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I study the balance law equation of surface charges in the presence of background fields. The
construction allows a unified description of Noether’s theorem for both global and local symmetries. From
the balance law associated with some of these symmetries, I will discuss generalizations of Wald’s Noether
entropy formula and general entropy balance laws on null hypersurfaces based on the null energy
conditions, interpreted as an entropy creation term. The entropy is generally the so-called improved
Noether charge, a quantity that has recently been investigated by many authors, associated to null future-
pointing diffeomorphisms. These local and dynamical definitions of entropy on the black hole horizon
differ from the Bekenstein-Hawking entropy through terms proportional to the first derivative of the
area along the null geodesics. Two different definitions of the dynamical entropy are identified, deduced
from gravity symplectic potentials providing a suitable notion of gravitational flux which vanish on
nonexpanding horizons. The first one is proposed as a definition of the entropy for dynamical black holes
by Wald and Zhang, and it satisfies the physical process first law locally. The second one vanishes on any
cross section of Minkowski’s light cone. I study general properties of its balance law. In particular, I look at
first order perturbations around a nonexpanding horizon. Furthermore, I show that the dynamical entropy
increases on the event horizon formed by a spherical symmetric collapse between the two stationary states
of vanishing flux, i.e., the initial flat light cone and the final stationary black hole. I compare this process to
a phase transition, in which the symmetry group of the stationary black hole phase is enlarged by the

supertranslations.
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I. INTRODUCTION

The covariant phase space formalism developed by
Wald and collaborators [1-8] has been a powerful tool
to study gauge theories with boundaries [8—16], in par-
ticular black holes thermodynamics [4,17-21]. A key
insight from Wald was to understand black hole entropy
as a Noether charge of an arbitrary theory of gravity [4,17].
By integrating the symplectic form of the theory contracted
with the horizon Killing field on a Cauchy surface between
spacelike infinity and the bifurcation surface of the black
hole, he was able to relate the variations in phase space of
the asymptotic charges, as the ADM mass and angular
momentum, to the Noether charge on the bifurcation
surface, the entropy (times the Hawking temperature) [17],
and hence to recover the phase space first law of black hole
mechanics [22]. This derivation has been extended in [23]
if additional fields with internal (gauge) degrees of freedom
are present. However, while the first law can be understood
as an equality between the variation of the black hole
parameters M, J, Q evaluated at spatial infinity and the area
A at the horizon obtained from a general perturbation of
the background solution, there exists a second version of
this law, known as the physical process first law [24]. It has
been derived in [25] and extended to the case where the
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black hole is charged in [19,26], and states how the black
hole entropy is modified when some matter falls into the
black hole. The relation between the two versions of the
first law is subtle [25,27,28]. Furthermore, it is worth
pointing out that other entropy laws have been worked up
for dynamical horizons [29,30], which are not null but
spacelike and foliated by marginally trapped surfaces, and
future holographic screens [31,32]. The validity of the
second law of thermodynamics has also been enlarged to
more general theories of gravity [33-35] and investigated
for scalar-tensor gravity in [36-38].

However, unlike the equilibrium state version of the
first law which involves asymptotic charges, the physical
process first law is local and derived only from the physics
on the event horizon. This local balance law has many
interesting features, and led to investigations for further
relations between thermodynamics and null hypersurfaces
geometry well beyond the range of black holes event
horizons. Hence, this work is part of the many attempts
of describing some geometric properties of arbitrary null
hypersurfaces through thermodynamic relations [39—42].
A more complete approach to these problems is made
possible by recent results on the geometry of null hyper-
surfaces, and the definition of suitable gravitational fluxes
and charges on them, particularly on perturbed stationary
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horizons [43-55]. These new developments are partially
motivated by well known results concerning the relation
between gravity and thermodynamics, starting from the
laws of black hole thermodynamics. One particularly
spectacular result indicating the deep connection between
general relativity and thermodynamics is the derivation
of the Finstein relation from the Clausius relation by
Jacobson [56]. Similarly to the physical process first law,
this derivation uses the specific form of the Raychaudhuri
equation in order to relate the entropy variation, given by
the geometry, to the energy variation obtained from the
stress energy tensor of the matter crossing the null hyper-
surface. More generally, it is also known that this equation
can be written as a specific instance of a Noether flux
balance law [50] on an arbitrary null hypersurface N/

dq: 2 Fo 4 T, 80y (1.1)
where F'; is the gravitational flux along the diffeomorphism
£ obtained from a well chosen presymplectic potential ©,
and g is the improved Noether charge density [8,13,14,57]
associated to the presymplectic potential. These improved
Noether densities are integrated on a codimension two,
surface, the corner. Recently, these charges and their
algebra have been treated carefully in the literature, aiming
to understand better quantum gravity [10,11,58-60]. For a
nice review on the corner proposal, see [61].

The flux term F; should be written in the canonical form
P£:0, where P and Q are canonical pairs and depend only
on the intrinsic and extrinsic geometry of the null hyper-
surface V. However, while in most work Eq. (1.1) for null
future pointing vector £ is regarded as a first law near
equilibrium, we would like to stress that it can also be
interpreted as a general balance equation of the entropy
written in the common form

dS =S, +5, == 45,

1.2
Text ( )

where Q is some infinitesimal heat flux flowing into the
system and S, is the infinitesimal entropy creation term,
with S, > 0. The entropy § is the gravitational charge g,
and its variations are given by (1.1). It generalizes the idea
of identifying the entropy of stationary black holes to the
Noether charge associated to null future pointing Killing
field on the horizon [4,17,18]. If no matter were present, the
entropy variation would be entirely given by the pullback
on the boundary N\ of the Noether current constructed out
of the gravitational Lagrangian and some presymplectic
potential. It is analogous to a heat current because it
describes the propagation of the microscopical (gravita-
tional) degrees of freedom through the boundary. This flux
is deduced from a suitable choice of presymplectic poten-
tial ©. Ideally, we would like to disentangle the gauge
degrees of freedom from the physical ones, and express ©

only with the true physical data in order to get a physical
flux. Furthermore, we should impose that on any stationary
solution, our flux F; vanishes for any boundary generator ¢.
Hence, a good candidate may be a presymplectic potential
singled out by the Wald-Zoupas procedure [6]. Now, if
there is matter in play, we should take into account its
propagating degrees of freedom too. They do not appear
neither in the free gravity Noether charge nor in the
gravitational flux F', but they also contribute to the charge
variation. In general, irreversibility comes from the pres-
ence of degrees of freedom not taken into account into the
description of the system (belonging to some environment
for instance) which interact with the degrees of freedom of
interest. Here, some matter interacts with the gravitational
degrees of freedom through the presence of the 7', & n”e
term, analogous to a dissipation term. Indeed, as the null
energy conditions are satisfied for generic matter, this term
is positive, making relevant to interpret it as an entropy
creation term. Hence, the positive energy conditions appear
as an essential ingredient to make sense of these entropy
balance laws. It is not surprising however, it is well known
that the null energy conditions play a key role in the
derivations of the area theorem in classical general rela-
tivity and for higher curvature theories [62—64]. It also has
been derived [65] that the null energy conditions, usually
associated to the properties of the matter fields, could be
derived from assumptions about the validity of the second
law for gravity.

In Sec. II, we will review the construction of general
balance equations for general tensor field theories from
the Noether current, focusing on the necessary conditions
which must be satisfied in order to write them, and on
physical motivations. We usually understand Noether
charges as global, with the exception of local gauge
symmetries, for which Noether charges are boundary terms.
For general theories, we will express the Noether charge
variation as a sum of a boundary flux given by the pullback
of the Noether current on the boundary and a nonequili-
brium term arising if the equations of motion are not
satisfied. The Noether charge is conserved if the system
is closed and the equations of motion are satisfied. We
will give examples for theories described by Lagrangians
with a background metric and for theories with covariant
Lagrangian. In the latter case, we will explain how this
balance law reduces to an entropy law (1.2) if the null
energy conditions are satisfied.

Next, in section III, we will work out different presym-
plectic potentials obtained from the Einstein-Hilbert
Lagrangian, leading to different balance laws. However,
these presymplectic potentials must have the physical
meaning of gravitational fluxes, written in the form P£;:Q,
where both Q and P must be covariant with respect to the
set of diffeomorphisms which preserves some background
structure on the null hypersurface N'. For complete null
hypersurfaces at finite distance with topology B x R where
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B is some compact space, these diffeomorphisms are
spanned by the superrotations and the supertranslations,
the latter being divided into the affine supertranslations and
the Weyl supertranslations. Together, they form the Weyl
BMS (BMSW) symmetry group [45,66]. Furthermore, we
expect that these fluxes vanish in a stationary spacetime,
where no flux is expected. In [45], the authors applied the
Wald-Zoupas procedure to generic null hypersurfaces at
finite distance and find an expression for the charge and the
flux satisfying the previous requirement, the latter vanish-
ing on nonexpanding horizons. we call this flux the
Dirichlet flux because it vanishes when the Dirichlet
boundary conditions are satisfied. In a D-dimensional
spacetime, the Dirichlet flux can be written as

] D —
= (o P 1.

It can be interpreted as the heat flux flowing through the
null hypersurface in (1.1), while the improved Noether
charge that we get from this presymplectic potential and
associated to the null future pointing diffeomorphism is the
entropy. On the event horizon of a black hole perturbed
by some incoming matter, the heat flux turns out to be of
second order in the stress energy perturbation and so the
charge variation only comes from the entropy creation term
at first order. In this setup, if the horizon is affinely
parametrized by the coordinate v, the diffeomorphism & =

kv(Z) is null and is a Killing field at first order. The
improved Noether charge is the entropy on sections of

constant v, and turns out to be

1 dA
SP=—(A-—v—
4< vdv)

This entropy formula for dynamical black holes has been
prior proposed by Wald and Zhang from an independent
and more general approach [67]. This is a local and
dynamical definition of entropy, relevant for a perturbed
Killing horizon, i.e., if we are close but not exactly at
equilibrium. When studying the physical process version
of the first law, the term 11 1n (1.4) is often disregarded
because the charge is 1ntegrated up to v = 0, close to the
bifurcation surface [25]. However, if we decide to keep it in
the definition of the entropy, the master equation (1.1) can
be written everywhere on the perturbed Killing horizon at
first order as

(1.4)

TyASP = AM — QyAJ — @y AQ (1.5)
where M, J, O, A are respectively the mass, angular
momentum, charge and area of the black hole, and
Ty, Qy, ¢y are its Hawking temperature, horizon’s angular
velocity and horizon’s electric potential. However, one

inconvenient of the flux formula (1.3) is that it does not

vanish anywhere on an spacetime which does not have any
nonexpanding horizon. In particular, it does not vanish on
the simplest null hypersurface embedded in Minkowski
spacetime with compact cross sections, which is the light
cone. Worse still, this entropy is negative and decreases
over successive cross sections of the Minkowski light cone.
Hence, we are physically motivated to find a charge which
vanishes on such a solution, increases on a general class of
future complete null hypersurfaces (if the null energy
conditions are satisfied) and gives nonvanishing flux only
when spacetime is bent and twisted due to incoming fluxes
of matter, until to eventually settle down to a black hole.
As in thermodynamics, it is sometimes useful to proceed to
a Legendre transformation of the symplectic potential in
order to get a vanishing flux on a desired dynamical
process. In [55], the York boundary condition fixes the
conformal codimension two metric 7,, and the expansion ¢
as configuration variables Q, in opposition to the Dirichlet
boundary conditions treating the whole codimension two
metric components as configuration variables. If we pro-
ceed this way (and choose the normal to be in the form
n* = vdy) we get the following York flux

1 -3
sz Tos <€Na” £¢}/;,U+2D 2€N£5«9,1> (1.6)

for nonanomalous diffeomorphisms &, which form a subset
of diffeomorphisms belonging to the BMSW group and
preserves the location of the boundary of the null hyper-
surface. This subset is spanned by the superrotations and
the Weyl supertranslations. The charge generated by the

anomalous free Weyl supertranslation null vector & =

0

S-)/ on cross sections of constant v is the entropy

1 1 dA
¥ - [A—— p— =
S 4( D—2”m)

The flux (1.6) is similar to the one introduced in [50], but
here we restricted ourselves to the covariant phase space
of [45], which simplifies and specializes the expressions for
the charges and fluxes. The York’s flux (1.6) and the York’s
charges, including the entropy, vanish on Minkowski’s
outgoing light cone, while Dirichlet’s flux (1.3) and
Dirichlet’s charge (1.4) do not. This is a desired property,
as we do not expect any gravitational flux or gravitational
charge in Minkowski’s spacetime. Of course, the York’s
flux (1.6) also vanishes on nonexpanding horizons.
Furthermore, we will study in detail this flux and identify
the cases for which it is positive or null. In particular, on a
null hypersurface A/ with topology B x R that is future
complete, we prove that the variation of the York charges
associated to future pointing Weyl supertranslations on the
cross sections of N are always positive if the null energy
conditions hold. In addition, we prove that the York
dynamical entropy always increases during a spherically

kv (2

(1.7)
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symmetric collapse up to the formation of a black hole
(1.7), in which case the value of the charge on the stationary
horizon is %‘. In particular, the York entropy (1.7) of the
black hole horizon does not increase and remains null as
long as matter has not crossed the event horizon. The
dynamical geometric parameter 6, evolves from D —2 on
the initial Minkowski light cone to 8, =0 on the late
stationary horizon. Hence, we argue that the formation of a
spherically symmetric black hole might be understood as a
phase transition between two stationary states, with order
parameter given by the expansion. The stationary black
hole is the phase of high symmetry, and the symmetry
group preserving the pullback of the metric on the event
horizon is SO(D — 1) X Ry, X R [45,66], while the flat
light cone is the low symmetry phase for which symmetry
group SO(D — 1) X Ry, X Ry is broken and all the super-
translations are eliminated.

