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In this paper, we present a detailed analysis of first-order perturbations of the Kerr metric in the slow-
rotation limit. We perform the calculation by perturbing the Schwarzschild metric plus up to second-order
corrections in the spin in the Regge-Wheeler gauge. The apparent coupling between different angular
momentum axial-led and polar-led modes can be removed by suitably combining the perturbation equations
and projecting them onto spin-weighted spherical harmonics. In this way, we derive the corrections to the
Regge-Wheeler and the Zerilli equations up to second order in the spin. We show that the two potentials
remain isospectral as in the nonrotating limit. However, it is easy to demonstrate it only for a precise choice
of the tortoise coordinate. The isospectrality with a slowly rotating Teukolsky equation is also verified. We
discuss the main implication of this result for the problem of vacuum metric reconstruction, providing the
transformation rule between slow-spinning Teukolsky variables and metric perturbations. The existence of
this relation leaves us with the conjecture that a resummation of the expansion in the spin is possible, leading
to two decoupled differential equations for perturbations of the Kerr metric.
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I. INTRODUCTION

Black hole perturbation theory (BHPT) is the branch of
gravitational physics that studies the response of black holes
(BHs) to small generic fluctuations of the spacetime. It was
initially developed in the 1957 breakthrough work by Regge
and Wheeler [1], who for the first time obtained the first-
order equations for a perturbation with axial parity on top of
a Schwarzschild BH. In 1970, Zerilli then obtained a similar
equation for even parity perturbations [2]. A few years later,
Teukolsky managed to derive an equation that governs
linear perturbations on top of a Kerr BH, by implementing a
different formalism based on the perturbations of the
curvature [3]. These three milestones are still the basic
equations for the analysis of small perturbations of rotating
and nonrotating BHs in general relativity (GR). Notable
examples of its applications are the study of the quasinormal
modes of BHs [4,5] and the waveform generation of black
hole binaries with very large mass ratios [6–9].
The Regge-Wheeler and the Zerilli equations both

have the form of a Schrödinger equation, but their
effective potentials have different analytical expressions.
Nevertheless, Chandrasekhar found that one can transform
the Regge-Wheeler equation into the Zerilli equation and
back [10,11]. The existence of this transformation con-
firms the isospectrality of the two potentials, which means
that their spectrum of quasinormal modes is completely

equivalent [12]. In addition, Chandrasekhar found that the
Regge-Wheeler and the Zerilli equations can be related,
with a slightly more complex transformation, to the
nonrotating limit of the Teukolsky equation [11], also
known as the Bardeen-Press equation [13]. This latter
result by Chandrasekhar confirms a somewhat expected
property: the spectrum of oscillations of a BH does not
depend on the perturbation scheme used to calculate it. A
direct perturbation of the spacetime metric must lead to an
equivalent result as if one performs a different perturba-
tion scheme, like for the derivation of the Teukolsky
equation.
The transformations derived by Chandrasekhar not only

prove the isospectrality between the three different equa-
tions but also provide the transformation rules to move
from one to another. While this result in the nonrotating case
is rather immediate, having an exact formula that links
the solution of the Teukolsky equation to the small
perturbations of the Kerr metric is a much more involved
problem commonly known as “metric reconstruction.” Such
reconstruction appears to be necessary in all those problems
of BHPT which involve “perturbations of perturbations”:
second-order perturbations of Kerr BHs in self-force com-
putations [14] or in the case of modified Teukolsky
equations in alternative theories of gravity [15–17].
The main issue in the rotating cases is that an equivalent

of the Regge-Wheeler and the Zerilli equations cannot be
found, and the perturbations of a rotating BH can only be
understood via the Teukolsky equation. The procedure to*franchini@apc.in2p3.fr

PHYSICAL REVIEW D 108, 044079 (2023)

2470-0010=2023=108(4)=044079(28) 044079-1 © 2023 American Physical Society

https://orcid.org/0000-0002-9939-733X
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.108.044079&domain=pdf&date_stamp=2023-08-30
https://doi.org/10.1103/PhysRevD.108.044079
https://doi.org/10.1103/PhysRevD.108.044079
https://doi.org/10.1103/PhysRevD.108.044079
https://doi.org/10.1103/PhysRevD.108.044079


obtain it uses a decomposition of the spacetime for which it
is not straightforward to trace it back to the actual
perturbations of the metric. Nevertheless, there are tech-
niques that aim precisely to obtain the metric perturbations
starting from the Teukolsky variables, and they differ among
themselves upon the gauge choice [14]. In the radiation
gauge, one possibility is to integrate over the Hertz
potentials [18] (see also [19] for an overview of the
technique and possible implementations). It is worth noting
that recent progress showed an alternative formulation
based on the calculations of Chandrasekhar [11] which
avoids the use of Hertz potentials [20]. Another alternative
is to perform the reconstruction in the Lorentz gauge [21].
In this paper, we analyze the problem of metric

reconstruction in the Regge-Wheeler gauge, extending
the results of [22] for a vacuum spacetime up to second
order in the spin. Indeed, it has been known since the early
works of Kojima on the perturbation of slowly rotating
neutron stars [23,24] that first-order corrections in the spin
maintain the same structure of the perturbation equations
as in the nonrotating case. The effect of the spin on BH
linear perturbations is just to modify the Regge-Wheeler
and Zerilli potential [25–27]. The slow-spin expansion is
particularly relevant in those cases where the perturbative
approach to the full rotating problem is not possible, like in
alternative theories of gravity where fully rotating sol-
utions are not known analytically [28–32] or when exotic
matter fields coupled to gravity do not lead to an evident
separation of the variables in the perturbation equa-
tions [33,34].
The outline of the paper is the following. In Sec. II we

present the slow-spinning Kerr metric and the perturbation
scheme, followed by a revision of the method of Kojima to
perform the separation of the equations. The method is
extended up to second order in the spin, as it was done
in [32], and we show how to manipulate the equations in
order to find a correction in the spin for the Regge-Wheeler
and the Zerilli potentials. In Sec. III we discuss how the
property of isospectrality remains satisfied at second order
in the spin, as well as with respect to the slow-spinning
Teukolsky equation as shown in Sec. IV. We discuss the
main results of the paper in Sec. V, where we summarize
the steps necessary to perform the metric reconstruction,
provide a formula that generates the corrections due to the
spin to the effective potential of the Regge-Wheeler and
the Zerilli equations, and conjecture the existence of two
fully rotating versions of those equations. Finally, in
Sec. VI, we argue how the results of this paper could
address some currently open problems and which future
directions can be investigated.
Throughout the paper we use a mostly minus signature

ðþ;−;−;−Þ. This choice was made in order to conform
to the notation of [11]. Moreover, we use units such
that c ¼ GN ¼ 1.

II. SLOWLY ROTATING REGGE-WHEELER
AND ZERILLI EQUATIONS

A. Perturbation scheme

With gKab, we denote the Kerr metric in Boyer-Lindquist
coordinates xa ¼ ðt; r; θ;φÞ, whose line element ds2K ¼
gKabdx

adxb is

ds2K ¼
�
1 −

r
Σ

�
dt2 þ 2ar sin2 θ

Σ
dtdφ −

Σ
Δ
dr2

− Σdθ2 − sin2 θ

�
r2 þ a2 þ a2r sin2 θ

Σ

�
dφ2; ð1Þ

where Δ ¼ r2 − rþ a2 and Σ ¼ r2 þ a2 cos2 θ. Without
loss of generality we choose units such as M ¼ 1=2, with
M the mass parameter of the Kerr metric.
Since we are interested in the slow-rotation BHPT, we

need to perform a double perturbation scheme: the usual
linear perturbation for which we introduce a formal book-
keeping parameter ε, as well as an expansion in the spin
parameter a, which for the purposes of this paper we
truncate at second order. In this way, we formally consider
the following ansatz for the metric:

gab ¼ gSRKab þ εhab; ð2Þ

with gSRKab being the expansion of the metric in Eq. (1) up to
second order in a,

gSRKtt ¼ f0 þ a2
cos2 θ
r3

; gSRKtφ ¼ 2a sin2 θ
r

; ð3Þ

gSRKrr ¼ −
1

f0
þ a2

1 − f0 cos2 θ
r2f20

; ð4Þ

gSRKθθ ¼ −r2 − a2 cos2 θ; ð5Þ

gSRKφφ ¼ −sin2θ
�
r2 þ a2

rþ sin2θ
r

�
; ð6Þ

with f0 ¼ 1 − 1=r. If we treat gSRKab as a correction to the
Schwarzschild metric, we can express the perturbation
metric hab in the Regge-Wheeler gauge, which decomposes

in a sum of axial hð−Þab and polar hðþÞ
ab contributions. Their

explicit expressions, respectively, read as

hð−Þab dx
adxb ¼ 2½hlm0 ðrÞdtþ hlm1 ðrÞdr�

× ½Slmθ ðθ;φÞdθþ Slmφ ðθ;φÞdφ�eρt; ð7Þ
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hðþÞ
ab dxadxb ¼

�
f0Hlm

0 ðrÞdt2 þ 2Hlm
1 ðrÞdtdr

þHlm
2 ðrÞ
f0

dr2 þ KlmðrÞdΩ2

�
Ylmðθ;φÞeρt;

ð8Þ

where we performed a Fourier decomposition in modes of
frequency ω ¼ −iρ, the functions Ylmðθ;φÞ are scalar
spherical harmonics, and

ðSlmθ ; Slmφ Þ ¼
�
−
Ylm
;φ

sin θ
; sin θYlm

;θ

�
; ð9Þ

where the comma followed by a coordinate stands for the
partial derivative with respect to that variable. Note how the
functions hlm0 , hlm1 , Hlm

0 , Hlm
1 , Hlm

2 , Klm are free radial
functions, and we will see how to relate them to their
nonrotating counterpart. We can plug the linearized ansatz
(2) into the Einstein equations and solve them with a
double-perturbation scheme in ε and a. In total there are ten
equations which we schematically dub

δE ab ≡ Rð1Þ
ab ¼ 0; ð10Þ

where we defined the linear perturbation of the Ricci

tensor as Rab ¼ Rð0Þ
ab þ εRð1Þ

ab . In principle, the presence of
the spin introduces an angular dependency in θ, which
makes the equations nonmanifestly separable. In the next
section, we show a scheme, which is valid up to second
order in a, but it is, in principle, extendable to arbitrary
order, allowing us to separate the equations and obtain two
master radial equations.

B. Decoupling the equations

Here, we apply the scheme for the decoupling of the
equations in the slow-spin expansion as in [23], and we
extend it up to the second order in the spin, as it was done
in [32]. The ten equations (10) can be divided into three
different groups, according to their functional form. From
now on, to avoid cluttering of indices we omit the super-
script index m since different values are always decoupled
in the equations. The first group schematically reads as

δE ðiÞ ≡ ðAðiÞ
0;l þ AðiÞ

1;l cos θ þ AðiÞ
2;l cos θ

2ÞYl

þ ðBðiÞ
1;l þ BðiÞ

2;l cos θÞ sin θYl
;θ ¼ 0; ð11Þ

where the index i runs from 0 to 3 and corresponds to
δE tt ¼ 0, δE tr ¼ 0, δE rr ¼ 0, and δE θθ þ δE φφ=
sin2 θ ¼ 0, respectively. The second group reads

δE ðjθÞ ≡
 X2

n¼0

αðjÞn;l cos
n θ þ α̃ðjÞ2;l sin

2 θ

!
Yl
;θ

−

 X2
n¼0

βðjÞn;l cos
n θ þ β̃ðjÞ2;l sin

2 θ

!
Yl
;φ

sin θ

þ ðηðjÞ1;l þ ηðjÞ2;l cos θÞ sin θYl þ χðjÞ1;l sin θW
l

þ ðξðjÞ1;l þ ξðjÞ2;l cos θÞXl ¼ 0; ð12aÞ

δE ðjφÞ ≡
 X2

n¼0

βðjÞn;l cos
n θ − β̃ðjÞ2;l sin

2 θ

!
Yl
;θ

þ
 X2

n¼0

αðjÞn;l cos
n θ − α̃ðjÞ2;l sin

2 θ

!
Yl
;φ

sin θ

þ ðζðjÞ1;l þ ζðjÞ2;l cos θÞ sin θYl þ χðjÞ1;lX
l

− ðξðjÞ1;l þ ξðjÞ2;l cos θÞ sin θWl ¼ 0; ð12bÞ

where j ¼ 0, 1 corresponds to δE tθ ¼ 0 and δE rθ ¼ 0 for
the first equation and δE tφ ¼ 0 and δE rφ ¼ 0 for the
second equation. The symbols Xl and Wl are related to
the spin-2 spherical harmonics and are defined as

Xl ¼ 2Yl
;θφ − 2 cot θYl

;φ; ð13Þ

Wl ¼ Yl
;θθ − cot θYl

;θ −
Yl
;φφ

sin2 θ
: ð14Þ

Finally, the third group reads

δE ðθφÞ ≡ ðf1;l þ f2;l cos θÞ sin θYl
;θ

þ ðg1;l þ g2;l cos θÞYl
;φ

þ h2;l sin2 θYl þ ðj0;l þ j2;l cos2 θÞ
Xl

sin θ
þ ðk0;l þ k2;l cos2 θÞWl ¼ 0; ð15aÞ

δE ð−Þ ≡ ðg1;l þ g2;l cos θÞ sin θYl
;θ

− ðf1;l þ f2;l cos θÞYl
;φ

þ h̃2;l sin2 θYl − ðk0;l þ k2;l cos2 θÞ
Xl

sin θ
þ ðj0;l þ j2;l cos2 θÞWl ¼ 0; ð15bÞ

with δE ð−Þ ¼ δE θθ − δE φφ= sin2 θ ¼ 0. With this sche-

matic representation of the equations, the functions AðiÞ
n;l,

BðiÞ
n;l, α

ðjÞ
n;l, β

ðjÞ
n;l, α̃

ðjÞ
n;l, β̃

ðjÞ
n;l, η

ðjÞ
n;l, ξ

ðjÞ
n;l, χ

ðjÞ
n;l, fn;l, gn;l, hn;l,

h̃n;l, kn;l, jn;l are purely radial functions, which contain
combinations of the metric perturbation functions and their
radial derivative. We label each function with the index n
such that it contains at least OðaÞn terms. Their explicit
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expression can be found in Appendix F. To separate radial
and angular components from the equations, we make use
of the completeness relation of spherical harmonics,Z

dΩYlY�l0 ¼ δll
0
; ð16Þ

where � denotes complex conjugation, by the fact that
spherical harmonics satisfy the equation

Yl
;θθ þ cot θYl

;θ þ
Yl
;φφ

sin2 θ
¼ −lðlþ 1ÞYl; ð17Þ

as well as the following relations among combinations of
spherical harmonics and trigonometric functions:

cos θYl ¼ Qlþ1Ylþ1 þQlYl−1; ð18Þ

sin θYl
;θ ¼ lQlþ1Ylþ1 − ðlþ 1ÞQlYl−1; ð19Þ

where we defined Ql ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl2 −m2Þ=ð4l2 − 1Þ

p
. One

can repeatedly apply the formulas (18) and (19) to find
similar expressions for cosn θYl and cosn θ sin θYl

;θ. The
useful ones that we used for our calculation are shown
in Appendix A. The equations of the three groups can
be separated by taking suitable linear combinations of
the equations and integrating them over the 2-sphere.
The decoupled equations are obtained in the following
schematic form:

