PHYSICAL REVIEW D 108, 044062 (2023)

Novel modulus stabilization mechanism in higher dimensional f(R) gravity
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Stabilization of the moduli in any higher-dimensional model is essential to obtain the lower-dimensional
effective theories where the stable values of the moduli appear as parameters that in turn determine various
observables in the present-day Universe. In this work, we obtain a new warped solution for a five-
dimensional f(R) higher-curvature gravity in an anti—de Sitter bulk. The higher-curvature term appears as a
natural generalization in the bulk-gravity action and is shown to modify the usual warped metric. The novel
feature of this modification leads to a geometric stabilization of the modulus/radion field in the underlying
effective theory on the visible 3-brane without the need for any external stabilizing field. It is further shown
that the stabilized value of the modulus resolves the well-known gauge hierarchy problem without any
unnatural fine-tuning of the model parameters. This new solution along with the stabilized modulus opens
up the possibilities of new observable signatures in the effective lower-dimensional theory where the
stabilized value of the modulus not only appears as a parameter in the lower-dimensional brane but also
decides the dynamics of the modulus i.e., the radion.
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I. INTRODUCTION

The search for extra spatial dimensions has been a
subject of active research interest for a long time. Ever
since Kaluza and Klein (KK) proposed a possible inter-
pretation of electromagnetism through extra an spatial
dimension, there has been a plethora of work exploring this
feature extensively in different contexts. This ranges from
issues related to small-scale Physics such as the resolution
of gauge hierarchy/fine tuning problem [1], the origin of
neutrino masses [2,3], fermion mass hierarchy [4], dark
matter to large-scale phenomena such as inflation [5,6],
bouncing [7-9] phenomena in cosmology, as well galactic
structure [10—12] in astrophysics. Moreover, the predictions
of the inevitable existence of extra dimension in the context
of string theory generated intense activities to unearth
such an exotic but hidden feature of space-time geometry.
Two extradimensional models namely large extra dimen-
sions [13—16] and warped extra dimensions [17-19] became
extremely popular in the beginning of this century. The
testing beds of these models ranged from collider physics to
cosmological/astrophysical scenarios. In all these models
one of the key signatures of the extra dimensions on a lower-
dimensional hypersurface (branes) has been the moduli
fields originating from various metric components in higher
dimensions. In the context of the fine-tuning problem
related to the large radiative corrections to Higgs mass,
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the warped geometry model a la Randall and Sundrum [20]
particularly turned out to be very successful as it could
resolve the problem without introducing any intermediate
scale in theory. Interestingly, string theory can provide an
analog of such a warped extradimensional scenario through
a throatlike geometry [21] and Randall-Sundrum (RS)
model can capture the essential features of this throat
geometry in a simple way so that possible signatures of
extra dimensions in collider physics can be estimated
through various graviton KK modes [22-24] with a much
larger coupling (Tev~! couplings) with the standard model
fields. However, the stabilization of these moduli fields to
their respective minima has been a key feature in order to
extract an acceptable physics on our Universe (3-branes).
In the low-energy effective theory in lower-dimensional
brane various parameters depend crucially on the stabilized
values of the moduli. Moreover, the fluctuation around this
stable value of the modulus leads to the dynamical radion
field whose interactions with the brane fields play a key role
in determining the signature of the extra dimension in
collider physics. As a result the mechanism of stabilizing the
hidden world of extra dimensions always occupies the
center stage of any theories with extra dimensions. In this
context, irrespective of the models, one requires additional
fields to generate an appropriate potential term for the
moduli so that the moduli can be stabilized to a desired
value. The origin of such a stabilizing field is often
unknown. In particular, for the warped geometry model,
it was shown by Goldberger and Wise [25,26] that a bulk
scalar field can ensure the modulus stabilization for appro-
priate choices of the scalar parameters. Such stabilization
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was further generalized by Csaki et al. [27] by taking the
back reaction of the scalar on the bulk geometry into
consideration. However as discussed, the origin of such
stabilizing field remained unexplained. In the context of
string theory also it was shown that flux of an external
tensor field [28] can result in moduli stabilization.
However, the string landscape leads to the well-known
swampland conjecture where a large class of vacua in the
effective theories turns out to be inconsistent. In particular
anti—de Sitter (AdS) bulk in general is accompanied by
inherent instability. In the present discussion, we work
with an AdS bulk just as the RS model which was
primarily invoked as a model to address the gauge
hierarchy problem and showed great promise to yield
interesting phenomenology and cosmology at the Tev scale
provided the only modulus can be stabilized to a desired
value without introducing any intermediate scale or fine-
tuning. Thus following the original work of Randall and
Sundrum, here also we focus our attention on a five-
dimensional model with an AdS bulk in the presence of
higher curvature terms. We will further comment on the
swampland conjecture in the context of our work in a
forthcoming section. In this work, we propose a novel
mechanism to stabilize the modulus in a five-dimensional
warped geometry model without the need for any exter-
nally employed field. Here we exhibit that the higher-
curvature geometry in the bulk results in modulus
stabilization without the need of invoking any external
bulk scalar field by hand. In the context of higher-
curvature f(R) model [29-33], it has been demonstrated
earlier that the scalar field in the dual scalar-tensor model
of the original bulk f(R) in principle can lead to such
stabilization of modulus [34-37]. However, that only
implies the stabilization of a conformally transformed
metric and does not correspond to the original warped
metric one uses to estimate the signatures of the moduli on
the lower-dimensional hypersurface. Our work here, on the
contrary, generalizes the original RS model with higher
curvature f(R) model. The inclusion of this bulk higher-
curvature term is arguably more realistic as the bulk
spacetime in this model is endowed with a negative
cosmological constant of the order of the Planck scale.
We derive a new warped metric in the form of perturbative
corrections to the original RS solution where the correction
is generated due to the higher curvature terms. We then
explicitly show that such a geometry not only explains the
gauge hierarchy problem but also leads to natural modulus
stabilization without the need for any external stabilizing
field. The additional degree of freedom associated with the
higher-curvature term in the background geometry is
responsible for this natural stabilization of the modulus
without the need for any external field. We once again
emphasize that without modulus stabilization, no higher-
dimensional theory will have any significance in the lower-
dimensional universe since the ground state of the modulus