We also analyze master equation (1.1) for the York
boundary conditions at first order in perturbation around
a nonexpanding horizon. Unlike the Dirichlet case, the
charge variation between two cross sections of constant v is
not entirely given by the matter term at first order. Indeed,
there is an additional term taking into account the York flux
(1.6) at first order. On a portion of the horizon without
matter, near equilibrium, we can write at first order

TyASY = F; = Q¥ = AUY,, (1.8)
where U, = 1 kpTy g—:gA and QY is the heat flux. This law
is analogous to a first law of thermodynamics (in vacuum),
where the nonvanishing gravitational flux (1.6) contributes to
increase a local quantity U grav that can be interpreted of an
internal energy associated to the gravitational degrees of
freedom on the dynamical event horizon.

Except in some rare occasions where we will restore the
fundamental constants, we will assume in the rest of the
manuscript that G =c =h =kg = 1.

II. SECOND LAW FROM NOETHER
CHARGE ANALYSIS

A. The Noether current

In this section, we derive local balance laws of surface
charges for general field theories in the presence of back-
ground fields. We obtain general conservation equations
and relations analogous to Bianchi identities in gauge
theories. Most of these results and methods are well known,
but the emphasis is put on the presence of general back-
ground fields. The main point of this section is the
interpretation of these balance equations focusing on the
role played by the surface charge and the different pieces
contributing to its variation. We first need to study the
different symmetries of a theory with Lagrangian L and the
structure of the resulting Noether current. Let us assume
that our theory describes some dynamical fields ¢ that

are part of our configuration space propagating next to
fixed background fields y on a manifold M with local
volume form €,,. The Lagrangian L(¢,y) describing our
theory is written only in terms of these fields, and is an
analytic function of them and their derivatives. By varying
the action we obtain the well-known identity

5L
OL =5 + d©

5 (2.1)

where ® is some presymplectic potential. From now, to
simplify the writing, we will refer to ® as a symplectic
potential rather than a presymplectic potential. Further-
more, if we contract (2.1) with some diffeomorphism ¢
we get

oL oL
d(iL—IG))—/ £¢+ Ly 2.2
/M L =1 3 Py, (2.2)
where [ is the field space interior product associated to the
configuration space vector X, defined by

If all the fields in (2.2) are dynamical fields, such that there
is no field y, all the diffeomorphisms are symmetries of our
theory, as 5:L = £:L = di;L is aboundary term. However,
it can happen that the total Lagrangian L of all the physical
fields involved is unknown, or that the equations of motion
of some fields are too complicated to solve, such that we
prefer not to use their equations of motions and fixing y
a priori. The example on which we will mainly focus in the
following is the case where the background field y is the
metric g. In any case, we have to add the contribution of
the diffeomorphism acting on these background fields to
the field space Lie derivative 6; in order to get the usual

spacetime Lie derivative. Therefore, we get: 6:L = £§L -

(2.3)

9L 2 £ey that is not a boundary term anymore in general,”

not all the dlffeomorphlsms are symmetries of our theory
The term £5;( is called an anomaly, and it can prevent

'We can consider several fields @' and y/, and from now on,
the sum over all the different fields in the following equations will
be implicit, we will not mention the indices i and j anymore.

In fact, if the anomaly is a boundary term, i.e., if A;L = da,
for all &, then 6L is a boundary term and a, should be included in
the definition of the Noether current if we want it to be conserved
[66,68]. It appears if the source of anomaly is the background
stn%cture that we introduce to define the boundary.

“Here we should underline that we used the partial derivative
and not the functional derivative. In other words, each back-
ground field y and its covariant derivatives are treated as
independent field and so the implicit sum on the tensor fields
takes into account the successive covariant derivatives of each
background y.
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some diffeomorphisms ¢ from being a symmetry. We
can define the anomaly operator acting on tensors as A =

— £; [50]. However, we can still have %-fé)( =0 if
£§)( =0, i.e., if a subclass of diffeomorphisms leaves the
environment y invariant. In the case where y is the back-
ground metric, the diffeomorphisms satisfying such a
condition are the Killing fields. These diffeomorphisms
preserving the background structure are symmetries of our
theory, and then the Noether current
is conserved on-shell (2.2). From this Noether current, we
now review the general analysis leading to Bianchi iden-
tities and balance laws, but we take great care of the terms
containing the information about the background structure.
In general, the Lie derivative of any tensor field can be
expressed as a sum of terms proportional to & and to first
derivatives of £. Hence, for general tensor fields ¢ and y
we have’

fep=1[4]-VE+ V-

£y =[] - VE+Vy- & (2.5)
where [¢] and [y] are coefficients in front of the V¢ terms
(basically, they are sums of ¢ and y where each term is
contracted with V¢ through different indices, as explained
in the footnote 4). Then, we can integrate by part the terms
[¢] - VEand [y] - V& and get a sum of a boundary term and a
term linear in £. Thus we can write (2.2) as

M

— [ |-V (G045 1)
+52 V¢+% V;(] £ (2.6)

where the Lagrangian density £ is defined through L =
Lepq and the vector K is given by

oL

K:= 6¢

9] §+* ¢ (2.7)

*These notations are informal, but keeping all the indices at the
right place would make it harder to follow. More precisely,
if ¢ =y, 18 @ n-covariant tensor, its Lie derivative
e, :gava‘ﬁgmzw,, F oy, Viir €+ By, Vi 6+
EN sy, T 2ttt Py, Vol » and so the Lie derivative is
a finite sum of terms proportional to & and V, &. It is
straightforward to verify it is also true for a generic p-covariant
and g-contravariant tensor, and can be written as £:¢) = [¢] -
VE + V¢ - £ where the fields [¢] are the set of coefficients in front
of the V,&" terms.

The left-hand side of (2.6) is a boundary term while the
right hand side is a bulk term. We can vary arbitrarily £ in
the bulk while keeping it constant on the boundary oM.
Therefore, the only way for the equality to hold is to make
both integrands of (2.6) vanish. Hence we obtain the two
following relations

0=-V. <5£ ¢ ]+% b{]>+% V¢+% Vy
5¢
. . oL
J:=1¢®—I§L=—(%~[¢]-¢+a-m-eg)-emdqg
— K- ey +dg;. (2.8)

The first equality is similar to the relation between the
equations of motions that we get in Noether’s second
theorem, so we will refer to it as a Bianchi identity. One
illustrative example of this Bianchi identity (2.8) in the
presence of background fields is to take the metric for y, as
we should do for any Lagrangian describing the dynamic of
some matter field ¢ without taking into account the back
reaction of the metric. In this case, the first equation of (2.8)
simply tells us that the stress energy tensor is conserved
on shell. From a theorem due to Wald [69], the relation
dq; with g, being constructed from the fields ¢ and y and
their derivatives, and justifies the second relation of (2.8).
This second identity is similar to some expressions for
currents obtained in [4,5], where here the dynamical and
background fields are supposed to be very general. From
(2.8), we read that the current is not a boundary term either
if the equations of motion are not satisfied or if there are
some background fields in the description of our theory.
In both cases, it means that there exist some degrees of
freedom which were not taken into account in the descrip-
tion of our system, either because we missed a piece in the
Lagrangian or because some fields in the Lagrangian we
used were not dynamical.

We can now use this Noether current j: to write balance
laws for Noether charges associated with £ with or without
the presence of background fields y. First, we look at
theories where some fields y are present, but then £ must be
a symmetry of the background, i.e., £y = 0. Thus, we get
from (2.2)

oL
b

Then, we integrate (2.9) over a manifold M whose
boundary is composed of the initial and final spacelike
slices ; and ¥, and a timelike or null boundary N joining
the spacelike slices. Thus, we have

21/]5"‘/ — L

AQ: = (2.10)
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where we defined

Go-[n  ew
Z,

as the Noether charge evaluated on the spacelike surface X,

i =1,2. If the system is closed, which means that the

pullback of the Noether current j: on A vanishes, then the

charge Qy is conserved on-shell. Furthermore, if & is

tangent to A/, (2.10) can be written as

SL
AQ; = 0} - OF _/N1,§®+/M%£5¢ (2.12)

In any case, we see that (2.10) and (2.12) have both the
same structure as the standard balance formula

AA = A, +A, (2.13)

with A being the charge Q?" , the integral on A of the
Noether current j: is the flux of the charge Q; through
the boundaries of the system, that we denote A,,, and the
integral on M of ‘;—5;6545 is the creation term A.. The last

term arises because the equation of motion are not satisfied
everywhere in M, i.e., the fields ¢ are coupled to other
fields that were not present in the initial Lagrangian. The
fact that the equations of motion are not satisfied implies
that the action from which we started is not stationary, and
we can therefore consider the term g—f’;;ﬁfgb as an out-of-

equilibrium term. On-shell, this out-of-equilibrium term
vanishes and the charge variation

oL oL
AQS:A a‘mf—dflé—/z o W dac

= 1.0
|

is simply given by the flux of the Noether current on the
boundary N. Furthermore, if there were no background
structure y, as in a diffeomorphism invariant theory like
general relativity, the charge would be given only by a
boundary term, as expected. A simple example for a theory
in the presence of a background structure is given by the
balance law of electromagnetic energy. The dynamical field
is the potential A, while the background field is the metric
gy In this case, the charge is the electromagnetic energy e,
whose variation is given by the flux of the Pointing vector
across the boundary N of normal n and a creation term
indicating the energy transfer from the charge current J' to
the electric field E;, appearing because we did not take into
account the charged matter degrees of freedom when we
worked out the Noether current from the Lagrangian of the
free electromagnetic field. A detailed calculation is pre-
sented in Appendix A. The result is the well-known balance
equation for electromagnetic energy

(2.14)

Ae:—/ ﬂinieN—l—/ JE;€e (2.15)
N M

Here the variation of electromagnetic energy A is the sum
of a boundary flux A,, given by the integral of the Poynting
vector on the boundary A and a creation term indicating
the energy transfer from the charges to the field, necessary
in order to take into account the matter degrees of freedom
interacting with the electromagnetic field through the

electric charge current 7.

For a diffeomorphism invariant theory like general
relativity, (2.9) holds for any diffeomorphism & because
there is no background structure in the bulk Lagrangian.
The only contribution of the background fields comes
from the nonequilibrium condition % # 0, reflecting that

we missed the description of some fields in our initial
Lagrangian. In that case, (2.12) reduces to a balance law on
the boundary N, because the Noether charge is now a
boundary term and so the integrals on the spacelike
surfaces XZ; reduce to an integral on the corners. We can
call §; the intersection between the spacelike slice X; and
the null or timelike boundary N. For a diffeomorphism
invariant theory, the metric is part of the dynamical fields ¢.
The nonequilibrium term %fgfﬁ can be expressed as a

boundary term on A thanks to the general Bianchi
identities (2.8), giving

Ster = (5 101¢) eu

Here and in the remaining of the paper, we will restrict
ourselves to ¢p = g, and so the only dynamical field is the
metric. Therefore, the nonequilibrium term %;6545 is

(2.16)

expressed as a flux of stress energy across the boundary.
Then the balance equation (2.12) reduces to the pullback of
(2.8) on an hypersurface A of normal n, on which & is
tangent.” The charge variation is then given by

q_/q_/dq_/l®—€NK-n
Aﬁ |95 = [ dae= | e :

—/ 15®+/ T, E'n ey
N N

where €,/ is a volume form on the hypersurface of normal
n, defined through the relation €, = —n A €. One of the
most interesting case is to take a null boundary NV. If £is a
future pointing infinitesimal diffeomorphism tangent to A" 0

(2.17)

Here we chose to define €y aS €y = —Nn A €, because we
will work with null hypersurfaces in the following, and we will
associate to the normal n an auxiliary null vector [ such that
n-l=—1. If the hypersurface were timelike or spacelike, we
would have chosen instead €,y = n A €.

®And so & must also be null.
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and if the null energy conditions are satisfied, then the
creation term A, = T, n"e ) is positive.7 Therefore, the
Eqgs. (2.12) or (2.17) look exactly like an entropy balance
equation

AS=S,+ S, (2.18)
with S. > 0. The similarity between the balance law for a
Noether charge associated to a null future pointing diffeo-
morphism and the usual entropy balance law makes it a
natural candidate for entropy in classical gravitational
theories, provided that the null energy conditions are
satisfied. On the particular case of a Killing horizon, it
has been well known that the gravitational Noether charge
associated to the future pointing Killing field on the horizon
is the entropy of a stationary black hole [4,17].