EI
ðiþÞ ≡

Z
dΩδE ðiÞY�l0 ¼

X2
n¼0

h
CnA

ðiÞ
n;l þ SnB

ðiÞ
n;l

i
; ð20Þ

EII
ðjþÞ ≡

Z
dΩ
�
δE ðjθÞY�l0

;θ þ δE ðjφÞY�l0
;φ

sin θ

�
¼
X2
n¼0

h
Anα

ðjÞ
n;l þ Bnβ

ðjÞ
n;l

i
þ Ã2α̃

ðjÞ
2;l þ B̃2β̃

ðjÞ
2;l

þ
X2
n¼1

h
S̄nη

ðjÞ
n;l þ imCn−1ζ

ðjÞ
n;l þ Xn−1ξ

ðjÞ
n;l þ X̄n−1χ

ðjÞ
n;l

i
; ð21Þ

EII
ðj−Þ ≡

Z
dΩ
�
δE ðjφÞY�l0

;θ −
δE ðjθÞY�l0

;φ

sin θ

�
¼
X2
n¼0

h
−Anβ

ðjÞ
n;l þ Bnα

ðjÞ
n;l

i
þ Ã2β̃

ðjÞ
2;l − B̃2α̃

ðjÞ
2;l

þ
X2
n¼1

h
S̄nζ

ðjÞ
n;l − imCn−1η

ðjÞ
n;l þ Xn−1χ

ðjÞ
n;l − X̄n−1ξ

ðjÞ
n;l

i
; ð22Þ

EIII
ðþÞ ≡

Z
dΩ
�
δE ð−ÞW�l0 þ δE ðθφÞX�l0

sin θ

�
¼
X1
n¼0

h
F nfnþ1;l þ Gngnþ1;l þ J 2nj2n;l þK2nk2n;l

i
þ H̄h2;l þHh̄2;l; ð23Þ

EIII
ð−Þ ≡

Z
dΩ
�
δE ðθφÞW�l0 −

δE ð−ÞX�l0

sin θ

�
¼
X1
n¼0

h
Gnfnþ1;l − F ngnþ1;l þ J 2nk2n;l −K2nj2n;l

i
− H̄h̄2;l þHh2;l: ð24Þ

We label the equations with a Roman number that shows
from which group they have been obtained, and with a
ðþÞ=ð−Þ, we indicate the equations whose limit a → 0
contains only polar and axial quantities. We refer to the first
and second groups of equations as polar and axial-led,
respectively. The operators Cn, Sn,An, Bn, Ã2, B̃2, S̄n, Xn,
X̄n, F n, Gn, J 2n, K2n, H, and H̄ are integrals which mix
modes with different angular momenta l, and they are
explicitly provided in Appendix A.
The general structure of all the radial equations obtained

with this procedure is

El ¼ Pl þ aP̄l�1 þ a2Pl�2; ð25Þ

where P refers to a combination of the functions and their
derivatives for a given parity, whereas P̄ are combinations
of functions and their derivatives of opposite parity. The l
label signals that functions of a chosen parity of angular
momentum l couple at least at first order in the spin with
functions of opposite parity and angular momentum l� 1

and at least at second order in the spin with functions of the
same parity and angular momentum l� 2. The spin factor
outside each component signals the minimum order at
which the modification enters.
Note that thanks to the linearity of the equations one can

combine different equations and their radial derivatives in
such a way that the structure denoted in Eq. (25) does not
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change. If we have any two equations El
1 ¼ 0 and El

2 ¼ 0

with the same parity in the nonspinning limit, as well as an
equation Ēl

3 ¼ 0 with different parity in the nonspinning
limit, the structure (25) up to second order with the spin is
preserved if

(i) one takes a linear combination of El
1 , E

l
2 as well as

their radial derivatives;
(ii) one takes a linear combination of El

1 , aĒ
l�1
3 as well

as their radial derivatives; and
(iii) one takes a linear combination of El

1 , a
2El�2

2 as well
as their radial derivatives.

We will use these three transformations extensively to
drastically simplify the ten equations.
Finally, let us notice that the terms Pl, P̄l�1, and Pl�2

appearing in Eq. (25) have the following structure:

Pl ¼ ½Al
0 þ amAl

1 þ a2ðAl
2 þm2Āl

2 þ Ãl
2Q

2
lþ1

þ Ã−l−1
2 Q2

lÞ�fl; ð26Þ

P̄l�1 ¼ Qlþ1ðBl
1 þ amBl

2Þf̄lþ1

þQlðB−l−1
1 þ amB−l−1

2 Þf̄l−1; ð27Þ

Pl�2 ¼ Qlþ1Qlþ2Cl
2flþ2 þQl−1QlC−l−1

2 fl−2; ð28Þ

where with the symbol fl we refer to any of the
perturbation functions hl0 , h

l
1 , H

l
0 , H

l
1 , H

l
2 , K

l (and their
derivatives) of a given parity, whereas f̄ stands for the
same functions but opposite parity, and Al

0 , A
l
1 , A

l
2 , Ā

l
2 , Ã

l
2 ,

Bl
1 , B

l
2 , and Cl

2 are functions of r and l only. In this way,
we completely determined how the index m enters in the
equations, and it is clear that different values of m never
couple to each other. In the next section we show how to
redefine the perturbation variables such that they satisfy
differential equations where the coupling between different
l is also removed.

C. Spin corrections to the Regge-Wheeler
and Zerilli equations

Let us start by denoting the polar-led equations
as Z1 ¼ EI

ð0þÞ, Z2 ¼ EI
ð1þÞ, Z3 ¼ EI

ð2þÞ, Z4 ¼ EI
ð3þÞ,

Z5 ¼ EII
ð0þÞ, Z6 ¼ EII

ð1þÞ, Z7 ¼ EIII
ðþÞ and the axial-led equa-

tions as Q1 ¼ EII
ð0−Þ, Q2 ¼ EII

ð1−Þ, Q3 ¼ EIII
ð−Þ. We now show

that these ten equations are not independent, and we explain
how they can be recast into two independent equations
which generalize the Regge-Wheeler and the Zerilli equa-
tions up to second order in the spin.
Let us revise the derivation of the two equations in the

limit a ¼ 0. From Q2 ¼ 0, we can find an expression for

∂rhl0 , while from Q3 ¼ 0 we obtain an expression for ∂rhl1.
It is straightforward to check that Q1 ¼ 0 is automatically
satisfied, by taking combinations of Q2, Q3 and their
derivatives. At this point, one can define

hl1ðrÞ ¼
r
f0

Φl
ð−ÞðrÞ; hl0ðrÞ ¼

f0
ρ
∂r½rΦl

ð−ÞðrÞ�: ð29Þ

By inserting these expressions into, e.g., the equation
Q2 ¼ 0, one finds that the function Φl

ð−Þ satisfies the so-

called Regge-Wheeler equation [1]

d2Φl
ð−Þ

dr2�;0
− ðρ2 þ Vl

ð−Þ;0ÞΦl
ð−Þ ¼ 0; ð30Þ

where dr�;0 ¼ dr=f0 is the Schwarzschild tortoise coor-
dinate, and the Regge-Wheeler potential reads

Vl
ð−Þ;0 ¼ f0

�
lðlþ 1Þ

r2
−

3

r3

�
: ð31Þ

On the polar side, we can solve Z7 ¼ 0 to find an
algebraic expression for Hl

2 ; then the combined solution to
Z5 ¼ Z2 ¼ Z6 ¼ 0 leads to an expression for ∂rHl

1, ∂rK
l,

∂rHl
0 , respectively. The combination of the former results

inserted into Z4 ¼ 0 leads to an algebraic expression for
Hl

0 . Again, with some algebraic manipulation one can show
that Z1 ¼ Z3 ¼ 0 is automatically satisfied. The definition
of the Zerilli function is made through

Kl ¼
�
λ − 2

2r
−

3f0
rð3þ λrÞ

�
Φl

ðþÞ þ f0∂rΦl
ðþÞ; ð32Þ

Hl
1 ¼

�
2r − 3

2rf0
−

3

3þ λr

�
ρΦl

ðþÞ þ ρr∂rΦl
ðþÞ; ð33Þ

where λ ¼ lðlþ 1Þ − 2. By inserting these expressions
into, e.g., Z5 ¼ 0, one obtains the so-called Zerilli
equation [2]

d2Φl
ðþÞ

dr2�;0
− ðρ2 þ Vl

ðþÞ;0ÞΦl
ðþÞ ¼ 0; ð34Þ

with the Zerilli potential being
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Vl
ðþÞ;0 ¼ f0

�
lðlþ 1Þ

r2
−

3

r3
r2λðλþ 4Þ þ 6r − 3

ð3þ rλÞ2
�
: ð35Þ

Let us now turn back to the full problem. One can
formally perform the same calculations to obtain second
order in a expressions for ∂rhl0 and ∂rhl1 in the axial-led
sector and for ∂rHl

1, ∂rK
l, ∂rHl

0 , H
l
2 , and Hl

0 in the polar-
led sector. The structure of these expressions is the same as
Eq. (25) because it is obtained by repeated use of the three
combination rules enumerated in the previous section.
Thus, for each given equation of a given parity, one can
use the expressions found for the functions of opposite
parity and l� 1 up to first order in the spin, and for the
functions of the same parity and l� 2 up to zeroth order in
the spin. The overall outcome is very similar to the spinless
case, as here Q1 ¼ Z1 ¼ Z3 ¼ 0 are also automatically
satisfied up to Oða2Þ.
In order to obtain a generalization of the RW and the

Zerilli equations, we propose a modified redefinition of
Eqs. (29), (32), and (33) that takes into account couplings
with functions of different angular momenta, which are
introduced at each order in the spin. Given that all the
equations can be written just in terms of hl0 , h

l
1 ,K

l, andHl
1 ,

we guess the following ansatz for the redefinition of
variables, based on the transformation rules that maintain
the structure of Eq. (25) unchanged,1

hl1 ¼ r
f0

Φl
ð−Þ þ

iam
ρ

cl1Φl
ð−Þ þ a2dl1Φl

ð−Þ

þ a
h
Qlðs−l−11 Hl−1

1 þ t−l−11 Kl−1Þ

þQlþ1ðsl1Hlþ1
1 þ tl1K

lþ1Þ
i

þ a2
h
Ql−1Qlðu−l−11 hl−21 þ v−l−11 hl−20 Þ

þQlþ1Qlþ2ðul1hlþ2
1 þ vl1h

lþ2
0 Þ

i
; ð36Þ

hl0 ¼ f0
ρ
∂rðrΦl

ð−ÞÞ þ
iam
ρ

cl0Φl
ð−Þ þ a2dl0Φl

ð−Þ

þ a
h
Qlðs−l−10 Hl−1

1 þ t−l−10 Kl−1Þ

þQlþ1ðsl0Hlþ1
1 þ tl0K

lþ1Þ
i

þ a2
h
Ql−1Qlðu−l−10 hl−21 þ v−l−10 hl−20 Þ

þQlþ1Qlþ2ðul0hlþ2
1 þ vl0h

lþ2
0 Þ

i
; ð37Þ

for the axial-led variables, and

Kl ¼
�
λ − 2

2r
−

3f0
rð3þ λrÞ

�
Φl

ðþÞ þ f0∂rΦl
ðþÞ þ

iam
ρ

clKΦl
ðþÞ þ a2dlKΦl

ðþÞ þ a
h
Qlðs−l−1K hl−11 þ t−l−1K hl−10 Þ

þQlþ1ðslKhlþ1
1 þ tlKh

lþ1
0 Þ

i
þ a2

h
Ql−1Qlðu−l−1K Kl−2 þ v−l−1K Hl−2

1 Þ þQlþ1Qlþ2ðulKKlþ2 þ vlKH
lþ2
1 Þ

i
; ð38Þ

Hl
1 ¼

�
2r − 3

2rf0
−

3

3þ λr

�
ρΦl

ðþÞ þ ρr∂rΦl
ðþÞ þ

iam
ρ

clHΦl
ðþÞ þ a2dlHΦl

ðþÞ þ a
h
Qlðs−l−1H hl−11 þ t−l−1H hl−10 Þ

þQlþ1ðslHhlþ1
1 þ tlHh

lþ1
0 Þ

i
þ a2

h
Ql−1Qlðu−l−1H Kl−2 þ v−l−1H Hl−2

1 Þ þQlþ1Qlþ2ðulHKlþ2 þ vlHH
lþ2
1 Þ

i
; ð39Þ

for the polar-led ones. The coefficients sli and tli can be
further split as

sli ¼ sl0;i þ asl1;i tli ¼ tl0;i þ atl1;i: ð40Þ

One has to choose the coefficients cli , d
l
i , s

l
i , t

l
i , u

l
i , and v

l
i

(with i ¼ 0; 1; K;H) such that if one inverts Eqs. (36)–(39)
to find a consistent expression forΦl

ð�Þ and ∂rΦ
l
ð�Þ. We can

equate the second expression to the radial derivative of the
first one, and, provided that the functions h0, h1, K, and H1

are linearly independent, we can set to zero all the
coefficients that multiply them. This requirement uniquely
fixes the coefficients cli and dli and relates the coefficients
sli to the tli and the uli to the vli . This freedom of
reparametrization will be exploited in the next steps to
fully diagonalize the equations for the functions Φl

ð�Þ.
By inserting the definitions (36)–(39) into the equations

Q2 ¼ 0 and Z5 ¼ 0, one finds the following generalized
Regge-Wheeler and Zerilli equations:

1In principle, one should be able to express the functions h1,
h0, K, and H1 only in terms of the functions Φð�Þ with angular
momenta l� 0, 1, 2. However, since the transformations are
invertible at each order in a, and they all have the form of
Eq. (25), we find that the explicit expression of the coefficients is
more compact if expressed in terms of the original metric
functions (see Appendix B for linear coefficients and Appendix G
for quadratic ones).
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dΦl
ð�Þ

dr2�
− ðρ2 þVl

ð�ÞÞΦl
ð�Þ ¼ aðAl

ð�ÞΦ
lþ1
ð∓Þ þA−l−1

ð�Þ Φl−1
ð∓Þ Þ

þ a2ðBl
ð�ÞΦ

lþ2
ð�Þ þB−l−1

ð�Þ Φl−2
ð�Þ Þ;
ð41Þ

where the tortoise coordinate is dr� ¼ dr=fT , with

fT ¼ f0

�
1þ iamf1

ρ
þ a2f2

�
: ð42Þ

The functions f1 and f2 are left unspecified for now, as
this can always be done by simultaneously rescaling the
equation and Φð�Þ. We aim to set Al

ð�Þ ¼ 0 and Bl
ð�Þ ¼ 0.

This result can be achieved by completely fixing the yet
unspecified functions tli and v

l
i . The full list of coefficients

up to first order in the spin is shown in Appendix B. The
steps taken up until now finally lead to the two completely
decoupled equations

dΦl
ð�Þ

dr2�
− ðρ2 þ Vl

ð�ÞÞΦl
ð�Þ ¼ 0: ð43Þ

The potentials are corrected as

Vl
ð�Þ ¼ Vl

ð�Þ;0 þ
iam
ρ

Vl
ð�Þ;1 þ a2Vl

ð�Þ;2: ð44Þ

If we do not specify the tortoise coordinate defined in
Eq. (42), the first- and second-order potentials have the
following form:

Vl
ð�Þ;1 ¼ V̄l

ð�Þ;1 −
1

2

d2f1
dr2�;0

þ 2ðρ2 þ Vl
ð�Þ;0Þf1 ð45Þ

Vl
ð�Þ;2 ¼ V̄l

ð�Þ;2 −
1

2

d2f2
dr2�;0

þ 2ðρ2 þ Vl
ð�Þ;0Þf2

−
m2

ρ2

�
3

4

�
df1
dr�;0

�
2

þ 2V̄l
ð�Þ;1f1

�
; ð46Þ

where the corrections at first order in the spin are

V̄l
ð−Þ;1 ¼

6f0ð7 − 6rÞ
lðlþ 1Þr6 þ 2ρ2

r3
; ð47Þ

V̄l
ðþÞ;1 ¼

f0
ðλþ 2Þr7ð3þ rλÞ4 ½6λ

4ðλþ 4Þr6 þ λ3ð−7λ2 − 4λþ 96Þr5 − 6λ2ð5λ2 þ 8λ − 8Þr4

− 3λð29λ2 − 84λþ 90Þr3 − 18ð21λ2 − 64λþ 18Þr2 − 162ð6λ − 7Þr − 864� þ 2ρ2

r3

þ 4f0
ðλ − 2Þλ2r3 þ 9λ2r2 þ 15λrþ 9

ðλþ 2Þr3ð3þ rλÞ3 ρ2; ð48Þ

while second-order corrections are given in Appendix C.
We check that if f1 ¼ 0 the first-order corrections to the
two potentials are consistent with those already calculated
in [27]. With this calculation, we show that even though
rotation introduces coupling between different parities, it is
nevertheless possible to diagonalize the system into two
separate, axial-led and polar-led, modes. One can conjec-
ture whether these modes are related to each other as in the
nonrotating limit and whether this behavior persists at any
order in the spin. While an answer to the second question is
beyond the scope of this work, in the next section we show
how the modes ΦðþÞ and Φð−Þ are actually connected.