and fluctuations around that determine all the key signatures
and significance of a higher-dimensional model. There lies
the importance of our findings in the context of modulus
stabilization in a natural geometric way. We describe our
higher curvature five-dimensional model in Sec. II and then
in Sec. III we obtain a new warped geometric solution and
also the brane tensions using perturbative method.
Section IV elaborately describes the implications of our
results along with a derivation of the radion action and the
corresponding potential. In Sec. V, we conclude with a
discussion of our result and on various windows of future
work in both small and large-scale physics that are opened
from our new warped solution with a naturally and
geometrically stabilized modulus.

II. FRAMEWORK: BRANEWORLD SCENARIO
IN f(R) THEORY

The Randall-Sundrum model considers a nonfactorizable
five-dimensional metric, with the 4D flat metric multiplied
by an exponential warp factor which is a function of the
extra dimension. The nature of the extra dimension
¢ € [—r, ] is angular and is subjected to S'/Z, orbifolding
with fixed points 0 and 7 identified.There are two 4D flat
branes located at the orbifold fixed points ¢ = 0 (Planck
brane)and ¢ = x (visible/TeV brane) and the bulk has a
cosmological constant A. The five-dimensional action is

S= /d5x\/—_g(M3R—A) —/d4x\/__givi7 (1)

where M is the fundamental 5D mass scale (we are working
in natural units), R is the 5D Ricci scalar, A is the bulk
cosmological constant, V; is the tension of the ith brane
[i = hid(vis)] and #,, is the 4D metric. The RS solution
implies a negative bulk cosmological constant (the bulk is
AdSs), A = —24M3k? and brane tensions Vi = =V, =
24M3k%. The solution is

ds? = e_Zk""‘/"anx”dx” + r2de¢?. (2)

Throughout the paper, we adopt the mostly positive
metric convention. The size of the extra dimension is set
by the compactification radius r. which is arbitrary here
(not set by any dynamics) and unless one provides a
mechanism to dynamically generate the compactification
radius r, that resolves the gauge hierarchy problem, the RS
solution is considered incomplete. This is particularly
alarming when one writes the effective field theory on
the brane. The modulus field must therefore be stabilized.
Here we explore the stabilization from the perspective of
f(R) gravity in the bulk. In the original RS model, the value
for the bulk cosmological constant was chosen to be of the
order of the Planck scale. This motivates us to work with
higher-curvature terms in the bulk which has significant
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contributions only on a high scale. For a generalized f(R)
theory in D = 5 brane-world scenario, the action is given by

5= / &x /G (R) - / &gV (3)

Aisincluded in f(R). From now on, we shall set M = 1 for
ease of calculations.