B. Improved Noether charge and choice
of polarization

We remind in this short subsection some results about
the Noether charge [70] and its symplectic flux for a
diffeomorphism invariant theory. These Noether charges
are obtained from the Lagrangian L and symplectic
potential ® of our theory. However, it is well known
[1,8,12,13,15,16,18,70] that the Noether charges are as
ambiguous as the Lagrangian L and the symplectic
potential ® are. First, if we start from a Lagrangian L,
the symplectic potential defined through (2.1) is ambiguous
to the addition of an exact form ® — ® — d38. Second, it is
always possible to shift this Lagrangian by an exact form in
spacetime L — L + dl. This process does not change the
equations of motion either, but shifts the symplectic
potential by an exact form in field space ® — O + 4l. If
the Lagrangian L is covariant, ie., A;L =0 for any
diffeomorphism & (and it will be the class of Lagrangian
we are considering in the following), we can choose a
symplectic potential ®° to get (2.8) evaluated on-shell

dqf = 1:0° —i;L (2.19)

The charge density qgg is also ambiguous up to the addition
of an exact form qg - qg +dY; but this ambiguity is
irrelevant for the charge obtained from the integral of qg

It may be interesting to notice that we can also take the
pullback of the Noether current on N if background fields y are
present, in order to get a balance law for the corner term g:. The
integral of the corner term g on a codimension two surface is not
the Noether charge anymore. However, this balance law is similar
to the one we get for diffeomorphism invariant theories (2.17)
with an additional term in K coming from the presence of this
background field y.

Sometimes, we refer to the quantities ¢, as the charge rather
than the charge density. Properly speaking, the charge should be
given by the integral of the charge density on a manifold.

on codimension two compact cross sections. Hence, in
general, these ambiguities allow us to shift the symplectic
potential ©° by

©=0°+5—dI (2.20)

and the charge density obtained from (2.19) and (2.20) is

qe = q% + il —1;9 (2.21)
This is the improved Noether charge formula. The exist-
ence of an ambiguity in the definition of the charge is
related to the ambiguity in the polarization of our phase
space. Indeed, different choices of boundary Lagrangians [
and corner terms & select different configuration and
momentum fields in the phase space. We would like to
put the symplectic potential in the form ® = P5Q, where P
and Q can be expressed in terms of the dynamical fields ¢
and the background structure. There is not symplectic flux
if the boundary conditions are imposed, i.e., if 6Q = 0 for
some chosen phase space polarization. In this case, the
system is closed, and if the symplectic potential @ = P5Q
is covariant,9 then the charge dg, is a Hamiltonian as

on-shell where @ = 60 is the symplectic two form obtained
from the potential ®. In general, however, we have that

that can be obtained from (2.4) by taking the field space
variation of'® and the Noether charge g 1s not Hamiltonian.
If £ is tangent to the boundary N, then we can take the

pullback of (2.4) on N and get dqgﬁPéfQ. If Q is
covariant, then the flux of the charge is just given by
dq: = P£:Q (2.24)
and should vanish for some stationary solution. By sta-
tionary solution, we mean a spacetime solution that does
not carry any radiation, like a stationary black hole
spacetime or flat spacetime. This criterion can help us to
choose one polarization over another. The formula (2.24)

indicates that the flux vanishes on the boundary either if
P =0 or £:Q = 0 for any diffeormorphism & preserving

It means that the difference between the phase space Lie
derivative and the spacetime Lie derivative vanishes, namely
(6 — £:)© = 0. In the following, we will restrict ourselves to
symoplectic potentials satisfying this property.

"In this paper, we always assume that 6¢ = 0. For general-
izations that take into account field dependent diffeomorphisms
and anomalies, see [68].
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the background structure of the boundary N. In the
following, we are facing these two cases.

III. DYNAMICAL ENTROPIES

A. Geometry of null hypersurfaces

1. Definition of the geometric quantities

Before getting to the heart of the matter, we should review
some basics about the geometry of null hypersurfaces.'' Let
us consider some pseudo Riemannian manifold M equipped
with a volume form € ,,. Consider also a null “boundary” N
of M, and choose a future directed null normal n of N.
Then we can define a volume form €, on N through the
relation

(3.1)

EM=—NANEy
We define an auxiliary null vector [ such that

pn, K1 (3.2)
and the minus sign comes from the fact that we want the
vector [, as the vector n, to be future directed.'> We can
complete the basis (n, [) by spacelike vectors e, tangent to
N, and in addition, we can choose them so that they are
orthonormal. On A/, we can define a codimension two form
from n and ey,

(3.3)

€s = ine./\/
or equivalently

ey =—I Neg (3.4)

and we define the expansion 6, associated to the normal  on

N as
deg = 0,€)

The projector on the tangent subspace Span (e, )4g(1,...p-2)
orthogonal to n and [ is

Y = G + 1L, + 1,1, (3.6)
from which we define the physical quantities on A/ which
encapsulate the intrinsic and extrinsic geometry of N
One of the most important object to achieve this is the
Weingarten map

"See for instance [55] for more details about the geometry on
null hypersurfaces.

More precisely, from (3.1) and (3.2), we can define

ey = i€ Indeed, taking the pullback on A is necessary in

order to define in a unique way €, and because of that the
definition of ¢y, through (3.1) is ambiguous.

Wy =V,n"

«—

(3.7)

from which all the following relevant quantities can be
derived

1
a, b —
yﬂ]’{/vynv - (an)/w + D — 2
k, = =lVn*V,n,

M, = ﬁlavpna

O0nY

(3.8)
where (o,,),, is the traceless shear'? associated to the normal

n, k, the unaffinity of n and 7, is the twist.

2. Topology

In the following, we will be interested in null hyper-
surfaces (or portion of null hypersurfaces) with topology
B x R, where B is some compact base space14 (that in most
applications will be the D —2 sphere SP~2) as in [45].
Basically, it means that the null hypersurface is foliated by a
geodesic congruence such that the geodesics do not cross."
By making such a choice, we avoid caustics, and the null
geodesics cross any spacelike cross section of A/ only once.
Hence, the mathematical objects presented in the section
above describing the intrinsic and extrinsic geometry are
well behaved. However, at some point in this paper we will
also study null hypersurfaces where the geodesics cross
at one point (but has topology B x R otherwise). Each
geodesic can be equipped by an affine parameter » (there
are many choices of affine parameter), such that the null
vector n tangent to the geodesics is

d

n=f T (3.9)
with f > 0 in order to be future directed. If we can extend
the affine parameter v for each geodesic to infinity in both
directions, then the geodesic congruence of the null hyper-
surface is said to be complete. We notice that this condition
do not depend on our particular choice of affine parameter.
If we can extend the affine parameter only to future (past)

BFrom the first equation of (3.8), we can deduce that the
expansion @ is also given by = y**V,n,. To see the relation with
the definition (3.5), compute on one hand £,e,, = V,n"e,, and
on the other hand £,ey = —£,n A ey —n AN £ e = 0,60+
Oe g — n A i,de,, because £,ey = (di, +i,d)er =0Oep +i,dey
and w, is defined as £,n = w,n. Furthermore, n A i,dey =0
vanishes because i,n =0. Hence we understand that 6 =
V' — o, But V,n" =g*V,n, and we can compute that
w, = —2n(/‘l">Vﬂnb, hence we conclude that we also have § =
y*V,n, from (3.6).

“The compactness is needed in order to get finite charges on
the spacelike cross sections.

"This is why the supertranslations are general symmetries of
these hypersurfaces, as we will see in the following.
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infinity, then we say that it is future (past) comple:te.16 We
can study portion of hypersurfaces of topology B x R, but
in this case the geodesic congruence will not be complete.

3. Coordinate choice

We can then describe any generic metric in the neigh-
borhood of our null hypersurface N located at u = 0 using
a judicious coordinate system. Even if only covariant
quantities are meant to be physical, it is sometimes
insightful to work in a well adapted gauge to gain some
physical insight. There are many suitable gauge choices,
but we would like that the affine parameter v be part of the
coordinates. We can choose the Newman-Unti gauge as
in [54], because this gauge is conserved by the set of
diffeomorphisms preserving the background structure that
we will introduction in Sec. III B, see Appendix B for
further details. If the geodesic congruence of null hyper-
surface V' is complete, we can extend the value of the affine
parameter in both directions to infinity, and so the neigh-
borhood of the whole hypersurface N can be described by
the chart (u, v, x*), and on the null hypersurface N located
at u = 0 with the coordinates (v,x*), where the x* are
the coordinates describing the spacelike cross sections at
constant v. Therefore, a generic metric in some small
neighborhood of A can be written in the Newman-Unti
gauge as'’

Gudxtdx’ = —u* Fdv* — 2dudv + 2uP ydx*dv

+ gapdx’dx® (3.10)

where F, P, and g,p are w functions of v and x*.'® So,

the normal vector tangent to the null geodesics is n# = fd,,
and we can define an auxiliary vector /¥ = lfdﬁ and a

coordinate basis ax% tangent to the constant v cross sections
of N. On N, located at u = 0, the D-dimensional metric
(3.10) becomes

Gudxtdx*|,_o = —2dudv + g,pdx*dx® (3.11)

Hence, on NV, we have n, =—fo,uand l, = —j—lcdﬂv. We
should notice that the fact that g,, = O(u?) in (3.10)
implies l"aﬂn2 =0 on N, and so we have the simpler
expression for the unaffinity &, (3.8)

"For instance, we will study further the outgoing light cone,
which is only future complete, i.e., we can extend the null
geodesics to future infinity but not to past infinity because of the
light cone’s tip.

"We see in (3.10) that g,, = O(u?). This is needed because v
is an affine parameter. Indeed, a short calculation shows that
%”XD%” =T, =0 only if d,g,, = 0 at .

As the constraints have not been imposed yet, these
functions are not independent of each other.

D(D-1)
2

k, = n"0,In f (3.12)
and so we can check that the coordinate v is affine as the
unaffinity of the normal n* = ¢, vanishes.

B. Local entropy balance law for Dirichlet flux

1. Boundary structure and Dirichlet flux and charges

From now on, and except at the end of this section where
we will come back to the more general D-dimensional
case, we will assume D = 4. If we vary the Einstein-
Hilbert action on a manifold M with a null boundary
N [52,71,72], we get in addition to the equations of motion
the exterior derivative of the bare Einstein-Hilbert' sym-
plectic potential integrated on the null boundary N 20

1 1
OFH — ol —=(2k+60,)y* |6
/(_ 167[//\/’( 2( + n)y > V€N
+2(n, — 0,1, )0n"ep + 26((k, + 0,)enr)

+ / 9EH (3.13)
oN
where
1
EH __ .
19 = —E (lgnue_/\/' + €ﬂNyp51’l”) (314)

The Noether charge associated to the Einstein-Hilbert
sympelctic potential (3.13) is the well-known Komar
charge

EMpupo V77 (3.15)

1
EH\ _
(% )ﬂu ~ "lox
The master equation (1.1) allows us to relate the variation of
the Komar charge for diffeomorphisms & tangent to N to
the Einstein-Hilbert flux (3.13) contracted with the field
space vector X.. In other words, we have
TiE e, + dgg = 10" — i LFY (3.16)
However, there are many terms involved in (3.13), and not
all of them have an independent physical relevance. Ideally,
we want to equip the null hypersurface A/ with some
boundary structure that allows us to identify the physical
degrees of freedom. The boundary structure of a null
hypersurface [45] is given by the equivalence class of

It is the usual boundary term n®g* (Vi9ua = Viabg,,) that we
get from varying g,,.

We can notice that the easiest way to get the symplectic
potential on a null hypersurface is to compute first the symplectic
potential for tetrad gravity rather than metric gravity, as it is done
in [52]. However, we should keep in mind that the two symplectic
potentials (metric and tetrad) differ by an exact 3-form [73,74].
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the triplet (n#, n,, k,), such that (n*, n,,, k) and (n'*, n,,, k)
belong to the same equivalence class if and only if there

exists some function A such that

I
n, —Anﬂ

n'* = Ant

k, = Ak, +n"d,A (3.17)
Hence, as the equivalence class [n”,nﬂ,k] describes the
boundary structure of any null hypersurface of topology
B x R, it is universal and should not give us any informa-
tion on the physics on the boundary. Hence, for consis-
tency, we have to restrict ourselves to the variations
in phase space such that this boundary structure is pre-
served, i.e., to

on* =0
on, = 0
ok, = 0. (3.18)

However, the quantities defined in (3.18) are one forms in
field space, so they act on vectors in field space. Hence,
we have to restrict ourselves to vectors X, in field space
such that their contraction on the field space forms (3.18)
vanishes. The diffeomorphisms ¢ tangent to the null
hypersurface A/ from which the field space vector X, is
built are the ones preserving the universal structure of the
null hypersurface, as explained in [45] and in Appendix B
E=(T(xB)+vW(xB))o, —uW(xB)o, + YA (x)o, (3.19)
where the components T(xB), W(xB) and Y4(xP) are
respectively the affine supertranslations, the Weyl super-
translations, and the superrotations. Furthermore, we kept
the term —uW (x)d,, in the expression of the vector field,
even if it vanishes on the null hypersurface N, so it is
not relevant for the restriction of & on N. It is because
the conditions (3.18) also fix this extension through the
equations /*6;n, =0 and [,6:n* = 0.