III. ISOSPECTRALITY OF POLAR-LED
AND AXIAL-LED EQUATIONS

The Regge-Wheeler and the Zerilli potentials are known
to be isospectral. This means that, even though the func-
tional form of the potentials in the two equations is
drastically different, their spectra of QNMs identically

coincide. The motivation for this result was shown for
the first time by Chandrasekhar [10], who realized that the
two potentials can be generated by a superpotential Wl

0 ,

Vl
ð�Þ;0 ¼ β20W

l
0
2 þ β0

dWl
0

dr�;0
þ κ0Wl

0 ; ð49Þ

with β0 ¼ �3, and the choice of the sign is either the
Regge-Wheeler or the Zerilli potential, κ0 ¼ λðλþ 2Þ and

Wl
0 ¼ f0

rð3þ λrÞ : ð50Þ

This simple-looking relation can be explained in the
context of Darboux transformation, whose applications
to BHPT have been extensively discussed in [35]. For
the nonspinning case, the Darboux transformation is of the
form [11]
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Φl
ð�Þ ¼

dΦl
ð∓Þ

dr�;0
þ
�

κ0
2β0

þ β0Wl
0

�
Φl

ð∓Þ; ð51Þ

where a positive (negative) sign of β0 determines whether
the transformation is from polar (axial) to axial (polar)
functions.
We now analyze whether this structure still exists for the

slow-spinning potentials found in the previous section. We
seek a superpotential Wl that can generate the potentials
Vl
ð�Þ through a generalized version of Eq. (49),

Vl
ð�Þ ¼ β20W

l2 þ β0
dWl

dr�
þ κ0Wl þ κ0κ; ð52Þ

where κ is a constant, the sign of β0 determines whether to
retrieve the axial-led or polar-led potentials, and we
truncate the calculation at second order in the spin,

Wl ¼ Wl
0 þ

iam
ρ

Wl
1 þ a2Wl

2 ; ð53Þ

κ ¼ iam
ρ

κ1 þ a2κ2: ð54Þ

From Ref. [35], we know that the function Wl, if it exists,
must satisfy the following constraints:

dWl

dr�
¼ −

1

2
ðVl

ð−Þ − Vl
ðþÞÞ; ð55Þ

Wl ¼ 1

2ðVl
ð−Þ − Vl

ðþÞÞ
d
dr�

ðVl
ð−Þ þ Vl

ðþÞÞ: ð56Þ

We solve Eq. (55) at first order in the spin separately for
each power of ρ. Hence, we find it convenient to perform
the further splitting

Wl
1 ¼ W̃l

1 þ W̄l
1ρ

2; ð57Þ

κ1 ¼ κ̃1 þ κ̄1ρ
2: ð58Þ

For the terms proportional to ρ, we obtain

W̄l
1 ¼ k̄1 −

3þ 6rλþ r2λðλ − 2Þ
3r2ðλþ 2Þð3þ rλÞ2 ; ð59Þ

where k̄1 is an integration constant. By checking the self-
consistency of the result with Eq. (56), we find that it is
satisfied only for a specific choice of the tortoise coordinate
(42), which until now was left unspecified. Explicitly, one
has that the first-order function of the tortoise coordinate
must assume the form

f1 ¼
κ0κ̄1
2

−
1

r3
þ
�
κ0
2
þ β20W

l
0

�
W̄l

1 −
3

2

dW̄l
1

dr�;0
: ð60Þ

In order to have consistency with Eqs. (55) and (56) also for
the terms proportional to ρ−1, we find

W̃l
1

Wl
0

¼ r2ð3r − 4Þλðλþ 10Þ þ 12r − 36

6r4ðλþ 2Þð3þ rλÞ þ 2f1; ð61Þ

κ̃1 ¼ 0; κ̄1 ¼ −k̄1 ¼
2

9
: ð62Þ

The calculation at second order in the spin proceeds
analogously. Since it is longer, but essentially similar to
that at first order, we show it in Appendix D. Indeed, we
find that in order to find a generator of the potentials, we
need to fully specify the tortoise function f2. Differently
from the first-order case though, the consistency of the
Darboux transformation does not fully specify all the
integration constants.
With this calculation, we show how one can transform

the Regge-Wheeler equation to the Zerilli equation and vice
versa up to second order in the spin, upon a suitable choice
of the tortoise coordinate. We conclude by explicitly
showing the Darboux transformation between polar-led
and axial-led quantities,

Φl
ð�Þ ¼

dΦl
ð∓Þ

dr�
þ
�

κ0
2β0

þ β0Wl

�
Φl

ð∓Þ: ð63Þ

The existence of this transformation implies that the
spectrum of the two potentials is exactly equivalent since
it does not modify the boundary conditions, as it happens in
the nonrotating case [35]. The only difference is that the
Darboux relation is manifest only for one specific choice of
the tortoise coordinate. We check that this functional form
of the tortoise coordinate cannot be related with any
previous choices already existing in the literature. We
assume that one can find a more general transformation
that links the two equations if the tortoise coordinate is left
unspecified. In any case, we want to stress that there is
nothing special about truncating the expansion at second
order in the spin, and we expect this trend to continue even
at higher orders. We now turn our focus to the relation
between the Regge-Wheeler and the Zerilli equations and
the Teukolsky equation in the slow rotation limit.

IV. ISOSPECTRALITY WITH SLOW-SPINNING
TEUKOLSKY EQUATION

A. Teukolsky equation

BHPT for Kerr BHs is most commonly studied within the
Teukolsky formalism [3]. This approach works by projec-
ting the spacetime onto the null Newman-Penrose tetrad and
by analyzing the geometrical relations between some

NICOLA FRANCHINI PHYS. REV. D 108, 044079 (2023)

044079-8



components of the projectedWeyl tensor, which is the trace-
free Riemann tensor. All the information of the projected
Weyl tensor is contained in five complex scalars. By
considering the perturbation of these Weyl scalars, only
two of them cannot be set to zero with an infinitesimal
gauge transformation. We commonly refer to them as Ψð0Þ

and Ψð4Þ, which can be treated as linear perturbation
quantities since their background vanishes for the Kerr
solution. The Teukolsky equations are linear second-order
differential equations for Ψð0;4Þ, which can be considered as
perturbations of internal spin s ¼ �2, but they are also valid
for s ¼ 0 (scalar perturbations), s ¼ �1=2 (spinor pertur-
bations), and s ¼ �1 (electromagnetic perturbations). Their
entire derivation can be found in detail in [11]. Here, we
report the general form of the Teukolsky master equation,

�ðr2 þ a2Þ2
Δ

− a2sin2θ

�
∂
2
tψ

ðsÞ þ 2ar
Δ

∂t∂ϕψ
ðsÞ

þ
�
a2

Δ
−

1

sin2θ

�
∂
2
ϕψ

ðsÞ − Δ−s
∂rðΔsþ1

∂rψ
ðsÞÞ

−
1

sin θ
∂θðsin θ∂θψ ðsÞÞ þ ðs2 cot θ2 − sÞψ ðsÞ

− 2s
�
að2r − 1Þ

2Δ
þ i

cos θ
sin2θ

�
∂ϕψ

ðsÞ

− 2s

�ðr2 − a2Þ
2Δ

− r − ia cos θ

�
∂tψ

ðsÞ ¼ 0: ð64Þ

For the analysis pursued in this paper, we are only interested
in tensor perturbations (s ¼ �2), for which the perturbation
function ψ ðsÞ can be linked to first-order perturbations of the
Weyl scalars as

ψ ð2Þ ¼ Ψð0Þ; ψ ð−2Þ ¼ ðr − ia cos θÞ4Ψð4Þ: ð65Þ

In the Teukolsky equation one can decouple the radial and
the angular part by choosing the following mode decom-
position:

ψ ðsÞ ¼ RðsÞ
lmðrÞSðsÞlmðθÞeρtþimφ: ð66Þ

For the angular part one gets

1

sin θ
∂θðsin θ∂θSðsÞlmÞ þ

�
2isaρ cos θ − a2ρ2cos2θ

−
ðmþ s cos θÞ2

sin2θ
þ sþ λðsÞlm

�
SðsÞlm ¼ 0; ð67Þ

where the functions SðsÞlm are known as spin-weighted

spheroidal harmonics; λðsÞlm is the separation constant, and
it depends on the frequency ρ. We find it more convenient to

work with the reduced constant ƛðsÞlm ¼ λðsÞlm þ ðsþ jsjÞ. The

constants ƛðsÞlm are only known numerically, but we report
here their value up to second order in the spin

ƛðsÞlm ≃ λþ iamρλðsÞ1 þ a2ρ2λðsÞ2 , where [36]

λðsÞ1 ¼ −
2s2

λþ 2
; λðsÞ2 ¼ 1þ PðsÞ

l − PðsÞ
lþ1

λþ 2
; ð68Þ

where we define

PðsÞ
l ¼ 2Q2

l
ðl2 − s2Þ2

l3
: ð69Þ

Finally, the radial part of the Teukolsky equation must
satisfy the following equation:

Δ−s
∂rðΔsþ1

∂rÞRðsÞ
lm þ

�
K2 − isð2r − 1ÞK

Δ
− a2ω2

þ 2maωþ 4isωr − λðsÞlm

�
RðsÞ
lm ¼ 0; ð70Þ

with K ¼ ðr2 þ a2Þω − am.

B. Isospectrality relation

In order to show the isospectrality between metric and
Weyl scalar perturbations up to second order in the spin, we
borrow the notation to write the equations introduced by
Chandrasekhar in [11]. First of all, we introduce the
operators

Λ� ¼ d
dr�

� ρ: ð71Þ

Then, after redefining the radial functions as

UðsÞðrÞ ¼ Δðs�2Þ=2

r3
RðsÞðrÞ; ð72Þ

one can compactly write the Teukolsky equation for the
perturbation variable U,2

ΛþΛ−U þ PΛ−U −QU ¼ 0; ð73Þ

where

P ¼ d
dr�

log

�
f2P
f2T

�
; ð74Þ

Note that fT is the tortoise function defined in Eq. (42), and
fP andQ are functions that must be specified such that they

2The two �s polarizations defined in this way satisfy complex
conjugate equations [11]. Moreover, the separation constants λðsÞi
are identical for both choices of the spin. From now on, we focus
on s ¼ 2 only and drop the index s everywhere.
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match the Teukolsky equation. We find that a convenient
definition is

fP ¼ r2

2

�
1þ fT

f0
þ a2

�
m2

ρ2
f21
4
−

1

r2f0

��
: ð75Þ

With this choice, the effective potential schematically takes
the form

Q ¼ Q0 þ
iam
ρ

Q1 þ a2Q2; ð76Þ

where we labeled with Q0 the effective potential of the
Bardeen-Press equation, which, as we know from the
relations obtained by Chandrasekhar [11], it can be related
with the superpotential W0 defined in Eq. (50) as

Q0 ¼
f20

r4W0

: ð77Þ

We furthermore split first- and second-order corrections by
powers of m and ρ as

Q1 ¼
X2
i¼0

Q1;iρ
i; ð78Þ

Q2 ¼
X2
i¼0

Q2;iρ
i þm2

ρ2
X2
i¼1

Q̄2;iρ
i; ð79Þ

with Qi;j and Q̄i;j functions of r and l. The choice of fP
given in Eq. (75) is such that the first-order expressions for
Q1 take the rather simple forms

Q1;0 ¼ 2Q0f1; ð80Þ

Q1;1 ¼
df1
dr�;0

− 2
3 − 2r
r2

f1 þ 2
1 − 2r
r4

; ð81Þ

Q1;2 ¼
2

r3
þ 2f1 þ f0

λ1
r2

; ð82Þ

whereas the expressions of Q2 are

Q2;0 ¼
3 − rðλþ 6Þ

r5
þ 2Q0f2; ð83Þ

Q2;1 ¼
df2
dr�;0

− 2
3 − 2r
r2

f2 þ
ð11 − 6rÞr − 2

f0r5
; ð84Þ

Q2;2 ¼ −
r2 þ 1

r4f0
þ 2f2 þ f0

λ2
r2

; ð85Þ

Q̄2;1 ¼
�
Q1;1 −

3

r2

�
2
1 − 2r
r2

þ ð2r − 3Þf1
��

f1; ð86Þ

Q̄2;2 ¼ −2ðQ1;2 − 2f1Þf1: ð87Þ

In the limit a → 0, the Teukolsky equation reduces to the
Bardeen-Press equation. In [11], Chandrasekhar found an
elegant way, which he labeled transformation theory, to
transform it to the Regge-Wheeler or the Zerilli equation,
which, in the notation used in this section, appears as

ΛþΛ−Φð�Þ − Vð�ÞΦð�Þ ¼ 0; ð88Þ

and back. The transformation found by Chandrasekhar is
more general than the Darboux transformation used in
Sec. III, and it falls within the class of generalized
Darboux transformations [35]. It is remarkable that the
transformation theory naturally embeds the isospectrality
relation between the Regge-Wheeler and the Zerilli equa-
tion, as we made manifest by explicitly showing the relation
between the Bardeen-Press potential Q0 and the super-
potential W0 in Eq. (77). We now want to see if the slowly
rotating Regge-Wheeler and Zerilli equations can be linked
to the slowly rotating expansion of the Teukolsky equation
in a similar manner.
Let us revise how we obtain the transformation proposed

by Chandrasekhar, slightly generalizing it. The first step is
to assume that field U transforms as3

U ¼ fΛ2þΦþ ðT − 2ρfÞΛþΦ; ð89Þ

where f and T are the functions that we want to find.
Alternatively, by using the fact thatΦ satisfies Eq. (88), one
can rewrite the transformation as

U ¼ fVΦþ TΛþΦ: ð90Þ

The application of the operator Λ− to both sides of the
equation yields

Λ−U ¼ −
f2T
f2P

βΦþ RΛþΦ; ð91Þ

where we introduced the functions β and R defined from
the two relations

R1 ≡ f2T
f2P

β þ d
dr�

ðfVÞ þ ðT − 2ρfÞV ¼ 0; ð92Þ

R2 ≡ R − fV −
dT
dr�

¼ 0: ð93Þ

3From now on, we drop the label � from the Regge-Wheeler
and Zerilli functions, as each transformation must be intended for
the two fields separately but with the same functional form.
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Now, we require that the function Y satisfies Eq. (73), which
leads to two additional relations for the free functions that we
defined as

R3 ≡ RV −
f2T
f2P

dβ
dr�

− fQV ¼ 0; ð94Þ

R4 ≡ dR
dr�

þ RP − ðQT − 2ρRÞ − f2T
f2P

β ¼ 0: ð95Þ

Finally, it is worth noticing that one can combine
Eqs. (92)–(95) into one single integral relation

R5 ≡ f2P
f2T

RVfþ βT ¼ K ¼ const: ð96Þ

This last relation assures that, if a transformation is found,
the inverse transformation also exists,

KΦ ¼ f2P
f2T

ðRU − TΛ−UÞ; ð97Þ

KΛþΦ ¼ βU þ f2P
f2T

VfΛ−U: ð98Þ

Now, we assume that the unknown functions f, R, T, and
β as well as the constant K can be expanded in powers of
a, m, and ρ in the same form of Q given in Eqs. (76), (78),
and (79). In the limit a → 0, they must reproduce the same
value found by Chandrasekhar for the generalized
Darboux transformation between the Bardeen-Press and
the Regge-Wheeler and Zerilli equations,

ff0 ¼ 1; β0 ¼ �3; R0 ¼ Q0; ð99Þ

K0 ¼ κ0; T̃0 ¼
1

β0

�
κ0 −

V0

W0

�
; ð100Þ

and T0 ¼ T̃0 þ 2ρ. For the next orders in the spin we solve
the equations R1, R2, R4, and R5, assuming that they
vanish independently for each power in ρ and m. We were
able to find a solution to the problem, as schematically
shown below.
At first order in the spin the functions to be specified

are ff1;i, β1;i, T1;i, R̃1;i ¼ R1;i −Q1;i, and K1;i with
i ¼ ½0; 1; 2�. We also find it convenient to rewrite
V1 ¼ V1;0 þ V1;2ρ

