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We investigate entanglement of local spatial modes defined by a quantum field in a de Sitter universe. The
introduced modes show disentanglement behavior when the separation between two regions where local
modes are assigned becomes larger than the cosmological horizon. To understand the emergence of
separability between these local modes, we apply the monogamy inequality proposed by S. Camalet. We
embed the focusing bipartite mode defined by the quantum field in a pure four-mode Gaussian state, and
identify its partner modes. Then applying a Gaussian version of the monogamy relation, we show that the
external entanglement between the bipartite mode and its partner modes constrains the entanglement of the
bipartite mode. Thus the emergence of separability of local modes in the de Sitter universe can be understood

from the perspective of entanglement monogamy.
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I. INTRODUCTION

Cosmic inflation explains the origin of structures in our
Universe by preparing seeds of primordial fluctuations as
quantum origin, vacuum fluctuations of a quantum scalar
field called inflaton. The contribution of this quantum field
to energy density functions as a cosmological constant,
leading to the accelerated expansion of the Universe. During
the rapid expansion of the Universe, vacuum fluctuations
receive parametric amplification, and the resulting fluctua-
tions evolve to become “classical” seed fluctuations causing
gravitational instability and later forming the large scale
structures [1]. Although this is an accepted scenario of
structure formation based on cosmic inflation in standard
cosmology, the mechanism of “quantum to classical tran-
sition” of primordial fluctuation has not been well under-
stood yet.

Entanglement is a key concept to differentiate quantum
systems from classical ones and a crucial tool to investigate
the quantum nature of the initial stage of our universe. In our
previous studies [2—7], local oscillator modes defined from
the quantum scalar field in a de Sitter universe were
investigated, and it was found that the initial entangled
state becomes separable; that is, two local modes A and B,
which are assigned at two spatial regions, become separable
when their separation exceeds the Hubble horizon scale.
This disentanglement behavior can be explained as follows:
the “thermal noise” with the Gibbons-Hawking temperature
associated with the de Sitter horizon breaks quantum
correlations between two spatial regions, and therefore,
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the entangled bipartite state of modes A and B becomes
separable. After these two modes become separable, only
classical correlations survive between them.

The mechanism of disentanglement can also be studied
from the property of multipartite entanglement. The
bipartite system AB is defined as a subsystem of the total
system, i.e., the field in the entire universe. Although the
total system is assumed to be in a pure state, modes AB are
in a mixed state since they are correlated with its comple-
ment AB. It is always possible to find a subsystem in AB
that purifies AB, which is called the partner mode of AB.
Then, we can understand the disentanglement of AB as a
result of entanglement sharing between these modes and
their partners. More concretely, the disentanglement of AB
can be analyzed from the perspective of entanglement
monogamy in multipartite quantum systems [8—13].
Monogamy of entanglement is an intrinsic property of
quantum correlations that is not amenable to classical
explanations. For the bipartite state AB and its comple-
ment C := AB, the conventional monogamy relation is
expressed as the following inequality:

E(A:B) + E(A:C) < E(A:BC), (1)

where E(X:Y) denotes a suitably chosen entanglement
measure for a bipartite system XY. The inequality restricts
the amount of the bipartite entanglement E(A:B) as
sharing of correlations in the tripartite system ABC.
However, this inequality does not provide such a tight
constraint as to derive a condition on the separability
E(A:B) = 0 for multipartite Gaussian states [6]. See also
the Appendix where we review the monogamy property (1)
for a pure four-mode Gaussian state.

© 2023 American Physical Society
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A slightly different form of the monogamy relation was
proposed by Camalet [14—18], which relates “internal” and
“external” quantum correlations in multipartite states. Here,
for a bipartite system AB of interest, the correlation
between A and B is internal, while the one between AB
and another subsystem X in the complementary system AB
is external. Based on assumptions of general correlation
measures, a new kind of monogamy inequality was derived,
which states that internal entanglement and external entan-
glement obey a trade-off relation. As a consequence,
explicit forms of the monogamy inequality are obtained
in terms of entanglement measures for finite-dimensional
systems, such as qubits.

In this paper, we investigate the entanglement behavior of
local bipartite modes AB of a quantum field in the de Sitter
universe from the viewpoint of the monogamy of entangle-
ment. For this purpose, we identify partner modes that
purify the bipartite modes AB by using the formalism
proposed in [19-23]. We then prove a Camalet-type trade-
off relation between internal and external correlations for
these modes, i.e., a monogamy relation on the entanglement
between A and B, and the entanglement between AB and
their partners. Based on these formalisms, we find that the
emergence of separability between local modes in the de
Sitter universe can be understood from the viewpoint of
entanglement monogamy.

The paper is organized as follows. In Sec. II, we introduce
a quantum scalar field in the de Sitter universe and show the
disentanglement behavior of local modes assigned at two
spatial points. In Sec. III, we review our method of
construction of the partner modes of the two local modes
based on the formulas in [19-23]. In Sec. IV, based on the
result obtained in Sec. III, we examine Camalet’s
monogamy relation for Gaussian modes with which the
emergence of separability in the de Sitter universe is
analyzed. Section V is devoted to summary and conclusion.
We adopt units of ¢ = A = 1 throughout this paper.

II. SCALAR FIELD AND LOCAL MODES

To comprehend the behavior of the entanglement of
quantum fields in the de Sitter universe, we consider a
minimally coupled massless scalar field ¢ in a (3 + 1)-
dimensional flat Friedmann-Lemaitre-Robertson-Walker
(FLRW) universe. The scalar field obeys the Klein-
Gordon equation D(}ﬁ = 0. The metric of the FLRW
universe with the conformal time # and the comoving
coordinate x = (x,y,z) is

ds® = a3.(n)(=dn* + dx?), (2)
where a. (1) is the scale factor of the universe. We will
later fix its functional form as that which corresponds to
the de Sitter universe. The rescaled scalar field ¢ = ascciﬁ
obeys the following field equation:

i,j=x,y.z, (3)
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where ' = d/dn. We adopt this mode equation in a
(3 + 1)-dimensional spacetime, but we assume that exci-
tation propagates only in one spatial direction to simplify
the analysis. Then the field operators of the massless scalar
field are expressed as

p(x) = /m j"_w dx = Fo )y + Fi)al, (@)

gkl<fk_&fk>

where a; and &,TC are annihilation and creation operators,
and 7#(x) is the conjugate momentum of the field variable
@(x). In terms of the Fourier components of the field
operators, the creation and the annihilation operators can
be represented as

frax + o =1, (6)

Ay = Gy @ + f iRk &T_k = gkp — ifxie. (7)

We assume that the scalar field is in the vacuum state |y)
associated with the annihilation operator a; such that

aly) = 0. (8)

The equal-time commutation relations for the field oper-
ators are given by

i6(x —y),
[#(n,x), z(n,y)] = 0. )

Covariances of the field operators are calculated as

[@(n, %), 7(1, y)]
[@(n, %), p(n, y)] =

My(e) = (9000001 = [ adklff cos(itr =)
(10)
Mas(e) = ({30 50)) = - [ ™ dhlanPoos(k(x =),
(1)
M(x.y) = {o(x). 2(y)})

— fige) cos(k(x —y)),  (12)
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where () denotes the expectation value with respect to the
state |y).