We are interested to study the nature of warped solutions
when the bulk is described by f(R). Consider the RS-like
metric ansatz

ds* = 7AW, dodx* + B(y)*dy?, (4)

where, y = r.¢.
The field equations describing a general f(R) theory are

1
Rynfr(R) = EgMNf(R) + gvunOfr (R) = Vi VfR(R)

1
=_Tun. 5
ST 5)

The indices M, N run from (0, 1, 2, 3, 5) where 5 denotes
the extra dimension. fz(R) denotes derivative of f(R) with
respect R, and the energy-momentum tensor is given by
|

6A'(v)?> — 6k’B(y)*> + «

_160A/(y)?B/(y)* | 64A'(y)

T _ -2 6L,
MN =GN’

where £, stands for the Lagrangian corresponding to the
matter of some kind. For this metric, the nonzero Christoffel

symbols are I'S; = B(y)'/B(y).[3, = n,e*VA(y)/
B(y)? and I';) = =8/ A(y)'.

R = Bz;f 2A(y)B'(y) + B(y)(5A(y)2 - 2A(y)")]  (6)

RSS =-4 % — A//(y) + A,(y)2 (7)
e B(ly)"””e'%(” [B(y)(A"(y) — 4A"(y)?)

- A'(V)B'(y)] ®)

Considering a leading order higher curvature correction, we
propose to solve Eq. (5) for f(R) = R+ aR> — A (a is
dimensionless). Using the metric ansatz Eq. (4) in Eq. (5),
we obtain the f(R) gravity equations of motion (for
the bulk),

B(y)*
8
B(y)?

b
B(y)’
— 80B(y

)
—16A'(y)

B(y)®

(—4A”(y)* 4+ 5A"(y)* + 8A”(y)A/(y) — 32A/(y)*A”(y)) | =0, 9)

(2A”(y)B'(y) + A'(y)B"(y) — 4A’(y)*B'(y))

{3B(y)*A’(y)B'(y) + B(y)*(6A'(y)* = 3A"(y)) — 6k*B(y)” + a[-240A'(y)B'(y)’

B'(y)(3B(y) (247 (y)* = A”(y)) — 2A(y)B"(v)) — 8B(y)* (124" (y)B'(y) + 8A" (y)B" ()
*B"(v) + 37A'(y)’B'(y) + 2A'(y)(B"(y) — 36A" (y)B'(y)))

—8B(y)*(—2A""(y) 4+ 12A"(y)* + 5A’(y)* 4+ 16A" (y)A'(y) — 37A/(y)*A" (y))]} = 0. (10)

III. PERTURBATIVE APPROACH

Consider a to be small such that R? in f(R) is a small
correction in the R solution, In this backdrop, consider the
following ansatz for A(y) and B(y):

A(y) = ky + aA;(y) (11)

B(y) = 1+ aB(y) (12)

Here, k y denotes the unperturbed RS-like part of the warp

factor, with k = \/—A/12 and A, and B, are the first order
perturbative corrections respectively. Substituting the above

[

ansatz for A(y) and B(y) into Egs. (9) and (10), and
considering only up to the leading-order correction in «
we get

—40k* — 12k°B, (y) + 12kA) (y) = 0 (13)

—3A7(y) + 12kA)(y) + 3kB/ (v) — 12k?B; (y) — 40k* = 0
(14)

Solving Egs. (13) and (14),

1 1043
A(y) :Ebokyz‘f'Ty (15)
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B, (y) = boy. (16)

In principle, one can explore higher-order corrections as
well, however, since we have considered a to be small we
restrict ourselves to this order. Therefore,

A(y) = ky + By (17)
B(y) = 1+ abyy. (18)
where k = k + 1 10ak® and g = Labk.