2. We find terms proportional to ρ3 only
in R1, R4, and R5. By making them vanish, we find that

ff1;2 ¼ β1;2 ¼ R̃1;2 ¼ 0: ð101Þ

We can manipulate the terms proportional to ρ2 into three
algebraic relations and one first-order differential equation.
Their solution reads

2ff1;1 ¼ T1;2 þ T̃0

V1;2

V0

þ 1

V0

dV1;2

dr�;0
; ð102Þ

2β1;1 ¼ K1;2 −
1

W0

�
Q1;2V0

Q0

þ V1;2

�
− β0T1;2; ð103Þ

2R̃1;1 ¼ Q0T1;2 þ
�
T̃0 þ 2

3 − 2r
r2

�
Q1;2 −

dQ1;2

dr�;0
; ð104Þ

T1;2 ¼ −
λ1
r
− ð3þ β0ÞðW̄1 − k̄1Þ þ t2; ð105Þ

where t2 is an integration constant. Analogously, the terms
proportional to ρ can be written as three algebraic relations
and one first-order differential equation, whose solution is

2ff1;0 ¼ T1;1 − T̃0ff1;1 þ
W0Q0

V0

ðβ1;1 − β0ff1;1Þ

þ dff1;1

dr�;0
; ð106Þ

2β1;0 ¼K1;1þ
V0

W0

�
β1;1
β0

−ff1;1 −
R1;1

Q0

�
− β0T1;1 −

κ0β1;1
β0

;

ð107Þ

2R̃1;0 ¼ Q0ðT1;1 þ β1;1W0Þ þ T̃0Q1;1 þ 2
3 − 2r
r2

R1;1

−
dR1;1

dr�;0
; ð108Þ

2T1;1 ¼ T1;2T̃0 − V1;2 −Q1;2 − 2f1 þ 2f0
λ1
r2

þ 4ðrþ 1Þ
r3

þ κ0κ̄1 þ t1; ð109Þ

where t1 is another integration constant. Finally, from the
last group of equations we obtain

T1;0 ¼
df1
dr�;0

þ 1

Q0

dR1;0

dr0;�
− β1;0W0 − 2

3 − 2r
r2

R1;0

Q0

þ ðT̃0 þ 2β0W0Þf1; ð110Þ

K1;2 ¼ 2β0t2 − 4λ; K1;1 ¼ 2β0t1 þ κ0t2; ð111Þ

K1;0 ¼ κ0t1: ð112Þ

We check that these relations can be found only for the
same choice of the tortoise coordinate f1 as given in
Eq. (60). This shows that the deep intimacy between metric
perturbations and the Teukolsky formalism is maintained at
first order in the spin. We argue that a different choice for
the tortoise coordinate can still admit a generalized
Darboux transformation between the Regge-Wheeler, the
Zerilli, and the Teukolsky equations at first order in the spin
but not with a compact form polynomial in ρ. It is worth
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noting that the integration constants t1 and t2 are left
completely unspecified from the calculation.
The calculation at second order is complicated because it

has more free functions, but it can be performed in the same
fashion: treating each term with a different power in ρ and
in m as independent and setting it to zero. In this way, we
are able to find a consistent solution, provided that the
tortoise coordinate is the same as that selected by the
isospectrality analysis of the Regge-Wheeler and Zerilli
potentials described in Sec. III. The whole, generalized,
Darboux transformation is presented in Appendix E.

V. DISCUSSION

A. Metric reconstruction

Throughout the calculations performed in this paper, we
managed to find a set of analytic transformations that bring
slowly rotating Regge-Wheeler and Zerilli equations to the
spin-2, slow spin limit of the Teukolsky equations and vice
versa. The second direction is of particular interest for
various fields of gravitational physics because it allows one
to obtain the perturbations of the metric hab once the gauge
invariant Weyl scalars Ψ0 and Ψ4 are known. We summa-
rize the main steps of this transformation, with direct links
to the necessary equations provided in the paper.

(i) The Weyl scalars Ψ0 and Ψ4 must be decomposed
according to Eqs. (65) and (66). The radial functions

Rð�2Þ
lm ðrÞ can then be transformed into the variables

Uð�2Þ
lm ðrÞ as specified in Eq. (72).

(ii) The relation that tells us how to transform the
Teukolsky variable to either the Regge-Wheeler or
the Zerilli variables is given in Eq. (97). This relation
depends on the quantities R, T, and K, which have
been provided up to second order in the spin. It is
worth noting that these quantities depend on the
parameter β0 ¼ �3, for which the sign choice tells

us how Φlm
ð�ÞðrÞ are given in terms of Uð2Þ

lmðrÞ and its

radial derivative (up to an integration constant). The

transformations for Uð−2Þ
lm can be found analogously

by following the calculations provided in this paper.
(iii) Once one knows Φlm

ð�ÞðrÞ, the functions hlm0 ðrÞ,
hlm1 ðrÞ, Hlm

1 ðrÞ, and KlmðrÞ can be constructed
from Eqs. (36)–(39). Indeed, by repeated use of
these equations, and by keeping terms up to second
order in a, one can write

hli;ð�Þ ¼ cli;ð�ÞΦ
l
ð�Þ þ dli;ð�Þ∂rΦ

l
ð�Þ þ a½Qlðs−l−1i;ð�Þ Φ

l−1
ð∓Þ

þ t−l−1i;ð�Þ ∂rΦ
l−1
ð∓Þ Þ þQlþ1ðsli;ð�ÞΦ

lþ1
ð∓Þ

þ tlþ1
i;ð�Þ∂rΦ

lþ1
ð∓Þ Þ� þ a2½Ql−1Qlðu−l−1i;ð�Þ Φ

l−2
ð�Þ

þ v−l−1i;ð�Þ ∂rΦ
l−2
ð�Þ Þ þQlþ1Qlþ2ðuli;ð�ÞΦ

lþ2
ð�Þ

þ vlþ1
i;ð�Þ∂rΦ

lþ2
ð�Þ Þ�; ð113Þ

where hl
0;ð−Þ ¼ hl0 , hl

1;ð−Þ ¼ hl1 , hlK;ðþÞ ¼ Kl, and

hl
1;ðþÞ ¼ Hl

1 , and the coefficients cli;ð�Þ, dli;ð�Þ,
sli;ð�Þ, t

l
i;ð�Þ, u

l
i;ð�Þ, and vli;ð�Þ can be related to the

coefficients cli , d
l
i , s

l
i , t

l
i , u

l
i , and vli introduced in

Sec. II C. Finally, the remaining functionsHl
0ðrÞ and

Hl
2ðrÞ are determined by the constraints set by the

polar-led equations discussed in Sec. II C.
All of these steps completely determine how to construct, in
vacuum, the first-order perturbation metric hab in the
Regge-Wheeler gauge, up to second order in the spin
starting from our knowledge of the Weyl scalars.

B. Generator of the slowly rotating Regge-Wheeler
and Zerilli effective potentials

Another very remarkable result of this paper is that we
could find the generalization of the Chandrasekhar super-
potential up to second order in the spin. This allows one to
have a handy and compact formula to generate the first order
to the Regge-Wheeler and Zerilli equations (47) and (48),

Vl
ð�Þ;1 ¼ ðκ0 þ 2β20W

l
0ÞWl

1 þ κ0κ1

þ β0f0

�
d
dr

Wl
1 þ f1

dWl
0

dr

�
; ð114Þ

and second-order corrections (see Appendix C)

Vl
ð�Þ;2 ¼ ðκ0þ 2β20W

l
0ÞWl

2 þ κ0κ2þ β0f0

�
d
dr

Wl
2 þ f2

dWl
0

dr

�

− β0
m2

ρ2

�
β0Wl

1
2þf1f0

dWl
1

dr

�
: ð115Þ

The explicit expressions ofWl
0 ,W

l
1 , κ0, κ1, and f1 are given

in Sec. III, whereas expressions for Wl
2, κ2, and f2 can be

found in Appendix D.
We stress that the function Wl and the selection of the

tortoise coordinate fT are naturally consistent with the
procedure that links the slowly rotating Teukolsky potential
with the Regge-Wheeler and the Zerilli potentials. This
procedure also leaves some integration constants unspeci-
fied. We argue that this result can be interpreted as the

freedom of scaling the functions Uð�2Þ
lm ðrÞ through the

Teukolsky-Starobinsky identities [37,38].

C. Kerr metric perturbation conjecture

The deep link between metric perturbations and curvature
perturbations revealed by Chandrasekhar’s transformation
theory solidly holds up to second order in the spin. For this
reason we conjecture the existence of a couple of yet to be
discovered equations that generalize the Regge-Wheeler
and the Zerilli equations for any value in the spin. These
equations would describe the perturbations of a Kerr metric,
rather than the perturbations of its curvature as in the
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Teukolsky equations. Past investigations failed in finding
these equations, but we hope that the results of this paper
can fuel new research in this direction. The possible
discovery of such equations would give insight into the
isospectrality of modes of definite parity for fully spinning
metric (see, e.g., the Appendix of [39] for a discussion on
reconstructing parity definite metric perturbations on a Kerr
background).
We remark that we compared the slowly rotating Regge-

Wheeler and Zerilli potentials with those obtained by
Chandrasekhar and Detweiler in [40]. The Chandrasekhar-
Detweiler potentials are obtained by performing a gener-
alized Darboux transformation to the Teukolsky equation
that brings it into a Schrödinger-like form. Among these
four potentials, two reduce to the Regge-Wheeler potential
in the nonrotating limit, while the other two reduce to the
Zerilli potential. These potentials have been useful to
compute Kerr quasinormal modes with a Wentzel-Kramers-
Brillouin method [41]. Moreover, it was shown numerically
that the lowest-order quasinormal modes of one of the
Chandrasekhar-Detweiler potentials, which reduces to the
Regge-Wheeler equation, agree with those computed from
the Teukolsky equation until second order in the spin [42].
Unfortunately, the shape of the first-order correction in the
spin to the Chandrasekhar-Detweiler potentials is always
different from the corrections found in this paper in
Eqs. (47) and (48). We also studied whether transforming
the equations into a different gauge or using a different
tortoise coordinate could bring the potentials into the same
form, but it was not possible. We argued that the two classes
of potentials must then be linked by a generalized Darboux
transformation, even if we were not able to prove it.

VI. CONCLUSIONS

In this paper we provided a complete formalism to study
vacuum BHPT in the regime of slow rotation up to second
order in the spin. We described how to perturb a slowly
spinning Kerr metric in the Regge-Wheeler gauge in the
frequency domain, and the prescription to decouple the
radial and the angular contribution to the equations. In this
way we obtained seven polar-led equations and three axial-
led equations, where each mode of angular momentum l
couples, starting from the first order in the spin, to modes of
different parity and angular momentum l� 1 and, starting
from second order in the spin, to modes of the same parity
and l� 2. We showed that a suitable redefinition of the
variables allows one to completely decouple modes of
different angular momentum and parity, leading to two
diagonalized second-order differential equations that gen-
eralize the Regge-Wheeler and the Zerilli equations up to
second order in the spin.
We then proved that these two potentials are not inde-

pendent from each other, as a transformation that brings
one to the other and vice versa was found. The existence of
this transformation ensures the isospectrality of the two

potentials, as well as the existence of a function that
generates them. This generating function, also known as a
superpotential, can be understood by comparing the metric
perturbation equations to the Teukolsky equations. Indeed,
we found that a third transformation that links Teukolsky,
Regge-Wheeler, and Zerilli equations still exists at second
order in the spin. We discussed how the existence of this
transformation naturally embeds a procedure of metric
reconstruction.
The approach taken in the paper does not seem to single

out a reason why these results should not hold at any higher
order in the spin expansion. The only impediment is the
increasing difficulty in the calculations, especially for the
computation of the integrals that appear in the process of
decoupling the equations of motion, such as those listed in
Appendix A. For this reason it would be revolutionary to
find a prescription to study gravitational perturbations of a
Kerr metric for any spin. Moreover, we expect that the
covariant and gauge-independent formalism developed
in [43,44] should also hold at any order in the spin.
The results of this paper are very relevant for different

fields of application. The difficulty of studying quasinormal
modes of rotating solutions in alternative theories of gravity
requires some sort of simplification of the problem. One
possibility often encountered is to evaluate them perturba-
tively in the spin, as it was done in [28–32]. It would be
interesting to see if, at least in the small coupling limit, one
would still get a slowly rotating Regge-Wheeler equation
and a Zerilli equation plus a correction due to the mod-
ifications of GR. By writing the problem in this form, one
can use more accurate methods for the computation of the
quasinormal modes, rather than the direct integration
usually employed in these cases, e.g., the continued fraction
method [45].
In the context of quasinormal modes computation beyond

GR, there was recent progress in developing a generalized
Teukolsky equation for any metric that is modified from the
Kerr metric by a small parameter [15–17]. Such a derivation
requires the knowledge of metric perturbations, which
appear as a “source” term for the perturbations of the
Weyl scalars. Even though the procedure outlined in
this paper is only perturbative in the spin, we stress that
all the terms that require the metric reconstruction are
multiplied by the small perturbative parameter of the theory.
In an analogous case for scalar field perturbations on top of a
non-Kerr BH, it was shown that treating this term in a small-
spin expansion does not strongly affect the computation of
the quasinormal modes [46].
Finally, it would be interesting to generalize the metric

reconstruction procedure to the case where a point particle
source is present in the spacetime, along the lines of [22].
This prescription would be useful in the context of self-force
calculations, as it was noted that second-order contributions
are necessary to compute accurate waveforms of extreme
mass ratio inspirals [9].
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APPENDIX A: USEFUL INTEGRALS

According to the author’s knowledge, the integrals
appearing in the decoupling of the equations in Sec. II B

are not explicitly computed in the existing literature. For this
reason we report them here for the interested reader. All the
expressions are obtained using simplifications due to the
completeness relation of spherical harmonics (16), as well
as the spherical harmonics relation (17). By recursively
applying the mixing of the spherical harmonics and their
derivatives with the trigonometric functions (18) and (19),
we obtain the following expression:

C1fl ≡ fl0
Z

dΩ cos θYlY�l0 ¼ fl−1Ql þ flþ1Qlþ1;

ðA1Þ

C2fl ≡ fl0
Z

dΩ cos2 θYlY�l0 ¼ fl−2Ql−1Ql þ flðQ2
l þQ2

lþ1Þ þ flþ2Qlþ1Qlþ2; ðA2Þ

S1fl ≡ fl0
Z

dΩ sin θYl
;θY

�l0 ¼ ðl − 1Þfl−1Ql − ðlþ 2Þflþ1Qlþ1; ðA3Þ

S2fl ≡ fl0
Z

dΩ sin θ cos θYl
;θY

�l0 ¼ ðl − 2Þfl−2Ql−1Ql þ flðlQ2
lþ1 − ðlþ 1ÞQ2

lÞ − ðlþ 3Þflþ2Qlþ1Qlþ2; ðA4Þ

S̄1fl ≡ fl0
Z

dΩ sin θYlY�l0
;θ ¼ −ðlþ 1Þfl−1Ql þ lflþ1Qlþ1; ðA5Þ

S̄2fl ≡ fl0
Z

dΩ sin θ cos θYlY�l0
;θ ¼ −ðlþ 1Þfl−2Ql−1Ql þ flðlQ2

lþ1 − ðlþ 1ÞQ2
lÞ þ lflþ2Qlþ1Qlþ2; ðA6Þ

SS̄fl ≡ fl0
Z

dΩ sin2 θYl
;θY

�l0
;θ ¼ −ðl − 2Þðlþ 1Þfl−2Ql−1Ql þ flðl2Q2

lþ1 þ ðlþ 1Þ2Q2
lÞ

− lðlþ 3Þflþ2Qlþ1Qlþ2: ðA7Þ

With the knowledge of these integrals we can compute the following operators, where we defined S0fl ≡ 0 and C0fl ≡ fl.
For the class of equations belonging to the second group, one would need to use

