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The present study focuses on analyzing the generalized free energy function of D-dimensional charged
Gauss-Bonnet-AdS black holes. We examine fluctuating black holes that are in contact with thermal baths
at an arbitrary ensemble temperature, resulting in the corresponding Euclidean geometry with a conical
singularity at the event horizon. By properly regularizing the conical singularity, we have derived the
generalized free energy of fluctuating black holes in the canonical ensemble using the Euclidean
gravitational path integral approach. We demonstrate that the derived generalized free energy is consistent
with the definition from a thermodynamic perspective. Then we explore the free energy landscapes of
charged Gauss-Bonnet black holes in diverse spacetime dimensions and examine the corresponding
thermodynamics of the black hole phase transition. Finally, we discuss the generalized free energy
landscape of fluctuating black holes in the grand canonical ensemble.
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I. INTRODUCTION

Since the discovery of the black hole event horizon
radiating in a thermal spectrum with the temperature
proportional to its surface gravity [1], studying the phase
transition of black holes from the thermodynamic perspec-
tive has become an important topic in the intersection
among general relativity, thermodynamics, and statistical
physics. In recent years, by treating the cosmological
constant as thermodynamic pressure and introducing the
concept of thermodynamic volume of a black hole [2-6], it
is revealed that charged black holes in anti—de Sitter (AdS)
space exhibit analogous behavior to the van der Waals
fluids [7]. This observation stimulates a series of new
discoveries, such as reentrant phase transitions [8,9], triple
critical points [10,11] and multiple critical points [12,13],
holographic heat engine [14], Ruppeiner geometry and
microstructure of black holes [15], and topological classi-
fication of black holes [16], etc.

Within this context, the free energy landscape is shown
to be a valuable concept and tool for examining the
thermodynamics and kinetics of the black hole and its
phase transitions [17,18]. It is assumed that, during the
transition process from one local stable state to another, the
system can pass through a series of intermediate states.
These intermediate states are formed due to thermal
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fluctuations. For this reason, they are also called fluctuating
black holes [19]. To properly describe fluctuating black
holes, one can introduce the order parameter and the
generalized free energy function. The generalized free
energy of the fluctuating black hole was initially defined
by using thermodynamic relations. In Ref. [20], it is
demonstrated that the generalized free energy can be
derived from gravitational action by using the Euclidean
path integral approach.

In this way, one can illustrate the topography of the
generalized free energy function graphically, which is also
known as the free energy landscape [21,22]. The free
energy provides the weight or the probability of each state
in the system. The free energy landscape can be used to
connect one state to another. If only one order parameter is
introduced to characterize the black hole’s microscopic
state, the free energy landscape provides an intuitive
representation of the one-dimensional topography of the
generalized free energy function. The free energy landscape
gives a global quantification and characterization of the
system, for example, global stability. It is well known
that the free energy landscape can provide not only the
topography that determines the thermodynamic stability of
the system, but also the thermal potential that drives the
dynamical process and the phase transition [23,24].

Because of the existence of thermal fluctuations, the
dynamical process of the black hole state transition and
phase transition is then described stochastically by using
the Langevin equation that gives the time evolution of the
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black hole order parameter and the Fokker-Planck equation
that gives the time evolution of the probability distribution
of the black hole states. Under these assumptions, it is
shown that the kinetics of the black hole state switching and
phase transition is mainly determined by the barrier height
of the free energy landscape [25—41]. A very interesting
example shows that, at the triple point of six-dimensional
Gauss-Bonnet gravity, the probability distribution of the
black hole states exhibits an oscillating behavior in the
dynamical transition process [42].

The one-dimensional free energy landscape has recently
been extended to two dimensions [43]. In the case of the
five-dimensional charged Gauss-Bonnet-AdS black hole in
the grand canonical ensemble [44,45], two order parameters,
black hole radius and charge, are introduced to characterize
the microscopic state of the charged Gauss-Bonnet-AdS
black hole. The generalized free energy as a function of the
black hole radius and charge is then defined in terms of the
thermodynamic relation in the grand canonical ensemble.
However, the derivation of the generalized free energy
function of the charged Gauss-Bonnet-AdS black hole from
the gravitational path integral approach was not yet been
carried out. In this work, we address this issue and aim to
derive of the generalized free energy function for Gauss-
Bonnet gravity in D-dimensional spacetime.

