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Black holes have a unique sensitivity to the presence of ultralight matter fields or modifications of the
underlying theory of gravity. In the present paper we combine both features by studying an ultralight,
dynamical scalar field that is nonminimally coupled to the gravitational Chern-Simons term. In particular,
we numerically simulate the evolution of such a scalar field around a rotating black hole in the decoupling
approximation and find a new kind of massive scalar hair anchored around the black hole. In the proximity
of the black hole, the scalar exhibits the typical dipolar structure of hairy solutions in (massless) dynamical
Chern-Simons gravity. At larger distances, the field transitions to an oscillating scalar cloud that is induced
by the mass term. Finally, we complement the time-domain results with a spectral analysis of the scalar
field characteristic frequencies.
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I. INTRODUCTION

Although possibly being one of the most exotic pre-
dictions of general relativity (GR), a black hole (BH) is an
object with a mathematically simple structure. Famous
uniqueness theorems [1–5] state that a BH in GR is
completely determined by the Kerr-Newman metric and
that it is parameterized by only three numbers: its mass,
angular momentum and electromagnetic charge. For BHs
in GR, coupled to ordinary matter, no other charges (or
“hair”) are allowed [6–9], and it is hypothesized that the
stationary end state of astrophysical BHs is uniquely
described by the Kerr metric. We are now in a unique
position to test this Kerr hypothesis with astrophysical
observations of BHs such as the shadow of supermassive
BHs by the Event Horizon Telescope (EHT) collaboration
[10–12], stellar-mass binary black hole (BBH) mergers by
the LIGO-Virgo-KAGRA (LVK) collaboration [13–15], or
x-ray emission from accretion disks around BHs [16].
Moreover, BHs provide a new channel to probe for
fundamental fields predicted in beyond Standard Model
particle physics or modified theories of gravity, whose
presence would disprove the Kerr hypothesis. That is, we
can use astrophysical BHs as cosmic particle detectors to
search for ultralight bosonic fields [17–22] or for scalar
fields nonminimally coupled to gravity [23–31].
In this paper we take a step further: we study an

ultralight scalar field that is nonminimally coupled to

gravity. We investigate its phenomenology and assess if
one can probe for such a field in a “BH laboratory.” Before
discussing our setup, we briefly summarize the phenom-
enology of the two main “ingredients,” namely the scalar’s
mass term and its nonminimal coupling to gravity.
Let us start with the first: ultralight scalar fields around

BHs in GR. Here, the scalar can form a long-lived quasi-
bound state (QBS) in the BH’s vicinity, if the field’s
Compton wavelength is comparable to the BH’s radius
[32]. These QBSs, or “scalar clouds,” can be formed
via the superradiant instability around rotating BHs
[20,32–43], via accretion [44–51], or via synchronization
of the scalar cloud with the rotating BH through a process
that is qualitatively similar to the tidal lock of the Earth-
Moon system [52–57].
Scalar clouds around BHs can be sufficiently long-lived

to become observable through their interaction with single
or binary BHs. Potentially observable signatures include
(i) a characteristic, near-monochromatic gravitational wave
(GW) signal [22,46,58–60]; (ii) gaps in the mass-spin
distribution of astrophysical BHs [17,19,20,61]; (iii) mod-
ifications of the BH shadow [62–65]; (iv) modifications to
the GWs emitted during the coalescence of comparable-
mass BBHs [66–69], their ringdown [70] or by extreme-
mass ratio inspirals [71–75]; and (v) effects on the
evolution of binary pulsars [76,77].
Let us now turn to the second ingredient in our study:

scalar fields nonminimally coupled to gravity. Such a
coupling typically yields BHs that possess scalar hair or
that can spontaneously scalarize; see Refs. [25,30,78–83]
for reviews. Well-studied models are scalar Gauss-Bonnet
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(sGB) gravity [84], dynamical Chern-Simons (dCS) gravity
[85,86] or axi-dilaton gravity [87,88].
Here, we focus on dCS gravity [85,86] which extends the

Einstein-Hilbert action with a gravitational Chern-Simons
term given by the Pontryagin density coupled to a dynami-
cal pseudoscalar.1 It is motivated by theoretical arguments
from particle physics [91], string theory [87,92,93], loop
quantum gravity [94–97] and the effective field theory
(EFT) of inflation [98–102].
In axi-symmetric BH spacetimes, the Pontryagin density

is nontrivial and thus, it sources the pseudoscalar field that
gives rise to BH hair [103–105]. Such hairy BH solutions
have been obtained analytically in the slow-rotation and
small-coupling limits [86,106–111], numerically in the
small-coupling limit for arbitrary spins [112–114], and
in a nonperturbative approach [115].
In a BBH coalescence, the pseudoscalar BH hair gen-

erates additional scalar radiation that dissipates energy and
hence, modifies the binary’s dynamics and GW emission.
The dCS corrections to the dynamics of coalescing BBHs
and their GW radiation have been modeled by a combi-
nation of post-Newtonian techniques for the inspiral
[116–119], numerical relativity simulations (order-by-order
in the dCS coupling) for the merger [120–125], and BH
perturbation theory for the ringdown [126–132].
It has been proposed that compact objects and GW data

from BBH coalescences may constrain the dCS coupling
[23,24,117–119,133–138]. Indeed, some of the GW events
detected by the LVK collaboration have already been used
to place observational bounds on the dCS coupling
[138,139]. The most stringent bounds to date [140],
however, come from a combination of the GW170817
event observed by the LVK collaboration [141] and NICER
data [142,143].
The dCS pseudoscalar can acquire a small mass through

nonperturbative effects that break the shift-symmetry of the
standard dCS model [144]. This mechanism is similar to
the one that yields a mass in nongravitational axion EFTs
[145,146] or the string axiverse [147]. Our previous
discussion suggests that new phenomena arise in BH
spacetimes, and there are first studies in this direction
[128,148–151]. Computations of linear perturbations of the
metric and a massive scalar field on a Schwarzschild
background show that BHs in dCS gravity also support
long-lived massive modes [128,148]. The spectrum of a
massive scalar field around a slowly rotating BH in dCS
gravity was computed in Ref. [151].
In this paper, we study the scalar’s time evolution in

massive dCS gravity that combines the two features
discussed above. In particular, one may expect a super-
position of the dCS hair and the massive QBS as sketched
in Fig. 1. We combine the effect of (i) a massive scalar
cloud described by an oscillating QBS in the equatorial

plane (blue cloud in Fig. 1), with (ii) the dipolar dCS hair
that is sourced by the Pontryagin density and that is aligned
with the BH’s spin axis (red cloud in Fig. 1). We simulate
the scalar’s growth in massive dCS gravity, identify its final
state, and characterize its spectrum by conducting a series
of numerical relativity simulations for different initial states
and mass parameters.
For this study, we have developed the CANUDA-dCS

code module [152] for CANUDA, our open-source nu-
merical relativity code for fundamental physics [153,154].
Specifically, we implemented the dCS field equations for a
massive scalar field in the decoupling approximation, in
which the background is determined by GR and the back-
reaction of the scalar onto the metric is neglected.
In this paper we report a series of results to address three

questions:
(1) How does the nonminimal coupling to curvature

affect the (equatorial) massive scalar cloud?
(2) How does the mass term affect the dCS hair?
(3) What is the scalar’s characteristic frequency spec-

trum in massive dCS gravity?
The bulk of the results are presented in Sec. IV, but let us

give you a sneak preview here:
(1) We find that the evolution of the massive scalar

cloud in the equatorial plane (with the leading con-
tribution being the l ¼ m ¼ 1 multipole; see blue
cloud in Fig. 1) appears unaffected by the nonminimal
coupling to the Pontryagin density far from the BH,
i.e., it is indistinguishable from its GR counterpart
(within numerical error). See Sec. IVA.

(2) We find that the dCS hair sourced by the Pontryagin
density grows (with the leading contribution being the
l ¼ 1, m ¼ 0 dipole; see red cloud in Fig. 1), and it
oscillateswith a frequency determined by themass. Its
amplitude, suppressed by the mass, is smaller than in
the massless dCS case. See Sec. IV B.

(3) We reconstruct the power spectrum of the scalar
multipoles by computing the discrete Fourier trans-
form of our data. Within the resolution allowed by

=
(?)

massive 
scalar cloud 

dCS hair

FIG. 1. Sketch of a scalar field in massive dCS gravity around a
rotating BH. The BH’s axis of rotation is indicated by the arrow.
The blue clouds depict the QBS of a massive scalar field that is
dominated by an oscillating l ¼ m ¼ 1 dipole where the wavy
outline indicates the QBS’s oscillations. The red clouds represent
the dCS hair sourced by the Pontragin density and dominated by
the l ¼ 1, m ¼ 0 dipole.

1See [89,90] for a metric-affine generalization.
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our simulations and within the decoupling approxi-
mation, we observe that the characteristic frequen-
cies of the QBSs are compatible with known results
in GR. See Sec. IV C.

Our time evolutions monitor the growth of the massive,
oscillating dCS hair and suggest a new, oscillating steady-
state solution as end-state. Note that we do not aim to
simulate the formation of superradiant instablitities as the
shortest e-folding time is τ ∼ 107 M [32]. Rather, our
simulations explore the impact on the evolution of the
QBS in the presence of the Chern-Simons term. A detailed
analysis of this QBS solution and its stability is subject to
future work.
The paper is organized as follows: In Sec. II we present

the action and field equations of massive dCS gravity, the
scalar’s time evolution equations and initial conditions, and
the background spacetime. In Sec. III we discuss our
numerical relativity framework, introduce our open-source
CANUDA-dCS code [152], and describe the series of
simulations that we conducted. In Sec. IV we present
our results addressing questions (1)–(3) posed above. We
conclude in Sec. V. Snapshots of some of our simulations
are displayed in App. D, and animations of our simulations
are available on our Canuda YouTube channel [155].
In this paper, we use geometric units G ¼ c ¼ 1 and

adopt the mostly-plus signature convention for the met-
ric, ð−;þ;þ;þÞ.

II. SETTING THE STAGE

A. Action and field equations

We consider dCS gravity in which a dynamical pseu-
doscalar field Θ is nonminimally coupled to gravity. The
action is given by [85,86]

S ¼
Z

d4x
ffiffiffiffiffiffi−gp

16π

�
Rþ αCS

4
fðΘÞ�RR −

1

2
ð∇ΘÞ2 − VðΘÞ

�
;

ð1Þ

where αCS is a coupling constant with dimension
½αCS� ¼ ½L�2, VðΘÞ is the field’s potential, and fðΘÞ is a
general function that couples Θ to the Pontryagin density

�RR ¼ �RabcdRbacd ¼ −
1

2
ϵcdefRabefRabcd: ð2Þ

Here, Rabcd and �Rabcd ¼ 1
2
ϵcdefRabef are the Riemann and

dual Riemann tensors associated to the metric gab. Note that
the Pontryagin density transforms as a pseudoscalar under
parity transformations, i.e., it is parity-odd. Consequently,
the field Θ also transforms as a pseudoscalar field under
parity transformations such that the Lagrangian in Eq. (1) is
parity-even. That is, the field Θ is an axionlike particle and
in the following we refer to it as “axion” or “dCS axion.”