The vectors fields (3.19) are all tangent to the null
hypersurface A/ and so preserve its location. However, if
the null hypersurface A/ has a boundary o, then we must
restrict the group of infinitesimal diffeomorphisms pre-
serving the boundary dN, i.e., schematically £:0N = 0.
For instance, if ON = S is some corner with topology B
that crosses each null generator one, then we should restrict
ourselves to the vector ¢ that preserve S. As S crosses every
generator once, we can locate it at v = 0. So the group of
diffeomorphisms preserving N and the boundary struc-
ture (3.18) is then

&= W(xB) (v, —uad,) + YA(xB)a, (3.20)

which is (3.19) without the affine supertranslations 70,,
which move obviously the location of the corner.

The vector fields spanned by (3.19) form a closed algebra.
The group obtained from the algebra of vectors (B15) is

Diff(S) X RS, X RS. (3.21)

It is called the BMSW algebra at null infinity [66], extending
the famous BMS group of symmetry [75]. This procedure
is not the original way of recovering this algebra. Instead,
here we emphasized on the infinitesimal diffeomorphisms
preserving the restrictions (3.18), which gives us a more
physical symplectic potential by killing some gauge redun-
dancy. Indeed, if we impose (3.18), we see that the Einstein-
Hilbert bare potential (3.13) becomes

OFf = s (d’w - —9,,}/ )57;w€N +25(0,en).  (3.22)

The expression of (3.22) depends on the shear, the
expansion and the volume form. We got rid of the
unaffinity, the normal and the auxiliary vector. In addition,
from (3.5), we notice that the second term of (3.22) is not
only a boundary term in field space, but also in spacetime.
Hence, we can obtain another symplectic potential ®”
thanks to (2.20), by taking [ = —26,¢,>"

@D:@EH—dég—; Ton (o-”” 0,7" )5}/”,,6]\/. (3.23)

The symplectic form obtained from (3.23) is the same as the
one obtained from (3.22), we have w = §OFH = 50P. We
observe that the shear is conjugated to the conformal metric
while the expansion is conjugated to the null volume form.
Both shear and expansion characterize the intrinsic and
extrinsic geometry of NV, and the conformal metric is the
data required by Sachs [76]* on the whole hypersurface N
for the initial value problem from a pair of two intersecting
null hypersurfaces. Furthermore, this symplectic potential
is covariant and vanishes for arbitrary variation &y, around
a shear free and expansion free null hypersurface, taken
as a class of stationary solutions [54]. Hence, as claimed
in [45], it is the unique symplectic potential obtained from
the Wald-Zoupas procedure [6].7 The charge associated to
& pullback on the cross section S of constant parameter v is
given by the formula (2.21) and is equal to

?'The index “D” is a reference for Dirichlet, because the flux is
in a Dirichlet form [55].
The expansion is also needed at the intersection of both
null hypersurfaces
BSee [68] for a modern review about the Wald-Zoupas
procedure.
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1

07(S) :% L [W——PAYA —0,(T+oW)|es  (3.24)

2

which is the improved Noether charge [57] associated
to the new symplectic potential (3.23). This is also the
Wald-Zoupas charge. On a nonexpanding horizon, ¢} = 0
and 0, =0 so ®” =0 for arbitrary variations, and the
charges are conserved.

2. Local balance equation and entropy

Now we come back to the master equation (1.1). As y,,
is anomaly free, the symplectic potential (3.23) contracted
with a diffeomorphism of the symmetry group (3.19) is
of the form P£:Q, where Q and P are canonical pairs.
Therefore it can be understood as a gravitational flux,
vanishing if the momenta P vanish or if the configuration
space dynamical fields Q remain unchanged when trans-
ported along & Then we have, on a portion AN of N
between two cross sections S; and S, of A/

AQP = / 107 + / T, & neny
AN AN

1 1
=— oy — =0, 7" | £
167 Jan < ) nl > V€N

+/ T,&n ey . (3.25)
N

Now, we consider only the subgroup of diffeomorphisms &
tangent to the null geodesics, i.e., the supertranslations.
We can see (3.24) that the charge associated to the affine
supertranslations vanishes on a nonexpanding horizon.
Furthermore, we know that the horizon null Killing field
is a Weyl supertranslation and not an affine supertransla-
tion, so we focus on Weyl supertranslations for now. If the
null energy conditions are imposed, the creation term in the
master equation becomes positive and the Q? variation is

similar to a balance law for entropy, because the contri-
bution of the matter degrees of freedom to the gravitational
charge variation is always positive. In thermodynamics,
entropy is defined at equilibrium and perturbatively near
equilibrium. In general, when we have noninfinitesimal
gravitational flux and entropy creation terms, the charge
Q? gives us a dynamical and local notion of entropy. We

should recover the usual notion of entropy on the stationary
solutions, which are the nonexpanding horizons. On the
nonexpanding horizon, thermodynamic equilibrium is
achieved and the charges do not vary. However, the analysis
of the perturbative nonexpanding horizon gives dynamical
correction to the entropy at first order.

Let us assume that the unperturbed black hole is a
stationary Kerr-Newman black hole with mass M, angular
momentum J, electric charge Q, and area A. We can
slightly perturb this stationary solution by introducing

some (possibly charged) matter fields ¢, with correspond-
ing stress energy tensor T, such that

¢ = 0(e)

T, = 0(€?) (3.26)
where € is a small quantity, where the meaning of “small”
will be defined in the following. The background Killing

vector is & at kvd, = kvn on the dynamical horizon N,
where « is chosen to be the black hole surface gravity.24 Itis
a Weyl supertranslation being part of the symmetry group
(3.19) preserving the boundary structure with parameter
W = k. Therefore, £ is null on the dynamical horizon and is
exactly Killing when the black hole settles down to a
stationary state, i.e., in the far future. Thus, (3.26) com-
bined with the Einstein equations tells us that

o’ = 0(e?)
0, = 0(62)
£27, = O(€?) (3.27)
implying
1:0° = O(e*) (3.28)

and so the parameter ¢ must be sufficiently small so that the
metric perturbations of second order are negligible with
respect to the first order metric perturbations of the Killing
background. Now, from (3.24), (3.25), and (3.28)

dA
LA(A - v—) = /J\/ T, &n"ey +O(e') =5, >0
(3.29)

which is equivalent to (see [26] for details)

A
Fala-— o™ aM—QuAaT 0,00 (3.30)
8 dv

and so the dynamical entropy is given by

1 dA
D _ — A—pv—
S 4( Udv)

This is a particular case of the dynamical entropy intro-
duced in [67] for general theory of gravity. It reduces to the
usual Bekenstein Hawking entropy in the stationary case.
It might seem surprising at first to not recover the usual
physical process first law (PPFL)

(3.31)

2With this choice, it is well known that we can decompose the
Killing field ¢ at infinity into a timelike Killing vector field
normalized to —1 and a spacelike Killing vector field which
generates closed orbits of length 27.
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K AA = AM = QAT — D,AQ

o (3.32)

but we should remember that we had to integrate between
the bifurcation surface located at v =0 and v = +o0 to
find (3.32) [19,25,26]. Here, we integrated between two
arbitrary slices of constant v, so these terms remain. Hence,
we can locally define an entropy variation in a physical
process without talking about the bifurcation surface or the
equilibrium state. In this process, the entropy creation term
is of order O(¢?) and the flux is of order O(e*), so the
thermodynamic transformation is meant to be adiabatic.

Furthermore, if there is no matter crossing the dynamical
event horizon on the portion AN, the Raychaudhuri
equation gives us that 9,0, = =05 — 0, ,05, 50 0, =
O(e*) and in this case

menga/ Cuuoi e +o(e) = QP >0 (3.33)
T JAN

is a local entropy variation. Thus the entropy variation
around a nonexpanding horizon is positive up to second
order. If there is no matter on AN/, the only piece
contributing to the entropy variation is the heat current
which is a second order term. This term can be interpreted
as the energy flux of the weak gravitational waves crossing
a perturbed nonexpanding horizon [54]. Hence, the energy
carried by weak gravitational waves is the heat flux
contributing to the entropy variation.

The presence of a Killing field which has a timelike
Killing component normalized to —1 at infinity establishes
a well-defined notion of temperature seen by a fay away
observer, the Hawking temperature. However, if we are not
close to equilibrium, there is no well-defined intrinsic
notion of temperature on the null hypersurface N. Even
for a black hole at equilibrium, the Hawking temperature
makes sense for a far away observer, but an observer
accelerating near the black hole horizon observes a differ-
ent temperature. Indeed, in order to derive the physical
process first law (PPFL) from (3.25), we chose to take £ as a
Weyl supertranslation with parameter W(x4) =« on the
null horizon, where « is the surface gravity of the back-
ground black hole. Nevertheless, when the portion AN
of the null hypersurface N we are interested in is not a
(perturbed) stationary event horizon, there is no canonical
choice of k. As it is well known, x is chosen as the surface
gravity of the stationary black hole because & is meant
to be identified with is the Killing field generating the null
horizon with timelike part normalized to —1 at infinity.
However, any Weyl supertranslation &= W(vd, — ud,)
still preserves the boundary structure (3.19). Even if the
temperature on the null hypersurface is not defined because
of the absence of a global Killing vector in general, we can
however identify in sufficiently small regions observers of
local constant acceleration W moving along the lines of

tangent vector &, close to N. This result is true for large
enough local acceleration W, see Appendix C. These
observers measure a local Unruh temperature, and so there
exists an analogy between Weyl supertranslation diffeo-
morphisms and monothermal thermodynamic transforma-
tions.”> In this case, the temperature is a property of the
field £ and the trajectory of (approximate) constant accel-
eration we choose, and not a property the gravitational
system. Indeed, the local balance law (3.25) is independent
of the parameter W, and we always can normalize £ such
that W = 1.

C. Charge variation on a perturbed Killing horizon

Hawking, Perry, and Strominger argued that information
can be stored in a holographic manner on the black hole
event horizon due to shifts of the null generators caused by
ingoing particles crossing the surface [77-79]. The super-
translations preserve the background structure of any null
hypersurface with topology B x R because the null geo-
desics are independent of each other, they never cross.”®
Hence, any local disturbance of a bunch of geodesics
cannot affect the other geodesics. If we use the general flux
balance law (3.25) between two cross sections on a
perturbed black hole horizon, we get at first order

AQP = /A y T8 n"ey + O(e*) (3.34)

for any £ belonging to the BMSW algebra. As £ is a general
Weyl supertranslation, we can use the arbitrariness of the
parameter W(x*) to write balance laws at fixed angular
direction x*. Hence, the variation of the charges Owy,
depend directly on the details of the stress energy falling
into the black hole, and so the charges store some
information about the collapsed matter which formed the
black hole. On the stationary event horizon, on any cross
section S, the charge is given by

wmzlwwm (3.35)

and so the local area element ¢ is the observable where the
information about the local density of stress energy which

»Reminder: Monothermal does not mean isothermal. It means
that the environment is at constant temperature during the
thermodynamic transformation, but the system is not. Indeed,
when the system is not in internal equilibrium, its temperature is
generally not well defined. Here we associate the Weyl super-
translation transformation to monothermal thermodynamic trans-
formations because the local observer sees locally a surrounding
thermal bath of temperature 5 but the system itself has not a well-
defined temperature in general.

On a general black hole event horizon, the generators can
never leave the horizon and never cross too. However, they can
enter the horizon at points called caustics.
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fell into the black hole is stored. A similar analysis can be
held for the superrotations.

D. Local entropy balance law for York flux

1. Legendre transformation

Before getting to the heart of the matter, it is worth
spending some time on well-known notions in order to
understand better what we are doing in the following. In
thermodynamics, the second law, or the entropy balance
law, can generally be written as

Q
Text
_ dE+ PoydV — - -
Text

dS=—=+3§,

+5. (3.36)

with S, > 0 and where we used the first law dE = W + Q
to go from the first to the second line. In general we could
have added any kind of external work . For instance, if
we are for instance in a system with total electric charge Q
and external electrostatic potential ®.,,, or with a number
N, of particles of type i with external chemical potential
Hext.i» WE Can write

W= _Pextdv + q)extdQ + Z/"ext,idNi- (337)

However, keeping only W = —P.,dV in the above for-
mulas is enough to illustrate our purpose. Under these
circumstances, the flux term vanishes if we set dE =
dV =0, and then we get dS =S, > 0. Therefore, for
systems with constant energy and constant volume (micro-
canonical ensemble), S is identified as the thermodynamic
potential, because its variation is always positive and
vanishes only at equilibrium, so it gives an indication
about the spontaneous evolution of the system.