In the derivation of gravitational action of the fluctuating
black holes, there are two issues that should be carefully
managed [20]. One is to handle the conical singularity
in the Euclidean geometry of the fluctuating black hole.
Another one is to eliminate the bulk divergence due to the
volume infinity of the AdS space. For the first one, we
employ the smooth regularization method to compute the
conical singularity’s contribution to the action [46—49], and
for the second one, we use the subtraction trick to get the
finite part of the action for the AdS black holes [50]. After
derivation of the generalized free energy function from the
gravitational action, we discuss the free energy landscapes
for Gauss-Bonnet gravityin D = 5,D = 6,and D > 7. Itis
shown that, for D = 5 and D > 7, there is only one critical
point on the phase diagram representing the end point of the
coexisting curve of the small and the large black holes. For
D = 6, there exist two cases; the first one is that there is
only one critical point, and the second one is that there are
two critical points and one triple point on the phase
diagram. The second case indicates that, at the phase
transition point, the shape of the free energy landscape
has three wells. For the first case, although the shape of the
landscape is a double well at the phase transition point, it
still has three wells at a specific temperature range. Based
on the topography of the landscape, we discuss the
thermodynamics of the phase transition. We also study
the generalized free energy function for Gauss-Bonnet
black holes in the grand canonical ensemble, which is
considered as the function of two order parameters. The

corresponding two-dimensional free energy landscapes are
also illustrated.

This paper is arranged as follows. In Sec. II B, we will
briefly review the basic facts about D-dimensional Gauss-
Bonnet-AdS black holes and introduce the Euclidean geom-
etry of the fluctuating Gauss-Bonnet AdS black hole. In
Sec. 11, we calculate the partition function of Gauss-Bonnet
gravity in the canonical ensemble and derive the generalized
free energy function for fluctuating black holes. In Sec. IV,
by treating the generalized free energy as the function of the
black hole radius, we show free energy landscapes in diverse
dimensions. The thermodynamic stabilities and the corre-
sponding phase diagrams are discussed in detail. In Sec. V,
we give the generalized free energy of fluctuating black
holes in the grand canonical ensemble. Last, the conclusion
and the discussions are presented in Sec. VI.

II. EUCLIDEAN GEOMETRY OF THE
FLUCTUATING GAUSS-BONNET BLACK HOLE

In the dynamical process of the black hole state switch-
ing and phase transition, due to the influence of the thermal
fluctuations, one local stable black hole state can pass
through a series of intermediate black hole states to reach
another local stable state. These intermediate black hole
states are formed due to thermal fluctuations, which are
named as fluctuating black holes. Fluctuating black holes
are considered to be intermediate states during the black
hole state switching and phase transition process. In this
section, we consider the Euclidean geometry of the
fluctuating Gauss-Bonnet black hole.

A. D-dimensional Gauss-Bonnet black holes

We start with the metric of the general spherically
symmetric D-dimensional charged Gauss-Bonnet black
hole in AdS space, which is given by [51-53]

1
f(r)
where dQ3?,_, is the metric of the unit (D — 2)-dimensional
sphere. The blackening factor f(r) is given by

ds®> = —f(r)dt* + dr* + r*dQ;,_,, (1)

2

f(r):1+2—

a

where @ and g are related to the mass and charge of the black
hole, a is the Gauss-Bonnet coupling constant, and L is the
AdS radius related to the cosmological constant A by the
equality A = — %. It should be noted that, in order to

have a well-defined vacuum in the theory, the effective Gauss-
Bonnet coefficient @ should satisfy the constraint [44,45]

4
OsL—Zsl. (3)
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The U(1) gauge field or the electromagnetic gauge field is given by

1

A(r) ==

D-2 ¢
\/ @ 4
NGT D—3rD‘3+ > “)

where @, = \/% \/ 5= ?‘{3 is introduced to guarantee the regularity of the electromagnetic gauge field at the horizon. It is easy

to check that the metric together with the electromagnetic field given above solves the equations of motion derived from

varying the Einstein-Gauss-Bonnet action.