A. Brane tensions

We have solved Eq. (10) for the bulk and obtained
Egs. (17) and (18). Now, we impose the Z, symmetry at the
boundaries where the branes are located. We want to
calculate the leading-order corrections to the warp factor
in this setup. Consider Vygnis) = Vgid(vis) + aVl a

vis)?
where V). avis) are the tensions of hid(vis) brane in RS

model. Solving Eq. (10) in the presence of branes (up to
leading order), we obtain

Vhid == _Vvis = 12k + 40(Xk3. (19)

The brane tensions become more positive(negative)

respectively.
IV. 4D EFFECTIVE THEORY

Consider the low-energy fluctuations about the solution
Eq. )
ds* = e g (x)dx'dx’ +B(|¢|.x)>T(x)*d¢?. (20)
The 5D scalar curvature for this metric is
R=(1+ abOT(X)|¢‘)eZT(X)I¢\<E+/fT(X)\¢D4R
2|¢|62T(X>|¢\<R+ﬁT<XJ\¢\)
T(x)(1 + abyT(x)|¢])
22T (k+AT(x)|4])
T(x)(1 + abyT(x)|¢|)
Pl) — Q(x. [9), (21)

= (9,T(x))?

K% [9])

- 0,0'T(x)

x P(x,

1
3vbo

Fla.k,re,M, by) = ePreakMbo) _

where the functions KC(x, |¢]), P(x, |¢|) and Q(x,|¢]|) are
defined in Appendix A 1 Here we no longer have a constant
curvature solution, unlike RS. As o — 0, we recover the RS
limit. We will use Egs. (20) and (21) to derive the effective
action for the modulus field, which will contain a non-
minimally coupling between T(x) and the 4D scalar
curvature, kinetic terms, and the potential energy for the
modulus field. We will study the scale of gravitational
interaction and whether we can resolve the gauge hierarchy
issue in the backdrop of this model. We will show that both
these can be achieved without any hierarchy in the
fundamental parameters of the theory. We will show that
the higher-curvature degrees of freedom will generate a
potential for the modulus field with a minimum at such
r. = (T(x)) which ensures the resolution of gauge hier-
archy and that the fundamental scale of gravity remains
unaffected.

A. Strength of gravitational interaction

In order to determine the strength of gravitational inter-
action on the visible brane, we consider the effective action
(reintroducing M assuming the modulus is stabilized),

Sur > / ' / " o dp MP/geA (#1r4 (22)

= / d*x / " redpMEB(|plr.)e AU =GR, (23)

where r, = (T(x)), @R denotes the four-dimensional Ricci
scalar made out of g, (x), in contrast to the five-dimensional
Ricci scalar, R, made out of g, = e 4#)g (x).
Therefore, we can see that the 4D and 5D Planck scales
are related,

2 M3
MPI :7[1 _Jf(av k,re,M, b())], (24)

where

10y/7/ak3/2eQUre.akM.by) {erf[N(rL.,a, kM, by)] — erf[S (. a kM, by)] } (25)

where erf(x) = \/%_T fg dte=" and the expressions for P, Q N, and S can be found in Appendix A 2. From Fig. 1, we can see
for kr. > 1, F(a, k,M, by, r.) — zero and hence Mp; ~# M similar to the case of [20].

B. Physical mass scale

The matter fields on the visible brane couple to the low-energy gravitational field g, (x) = e 2Almre) guw(x). The
Lagrangian for the Higgs field can be written as (set M = 1 again)
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FIG. 1. Parameters: a = 0.489, A = —1, and by = 1.19.

Svis ) /d4x\/ _gvis{_v?sDﬂHvaH - ’1(|H|2 - U(z))z}‘
(26)

The canonical Higgs field will be written as e,

S D /d“x, /—g{g"”DﬂHTDDH —A(|H|?> = e2Alrem) 03)2}.

(27)

Therefore, the physical mass scale on the visible brane is
given by

M vg. (28)

Therefore, to generate the TeV scale from Mp, we only
require A(zrc) ~30. This can be achieved for by~
O(1-10), a~0O(0.1) and r.~O(1 —10). Again, we
do not require large hierarchies between the fundamental
parameters a, r., by, k, (where these parameters have been
rendered dimensionless by suitable rescaling with Planck
scale). Therefore, in this model as well, it is possible to keep
the scale of gravity unchanged while the scale of Higgs gets
exponentially suppressed.