However, if we proceed to a Legendre transformation
and set now F = E — Te,(tS,27 we obtain from (3.36)

dF  SdT ey + PeydV

+S..
Text Text ‘

(3.38)

Here the flux term vanishes when dT.,, = dV =0, and
therefore —dF > 0 when the external temperature and the
volume of the system are fixed during the physical process
(canonical ensemble). In that case, F is the appropriate
thermodynamic potential. The point here is that the good
thermodynamic potential depends on the physically moti-
vated form of the flux. Similarly to (3.36) and (3.38), the
master equation (1.1) relates the charge variation to some

*Here, F is not exactly the free energy, as in general T, # T.
In fact it is not a state function as Ty, is not the temperature of the
system which may not be well defined.

flux and a positive term if the null energy conditions are
imposed. From a given bulk Lagrangian, ® is defined up to
exact terms in spacetime and field space [18].

In the previous section, we used a symplectic potential
written in a Dirichlet form (3.25), as in [45], and worked
with the corresponding improved Noether charges. How-
ever, even if (3.31) allows us to recover the usual PPFL
locally, it cannot give a satisfactory global notion of
entropy far from equilibrium. Indeed, for a Schwarzschild
black hole formed after a spherical collapse for instance,
the event horizon is initially a light cone in Minkowski
spacetime bent by the gravitational effects of the collapsing
matter (see Fig. 1). However, initially, when spacetime is
still flat, the entropy (3.31) is negative and decreases as we
can check by using (3.25). Even if the entropy can decrease
for open physical systems, it seems unnatural for it to vary
on the Minkowski’s light cone. Indeed, it is embedded in
flat spacetime and we do not expect that the gravitational
charges evaluated on its cross sections vary because the
cancellation of the Weyl tensor means that the gravity
degrees of freedom are not excited. If we understand
entropy as a gravitational charge, we may expect that it
vanishes on any cross section of the light cone embedded
in flat spacetime. We will define such an entropy, with
vanishing flux on the Minkowsk’s light cone and on
nonexpanding horizon. In other words, we want these
two portions of A to be stationary, in the sense that all the
gravitational charges associated to the diffeomorphisms
preserving the boundary structure of a general null hyper-
surface do not vary. Furthermore, this new entropy vanishes
on Minkowski light cone and gives the usual Bekenstein-
Hawking entropy on a nonexpanding horizon.*® It increases
on a spherically symmetric cross sections of any spherically
symmetric outgoing null hypersurface, and so in particular
for the event horizon formed through a spherically sym-
metric collapse.

2. York flux and charges

In order to do so, we start from the analysis presented
in [55]. In this paper, alternative boundary condition on the
null hypersurfaces are presented. One possible symplectic
potential was the Dirichlet like symplectic potential (3.25)
that can also be written as

L w
e = Ton (00 Sy uen — Onden) (3.39)
using the useful identity
_ L u
Sep = 7 O + 1,0n (3.40)

*Minkowski spacetime and stationary black hole spacetimes
both possess a Killing field that is timelike Killing field when it
approaches N. They are stationary in that sense.
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and imposing én* = 0 in order to preserve the boundary
structure. Then we can integrate by part (3.39) —0, ¢, to
€)00,. Hence we have now the symplectic potential

1 €
Y — nyé 6 — EH _ 5 N
® —16 (0‘” 7/””6'/\[ + €N5 n) (2 d. —1677,'

= 0P dé—
+ 167

(3.41)
that we can name the York symplectic potential, as the
phase space vanables are the conformal metric 7,, and
the expansion 9,1 These are the Sach’s free data [76].%
The main point of Sach’s analysis is precisely that, on null
hypersurfaces, we know exactly what are the physical
degrees of freedom, and what is gauge. Hence expressing
symplectic potential with canonical variables (7,,.6,) is
quite natural. Furthermore, (3.41) contracted with one of
the general diffeomorphisms (3.19) preserving the boun-
dary structure gives

1.0Y = (o0 £evwen + entel, + exAél,) (3.42)

1
167z
and the associated improved Noether charge (integrated
on S) can be deduced from (2.21) is

(3.43)

Qg( )= 1/|:W_1PAYA—%901_(T+UW) €

8 2

If we look at (3.42), we notice that it is not in the form
P£:Q unlike (3.39). Indeed, while y,, is anomaly free, it
is not the case for 8,, and the term Age does not vamsh
in general. This is because 6, is not class III invariant’'
in the sense of Chandrasekhar [80], as 8,4, = A@,, s
Appendix D for more details. The anomaly depends on the
chosen representative n. Hence, to get rid of this anomaly
term in the computations32 we choose a preferred normal,
giving nonanomalous contributions to the flux

29The shear is tracefree, so 6“8y, = 657,

*For the initial value problem of two null hypersurfaces
intersecting at some corner, we need to know the conformal
metric on the null hypersurfaces and the expansions of both null
hypersurfaces at the corner, in addition to the bracket between the
normal n and the auxiliary vector [ at the corner. As here we are
interested in only one of the two null hypersurfaces, the relevant
data are j,, on N and 6, at the corner. The Raychaudhuri
equation gives 6, everywhere on N from the value of 0, at the
corner and the shear o, that can itself be obtained by takmg the
traclefree Lie derlvatlve of the conformal metric.

“"Remember that a class III invariant quantity is a physical
quantity that is invariant through a rescaling of the normal / and
the auxiliary vector n preserving the relation n,/t = —1, ie.,
invariant through (n,1) - (An,A7'0).

*The formula for the flux is class I invariant though.
However, in general we cannot write it with Lie derivatives only.

H 9\ 3.44
= vl o (3.44)
and which gives us k,, = 1. It is shown in Appendix D that
the subgroup of diffeomorphisms (3.19) which are non-
anomalous is given by the following vectors

&= W(xB)(va, — ua,) + YA(xP)o, (3.45)
which have a closed algebra. The Lie group associated to
this algebra is

Diff(S) X Ry, (3.46)
The subalgebra spanned by the vectors (3.45) is exactly the
subalgebra (3.20) that preserves the location of some corner
S of N that cross any null generator once, and so it is the
symmetry group of diffeomorphsims preserving the loca-
tion of A/, of its boundary N and the boundary structure
[45,81]. In particular, they preserve the boundary of the
ingoing and outgoing light cones. Therefore, with this
restricted choice of diffeomorphisms, the flux (3.42) and
the improved Noether charge (3.43) become respectively

1 af@Y -

1w

and

Q1 (8) = (3.48)

1 0,0, 1 A

L v(o-%)
Hence we get a new flux written in the form P£;Q, and new
charges [55]. This flux and this charge are similar to the
one introduced in [50], but we restricted ourselves to the
covariant phase space introduced in [45] and get charges
linear in the parameters W(x?) and Y#(x?). The physical
motivations to introduce them are also quite different.
However, it is worth emphasizing that the symplectic
potential (3.41) does not satisfy the Wald-Zoupas require-
ments. If it is indeed covariant with respect to the diffeo-
morphisms (3.45), it does not satisfy the Wald-Zoupas
stationary solution requirement, i.e., there is no so-called
stationary solution ¢ = (7,,.6,) such that ©(¢,5¢)
vanishes for arbitrary variations ¢ [6,68]. However, in
order to build a vanishing Noether flux on Minkowski light
cone, we have to go beyond the Wald-Zoupas procedure
and accept as a suitable flux /;@" which vanishes for any
allowed symmetry of the boundary structure &, the diffeo-
morphisms (3.45). Within this definition of a stationary
solution, the symplectic flux and the associated charges
both vanish on Minkowski’s light cone. Indeed, on
Minkowski’s light cone ¢4 = 0. Furthermore, the outgoing
null light cone is defined as a null hypersurface u = 0, and
the affine parameter v goes from v = 0 (the light cone tip)
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at r = 0 to v = 4o0. Thus, for the Minkowski light cone,
we have r = v for any value of the affine parameter v.
Hence, on sections of constant » (or constant r)

vdéA_ rd&A_

—0, =900 _ T A%y 4
On =00, = 54 a0 ~GA dr (3-49)

and so 0, =2 in D =4 dimensions. Therefore, on the
outgoing Minkowiski light cone for which P, = 0% and
0, =2, we get from (3.47) that I§®Y = 0 and from (3.48)
Q?(S ) = 0 for any £ that belongs to the symmetry group of
the boundary structure (3.45). Hence, we have a vanishing
flux and vanishing charges on Minkowski light cone,
as desired.* We also notice that the flux (3.47) vanishes
on nonexpanding horizons, because ¢, =0 and 6, =0
everywhere.

In addition, we can introduce the symplectic form @ =
60FH = 5P = 50" and get

~Lw® (50 - i,0") (3.50)

on-shell. So the charge Q is Hamiltonian if ®" = 0 or if &
is tangent to some corner and we integrate and take the
pullback (the former can be achieved if the boundary
conditions 67,, = 66, =0 are satisfied). Let AN be a
portion of the null hypersurface N delimited by the
compact cross sections S; and S,. Let choose a second
vector field y belonging to the algebra (3.45). On a
nonexpanding horizon or on Minkowski light cone,
1,0" =0 and so we have that

{Q}(/’ Qa’f/} - /AN —LIl:0 = \/LS:Z_SI 5)(Q§ = _/SZ_S] 5§Q)§
(3.51)

and so the charge O, generates the symmetry transforma-
tion X, in phase space.

In fact, the angular momentum aspect is equal to the
normalized twist ny = —y40:V,0,u on the null hypersurface,
in fact g, = —%P 4. The word normalized is added here because
the twist is not a class III invariant quantity as we can easily
check, see [55] for more details.

There are other notions of entropy that have been introduced
on the Minkowski light cone in order to simulate analogies with
black hole thermodynamics. In particular, in [82,83], the entropy
is given by the conformal area at first order, and a similar
procedure to the one occurring here is done in order to remove the
order 0 expansion of the Minkowski’s future light cone. However,
the entropy proposed in these paper is obtained using the
assumption that the first order expansion vanishes at infinite
affine parameter v on the hypersurface, so it does not equal our
(3.61). Furthermore, the associated temperature is not associated
to a boost Killing field but to the radial special conformal field.

3. General properties of the flux and positive
flux theorems

With the new flux (3.47) and the new charges (3.48), the
master equation (1.1) becomes

AQz::/ I§®Y—|—/ T8 ney
AN AN
1

=1 " aﬁ”f,:ywej\/ +en£:0, + /AN T,&'n"ey

(3.52)

If £ is a Weyl supertranslation, & = W(x*)n* and the
Raychaudhuri equation £:6, = W(x*)v0,0, = W(x*) x
(6, —360% — o2 —R,,n*n") combined with the Einstein
equations transforms (3.52) into

1 o> 0 0,\?2
AOQY, — — w ny In (2
QW” &n /AN w ( 2 - 9n0 <6110> >
1

+ = WT, n*n"ey

3.53
3 ox (3.53)

where 6,, = 2 is the value of expansion on the outgoing
Minkowski’s light cone, considered as the reference (sta-
tionary) solution. The right-hand side (rhs) of (3.53) is
positive as long as the null energy conditions are satisfied,
W(x*) > 0 and 6,y > 6, > 0. This last condition is a very
nontrivial one, in the sense that it is not a priori physically
relevant. Indeed, the value on 6, depends on the extrinsic
geometric properties of the considered null hypersurface.
For a generic null hypersurface embedded in flat spacetime,
it can take any value. Furthermore, the condition 6, < 0
does not seem to be physically relevant either” However,
there are still some cases where the latter condition is
relevant.

First, we can restrict ourselves to positive expansion null
hypersurfaces, satisfying 6, > 0 everywhere. By doing so,
we can avoid caustics, which necessarily form at some
parameter v > v if 6, is negative at v,. Second, we should
notice that if 6,(vy) <2, then for any v > vy >0,
0,(v) <2 if the null energy conditions are satisfied (for
fixed angular coordinates x*). Indeed, if it is not true, there
exists a parameter vp > v,y such that 6,(vp) > 2. But the
Raychaudhuri equation is

o,

0,0,=280,—
Uvn n 2

2
— 0y — T/w

(3.54)

ntn"

35Except when the cross section is a marginally trapped
surface, in that case we also need no have 6, < 0. We know
however that in general such a condition implies, through the
Raychaudhuri equation, that the expansion diverges for a finite
affine parameter, and so we cannot extend the affine parameter
ton infinity. Hence the chosen geodesic congruence is not future
complete.
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and so if 0, > 2 and if the null energy conditions are
satisfied, 0,60, is negative (as v > vy > 0). It means that
0,(v <wvp)>2,andso 0, (vy) > 6,(vp) > 2, and we geta
contradiction. Of course, if 6, (vy) < 0, then 8, (v> vy) <0
for the same reasons. Hence, if for any x4, 0, (xA, v =+40)
exists and if there exists v, such that O(x*, vy) < 2, then
0<6,(x4, [vy, +oo[) < 2. Therefore, the charge QY is
positive and increases on [vy, +oo[. Of course, as we
already mentioned, we had to restrict ourselves to (portion)
of null hypersurfaces A which have topology B x R. In
particular, these hypersurfaces should not allow some
generators to enter or leave N\, as it is the case on general
event horizons where generators can enter A at caustics.
However, the boundary of the null hypersurfaces that
we consider may contain caustics, as the outgoing light
cone’s tip.