Anfl ≡ fl0
Z

dΩ cosn θ

�
Yl
;θY

�l0
;θ þ Yl

;φY�l0
;φ

sin2 θ

�
¼ ½Cnðλþ 2Þ þ nSn�fl; ðA8Þ

Bnfl ≡ fl0
Z

dΩ
sin θ

cosn θðYl
;φY�l0

;θ − Yl
;θY

�l0
;φ Þ ¼ imnCn−1fl; ðA9Þ

Xnfl ≡ fl0
Z

dΩ cosn θðXlY�l0
;θ −WlY�l0

;φ Þ ¼ im½Cnðλ − 2nÞ þ 2nSn�fl; ðA10Þ

X̄nfl ≡ fl0
Z

dΩcosnθ
�
sin θWlY�l0

;θ þ XlY�l0
;φ

sin θ

�
¼ 2

�
nm2Cn−1 − ðnþ 1ÞSnþ1 −

�
S̄nþ1

2
þ Cnþ1

�
κ0
λ

�
fl; ðA11Þ

Ã2fl ≡ fl0
Z

dΩðsin2 θYl
;θY

�l0
;θ − Yl

;φY�l0
;φ Þ ¼ ðSS̄ −m2Þfl; ðA12Þ

B̃2fl ≡ fl0
Z

dΩ sin θðYl
;φY�l0

;θ þ Yl
;θY

�l0
;φ Þ ¼ imðS̄1 − S1Þfl; ðA13Þ

while for the third group one has
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F nfl ≡ fl0
Z

dΩ cosn θðYl
;θX

�l0 − Yl
;φW�l0 Þ ¼ im½ðλþ 2nþ 4ÞCn − 2Cnðλþ 2Þ − 2nSn�fl; ðA14Þ

Gnfl ≡ fl0
Z

dΩ cosn θ

�
sin θYl

;θW
�l0 þ Yl

;φX�l0

sin θ

�
¼ ½2m2nCn−1 − ðλþ 2nþ 4ÞSnþ1 − 2Cnþ1ðλþ 2Þ�fl; ðA15Þ

Hfl ≡ fl0
Z

dΩ sin2 θYlW�l0 ¼ ½ðλþ 2ÞðC2 − 1Þ − 2S̄2 þ 2m2�fl; ðA16Þ

H̄fl ≡ fl0
Z

dΩ sin2 θYlX�l0 ¼ −2imðS̄1 − C1Þfl; ðA17Þ

J 0fl ≡ fl0

Z
dΩ
�
WlW�l0 þ XlX�l0

sin2 θ

�
¼ κ0fl; ðA18Þ

J 2fl ≡ fl0

Z
dΩ cos2 θ

�
WlW�l0 þ XlX�l0

sin2 θ

�
¼ ½8m2 þ ððλ − 2ÞC2 − 2S̄2 − 2Þðλþ 2Þ − 2ðλþ 6ÞS2�fl; ðA19Þ

K0fl ≡ fl0
Z

dΩ
sin θ

ðWlX�l0 − XlW�l0 Þ ¼ 0; ðA20Þ

K2fl ≡ fl0
Z

dΩ
sin θ

cos2 θðWlX�l0 − XlW�l0 Þ ¼ −2im½ðS̄1 þ 3C1Þðλþ 2Þ þ ðλþ 6ÞðS1 − C1Þ�fl; ðA21Þ

where we note that λ ¼ l2 þ l − 2 and κ0 ¼ λðλþ 2Þ.

APPENDIX B: DECOUPLING COEFFICIENTS

Let us present the explicit form of the coefficients that appear in Eqs. (36)–(39) and that allow a complete decoupling of
the slow-spinning Regge-Wheeler and Zerilli equations. We report here only the coefficients proportional to a, while those
proportional to a2 are reported in Appendix G,

cl0 ¼ −
6f0

lðlþ 1Þr3 ; cl1 ¼ 1

r2f0
; clK ¼ f0

ρr
clH þ ρ2

r2ðλþ 2Þ −
24þ 3rðλ − 6Þ þ 8r2λþ r3λ2ðλþ 6Þ

4r6ðλþ 2Þð3þ λrÞ ; ðB1Þ

clH ¼ 21þ 18rλþ r2λð3λ − 2Þ
rf0ðλþ 2Þð3þ rλÞ2 ρ3 þ 12r − 11

4r4f0
ρ

þ 8λ3r5 − 2λ2ð19λþ 20Þr4 þ λð29λ2 − 76λ − 312Þr3 þ 12ð9λ2 þ 22λ − 36Þr2 þ 27ðλþ 22Þr − 180

2ðλþ 2Þr5f0ð3þ λrÞ3 ρ; ðB2Þ

sl0;1 ¼ −
1

lþ 1
; tl0;1 ¼

2ρr
f0ðlþ 1Þ2 sl0;0 ¼

f0
ðl2rþ 3lrþ 3Þ

�
2ðlþ 3Þr2ρ2
ðlþ 1Þ2 −

ðlþ 2Þð2rl2 þ 6rl− lþ 3Þ
2rðlþ 1Þ

�
; ðB3Þ

tl0;0 ¼
ρ

ðl2rþ 3lrþ 3Þ
�
−4r2lðl2 þ 5lþ 6Þ þ 2rðl3 þ 5l2 þ 2l − 6Þ þ 3ðlþ 1Þ

2rðlþ 1Þ2 −
2ðlþ 3Þr3ρ2
ðlþ 1Þ2

�
; ðB4Þ

sl0;K ¼ 2ðlþ 3Þf0
ðlþ 1Þρr

�
lðlrþ 2r − 1Þ

r3
þ 2ρ2

lþ 1

�
tl0;K ¼ 2ðlþ 3Þðlþ 2Þ

ðlþ 1Þr2 ; ðB5Þ

sl0;H ¼ lðlþ 3Þ½4ðlþ 2Þr − 3ðlþ 3Þ� − 4

ðlþ 1Þ2r3 þ 4ðlþ 3Þρ2
ðlþ 1Þ2 tl0;H ¼ 2ðlþ 3Þð2lrþ 4r − 3Þ

ðlþ 1Þ2f0r2
ρ: ðB6Þ

SLOW ROTATION BLACK HOLE PERTURBATION THEORY PHYS. REV. D 108, 044079 (2023)

044079-15



APPENDIX C: EFFECTIVE POTENTIAL

In Sec. II we found that the perturbations of a slowly rotating Kerr BH can be recast into the same form of the Regge-
Wheeler and Zerilli equations and that the potentials receive a correction in the spin of the form given in Eq. (44). Here, we
report the explicit form of V̄l

ð�Þ;2 defined in Eq. (46). For the axial sector we have

V̄l
ð−Þ;2 ¼ −

m2

r4
þm2f0

�
−
24ð7 − 6rÞ
ðλþ 2Þ3r6 −

12ð47 − 40rÞ
ðλþ 2Þ2r6 þ 2ð6r2 − 250r − 315Þ

ðλþ 2Þr6 þ 420ð6 − 5rÞ
ð5þ 4λÞr6

�

−m2f0

�
2ðλ − 10Þ

ðλþ 2Þð5þ 4λÞr2 ρ
2 þ 3

6r2ð4λ − 19Þ − 26rðλ − 13Þ − 231

ðλþ 2Þ2r10ρ2
�
; ðC1Þ

while for the polar sector we find

V̄l
ðþÞ;2 ¼ −

m2

r4
þ m2f0
ð3þ rλÞ5

�
2ð4λ − 1Þλ4r

λþ 2
−
2ð34λ5 þ 135λ4 − 513λ3 − 1753λ2 − 312λþ 60Þλ3

ðλþ 2Þ3ð5þ 4λÞ

−
ð70λ5 þ 810λ4 þ 5599λ3 − 398λ2 − 26676λþ 1704Þλ3

ðλþ 2Þ3ð5þ 4λÞr

−
ð929λ5 þ 5310λ4 þ 40121λ3 þ 33516λ2 − 128980λþ 16272Þλ2

ðλþ 2Þ3ð5þ 4λÞr2

−
3ð2993λ5 þ 8760λ4 þ 93012λ3 þ 146824λ2 − 243912λþ 19728Þλ

2ðλþ 2Þ3ð5þ 4λÞr3 −
1944ð8λ2 − 27λ − 134Þ
ðλþ 2Þ3ð5þ 4λÞr7

−
9ð6403λ3 − 20642λ2 − 54548λþ 135720Þ

2ðλþ 2Þ3ð5þ 4λÞr6 −
9ð5375λ4 − 11512λ3 þ 22328λ2 þ 229320λ − 65664Þ

2ðλþ 2Þ3ð5þ 4λÞr5

−
3ð8503λ5 þ 1374λ4 þ 160020λ3 þ 455216λ2 − 349416λþ 11664Þ

2ðλþ 2Þ3ð5þ 4λÞr4
�

þ 2m2f0ρ2

ðλþ 2Þð5þ 4λÞð3þ rλÞ4
�
3ð3λ4 þ 26λ3 þ 214λ2 þ 528λ − 24Þλ

ðλþ 2Þ2 − ðλ2 − 6λþ 2Þλ3r2

þ 18ð17λ2 − 64λ − 304Þ
ðλþ 2Þ2r3 þ 6ð71λ3 − 136λ2 − 754λþ 468Þ

ðλþ 2Þ2r2 þ 12ð19λ3 þ 16λ2 þ 4λþ 312Þλ
ðλþ 2Þ2r

−
4ð2λ4 − 7λ3 − 57λ2 − 76λþ 12Þλ2r

ðλþ 2Þ2
�

þ m2f0
ðλþ 2Þ2ð3þ rλÞ4ρ2

�
−
3ð13λ2 þ 61λþ 36Þλ5

r2
þ ð92λ3 þ 197λ2 − 942λ − 1032Þλ4

r3

þ ð−107λ4 þ 665λ3 þ 4582λ2 þ 726λ − 7272Þλ3
2r4

−
3ð118λ4 þ 138λ3 − 1133λ2 − 3180λþ 1872Þλ2

r5

−
18ð84λ3 − 137λ2 þ 317λþ 90Þλ

r7
−
3ð291λ4 þ 455λ3 þ 2211λ2 − 5106λþ 1080Þλ

r6

þ 54ð115λ2 − 1138λþ 918Þ
r9

−
9ð443λ3 þ 2319λ2 − 8670λþ 2808Þ

2r8
þ 648ð42λ − 97Þ

r10
þ 25920

r11

�
: ðC2Þ

APPENDIX D: SUPERPOTENTIAL AT SECOND ORDER IN THE SPIN

In Sec. III, we showed how to the derive the superpotential that generates the first-order correction to the Regge-Wheeler
and Zerilli equations. Here, we proceed to show the analogous calculation at second order in the spin. First of all, it is
convenient to split Wl

2 and κ2 into five parts, such as
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Wl
2 ¼ W̃l

2 þ W̄l
2ρ

2 þm2

�
Ŵl

2

ρ2
þ W̌l

2 þW
⌒ l

2ρ
2

�
; ðD1Þ

κ2 ¼ κ̃2 þ κ̄2ρ
2 þm2

�
κ̂2
ρ2

þ κ̌2 þ κ
⌒
2ρ

2

�
; ðD2Þ

as well as splitting the tortoise coordinate function at
second order as

f2 ¼ f̃2 þm2

�
f̂2 þ f21

ρ2
þ f̌2

�
: ðD3Þ

Let us insert this expansion in Eqs. (55) and (56) and take
quadratic terms in the spin, assuming that Wl

0 , W
l
1 , f1, and

κ1 are specified as in Sec. III. By setting to zero the term
proportional to ρ2m0 in Eq. (55), we obtain

W̄l
2 ¼ k̄2 þ

ðλ − 6Þð2λþ 1Þ
3ðλþ 2Þð4λþ 5Þrðλrþ 3Þ þ

2

3rf0ðλþ 3Þ

þ 9ðλ2 þ λ − 6Þ þ ð−4λ3 þ 34λþ 36Þr2
3ðλþ 2Þðλþ 3Þð4λþ 5Þr2ðλrþ 3Þ : ðD4Þ

Analogously to the case linear in a, we find that the ρ2m0

term of Eq. (56) vanishes for this choice of the tortoise
coordinate.

f̃2 ¼
κ0κ̄2
2

þ 1

r2f0
þ f0ðλþ 5Þ
rð4λþ 5Þ

þ
�
κ0
2
þ β20W

l
0

�
W̄l

2 −
3

2

dW̄l
2

dr�;0
: ðD5Þ

We now move to the term proportional to ρ0m0, and
Eqs. (55) and (56) are satisfied simultaneously when

W̃l
2 ¼ k̃2

�
1þ β20W

l
0

κ0

�
þ 1

6r3f0ðλþ 3Þ þ
1

ð5þ 4λÞð3þ rλÞ3
�ð8λ3 þ 52λ2 þ 95λþ 54Þλ2

6ðλþ 3Þ −
54ðλ− 2Þ
ðλþ 2Þr6

−
9ð31λ2 − 111λþ 326Þ

4ðλþ 2Þr5 −
3ð47λ3 − 368λ2 þ 843λ− 1074Þ

4ðλþ 2Þr4 þ−100λ4 þ 1567λ3 − 3045λ2 þ 7836λ− 1116

12ðλþ 2Þr3

−
4λ6 − 148λ5 − 159λ4 − 393λ3 − 4095λ2 − 252λ− 324

6ðλþ 2Þðλþ 3Þr2 þ ð12λ5 þ 34λ4 þ 281λ3 þ 1029λ2 þ 618λþ 216Þλ
6ðλþ 2Þðλþ 3Þr

�
; ðD6Þ

k̄2 ¼ k̄1
λðλ − 10Þ
5þ 4λ

; κ̄2 ¼ −k̄2 þ k̃2

�
6

κ0

�
2

; κ̃2 ¼ −k̃2: ðD7Þ

We can see from the previous equation that the constant k̃2 that comes from the integration of W̃l
2 is not fully specified by

the equation. We now solve the terms proportional tom2 in the Darboux relations. Let us start by checking the relation (55)
for the term proportional to ρ2m2, for which we infer

W
⌒ l

2 ¼ k
⌒

2 þ
1

ð3þ rλÞ3
�
−23λ4 þ 116λ3 þ 590λ2 þ 352λþ 72

3ðλþ 2Þ3ð4λþ 5Þ þ 2ð2λþ 1Þλ2r2
3ðλþ 2Þð4λþ 5Þ þ

−17λ2 þ 64λþ 304

ðλþ 2Þ3ð4λþ 5Þr2

þ 2ð−λ4 þ 17λ3 þ 78λ2 þ 80λþ 24Þλr
3ðλþ 2Þ3ð4λþ 5Þ þ −28λ3 þ 38λ2 þ 320λþ 48

ðλþ 2Þ3ð4λþ 5Þr
�
; ðD8Þ

and again k
⌒

2 is an integration constant. From requiring consistency with Eq. (56) we must fix

f̌2 ¼
κ0κ

⌒
2

2
þ f0ðλ − 10Þ
r2ðλþ 2Þð5þ 4λÞ −

β20
2
W̄l

1 þ
�
κ0
2
þ β20W

l
0

�
W
⌒ l

2 −
3

2

dW
⌒ l

2

dr�;0
: ðD9Þ

Then, repeating the procedure for the terms proportional to m2ρ0, we obtain

W̌l
2 ¼ ǩ2 þ

ðk
⌒

2 þ κ
⌒
2Þκ0Wl

0

2r
þ β20

κ
⌒
2Wl

0
2

2r2
þ 1

ð3þ rλÞ4
�
−
2

9
λ5r2 þ 3ð80λ2 − 217λ − 1186Þ

2ðλþ 2Þ3ð4λþ 5Þr6

þ ð284λ6 þ 1051λ5 þ 332λ4 − 5822λ3 − 11860λ2 − 2120λþ 720Þλ2
36ðλþ 2Þ3ð4λþ 5Þ þ 811λ3 − 6416λ2 − 9686λþ 32652

4ðλþ 2Þ3ð4λþ 5Þr5
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þ 397λ4 − 3527λ3 − 782λ2 þ 21828λ − 14568