We extend the original dCS action [86] to allow for a
general coupling function fðΘÞ and a general potential
VðΘÞ; see Eq. (1). The function fðΘÞ selects different
parity-violating theories of gravity. For example, nondynam-
ical Chern-Simons theory corresponds to f ¼ const, while
the traditional dCS model corresponds to fðΘÞ ∼ Θ and
vanishing potential VðΘÞ ¼ 0 [86].2

In the present work we consider massive dCS gravity,
determined by

fðΘÞ ¼ Θ; VðΘÞ ¼ μ2

2
Θ2; ð3Þ

where μ is the mass-energy of the scalar field. We focus on
fields that are light enough to form long-lived QBSs around
astrophysical BHs [17,20,32]. We expect such a scenario
when the Compton wavelength of the field is comparable to
the BH’s radius. This corresponds to 2 μM ∼ 1 in geometric
units or, equivalently, μℏ ≃ 10−10ðM⊙=MÞ eV.
In the following we make our model selection given by

Eq. (3) explicit, and refer to Appendix C for the general
expressions as implemented in our CANUDA-dCS code.
Then, varying the action in Eq. (1) with respect to the
metric and the scalar field, we obtain the field equations

ð□ − μ2ÞΘþ αCS
4

�RR ¼ 0; ð4aÞ

Gab −
1

2
TΘ
ab þ αCSCab ¼ 0; ð4bÞ

where Gab ¼ Rab − 1
2
gabR is the Einstein tensor, and TΘ

ab
indicates the canonical scalar field stress tensor

TΘ
ab ¼ ∇aΘ∇bΘ −

1

2
gabðð∇ΘÞ2 þ μ2Θ2Þ: ð5Þ

The extension of Einstein’s equations is captured by the
C-tensor

Cab ≡ Ecϵ
cdeða∇eRbÞ

d þ F cd
�RdðabÞc ð6Þ

where the auxiliary tensors Ec and F cd are defined as

Ea ¼ ∇aΘ; and F ab ¼ ∇a∇bΘ: ð7Þ

For completeness, we also list the effective energy-
momentum tensor. Using the convention Gab ¼ 1

2
Teff
ab

and comparing to Eq. (4b), we find

2In principle, one could also consider nonlinear coupling
functions that might lead to spontaneous scalarization of BHs,
similar to the BH scalarization in scalar Gauss-Bonnet gravity
[80,81]. For instance, Refs. [149,156] study dCS models with a
coupling function respecting a Z2 symmetry. We refer the
interested reader to the recent review on scalarization [30].
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Teff
ab ¼ TΘ

ab − 2αCSCab; ð8Þ

where TΘ
ab and Cab are given in Eqs. (5) and (6).

Here, we work in the decoupling approximation, i.e., we
study the evolution of the massive dCS field in a back-
ground spacetime determined by Einstein’s equations in
vacuum. We apply the decoupling approximation to the
field Eq. (4), and rescale Θ → ðαCS=M2ÞΘ to obtain3

□Θ − μ2Θþ α̂M2

4
�RR ¼ 0; ð9aÞ

Gab ¼ 0: ð9bÞ

In Eq. (9a) we introduce the dimensionless parameter α̂
that allows us to switch the coupling to the Pontryagin
density on (α̂ ¼ 1) and off (α̂ ¼ 0). This switch parameter
enables us to compare against the evolution of a massive
scalar field in GR.

B. Spacetime split and background metric

To conduct the numerical simulations of the scalar field,
we rewrite Eq. (9) as a time evolution problem.We obtain the
3þ 1 formulation by foliating the spacetime ðM; gabÞ into a
set of spatial hypersurfaces ðΣt; γijÞ with induced metric γij.
Each hypersurface Σt is labeled by the time parameter t and
the 3-metric is given by γab ¼ gab þ nanb where na is the
timelike unit vector normal to the hypersurface, γabnb ¼ 0,
with normalization nana ¼ −1. Furthermore, the spatial
metric defines a projection operator

γab ¼ δab þ nanb: ð10Þ

The line element takes the form

ds2 ¼ gabdxadxb

¼ −ðα2 − βkβkÞdt2 þ 2γijβ
idtdxj þ γijdxidxj: ð11Þ

where α and βi are, respectively, the lapse function and shift
vector. We denote the covariant derivative and Ricci tensor
associated to the 3-metric γij as Di and Rij. The extrinsic
curvature Kab describes how a hypersurface is embedded in
the spacetime manifold and is defined as

Kab ¼ −γcaγdb∇cnd ¼ −
1

2
Lnγab; ð12Þ

where Ln is the Lie derivative along na.
In this paper, we evolve the scalar field on a fixed,

stationary background described by the Kerr metric in
quasi-isotropic coordinates [153,157], which we briefly
summarize here. We start from the Kerr metric in Boyer-
Lindquist (BL) coordinates ðt; rBL; θ;ϕÞ,

ds2 ¼ −
�
1 −

2MrBL
Σ

�
dt2 −

4aMrBLsin2θ
Σ

dtdϕ

þ Σ
Δ
dr2BL þ Σdθ2 þA

Σ
sin2θdϕ2 ð13Þ

with

Δ ¼ ðrBL − rBL;þÞðrBL − rBL;−Þ ð14aÞ

Σ ¼ r2BL þ a2cos2θ ð14bÞ

A ¼ ðr2BL þ a2Þ2 − Δa2sin2θ ð14cÞ

rBL;� ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
; ð14dÞ

where rBL is the BL radial coordinate, rBL�, are the inner
and outer horizons in BL coordinates, M is the BH mass
and a=M its dimensionless spin. We introduce the quasi-
isotropic radial coordinate r∈ ð0;∞Þ as [153,157],

rBL ¼ r

�
1þ rBL;þ

4r

�
2

: ð15Þ

The outer horizon in these coordinates sits at rþ ¼ rBL;þ=4,
while the inner horizon and the region inside are not
covered.
We apply the coordinate transformation, Eq. (15), to

Eq. (13). We write the resulting metric in the 3þ 1 form of
Eq. (11), where the gauge functions and 3-metric are

γij ¼ Diag

� ð4rþ rBL;þÞ2Σ
16r3ðrBL − rBL;−Þ

;Σ;
A
Σ
sin2θ

�
; ð16aÞ

α ¼ �
ffiffiffiffiffiffiffi
ΔΣ
A

r
; βi ¼

�
0; 0;−

2aMrBL
A

�
: ð16bÞ

The extrinsic curvature’s nonvanishing components are

Krϕ ¼ α
aMr0BLsin

2θ

ΔΣ2
½2r2BLðr2BL þ a2Þ þ Σðr2BL − a2Þ�;

Kθϕ ¼ −2α
a3MrBLsin3θ

Σ2
; ð17Þ

3Alternatively, one could obtain Eq. (9) by performing a
perturbative expansion of Eq. (4), power-counting in the coupling
constant, and neglecting terms of orderOððαCS=M2Þ2Þ. However,
this linearization can only be applied to models for which
f0ðΘÞ ≠ 0 for all Θ. Nonlinear coupling functions that can vanish
for some value of the scalar, f0ðΘ0Þ ¼ 0, and that may give rise to
nonlinear phenomena such as BH scalarization, are not captured
by such a linearization.
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where r0BL ¼ ∂rrBL. We apply a final coordinate trans-
formation from the quasi-isotropic spherical coordinates
Ya ¼ ðr; θ;ϕÞ to Cartesian coordinates Xi ¼ ðx; y; zÞ via

x ¼ r cosϕ sin θ; y ¼ r sinϕ sin θ; z ¼ r cos θ: ð18Þ

The spatial metric in Cartesian coordinates then reads

γijdXidXj ¼ ψ4
0½ηijdXidXj þGðxdxþ ydyþ zdzÞ2

þ a2Hðxdy − ydxÞ2�; ð19Þ

where ηij is the flat spatial metric and we introduced

ψ4
0 ¼

Σ
r2
; G ¼ rBL

r2ðrBL − rBL;−Þ
;

H ¼ Σþ 2MrBL
r2Σ2

: ð20Þ

We obtain the extrinsic curvature and shift vector in
Cartesian coordinates via the coordinate transformation

Kij ¼ JiaJjbKab; βi ¼ Jiaβa: ð21Þ

where Jia ¼ ∂Ya=∂Xi is the Jacobian.

C. Time evolution formulation at decoupling

To derive the axion evolution equations (as a set of first
order in time differential equations) we introduce the
momentum of the scalar field as

KΘ ¼ −LnΘ: ð22Þ

Inserting Eq. (22) into the field equation, Eq. (9a), and
rewriting it in terms of the 3þ 1 variables, ðγij; Kij; α; βiÞ,
we obtain the evolution equations

dtΘ ¼ −αKΘ; ð23aÞ

dtKΘ ¼ −αDiDiΘ −DiαDiΘ

þ α

�
KKΘ þ μ2Θ −

α̂M2

4
�RR

�
: ð23bÞ

where dt ¼ ð∂t − LβÞ, and Lβ is the Lie derivative along the
shift vector. In the decoupling limit, the scalar is sourced by
the Pontryagin density in Eq. (2), evaluated on the GR
background

�RR ¼ �WabcdWbacd ¼ −16EijBij; ð24Þ

where �Wabcd ¼ 1
2
ϵcd

efWabef is the dualWeyl tensor and we
introduce its gravito-electric, Eij ¼ γaiγ

b
jncndWacbd, and

gravito-magnetic, Bij ¼ γaiγ
b
jncnd�Wacbd, components.

We compute the gravito-electric and gravito-magnetic com-
ponents of the Weyl tensor in terms of the 3þ 1 variables,
given by

Eij ¼ Rtf
ij þ

1

3
AijK − Ai

kAjk þ
1

3
γijAklAkl; ð25aÞ

Bij ¼ −ϵðijklDlAjjÞk; ð25bÞ

where Rtf
ij is the trace-free part of the spatial Ricci tensor

associated to γij, K ¼ γijKij is the trace of the extrinsic
curvature, and Aij ¼ Kij − 1

3
γijK is its trace-free part. The

explicit 3þ 1 form of the scalar’s effective energy-
momentum tensor in Eq. (8) is given in Appendix C.
We rewrite the evolution equations, Eq. (23), in terms of

the Baumgarte–Shapiro–Shibata–Nakamura (BSSN) vari-
ables for the metric given by

W ¼ γ−
1
6; γ̃ij ¼ W2γij; ð26aÞ

K ¼ γijKij; Ãij ¼ W2

�
Kij −

1

3
γijK

�
; ð26bÞ

Γ̃i ¼ γ̃klΓ̃i
kl: ð26cÞ

The resulting evolution equations are given by

dtΘ ¼ −αKΘ; ð27aÞ

dtKΘ ¼ −W2D̃iαD̃iΘ − α

�
W2D̃iD̃iΘ −WD̃iΘD̃iW

−KKΘ − μ2Θþ α̂M2

4
�RR

�
ð27bÞ

where we raise indices with the conformal metric γ̃ij. The
Pontryagin density becomes

�RR ¼ −16γ̃iaγ̃jbẼabB̃ij ð28Þ

where the gravito-electric and gravito-magnetic compo-
nents of the Weyl tensor in BSSN variables Ẽij and B̃ij are
given by Eq. (C13) in Appendix C.