A. Local modes

We consider measurement of the field operators ¢, 7 at
spatial points x, and xg. The measurement process can be
represented as the interaction between the field operators
and dynamical variables of the measurement apparatus
such as Unruh-DeWitt detectors [24]. In the present
analysis, we do not specify details of the apparatus but
just assume the interaction Hamiltonian between the field
operators, and the apparatus has the following form:

mt_ ZA t).g] qD’pD ®/dx Wl] )@(X)

+ wa;(x)2(x)), (13)

where g; is a function of canonical variables of the
measurement apparatus (§p. pp), wy;(x), w,;(x) are win-
dow functions defining a spatial local mode of the field at
xa B> and 4;(7) is a switching function of the interaction. In
the present analysis, we do not treat details of measurement
protocols but only pay attention to the behavior of the local
modes of the quantum field introduced by the window
functions.

Let us introduce local operators at x; (j = A, B) using a
window function w;(x) = w(x —x;) as

q; :=/ dej<x)f2'(x):/ dkpre™iwy,  (14)

(5]

pj= /°° dxw;(x)7(x) = /°° dkitpe™iwy,  (15)

where the window function is assumed to be localized
around x; and w; denotes the Fourier component of the

window function:

Wy = dxw(x)e™, we=w,. (16)

7l

We require that the window function is fixed so that the
local operators (g;. p;) define independent modes. In other
words, they satisfy the canonical commutation relations
given by

[@mﬂzg/ dket ) v [2 = is,. (17)

[fliaflj] = [[A?i’f’j] =0. (18)

Note that these commutators are independent of the state of
the quantum field. Covariances for the local operators are

Cl(i’j) = <{Qi7 é}}> = 4/ dk’vvklzlfkl2 COs kAt]v (19)

(i j) = ({Pi- Pj}) 24/ dk|wi[*|gil* cos kA, (20)

c3(i, j) = ({qi> Pj})

—2A dkwii(f g — Fioe) cos(kby).  (21)

where A;; = x; — x;.

1. Window function

We adopt a k-top hat window function in this study:
wy = wobl(k. — |k|)O(|k| — ko), k. > kg, where k. is the
infrared (IR) cutoff corresponding to the total system size
(comoving size of the total universe) and k. is the ultra-
violet (UV) cutoff defining the size of localized modes.
This type of a window function was adopted in the
stochastic approach to inflation [25], which is a phenom-
enological treatment of long wavelength quantum fluctua-
tions in the de Sitter universe, and this method describes
dynamics of the quantum inflaton field as a classical
stochastic variable obeying a Langevin equation. The
normalization wy, is determined by (17):

sin(kcAl-j) - sin(koAl-j)
A :

)

kC
6ij = 2W(2)/ dkCOS(kAij) = 2W%
ko
(22)
For Asp = Agg = 0, Eq. (22) provides the normalization
of the window function that is determined as wj = 1/

(2(k. — kg)). For Asp # 0, Eq. (22) provides sin(k.Ag) —
sin(kgAag) = 0 which determines

Ang = S =12, (23)

As a value of A,g, we adopt the following in our analysis:

T

== 24
ke + ko (24)

|AAB| =

The quantity A represents the distance between adjacent
two local regions A and B with x5 — x4, = A (Fig. 1). The A
also represents the size of each local region. The spatial
profile of the window function is given by

2 ke )
w(x) = — dkwye **
w=— iy
B 1 sin(k.x) — sin(kgx) (25)

V ﬂ(kc_kO) X

Covariances for the local operators are calculated as
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Left panel: setup of spatial regions A and B. Right panel: the window functions for A: w(x + A/2) and B: w(x — A/2) with

ko/k. = 0.2. Although the two window functions overlap, local modes A and B are independent and well-defined as the commutation

relation (17) is satisfied.

2 1 nz
= — d 2 N
25 s ({5)

2 / “ dk|ge|? cos kA
= COS
ke—ko Jy,

2 1 nZ
= — d 2 N
1—5A o °°S<1+6>

1
kc_kO

1 o . . nz
s dzl(fkgk - fkgk) COS(l T 5) s (28)

c2(A)

(27)

k.
e5(8) = A dki(fogh — fige) cos(kA)

0

“1-s

where z = k/k., 5 = ky/k.. The parameter & represents the
size of the local region normalized by the total system
size: 6 = (koA/7)(1 — koA /7).

The covariance matrix of the bipartite system AB defined
by (@A’ ﬁA» E]B7 ﬁB) is given by

a az ¢ C3
as dp C3 Cy

map = ’
¢ €3 a4y as

(29)
C3 Cry dadz ap

where a; == ¢;(A = 0) for i = 1,2, 3. Owing to the homo-
geneity of the universe represented by the metric (2), the
covariance matrices of each mode A and B have the same
components; i.e., the bipartite system AB is in a symmetric
Gaussian state. Symplectic eigenvalues of the covariance
matrix m,p are calculated as

’

(30)

(U1)2 = a;a; — a% + C1Cy — C% -+ |61102 + a,cy — 26136’3

(Ilz)z = da;a; — a% —+ C1Cy — C% — |01C2 + a,c; — 2(13C3|.
(31)

The state represented by the covariance matrix (29)
is physical, i.e., positive-semidefinite, if and only if
1 S Uy S vy.

The partially transposed covariance matrix, which is
obtained by reversing the sign of mode B’s momentum, has
the following two symplectic eigenvalues:

(7))? = aya, — a% —cicy + c% + |(aycy — asey)?

+ 4(arcs — asc3)(arcs — azcy)|'V2, (32)

(02)? = ajay — a3 — c1c + 3 — |(ajc; — ayey)?

+4(ayc3 — ascs)(ares — ascy)| V2. (33)

Based on the positivity criterion of the partially transposed
covariance matrix for a bipartite Gaussian state [26-28], the
negativity gives a measure of entanglement between modes
A and B, which is defined as [29,30]

1 1
NA:B :=§max <~——1,0> (34)

%)

The modes A and B are entangled if No.g > 0, while the
modes A and B are separable if Ny.5 = 0.

B. Entanglement of local modes in the de Sitter universe

We adopt the de Sitter expansion of the scale factor
ae. = —1/(Hn),—c0 < <0, where H is the Hubble
constant. Mode functions corresponding to the Bunch-
Davies vacuum state, which coincides with the Minkowski
vacuum state in the short wavelength limit, are given by

(35)

1 1 4 k| _.
=—— (14— e ilkin, =l oilkln,
() e
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FIG. 2. Behavior of negativity. Left panel: dependence on the scale factor with different values of the comoving size §. Right panel:
dependence on the physical size of the local region 6, = a6 and the scale factor ay.. The dotted line is 6, = ay that represents the
evolution of the total size of the universe. The modes A and B are initially entangled (a,, = 0) and become separable after the physical
separation between them exceeds the Hubble horizon scale ~H~! with k./a, < kg and the effect of the IR cutoff becomes negligible.