As a consequence, an arbitrary null hypersurface A/ with
topology B x R which is future complete has the following
property. Take any spacelike compact cross section S of A/
which intersects all the null generators exactly once, look at
the vector fields belonging to the symmetry group of A
which preserves the location of the corner S. Among them,
there are the Weyl supertranslation vector fields which
vanishes on S, i.e.,

Ewls =0 (3.55)

For the following, we normalize W to W =1 and so the
Weyl supertranslation vector field &y, is the normal n = vd,
on N.*® As & = n = vad,, the corner S is located at the value
v = 0 of the affine parameter ». Then, for any compact
spacelike cross sections S, and S, of AV in the future of S,
such that S, is in the future of §; (which can be noted
S, >=8,>S5), we have that

AQy = 0Qys, — Qs 20 (3.56)
Indeed, from (3.53), Q) increases if the null energy
conditions are satisfied as long as 0,, =2 > 6, > 0. But
as N\ is future complete, we necessarily have that 6, > 0,
because if it was not true, then from the Raychaudhuri
equation, 8, would become infinite at a finite value of an
affine parameter v, and there would be a formation of a
caustic. If null generators cross, the topology of N is not
B x R so this is a contradiction. Hence 8, > 0. Further-
more, we have that 9, | s = 0. Indeed, we chose to define the
coordinate system such that the corner S is located at v = 0.
Hence, 6, does not diverge at v = 0, because no caustics
form on S,” and so 0,5 (0,x4) = 6,(0,x*) = 0. It implies
that 0 <@,(v > 0,x) <2 by the theorem discussed

*However, the following theorem works for any & = W (x*)n
with W > 0. In other words, £ must be future pointing in the
future of S.

Tof course, this is not the case for the light cone.

before. Thus 0, <2 at any point on A in the future of
S. This proves (3.56). The charge associated to the normal n
on a cross section S” of constant affine parameter v > 0 is
then given by (3.48)

1 1 1
Ve=—1[(1-20,)es=—(A
Qn|S 8”/5’( 2 n)Ss 871'(

In addition, as 6,|¢ = 0, we have

vdA
- 5%) (3.57)

1

Me=—A 3.58
Qn|S ] |S ( )

and so on any cross section S’ in the future of S, Qﬁ.s’ >
§A| s = 0 and the dynamical entropy associated with the

vector field £ = n is positive. This result can be generalized
to any dimensions.

4. Perturbation on Killing horizons

On a slightly perturbed stationary black hole event
horizon, 6, is arbitrary small and positive, because
0,(v = +o0) = 0. Thus, of course, the right hand side

of (3.53) is positive and we take gﬁ kvd, as the back-
ground Killing field, with x being the surface gravity of
the stationary black hole. At first order in perturbation,™
we get from (3.52)39

A
TyASY = A <1’<6—”9n> 4 AM = QuAT — ¢y AQ + O(eY)
(3.60)
where 8, = 144%

=19 and on cross sections of constant affine
parameter v the York entropy is given by

BRemember that according to our conventions, a linear
perturbation of the metric is of order €.
We have to work out the €,/0, term

1 1 dvd?xh
- £0, = —— 9,0
167:/AN€N ¢n 167:/AN , Vrvdo,

1
—— | dvd®x*x0,( /70
T N »(V70,)

1
167 Jan

KA
—A n 4
<167r) + O0(e*)

ke 02

(3.59)

where the variation A is evaluated between two cross sections of

constant v. J _
In general we have 6, = %d_\{? # j—;% =40,. 0, is local on

the cross section while 6, is not. However, the equality holds in
the spherically symmetric case.
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A 0 1 vdA
Y (12 ) =—(A-=221).
v =5(1-3) =3(a-3%)

It is worth emphasizing again that this entropy clearly
vanishes on Minkowski’s light cone and equals the
Bekenstein-Hawking entropy on a nonexpanding horizon.

(3.61)

How can we interpret the additional term A({2 9':}) in the

PPFL ? It is important to remember that this is a physical
process first law which is different from the equilibrium
state version, as explained in the introduction. In thermo-
dynamics, the law dE = —PdV + TdS relates two nearby
stationary solutions in phase space. This is strictly speaking
an identity, relating state variables defined at equilibrium.
Here, we study a physical process, and we are not at
equilibrium on any slice of constant ». This is why the
entropy needs not to be the Bekenstein-Hawking entropy,
but includes dynamical corrections. In that sense, it makes
much more sense to write the balance law dS = g +S.

than the identity dS = dM QH ¢H on an arbltrary
portion of N. Funhermore, whlle the Dirichlet flux
vanishes at first order, it is not the case of the York flux,
giving a nonvanishing gravitational flux. We expect in
general a gravitational flux, even near equilibrium, because
the geometry varies along the dynamical event horizon .
The Legendre transformation of the Dirichlet symplectic
potential (3.41) enables us to construct some flux (the York
flux) which takes into account the change of geometry on a
portion of the null horizon where no matter crosses it.

However it does not mean that we cannot make sense of
the entropy balance law for York potential for a perturbed
nonexpanding horizon. First we have to notice that in
vacuum, just before or after matter felt into the black hole,
T,&'n"exy =TyS. =0, and we get from (3.52) the
linearized entropy balance equation (1.2)

Q' = — <2A>+0()

T
= ?HAA + 0(e*)

TyASY =
(3.62)

where we used the linearization at first order in vacuum of
(3.53), and where Q" is the “heat flux” appearing in (1.2),
equal to the pullback of the Noether York current jé’ =
1:0" — LY on the null horizon. It is worth noticing that
since the perturbation 7, is of order 2" and since & is a
background Killing vector, then j? is closed at order €
from (2.2). Hence, from (3.62) we may be tempted to

*For the charged case the total stress energy tensor 7, is not
of order €2, so we have to add the Yang-Mills Lagrangian to the
Einstein-Hilbert one and compute the total Noether current,
which exterior derivative also vanishes at order €*, as it is
done in [26].

associate an internal energy U” to the gravitational degrees
of freedom such that its variation is AUY = QY = T” AA.

To understand better the property of the grav1tati0nal
flux and the application of the second law of thermody-
namics on NV, we generalize the previous analysis and write

the balance law in the D dimensional spacetime.** In that
case, (3.52) becomes
AQY—L/ on' £ €+2 36 £:0,
§ T Tbm Jyp T TN T Ry N
+/ T, E'n"ey (3.63)
AN
and the charge is
1 0,9 1
Y _ v0y A
Q§—§£W<1—D_2)€S—§PAY €g (364)

If we restrict ourselves now to the null diffeomorphisms
& = Wnt, (3.63) becomes

1 0 0,\?
AQY, =— W D=-3)|-"— ("
Qi 87 /AN €N<( )|:9n0 (gnO) :|
D-3 D-3
1 - 2 1 -
(1-52)%) + (-52)
x/ WT, n'n"ey
AN

with now 8,; = D — 2. The multiplicative factor D — 3 in
front of the flux was expected because we know that we
should not get any pure gravitational flux for 3-dimensional
gravity,” as the Weyl tensor vanishes.** The analysis of the
balance law on the 3-dimensional light cone is held in
Appendix E. We can also notice that as in the four
dimensional case, the charge variation is positive as long
as the null energy conditions are satisfied, we choose
W > 0 and assume 0 < 6,, < 6,,5. Now, from (3.65), we can
get the first law for linearized perturbations around a
stationary horizon. We can choose W(x?) =k to be the
surface gravity of the background stationary black hole in
order to identify £ with the background Killing vector such
that at infinity its timelike Killing component is normalized
to —1. Thus, we recover the Hawking temperature 7'y in
our formulas if we introduce the quantum of action A. As
we just did, let us specialize now to (local) vacuum, with

(3.65)

“In general D dimensions, Sach’s analysis of the free data on
null hypersurfaces does not hold. We do not know what can be
identified as gauge and what can identified as gravitational degrees
of freedom in Bondi’s frame.

Also there is no shear in D = 3.
The number of gravitational degrees of freedom at each point

in classical D dimensional gravity is just (DH) -2D = w.
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T,, = 0 on a portion of the horizon. Hence, at first order
(3.65) becomes

TyASY = AUY + O(e*) (3.66)
with S¥ being the dynamical entropy
k v dA
Y B
=—|A- — .67
S 4Gh< D—2dv> (367)
and
1 D-3 A
Y=~ ———=UY 3.68
U =akelu 2556 = Yaon (3.68)

is analogous to an internal energy associated to the
gravitational degrees of freedom, where N = g—:;z%h the
number of independent gravitational degrees of freedom
on a slice of constant v if we assume equipartition (that is
highly nontrivial, mainly because we are studying charge
variations between nonequilibrium states).” This internal
energy is similar to the one of a perfect gas with N
independent degrees of freedom. However, we should
point out that we could also have identified the internal
energy as'°

I D=3 A dnA
v, (3.69)

U =S kgTy—— o

2 D—-22Ghdlnv L

that is (3.68) multiplied by the factor 4184, This factor can
be interpreted as a kind of redshlft Indeed the time
generator v 5 " ald associated to the labeling of the slices
of N by the normal n = vd, is different from a more
intrinsic “time” generator A ﬁ associated to the
evolution of the geometry. As we know that the area of
cross sections A increases on the event horizon, the vector
Ad, can potentially be thought as a time generator.
Furthermore, near equilibrium, the dynamical physical
configuration variable that we can identify from the York
symplectic potential is the bare expansion 8,,. We can study
the variations of this dynamical quantity in order to identify
an intrinsic time = scale. We check that

do d [vdA vdA i
m —_A— ) =1-—" =1
dinA " dA (Adv) Adv gA +0(€)
(3.70)

“Furthermore, equipartition only states that U = aNk,T with
a can take a large range of values. However, only if the
Hamiltonian is quadratic in the configuration variable g, which
basically means that it is an harmonic oscillator, we have a = %

*Indeed, remember that in vacuum at first order AA = A(vdd)

dv
so there are several ways to remove the deltas.

where we used the Raychaudhuri equation in vacuum in
order to obtain the last equality. So InA is the natural
timescale associated to the dynamical event horizon near
equilibrium (in the portions where there is no infalling
matter). Thus, in vacuum, the two internal energies (3.68)
and (3.69) are associated to two different “time generators”

61?1 + and (ﬂnb and related to each other through
dlnv
r —UY 3.71
A()A dln A ( )

but (3.68) is the internal energy constructed from the most
physically relevant time generator on the near stationary
event horizon.

5. Spherical symmetry and phase transition

Let us consider an arbitrary point O in spacetime and the
bunch of light rays emanating from this point. Locally,
spacetime is flat and so the bunch of outgoing light rays is a
smooth submanifold which looks exactly like the outgoing
light cone in Minkowski spacetime. As long as the top-
ology of the bunch of light rays (if we remove O) is
SP-2 % R,* we can use the analysis of the previous
sections to define a local symmetry group and compute
charges and fluxes. The Weyl supertranslation charge
variation is given by (3.65)

1 0 0,\?
AQY, =— 74 N B
Qivn 8n /AJ\/ N <( ) |:9110 <9n0> :|
. 1
pD-2° D-2
which is positive as long as the null energy conditions are

satisfied, W > 0 and 8,, = D — 2 > 6, > 0. Furthermore,
the Raychaudhuri equation

WTWn”n”eN (3.72)

9,0, =0, — Le

5 - T n'n* —o; (3.73)

tells us that if 8, (vy, x*) = D — 2, then 6,(v > vy, x) <
D —2, exactly as in the four-dimensional case studied in
section III D 3. Hence, the analysis of this subsection
extends well to the general D dimensional case.
However, if we pick some point O in spacetime and look
at the outgoing light ray emanating from this point, the
expansion of this null congruence is 6,(v,x") =
0,(0,x*) = D — 2 at least in a small neighborhood around
O. Therefore, we have that 6, (v > 0,x%) < D - 2.

Let us assume now that spacetime is spherically sym-
metric about O. The null hypersurface spanned by the light
rays emanating from O is smooth and its topology is

“"This is not true in general for sufficiently large value of the
affine parameter of the null geodesics.
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FIG. 1. Spherical symmetric collapse up to the formation of a
black hole. In this case, the event horizon is a light cone “bent” by
spacetime curvature once some matter entered it (blue arrows on
the picture). This event horizon possesses only one caustic, at
point O. The entropy S? evolves from 0 on the Minkowski light
cone to % once the black hole has reached its stationary state.