D. Scalar field initial data

In our numerical simulations we perform a series of runs
with different types of initial data for the scalar field. This
includes a trivial field, a Gaussian type perturbation, the
solution for the massless dCS axion, and the QBS solution
for massive fields in GR.
Initial data 1 (ID1): Zero scalar field. The simplest

initial data that we consider is the trivial one, in which we
set both the scalar field and its momentum to zero,
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Θðt ¼ 0Þ ¼ 0 ¼ KΘðt ¼ 0Þ: ð29Þ

Although this data is not a solution of the field equation,
Eq. (9a), (except for a Schwarzschild BH), it allows us to
follow the formation of the massive dCS hair around a Kerr
BH until it forms a steady-state configuration.
Initial data 2 (ID2): Gaussian. A second choice of initial

data for the scalar field Θ is that of a Gaussian shell
centered around r0 given by

Θðt ¼ 0Þ ¼ A exp

�
−
ðr − r0Þ2

σ2

�
Σlmðθ;ϕÞ; ð30Þ

where A is the amplitude, σ is the width, and Σlm is a
superposition of spherical harmonics. In the present paper,
we typically choose Σ11 ¼ Y1−1 − Y11. We also set a
vanishing scalar momentum, KΘðt ¼ 0Þ ¼ 0. For our
choice of angular profile, this solution is exact

KΘðt¼ 0Þ ¼ −
1

α
ð∂t − βa∂aÞΘjt¼0 ¼

βϕ

α
∂ϕΘjt¼0 ¼ 0; ð31Þ

as follows from the metric in Eq. (16), the definition from
Eq. (22), and the profile from Eq. (30) with Σlm ¼ Σ11.
Initial data 3 (ID3): dCS hair. As a third choice of initial

data, we implement the small-spin, small-coupling pertur-
bative solution for the BH hair in (massless) dCS gravity
[88,108,158]

Θ¼ α̂
a
M

�
5M2

8r2BL
þ 5M3

4r3BL
þ 9M4

4r4BL

�
cosθ

− α̂
a3

M3

��
M2

16r2BL
þ M3

8r3BL
þ 3M4

20r4BL
þ M5

10r5BL

�
cosθ

þ
�
3M4

4r4BL
þ 3M5

r5BL
þ 25M6

3r6BL

�
cos3θ

�
þO

��
a
M

�
5
�
; ð32Þ

where a=M is the dimensionless BH spin and M is the BH
mass. We note that this solution is accurate to first-order in
the dCS coupling and accurate to third-order in the spin.
Similar to the construction of ID2, we can set

KΘðt ¼ 0Þ ¼ βϕ

α
∂ϕΘjt¼0 ¼ 0: ð33Þ

Initial data 4 (ID4): Quasibound state. Finally, we
implement initial data given by a monochromatic QBS
for massive scalar fields in GR, following Ref. [32]. We
take a mode ansatz for the scalar field,

Θlm ¼ expð−iωtÞ expðimϕÞSlmðθÞRlmðrBLÞ; ð34Þ

where ω ¼ ω̄þ {ν̄ is the complex frequency, SlmðθÞ are the
s ¼ 0 spheroidal harmonics [159], RlmðrBLÞ is the radial
profile, and rBL is the BL radial coordinate that is related to

the numerical radial coordinate via Eq. (15). We compute
the spheroidal harmonics using the continued fraction
method with a three-term recurrence relation and imple-
ment Eqs. (2.2)–(2.9) of Ref. [159].
To compute the radial function Rlm we implement the

scheme laid out in Ref. [32]. Because we are interested in
QBS solutions, we set boundary conditions that are ingoing
at the horizon and vanish at infinity. This behavior is
incorporated in the ansatz for the radial function

RlmðrBLÞ ¼ Δ−iη
þ Δiηþχ−1

− eqrBL
X∞
n¼0

an

�
Δþ
Δ−

�
n
; ð35Þ

where

Δþ ¼ rBL − rBL;þ; Δ− ¼ rBL − rBL;−; ð36aÞ

η ¼ 2rBL;þðω − ωcÞ
rBL;þ − rBL;−

; χ ¼ μ2 − 2ω2

q
; ð36bÞ

q ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 − ω2

q
; ð36cÞ

and ωc ¼ mΩH ¼ m a
2MrBL;þ

is the critical frequency for

superradiance. The coefficients an in Eq. (35) are solved for
numerically by adopting Leaver’s continued fraction
method [160] and using a three-term recurrence relation;
see Eqs. (35)–(45) of Ref. [32].
Finally, the initial scalar field is Θlmðt ¼ 0Þ ¼

expðimϕÞSlmðθÞRlmðrBLÞ with the spheroidal harmonics
and radial function solved for numerically as described
above. As a simplifying assumption to compute the scalar’s
initial momentum, we choose the initial gauge functions
α ¼ 1, βi ¼ 0, and obtain

KΘ;lmðt ¼ 0Þ ¼ iωΘlmðt ¼ 0Þ: ð37Þ

Note that this choice of gauge function is only relevant for
initializing the scalar field momentum of a quasibound
state; the simulations performed in this paper evolve with
the gauge functions given by Eq. (16b).

III. NUMERICAL RELATIVITY FRAMEWORK

In this section, we describe the numerical relativity
framework and the simulations that we have performed.

A. Code description

To perform our numerical experiments, we employ the
EINSTEIN TOOLKIT [161–163], an open-source numerical
relativity code for computational astrophysics, with our
open-source CANUDA code [46,140,153,154] for funda-
mental physics. The EINSTEIN TOOLKIT is based on the
CACTUS computational toolkit [164,165], and the CARPET
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driver [166,167] to provide boxes-in-boxes adaptive mesh
refinement (AMR) and MPI parallelization.
Here, we focus on a stationary BH background given

by the Kerr metric in quasi-isotropic coordinates as
described in Sec. II B. The metric is implemented in the
KERRQUASIISOTROPIC thorn (as code modules in the
EINSTEIN TOOLKIT are called) of CANUDA.
To simulate the massive dCS field, we implement the

new arrangement CANUDA-dCS [152]. The latter is a
collection of thorns that provide the scalar field initial
data and the implementation of the scalar’s time evolution
equations. Since the scalar field initial data types ID1—ID3
in Sec. II D are analytical, we simply assign the indicated
function values in quasi-isotropic coordinates; see Eq. (15).
For the QBS initial data (ID4 in Sec. II D), we implement
Leaver’s continued fraction method to solve for the
spheroidal harmonics and the radial function.
We implement the scalar field evolution equations in

terms of the BSSN metric variables, Eq. (26), and solve
them using the methods of lines. Spatial derivatives are
realized by fourth-order finite differences, and we use a
fourth-order Runge-Kutta scheme for the time integration.
Fifth order Kreiss-Oliger dissipation is employed as pro-
vided by the EINSTEIN TOOLKIT to reduce the high-
frequency, numerical noise produced by the refinement
boundaries. At the outer boundary we apply radiative
boundary conditions via the NEWRAD thorn [168].
To analyze our data, we compute the ðl; mÞmultipoles of

Θ using the MULTIPOLE thorn. In particular, the field Θ is
interpolated onto spheres of fixed extraction radii rex and
projected onto s ¼ 0 spherical harmonics Ylmðθ;ϕÞ,

Θlmðt; rexÞ ¼
Z

dΩΘðt; rex; θ;ϕÞY�
lmðθ;ϕÞ: ð38Þ

We visualize our numerical data with PYCACTUS or
POSTCACTUS [169], a set of tools for post-processing data
generated with the EINSTEIN TOOLKIT.

B. Simulations

We perform a series of simulations to study the evolution
of a massive scalar field, nonminimally coupled to gravity
through the Pontryagin density to address the questions
posed in Sec. I. We list our simulations in Table I, where we
indicate the name of the runs, the axion’s dimensionless
mass parameter μM, the dimensionless BH spin a=M, and
the type of initial data “ID.” We also indicate the switch
parameter α̂, where α̂ ¼ 0 and α̂ ¼ 1 refer to evolutions in
GR and dCS gravity, respectively.
In the majority of our simulations, we set α̂ ¼ 1 and

initialize the massive scalar field as a Gaussian, ID2 in
Sec. II D, with angular distribution Σlm ¼ Σ11, width
σ ¼ 1 M, amplitude A ¼ 1 and centered around
r0 ¼ 6 M; see Eq. (30). Note that in the absence of the
coupling to the Pontryagin density, the l ¼ m ¼ 1 scalar

multipole is the fastest growing superradiant mode. In the
majority of our simulations we setΘ10ðt ¼ 0Þ ¼ 0 to follow
the growth of this mode that, in the absence of themass term,
would be the leading contribution to the dCS hair.
To check the robustness of our results, we perform a set

of complementary simulations with different scalar field
initial data in the background of a BH with spin
a=M ¼ 0.99. In particular, we compare our results against
a scalar field initialized as a QBS in the l ¼ m ¼ 1
multipole with μM ¼ 0.42, ID4 in Sec. II D, both in GR
and in dCS gravity. We also initialize the l ¼ 1, m ¼ 0
scalar multipole as the massless dCS hair given in Eq. (32).
This choice of initial data allows us to explore the evolution
of the dCS hair in the presence of a mass term.
Our simulations are performed on three-dimensional

Cartesian grids with the outer boundary located at
256 M. We use the boxes-in-boxes AMR grid structure
provided by CARPET [166,167] with seven refinement
levels. The level’s “radii” (half of the boxes’ lengths) are
given by f256; 128; 32; 6; 3; 1.5; 0.75g. On the outermost
domain we set the grid spacing to dx ¼ 1 M, which results
in a spacing of dx=2RL−1 ¼ dx=26 ¼ 1=64 M on the inner-
most level that contains the BH. We set the time step to
dt ¼ 0.25dx on each refinement level such that the
Courant-Friedrichs-Lewy condition is satisfied.
To assess the numerical error of our simulations, we

perform a convergence analysis of the scalar’s l ¼ 1,m ¼ 0
and l ¼ m ¼ 1 multipoles for Run a099_SF11_mu042 in
Table I. For this purpose, we simulate a099_SF11_mu042

TABLE I. Summary of simulations of a scalar field with
dimensionless mass parameter μM around a Kerr BH with
dimensionless spin a=M. We set α̂ ¼ 1 (α̂ ¼ 0) for simulations
in dCS gravity (GR). We indicate the choice of initial data, ID, as
described in Sec. II D.

Run μM a=M α̂ ID

a01_SF11_mu00 0.0 0.1 1 ID2
a01_SF11_mu01 0.1 0.1 1 ID2
a01_SF11_mu03 0.3 0.1 1 ID2
a01_SF11_mu10 1.0 0.1 1 ID2

a07_SF11_mu00 0.0 0.7 1 ID2
a07_SF11_mu01 0.1 0.7 1 ID2
a07_SF11_mu0187 0.187 0.7 1 ID2
a07_SF11_mu10 1.0 0.7 1 ID2

a099_SF11_mu00 0.0 0.99 f0; 1g ID2
a099_SF11_mu01 0.1 0.99 1 ID2
a099_SF0_mu042 0.42 0.99 1 ID1
a099_SF11_mu042 0.42 0.99 f0; 1g ID2
a099_dCSHair_SF11_
mu042

0.42 0.99 1 ID2þ ID3

a099_dCSHair_mu042 0.42 0.99 1 ID3
a099_SF_QBS_mu042 0.42 0.99 f0; 1g ID4
a099_SF11_mu10 1.0 0.99 1 ID2
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with the additional coarse resolution dxc ¼ 1.1 M and the
high resolution dxh ¼ 0.9 M. The default choice for our
simulations, dx ¼ 1.0 M, corresponds to the medium
resolution run. At intermediate times of t ∼ 500 M, we
find a relative error of ΔΘ10=Θ10;h ≲ 10% for the l ¼ 1,
m ¼ 0 mode and ΔΘ11=Θ11;h ≲ 0.2% for the l ¼ m ¼ 1

mode. At late times of t ∼ 1000 M, we find a relative error
of ΔΘ10=Θ10;h ≲ 12% for the l ¼ 1, m ¼ 0 mode and
ΔΘ11=Θ11;h ≲ 0.1% for the l ¼ m ¼ 1 mode. The differ-
ence of the relative numerical error for the different
multipoles can be understood by the absolute value of
Θ10 being about one order of magnitude smaller than that of
Θ11, while ΔΘ between the coarse and high resolutions are
comparable. Details of the convergence study are presented
in Appendix B 1 and illustrated in Fig. 18.