Covariances of the field operators are calculated as

1 [odk 1
Mll —;A 7 <1 +k2—;72> Cosk(x—y), (36)

1 )
My, = —/ dkk cos k(x — y), (37)
7 Jo
1 [odk
My, =— —cosk(x—y). (38)
m Jo k

We choose the UV and IR cutoff in the window functions as
k., = nH /b, kg = nH. The IR cutoff represents the physical
size of the whole universe a,H~' and the UV cutoff
represents the physical size of the focusing spatial region
6 x aH™',0 <8< 1. Covariances (26), (27), (28) of the
local modes are

1 6 ldz al.5* nz
-2 [E( . (39
! nH1—5/5 z ( +ﬂ212>cos<1+5> (39)
nH 1 nz
= d , 40
) 5(1—5)/5 zzcos<1+5) (40)
1 a, HS [ldz 77
. . 41
“ nH1—5/5 Z OS(1+5> (41)

The left panel of Fig. 2 shows the evolution of negativity of
the bipartite mode AB, with a fixed comoving size 6. The
initial nonzero negativity evolves to be zero at some
specific value of the scale factor. The physical size of a
local region is characterized by 6, := a.6. The right panel
of Fig. 2 shows the plot of negativity as a function of
(6. ay). For a fixed 6 € (0,1), this figure shows that

entanglement (quantum correlation) between the two local
modes A and B is lost after the physical size of the
comoving region exceeds the Hubble horizon scale and the
“classical” behavior of the quantum field emerges [2—-6].
The disentanglement behavior in this figure can be
intuitively understood as a result of the fact that “thermal”
noise at the Gibbons-Hawking temperature 7y = H/(2x)
associated with the cosmological horizon destroys quantum
correlations between A and B. The rest of this paper aims to
provide a more quantitative understanding of the disentan-
glement phenomenon in terms of entanglement monogamy.
The bipartite state AB is usually mixed because it is defined
as a subsystem embedded in the total universe. As the
monogamy relation proposed by Camalet [14—18] suggests,
the amount of quantum correlation between A and B (i.e.,
internal correlation) is affected by the amount of quantum
correlation between AB and its complement (i.e., external
correlation). Therefore, we look for the partner modes that
purify the bipartite mode AB and investigate the entangle-
ment structure among them in the following sections.

III. PURIFICATION OF LOCAL GAUSSIAN
MODES IN QUANTUM FIELDS

To understand the behavior of entanglement between
spatial local modes, we look for their partners, i.e., the
modes that purify them. In [31], a partner mode of a given
mode is calculated in specific examples, including a system
with Hawking radiation. A general partner formula that
identifies a partner mode for a single mode in any pure
Gaussian state is proven in [19]. Generalizing these results,
a systematic method to identify any number of modes in a
pure state has been developed in [21-23]. Such a subsystem
composed of modes in a pure state is called a quantum
information capsule (QIC). Although the QIC formula
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in [21-23] provides an algebraic way to identify modes in a
pure state, it cannot be directly used for our purpose of
analyzing the disentanglement structure of two local modes
AB [2-5] from the viewpoint of monogamy. In this section,
we derive a more useful formula to identify the partner
modes that purify given two modes AB.

In Sec. III A, we briefly review the QIC argument with
which modes in a pure state are identified. In Sec. III B, we
derive a formula identifying the partner mode of a single
mode, which reproduces the partner formula in [19]. In
Sec. III C, we generalize the partner formula to identify the
partner of a two-mode system.

A. QICs in Gaussian states

The partners here are a special class of QIC. In [21-23],
it has been shown that a linear map, denoted by f,, for a
pure Gaussian state |y), plays a key role in identifying a
QIC. We here briefly review the results in [21-23],
including the properties of f,,.

Let us first consider a system composed of N harmonic
oscillators, which is assumed to be in a pure Gaussian
state |y). The canonical variables are defined by =
(@1, P1s---» Gy Py)T. For simplicity, we assume that the
first moments of the canonical variables vanish, i.e.,
(#) =0, where () denotes the expectation value in |y).
The covariance matrix with respect to these canonical
variables is defined by m = ({#,#})." Because the total
system is assumed to be in a pure Gaussian state, all the
symplectic eigenvalues of m are one. That is, there exists a
symplectic matrix S such that

m = SS7, (42)

where S satisfies STQyS = Qy and [7,#!] = iQy for

S R L

Note that the pure state condition (42) is equivalent to the
following relation:

If we introduce a new basis # for the canonical variables
by # = S7'#, we get
m' ={¥PT})=Sm(ST)' =Ly, [F.F1]=iQy. (45)
The canonical variables defined by # specify N uncorre-

lated modes, each of which is in a pure state. Now we
define a linear map f,, by

'[#,#7] is the antisymmetric part of the operator #7 and {#,#"}
is the symmetric part of the operator ##7.

f@) =0 fu(PD) == (46)

or equivalently,

fy(¥) = QyP. (47)

This map has the following properties:

7. £y (#)T] = iy, (48)
{771} =Ly,  {#.f,#)"}) =0,
{fy ). f,(#)}) = Ly. (49)

On the one hand, Eq. (48) means that [#}/, f,, (/)] = i;ie.,
(7. f,(#;")) defines a mode for any j = 1,...,2N. On the
other hand, Eq. (49) implies that the mode defined by
(7. f, (7)) is in a pure state. Of course, these are
straightforward consequences of the definition in Eq. (46).

Let us generalize this observation. Consider an operator
0 given by a linear combination of canonical variables. We

first rescale this operator as O — O/4/2(0?) so that
(0?) = 1/2. Expanding O in the basis # as

N
) = 15 ITo)
O.—Zwiri—w r, (50)

h T __ / / / - : :
where w'' = (w},w),...,w)y), the normalization condi-
tion is equivalent to

w

Ty = 1. (51)

Introducing operators (Q, P) := (O, f,,,(O)) for O with this
normalization, from Egs. (48), (49), and (51), we find

[0.P] =i, (52)
({0.01)=1. ({0.P})=({P.0})=0. ({P.P})=1.
(53)

Equation (52) means that (Q, P) satisfies the canonical
commutation relation and hence defines a mode. Further,
Eq. (53) implies that the covariance matrix for this mode is
equal to the 2 x 2 identity matrix, implying that it is in a
pure state.

In a series of studies [21-23,32] on the carriers of
information, the smallest subsystem in a pure state that
carries the whole encoded information is termed a QIC. The
encoded information can be fully retrieved by extracting a
QIC from the system. Equations (52) and (53) imply that
the mode defined by (Q, P) := (0, f,,(0)) is the QIC when
the encoding operation is generated by O. In a more general
case where the encoding operation is generated by {Oi}?zl,
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where each of which is assumed to be a linear combination
of canonical variables, it is proven [23] that the QIC is
given by a subsystem composed of (at most) n modes,
which is algebraically defined by

{(0i. £, (0D} (54)

It is shown that operators {(Q;, P;)}, defined in Eq. (73) in
[23] satisfy

[Qj’i)k] = 6, [Q; Qk] = [i)j’i)k] =0, (55)

<{Q, O} = ks <{Q,f3k}> = <{f3j, Oi}) =0.
{P;. P}) = 8. (56)

which generalizes Eqgs. (55) and (56). It implies that the
mode characterized by {(Q;, P;)}, is in a pure state when
the total system is in |y), and therefore, they are the QIC as
the encoded information is carried by them.