§P=2 x R. If the geodesic congruence is future complete,
then the expansion 6, is positive, and so the flux (3.72) is
positive and the charge QY increases. If a black hole forms,
then 6, ultimately reaches O at infinity. If it is not the case,
the expansion 6, converges to D —2 at when the affine
parameter v goes to infinity. Indeed, there must exist some
parameter v, such that there is no matter or shear crossing
the light cone for v > v,. In that case, (3.73) reduces to

1

0,0, = 0, ——— 0> 3.74
v v¥n n D—2 n ( )

in the region » > vy. As 0<0,<D -2, the rhs is
positive. If it is the case,at infinity, we can prove that
the charge QY becomes infinite if D > 3. This is because
the gravitational flux does not fall off rapidly enough.
On the contrary, on the event horizon, the flux (3.72)
vanishes near » =0 and vanishes also for v — 4.
Hence, the system evolves from the stationary state where
the dynamical entropy (3.61) is ¥ = 0 to the stationary
black hole state where S* = £ (see Fig. 1). In that case, the
parameter 6, varies from D — 2 to 0. For all the outgoing null
hypersurfaces located at u = uy < 0, 0, starts from D — 2
around r = 0, decreases when matter crosses u = u (but
never reaches 0) before increasing again when matter stops
falling and finally converges to 8,, = D — 2. In other words

D—-2=1m lim 6, # lim 11m9 =0.

u—0 v—>+o00 v—=>+00 u—0

(3.75)

These observations lead us to the conclusion that on the
event horizon, the transition between the two equilibrium

states where the flux and vanishes and the charges are
constant is analogous to a phase transition with order
parameter #,,. The phase of high symmetry is the stationary
black hole. Indeed, while spherical symmetry is conserved
during the whole process, this is not the case of time reversal
symmetry, as in the “Minkowski’s light cone phase,” the area
of the cross sections increases with increasing parameter v
while on the stationary black hole the area of the cross
sections does not. A naive way of understanding it is to
remember that the physical properties of the flat light cone
are not invariant if we shift » to v + v for arbitrary v, or v to
e“v for arbitrary a. However, the physical properties of the
stationary black hole are invariant with respect to such shifts.

In other words, the physical properties of the spherically
symmetric light cone are noninvariant through (super)
translations, while they are under rotations. Indeed, let
consider the D — 1 dimensional metric ¢,," which is the
pullback of g,, on the light cone. We know that the group

Diff(SP72) X R, (3.76)
preserves the universal structure of the outgoing light cone,
including the light cone boundary O. However, they do
not all preserve the induced metric ¢, on the light
cone. Infinitesimal diffeomorphisms achieving this prop-
erty satisfy

£eqay = 0. (3.77)

The generators of the rotation group satisfy (3.77), as the
light cone is spherically symmetric. However, all the Weyl
supertranslations satisfy (3.77) if the expansion 6, vanishes,
and so the transformations that leave physics invariant are
the rotation group SO(D — 1) on the Minkowski light cone
phase, where 0,, = D — 2 while it is given by

SO(D-1) X Ry, (3.78)
on the stationary black hole phase, in which 6, = 0. At a
very late stage of the collapse, the black hole is similar to an
eternal black hole. Therefore, as the affine supertranslations
are local symmetries which preserve the background struc-
ture and satisfy (3.77), they can be included in the symmetry
group of the stationary event horizon. This is because the
condition (3.77) is a local condition, so the fact that the light
cone has a boundary in the past is irrelevant. Thus, at very
late time, the symmetry group of the stationary black hole is
enlarged by all the supertranslations, and so it becomes

BIf we change v into u, the expansion changes sign, so 6, =
—1 as on the incoming light cone.
Here, we keep the Latin indices for tensors defined on
codimension one manifolds, and the Greek indices for tensor
defined on the D dimensional spacetime. We note q,, = g,,-

-
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SO(D - 1) X Ry, X R3.. (3.79)
All the supertranslations become part of the symmetry
group if the order parameter 6, we identified above
vanishes. However, on the stationary black hole solu-
tion, the charges associated to the affine supertranslations
vanish, while the charges associated to the Weyl super-
translations do not. In addition, the latter also vanish on the
light cone solution.” Hence, it suggests that the entropy
going from O on the flat light cone to % on the stationary
black hole might be a consequence of the appearance of
new states labeled by the Weyl supertranslations charge
aspect in a hypothetical Hilbert space. This observation
relates to the seminal work of Hawking, Perry, and
Strominger on the role of supertranslations in order to
solve the information loss paradox [77-79]. On a non-
expanding horizon, these charges are given by

Ol = [ Wies (3.80)

and so the charge aspect is the local area element eg.
However, for a stationary spherically symmetric black hole,
we can decompose W(x?) into spherical harmonics. The
charge (3.80) should vanish for all of them except for

= m = 0. Therefore there is no other charge than the
total area. Nonetheless, even if a black hole forms from
the spherical collapse of a gas cloud, the collapse is not
perfectly spherically symmetric at all scales. It can be
spherically symmetric on a macroscopic scale, such that
the event horizon looks like a spherically symmetric light
cone, but not on a microscopic level, because stress energy
cannot be distributed homogeneously over all the angular
directions.”! Therefore, the value of the charges (3.80) for
higher-order spherical harmonics on the stationary phase
can give information about the microscopic details of the
gas that collapsed and formed the black hole. The precise
relation between the charge variation and the stress energy
flow across the event horizon is given by (3.72).

IV. OUTLOOK

In this paper, we interpreted the master equation (1.1)
contracted with a future null pointing diffeomorphism & to a
dynamical balance law for entropy, i.e., a second law of
thermodynamics. We discussed two possible choices of
canonical flux and analyzed the properties of the associated

PAs we assume spherical symmetry, we expect that all the
superrotation charges vanish during the whole process. In other
words P, = 0 in the coordinate system we chose adapted to the
spherical symmetry. As there is no flux in the stationary phases,
the charges vanish on any cross section.

For instance, if the gas is a perfect gas made of non-
interacting atoms, the stress energy is focused on the location
of the atoms and not between them. Of course, on a macroscopic
scale, the stress energy is homogeneous.

thermodynamic potentials, i.e., the dynamical entropies
(1.4) and (1.7). In this framework, the entropy creation term
is T,,&"n"¢e,r, and is positive if the null energy conditions
are satisfied. It may open a discussion about the physical
significance of the stress energy tensor. The following
discussion is actually quite independent to the technical
results obtained in this paper, but it was one of the main
motivations to start this work, so it might be a good idea to
talk a bit about these physical motivations at this stage.

The stress energy tensor T, is often regarded as the
covariant tensor associated to the energy density of matter,
which is the source of the gravitational field and bends and
distorts spacetime. However, if we interpret the master
equation as a second law of thermodynamics, it might be
relevant to think about 7, as a measure of entropy creation.
Indeed, in nonrelativistic physics, energy is a conserved
quantity associated with the time translation symmetry by
Noether theorem, but the total energy of an isolated system
can always be shifted without modification of the dynam-
ics. In classical nonrelativistic physics, it seems that in all
physical principles that involve the energy of a physical
system or subsystem, entropy maximization is always the
underlying fundamental principle. For instance, even if
the Boltzmann factor depend explicitly on the energy of the
subsystem, low energy states are favored because they
allow the reservoir to access a greater number of micro-
states. Similarly, in nonrelativistic quantum mechanics, the
shift of the Hamiltonian only shifts the states of the system
by an overall phase, with no incidence on the dynamics.
However, the situation changes drastically in special
relativity. Indeed, in this theory, space and time are merged
in a subtle way, and so are space translation and time
translation generators, i.e., the momentum and the energy.
As a consequence, energy becomes a measure of inertia
(see [84] for a very nice review about the equivalence
between inertia and energy). In general relativity, the
equivalence principle assures the equivalence between
gravitational mass and inertia, and so between gravitational
mass and energy. Hence energy is basically the source of
gravitation, and indeed, we cannot “shift” the stress energy
tensor by an “arbitrary constant” anymore, as we could do
in nonrelativistic physics, because it is directly related to
spacetime curvature.

Of course, the exact meaning of energy in general
relativity is intricate. As it has been reviewed in Sec. II,
it is well known that the local stress energy tensor of a
diffeomorphism invariant theory vanishes on-shell up to a
boundary term, as the Euler-Lagrange equations are pre-
cisely the functional derivative of the Lagrangian with
respect to the metric. Thereby, it is well known that the
ADM or Bondi masses and angular momenta are charges
defined through the introduction of an additional boundary
structure at infinity. If the spacetime solution admits
a Killing field, we can also defined conserved currents
which can be interpreted as energy at infinity. However, as
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stressed out and discussed in Sec. II, the term 7, n"e
must be interpreted as the black hole entropy variation at
first order and not as the energy flux crossing the horizon.

Hence, if the interpretation of the balance law (1.1) as an
analog to a second law of thermodynamics is regarded as
physically relevant, the “source” of gravity is nothing more
that a dissipation term. Such an interpretation also implies
that the positive energy conditions, in particular the null
energy conditions, play a central role in order to understand
gravity. Indeed, even if there is no assumption a priori for
positive energy conditions in general relativity (or any other
theory of gravity), it is well known that many theorems fail
if they are not satisfied, in particular Hawking’s classical
area theorem [62] and Penrose’s singularity theorem [85].
The null energy conditions are satisfied for nonexotic
classical matter, and arguments have already been given
to understand it as a consequence of gravity [65]. However
it is also well known that these positive energy conditions
are violated for quantum matter [86], even if some physical
quantities remain bounded. For instance, the average null
energy condition on a null line remains true [87] and there
exist inequalities analogous to the null energy conditions
that are indeed satisfied at the quantum level [88].
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APPENDIX A: ELECTROMAGNETIC
BALANCE LAW

Here we derive a famous result, the energy conservation
formula for electromagnetism, using the tools presented in
Sec. II. We use the same notations as in Sec. II. Here, the
dynamical fields are the vector potential A, and the back-
ground field is g,,, such that §:A, = £:A, and ég,, = 0.
However, ¢ is a Killings field, i.e., £:g,, = 0. We start from
(2.10) that we can now write as

5L
SA,
SL . 5L
= (ieF), +

SA, Ty

—d‘]g - £§A”

——(di:A), (A1)

We can define n through its relation to a volume form on
the boundary of M, such that we can write €, = n A €5
and by integrating (A1) over M we get

5L

(dle:A)
5L wa (i
(lgF) +VDF a”(lgA)é'M

(A2)

APPENDIX B: SYMMETRY GROUP ON A NULL
HYPERSURFACE AT FINITE DISTANCE

1. Boundary structure preserving symmetry group

In this appendix, we aim to find the most general group
of diffeomorphism such that

55”” =0
55”/" =0
Seky =0 (B1)

where n# is a null normal of A/ and k,, being its unaffinity
defined by k, = —[,n*V,n*. This symmetry group has
already been found in [45], and is claimed to be the group
which preserves the universal structure of the null
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hypersurface N, defined as the set of diffeomorphisms &
such that on N/

£ent = pn¥

£en, = pn,

£§kn =k, + £,p. (BZ)
It is shown in [45] Appendix D that the diffeomorphisms
satisfying (B2) also satisfy (B1), but the reverse is not
explicitly worked up. Hence, as we started the discussion
from the equations (B1), we derive the symmetry group
which satisfies them. Following [54] and Sec. III, we work
in a set of coordinates such that the null hypersurface N is
located at u = 0, and the affine parameter v parametrizes
the null geodesics on N. Hence, the vector n :% is
tangent to the null geodesics and has vanishing unaffinity.
As we study a (portion) of null hypersurface N with
topology B x R we define the set set of coordinates
(u,v,x*) in a neighborhood of N such that a general
metric in this neighborhood of A/ can be written as™

ds? = —uPFdv? + 2(—1 + uG)dudv + g, du’

+ 2uP A dxAdv + 2g,4dx* du + gagdx*dx®  (B3)

On N, (B3) becomes

ds? "=’ = 2dudv + g,,du? + 2g,4dudx® + gupdx*dx®
(B4)

Now, we see from (B3) that the vector n defined n* =

f(2)# with f > 0 is null, hypersurface orthogonal on A/,
and future-oriented. On N, its associated normal form is

n, = —fd,u. Furthermore, we can construct a vector / such

that /* = %(%)”, implying that

l"nﬂg— 1

(B5)
In this setup, we can take a closer look to the Eq. (B1) and
try to find out the infinitesimal diffeomorphisms & satisfy-
ing them. By combining the first two equations of (B1) we
get on N

£t = gvEen,. (B6)
Furthermore, as ¢ is tangent to V, the development of the u
component of £ around the null hypersurface u = 0 should
be written as & = —uW (v, x*) + O(u?). From this con-
sideration, a short computation shows us that on N

£en, = ogn, (B7)

We see in (B3) that g,, X O(u?). This is needed because v is
an affine parameter. Indeed, a short calculation shows that

. N
20V, 20 = T%, = 0 only if ,9,, =0.

with

6()5 = —lﬂf‘fl’lﬂ = ébal,f + aué:u' (B8)

Hence, on N, £:n' = wen" from (B6) and so we get the
following set of equations:

(B9)
The second equation of (B9) gives 9,4 (v, x8) = 0, so

& (v.x%) = E(x") = YA (xP). (B10)

The infinitesimal diffeormorphisms (B10) are the lineari-
zations of the diffeormorphisms of the D — 2-sphere. Then,
the first equation of (B9) can be rewritten as:

0,8 + 0,E" =0 (B11)

and so

£ (v, x4 = / CW(, ) d (B12)

Now, we turn to the third equation of (B1). As on N
Sen* = 8en, =0, we have 6:k, = —n*1"5,n,, which
gives the condition

Seky XX 140, (nnP£.g,,) = 0 (B13)
As we still have n* = fd,, (B13) becomes
ook L 20, FEean)
= =2fo,W(v,x*) =0 (B14)

so W(v,x*) = W(x*) and from (B11) and (B12) we
deduce & = T(x*) + vW(x"). Hence, the general linear-
ized diffeomorphisms satisfying (B1) are

E= (T(x%) + oW (x#))d, - uW (x)9, + YA(x"),  (BIS)
in accordance with [45], where the components T para-
metrize the affine supertranslations, the components W the
Weyl supertranslations, and the components Y4 the super-
rotations. It also is the same group as the BMSW symmetry
group at null infinity [66], extending the famous BMS
group. The bracket of two vectors (T, W;,Y{) and

(T, Wy, Y4) gives the following algebra [45]
T3 - T1W2 - T2W1 + Y?@ATz - YéaATl
W3 = Y{0,W, — Y30, W,

Y4 = YBogy4 — YBopvA (B16)
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The algebra is closed, and it is worth noticing that the
subalgebras are also closed, in particular the subalgebra
comprised of the vectors with 7 = 0. This symmetry group
preserves the location of the corners of constant affine
parameter v. Hence, if we consider surfaces A with
nontrivial boundaries 0N, we should get rid of the affine
supertranslations which move the boundaries and restrict
ourselves to the symmetry group spanned by the Weyl
supertranslations and the superrotations.

2. Newman-Unti gauge

However, in the main text we proceeded to a gauge
fixing, and chose to work in the Newman-Unti gauge, as
in [54]. Hence we choose ¢,, = g4 =0 and g,, = —1
everywhere in (B3). If we make this choice, the vector /¥ =

%%" is null, and is the auxiliary vector of n* adapted to the

foliation v». If we work with the metric (3.10), we also
require that the diffeomorphisms & preserves this gauge.
Hence, in addition of (B1), we impose

£§guu =0=9,8"=0

£e9un = 0 = 0,8" = g"P0pe" (B17)
such that our diffeomorphisms of interest are
&= (T(x") + vW(x"))9, — uW(x")d,
+ [YA(xB) + ug* o (T + vW)]os + O(u?)  (BI18)

as in [81]. Hence, all the components of & are fixed at
first order.

APPENDIX C: LOCAL TEMPERATURE

In this appendix, we define a notion of local temperature
associated to some observers moving close to the null
hypersurface along the lines drawn by the Weyl super-
translation field. Indeed, choose a point P close to N/ %3 with
coordinates (vp,x3) and consider the one dimensional

curve defined by x4 = x3, v > vp, and uv = ZLWz The Weyl

supertranslation vector field tangent to H is given by54

g = W(vav - uau) (Cl)

53By close to AV, we mean that the distance between one point
of N and P is smaller the curvature scale, such that there exists a
small region of spacetime including a bunch of points of A/ and P
in which the curvature effects are negligible.
In the Rindler coordinate system in flat spacetime, we have
u= ﬁ e " andv = ﬁ e*W? where 7 is the proper time of the

accelerating observer with proper acceleration W. Hence at
proper time 7, she is at (u(z), v(7), so the Killing boost tangent
to the curve has components & =9 = —Wu and & =4 =
+Wo. The difference between this case and the present analysis is
that in flat spacetime & is a global Killing field everywhere

spanning an exact Killing horizon.

has norm ¢, = —1 + 0(#) on H, and the norm of the
acceleration vector field is given by

@’ = g, &V ,EENV & = -W2 + O(W)  (C2)

In order to get these formulas, the acceleration W must be
large compared to the tidal forces and the gravitational
twist, exact relations are given below. Locally, through the
equivalence principle, the observer is uniformly accelerat-
ing with norm W in flat spacetime with a local Killing
horizon. If the acceleration W is large compared the inverse
proper time after which the curvature become non-
negligible, the observer accelerating along H perceives a
thermal spectrum [89,90]. Indeed, in quantum theory, the
local Unruh temperature is

. Wh
S 2rcky

(C3)

where the fundamental constants have been reintroduced

on purpose. As 27[’;‘,{8 is very small, we need large accel-

eration in order to get sensitive Unruh temperature,
consistently to the approximations we made in order to
write &6, = —1 and a"a, = —W? on H. This temperature
should be measured by the thermometer of an observer
accelerating locally along H. However we could have chose
another curve of constant local acceleration, and so the
local temperature would be different. In any case, the
quantity W is not relevant in the local balance law (3.25),
as it appears as a global multiplicative factor, and we
can usually normalize it to one. Nevertheless, it gives a
thermodynamic interpretation of the formula (3.25) from
the point of view of an observer who is locally acceleration
along H and can carry a locally well defined notion of
temperature, if the acceleration W is large enough. We
compute exact relations in the remaining of this section.

The metric near V is given by (3.10) and so the inverse
metric is given by

g = u?(gupP P® + F)0,0, — 20,0, + 2uP*0,0,
+ ¢*80,05

where P4 = ¢"BP,. As we will be interested in constant
external temperature, we will take W(x4) = W to simplify
the calculations. The norm of £ on H is given by

F
4W?
Our first assumption is to set W2 >> F = —10d2g,, + o(u?).
Hence the acceleration must be much bigger than the

local tidal force. However, in order to have measurable
temperature, we need huge proper acceleration, of the order

(C4)

¢ =—1- (C5)

% at least. Hence, this assumption seems to be relevant for
our purpose, and for the following we will assume that
£, = —1. The next step is to compute the acceleration
vector given by
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&v,e = at (Co)
The computation gives
F
v W2 1-—
a ( _W)
1 oF oP P? 1 1
u _ W2 1— A A R — PAa F
. ”< W2 olne 2w?' olnw W2 2w2 Tawd awdl %
PA gt opr 1 PA
A — W2 F B By, F — — Cc7
“ il T awrame w0 e (€7
Then, the norm of the acceleration is given by
a2 = zgm}avau + ngvavaA + gm;avav + gABaAaB
F 1 oF 1 oP F P? 1 1
= -w2(1- 1- pAA ——PA,F
< 2W2> < W2 olme 2w olnw W2 aw? ' aws 4w %A >
F P? P4 0P 1 P? F
W2(1- F 4 PAOLF —— | —u20*W2 (1 —— | F
* ( 2W2) <4W4 T oWiome gwAl W2> e 2W?
PA 7€ oP 1 PA\ [ PP g"¢ oP 1 PB
wH F CocF — — F < BCOLF — —
+ W s <4W4 oW oy T awe 7' W2> <4W4 T owiome TagwA? c W2>
=-W2+ 0O(W) (C8)

The last equality of (C8) makes sense only if the
physical quantities F' = —%aﬁgw and P, = 0,94, verify
% < 1 (the same condition as in (C5) in order to have

the norm of & equal to —1) and PWA < 1. Furthermore, the
derivatives of F and P, with respect to the “time” Inv
and the angular coordinates A must also be very small
compared to W? and W respectively. Hence, we have to
consider large enough accelerations, much larger than
the local tidal forces and gravitational twist and their
variations. However, as already noticed, we need sig-
nificant accelerations in order to get a noninfinitesimal
Unruh temperature. If these conditions are satisfied, then
(C8) gives us

la| =V -a®> =W (C9)
on H. Of course, (C5) and (C9) are norms so they are
invariant under a change of frame. Locally, the observer
can always consider that spacetime is flat, and hence as
he is submitted to constant acceleration W for any point
on H, and sees locally an Unruh temperature given
by (C3).

APPENDIX D: COMPUTATION
OF ANOMALIES

Here we come back on the geometric quantities appear-
ing in the flux (3.25) and (3.47). An analysis of the

|

anomalies of the different physical quantities characterizing
the intrinsic and extrinsic geometries of the null hyper-
surfaces already appears in [91], see also [55], and we will
give a brief summary of the main results here. Let us
consider a null hypersurface A located at u = 0, with

normal n, = —fd,u on N. If £ is tangent to \/, we have
£en, = wgn, (D1)

with
w: = &0, Inf + & (D2)

where & = ué¥ + O(u*). We restrict ourselves further to
the diffeomorphisms satisfying (B2) and preserving the
universal structure of the null hypersurface. They corre-
spond to an infinitesimal rescaling of the normal, and these
are precisely the class III transformations™ from [80].
Hence, a geometric quantity that is anomaly free must be
class III invariant, because such quantities are invariant
through a rescaling of the normal as in (3.17). It is straight-
forward to show from (D1) and (3.1), (3.3), (3.5), (3.6),
and (3.8) that

»A class III transformation acts on a Newmann-Penrose null
tetrad as (n,l,m,m) — (An,A~'l,me®, ine=), where n is the
normal, / an auxiliary vector while m and its complex conjugate
complete the basis.
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Asen = weens
Aseg =0
J’Zi’gAfSVaﬁ =0
A = —w:0

Afkn = —W§k” - n"@”a)f (D3)

Hence, the anomaly of all the relevant physical quantities
on the null hypersurface depend linearly on w;. Now, we
compute the anomalies associated to the diffeomorphisms
(3.19). First, we need to compute the proportionality
coefficient w; appearing in (B7). Hence

Cl)f = —l"£§n#
=—Wud,Inf + (T +vW)o,Inf + Y2, Inf — W
(D4)

We look for the diffeomorphisms & such that w; = 0. There
are several interesting cases. If T =W =0, then (D4)
reduces to

wyrg, = Y40 Inf =0 (D5)

so if f is independent of x? all the diffeomorphisms & =
Y40, are nonanomalous. If W = Y4 = 0, then the anoma-
lous diffeormorphisms are the one satisfying d, In f = 0, so
f is independent on . Third case, if T = Y4 = 0, then the
equation becomes

vo,Inf —ud,Inf =1 (D6)
The solutions of (D6) are given by
A
£ = ety - 2 (07)
u

but ¢, = 0 because f must be defined on the null hyper-
surface N located at u = 0. Hence, as expected from (D1),
the property of anomaly freedom does not rely only on
the diffeomorphism & but also on the chosen normal n.
Therefore, when we choose the normal to be n# = v(£)* as
in Sec. III, we have

DWW (vov—ud,)+Y" 0, — 0 (DS)

but wry # 0. We would have obtained a different result
with another choice of normal, as n* = ¢, for instance, for
which @7y y19, =0 but @w(9,-u9,) #0. Hence, from
(D3), we understand that we can replace 6:0, by £:0,
for instance only for Weyl supertranslations and super-
rotations and disregarding the affine supertranslation, i.e.,
we consider only the nonanomalous diffeomorphisms

&= W(v0, - ud,) + YA (x)0, (D9)

in accordance to what we stated in the main text.

APPENDIX E: DYNAMICAL ENTROPY
OF THE 3D LIGHT CONE

This is an illustrative example of a system going through
a succession of equilibrium states. Let consider the null
hypersurface N spanned by outgoing light rays starting
from one point in flat spacetime in dimension D = 3. We
still set n* = vd. It is well known that there exists no black
hole solution in flat spacetime in dimension D = 3 because
the Weyl tensor vanishes, even if such solutions exist
for negative cosmological constant, as the BTZ black
hole [92,93]. However, we can still study the gravitational
flux through AV and the gravitational charges cross sections.
In dimension D = 3, there is no shear and so there is no
gravitational flux, ie., ®” = ®' = 0. Furthermore, the
charges of both prescriptions are equal. We can compute
the charges for a Weyl supertranslation & = 2z (vd, — ud,),
and define in consequence the entropy

1 dA
s—op=or—y(a-0%)  (ED

The entropy variation on any portion of the null hyper-
surface \ is entirely given by the entropy creation term

1 1
gAS = /AN legﬂnbé‘/\[ = gSC (EZ)
that is positive if the null energy conditions are imposed,
as usual. Hence, on the outgoing light cone, the charge
vanishes near v = 0, but increases as soon as some matter
crosses it. During this process, spacetime is not flat.
However, after some matter entered A/, spacetime becomes
flat again and the charges do not vary anymore. The
entropy of the new stationary state is just given by

S = 27/7/ T, n'n"ey >0 (E3)
AN

However, this nonvanishing charge is not due the local
geometry of the null hypersurface, as spacetime is flat in
D = 3 in the absence of matter and cosmological constant.
Hence, it accounts for the matter which crossed N in the
past. Hence, at any time v at which the charge is stationary
(no matter flux) the charge gives us the total matter flux that
entered V' since v = 0, but does not give any precision on
the history of the physical process.
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