2ðλþ 2Þ3ð4λþ 5Þr4 þ 527λ5 − 3322λ4 þ 3296λ3 þ 22592λ2 − 36296λþ 4176

4ðλþ 2Þ3ð4λþ 5Þr3

þ 776λ6 − 1123λ5 þ 10464λ4 þ 25902λ3 − 39724λ2 þ 18600λþ 432

12ðλþ 2Þ3ð4λþ 5Þr2 þ ð8λ4 − 46λ3 − 202λ2 − 156λþ 9Þλ3r
9ðλþ 2Þð4λþ 5Þ

þ ð164λ6 þ 518λ5 þ 2379λ4 þ 3384λ3 − 2974λ2 þ 3432λþ 216Þλ
6ðλþ 2Þ3ð4λþ 5Þr

�
; ðD10Þ

as well as

f̂2 ¼
1

4

d2f̌2
dr2�;0

þ
�
Wl

0ðκ0 þ β20W
l
0Þ þ

3

2

dWl
0

dr�;0

�
f̌2 þ

κ0κ̌2
2

þ f1

�
2

r3
þ 3

2

dW̄l
1

dr�;0

�
þ
�
κ0
2
þ β20W

l
0

�
W̌l

2 −
3

2

dW̌l
2

dr�;0

− W̄l
1W̃

l
1 þ

rðλ − 10Þ þ 12

2r5ðλþ 2Þ þ f0
3ð61λ2 þ 74λ − 180Þ þ 2ð25λ3 þ 45λ2 þ 96λþ 320Þr

ðλþ 2Þ3ð5þ 4λÞr6 : ðD11Þ

Finally, from the terms proportional to m2ρ−2 we obtain

W̃l
2 ¼ ðǩ2 þ κ̌2Þκ0

36
ðκ0 þ 2β20W

l
0Þ þ

f0
ð3þ rλÞ5

�ðλþ 10Þ2λ5
36ðλþ 2Þr þ ðλ3 þ 60λ2 þ 302λþ 624Þλ4

12ðλþ 2Þ2r2

þ ð7λ3 þ 322λ2 þ 158λþ 1202Þλ3
6ðλþ 2Þ2r3 þ ð21λ3 þ 1618λ2 − 1184λþ 1532Þλ2

4ðλþ 2Þ2r4 þ 3ð9λ2 þ 5777λ − 3426Þλ
4ðλþ 2Þ2r6

þ 3ð8λ3 þ 2299λ2 − 1910λþ 400Þλ
4ðλþ 2Þ2r5 −

27ð8λ − 259Þ
2ðλþ 2Þ2r8 þ 9ð1337λ − 360Þ

2ðλþ 2Þ2r7 −
162

ðλþ 2Þ2r9
�
; ðD12Þ

κ̃2 ¼ ðǩ2 þ κ̌2Þ
�
κ0
6

�
2

; k
⌒

2 ¼ k̄1
60þ 34λþ 5λ2

ðλþ 2Þ2ð5þ 4λÞ ; κ
⌒
2 ¼

�
6

κ0

�
2

ǩ2 − k̄1
80þ 60λþ 13λ2

ðλþ 2Þ2ð5þ 4λÞ : ðD13Þ

With this, we completely specify the function Wl
2 , upon

choosing the integration constants. Indeed, we see again
how the constants ǩ2 and κ̌2 are not specified by the validity
of the Darboux transformation.

APPENDIX E: TRANSFORMATION THEORY
AT SECOND ORDER IN THE SPIN

We now sketch the form of the calculations carried out to
obtain the second-order spin correction functions ff2, T2,
β2, and R̃2 ≡ R2 −Q2 and constantK2, which appear in the
transformations defined in Eqs. (89), (91), and (96). We
find it convenient to perform the following decomposition
in powers of ρ and m,

F2 ¼
X2
i¼0

F2;iρ
i þm2

X2
i¼−2

F̄2;iρ
i; ðE1Þ

where F2 stands for any of the functions ff2, T2, β2, and
R̃2 (as well as R2) and constant K2. Moreover, in order to
express the following formulas in a compact form, it is

useful to split the Regge-Wheeler and the Zerilli equations
potentials, the Teukolsky potential, and the reduced sepa-
ration constant as4

V2 ¼ V2;0 þ V2;2ρ
2 þm2

�
V̄2;−2

ρ2
þ V̄2;0 þ V̄2;2

�
; ðE2Þ

Q2 ¼
X2
i¼0

Q2;iρ
i þm2

X2
i¼−2

Q̄2;iρ
i; ðE3Þ

λðsÞ2 ¼ λ̃2 þm2λ̄2: ðE4Þ

Finally, we make extensive use of the superpotentialW2 and
the tortoise coordinate f2 as defined in Eqs. (D1) and (D3),
respectively. We proceed to solve the relations R1 ¼ 0,
R2 ¼ 0, R4 ¼ 0, and R5 ¼ 0 at each order in ρ and m.
From the term proportional to ρ3m0 we find

4Note that the slightly different definition ofQ2 compared with
that given in Eq. (79) comes from making the m2 dependency in
λðsÞ2 explicit.
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ff2;2 ¼ β2;2 ¼ R̃2;2 ¼ 0: ðE5Þ

We can manipulate the terms proportional to ρ2m0 into three
algebraic relations and one first-order differential equation,
whose solutions are

2ff2;1 ¼ T2;2 þ T̃0

V2;2

V0

þ 1

V0

dV2;2

dr�;0
; ðE6Þ

2β2;1 ¼ K2;2 −
1

W0

�
Q2;2V0

Q0

þ V2;2

�
− β0T2;2; ðE7Þ

2R̃2;1 ¼ Q0T2;2 þ
�
T̃0 þ 2

3 − 2r
r2

�
Q2;2 −

dQ2;2

dr�;0
; ðE8Þ

T2;2 ¼
2λ − 5

rð5þ 4λÞ −
λ̃2
r
− ð3þ β0ÞW̄2 þ t2;2; ðE9Þ

where t2;2 is an integration constant. The structure of the
equations is maintained at order ρ1m0, for which we obtain

2ff2;0 ¼ T2;1 þ
Q0W0

V0

β2;1 þ
1

V0

dV0ff2;1

dr�;0
; ðE10Þ

2β2;0 ¼ K2;1 − β0T2;1 − T̃0β2;1 −
V0

W0

�
R2;1

Q0

þ ff2;1

�
;

ðE11Þ

2R̃2;0 ¼ Q0T2;1 þ T̃0Q2;1 þ 2
3 − 2r
r2

R2;1 þQ0W0β2;1

−
dR2;1

dr�;0
; ðE12Þ

2T2;1 ¼
2

r3

�
2r −

1

f0r

�
− κ0κ̄2 þ

2f0λ̃2
r2

þ T2;2T̃0

− V2;2 −Q2;2 þ 2f̃2 þ t2;1; ðE13Þ

where t2;1 is another integration constant. We find that the
equations at order ρ0m0 are consistent only by selecting f̃2
as given in Eq. (D5). Explicitly, we obtain

T2;0 ¼
2r − 1

f0r4
−
β0W0

f0r2
− 2f̃2

�
4
3 − 2r
r2

þ T̃0

�

−
1

Q0

�
2
3 − 2r
r2

R2;0 þQ2;0T̃0

�
− β2;0W0

þ 1

Q2
0

df̃2Q2
0

dr�;0
−

1

Q0

dR2;0

dr�;0
; ðE14Þ

K2;2 ¼ 2β0t2;2 −
4λðλ − 10Þ
5þ 4λ

; ðE15Þ

K2;1 ¼ 2β0t2;1 þ κ0t2;2 þ
36β0k̃2
κ0

; ðE16Þ

K2;0 ¼ κ0t2;1 þ 2β20k̃2: ðE17Þ

In the first-order case, the integration constants t2;1 and t2;2
are not specified by the transformation. We now move to the
terms proportional to m2. The procedure follows the same
lines as the previous one. From the terms proportional to
ρ3m2 we obtain

f2;2 ¼ β̄2;2 ¼ ¯̃R2;2 ¼ 0: ðE18Þ

Then, from the terms proportional to ρ2m2 we obtain

2f2;1 ¼ T̄2;2 þ
d

dr�;0

�
V̄2;2

V0

þ 1

2

V2
1;2

V2
0

�

−
Q0W0

V2
0

ðV̄2;2V0 þ V2
1;2Þ; ðE19Þ

2β̄2;1 ¼ K̄2;2 −
Q̄2V0 −Q2;1V2;1

Q0W0

þ V̄2;2

W0

− β0T̄2;2; ðE20Þ

2 ¯̃R2;1 ¼ Q0T̄2;2 þ
�
T̃0 þ 2

3 − 2r
r2

�
Q̄2;2 − T1;1Q1;1

−
dQ2;2

dr�;0
; ðE21Þ

T̄2;2 ¼ t̄2;2 −
2ðλ − 10Þ

rðλþ 2Þð5þ 4λÞ −
λ̄2
r
− ð3þ β0ÞW

⌒

2: ðE22Þ

From the terms proportional to ρ1m2 we obtain

2f2;0 ¼ T̄2;1 þ
Q0W0

V0

�
β̄2;1 þ

V1;2

V0

β1;1

�

þ 1

V0

dV0f2;1

dr�;0
− ff1;1

d
dr�;0

V1;2

V0

; ðE23Þ

2β̄2;0 ¼ K̄2;1 − β0T̄2;1 − T̃0β̄2;1 þ T1;2β1;1

−
V0

W0

�
ff1;1

�
V1;2

V0

þQ2;1

Q0

�
− f2;1

�

þ R1;1V1;2 − R̄2;1V0

W0Q0

; ðE24Þ

2 ¯̃R2;0 ¼ Q0T̄2;1 þ Q̄2;1T̃0 −Q1;2T1;1 −Q1;1T1;2

þ 2
3 − 2r
r2

R̄2;1 þQ0W0β̄2;1 −
dR̄2;1

dr�;0
; ðE25Þ
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2T̄2;1 ¼ t̄2;1 − κ0κ
⌒
2 þ

2f0λ̄2
r2

þ T̄2;2T̃0 −
T2
1;2

2
− V̄2;2 − Q̄2;2 þ 2f

⌒

2: ðE26Þ

From the terms proportional to ρ0m2 we obtain

2f2;−1 ¼ T̄2;0 þ ðT1;2 − 2ff1;1Þf1 þ f
⌒

2T̃0 þ
Q0W0

V0

�
β̄2;0 þ

V1;2

V0

β1;1 − β0

�
V1;2V1;0

V2
0

þ V̄2;0

V0

��

− ff1;0
d

dr�;0

V1;2

V0

þ d
dr�;0

V1;2V1;0

V2
0

þ d
dr�;0

V2;0

V0

þ 1

V0

dV0f2;0

dr�;0
; ðE27Þ

2β̄2;−1 ¼ K̄2;0 − β0T̄2;0 − T̃0β̄2;0 þ T1;2β1;0 þ T1;1β1;1 þ
Q1;2V1;0 þ R1;0V1;2 −Q0V̄2;0 − R̄2;0V0

W0Q0

þ V0

W0

�
ff1;0

�
V1;2

V0

þQ1;2

Q0

�
þ R1;1

Q0

ff1;1 − f2;0 þ f1

�
V1;2

V0

−
Q1;2

Q0

�
− f

⌒

2

�
; ðE28Þ

2 ¯̃R2;−1 ¼ Q0T̄2;0 −Q1;0T1;2 −Q1;2T1;0 −Q1;1T1;1 þ Q̄2;0T̃0 þ ðQ1;2T̃0 −Q0T1;2 − 2R̃1;1Þf1 þQ0f
⌒

2

þ 2
3 − 2r
r2

R̄2;0 þQ0W0β̄2;0 −Q0W2
0

d
dr�;0

f
⌒

2

W2
0

−Q1;2
df1
dr�;0

−
dR̄2;0

dr�;0
; ðE29Þ

whereas the expression for T̄2;0 is extremely long and uninformative and we do not display it. Then, by setting to zero the
terms proportional to ρ−1m2 we obtain

2f2;−2 ¼ T̄2;−1 þ ðT1;1 − 2ff1;0Þf1 þ
Q0W0

V0

�
β̄2;−1 þ

V1;0

V0

β1;1

�
− ff1;1

d
dr�;0

V1;0

V0

þ 1

V0

dV0f2;−1

dr�;0
; ðE30Þ

2β̄2;−2 ¼ K̄2;−1 − β0T̄2;−1 − T̃0β̄2;−1 þ T1;1β1;0 þ T1;0β1;1 þ
V0

W0

�
ff1;1

�
R1;0

Q0

þ V1;0

V0

þ f1

�
− f2;−1

�

þ V0

W0Q0

�
R1;1

�
V1;0

V0

þ ff1;0 − f1

�
− R̄2;−1

�
; ðE31Þ

2 ¯̃R2;−2 ¼ Q0T̄2;−1 −Q1;0T1;1 −Q1; 1T1;0 þ Q̄2;−1T̃0 þ ðQ1;1T̃0 −Q0T1;1 − 2R̃1;0Þf1 þ 2
3 − 2r
r2

R̄2;−1

þQ0W0β̄2;−1 − R1;1
df1
dr�;0

−
dR̄2;−1

dr�;0
; ðE32Þ

as well as T̄2;−1 whose expression is extremely long and uninformative and we do not display it. Finally, from the terms
proportional to ρ−2m2 we find

K̄2;2 ¼ 2β0 t̄2;2 −
4λð60þ 34λþ 5λ2Þ
ðλþ 2Þ2ð5þ 4λÞ ; ðE33Þ

K̄2;1 ¼ 2β0 t̄2;1 þ κ0t̄2;2 þ
36β0ǩ2
κ0

þ 4t2λ −
β0t22
2

; ðE34Þ

K̄2;0 ¼ 2β0 t̄2;0 þ κ0

�
t̄2;1 −

t22
4

�
þ 18ǩ2 þ 4t1λ − β0t1t2; ðE35Þ

K̄2;−1 ¼ 2β0 t̄2;−1 −
β0t21
2

þ κ0

�
t̄2;0 þ β0

�
ǩ2 þ κ̌2 −

t1t2
2

��
; ðE36Þ
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K̄2;−2 ¼ κ0

�
t̄2;−1 −

t21
4
þ κ0

2
ðǩ2 þ κ̌2Þ

�
; ðE37Þ

and the expression for T̄2;−2 is extremely long and uninformative and we do not display it. As expected, the integration
constants t̄i can be freely chosen. With this last calculation we completely specified the transformation theory at second order
in the spin.