IV. RESULTS

In this section, we present the results of our simulations
of the massive dCS field, Θ, that we evolve in the
background of a Kerr BH. They aid us in addressing the
questions posed in the introduction, namely, (1) How does
the nonminimal coupling to curvature affect the (equatorial)
massive scalar cloud? (2) How does the mass term affect
the dCS hair? and (3) What is the scalar’s characteristic
frequency spectrum in massive dCS gravity?
We illustrate our setup in the sketch shown in Fig. 1.

Here, the blue cloud represents the oscillatory, massive
scalar cloud dominated by a l ¼ m ¼ 1 mode, and the red
cloud represents the static dCS hair dominated by a l ¼ 1,
m ¼ 0 mode. For small spins these modes essentially
decouple, as we demonstrate in Appendix A. Therefore,
we first study the impact of the coupling to the Pontryagin
density on the l ¼ m ¼ 1mode in Sec. IVA, then we study
the impact of the mass term on the l ¼ 1, m ¼ 0 mode in
Sec. IV B, and finally we present a spectral analysis of the
massive dCS field in Sec. IV C.
Figures 2 and 3 give an overview of our results, where

we show the time evolution of the Θ10 (left panels) and Θ11

(right panels) multipoles in massive dCS gravity. In Fig. 2
we initialize the field as a l ¼ m ¼ 1 Gaussian, see
Eq. (30). We consider a series of mass parameters μM
for the scalar field and three different spins a=M ¼ 0.1
(top), a=M ¼ 0.7 (middle), and a=M ¼ 0.99 (bottom) for
the BH in the background. In Fig. 3 we initialize the scalar
field as a QBS with μM ¼ 0.42, and we concentrate on a
BH with dimensionless spin a=M ¼ 0.99. Independently
of the initial data type, BH spin and mass parameter, the
time evolution of the massive mode, Θ11, appears largely
unaffected by the coupling to the Pontryagin density as is
discussed in Sec. IVA. In Sec. IV B, we demonstrate that
the mass term modifies the evolution of the dCS hair, Θ10.
In Figs. 7 and 10 we present snapshots of the massive dCS
scalar with μM ¼ 0.42 and a=M ¼ 0.99 in the xy and the
xz planes, taken at t ¼ 250M. These are compared,
respectively, against GR (α̂ ¼ 0) and massless dCS gravity

(α̂ ¼ 1 and μM ¼ 0). In Figs. 8 and 11 we provide a close-
up view on the scalar’s structure near the BH. Full 2D
animations of the scalar field evolution are available on the
CANUDA code’s YouTube channel [155].

A. Effect of the Pontryagin density on the
evolution of a massive quasibound state

In this section we focus on the Θ11 multipole and
investigate how its evolution is affected by the coupling
to the Pontryagin density. To explore this effect, we
initialize the Θ11 mode either as a Gaussian with Σ11 in
Eq. (30) or as a QBS, see Eq. (34), while we set
Θ10ðt ¼ 0Þ ¼ 0. The main results are shown in the right
panels of Fig. 2, where we present the time evolution ofΘ11

for a variety of mass parameters μM and for BH spins
a=M ¼ 0.1 (top), a=M ¼ 0.7 (middle), and a=M ¼ 0.99
(bottom). We see that the massless field (solid red lines)
decays exponentially in time consistent with a quasinormal
ringdown. Instead, the field with a small mass μM ¼ 0.1
(dashed-dot orange lines) exhibits a short ringdown phase
followed by an oscillatory power-law tail consistent with an
intermediate time massive tail [170]. For intermediate
masses, μM ¼ 0.187, 0.3, 0.42 (dashed gray lines), the
field appears to transition to a long-lived QBS, consistent
with the solutions of Ref. [32] and the simulations in
Ref. [39]. Finally, fields with a larger masses, μM ¼ 1.0
(solid blue) and μM ¼ 2.0 (dash-dotted dark blue), oscil-
late with a frequency ω̄ ∼ μ and decay with a universal
power-law tail that is consistent with the very late-time tail
of massive fields [171,172].
This qualitative behavior is compatible with that of

massive scalar fields evolving around Kerr BHs in GR.
This begs the questions: Are the decay rates for the ring-
down, the QBS, and the late time tails modified by the
coupling to the Pontryagin density? Does the Pontryagin
density modify the scalar’s profile near the BH where the
curvature is largest? To answer the first question we compare
the evolution of the l ¼ m ¼ 1 QBS in GR and in dCS
gravity in Fig. 3 and present fits of the ringdown and tails,
respectively, in Figs. 4–6. To address the second question, we
inspect the two-dimensional snapshots in Fig. 8 showing the
scalar field profile near the BH.
Let us start by analyzing the QBS. For this purpose, we

initialize the field Θ as a QBS with l ¼ m ¼ 1, mass
parameter μM ¼ 0.42, and oscillation frequency Mω̄ ¼
0.409 in the background of a Kerr BH of spin a=M ¼ 0.99
using the solution of Ref. [32]; see ID4 in Sec. II D. The
Θ10 multipole is initialized as zero, but it assumes nonzero
values during the evolution because it is sourced by the
Pontryagin density; see left panel of Fig. 3.
We evolve two cases for this QBS and show its

l ¼ m ¼ 1 multipole measured at rex ¼ 10 M in the right
panel of Fig. 3. In the first case, we set α̂ ¼ 0, such that the
field’s equation of motion (9a) reduces to the Klein-Gordon
equation in GR (red dashed line in Fig. 3). In the second
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FIG. 2. Evolution of the l ¼ 1, m ¼ 0 (left) and l ¼ m ¼ 1 (right) multipoles of the massive dCS field Θ, measured at rex ¼ 10 M, in
the background of a rotating BH with dimensionless spin a=M ¼ 0.1 (top), a=M ¼ 0.7 (middle) and a=M ¼ 0.99 (bottom). The field is
initialized as a Gaussian with Σlm ¼ Σ11 in Eq. (30). We vary the field’s mass parameter μM as listed in the legends. The l ¼ 1, m ¼ 0
multipole (left panel) approaches the dCS solution for μM ¼ 0.0. For μM ≠ 0, the dCS hair is suppressed, and for a range of small mass
parameters, the dCS hair exhibits an oscillatory behavior. The l ¼ m ¼ 1 mode (right panel) exhibits the quasinormal ringdown for
μM ¼ 0, intermediate or late-time massive power-law tails for small or large μM, or a QBS for intermediate μM.
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case, we set α̂ ¼ 1 in Eq. (9a), such that the massive field is
also sourced by the Pontryagin density (black solid line in
Fig. 3). Note, that we are not attempting to follow the
evolution of the superradiant instability as the timescales
for massive scalars are prohibitively long for 3þ 1
simulations (with the shortest e-folding timescale being
τ ∼ 107 M [32]). Instead, our goal is to compare the
evolution in the presence and absence of the Pontryagin
term. Both curves exhibit an oscillatory signal which, after
a short transition period, remains almost constant in time.
More importantly, both curves appear indistinguishable.
Indeed, a quantitative analysis shows that the curves differ
by jΘ11;GR − Θ11;dCSj=Θ11;GR ∼ 4 × 10−15, consistent with
round off error. In summary, in the wave-zone, the QBS of a
massive dCS field around a highly spinning Kerr BH
is the same as that of a massive scalar in GR, within
numerical error.
We next analyze the quasinormal ringdown or massive

power-law tail of massive dCS fields around a BH with
dimensionless spin a=M ¼ 0.1 in Fig. 4, a=M ¼ 0.7 in
Fig. 5, and a=M ¼ 0.99 in Fig. 6. We display the numerical
data of Θ11 (black solid lines) and a fit to its functional
behavior (red dashed lines). In these figures, we present
results for fields with μM ¼ 0.0 (left panels), μM ¼ 0.1
(middle panels) and μM ¼ 1.0 (right panels).
The massless field (left panels of Figs. 4–6) exhibits a

quasinormal ringdown pattern ∝ expð−ιωtÞ ¼ expð−ιω̄tÞ
expðν̄tÞ where ω̄ is the mode’s oscillation frequency and ν̄
indicates its decay (or growth) rate. For the BH with spin
a=M ¼ 0.1 our numerical data gives Mω ¼ 0.29 − ι9.75×
10−2, and for a BH with a=M ¼ 0.7 we find Mω ¼
0.395 − ι8.88 × 10−2. Both results are in good agreement,
within 4.2%, with frequency-domain computations in GR
[173–175].We note that the slight modulation ofΘ11 around
the BH with a=M ¼ 0.7, seen in the left panel of Fig. 5, is
likely due the superposition with an overtone close to the
fundamental mode. For the highly spinning BH with
a=M ¼ 0.99, we find Mω ¼ 0.49 − ι3.95 × 10−2, which
agrees with the frequency-domain result in GR within 7.6%

[174]. This is compatible with the numerical error around
highly spinning BHs; see, e.g., Ref. [39] and Appendix B 1.
The scalar with μM ¼ 0.1, shown in the middle panels of

Figs. 4–6, exhibits a quasinormal ringdown followed by an
oscillatory power-law tail. We fit the latter with the func-
tional behavior Θ11 ∝ t−ðlþ3=2Þ sinðμtÞ¼ t−5=2 sinð0.1tÞ
which is consistent with the intermediate time massive
tails in GR [170]. Here, “intermediate time” refers to the
time interval 1 < t=M < 1=ðμMÞ3 ¼ 1000. Again, we find
no measurable deviation from the GR value even around
the highly rotating BH.
For a larger mass, μM ¼ 1.0, shown in the right panels of

Figs. 4–6, we find an oscillating power-law decay
∝ t−p sinðμtÞ with p ¼ 0.910 for a=M ¼ 0.1, p ¼ 0.920
for a=M ¼ 0.7, and p ¼ 0.925 for a=M ¼ 0.99. This is
within∼10% of the universal, very late-time power-law tail of
p ¼ 5=6 known formassive fields inGR [171,172,176–178].
We note that we find comparable results for a mass parameter
μM ¼ 2.0 (not displayed here).
To aid our analysis, we present 2D snapshots of the

scalar field with μM ¼ 0.42 evolved around a BH with spin
a=M ¼ 0.99 at time t ¼ 250 M. Figure 7 shows a color
map of the scalar’s amplitude in the equatorial plane (left
panel) and in the xz plane (right panel) on the entire
numerical domain. Figure 8 zooms in close to the BH. The
left half of each panel shows the massive scalar field in GR
(i.e., with α̂ ¼ 0), while the right half shows the massive
field in dCS gravity (i.e., with α̂ ¼ 1).
Comparing the two cases, we see that the scalar cloud’s

profile in the equatorial plane is essentially unaffected by
the nonminimal coupling to gravity via the Pontryagin
density both in the far region (see Fig. 7) and near the BH
(see Fig. 8). One is brought to similar conclusions about the
far-region when considering the snapshots in the xz plane:
the oscillatory pattern of the nonminimally coupled massive
scalar field matches that of the minimally coupled one at
large distances. This pattern changes close to the BH as can
be seen in the right panel of Fig. 8. Here, the spacetime
curvature and, hence, the Pontryagin density is largest and it

FIG. 3. Same as Fig. 2 but for the field Θ initialized as the massive, l ¼ m ¼ 1 QBS, ID4 in Sec. II D with μM ¼ 0.42 around a BH
with a=M ¼ 0.99. We show the l ¼ 1, m ¼ 0 (left) and the l ¼ m ¼ 1 (right) multipole, extracted at rex ¼ 10M. We compare the dCS
field (black solid lines) to the evolution in GR (red dashed line). The l ¼ m ¼ 1 mode (right panel) remains a nearly constant-in-time
QBS, and the dCS and GR case appear indistinguishable. Instead, the l ¼ 1, m ¼ 0 dCS hair (left panel) oscillates with a frequency
induced by the massive Θ11 mode.
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sources an axisymmetric, dipolar scalar structure along the
z-axis. This dipole connects smoothly to the oscillation
pattern at distances larger than ∼1=ðμMÞ2. Note, that in
the absence of themass-term this dipolewould correspond to
the dCShair given inEq. (32).We alsonote, that such a l ¼ 1,
m ¼ 0 structure is absent if there is no coupling to
the Pontryagin density; see left half of the right panel
in Fig. 8.
In summary, the evolution of the massive l ¼ m ¼ 1

dipole around rotatingBHs in dCS gravity appears consistent
with that of massive fields in GR at sufficiently large
distances. It only differs near the BH along the axis of

rotation, where m ¼ 0 scalar multipoles are sourced by the
Pontryagin density. We have demonstrated that this result is
robust against different choices of initial data forΘ10 andΘ11,
and that it holds also for highly spinning BHs. The simu-
lations indicate that, at late times, the scalar field approaches
an oscillating, quasistationary dipole configuration.