C. Modulus stabilization

Goldberger and Wise developed a mechanism for
stabilizing the modulus field, wherein they incorporated
a scalar field in bulk, generating a potential for the
modulus field, with a minimum at r,.. Also, from scalar-
tensor theories of gravity, one can establish a mathematical
equivalence between the scalar degrees of freedom and
higher powers of R in f(R) theory. Here we show that the
introduction of higher-curvature f(R) gravity in the bulk
containing a R? term alone can stabilize the modulus
field 7'(x).

From, Eq. (3), considering only the bulk action, the
modulus potential is obtained by integrating out the extra
dimension,

V(T)=2 A " dpTe*A@T)B(4,T) (R +aR2 —A)

potential part

(29)

Assuming the form of A(¢, T') and B(¢, T') from Egs. (17)
and (18), we can obtain the modulus potential from
Eq. (29). Further, one can argue that the contribution
coming from the alpha correction in the exponential part
of the warp factor is negligible as compared to the
contribution coming from the RS part. The modulus
potential is finally obtained as follows:

V(T) =~ const + PEi {— 41((1—1——13071’1“61)]

boa

e—4k7f[‘ C3
— {4+ CT+—1——
te0a66176 | 1 T2 +(1+boﬂTa)
Cy+CsT Ce

* bo?(1 + byzTa)?
C; + CgT + CoT?
(1 + bgﬂTa)3
Cio+ C T+ CppT? + Cj3T?
(1 —I— boﬂ'T(X)4 ’

b() + b0277.'Ta

(30)

where Ei(x) = — [ dte™/t and the details of the param-
eters have been provided in the Appendix.

The following plots describe the functional dependence
of the modulus potential on T(x). The modulus potential
has a minimum for a stabilized value of T(x), which in turn,
plays a crucial role in modulus stabilization.

Our analysis reveals the following features:

(i) Stabilization can be achieved for 0 < a < 1, sug-

gesting that our perturbative approach works.

(i) As a — 0, stabilization no longer holds.

(iii) To be consistent with f'(R) >0, we obtain
the following bound on the model parameters i.e.,
a> 0 and b, > 0.

(iv) Therefore, we have 0 < a < 1 and by > 0 to obtain
modulus stabilisation in ghost-free quadratic f(R)
gravity.

(v) For a fixed value of b, as the value of « increases,
stabilization occurs for a smaller value of T'(x).

(vi) For a fixed value of a, as the value of b increases,
the minima of the potential shifts, and now the
stabilization occurs for a smaller value of T'(x).
In Fig. 2(a), stabilization occurs at (T(x)) =~ I,
whereas in Fig. 2(b), stabilization occurs at
(T(x)) ~0.4.

Furthermore, in Figs. 2(c) and 2(d) we have taken the
derivative of the modulus potential, which further reinstates
our claim about the occurrence of the minima. The
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(a) V(T) vs T for & = 0.49 and by = 1.19

0.0002

0.0001

-0.0001

-0.0002

(c) V(T) vs T for a = 0.49 and by = 1.19

-0.004

-0.006

-0.008

-0.010F

T
(b) V(T) vs T for @ = 0.49 and by = 4

0.008f
0.006F
0.004F
= 0.002f
> 0.000

-0.002
-0.004

-0.006, 1 I I I L J
0.0 0.5 1.0 1.5 2.0 25 3.0
T

(d) V/(T) vs T for o = 0.49 and by = 4

FIG. 2. Plots of modulus potential and its derivative for different values of « and b,,.

stabilizing value of the radion field, (T'(x)) is obtained
for dV(T)/dT = 0.

In Figs. 2(c) and 2(d), the critical points occur at
(T(x)) ~ 1 and (T(x)) =~ 0.4, respectively, which in turn,
correspond to the minima of the modulus potential as
portrayed in Figs. 2(a) and 2(b). On the other hand, on
expanding the exponential up to the next order correction
in a in Eq. (29), only the position of the minima gets
shifted and now stabilization can be obtained for a smaller
value of a, for a given value of bj.

Further, we can numerically integrate the modulus
potential obtained in Eq. (29). Numerical integration
yields the following plot. From Fig. 3, (T(x)) =~ 1, same
as that in Fig. 2(a), suggesting that our analytic esti-
mate works.

—~0.0050418}
—0.0059420
—0.0059422F
'; -0.0059424 |
—0.0059426 |
—0.0059428 F

—0.0059430

FIG. 3. Plot of V(T) vs T, obtained from numerical integration,
for « = 0.49 and by = 1.19.