The black hole horizon is determined by the equation f(r;,) = 0. The black hole’s Hawking temperature is then given

by [1]

1
TH = Ef/(r)‘r:rh =

The mass, charge, and Bekenstein-Hawking entropy of the
Gauss-Bonnet-AdS black hole are given by [54-57]

_(D-2)Qp_,
M=z ©
D-2)Q,_
=m0 (o 17 4 a4 ),
D—2)(D-3
0= (Q#QD—Z%
T
1 B 2a(D-2) 1
S:ZgD_zth 2<1+W%>, (6)

respectively, where we have expressed these quantities by
using the black hole radius r, and the charge parameter ¢
for later convenience. There is a scaling symmetry of all the
quantities listed above:

r, = rpa'l?, g — qaP=3/2, P Pa!,
M — Ma_(D_3)/2, S - Sa_(D_z)/z’ Ty — THO,'I/Z,
Oy — Dy, F — Fa~(D-3)/2, Q — Qa~(P-3)/2

()

where F =M —TyS and Q = F — Q®y are the on-shell
free energies in the canonical ensemble and in the grand
canonical ensemble, respectively. Using this scaling sym-
metry, the Gauss-Bonnet coupling constant @ can be
eliminated from the theory, which implies that one can
rescale the coupling constant to unity in the following
discussion in order to get the properties of the theory caused
only by the variations of the physical parameters [58].

B. Euclidean geometry of the fluctuating
Gauss-Bonnet black hole

We now consider the case that the Gauss-Bonnet black
hole is in contact with a thermal bath at a fixed temperature
T. This is to say that we have introduced the canonical

(D=3)r2 + (D= 1)rt/L2 + (D = 5)a— (D = 3)g*/r "™ |

(5)

4ﬂrh(r% + 2a)

ensemble description of the black holes. The temperature of
the thermal bath is just the canonical ensemble’s temper-
ature. Because our aim is to study the Euclidean geometry
of the fluctuating Gauss-Bonnet black hole generated
during the phase transition process under the influence
of thermal noises, the intrinsic Hawking temperature of
the fluctuating black hole is not necessarily equal to the
temperature of the thermal bath, in general. This will
introduce a conical singularity in the Euclidean geometry
of the black hole.

First, we introduce the Euclidean time 7 = it by a Wick
rotation in the complex ¢ plane. Then the metric becomes

1
f(r)
As we have discussed, the presence of the thermal bath or
the environment results in that the periodicity of Euclidean

time 7 is determined by the canonical ensemble’s parameter
toward the relation

ds> = f(r)de®> + dr* +r*dQ3 . (8)

0<7t<p. 9)

where f§ = % is the inverse of the ensemble temperature 7'. It
should be noted that, in this setup, the period f of the
Euclidean time is unrelated to any parameters of the black
hole, such as mass, charge, or black hole radius, etc.
Near the horizon, by introducing the coordinate p as

dr 2
= o~ =Ty, 10
N RN

the metric of the Euclidean Gauss-Bonnet-AdS black hole
can be approximated by

2 2
ds? ~ p%f(%) + dp2 + r%dQZD_p (1 1)

where By = 4x/f'(r),) is the inverse Hawking temperature
of the Gauss-Bonnet black hole.
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FIG. 1. A two-dimensional illustration of the Euclidean geom-
etry M that describes the fluctuating Gauss-Bonnet-AdS black
hole. Every point in this two-dimensional surface represents a
(D — 2)-dimensional sphere of radius r. The event horizon radius
is located at r = r;,, and the Euclidean time period is arbitrary
value . The red point represents the conical singularity X at the
event horizon r = r,. When f is equal to the inverse temperature
Py, the conical singularity disappears and the corresponding
Euclidean geometry becomes regular.

