thus rendering the coordinates
inappropriate for describing the unitary evolution of the
model. Of course in order to genuinely observe the system
there has to be an interrogating interaction between
model and observer. In that case an observer breaking
the slow cone speed barrier will generate an associated
shower of Čerenkov radiation (see Refs. [27,28]) thus
paying a speeding penalty by ceasing to be an observer and
effectively becoming part of the model. This Čerenkov
phenomenon can of course be detected by observers that
are obeying the speed limit. These considerations apply
more generally to any model with multiple light cones.
If we accept the speeding restriction on our observation

frame we can proceed to study the equations of motion of
the model and quantize it in a conventional way. We use a
slightly modified version of the Gupta-Bleuler method to
quantize the vector field AμðxÞ of the photon resulting in a
breakup into three parts, AþμðxÞ, associated with the slow
cone, A−μðxÞ associated with the fast cone and AUμðxÞ
which comprises a pure derivative gauge field and a
conjugate zero norm term. They do not contribute to matrix
elements of physical observables. Interestingly the light
cone appropriate for the propagation of AUμðxÞ, is the
standard cone that is invariant under the Lorentz

transformations that connect the coordinate systems of
the set of observers. For this additional reason it is essential
that AUμðxÞ is not involved in the construction of observ-
ables which relate to the energies and momenta of photons
and photinos traveling on the fast and slow light cones.
The Majorana equation appropriate to the photino field

ψðxÞ is modified in a way that breaks Lorentz invariance.
The resulting birefringence, makes it possible to view it as
the sum of two parts, ψþðxÞ associated with the slow cone
and ψ−ðxÞ associated with the fast cone. From AþμðxÞ and
ψþðxÞ we can construct a (spinor-valued) current JþþμðxÞ
that is conserved and which gives rise to a constant
supersymmetry charge Qþþ. Similarly a supersymmetry
charge Q−− can be obtained from a conserved current
J−−μðxÞ constructed from A−μðxÞ and ψ−ðxÞ. The nonzero
anticommutation relations satisfied by the two charges each
have two contributions [see Eq. (163)]. One part has the
form γ:P̂� and is analogous to the standard result but with
the momentum operator Pμ replaced by P̂�μ. The second
part has a more elaborate form that we argue later has
indications of nonlocality. In the Lorentz invariant limit
(κ ¼ 0) the first part reduces to the standard form
but the second part remains. The full understanding of
this limit requires an examination of the regime in which
ξ ¼ −κ=2

ffiffiffi
2

p
. In this case the fast and slow light cones for

photinos interchange and the conserved supersymmetry
currents are Jþ−μðxÞ and J−þμðxÞ [see Eq. (170)]. When
κ ¼ 0 all four currents are conserved and it is then possible
to build a total supersymmetry charge that has the standard
anticommutation relations (see Sec. IV B). It is evident then
that the limit back to Lorentz invariance is not straightfor-
ward and issues related to the complexity of the algebra of
conserved charges reappear when their effect on the photon
and photino fields are considered.
The various (anti)commutation relations with the mode

operators is straightforward and the conversion a�ðpÞ ↔
b�ðpÞ is as expected [see Eqs. (176) and (177)]. The
(anti)commutation relations of Q�� with the dynamical
fields is rather less conventional and involves the intro-
duction of the modified fields ϕ�ðxÞ and Ω�ðxÞ that have a
nonlocal relationship with A�μðxÞ and ψ�ðxÞ even though
they are constructed from the same sets of mode operators.
We speculate that this nonlocal property is related to the
apparent impossibility of constructing in our photon/
photino model, conserved supersymmetry currents by
means of the Noether method. Nevertheless, if we accept
these complexities and limitations of the model we can
argue that even in this model with intrinsic Lorentz
symmetry violation it is possible to identify a remaining
supersymmetry structure.
The Wess-Zumino model with Lorentz symmetry break-