D. Swampland conjecture
and cosmological implications

Swampland constraints in string-inspired models [38—41]
help to eliminate a large class of extra-dimensional theories.
To explain the cosmological expansion in various epochs,
the associated scalar field 7" and its potential V(T) need to
satisfy a set of constraints. The constraints put conditions on
V(T), the field range AT, and derivatives d;V(T) and
02V (T). These constraints in turn are related to the equation
of state. The swampland of string theory comprises con-
sistent lower-dimensional effective field theories coupled to
gravity. The slope conditions imply that the scalar field,
such as T (the radion in this scenario), must satisfy the
conditions: V(T) > 0 and |0;V(T)/V(T)| ~ O(1). From
Figs. 2(b) and 4, it may be seen that for the appropriate

0.020F

0.015F

v(T)

0.010}

0.005[

FIG. 4. V(T) vs T for a = 0.484 and b, = 22.35.
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choice of parameters one can satisfy the conditions on the
scalar sector which emerges from the swampland conjec-
ture. The corresponding numerical estimate for our model is
V(T) > 0 for @~ 0.484 and 21.4 < b, < 23.

From Fig. 4 it may be seen that the radion potential V(T)
closely corresponds to the Starobinsky inflaton potential
V(T) ~a(l —e VeT)2, As the radion scalar rolls down to
the stable minimum, the scalar spectral index of the
curvature perturbations ng and the scalar to tensor ratio r
can now be determined from the corresponding slow-roll
parameters for e-folding around 60. It may further be noted
that the radion scalar here rolls down to the vacuum with a
nonvanishing value for the ground-state energy leading to a
possible source of dark energy. A detailed analysis of these
to determine the appropriate choices for the parameters of
the theory will be considered in future work.

V. CONCLUSION

Our results reported in this work reveal the following
novel features. Gravity action in space-time in general can
contain curvature terms of various orders due to the
underlying diffeomorphism invariance. The terms con-
taining nth powers of curvature term are suppressed by
Mp>" and therefore do not have much significance in our
nearly flat universe. However in a higher-dimensional
space-time with a bulk cosmological constant of the order
of the Planck scale, such higher-curvature terms are
expected to have a significant contribution to determining
the bulk geometry. This motivates us to generalize the
earlier work on the warped geometry model in a bulk
action to include higher-curvature f(R) action. We indeed
obtain new warped geometry solutions with new signa-
tures in the effective theory on our 3-brane. Such sig-
natures however depend critically on the stable value of
the modulus field which appears through various param-
eters in the effective lower dimensional theory. To extract
an acceptable lower-dimensional theory we, therefore,

|

R = (1 + abyT(x)|¢p|) X TOIIEATRIEN 4R — (9,T(x))

2e2T(X) || (k+AT(x)| )
T(x)(1 + abyT(x)|¢|)

—0,0"T(x)

P(x.[#]) — Qx.[4]).

need to generate a modulus potential on the 3-brane. It was
shown earlier that only Einstein’s action in the bulk fails to
generate any such modulus potential and one needs to
include an ad hoc external stabilizing field to achieve the
stabilization. Our work reported here brings out a remark-
able and novel feature of a natural geometric stabilization
mechanism of the modulus through the higher curvature
gravity terms which is known to be equivalent to the
presence of additional degrees of freedom in the bulk. The
new warped geometry not only addresses the resolution of
the gauge hierarchy problem successfully but also leads to
possible new signatures on the brane such as graviton KK
modes and their coupling to the standard model fields
along with new physics of the radion field from the
resulting modulus potential. Furthermore, this work opens
up the study of various cosmological implications dis-
cussed in Sec. IV D along with a possible mechanism of
reheating at the end of inflation. We envisage addressing
these in future work. This work thus brings out a novel
mechanism of the geometric radion-stabilization mecha-
nism which is at the root of all future studies of
cosmological as well as collider-based observations in
higher dimensional models.
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APPENDIX

1. 5D Ricci scalar

The expression for the 5D
Eq. (21) where

scalar curvature is

5 2| |2 T@IPIR+ATC )
T(x)(1 + abyT(x)|¢])’

K(x l¢l)

(A1)

K(x.[p]) = 128°T(x)*|$* (1 + aboT (x) $])* + 2k(aby T(x)|$] + 1)*(2T(x) || BAT(x)|¢l (@b T(x)|#] + 1) = aby) — 1)
= 2BT(x)|p| (Tabo T(x)|h| + 5)(aboT(x)[p| + 1) + 3K*T(x)[h| (abyT(x) || + 1)’

+ 2aby (abg T(x)[#|(2 — abeT(x) ¢]) + 1),

P(x,
o B 2
G 19D = e taby TOO [ 17

+ k(aby (SKT(x)|¢| + 2) + 5k))].