B. Effect of the mass term on the evolution of the
dynamical Chern-Simons hair

In this section we analyze how the growth and evolution
of the dCS hair is affected by the mass term. Therefore, we

FIG. 5. Same as Fig. 4 but for a BH with dimensionless spin a=M ¼ 0.7.

FIG. 6. Same as Fig. 4 but for a BH with dimensionless spin a=M ¼ 0.99.

FIG. 4. Evolution of theΘ11 mode, measured at rex ¼ 10 M, with μM ¼ 0.0 (left), μM ¼ 0.1 (middle), μM ¼ 1.0 (right) around a BH
with spin a=M ¼ 0.1. We show our numerical data (solid black lines) and compare it to the analytic solutions computed in GR (dashed
red lines). Left: The massless field follows a quasinormal ringdown with decay rate Mν̄ ¼ −9.75 × 10−2. Middle: The field with
μM ¼ 0.1 exhibits a short ringdown followed by an oscillating, intermediate-time power-law tail with frequency ω̄ ∼ μ. Right: The field
decays at a rate consistent with the very-late time power-law tail ∼t−5=6.
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evolve the massive dCS field around a single rotating BH
according to Eq. (27). We typically initialize Θ10 ¼ 0 and
Θ11 as a Gaussian or as a QBS.
In the left panels of Fig. 2 we present the time evolution

of Θ10, measured at rex ¼ 10 M, for a variety of the axion’s
mass parameter μM and for BH spins a=M ¼ 0.1 (top),
a=M ¼ 0.7 (middle), and a=M ¼ 0.99 (bottom). The
massless field (solid red lines) grows over t ∼ 100 M until
it reaches a constant value that corresponds to the dCS hair
at this extraction radius; see Eq. (32). The hair’s final

magnitude jΘ10j increases with increasing BH spin, in
agreement with the solutions of Ref. [113].
As themass parameter μM of the scalar field increases, the

magnitude of the dCS hair, Θ10, decreases. Specifically, for
small masses μM ¼ 0.1 (dashed-dotted orange lines), the
dCS hair approaches a constant magnitude that is smaller
than in the massless case. For intermediate masses, μM ∼
0.3…0.4 (dashed gray lines), the dCS hair reaches a smaller
magnitude and, more importantly, it oscillates. The oscil-
lation frequencies of the Θ10 and Θ11 modes are determined

FIG. 7. 2D snapshots of the massive scalar field Θ at t ¼ 250M. The field with μM ¼ 0.42 is evolved around a BH with a=M ¼ 0.99.
We show the field in the equatorial plane (left panel) and in the xz plane (right panel). The latter also indicates the BH’s rotation axis with
a magenta arrow. We compare the evolution of a massive scalar field in GR (α̂ ¼ 0, left halves) and in dCS gravity (α̂ ¼ 1, right halves).
At large distances, the scalars’ profiles appear almost identical.

FIG. 8. Same as Fig. 7, but zoomed in near the BH. There is no visible evidence of the Pontryagin density affecting the scalar cloud in
the xy plane (left panel). In the xz plane (right panel), however, we see that the Pontryagin density sources the l ¼ 1, m ¼ 0 scalar
multipole, absent in GR, that exhibits the same features as the massless dCS hair near the BH and then transitions to an oscillating QBS
configuration at large distances.
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by the mass parameter. They are consistent with the QBS
frequencies in GR [32,34,179], that are given by

ωlmn ≃ μ

�
1 −

ðμMÞ2
2ðlþ nþ 1Þ2

�
; ð39Þ

in the limit μM ≪ 1. We refer to Sec. IV C for the detailed
spectral analysis. This response of theΘ10mode is present for
both Gaussian and QBS initial data of Θ11; compare the left
panels of Figs. 2 and 3.As the field’smass parameter exceeds
μM ≳ 1.0, the magnitude of Θ10 is reduced or entirely
suppressed, as illustrated in the left panel of Fig. 2 for
μM ¼ 1.0, 2.0.
To understand this behavior, we plot the late-time profile

of the field Θ, evolved around a BH with spin a=M ¼ 0.99
for different μM, along the BH’s rotation axis in Fig. 9. For
a massless field (solid red line), this late-time solution is the
dCS hair sourced by the Pontryagin density. For compari-
son we also display the ∼1=z2 fall-off (dash-dotted black
line) found for analytical solutions in the small-spin
approximation [107], and we find excellent agreement.
For a massive scalar field with a small mass μM ¼ 0.1
(dashed orange line), we find that it behaves like the
massless case until about z ∼ 100 M from the BH. At larger
distances from the BH the field oscillates. Both the location
and the frequency of this oscillation is determined by the
mass parameter. The position of this transition appears
consistent with the peak of the QBS found in GR for small
mass parameters given by [17,20,180]

rQBS;max ∼
lðlþ 1Þ
ðμMÞ2 M: ð40Þ

For a field with l ¼ 1 and μM ¼ 0.1, 0.42, 1.0 this
corresponds to rQBS;max ∼ 200M; 11.3M; 2 M. We find
consistent results for the dCS field with mass μM ¼
0.42 (dotted light blue line in Fig. 9): it follows a ∼1=z2
fall-off close to the BH and begins to oscillate around
z ∼ 10 M where its frequency determined by μM at larger
distances. For comparison we also show the late-time
profile of a field with μM ¼ 0.42 evolved in GR (solid
blue line), and demonstrate that, along the z-axis, it remains
several orders of magnitude smaller than its counterpart in
dCS gravity. We interpret this as a further indication that the
oscillation of the dCS hair is indeed induced by the
mass term.
This behavior becomes even clearer in the 2D snapshots

in Figs. 10 and 11 where we display the amplitude of the
scalar field at t ¼ 250 M on the entire numerical domain
and close to the BH, respectively. Specifically, we display
Θ, evolved around a BH with spin a=M ¼ 0.99, in the
equatorial plane (left panels) and the xz plane (right
panels). We compare the massive dCS field with μM ¼
0.42 (right halves of each panel) against the massless dCS
field (left halves of each panel). In the massless case, the
initial l ¼ m ¼ 1 perturbation propagates outwards so that
the field vanishes in the equatorial plane (see left half of left
panel) and only the l ¼ 1, m ¼ 0 dCS hair that is sourced
by the Pontryagin density remains (see left half of right
panel). This is to be expected because the Pontryagin
density vanishes in the equatorial plane due to the axi-
symmetry of the background. The massive case, displayed
in the right halves of Figs. 10 and 11, exhibits two distinct
features: (i) it also has a dipolar structure close to the BH,
but with a smaller magnitude than in the massless case (see
right panel in Fig. 11), and (ii) it has an oscillatory pattern at
large distances, both in the equatorial and in the xz plane,
due to the mass term.
For the results presented thus far, we only initialized the

l ¼ m ¼ 1 multipole of the field Θ. Hence, our findings
refer to the growth of the l ¼ 1, m ¼ 0 scalar mode. How
robust are our results against different types of initial data?
What would be the fate of the dCS hair if it was already
present in the initial data? And, reversely, does the
formation of the oscillating dCS dipole require the presence
of the massive l ¼ m ¼ 1 mode?
Wepresent answers to these questions in Fig. 12,wherewe

compare the evolution of jΘ10j of a field with μM ¼ 0.42
around a BH with a=M ¼ 0.99 for different initial data:

(i) a Gaussian shell with Σ11 in Eq. (30), and
Θ10ðt ¼ 0Þ ¼ 0 (solid blue line),

(ii) a Σ11 Gaussian shell and Θ10 given by the dCS hair
in Eq. (32) (solid pink line),

(iii) Θ11ðt ¼ 0Þ ¼ 0 and Θ10 given by the dCS hair in
Eq. (32) (dotted green line), and

(iv) Θðt ¼ 0Þ ¼ 0 (dash-dotted orange line).
For comparison we also show the evolution of a massless
field with ID2 [Σ11 in Eq. (30)] and Θ10 ¼ 0 (solid black

FIG. 9. Profile of the massive dCS fieldΘwith mass parameters
μM ¼ 0.0 (solid red line), μM ¼ 0.1 (dashed yellow line), μM ¼
0.42 (dotted blue line) along the rotation axis, evolved around a
BH with a=M ¼ 0.99 at t ¼ 500 M. For comparison, we display
the expected fall-off of the dCS hair with vanishing mass (dash-
dotted black line) and the profile of a scalar field with μM ¼ 0.42
in GR (solid dark blue line).
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line). The initially hairy, massive field (solid pink line)
decays and approaches themagnitude of the initially hairless,
massive field (solid blue line). That is, the transformation of
the time-independent hairy solution in massless dCS gravity
into an oscillating dipole with a lower amplitude appears to
be a robust feature inmassive dCSgravity and independent of
the initial data choice for the l ¼ 1, m ¼ 0 multipole.
Similarly, we do not find any difference in the evolution

of Θ10 for different initial data of the l ¼ m ¼ 1 mode.
Compare, e.g., the field initialized as zero (dash-dotted
orange line) with the one initialized as a Σ11 Gaussian shell
(solid blue line).
In summary, we investigated the effect of a mass term on

the formation and evolution of the dCS hair. We have
identified a new, oscillating hairy solution in massive dCS
gravity consisting of an axisymmetric dipole near the BH

FIG. 10. 2D snapshots of the dCS field Θ, initialized as a l ¼ m ¼ 1 Gaussian and evolved around a BH with a=M ¼ 0.99, at
t ¼ 250M. We show the field in the equatorial plane (left panel) and in the xz plane (right panel), where the magenta arrow indicates the
BH’s rotation axis. We compare the evolution of a massless dCS field (μM ¼ 0.0, left halves) and that of a massive dCS field with
μM ¼ 0.42 (right halves). Left panel: the massless field (left half) decays as the l ¼ m ¼ 1 perturbation is propagating off the grid. The
massive field (right half) develops an oscillating scalar cloud. Right panel: the massless field (left half) develops the dCS hair, i.e., a
l ¼ 1, m ¼ 0 dipolar configuration. The massive field (right half), exhibits a suppressed dipolar configuration close to the BH that is
smoothly connected to an oscillating cloud at large distances.