ing exhibits the same features as the photon/photino model.
There is the same reduced number of conserved super-
symmetry currents and charges. The (anti)commutation
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relations with the fields again show nonlocal out-
comes. The limit back to Lorentz symmetry yields a second
set of conserved charges that permit the construction of a
complete conserved charge QS with the appropriate alge-
braic properties for the Lorentz invariant Wess-Zumino
model. The nonlocal terms again cancel in a satisfactory
manner.
Of course a major limitation of our models is that the

fields and their associated particles are noninteracting. It
would therefore be of interest to generalise the models so
that the fields do have interactions such as a non-Abelian
gauge invariance. The task would, in particular, be to find a
method of identifying A�aμðxÞ, ψ�aðxÞ, and Φ�aðxÞ (a
being the group multiplet label). This would presumably be
achieved perturbatively and would intersect with the related
task of confirming the renormalization properties of the
interacting model. It would also be interesting to generalise
the nature of the Lorentz symmetry violation for the
photon/photino model to other Petrov classes. In this
context it should be noted that Petrov class D is the only
other example of the Weyl tensor giving rise to a dispersion
relation that factorises into two lightcones. The other
classes, I, II, and III of Weyl tensor yield dispersion
relations that are intrinsically quartic in the photon momen-
tum [17]. Since a product structure for the dispersion
relation holds generally for modified Dirac equations [29]
this may prevent the aligning of the photon and photino

dispersion relations and the achieving of supersymmetry in
the photon/photino model in those cases.
Finally, we remark that there is an intriguing parallelism

of supersymmetry structure between our models and the
N ¼ 1=2 supersymmetry proposed by Seiberg [30] in the
context on noncommutative spacetime geometry. A major
difference between the models is that the Seiberg model is
based on the standard chiral structure of supersymmetry
and retains Lorentz invariance whereas in the models
analyzed here the violation of Lorentz invariance replaces
chiral structure with charge-conjugation symmetry.
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APPENDIX A: ANTICOMMUTATORS FOR
SUPERSYMMETRY CHARGES IN LORENTZ

SYMMETRY LIMIT

We list here the anticommutators, in the Lorentz sym-
metry limit, for the supersymmetry charges of the photon/
photino model. The 4-momentum p satisfies p2 ¼ 0.
We have made the contractions a�ðpÞ → a� etc. for
compactness:

fQþþ; Q̄þþg ¼ 8

Z
d3p
ð2πÞ3

1

E − p3

ða†þaþ þ b†þbþÞuþðpÞūþðpÞ;

fQþþ; Q̄−−g ¼ 0;

fQþþ; Q̄þ−g ¼ 4

Z
d3p
ð2πÞ3

1

E − p3

ðb†þb− þ bþb†−ÞuþðpÞū−ðpÞ;

fQþþ; Q̄−þg ¼ −4i
Z

d3p
ð2πÞ3

1

E − p3

ða†þa− þ aþa†−ÞuþðpÞū−ðpÞ;

fQ−−; Q̄−−g ¼ 8

Z
d3p
ð2πÞ3

1

E − p3

ða†−a− þ b†−b−ÞuþðpÞūþðpÞ;

fQ−−; Q̄þþg ¼ 0;

fQ−−; Q̄þ−g ¼ 4i
Z

d3p
ð2πÞ3

1

E − p3

ða†−aþ þ a−a
†
þÞuþðpÞū−ðpÞ;

fQ−−; Q̄−þg ¼ 4

Z
d3p
ð2πÞ3

1

E − p3

ðb†−bþ þ b−b
†
þÞuþðpÞū−ðpÞ;

fQþ−; Q̄þ−g ¼ 8

Z
d3p
ð2πÞ3

1

E − p3

ða†þaþ þ b†−b−Þu−ðpÞūþðpÞ;

fQþ−; Q̄−þg ¼ 0;

fQþ−; Q̄þþg ¼ 4

Z
d3p
ð2πÞ3

1

E − p3

ðb†−bþ þ b−b
†
þÞu−ðpÞūþðpÞ;
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fQþ−; Q̄−−g ¼ −4i
Z

d3p
ð2πÞ3

1

E − p3

ða†þa− þ aþa†−Þu−ðpÞūþðpÞ;