APPENDIX F: COEFFICIENTS OF THE PERTURBED EINSTEIN EQUATIONS

In this section, we provide the coefficients that appear in Eqs. (11), (12a), (12b), (15a), and (15b). We start by showing all
the coefficients of the first group:

Að1Þ
0;l ¼ H2ρ

2

2
þH1ρð3 − 4rÞ

2r2
− f0

H0lðlþ 1Þ
2r2

þ f0ð4r − 1ÞH0
0

4r2
þ f0

H0
2

4r2
þ f20H

00
0

2
− ρf0H0

1 − f0
K0

2r2
þ Kρ2

þ iamð2r − 1ÞH1

2r5
þ a2

�
H0

2r4

�
m2 −

1

2f0r4
−
2r2 þ r − 1

r3

�
þH2ð2ρ2r4 − 6rþ 5Þ

4f0r6
−
ρH0

1

r2
þ f0H1ρ

2r4

þ ðr2 þ 4r − 1ÞH0
0

4r6
þ H0

2

2r4
þ f0H00

0

2r2
−

K0

4r4
−
Kð2ρ2r4 − 2rþ 1Þ

4f0r6

�
; ðF1aÞ

Að1Þ
1;l ¼ − a

2h0lðlþ 1Þ
r5

þ ima2

r5

�
h0ρðr − 2Þ

f0r
þ f0h01 þ

h1ð8 − 7rÞ
r2

�
; ðF1bÞ

Að1Þ
2;l ¼ a2

�
−
H2ðρ2r4 − 7rþ 5Þ

2r6
þ ρf0H0

1

r2
þH1ρð4r2 − 6rþ 1Þ

2r5
þ f0H0

�
l2 þ l
2r4

þ 3

4r6

�

−
f0ð4r2 − 10rþ 1ÞH0

0

4r5
−
5f0H0

2

4r4
−
f20H

00
0

2r2
þ ð9r − 10ÞK0

4r5
−
Kð2ρ2r5 − 4ρ2r4 þ 14r2 − 33rþ 20Þ

4f0r7

�
; ðF1cÞ

Bð1Þ
1;l ¼ a

2r5

�
−h1ρþ ð1 − 2rÞh00 −

h0ðr − 2Þ
f0r2

�
þ ima2

�
h0ρ
f0r4

−
h1
2r6

�
Bð1Þ
2;l ¼ a2

2r5

�
H0

�
3 −

4

r

�
þH2

�
; ðF1dÞ

Að2Þ
0;l ¼ Kρð2r − 3Þ

2r2
−
H2ρf0

r
−
H1f0lðlþ 1Þ

2r2
þ ρf0K0 þ ima

2r3

�
H0 þH2

2r
−H1ρþ f0H0

0

�

þ a2

r2

�
H1

�
m2

2r2
−
f0
r3

�
−
3H0ρ

4r3
þH2ρð1 − 2rÞ

4r2
−
ρK0

2
þ Kρ

2f0r2

�
; ðF1eÞ

Að2Þ
1;l ¼ − a

f0h1lðlþ 1Þ
r5

þ ima2

r4

�
h1ρf0
r

−
4h0
r2

þ f0h00

�
; ðF1fÞ

Að2Þ
2;l ¼ a2

r3

�
3H0ρ

4r2
þ f0H1

rlðlþ 1Þ þ 6

2r2
þH2ρ

�
3

2
−

9

4r

�
þ ρ

�
1 −

r
2

�
K0 þ 3Kρ

2r

�
; ðF1gÞ

Bð2Þ
1;l ¼ a

r3

�
h1

�
ρ2

2
−
f0
r2

�
þ h0ρ

r
−
ρh00
2

�
þ ima2

2r4

�
h1ρ −

h0
f0r2

þ h00

�
Bð2Þ
2;l ¼ a2f0

H1ðrþ 1Þ
r5

; ðF1hÞ
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Að3Þ
0;l ¼ H1ρ

2r2
−H2

�
ρ2

2
þ f0

lðlþ 1Þ
2r2

�
−
3f0H0

0

4r2
−
ð4r − 3Þf0H0

2

4r2
−
f20H

00
0

2
þ ρf0H0

1 þ
ð4r − 3Þf0K0

2r2
þ f20K

00

þ iam
r3

�
H1

2r2
−H2ρþ f0H0

1

�
þ a2

r2

�
H2

�
m2

2r2
þ 2ðρ2 þ 4Þr2 − 10rþ 3

4f0r4

�
−
ρH0

1

r2
þH1ρð−2r3 þ r2 − 1Þ

2f0r4
−
f0H0

2

2r

þ ð2r3 − r2 − 8rþ 9ÞH0
0

4r4
þ f0H00

0

2r2
þH0ð22r2 − 36rþ 15Þ

4f0r6
þ ð3 − 4rÞK0

4r2
−
f0K00

2
−
Kð8r2 − 10rþ 3Þ

4f0r4

�
; ðF2aÞ

Að3Þ
1;l ¼ ima2

r4
ðh0ρþ f20h

0
1Þ; ðF2bÞ

Að3Þ
2;l ¼ a2

r3

�
H1ρ

�
f0 −

1

2r2

�
þH2

�
ρ2

2
þ f0

rðl2 þ l − 4Þ þ 3

2r2

�
−
f0ð2r2 þ 4r − 9ÞH0

0

4r2
þ f0ð6r − 5ÞH0

2

4r

þ f20H
00
0

2
þ 3f0H0ð8r − 5Þ

4r3
− ρf0H0

1 þ
ð4r2 − 11rþ 6ÞK0

4r2
−
f0ðr − 2ÞK00

2
þ Kð8r3 þ 2r2 − 21rþ 12Þ

4f0r4

�
; ðF2cÞ

Bð3Þ
1;l ¼ a

r3

�
h1ρ
2r2

þ ð6r − 5Þh00
2r2

−
h0ð12r2 − 17rþ 6Þ

2f0r4
þ ρf0h01 − f0h000

�
þ ima2

r4

�
h1
2r2

þ f0h01

�
; ðF2dÞ

Bð3Þ
2;l ¼ f0a2

2r4
ðH0 þ 3H2Þ; ðF2eÞ

Að4Þ
0;l ¼ H0lðlþ 1Þ

2r2
−
H2ðl2 þ lþ 4Þ

2r2
−
f0ðH0

0 þH0
2Þ

r
þ 2H1ρ

r
þ ð4r − 3ÞK0

r2
þ f0K00 − K

�
ρ2

f0
þ l2 þ l − 2

r2

�

þ ima
r3

�
2H1

r
−
Kρ
f0

�
þ a2

r2

�
l2 þ lþ 2

2f0r2

�
K −

H0

r2
−H2

�
þH1ρð4rþ 3Þ

2r2
þ ð3þ r − 4r2ÞH0

0

4r3

−
ð8r2 − rþ 1ÞH0

2

4r3
þH0ð2rþ 3Þ

2r4
−
2H2

r3
þ ð6r2 þ rþ 1ÞK0

2r3
þ K00 þ K

�
3r − 2

f0r4
þ ρ2

f20r
2

��
; ðF2fÞ

Að4Þ
1;l ¼ 2ah0lðlþ 1Þ

ðr − 1Þr4 þ 2ima
r5

�
2h1ðr2 − 2rþ 2Þ

r2
−
h0ρðrþ 1Þ

f0
þ
�
r −

1

r

�
h01

�
; ðF2gÞ

Að4Þ
2;l ¼ a2

r2

�
rðl2 þ lþ 6Þ þ 16

2r3
H2 −

H1ρð4rþ 3Þ
2r2

−
rðl2 þ lþ 12Þ þ 3

2r4
H0 þ

f0ð4rþ 3ÞH0
0

4r2
þ f0ð8r − 1ÞH0

2

4r2

þ ð−6r2 þ r − 1ÞK0

2r3
− f0K00 þ K

f0

�
r2ðl2 þ l − 6Þ − 2rðl2 þ lþ 11Þ þ 20

2r4
þ ρ2

r

��
; ðF2hÞ

Bð4Þ
1;l ¼ a

r4

�
−h1ρþ

h0ðrl2 þ rlþ 2Þ
f0r2

þ h00

�
−
iah1m
r6

Bð4Þ
2;l ¼ a2

r5

�
H0ð−r − 2Þ þH2ð2rþ 1Þ þ Kð2 − 4rÞ

r − 1

�
: ðF2iÞ

Then, from the second group

αð1Þ0;l ¼ H2ρ −
H1

r2
− f0H0

1 þ Kρþ a2

r2

�
H1ð2r2 − rþ 1Þ

2r3
þH2ρ

f0
−H0

1 −
Kρ

2f0

�
; ðF3aÞ

αð1Þ1;l ¼ a
r3

�
h1ð7r − 8Þ

r2
− 2f0h01

�
αð1Þ2;l ¼ a2

r2

�
−H2ρ −

H1ð2r2 − 7rþ 1Þ
2r3

þ f0H0
1 −

Kρðr − 2Þ
2f0r

�
; ðF3bÞ

α̃ð1Þ2;l ¼ a2

2r2

�
H1ð2r2 þ r − 1Þ

r3
−
Kρ
f0

�
; ðF3cÞ
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βð1Þ0;l ¼ 2f0h1ρ
r

þ h0ðrl2 þ rl − 2Þ
r3

þ ρf0h01 − f0h000 βð1Þ1;l ¼ a
r3
ðH2 − 2KÞ; ðF3dÞ

βð1Þ2;l ¼
a2

r2

�
1þ 10r− 4r2

2r3
h1ρþ

2r2ðl2 þ lþ 12Þ− r3lðlþ 1Þ− 27r− 2

2ðr− 1Þr4 h0 −
ð2r2 þ rþ 1Þh00

2r3
− ρf0h01 þ f0h000

�
; ðF3eÞ

β̃ð1Þ2;l ¼ a2

2r5

�
h1ρþ

h0ðr3ð−lÞðlþ 1Þ − 4r2 þ r − 2Þ
ðr − 1Þr þ ð2r2 þ r − 1Þh00

�
; ðF3fÞ

ηð1Þ1;l ¼ ah1lðlþ 1Þ
2r4

ηð1Þ2;l ¼ a2

r2

�
H1ð6r − 8Þ

r3
þH2ρ

�
1

r
þ 1

�
−
2Kρ

r
− 2

f0H0
1

r

�
; ðF3gÞ

ζð1Þ1;l ¼ a
r2

�
−2H1ρ −

H0lðlþ 1Þ
2r

þ 5f0H0
0

2
−
1

2
f0H0

2 þ
2H2

r
−
K0

r
þ Kðρ2r3 − 2rþ 2Þ

ðr − 1Þr
�
; ðF3hÞ

ζð1Þ2;l ¼ a2h0ðr − 3Þlðlþ 1Þ
ðr − 1Þr5 ξð1Þ1;l ¼ aH0

2r3
ξð1Þ2;l ¼ −

a2h0
r5

χð1Þ1;l ¼ a
r3

�
h1
2r

−
h0ρ
f0

�
; ðF3iÞ

αð2Þ0;l ¼H1ρþ
ðH0 −H2Þð2r− 3Þ

2r2
þH2

r2
þ f0ðK0 −H0

0Þ þ
a2

r3

�
Kð2r− 1Þ

2f0r
−
3H0

2r2
−
H1ρ

f0r
þH0

0

r
−
ðH0 þH2Þð2rþ 1Þ

4r
−
rK0

2

�
;

ðF3jÞ

αð2Þ1;l ¼ a
r3

�
−h1ρþ

h0ð8 − 9rÞ
r − r2

− h00

�
; ðF3kÞ

αð2Þ2;l ¼ a2

r3

�
−H1ρþ

H0ð−2r2 − 5rþ 6Þ
4r2

þ ðr − 1ÞH0
0

r
þH2

�
3

2
−

1

4r

�
þ
�
1 −

r
2

�
K0 þ Kð2r2 − 7rþ 4Þ

2ðr − 1Þr
�
; ðF3lÞ

α̃ð2Þ2;l ¼ a2

r2

�
H0ð2r2 þ r − 6Þ

4r3
þH2ð2rþ 1Þ

4r2
−
K0

2

�
; ðF3mÞ

βð2Þ0;l ¼ h1

�
ρ2 þ f0λ

r2

�
þ 2h0ρ

r
− ρh00 þ

a2

r4

�
h0ρð2r2 þ rþ 4Þ

2 − 2r
− h1

�
ρ2

f0
þ f0

r
þ λþ 2

2

�
þ ρh00

f0

�
; ðF3nÞ

βð2Þ1;l ¼ aH1

r3
βð2Þ2;l ¼ a2

r3

�
ρh00 þ

h0ρð−2r2 þ rþ 4Þ
2ðr − 1Þr − h1

�
ρ2 þ r2ðl2 þ l − 8Þ − 2rðl2 þ lþ 1Þ þ 10

2r3

��
; ðF3oÞ

β̃ð2Þ2;l ¼ a2

r4

�
h1

�
f0
r
−
1

2
lðlþ 1Þ

�
þ h0ρ

�
3

2f0
þ r

��
ηð2Þ1;l ¼ alðlþ 1Þ

2r3

�
3h00 − 3h1ρþ

h0ð6 − 7rÞ
ðr − 1Þr

�
; ðF3pÞ

ηð2Þ2;l ¼ a2

r3

�
H0ð8r − 9Þ

r2
þ 2H1ρrþ

�
1

r
− r

�
H0

0 þH2

�
1

r
− 2

�
− 2K0 þ K

�
6

r
þ 1

r − 1
þ 2

��
; ðF3qÞ

ζð2Þ1;l ¼ a
r

�
3ðH0 −H2 þ 2KÞρ

2r
−
H1lðlþ 1Þ

2r2
þ ρK0

�
ζð2Þ2;l ¼ −

a2h1ðr − 2Þf0lðlþ 1Þ
r5

; ðF3rÞ

ξð2Þ1;l ¼ aH1

2r3
ξð2Þ2;l ¼ −

a2h1f0
r4

χð2Þ1;l ¼ a
r3

�
−h1ρþ h0

�
2

r
þ 1

r − 1

�
− h00

�
; ðF3sÞ

and finally, from the third group,

j0;l ¼ H0 −H2 −
a2

f0r2

�
H0

r2
þH2

�
j2;l ¼ a2

r2

�
H2 −

H0

r

�
; ðF4aÞ

SLOW ROTATION BLACK HOLE PERTURBATION THEORY PHYS. REV. D 108, 044079 (2023)

044079-23



k0;l ¼ 2

�
h1
r2

−
h0ρ
f0

þ f0h01

�
þ 2a2

r2

�
h1ð1 − 2rÞ

2r2
þ h0ρ
f20r

2
þ h01

�
k2;l ¼ 2a2

r3

�
h0ρ
f0

− f0rh01 þ h1

�
1 −

7

2r

��
; ðF4bÞ

f1;l ¼ −
2aKρ
f0r

f2;l ¼ 4a2

r3

�
h1

�
1þ 7

2r
−

4

r2

�
þ h0ρ

f0
− f0h01

�
; ðF4cÞ

g1;l ¼ 3a
r2

�
2h00 − 2h1ρ − h0

�
2lðlþ 1Þ

3f0r
þ 4

r

��
g2;l ¼ 2a2

r2

�
K

�
−
2

r
þ 1

r − 1
− 1

�
−H2f0

�
; ðF4dÞ

h2;l ¼ a2h1ð2rþ 1Þlðlþ 1Þ
r4

; ðF4eÞ

h̃2;l ¼ a2

r2

�
H0ð9 − 2rÞ

r2
−H1ρþ

f0ðH0
0 þH0

2Þ
2

−
2H2ðrþ 2Þ

r
þ
�
4rþ 1

r
þ 1

�
K0 −

Kðr2λþ 4Þ
f0r2

�
: ðF4fÞ

APPENDIX G: DECOUPLING COEFFICIENTS, SECOND ORDER IN THE SPIN

In this appendix we provide the decoupling coefficients that enter at second order in the spin in Eqs. (36)–(39). We find it
useful to define Γ ¼ ðλ − 4Þðλþ 2Þr2 þ 6ðλþ 1Þrþ 9 and Λ ¼ 3þ λr,

dl0 ¼ 4ρ2
3ðλ − 1Þ þ ðλ − 4Þðλþ 2Þr

ð5þ 4λÞΓ þ 1

ðλþ 2Þð5þ 4λÞf0Γ2

�
−42λ6 þ 395λ5 þ 464λ4 − 1240λ3 − 8000λ2 − 28976λ

þ 27ð13λ3 − 125λ2 þ 290λ − 304Þ
r4

þ 9ð43λ4 − 260λ3 þ 597λ2 − 1363λ − 2122Þ
r3

þ 3ð47λ5 − 483λ4 þ 485λ3 − 1430λ2 þ 708λþ 10312Þ
r2

þ ðλ2 − 2λ − 8Þ2ð29λ2 þ 53λþ 170Þr

þ 486ð14 − 5λÞ
r5

þ 17λ6 − 428λ5 þ 1222λ4 þ 2856λ3 þ 10004λ2 þ 26084λþ 7144

r
− 27968

�

− 6f0m2
ðλ − 16Þrþ 21

ðλþ 2Þ2ρ2r7 þ ρ2m2
−6ð2λ2 þ λ − 12Þ − 2ðλ − 4Þðλþ 2Þð2λþ 7Þr

ðλþ 2Þ2ð5þ 4λÞΓ

þm2

Γ2

�
34λ6 − 735λ5 þ 2940λ4 þ 7276λ3 − 14592λ2 þ 10704λþ 39328

2ðλþ 2Þ2ð4λþ 5Þ −
486ð19λ2 þ 33λ − 34Þ
ðλþ 2Þ3ð4λþ 5Þr4

þ 27ð26λ4 − 891λ3 − 2190λ2 þ 216λ − 464Þ
2ðλþ 2Þ3ð4λþ 5Þr3 þ 9ð86λ5 − 1321λ4 − 2146λ3 þ 6316λ2 þ 1072λ − 11216Þ