Although the subsystem composed of n modes playing
the role of QIC is uniquely determined, there are several
ways to decompose it into n independent modes. From
Eq. (56), the Gaussian state |yp) of the total system is
decomposed into

W) =W @ W e W12 = 2 10);. (57)

where |0); denotes the “vacuum” state for the jth mode
annihilated by &; == (Q; + iP;)/V/2 and |y" )55 denotes
a pure state for the complementary system. Since each of
the n modes is in a pure state in this decomposition, the
analysis of the entanglement structure is not straightfor-
ward. In the following subsections, we introduce another
decomposition that is more useful in analyzing the entan-
glement structure among partners.

For later convenience, we summarize here the properties
of f,,. From the definition in Eq. (47), f,, maps the original
basis 7 to

[y (#) = [, (SF) = SQuS™'F = mQyr, (58)

where we have used ™! = —Q,87Q,,. From Egs. (48) and
(49), for any operators O and O’ given by linear combi-
nations of canonical operators by (65) [22,23], it can be
directly checked that

(0)=0,  (£,(0))=0.  [,(f,(0)=-0. (59)

[0.£,(0")] = i{{0.0).

{£,(0).£,(00}) = ({0.0'}) (61)

hold.

So far, we have reviewed the properties of map f,, in a
harmonic oscillator system. The analyses can readily be
extended to a scalar field by the following procedure. For a
scalar field @ and its conjugate momentum 7 at a fixed time
t, we denote

R(x) = P(I’ %) } . (62)

#(t, x)

Here, for notational simplicity, we omit the time variable ¢
on the left-hand side. The equal-time commutation rela-
tions in Eq. (9) are written as

0 d(x-y)
=5(x=y) 0

N

R().RT ()] —z[ ] _iJ5(x=y). (63)

0 1
-1 0
operators in the state |y) are denoted by

where J = } while the covariance of the field

M) = (R = [

_ [<{€0(x),(i)(y)}> <{<2J(X)ﬁ(y)}>]
{ '

#0000} {0, 20)}) )

We introduce an operator

A

0= [ drlir(0p() + s3] = [ W RC)
(65)

where

wi (x)}

W) = [Wz(x) (69

denotes weighting functions. In the analogy with Eq. (58),
we define [23] a map f,, by

£,(0) = / dxdyds W ()M (x. )J8(y — )R (2)
_ / AW (OR() (67)

where W ) is the window function defining 1,(0),
given by
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Wy o) == [ dIMEWE).  (68)

When the covariance of the field operator satisfies a purity
condition

/ dydzM (x, ) J5(y — )M (2, w) = JS(x —w),  (69)

which corresponds to Eq. (44), it is shown [22,23] that
the map f,, satisfies all the properties in Egs. (59), (60),
and (61). Therefore, for operators {O;}"_, given by linear
combinations of field operators, the set of operators

{0, £, (O}, (70)

defines (at most) n modes in a pure state, provided that the
field is in a pure Gaussian state |y). Note that Eq. (69) can
be explicitly confirmed for the covariances given in
Eqgs. (36)—(38).

Based on these results, we derive the partner formula for
a single mode in Sec. III B, which reproduces the formula
in [19]. We further generalize it for the partner formula for
two modes in Sec. III C, which we shall use to analyze
entanglement monogamy among local modes in a field. See
Fig. 3 for the schematic picture of these setups.

B. Purification of a single Gaussian mode

As a practical application of the map f,, we look
for a partner mode that purifies a given single mode A
[Fig. 3(a)]. In particular, we apply the partner formula for a
local mode €, = (§4. pa)” at a spatial point x, defined in
the previous section. As we have seen in Sec. III A, four
operators

QA’]A?A7fl//(éA)’fVI(i7A) (71)

define a two-mode system that is in a pure state, provided
that the field is in a pure Gaussian state. To identify the

partner mode of £,, we here construct a mode generated by
the operators in Eq. (71), which is orthonormal to the mode

A. The covariance matrix for &, is

c® c ® [ Jv)
A . LN Y— s
(a) (b)
FIG. 3. (a) Purification of a single mode A. The mode C is a

partner of A. (b) Purification of two modes AB. The modes C and
D are partners of the bipartite system AB.

r AT 2(q3) (GaPA + Daga)
e BN [ (@aba+ badn)  2(P3)
. |:Cl C3:| (72)
B 3 (O '

Commutators and covariances between these operators are
given by

[EA,fy/(ész)] = imy,
(73)

[&A’gg] = [ w(éA)’fy/(éX)] =i,

and

<{éAvé£}> = <{fu/(‘§A)’fy/(é/Tk>}> =My,
({Ea- 1, (ED)}) =T (74)

To extract a mode orthogonal to the original mode & 5 from
fy(Ea), we define operators

QA“: fv/(éA) —mAJ‘EA- (75)
They indeed commute with %A as

[& ész] = [ w(éA)"&sz] - [mAJéA7%1TX]
= —mp — mAJ[éAs ég]

= 0. (76)

Therefore, they define a mode orthogonal to éA.
The commutator of & is calculated as

A

[€.8"] = i(J —mpdmy). (77)

If the mode A is in a pure state, it holds mJm, = J which
corresponds to the relation of the density operator p3 = P,
implying that the commutator of Z‘ is trivial. In this case,
because é A 1S 1n a pure state, its partner mode does not exist.
If the mode A is not pure, its partner is characterized by é‘ :
We normalize é‘ to make it a canonical pair of operators. For
this purpose, we introduce &C by Z‘ = AEC with a matrix A
so that [EC E(T;] = iJ holds. The condition on the matrix A is
given by

AJAT :J—mAJmA. (78)

To obtain A, we consider the standard form of the
covariance matrix m,:

0
mA=S[§ a]STzaSST, SIST=7J. (79)
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where S represents a symplectic transformation to diago-
nalize m, and a is the symplectic eigenvalue of m .

Although the partner mode C itself is unique, the matrix
S satisfying Eq. (78) is not uniquely determined because of
the remaining freedom in fixing a canonical set of operators
for the mode C. In other words, when A satisfies Eq. (78),
sodoes A’ := §’A, where §' is an arbitrary 2 x 2 symplectic
matrix. Since Eq. (78) is recast into AJAT = (1 — a?)J, we
can choose

A=+Va*-1X, (80)
or equivalently
Al = 1 X (81)
a*-1
0 1
where X = {] 0]

In summary, the partner mode C of mode A is obtained
as the following formula:

~ ~ 1 ~ ~
Ec=A""¢ = ﬁx(f(//(gA) —myJE,)

1 |:C22]A = C3Da +fx,/(ﬁA)] . {Qc
1

DA A ] (52)
a*—11c3ga—cipa+ fy,(Ga) Pc

which is equivalent to the partner formula for a single
mode [19] in a Gaussian state. Covariances of operators
(€x.&c) are given by

<{éAvé/§}> =My, (83)
({Ec.ER}) = A~ (J —mpJmy) = Va* - 1Z, (84)

({Ec.ELY) = A~ (mp + mpaJmuJmy) (AT = Xm,X,

(85)
1 0 .
where Z = 0 -1l In a matrix form, they are summa-
rized as
(e iy = Yo
Mac = \16AC:SACS) =
Va*-1Z  Xm,X
; 3
Eac = {AA : (86)
&c

One can explicitly confirm that this covariance matrix
satisfies the following purity condition of the state AC:

2
mc mpc = Q,, Q, = EBIJ’ (87)

implying that it represents a pure two-mode squeezed state
characterizing the pair of partners AC. The total state is
decomposed as

W) = [w')ac ® V") ac (88)

where |y’) o is the pure Gaussian state defined by m ¢ and
has no correlation with its complement system AC in
another pure state |y")+.