¢l) = (T(x)]|(abo(3T(x)[¢|(k + 28T (x)[¢]) = 2) + 3(k + 26T (x)|¢])) — 1).
[T(x)(206°T(x)*|gp | (abg T(x)|¢| + 1) + 4B(SKT(x)|| (abT(x)|h] + 1) = 1)

(A2)
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2. Relationship between 4D and SD Planck scale

In Sec. IV A we obtained the following expression for F:

~ 1 _ . .
F(te, @,k M, by) = ePleakMb) _ T 10y/7y/ak/2eQlreakMby) {erf[N(rc, @,k M, by)] — erf[S(r.. a. k. M. by)] }
0

where

o 20ak?
P = —Sakr, <37rb0arc + % + 6>

k(10ak? + 3M2)2

Q - 9b0(ZM4
W Vk(10ak? + 3M?)
~ 3ybg/aM?
- Vk(3M?(zbgar, + 1) + 10ak?)
3v/boy/aM?

3. Analytical estimate for the potential

The modulus potential was given by the following expression:
V(T) 22 / "dg TB(¢, T)e *A@T(R + aR? — A).
0

In Sec. IV C we obtained the following form of the modulus potential as given by Eq. (30):

. 4k(1 + boﬂ'Ta) e—4kﬂT C3 C4 + C5T
V(T) ~ t + PEi|— C, +C,T -
(T) ~ const + 1{ boa } 60466176 | ' T T T byaTa)  bo?(1 1 borTa)?
+ Cs C;+ CsT 4 CoT*  Cyg+ C T 4 CoT? + C15T°
by + bo*zTa (14 bonTa)’ (1 + borTa)’ '

In the above expression, the associated parameters are given by the following values:

|
) (—165888005a + 38400k*(25V/6 + 108by )a? + 209952, a(—12 + 25

60466176k2bo3{ ol “t (25V6 + 108bo)a + o'a(~12+250)
+ 93312kby?(~108 + 150 + 125¢2) — 100k3a2(625a + 20736b%a -+ 480v/6by (216 + 5a))

const =

+ 5K2boa(311040by2a’ + 625b,2(288 + 5a)) + 192V/6by(—11664 + 19440a + 2700a>
+ 1250°)80¢77k (829440K* — 480006k ar + 24300b2a(~1 + Sar)

4k
+ 25K2a(20736V/6by + 125a) — 72kby (62502 4 2592v/6by(—3 + 5a)))Ei [— b—} }
1144
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1
P=—-—-———
7558272b,

— 72kby(625a* + 2592v/6bo (=3 + 5a)))},

< {1077(829440k* — 48000v/6k3a + 24300by2a(—1 + 5a) + 25K%a(20736/6b, + 125a)

1 1
C,=- 2 209952bga(—12 + 25a) + p 10077696 — 13996800a — 1166400002,

1
Cy = 4 10077696bome ~ 20995200b 70,
oo 1

i by*(1 + byzr.a)
C, = 960000v/6k2a? + 4147200k bya?,
Cs = 960000/ 6k2byra’,
Cs = 10368000v/6ka?,
62500k 240000\@) X

+ a’,

by? by

125000k za*
by '

16588800k,

C; = (2073600k +

Cg = 240000/ 6kra* +

Cy = 62500kz*a’,

Cyo = 1119744060 — 18662400/ 60 — (2592000% -

900000

0

15625
>a3 - (120000%+ -

+ 1555200b0> at,
0

Cyy = 33592320V/6byra? — 55987200V 6bora® — (27000007 + 5184000V 6bx)a* — (312507 + 120000V 6by7)a’,
C1y = 33592320V/6by2m2a — 559872007/ 6by272a* — (2700000by7% 4 2592000v/6by272)a’ — 15625byz2a’,
Cy3 = 11197440V/6by 3 a* — 18662400v/6by> 73’ — 900000by 273l
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