2ðλþ 2Þ3ð4λþ 5Þr2

þ 2ðλþ 2Þðλ − 4Þ2r2 − 9ð3λ5 − 30λ4 þ 22λ3 þ 136λ2 þ 16λþ 960Þr
ðλþ 2Þð4λþ 5Þ

þ 3ð94λ6 − 1195λ5 þ 170λ4 þ 17688λ3 þ 19528λ2 þ 4960λþ 22016Þ
2ðλþ 2Þ3ð4λþ 5Þr

�
; ðG1Þ

dl1 ¼ 1

f20ð5þ 4λÞΓ
�
−6ðλ3 þ λ2 þ 8λ − 22Þ − 18ð2λ2 þ 3λ − 14Þ

ðλþ 2Þr3 −
6ð2λ3 þ 9λ2 − 9λþ 34Þ

ðλþ 2Þr2

− 2ðλþ 2Þðλ2 þ λ − 20Þr − 18ðλ3 þ 3λ2 þ 25λþ 34Þ
ðλþ 2Þr

�
−

18m2

ðλþ 2Þ2ρ2r5

×
m2

f0ð5þ 4λÞΓ
�
4λ4 − 13λ3 þ 114λ2 þ 164λ − 512

ðλþ 2Þ2 þ −99λ2 þ 180λþ 972

ðλþ 2Þ3r2 − 2ðλ2 − 14λþ 40Þr

þ 6ð2λ4 − 7λ3 þ 24λ2 þ 184λþ 148Þ
ðλþ 2Þ3r

�
; ðG2Þ
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dlK ¼ f0
r
dlH þ ρ

f0Λð5þ 4λÞ
�
λðλ2 þ 7λþ 6Þ

2r2
−
3ð59λ2 − 293λþ 330Þ

4ðλþ 2Þr6 þ −11λ3 þ 488λ2 − 1179λþ 690

ð4λþ 8Þr5

−
λð4λ3 þ 45λ2 − 7λþ 30Þ

2ðλþ 2Þr3 þ 6λ4 þ 51λ3 − 565λ2 þ 232λ − 228

4ðλþ 2Þr4 −
72ðλ − 1Þ
ðλþ 2Þr7

�

þ m2ρ

Λ2ð5þ 4λÞ
�
3ð20λ2 þ 263λþ 662Þ

ðλþ 2Þ3r6 þ 9ð27λ3 þ 468λ2 þ 724λ − 1264Þ
4ðλþ 2Þ3r5 þ λ2 − 3λ3

2r

þ λð25λ4 þ 596λ3 − 554λ2 − 5488λ − 744Þ
4ðλþ 2Þ3r3 þ 61λ4 þ 1238λ3 þ 707λ2 − 6272λ − 108

2ðλþ 2Þ3r4

þ λðλ5 þ 15λ4 − 143λ3 − 514λ2 − 148λþ 24Þ
2ðλþ 2Þ3r2

�
−
m2

ρ

λðλþ 4Þr2 þ 3

8ðλþ 2Þr9Λ2
½ðλ − 2Þλr2 þ ð5λ − 6Þrþ 8�; ðG3Þ

dlH ¼ ρ3

f20Λð5þ 4λÞ
�
5ðλ − 5Þ þ 48

λþ 2
þ 24

r2

�
3

λþ 2
− 1

�
− 2ð2λ − 3Þrþ 3

r

�
15 − 3λ −

40

λþ 2

��

þ ρ

f20Λ3ð5þ 4λÞ
�ð56λ3 þ 197λ2 − 244λ − 60Þλ2

2ðλþ 2Þ −
27ð107λ2 − 717λþ 634Þ

4ðλþ 2Þr5

þ 3ð44λ3 þ 4681λ2 − 11139λþ 8214Þ
4ðλþ 2Þr4 þ 437λ4 þ 2395λ3 − 21018λ2 þ 31950λ − 11124

4ðλþ 2Þr3

þ 80λ5 − 561λ4 − 4787λ3 þ 16494λ2 − 9744λþ 1440

ð4λþ 8Þr2 −
1080ðλ − 1Þ
ðλþ 2Þr6 − ð7λ2 þ 22λþ 12Þλ2r

þ ð−39λ4 þ 11λ3 þ 1027λ2 − 771λþ 150Þλ
ðλþ 2Þr

�
−

m2ρ3

f0Λ3ð5þ 4λÞðλþ 2Þ
�
2λ2ð2λþ 1Þr3

þ 3ð53λ3 − 16λ2 − 436λþ 48Þ
ðλþ 2Þ2 þ λð7λ4 þ 28λ3 þ 72λ2 þ 160λþ 48Þr2

ðλþ 2Þ2 þ 6ð32λ2 þ 5λ − 226Þ
ðλþ 2Þ2r

þ 2ð29λ4 þ 31λ3 − 83λ2 þ 176λþ 36Þr
ðλþ 2Þ2

�
þ m2ρ

f0Λ4ð5þ 4λÞðλþ 2Þ
�
ð5λ2 þ 14λ − 4Þλ3r2

þ ð4λ5 − 349λ4 − 2817λ3 þ 2792λ2 þ 21940λþ 4944Þλ2
2ðλþ 2Þ2 þ 9ð−28λ2 þ 899λþ 2990Þ

ðλþ 2Þ2r5

þ 3ð521λ3 þ 19916λ2 þ 24140λ − 90288Þ
4ðλþ 2Þ2r4 þ 3ð743λ4 þ 10952λ3 − 22402λ2 − 117840λþ 58104Þ

4ðλþ 2Þ2r3

þ 3ð247λ5 þ 1062λ4 − 28714λ3 − 52712λ2 þ 85688λþ 2880Þ
4ðλþ 2Þ2r2

−
ð21λ5 þ 90λ4 − 416λ3 − 1540λ2 − 624λþ 48Þλ2r

ðλþ 2Þ2

þ ð51λ5 − 2508λ4 − 34338λ3 − 19904λ2 þ 149336λþ 14400Þλ
4ðλþ 2Þ2r

�
þ m2

f0Λ5ðλþ 2Þ2ρ
�
135ð7λ − 34Þ

r8

−
ð7λ4 − 168λ3 − 644λ2 þ 944λþ 1536Þλ3

8r2
−
3ð163λ3 þ 86λ2 þ 1532λ − 1032Þλ

4r5

−
ð275λ4 þ 586λ3 − 952λ2 − 5856λþ 1728Þλ

4r4
−
9ð165λ2 þ 1876λ − 3564Þ

8r7

−
3ð553λ3 − 1236λ2 − 2340λþ 3024Þ

8r6
þ − 129λ6

8
þ 34λ5 þ 901λ4

2
þ 304λ3 − 504λ2

r3
þ 1728

r9

þ ðλ3 − 3λ2 − 34λ − 24Þλ4
r

�
; ðG4Þ
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sl1;0 ¼ 2ρ4rðlþ 3Þ r
2lðl3 þ 5l2 − l − 21Þ − rðl4 þ 5l3 − 2l2 − 25lþ 21Þ − l2 − 4lþ 21

lðlþ 1Þ4ðlþ 2Þðrlðlþ 3Þ þ 3Þ2

þ ρ2ðlþ 3Þ 16r
3l2ðlþ 3Þ þ r2lðl3 − 19l2 − 57lþ 75Þ þ rð−l4 þ 3l3 þ 14l2 − 91lþ 27Þ − 5l2 þ 16l − 27

2r2lðlþ 1Þ3ðrlðlþ 3Þ þ 3Þ2

þ ðlþ 2Þ 2r
3l2ðlþ 3Þ2 − r2lð2l3 þ 13l2 þ 16l − 15Þ þ rðl3 − 2l2 − 16lþ 3Þ þ l − 3

4r5ðlþ 1Þðrlðlþ 3Þ þ 3Þ2 ; ðG5Þ

sl1;1 ¼
r2l4þð3r2þ29rþ8Þlþ rð5rþ3Þl3þ rð7rþ20Þl2þ20

2r3lðlþ1Þ2ðrlðlþ3Þþ3Þ −ρ2
rðl4þ7l3þ9l2−7lþ6Þþ3l2þ14l−1

lðlþ1Þ3ðlþ2Þðrlðlþ3Þþ3Þ ; ðG6Þ

sl1;K ¼ 2f0
lþ 1

�
4ρ2

l3 þ 7l2 þ 12lþ 2− rðl3 þ 5l2 þ 5l− 3Þ
r4lðlþ 1Þ2ðlþ 2Þ − lðlþ 3Þ rðlþ 2Þ− 1

r7
þ 2ρ4ðl3 þ 5l2 − l− 21Þ

rlðlþ 1Þ3ðlþ 2Þ
�
; ðG7Þ

sl1;H ¼ −
ðlþ 3Þððr − 1Þrðrþ 3Þl2 þ rðrðrþ 4Þ − 7Þl − 2rðrþ 2Þ þ 4Þ

r7ðlþ 1Þ2 þ 4ρ4ðlþ 3Þðlðlþ 2Þ − 7Þ
lðlþ 1Þ4ðlþ 2Þ

þ ρ2

ðlþ 1Þ3
�6
l þ 2

r4
þ 2ðlþ 3Þðlðlðlðlþ 7Þ − 3Þ − 23Þ þ 2Þ

r2lðlþ 1Þðlþ 2Þ þ 2ðlðlðlð3lþ 31Þ þ 103Þ þ 121Þ þ 14Þ
r3lðlþ 1Þðlþ 2Þ

�
; ðG8Þ

tl1;0 ¼ −2ρ4r3ðlþ 3Þ rl
4 þ 5rl3 − ðr − 1Þl2 þ ð4 − 21rÞl − 21

lðlþ 1Þ4ðlþ 2Þðrlðlþ 3Þ þ 3Þ2
ρ2

ðlþ 1Þ3ðlþ 1Þðrlðlþ 3Þ þ 3Þ2

×

�
r2lðl3 þ 5l2 − 9l − 29Þðlþ 3Þ2

lþ 1
þ 3ð5lþ 3

l þ 12Þ
2r

þ rðl6 þ 5l5 þ 6l4 þ 18l3 þ 21l2 − 231l − 396Þ
lþ 1

þ 17l5 þ 86l4 þ 154l3 þ 184l2 þ 21l − 270

2lðlþ 1Þ
�

þ 4r3l2ðlþ 3Þ2 − 2r2lðl3 þ 7l2 þ 11l − 3Þ þ rðl3 þ 6l2 þ 11l − 6Þ − 3lþ 9

4r4ðlþ 1Þ2ðrlðlþ 3Þ þ 3Þ2 ; ðG9Þ

tl1;1 ¼ 2ρ2r
rðl3 þ 13l2 þ 31lþ 3Þ þ l2 þ 8lþ 31

f0lðlþ 1Þ4ðlþ 2Þðrlðlþ 3Þ þ 3Þ

−
r2ð4l5 þ 23l4 þ 27l3 − 27l2 − 35lþ 24Þ þ 4r3lðlþ 1Þ2ðlþ 3Þ þ rð17l3 þ 56l2 þ 7l − 56Þ þ 12ðlþ 1Þ

2f0r3lðlþ 1Þ3ðlþ 2Þðrlðlþ 3Þ þ 3Þ ;

ðG10Þ

tl1;K ¼ 2ρ2ðlþ 3Þ rðl
3 þ 2l2 − 7l − 16Þ þ 6ðlþ 2Þ

r3lðlþ 1Þ3ðlþ 2Þ þ 12
1 − rðlþ 2Þ

r6ðlþ 1Þ2ðlþ 2Þ ; ðG11Þ

tl1;H ¼ −2r2lðlþ 2Þðlþ 1Þ2 þ rð2l5 þ 19l4 þ 56l3 þ 43l2 − 16lþ 4Þ − lðl3 þ 6l2 − 7l − 36Þ
ðr − 1Þr4lðlþ 1Þ3ðlþ 2Þ

þ 2ρ2ðlþ 3Þ 2rðl
2 − 6l − 15Þ þ l2 þ 6lþ 29

ðr − 1Þrlðlþ 1Þ4ðlþ 2Þ ; ðG12Þ

ul0 ¼ 2ðlþ 3Þðrðlþ 2Þðð2r − 1Þlðlþ 3Þðlþ 4Þ þ 6Þ þ 3ðlþ 1ÞÞ
r3ðlþ 1Þ2ðlþ 2Þðrlðlþ 3Þ þ 3Þ þ ρ2ðlþ 3Þðlþ 4Þðlþ 9Þ

2ðlþ 1Þ2ðlþ 2Þð2lþ 3Þ ; ðG13Þ

ul1 ¼ 4ðlþ 3Þðlþ 4Þ
ðr − 1Þðlþ 1Þ2ðlþ 2Þ ; ðG14Þ
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ulK ¼ rð2r2ðlþ 1Þðlþ 3Þðlþ 4Þð4lþ 9Þ − rðlðlð2lðlþ 13Þ þ 99Þ þ 125Þ þ 26Þ þ 2l2 þ l − 21Þ þ 12

2r4ðlþ 1Þðlþ 2Þðrðlþ 1Þðlþ 4Þ þ 3Þ

þ ρ2
rðlþ 1Þðlþ 3Þðlþ 4Þðlðlþ 9Þ þ 30Þ þ lðlð3lþ 4Þ þ 19Þ þ 114

2ðlþ 1Þ2ðlþ 2Þð2lþ 3Þðrðlþ 1Þðlþ 4Þ þ 3Þ ; ðG15Þ

ulH ¼ ρ2r2ð8rðlþ 3Þðlþ 4Þ − 11l − 35Þ
ðr − 1Þðlþ 1Þ2ðlþ 2Þðrðlþ 1Þðlþ 4Þ þ 3Þ þ

1

f0ð3þ ðl − 3ÞlrÞ
�ðlþ 4Þð8l2 þ 41lþ 49Þ

ðlþ 1Þðlþ 2Þ

−
ð4l3 þ 50l2 þ 182lþ 197Þ

rðl2 þ 3lþ 2Þ þ 3ð17lþ 41Þ
4r3ðlþ 1Þ2ðlþ 2Þ þ

7l3 þ 48l2 þ 74l − 3

r2ðlþ 1Þ2ðlþ 2Þ
�
; ðG16Þ

vl0 ¼ 2ρ2f0ðlþ 3Þlð2rðlþ 3Þðlþ 4Þ − lþ 1Þ þ 18

rðlþ 1Þ2ðlþ 2Þðrlðlþ 3Þ þ 3Þ

þ f0ðlþ 3Þ 8r
2lðlþ 3Þðlþ 4Þ − 2rlðlþ 3Þð3lþ 17Þ þ 24rþ lð5lþ 19Þ − 18

2r4ðlþ 1Þðrlðlþ 3Þ þ 3Þ ; ðG17Þ

vl1 ¼ ð5r − 2Þðlþ 3Þðlþ 4Þ
r3ðlþ 1Þðlþ 2Þ þ ρ2ðlþ 3Þðlþ 4Þðlþ 9Þ

2ðlþ 1Þ2ðlþ 2Þð2lþ 3Þ ; ðG18Þ

vlK ¼ ρ2f0
rðlþ 1Þðlþ 3Þðlþ 4Þ þ 11lþ 35

rðlþ 1Þ2ðlþ 2Þðrðlþ 1Þðlþ 4Þ þ 3Þ þ f0ðlþ 3Þ rðlþ 1Þð4lþ 7Þðrðlþ 4Þ − 1Þ − 8

2r4ðlþ 1Þðrðlþ 1Þðlþ 4Þ þ 3Þ ; ðG19Þ

vlH ¼ ρ2
rðlþ 3Þðlþ 4Þðlðlðlþ 14Þ þ 17Þ− 12Þ þ lðlð3lþ 92Þ þ 431Þ þ 534

2ðlþ 1Þ2ðlþ 2Þð2lþ 3Þðrðlþ 1Þðlþ 4Þ þ 3Þ

−
−2r2ðlþ 1Þðlþ 3Þðlþ 4Þð9lþ 17Þ þ 2rðlþ 1Þðlðlð5lþ 56Þ þ 180Þ þ 163Þ þ lð19lþ 124Þ þ 153

4r3ðlþ 1Þ2ðrðlþ 1Þðlþ 4Þ þ 3Þ : ðG20Þ
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