1. Spatial profile of partner mode

Using Eq. (68), the spatial profiles of the partner mode
can be visualized. As a window function of local mode A,
we adopt W, = wa(x)(1,0)" and W, = wa(x)(0,1)7,
which we have used to introduce local modes from the
scalar field in (14) and (15). From Eq. (68), we get

Wi =- [ dy[ Mio(x.y)  Man(x.y) ] [wm)]

=My (x,y) —Mpp(x,y) 0
“Jalai e
Wioa=- [ dy[—j‘zdwli(uyy)) —Aj\;ifxyy)ﬂ {ij}
ol

and

Fulan) = [ W], RG)

— / dxdy[—p(x)M 5 (x, y)wa(y)

+ 2(x) My (x, y)wa(y)], (o1)

Fo(Pa) = / AxW () (DR ()
:/dxdy[—é)(x)M22<X,y)WA()’)

+ 2(x) M2 (x, y)wa(y)]- (92)

In other words, the window functions of f, (éA) are
expressed by convolutions of the window function w, with
the covariance matrix M;; of the field operators, given by
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/ dyMy, (x. y)wa(y) =

/ dyMap (x. y)wa(y) =

/dyMlz(% YIwa(y)

2

4 ke )
NCET) dk|f
k - ko ko

-2 \/f /1 dz < a%52> cos <Z7tH(x5— xA)>’

k. —ko

2
B V ”(kc _kO)

cosk(x —xu)

(93)
/ dk|gy[? cos k(x - x)
) [ (),
/ Okf dki(feg7 - Figx) cos k(x = x)
) [ () -

nV/H

From these equations, we obtain spatial profiles of the
partner mode C. The upper panel of Fig. 4 shows the
window function of the mode A with § = 0.1 as a function
of the physical coordinate x,:=agx (we set H =1).
Because of cosmic expansion, the width of the window
function (spatial size of the local mode A) increases from
0.1H7! to H™'. The lower panels are the convolution of w
with the covariance of field operators, which appear in the
partner formulas (91) and (92). As we can observe from the
behavior of convolutions with M;;, M;,, amplitudes of
these functions become larger as the universe expands and

typical wavelengths become ~10H~!, which is far larger
than the width of w,; this behavior of the partner’s window
functions implies that the information of the original mode A
shared with its partner C delocalizes and extends over the
superhorizon scale. These facts provide the following intui-
tive understanding of the mechanism of disentanglement
between local modes: Because the partner of a local mode A
is spread over the superhorizon scale for a large scale factor, it
is slightly different from another local mode B, implying that
modes AB cannot share much entanglement. This observa-
tion becomes more quantitative in Sec. IV, where we analyze

Wa: 6=0.1

Convolution with My,: 6=0.1

Convolution with My : 6=0.1

Convolution with Mao: 6=0.1

150 [

20} — ag=1 — as=1

15¢ — ax=10 100¢ T 8=10

1.0F ] 50 |

05}

0

0.0
-05 \/ \/ -%0¢ \M/
-1.0E . f h P .

-10 -5 0 5 10 0 5 10
Xp Xp

FIG. 4. Upper panel: the window function w, that represents the spatial profile of mode A at a,, = 1, 10. We set x4 = 0. x,, = ayx
denotes the physical coordinate. Owing to cosmic expansion, the width of the profile increases as a 0. Lower panels: convolution of w,
with covariances of the field operators. These functions represent spatial profiles of the partner mode C.

045002-10



ENTANGLEMENT PARTNERS AND MONOGAMY IN DE SITTER ...

PHYS. REV. D 108, 045002 (2023)

the disentanglement from the viewpoint of entanglement
monogamy.

2. Negativity between AC

The standard form of the covariance matrix for the mode
A is

m—[o O} (96)

where a is the symplectic eigenvalue of m,. As shown in
Eq. (86), the covariance matrix of A and its partner C is
given by

a 0 21 0
My — 0 a 0 —Va* -1

21 0 a 0

0 —Va* -1 0 a

(97)

The smaller symplectic eigenvalue of its partial trans-
position of m,c is calculated as

1
:*S
a+Va* -1

Thus the negativity between the modes A and C is given by

a? -1

. (98)

1
Nac=5la+Va —1-1)20. (99)

For a > 1, the bipartite state AC is entangled. Figure 5
shows the behavior of the symplectic eigenvalue a =

\/aya, — a3 as functions of the scale factor and &, where

a, a,, ay are components of the covariance matrix (29).
The left panel of Fig. 5 shows that for a fixed value of 6, the
symplectic eigenvalue a and the negativity between AC

a
3.0/
25/
20}
15/
0 5 10 15 20

scale factor

FIG. 5.

increase as the scale factor increases. The right panel of
Fig. 5 shows that for a fixed value of scale factor a, the
symplectic eigenvalue a increases as the size 6 of the region
A decreases. Thus the state AC is more squeezed for a
smaller value of o. In the limit of 6 — 1, the negativity
N a.c vanishes since a — 1, implying that the purity of the
state of mode A approaches one.

In terms of the symplectic eigenvalue a, the entangle-
ment entropy of the mode A is given by

S — a—+1 1 a—+1 a—1 ) a—1
A= 3 0g> 5 3 02> 3 .

(100)

As the symplectic eigenvalue a monotonically increases
with the scale factor, the entanglement entropy of the mode
A also increases with the scale factor. Thus the information
shared between two modes A and C increases because the
mixedness of the state A grows. This explains the delo-
calization of the information stored in A and the spread of
the partner’s window function as visualized in Fig. 4. In the
limit of 6 — 1, S, approaches zero, and A and C share no
information.

C. Purification of the bipartite Gaussian mode

In this subsection, we construct partner modes CD for the
two-mode system Exg = (§a. Da»Gp. Pu)’. See Fig. 3(b)
for the schematic picture of the setup. To the authors’
knowledge, an explicit formula to obtain the partner modes
of a two-mode system has not yet appeared in the literature.
Therefore, we explain here the derivation, although it is
quite similar to the arguments in the previous subsection,
i.e., the derivation of the partner formula for a one-mode
system. .