fQ−þ; Q̄−þg ¼ 8

Z
d3p
ð2πÞ3

1

E − p3

ða†−a− þ b†þbþÞu−ðpÞū−ðpÞ;

fQ−þ; Q̄þ−g ¼ 0;

fQ−þ; Q̄þþg ¼ 4i
Z

d3p
ð2πÞ3

1

E − P3

ða−a†þ þ a†−aþÞu−ðpÞūþðpÞ;

fQ−þ; Q̄−−g ¼ 4

Z
d3p
ð2πÞ3

1

E − p3

ðb†þb− þ bþb†−Þu−ðpÞūþðpÞ;

The canceling pairs of off-diagonal contributions are obvious from the above list.

APPENDIX B: LORENTZ SYMMETRIC LIMIT FOR THE WESS-ZUMINO MODEL

Using the same notational conventions as in Appendix A we have, in the limit of Lorentz invariance,

QSþþ ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − p3

p ð−icþb†þ − c†þbþÞuþðpÞ;

QS−− ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − p3

p ðc−b†− þ ic†−b−ÞuþðpÞ;

QSþ− ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − p3

p ðicþb†− − c†þb−Þu−ðpÞ;

QS−þ ¼
Z

d3p
ð2πÞ3

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E − p3

p ð−c−b†þ þ ic†−bþÞu−ðpÞ: ðB1Þ

The anticommutation relations for these charges are

fQSþþ; Q̄Sþþg ¼
Z

d3p
ð2πÞ3

2

E − p3

ðc†þcþ þ b†þbþÞuþðpÞūþðpÞ;

fQSþþ; Q̄S−−g ¼ 0;

fQSþþ; Q̄Sþ−g ¼
Z

d3p
ð2πÞ3

1

E − p3

ð−b†þb− þ b†−bþÞuþðpÞū−ðpÞ;

fQSþþ; Q̄S−þg ¼
Z

d3p
ð2πÞ3

i
E − p3

ðc†þc− þ c†þc−ÞuþðpÞū−ðpÞ;

fQS−−; Q̄Sþþg ¼ 0;

fQS−−; Q̄S−−g ¼
Z

d3p
ð2πÞ3

2

E − p3

ðc†−c− þ b†−b−ÞuþðpÞūþðpÞ;

fQS−−; Q̄Sþ−g ¼
Z

d3p
ð2πÞ3

−i
E − p3

ðc†þc− þ c†−cþÞuþðpÞū−ðpÞ;

fQS−−; Q̄S−þg ¼
Z

d3p
ð2πÞ3

1

E − p3

ð−b†−bþ þ b†þb−ÞuþðpÞū−ðpÞ;

fQSþ−; Q̄Sþþg ¼
Z

d3p
ð2πÞ3

1

E − p3

ð−b†−bþ þ b†þb−Þu−ðpÞūþðpÞ;

fQSþ−; Q̄S−−g ¼
Z

d3p
ð2πÞ3

i
E − p3

ðc†−cþ þ b†þb−Þu−ðpÞūþðpÞ;
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fQSþ−; Q̄Sþ−g ¼
Z

d3p
ð2πÞ3

2

E − p3

ðc†þcþ þ b†−b−Þu−ðpÞū−ðpÞ;

fQSþ−; Q̄S−þg ¼ 0;

fQS−þ; Q̄Sþþg ¼
Z

d3p
ð2πÞ3

−i
E − p3

ðc†þc− þ c†−cþÞu−ðpÞūþðpÞ;

fQS−þ; Q̄S−−g ¼
Z

d3p
ð2πÞ3

1

E − p3

ð−b†þb− þ b†−bþÞu−ðpÞūþðpÞ;

fQS−þ; Q̄Sþ−g ¼ 0;

fQS−þ; Q̄S−þg ¼
Z

d3p
ð2πÞ3

2

E − p3

ðc†−c− þ b†þbþÞu−ðpÞū−ðpÞ: ðB2Þ

By inspection it is clear that the off-diagonal anticommutators cancel in the sum.
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