FIG. 11. Same as Fig. 10 but zoomed in near the BH. Left panel: dCS field in the xy plane. The massless field (left half) has decayed,
while the field with μM ¼ 0.42 (right half) has formed an oscillating scalar cloud. Right panel: dCS field in the xz plane. The massless
field (left half) develops the axisymmetric-dCS hair. The massive dCS field develops a similar dipolar structure with a smaller amplitude
that smoothly transitions to the oscillating cloud induced by the mass term.
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that smoothly transitions to an oscillating dipole at large
distances. This transition and the oscillation frequency are
determined by the field’s mass parameter. We verified that
the formation of an oscillating dipole in massive dCS
gravity is a robust feature independent of the initial data.

C. Characteristic spectra in massive dCS gravity

In this section we determine the frequency spectra of the
l ¼ 1; m ¼ 0, 1 multipoles of the dCS axion. To do so, we
perform a spectral analysis of our data.
First, we obtain the time series data of the scalar field’s

multipoles, Θlmðt; rexÞ, by interpolating the field Θ onto
spheres of constant extraction radii rex and projecting it
onto s ¼ 0 spherical harmonics. We then apply a window
function (typically, a Blackman-Harris window [181]) to
the time series data to mitigate the effects of the initial
transient, and compute the Fourier amplitude

Θ̃lmðωiÞ ¼
1

N

XN−1

j¼0

ΘlmðtjÞe−iωitj ; ð41Þ

via a Fast Fourier Transform algorithm. Finally, we compute
the power spectrum, PlmðωÞ ¼ jΘ̃lmðωÞj2, of the ðl; mÞ-
mode. A monochromatic signal, Θlm ∼ exp ð−iω̄tþ ν̄tÞ,
with characteristic frequency ω̄ and growth or decay rate
ν̄, corresponds to a power spectrum consisting of a peak

described by a three-parameter Lorentzian (or Breit-Wigner)
function

Λðω; Ī; ω̄; ν̄Þ ¼ Ī
ν̄2

ððω − ω̄Þ2 þ ν̄2Þ : ð42Þ

The peak height is set by Ī, while its position and width are
determined by ω̄ and ν̄, respectively.
Ideally, we would like the time series extracted from our

numerical simulations to be monochromatic signals with
characteristic frequency ω̄ ¼ ωlmn, where l and m are the
harmonic mode indices and n is the overtone number. In
practise, however, the extracted signals are projected only
into ðlmÞ multipoles, so they still are a superposition of the
fundamental (n ¼ 0) and overtone modes. Depending on
their relative amplitude, the superposition of fundamental
and overtone modes can give rise to strong modulations of
the signal and beating patterns [39]. To overcome this
complication we fix the extraction radius rex to a location
where the overtone mode nearly vanishes. In Fig. 13 we
present the profiles of the fundamental and first overtone
modes of the initial scalar field, determined by a QBS with
l ¼ m ¼ 1 and mass parameter μM ¼ 0.42 around a BH
with spin a=M ¼ 0.99. In this case, the overtone mode has
a node at rex ≃ 20 M. Thus, the signal at this location is
dominated by the fundamental mode and, hence, nearly
monochromatic. Therefore, we choose the waveform

FIG. 12. Evolution of the l ¼ 1,m ¼ 0mode of a field with μM ¼ 0.42 evolving in the background of a BH with a=M ¼ 0.99 in dCS
gravity (α̂ ¼ 1). The field is initialized as an l ¼ m ¼ 1Gaussian, ID2 with Σ11 in Eq. (30) (solid blue line), or as an l ¼ m ¼ 1Gaussian
plus the dCS hair, ID2þ ID3 (solid pink). We compare the former with a simulation where the field is initially zero, ID1, (orange dash-
dotted line) and the latter with a simulation where the field is initialized as the dCS hair, ID3, indicating Θ11 ¼ 0 (dotted green). We find
that the dCS, Θ10, multipole does not differ between these two comparisons, indicating that our results for the growth and evolution of
Θ10 are independent of our choice of initial data for the massive, Θ11, multipole. As an additional comparison, we show the evolution of
a massless field with l ¼ m ¼ 1Gaussian initial data (solid black line). We ran the massless simulation until t ¼ 1000 M and indicate its
extrapolated value (dashed black line).
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extracted at rex ¼ 20 M for the spectral analysis. To
measure the first overtone frequencies we additionally
extract data at rex ≃ 50 M, where the fundamental mode
is subdominant; c.f. Fig. 13.
We measure the three parameters, ðĪ; ω̄; ν̄Þ, via a non-

linear regression using Eq. (42) as fitting function. This
method produces reliable estimates, within 0.5%, of the
characteristic frequency, ωlmn, but is greatly limited in
correctly measuring the growth rate. In particular, for long-
lived modes which grow or decay on timescales larger than
what can be evolved in 3þ 1 simulations (with reasonable
computational resources), the width of the peaks is domi-
nated by windowing effects and insufficient frequency
resolution. Longer time series and different techniques,
such as those employed in [38,182] are required for more
accurate estimates of the growth rates.
We present the results of the spectral analysis in

Figs. 14–16. We concentrate on the simulations with param-
eters a=M ¼ 0.99 and μM ¼ 0.42. We compute the spectra
for the simulations with Gaussian initial data withΣlm ¼ Σ11

(ID2 in Sec. II D), and for QBS initial data (ID4 in Sec. II D)
shown in Fig. 13.
Figure 14 presents the power spectra of the l ¼ 1,m ¼ 0,

n ¼ 0 (left panel) and of the l ¼ m ¼ 1; n ¼ 0 (right panel)
multipoles for the simulation with Gaussian initial data,
extracted at rex ¼ 20M, after an evolution time of
t ¼ 3000M. We measure the characteristic frequency of
the l ¼ 1, m ¼ 0, n ¼ 0 mode to be ω̄=μ ≃ 0.970� 0.005,
and that of the l ¼ m ¼ 1; n ¼ 0 mode to be
ω̄=μ ≃ 0.974� 0.005. We took the frequency resolution
of our discrete Fourier series as a conservative estimator

of the uncertainty; see Appendix B 2 for a detailed
discussion.
We compare these estimates, obtained from the peak in

the Lorentzian fit (solid red line), against the QBS
frequency of a massive scalar field in GR. We obtain the
latter in three different ways: (i) by fitting the data from a
3þ 1 simulation in which we turn off the dCS coupling,
α̂ ¼ 0, (dashed green line); (ii) by computing the frequency
via the continued fraction method [32] (dot-dashed blue
line); and (iii) by fitting data from an effective, 1þ 1

FIG. 13. Initial profiles of massive scalar fieldΘ along the x-axis
with mass μM ¼ 0.42 evolving in the background of a BH with
spin a=M ¼ 0.99 in dCS gravity (α̂ ¼ 1). We initialize the scalar
field as aQBS, ID4 inSec. II D,with fundamental frequencyMω̄ ¼
0.409 (solid black) and overtone frequency Mω̄ ¼ 0.415 (dashed
red). For the spectral analysis, we extract the multipoles
Θ10 and Θ11 at rex ¼ 20 M (dotted blue) and rex ¼ 50 M
(dash-dotted blue).

FIG. 14. Power spectra reconstructed from simulations with
Gaussian initial data (ID2 in Sec. II D) and parameters
a=M ¼ 0.99, μM ¼ 0.42, normalized by the maximum value.
We indicate the numerical data (black dots), extracted at
rex ¼ 20M, and the Lorentzian fit to our data points (solid
red line) obtained in massive dCS gravity. For comparison we
also show the peak of a Lorentzian fit for the equivalent GR
simulation (dashed green line) and the frequency obtained with
the continued fraction method in GR [32] (dot-dashed blue line).
Top panel: data and fits for the ðl; m; nÞ ¼ ð1; 0; 0Þ multipole.
The fit of the data gives a peak frequency of ω̄=μ ¼
0.970� 0.005. Bottom panel: data and fits for the ðl; m; nÞ ¼
ð1; 1; 0Þ multipole. The fit of the data gives a peak frequency
of ω̄=μ ¼ 0.974� 0.005.
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evolution in the time domain [38] for the l ¼ m ¼ 1 mode
(right panels; purple dotted line).
For both harmonic modes, we see no statistical evidence

of a deviation from the characteristic frequencies of a
minimally-coupled massive scalar field around a Kerr BH
(i.e. α̂ ¼ 0). This conclusion is robust against different
initial data: we obtain compatible frequency measurements
for QBS initial data, as can be see from Fig. 15.
We also extracted signals at rex ¼ 50M, where the

n ¼ 1 overtone becomes larger than the fundamental mode
n ¼ 0. In Fig. 16 we show the peaks corresponding
to modes ðl; m; nÞ ¼ ð1; 0; 1Þ and ðl; m; nÞ ¼ ð1; 1; 1Þ,
respectively. Concerning the scalar’s l ¼ 1, m ¼ 0 multi-
pole, we observe a larger discrepancy with respect to
the reference measure with α̂ ¼ 0 that is, nonetheless,

compatible with a statistical fluctuation. We find that
results are overall consistent with GR, within 0.5%.
To summarize, we observe that the spectrum of charac-

teristic oscillations of the massive dCS field is determined
by the mass of the field. Thus, it appears indistinguish-
able from the QBS spectrum of a massive scalar field
around a Kerr BH in GR at sufficiently large distances. This
conclusion is consistent with the results of Macedo [148]
for QBSs of a massive dCS field around nonrotating BHs.
Because the 3þ 1 time domain approach does not allow for
sufficiently long evolutions (at a reasonable computational
cost) to accurately measure to growth or decay rate of the
scalar modes, we postpone the computation of this quantity

FIG. 15. Same as Fig. 14 but for QBS initial data (ID4 in Sec. II
D). Top panel: data and fits for the ðl; m; nÞ ¼ ð1; 0; 0Þmultipole,
and the frequency estimated from the fit is ω̄=μ ¼ 0.969� 0.005.
Bottom panel: data and fits for the ðl; m; nÞ ¼ ð1; 1; 0Þ multipole,
and the frequency estimated from the fit is ω̄=μ ¼ 0.974� 0.005.

FIG. 16. Same as Fig. 14 but for data extracted at rex ¼ 50M,
where the first overtone dominates over the fundamental l ¼ 1
mode. Top panel: data and fits for the ðl; m; nÞ ¼ ð1; 0; 1Þ
multipole, and the frequency estimated from the fit is
ω̄=μ ¼ 0.986� 0.005. Bottom panel: data and fits for the
ðl; m; nÞ ¼ ð1; 1; 1Þ multipole, and the frequency estimated from
the fit is ω̄=μ ¼ 0.987� 0.005. The power spectrum also con-
tains the fundamental mode (see shoulder to the left of the fitted
peak), but it is subdominant with respect to the n ¼ 1 overtone.
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in massive dCS gravity to future work using different
techniques.