From the arguments in Sec. III A, the eight operators ép

and fu,(éAB), ie.,

€]A’ IA)A’ éB? IaB»fy/(QA)’fw(ﬁA)7fy/<£]B>vfy/(]A)B)’ (101)

4.0
3.5¢
3.0
2.5
2.0
1.5F

1.0 :
0.0 0.2 0.4 0.6 0.8 1.0

Behavior of the symplectic eigenvalue a. Left panel: dependence on the scale factor. The symplectic eigenvalue a is an

increasing function of the scale factor, and entanglement between AC grows as the universe expands. Right panel: dependence on the

normalized comoving size § of the region A.
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define a system composed of four modes ABCD, which is
in a pure state. We aim to construct two modes CD
orthonormal to modes AB. Commutators between these
operators are given by

[&ABvé/T\B] =i,

[fw(&AB),é/TxB] = —img,

[&AB’fl// (‘EZ;B)] = Mg,

[fy/(éAB)’fy/(égB)] = i,
(102)

where mp denotes the covariance matrix for the two mode

system Erp:

Mg = <{éAB»‘§£B}> = <{fw(§AB)’fu/(é£B)}>’

({Eas. £, (Elp)}) = -, (103)

To find modes orthogonal to the original mode EAB, we
introduce operators

é‘ = fy/(éAB) - mABgngB- (104)
They satisfy [€, &L 5] = 0 since
&, Exs] = [f, (Eap). Enp] — MABR0Eap. Ens]
= —imp — MY [éABvé,{B]
=0 (105)

and therefore define modes orthogonal to the original

modes AB. The commutators and the covariances for QA‘
are calculated as

[ AT] = () —mpApQm,g),

<{é éT}> = —(mp + mapQomagQmyp). (106)

If Q, = mpp€Qym,p, the two-mode system AB is in a pure
state, implying their partners do not exist. We therefore

assume that Q, # magQm,p. We normalize Z‘ as é‘ =

AECD using a matrix A so that the standard canonical
commutation relation for modes C and D

Ecp. Elp) = i, (107)

is satisfied. This is equivalent to a constraint on the 4 x 4
matrix A given by

AQzAT = Qz - mABQZmAB. (108)

By using matrix A satisfying this condition, covariances of
normalized operators E-p are expressed as

<{&CD7§£D}> :A_l<{§»éT}>(A_1)T
= —A (mpp + m g Qym A5 Qym p)

(A =mcp, (109)

<{&CD,5£B}> =A"N(Q, _mABQZmAB)=:m£B,CD’ (110)
({€a-Elp}) = (A7 (Q) —mApQomap)|" = msp cp. (111)

<{‘§Asvé/§3}> RON:T (112)
These covariances define a state for the four-mode system
ABCD as

muap maB cp

macp = (113)

T
mpgcp  Mcp

Since the four-mode system ABCD is in a pure state, the
purity condition is satisfied,
mapcp€24Mapcp = €y, (114)
where Q, = ;‘:lJ. In this case, the state of the total
system is decomposed as
ly) = [v") acp ® ") z5cn: (115)
where |y’) \gcp denotes a pure state of the four-mode

system ABCD defined by the covariance matrix magcp,
while [y)zpep is a pure state for its complement system

ABCD. This decomposition implies that there is no
correlation between the four-mode system ABCD and its
complement ABCD. Therefore, all the information on the
correlation between AB and its complement is confined to
the four-mode system ABCD.

We look for the matrix A satisfying Eq. (108) by using
the standard form of the covariance matrix of a two-mode
Gaussian state [33,34]. Our aim is to find the partner
modes of local modes A and B defined at spatial points x4
and xg. Because of the spatial translation symmetry, the
symplectic eigenvalue of the covariance matrix of mode A
is equal to that of B. Therefore, without loss of generality,
we can assume that the covariance matrix of the bipartite
system AB is given by the standard form of symmetric
Gaussian state

a 0 d 0
0 a 0 d2

Mpp = , 116

S (116)
0 d 0 a

after performing a local symplectic transformation on
each mode.
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Using the standard form of m g, the right-hand side of
Eq. (108) is expressed as

(1-a*—didy)]  —a(d,+dy)J
Q) —mppQrmpp = 2 .
* (1—a*—=d\d>))J
(117)

As noted in the previous section, the solution A of Eq. (108)
is not uniquely determined as there is remaining freedom
for fixing canonical operators for CD. As an ansatz for the
matrix A, we adopt

gX hX
= . (118)
hX gX
Because
2 2
+h)J 2ghJ
AQZA_—[(g ) o ] (119)
29hd - (#+ 1)
the constraint in Eq. (108) is equivalent to
P+ =a+dd, -1, 2gh=a(d +d,), (120)
and the solution is
1 1
=5 (VIFTHVITD),  h=5(iFy - iy
(121)
where we introduced
x:a2+d1d2—1, y:a(d1+d2) (122)
Because the inverse of A is given by
1 X —-hX
A = { g } (123)
g —h"|-hX g¢gX

the covariance matrix of the pure state of the four-mode
system ABCD is obtained from (109) to (112) as

mag  MABCD }
9,

mcp

Mmapcp = { (124)

T
Mag cp

fa 0 d; O a 0 d, 0
a 0 d2 0 a 0 dl
Mpp = ., Mmep= ,
A4 0 a0 PCTld, 0 a0
0 d 0 a 0 d 0 a
g 0 h O
0 —g 0 —=h
mag,cp = Ao g 0 (125)
L0 —h 0 —g

The canonical operators describing partner modes CD are
given by

éCD =A"'(f, (éAB) - mABQZEAB)

1 gX —hX n A
= gy {—hX oX } (fy(EaB) — maBS0Eas).
(126)

which establishes the partner formula for a two-mode
symmetric Gaussian state. Note that as fl,,(fB) is obtained
by replacing x5 — xg in f, (éA), their window functions
are calculated by shifting the window functions of fu,(éA)
given in Eqgs. (91) and (92). Therefore, their behaviors are
expressed by Fig. 4, except for the shift of the centers. Since
Eq. (126) implies that the window functions of the partner
CD of AB are expressed by operators given by SAB and
Sy (E AB ), We find that they are given by linear combinations

of functions which are localized around x, and xp, whose
tails change depending on the scale factors a..

IV. MONOGAMY AND SEPARABILITY

We regard the bipartite system AB as a subsystem
embedded in the pure four-mode state ABCD. Then an
entanglement measure E(A:B) between A and B (internal
entanglement) and an entanglement measure E(AB:CD)
between AB and CD (external entanglement) are expected
to obey the following monogamy inequality [14—18]:

E(A:B) + E(AB:CD) < Eu» (127)
where E,,, is the maximum of E(A:B). This inequality
represents a trade-off relation between internal and exter-
nal entanglement and has been proven to hold for finite-
dimensional Hilbert space cases, including qubit systems.
For qubit cases, explicit forms of inequalities are presented
in terms of various entanglement measures (concurrence,
entanglement of formation, and negativity). In this paper,
based on the specific representation of the four-mode
Gaussian state (124) and (125) which purifies AB, we
show this type of monogamy inequality also holds for
Gaussian states.
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A. Parametrization of the bipartite Gaussian state

In the standard form, the covariance matrix (116) of the
bipartite symmetric Gaussian state AB includes three
parameters a, d, d,. For later convenience, we parametrize
it with a, x, y where x, y are defined by (122). By solving
Eq. (122) with respect to d;, d,, we get

2
y y 2
dy ==+ (x— 1),
1 2a+\/4a2 (x—a*+1)

2
y y 2
dy=2 [ —(x—a?+1),
27 24 \/4512 (x=a”+1)

and d| —d, = \/y*/a* —4(x —a® + 1) >0, d\d, =
x—a®>+ 1. Thus d, and d, are expressed using a, x, y.
Symplectic eigenvalues of the covariance matrix m,p are
given by

(128)

vi=(a+d)(at+d)=x+y+1>1,

=(a-d\)(a-d)) =x—-y+12>1,

N =

v (129)

and detmpg = (a* — d&3)(a®> — &3) = Vs = 313 =
(x + 1) — y%. Symplectic eigenvalues of the partially
transposed covariance matrix m g are expressed as

U1 = (a+d))(a—dy)

:2a2—x—1+\/y2—4a2(x—a2+1), (130)

7= (a-d)(a+d)
:2a2—x—1—\/y2—4az(x—a2+l). (131)
The sum of these symplectic eigenvalues satisfies

v} + 13 + % + 3 = 4a*. For real values of d; and ds,
it holds

y? > 4a*(x—a* +1). (132)
The modes A and B are entangled if 0 <7, < 1 < Dy, or

equivalently, (x +2)% —y?> < 4a®. The negativity of the
state AB is given by

1 1
NAZB zimax |:~——1,0:| (133)

%)

For a fixed a, the minimum of 7, is attained at x =y = 0
and given by

772|min:a_ v a> - 1.

In this case, the bipartite state AB is a two-mode squeezed
pure state with a squeezing parameter = cosh™! @, and its

(134)

covariance matrix is given by Eq. (116) with d; = —d, =
Va* — 1. Thus the maximum of N,.p is

(135)

1 Varam
NA:B|max:§(a_1+ a2_1)'

The bipartite state AB becomes separable at , = 1, and this
condition is equivalent to

(x +2)? —y* = 4a’. (136)

With a fixed value of a, it is possible to draw a parameter
region in the (x,y) plane where mp represents a physical
Gaussian state (Fig. 6). The region is bounded by x = |y
corresponding to v = 1 (positivity of the state) and y* =
4a*(x — a* + 1) corresponding to the reality condition of
dy 5. The region is divided into two regions: one corre-
sponds to entangled state, and the other corresponds to
separable states. A pure state is located at x =y =0,
corresponding to a two-mode squeezed pure state. The
state becomes separable for a = 1.

Symplectic eigenvalues of the four-mode state ABCD
are given by

J0a-d)a-d)-(g-h7=1.

V0atd)(atd)—(g+m)?=1. (137)
a fixed
4+ 171>1
f)2>1
131>1
2+ 1~)2<1
0 1 2 3 4 5

FIG. 6. The parameter region representing bipartite Gaussian
states in the (x,y) plane (shaded region). The region (x 4 2)% —
y?> < 4a® corresponds to entangled states, and the region
(x +2)? — y?> > 4a? corresponds to separable states.
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Ia=2

1.2}
1.0}
0.8}

=06/
0.4}
0.2}

0.0

Nag.cD

negativity

3?2

1.2+
1.0¢ 8(NaB:cp)
0.8+
0.6
04+t Nag
0.2+F

0.0 : : :
0.0 0.5 1.0 1.5 2.0

FIG. 7. Left panel: distribution of (Np.cp,Na:g) for randomly generated bipartite Gaussian states with fixed a [11189 sets of
parameters (x, y)]. States are located in the region surrounded by the dashed green line (corresponds to y = 0) and the dashed red line
(corresponds to |y| = x). In this case with a = 2, for states with g =2+ V6 < Nag:.cp, Na:p = 0; thus the external correlation
between AB and CD limits the amount of the internal entanglement between A and B. The same relation also holds for any values of
a > 1. Right panel: Behavior of N,.5 and §(Nag.cp) as functions of x (with y = 0). A trade-off relation between the internal
entanglement N .5 and the external entanglement N z5.cp can be observed. For f =2(a—1) < x, Ny.g = 0.

which implies the state ABCD is pure. Symplectic eigen-
values of the partially transposed state with bipartition
AB:CD are given by
(Pr2)* = (a—d\)(a —dy) + (g = h)?
+2[g - hlv/(a—d

= (Va—yr i+ yi=y),

(014)* = (a +dy)(a +dy) + (g + h)?
+2|g+ h|\/(a+d))(a+d,)

= (Vi r e vaTy)

)a - d>)

(138)

(139)

Therefore, 7. = v, + /13 — 1,0, = vy & 1/v7 — 1, and
the negativity for the bipartition AB:CD is calculated as

1 1
Nag:cp =§<V1 4/ vi—=1)(v, + \/ vs—1) 5 >0. (140)

B. Monogamy relation for Gaussian states

We examine the monogamy inequality (127) for
Gaussian states. For the qubit case treated in [14], as
the entanglement measure in this monogamy inequality,
E(A:B) can be the negativity N.g. E(AB:CD) is a
decreasing function of the negativity Nag.cp, and the
explicit form of this function is presented in [14]. In the
present analysis with Gaussian states, we also adopt
negativity as an entanglement measure to show a
monogamy inequality.

As we have already presented, negativities N,.p and
Nag.cp are expressed as functions of a, x, y:

1/1
NA:B(xvyva) :E <~_— 1),

)

73 :2a2—x—1—\/y2—4a2(x—a2+1),
(141)

Napcn(x) =5 (Va3 T 1+ VEFy)
x (Vimy+1+y5=7) —%. (142)

To capture qualitative behavior of the monogamy relation
between N,.g and Nap.cp, we randomly generate param-
eters x, y of bipartite Gaussian states with fixed a. The left
panel of Fig. 7 shows the distribution of (Nsg.cp,Na:g)
for randomly generated bipartite Gaussian states.
We observe that all bipartite Gaussian states are confined
in a region surrounded by lines Ns.g = g1(Nag:cp),
Na:s = 92(Nap:cp), and Np.g =0, ie.,

91(Nag:cp) Na:p < 92(Nap:cp) for 0 < Nap.cp<La,
0<Na:p <9 (Nap:cp) for @ < Ng.cp <P,
Nag=0 for f < Nag:cp»

(143)
where functions g; and g, define the relations between N .5

and Nag.cp on |y| = x and y = 0, respectively. They are
monotonically decreasing functions of Nag.cp. The

045002-15



YASUSADA NAMBU and KOJI YAMAGUCHI

PHYS. REV. D 108, 045002 (2023)

parameters a and /3 are defined by g, (@) = 0 and ¢, (/) = 0.
When N 4 .p attains its maximum for a fixed a, Nag.cp = 0,
and hence, the bipartite state AB is pure. The explicit
expression of functions g, and f are obtained as

-1

1 (Nag:cp + 1)?
=—|-1 — @t —ABD T . (144
=571 %l 2N ap-cp + 1 (144)
1
/3=—§+(\/a—1/2+\/a—1)2. (145)

0
G(Nap:cp. a) =

NA:B|max(a)

and N ».g|max 1S defined by (135). Note that for fixed a, g is
a non-negative monotonically increasing function of
N ag.cp- Furthermore, it vanishes if Ng.cp = 0. In this
sense, the function § defines an entanglement measure for
bipartition AB:CD for each a. Thus for Gaussian states
with fixed a, we have obtained the monogamy inequality
(147) that represents a trade-off relation between the
internal entanglement N 4.5 and the external entanglement
G(Nap:cps a@). When f < Nag:.cp, J(Nap:cp. @) attains its
maximum, and the negativity between A and B automati-
cally vanishes, i.e., Ny.g = 0.