V. SUMMARY AND CONCLUSIONS

In this paper we study the phenomenology of a scalar
field in massive dCS gravity, and its evolution around
rotating BHs. This line of research broadens our under-
standing on how BH observations may be used to probe for
physics beyond the standard model.
Here, we focus on “new physics” in the shape of

fundamental scalar fields that can leave potentially observ-
able footprints in the phenomenology of BHs. In particular,
working in the decoupling approximation we find new,
oscillating scalar configurations around rotating BHs that
may give rise to new BH solutions if the backreaction of the
scalar onto the metric is taken into account. Our results
have a twofold interpretation: On the one hand, we may
interpret the scalar field as new solutions to dCS modified
gravity if a mass-term is generated by nonperturbative
effects. On the other hand, we may interpret the scalar field
as an axionlike particle—a popular dark matter candidate—
sensitive to parity violation in the gravity sector. Thus, our
results aid ongoing efforts to devise new observational tests
of gravity or probes for ultralight particles that pose a class
of dark matter models.
This project has been guided by three questions stated in

the introduction, Sec. I, and we use the same structure to
summarize our results here.
Massive scalar fields can form QBSs, or scalar clouds,

around rotating BHs in GR that are predominantly deter-
mined by the Θ11 multipole. How does the nonminimal
coupling to curvature affect such a massive scalar cloud? To
address this question, we analyze the evolution of the Θ11

mode in massive dCS gravity for a range of mass
parameters and BH spins. We observe that the QBS
frequencies and, when excited, their massive power-law
tails are consistent with those of massive scalar fields in
GR. In addition, we compare the structure of the scalar
cloud in the equatorial plane in massive dCS gravity against
that found in GR. We observe no difference between the
two, so we conclude that, to leading order, the coupling to
the Pontryagin density has essentially no effect on the l ¼
m ¼ 1 QBS. Thus, ultralight scalars representing, e.g.,
wavelike dark matter candidates appear insensitive to this
type of parity-violating corrections to GR far from BHs.
This may come as no surprise because the Pontryagin
density primarily sources the l ¼ 1, m ¼ 0 dipole of the
dCS axion.
This leads us to the second question: How does the mass

term affect the dCS hair? To address this question we
compare the evolution of the Θ10 mode in massless and in
massive dCS gravity. In both cases, the Pontryagin density
causes the formation of a (quasi)stationary scalar dipole
close to the BH, that is absent in GR. We observe that
the mass term suppresses the amplitude of the dCS hair.

What is the origin of this suppression? We can exclude
mode mixing between the l ¼ 1, m ¼ 0 and l ¼ m ¼ 1
multipoles because of the symmetries of the background
spacetime. In particular, modes with different azimuthal
numbers m decouple around the Kerr metric. It is also not
due to the Pontryagin density, which inherits the axisym-
metry of the background spacetime and only sourcesm ¼ 0
multipoles. Instead, we interpret the reduction of the
axion’s amplitude as a Yukawa suppression due to the
field’s mass.
We also observe that the mass term imprints an oscillatory

pattern on the dCS hair, Θ10, far away from the BH as
illustrated in Fig. 17. The transition from the quasistationary
to an oscillating configuration occurs at r=M ∼ ðμMÞ−2. The
oscillation frequency of the massive dCS hair is determined
by its mass parameter. Consequently, BH hair in dCS gravity
wouldbe sensitive to thepresence of amass term in the field’s
potential.
This leads us to the last question: What is the scalar’s

characteristic frequency spectrum in massive dCS gravity?
We analyze the frequency spectrum of the l ¼ 1,m ¼ 0 and
the l ¼ m ¼ 1 scalar multipoles in massive dCS gravity.
We find that both are determined essentially by the scalar’s
mass parameter.
In conclusion, we find that rotating BHs in massive dCS

gravity give rise to new configurations of the dCS axion
that connects an axisymmetric dipole close to the BH with
an oscillating axion “cloud” at large distances. We sketch
this new configuration in Fig. 17.

FIG. 17. Updated sketch (see Fig. 1) of the oscillating massive
dCS hair sourced by a rotating BH. The blue clouds correspond to
the QBSs in the equatorial plane and ðr=MÞmax ∼ ðμMÞ−2
indicates their maximum. The red gradient along the axis of
rotation indicates the oscillatory pattern of the axion that is due to
the formation of a QBS peaking roughly at r ≃ rmax.

RICHARDS, DIMA, and WITEK PHYS. REV. D 108, 044078 (2023)

044078-18



Based on our results, we speculate that massive
dCS gravity admits new BH solutions with an oscillating
steady-state axion hair at the onset of superradiance, similar
to new hairy solutions in GR [54]. Such a study would
require to solve the massive dCS equations in full or
perturbatively to higher order in the metric, and it is beyond
the scope of the present paper.
Furthermore, while we observe the onset of massive

QBSs in dCS gravity, they appear to evolve on similar
timescales as scalar QBSs in GR. This makes numerical
simulations in 3þ 1 dimensions not well suited to conduct
a detailed analysis of their evolution. Thus, we leave the
hunt for superradiant instabilities in massive dCS gravity to
future work using different techniques.
In conclusion, this work is the first in a series to explore

the properties of BHs in the presence of axionlike particles,
representing a large class of dark matter candidates, when
parity is violated in the gravity sector.
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APPENDIX A: HARMONIC DECOMPOSITION OF
THE PONTRYAGIN DENSITY

In this appendix we complement our numerical results
by seeking analytic insight into the effects of the non-
minimal coupling to gravity onto the ðlmÞmultipoles of the
massive dCS field. Therefore, we project the Pontryagin
density (that sources the dCS field) onto a basis of spherical
harmonic functions, Ylmðθ;ϕÞ. Working in BL coordinates,
ðt; rBL; θ;ϕÞ, the projection is given by

�RR ¼
X
l;m

PlmðrBLÞYlmðθ;ϕÞ; ðA1Þ

Plm ≔
Z

Y�
lmðθ;ϕÞð�RRÞdðcos θÞdϕ; ðA2Þ

where the spherical harmonics are normalized such that

Z
Y�
lmðθ;ϕÞYknðθ;ϕÞdðcos θÞdϕ ¼ δlkδmn: ðA3Þ

In the current project, we concentrate on Kerr BHs as our
background spacetime. Therefore, we focus on writing the
Pontryagin density as a superposition of spherical harmon-
ics evaluated on a Kerr background. In BL coordinates, the
Kerr metric is given by Eq. (13) and the Pontryagin density
reads

�RR ¼ 96M2
3r5BLa cos θ − 10r3BLa

3cos3θ þ 3rBLa5cos5θ
Σ6

;

ðA4Þ

where the metric function Σ is given in Eq. (14). Note, that
the Pontryagin density inherits the axisymmetry of the
background spacetime and, therefore, it has no dependence
on the azimuthal angle ϕ. Consequently, the only non-
vanishing spherical harmonic components, Plm, are those
with m ¼ 0. Moreover, the parity symmetry properties of
the Pontryagin density imply that it is composed of a
combination of odd l modes. Taking the above consid-
erations into account, we can decompose the Pontryagin
density as

�RR ¼
X∞
j¼0

pjðrBLÞYð2jþ1Þ0ðθ;ϕÞ; ðA5Þ

with the projection coefficients

pj ≔ 2π

Z þ1

−1
Y�
ð2jþ1Þ;0ð�RRÞdðcos θÞ: ðA6Þ

As a result, one can conclude that the nonminimal coupling
to the Pontryagin density behaves as a source term only for
the scalar field multipoles withm ¼ 0 and odd l, and it does
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not introduce any new mode-mixing at the level of the
scalar field equation.

APPENDIX B: ERROR ESTIMATES

In this appendix we quantify the discretization error of
our numerical simulations through a convergence analysis
and the statistical error of the frequency estimates.

1. Convergence tests

To assess the numerical discretization error, we perform
a convergence analysis of the run a099_SF11_mu042 in
Table I. This run is representative of the most demanding
setups as it evolves a scalar field with mass parameter
μM ¼ 0.42 in the background of a Kerr BH with spin
a=M ¼ 0.99. The grid setup is identical to the simulations
outlined in Sec. III B, but we vary the grid spacing
dxh=M ¼ 0.9 (high resolution), dxm=M ¼ 1.0 (medium
resolution; standard choice for our simulations) and
dxl=M ¼ 1.1 (low resolution); see Table II. In Table II
we also list the resolution h ¼ dx=26 on the innermost
refinement level that encompasses the BH.
We compare the l ¼ 1,m ¼ 0 and l ¼ m ¼ 1multipoles

of the massive dCS scalar extracted at rex ¼ 10 M for the

high, medium, and low resolution runs. We observe that all
runs perfectly align, i.e., they are consistent across the
different resolutions.
In Fig. 18 we show the convergence plot for the l ¼ 1,

m ¼ 0 (left) and l ¼ m ¼ 1 (right) multipoles of the
massive dCS field. Specifically, we show the difference
between the low and medium resolution waveform (solid
black line), and the medium and high resolution run
(dashed red line). The latter difference has been rescaled
by the factor Q3 ¼ 1.221 indicating third order conver-
gence. This is consistent with our numerical code that
employs a fourth order finite difference and time integra-
tion scheme, supplemented with second order interpolation
at refinement boundaries.
From the convergence analysis we can now estimate the

numerical error. In particular, for the l ¼ 1, m ¼ 0 multi-
pole we find ΔΘ10=Θ10;h ≲ 12% at late times t ∼ 1; 000 M.
For the l ¼ m ¼ 1 multipole we find ΔΘ11=Θ11;h ≲ 0.15%
at late times t ∼ 1; 000 M.

2. Frequency error estimate

To obtain the frequency estimates we perform a Fourier
transformation of the numerical time series data that lasts
for about T ∼ 3 × 103 M and has a finite resolution. This
gives rise to an error due to the frequency resolution that we
estimate to σω̂ ¼ Δω̂ ¼ Δω=μ ¼ 2π=ðTμÞ ≃ 0.005 (or
equivalently, ∼0.5%).
Additionally, we estimate the statistical error. Therefore,

we perform amore sophisticated analysis by propagating the
numerical error of the time series data through the discrete
Fourier transform and the Breit-Wigner fitting procedure. To
estimate the uncertainty in the extractedmultipoleΘlmðt; r ¼
rextÞ we use the conservative estimator given by the maxi-
mum amplitude error (excluding the initial transient) taken
from the convergence tests, σΘ ¼ maxfΔΘlmg≲ 3 × 10−3;
see Appendix B 1. Taken this conservative error in the

TABLE II. List of runs for the convergence tests evolving the
massive dCS field with μM ¼ 0.42 around a BH with spin
a=M ¼ 0.99. The field initially has a Gaussian profile with Σ11

(ID2). We denote the resolution dx=M on the outermost refine-
ment level and the resolution h ¼ dx=2n−1 (with n ¼ 7) on the
innermost refinement level.

Run dx=M h=M

a099_SF11_mu042_low 1.1 1.719 × 10−2

a099_SF11_mu042_med 1.0 1.563 × 10−2

a099_SF11_mu042_high 0.9 1.406 × 10−2

FIG. 18. Convergence plot of the l ¼ 1, m ¼ 0 (left) and l ¼ m ¼ 1 (right) multipoles of the massive dCS field (with μM ¼ 0.42
around a BH with a=M ¼ 0.99). We compare the difference between the low and medium resolution run (solid black line), and the
medium and high resolution run (dashed red line). The latter is rescaled by the factor Q3 ¼ 1.221 indicating third order convergence.
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multipole amplitude, assuming that it remains approximately
constant in time and treating it as uncorrelated, the propa-
gated error in the frequency power spectrum is given by

σP̃ ¼
2

ffiffiffiffĩ
P

p
ffiffiffiffi
N

p σΘ: ðB1Þ

Applying a nonlinear least square regression algorithmyields
the statistical error on the fitted frequency. It is σω̂ ≃ 2 × 10−4

(0.02%) for the l ¼ m ¼ 1 multipole frequency, and σω̂ ≃
4 × 10−4 (0.04%) for the l ¼ 1, m ¼ 0 multipole. Taking
both contributions together, we estimate the error in the
frequency to be σω̂ ≲ 5.4 × 10−3.