The right panel of Fig. 7 shows the behavior of N .5 and
G(Nap:cp) as functions of x when y =0. This case
corresponds to saturation of the inequality (147) and the
following equality holds:

Na:g + J(Nap:cp: @) = Na:glmax (@) (149)

0.14
0.12+¢
0.10F
0.08 -

Na.g
A:B

0.06 [ =,

0.04 -
0.02 t

0.00
0 8 10

Nag:cp

FIG. 8.

Na:Blmax (@) = 92(Nag:cp. @)

For @ < Ng.cp < p with fixed a, the following inequality
holds:

Na:g < 62(Nag:cp- @) (146)
Thus the function g, determines the upper bound of N,.p
for given values of Ng.cp and a. Here, g, is a decreasing

function of N 4p.cp and becomes zero at Ng.cp = . We
rewrite this inequality as

Na:g + J(Nag:cp» @) < Na:glmax (@), (147)
where we introduced
(Nag:cp = 0),
(0 < Nag:cp £ B), (148)
(B < Nag:cp)-

|
C. Monogamy for local modes in the de Sitter universe

For the scalar field in the de Sitter universe, components
of the covariance matrix of local Gaussian modes are
functions of a, and 6. Figure 8 shows the evolution of
Na.p and Npg.cp with fixed 6. The left panel shows
relations between N,.p and Npp.cp with different values
of 6. The state evolves from a,. = 0 that corresponds to the
left edges of each line. As we have already observed, N, .g
becomes zero when the physical size J x ay. of local modes
exceeds the Hubble horizon scale H~!. On the other hand,
N ap:cp Increases monotonically with the scale factor for a
fixed value of O; thus, Ns.gp becomes zero as Nag.cp
reaches some critical value.

The right panel of Fig. 8 shows the evolution of
negativities and f as functions of the scale factor for
0 =0.2. The behavior of Nj.p and Nup.cp represents
a trade-off relation between them. From the argument in

§=0.2
:-/ "'I"'I"'I"'I"'I"E6
0.08[ Nap
I e 15
0.06| > 14
i ‘¢’ ] :DZ
.7 1,
004- ﬁ R 23 9
i Lo 12
0.02 | s ]
o= == NaB:cp 11
000k oo N
0 2 4 6 8 10 12 14

scale factor

Left panel: relation between N,.g and Nap.cp for fixed values of §. Right panel: evolution of Nj.p, Nag:cp, and f as

functions of the scale factor. The solid red circle denotes the location at N s5.cp = /3, and the solid black line indicates a value of the
scale factor. For the right side of this point, # < Nap:cp and the monogamy inequality (150) implies N4.p = 0.
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the previous subsection, they satisfy the monogamy
relation

Na:g +3(Nag:cp» @(Ac:6)) < Na:glmax (a(ag,5)). (150)

Note that this inequality is essentially the same as (147),
but the parameter a becomes a function of a,. and 0. It
explains the separable behavior of the bipartite system AB
as a monogamy relation between internal entanglement
and external entanglement; for #(a(ay.,5)) < Nag.cp» the
function § attains its maxima while N . vanishes. Thus,
this inequality provides a sufficient condition of sepa-
rability for the bipartite system AB. Although N,.p
becomes zero before Nap.cp reaches S (see right panel
of Fig. 8), this behavior is consistent with (150). The
tightness of the monogamy inequality depends on the
parameter 6 in the present setup. Actually, as o increases,
the difference between ¢;(Nap.cp,@(dy,8)) and Na.p
decreases. In the limit of 6 — 1 (pure state limit), Ny.5 =
9> (N ap:cp, @) holds because Ny.g = 0 and Npg.cp — 0,
which implies that equality in (150) trivially holds.

V. SUMMARY AND CONCLUSION

We investigated the emergence of separability for local
bipartite modes assigned to two spatial regions in the de
Sitter universe. The bipartite mode AB becomes separable
after their separation exceeds the Hubble horizon scale. To
understand the emergence of this separability from the
viewpoint of entanglement monogamy, we considered
purification of the local mode AB and obtained the pure
four-mode state ABCD applying the partner formula. Then,
we found the monogamy inequality between the negativity
N(A:B) and N(AB:CD) for the four-mode Gaussian state,
which is an extension of Camalet’s monogamy relation to
continuous variable systems. It is demonstrated that the
separability of the mode AB can be understood as the
monogamy property between the internal and the external
entanglements, and the monogamy inequality provides a
sufficient condition for the separability of the local mode
AB defined from the quantum field. In the stochastic
approach to inflation [25], local oscillator modes are
defined as long wavelength components of the inflaton
field. The introduced local modes are treated as “classical”
stochastic variables, and they obey a Langevin equation
with a stochastic noise originating from the short wave-
length quantum fluctuations. Although the stochastic
approach to inflation is a phenomenological treatment of
quantum fields in the de Sitter spacetime and is widely
employed to investigate the physics related to cosmic
inflation, its justification is still missing. Our investigation
of this paper provides one reasoning to this method from
the viewpoint of quantum information; local modes in the
de Sitter universe lose quantum correlation when their
separation exceeds the cosmological horizon, and this
behavior is related to delocalization of partner modes.

The partner formula adopted in this study may provide a
new perspective on information sharing in multipartite
quantum systems. Indeed, as shown in Fig. 4, the spatial
profiles of partner modes can be visualized, and they are
helpful in capturing how the information of a system is
shared with its partners. The information stored in a system
is lost but classical properties of the system appear as a
result of decoherence via information sharing with its
partners (environments). This direction of investigation is
closely related to the concept of “‘quantum Darwinism” [35]
which states that the emergence of a classical behavior of a
quantum system, such as objectivity, is connected with the
amount of information of the system redundantly shared or
stored in the environment. Thus spatial profiles of partner
modes of the system may help to quantify this redundancy
of the information and to understand the quantum to
classical transition in the early universe.
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APPENDIX: CONVENTIONAL
MONOGAMY RELATION

We present the conventional monogamy relation for
Gaussian states [10—12]. For the four-mode pure Gaussian
state ABCD with the covariance matrix (124),

E(A:B) + E(A:C) + E(A:D) < E(A:BCD), (Al)

where E denotes a suitably chosen entanglement measure
and this inequality holds with the square of negativity or
square of logarithmic negativity as entanglement measures.
We demonstrate it for randomly generated Gaussian states
by taking E as the square of negativity. Negativities are
given by

NA:BCD:%(Q+ a’—1-1), (A2)
1 1

e = |2 0] (89
1 1

Mo =max [ 30) (8

and N . is given by (133). We can observe the monogamy
inequality (A1) indeed holds for this four-mode Gaussian
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FIG. 9. Demonstration of the monogamy inequality (A1) for the four-mode Gaussian state with the covariance matrix (124). The
number of randomly generated states is 1500. As an entanglement measure, the square of negativity is adopted. All generated states are
located below the dashed red line, which represents the equality of the relation (Al).

state (Fig. 9) because generated states are located below the
dashed red lines that represent equality of (Al). However,
Fig. 9 shows that states deviate from the dashed red lines as

the parameter a increases. Therefore, the monogamy
inequality (A1) does not provide a useful tight constraint
on the separability of the bipartite state AB.
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