APPENDIX C: GENERAL DCS GRAVITY
AT DECOUPLING

For completeness, we derive the equations of motion and
the evolution equations (at decoupling) of dCS gravity with
a general coupling function fðΘÞ between the dCS axion
and the Pontryagin density. We vary the action, given in
Eq. (1), with respect to the metric and the pseudoscalar field
and obtain

□Θ − V 0ðΘÞ þ αCS
4

f0ðΘÞ�RR ¼ 0; ðC1aÞ

Gab −
1

2
TΘ
ab þ αCSCab ¼ 0; ðC1bÞ

whereGab ¼ Rab − 1
2
gabR is the Einstein tensor, and TΘ

ab is
the canonical scalar field energy-momentum tensor

TΘ
ab ¼ ∇aΘ∇bΘ − gab

�
1

2
ð∇ΘÞ2 þ VðΘÞ

�
: ðC2Þ

The C-tensor captures the modification of Einstein’s
equations and it is given by

Cab ≡ Ecϵ
cdeða∇eRbÞ

d þ F cd
�RdðabÞc ðC3Þ

where the auxiliary tensors Ea and F ab are defined as

Ea ≡ f0ðΘÞ∇aΘ; ðC4aÞ

F ab ≡ f0ðΘÞ∇a∇bΘþ f00ðΘÞ∇aΘ∇bΘ: ðC4bÞ

As described in Sec. II A, we work in the decoupling
approximation around vacuum GR. That is, we study the
evolution of the massive dCS field in a background
spacetime that is determined by Einstein’s equations in
vacuum. With these assumptions the Ricci tensor and its
derivative vanish, Rab ¼ 0 ¼ ∇eRab. Consequently the
first term in Eq. (C3) vanishes. Then we can write the
C-tensor in terms of the dual Weyl tensor as,

Cabvac;GR ¼ F cd
�WdðabÞc: ðC5Þ

Following the same steps as in Sec. II A, we apply the
decoupling approximation to the field equations (C1),
rescale Θ → ðαCS=M2ÞΘ and perform the 3þ 1 decom-
position to find

dtΘ ¼ −αKΘ ðC6aÞ

dtKΘ ¼ −αDiDiΘ −DiαDiΘ

þ α

�
KKΘ þ V 0ðΘÞ − α̂M2

4
f0ðΘÞ�RR

�
ðC6bÞ

where dt ¼ ð∂t − LβÞ with Lβ being the Lie derivative
along the shift vector, and we introduce the dimensionless
parameter α̂ that allows us to switch the coupling to the
Pontryagin density on (α̂ ¼ 1) and off (α̂ ¼ 0). This
enables us to compare against the evolution of a massive
scalar field in GR.
In the decoupling limit, the Pontryagin density is

evaluated on the GR background. It is convenient to write
the Pontryagin density in terms of the gravito-electric,
Eij, and gravito-magnetic, Bij, components of the Weyl
tensor given by Eqs. (25a) and (25b). Then, the Pontryagin
density is

�RR ¼ �WabcdWbacd ¼ −16EijBij: ðC7Þ

To estimate the effect that the dCS field and its non-
minimal coupling would have onto the metric, if back-
reacted onto the spacetime, we introduce the effective
energy-momentum tensor

Teff
ab ≔ TΘ

ab − 2α̂M2Cvac;GRab : ðC8Þ

In 3þ 1 form, the energy-momentum tensor can be
decomposed into the energy density, ρeff ≔ nanbTeff

ab , the
energy flux, jeffi ≔ −γai nbTeff

ab , and the spatial stress tensor,
Seffij ≔ γai γ

b
jT

eff
ab . They are given by

ρeff ¼ 1

2
ðK2

Θ þ 2VðΘÞ þDiΘDiΘÞ þ 2α̂M2ðBijF ijÞ;
ðC9aÞ

jeffi ¼ KΘDiΘþ 2α̂M2ðBijF j − ϵijkEjlF l
kÞ; ðC9bÞ

Seffij ¼ DiΘDjΘþ 1

2
γijðK2

Θ −DkΘDkΘ − 2VðΘÞÞ
þ 2α̂M2ð2ϵðijklEjjÞlF k − 2BðikF jÞk þ γijBklF kl

þ BijðF nn þ trF ÞÞ: ðC9cÞ

Here, we introduced the decomposition of the
auxiliary tensor as F nn ¼ F abnanb, F i ¼ −γainbF ab
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and F ij ¼ γaiγ
b
jF ab, and its trace trF ¼ γijF ij. They are

explicitly given by

F nn ¼ ðDkDkΘ − KKΘ − V 0ðΘÞÞf0ðΘÞ

þ α̂M2

4
�RRf0ðΘÞ2 þ K2

Θf
00ðΘÞ; ðC10aÞ

F i ¼ ðDiKΘ − KijDjΘÞf0ðΘÞ þ KΘDif00ðΘÞ; ðC10bÞ

F ij ¼ðDiDjΘ−KijKΘÞf0ðΘÞþDiΘDjΘf00ðΘÞ: ðC10cÞ

In the expression for F nn we substituted the time
derivate of KΘ with its evolution equation, Eq. (C6).
For completeness, we also provide the BSSN formu-

lation of the dCS scalar’s evolution equation and the energy
density, flux and stress tensor to be used in an implemen-
tation of the general dCS equations. In fact, these are the
equations implemented in CANUDA-dCS. The BSSN var-
iables are given in Eq. (26). Note that, in the following, we
introduce the tilde over variables to indicate that they are
expressed in terms of the BSSN variables. The evolution
equations, Eq. (C6), become

dtΘ ¼ −αKΘ; ðC11aÞ

dtKΘ ¼ −W2D̃iαD̃iΘ − α
	
W2D̃iD̃iΘ −WD̃iΘD̃iW

−KKΘ − V 0ðΘÞ þ α̂M2

4
�RRf0ðΘÞ



; ðC11bÞ

and indices are raised with the conformal metric γ̃ij. In
BSSN variables, the Pontryagin density �RR is given by

�RR ¼ −16γ̃iaγ̃jbẼabB̃ij ðC12Þ

with

Ẽij ¼ W2Eij

¼ W2Rtf
ij þ

1

3
ÃijK − Ãi

kÃjk þ
1

3
γ̃ijÃklÃ

kl; ðC13aÞ

B̃ij ¼ W2Bij

¼ −Wϵ̃ðijklD̃lÃjjÞk − ϵ̃ðijklÃjjÞlD̃kW: ðC13bÞ

Note that we insert the BSSN variables into our
expressions for Bij and Eij, and then rescale them by
W2 for convenience.
Similarly, we substitute the BSSN variables into the

energy density, flux and spatial stress tensor (C9) to find

ρeff ¼ 1

2
ðK2

Θ þ 2VðΘÞ þW2ðD̃iΘÞðD̃iΘÞÞ
þ 2α̂M2ðB̃ijF̃ ijÞ; ðC14aÞ

jeffi ¼ KΘD̃iΘþ 2α̂M2

�
B̃ijF̃

j −
1

W
ϵ̃ijkẼjlF̃ l

k

�
; ðC14bÞ

Seffij ¼ D̃iΘD̃jΘþ 1

2W2
γ̃ijðK2

Θ −W2D̃kΘD̃kΘ − 2VðΘÞÞ

þ 2α̂M2

W2
ð2Wϵ̃ðijklẼjjÞlF̃ k − 2B̃ðikF̃ jÞk

þ γ̃ijB̃klF̃ kl þ B̃ijðF nn þ trF ÞÞ: ðC14cÞ

The auxiliary tensors become

F nn ¼ f0ðΘÞð−KKΘ þW2D̃kD̃kΘ −WD̃kΘD̃kW

− V 0ðΘÞÞ þ α̂M2

4
�RRf0ðΘÞ2 þ KΘ

2f00ðΘÞ; ðC15aÞ

F i ¼ ðD̃iKΘÞf0ðΘÞ −
	
Ãij þ

1

3
Kγ̃ij



ðD̃jΘÞf0ðΘÞ

þ KΘðD̃iΘÞf00ðΘÞ; ðC15bÞ

F̃ ij ¼ W2F ij

¼ −
	
Ãij þ

1

3
Kγ̃ij



KΘf0ðΘÞ þW2ðDiDjΘÞf0ðΘÞ

þW2ðD̃iΘÞðD̃jΘÞf00ðΘÞ; ðC15cÞ

where we have rescaled F ij by W2 for convenience and
introduced the rescaled quantity F i ¼ W2F̃ i. Finally, the
trace of the spatial projection is given by trF ¼ γijF ij ¼
γ̃ijF̃ ij and

DiDjΘ ¼ D̃kΘ
W

ðγ̃kiðD̃jWÞ þ γ̃kjðD̃iWÞ − γ̃ijðD̃kWÞÞ
þ D̃iD̃jΘ: ðC16Þ

APPENDIX D: SNAPSHOTS OF NUMERICAL
SIMULATIONS

In this section we present 2D snapshots of our simu-
lations to depict the growth of the scalar field around a BH
with spin a=M ¼ 0.99 at times t=M ¼ f0; 100; 200g; see
Figs. 19–22. These snapshots are complementary to those
shown in Sec. IV (namely Figs. 7, 8, 10, 11) that displayed
the late-time evolution of the field. In each figure we
present a set of frames with subpanels. The frames on the
left-hand side show the amplitude of the scalar in the
equatorial (i.e., x-y) plane while the frames on the right-
hand side correspond to the x-z plane (along the rota-
tion axis).
In Figs. 19 and 20, we present the snapshots of a massive

scalar field with μM ¼ 0.42 evolving around a BH with
spin a=M ¼ 0.99 to demonstrate how the initial configu-
ration slowly grows into the oscillating scalar cloud
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presented in Fig. 7. The frames are in the order described
above. The left panel of each frame corresponds to a massive
scalar field minimally coupled to gravity, i.e., in GR. The
right panel of each frame depicts the massive dCS scalar. At
large scales, one can hardly observe any difference between

the two simulations. On the other hand, the close-up in
Fig. 20 shows how an axis-symmetric dipole forms early on
in massive dCS. The growth of this dipole is absent in GR
and qualitatively resembles the dipolar scalar hair that BHs
grow in massless dCS. Thus, we conclude that the dipole

FIG. 19. GR vs massive dCS. Snapshots of massive scalar field Θ with μM ¼ 0.42 coupled to a BH with a=M ¼ 0.99 in the xy plane
(left) and xz plane (right) where z is the axis of rotation.
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configuration is due to the nonminimal coupling between
the massive scalar and gravity via the Pontryagin density.
The latter sources the axis-symmetric scalar modes close
to the BH, where the curvature is strongest.

In Figs. 21 and 22, we compare snapshots of a massless
(left panels in each frame) and a massive (right panels in
each frame) dCS field. In the massless case, we observe
how the initial Gaussian perturbation with an l ¼ m ¼ 1

FIG. 20. GR vs massive dCS—closeup. Snapshots of massive scalar fieldΘwith μM ¼ 0.42 coupled to a BH with a=M ¼ 0.99 in the
xy plane (left) and xz plane (right) where z is the axis of rotation.
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profile propagates outwards while a static, axi-symmetric
dipole hair is formed. In the massive case, instead, the
mass term traps scalar multipoles with ω̄≲ μ in the
vicinity of the BH, and thus induces the formation of

an oscillating scalar cloud that connects smoothly to the
inner dipole.
The full animations made with these snapshots can be

found at [155].

FIG. 21. dCS vs massive dCS. Snapshots of massive scalar field Θ with μM ¼ 0.42 coupled to a BH with a=M ¼ 0.99 in the xy plane
(left) and xz plane (right) where z is the axis of rotation.

BLACK HOLES IN MASSIVE DYNAMICAL CHERN-SIMONS … PHYS. REV. D 108, 044078 (2023)

044078-25



FIG. 22. dCS vs massive dCS—closeup. Snapshots of massive scalar field Θ with μM ¼ 0.42 coupled to a BH with a=M ¼ 0.99 in
the xy plane (left) and xz plane (right) where z is the axis of rotation.
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