We are considering the case that the Euclidean time 7 has
an arbitrary period f. Therefore, near the horizon, the
Euclidean geometry of the fluctuating Gauss-Bonnet-AdS
black hole described by the metric (11) represents the
product manifold of a two-dimensional cone and a (D — 2)-
dimensional sphere [46—49]. The Euclidean geometry of
the fluctuating Gauss-Bonnet-AdS black hole is depicted in
Fig. 1. The manifold is not smooth in the present case. One
should note that, when the periodicity of the Euclidean time
is set to be the inverse Hawking temperature f3;, the conical
singularity X degenerates into a two-dimensional disk and
the corresponding Euclidean geometry becomes regular.
From our previous work [20], we know that, when the
equilibrium condition f = fy is satisfied, the black hole is
in a locally stable state. Otherwise, the black hole becomes
the fluctuating one on the free energy landscape.

For the fluctuating Gauss-Bonnet-AdS black hole, there

is a deficit angle 2z(1 —ﬁﬁH) to describe the canonical

singularity X at the event horizon r = r,. One can also
observe that, because of the existence of canonical singu-
larity, at the horizon r;, the Euclidean metric of the Gauss-
Bonnet-AdS black hole does not satisfy the equations of
motion for Einstein-Gauss-Bonnet gravity. However, in the
AdS bulk except the event horizon, the equations of motion
are still satisfied, because the metric or the geometry is
regular there. Therefore, to calculate the gravitational
partition function by using the semiclassical approximation
method, one just needs to compute the Einstein-Gauss-
Bonnet gravitational action on the singular Euclidean
manifold as a gravitational instanton, which is depicted
in Fig. 1, although special attention should be taken on the
conical singularity’s contribution.

III. PARTITION FUNCTION OF THE
FLUCTUATING GAUSS-BONNET BLACK HOLE
IN THE CANONICAL ENSEMBLE

In this section, we calculate the partition function of a
D-dimensional fluctuating Gauss-Bonnet-AdS black hole
by using the Gibbons-Hawking path integral approach [59].

A. Einstein-Gauss-Bonnet action

In the Gibbons-Hawking approach to black hole
thermodynamics, the partition function of a black hole
in the canonical ensemble is given by the gravitational path
integral [59]

Zow(B) = / Dlgle#l, (12)

where f is the period of Euclidean time representing the
inverse temperature of the canonical ensemble, D]g] is
the measure of the functional integral, and I[g] is the
Euclidean gravitational action. This functional integral
should be taken on all the Euclidean gravitational con-
figurations that satisfy the given boundary conditions.
However, for our purpose, by using the saddle point
approximation, we can just evaluate the functional integral
over the fluctuating black hole described by the Euclidean
metric (8). In this way, we can get

Zgrav(ﬂ) = e_lE[g]’ (13)

where g is the metric of the fluctuating Gauss-Bonnet black
hole given by Eq. (8).

For Einstein-Gauss-Bonnet gravity coupled with the
electromagnetic field, the Euclidean action is given by [56]

1 a
Ip=——o Py(R-2A+— %
£ 16n//\4\/§d x( D=3y —4) Fom

- 47rFWF/‘”> : (14)

where R is the Ricci scalar curvature, A is the cosmological
constant, and « is the Gauss-Bonnet coupling constant.
The Gauss-Bonnet term Lgg is given by

Lo = R2 = 4R, R™ + R, R, (15)

It is well known that there should be boundary terms in
the action in order to ensure a well-defined variation
problem for the equations of motion [59]. In addition,
there should be counterterms to cancel the divergence
caused by the volume infinity of AdS bulk. However, in
the present work, we will utilize the background subtrac-
tion trick [60,61] to compute the finite part of the Euclidean
gravitational action. In this approach, the boundary terms
will be properly canceled, because the black hole’s cor-
rection to the AdS metric decays very rapidly at spatial
infinity. In the following, we will calculate the Einstein-
Gauss-Bonnet action on the singular Euclidean manifold
with the conical singularity at the interior boundary.
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B. Conical singularity’s contribution

In this subsection, we study the conical singularity’s
contribution to the action. Because the curvature tensor is
divergent at the conical singularity, a proper regularization
scheme is needed. Our strategy is described as follows.
First, we regulate the tip of the cone by using a smooth
function and calculate the relevant curvature tensors. Then,
we take the sharp limit in the end. It turns out that the
obtained result for the conical singularity’s contribution to
the action is independent of the smooth function used in the
regularization.

Our starting point is the Euclidean geometry described
by Eq. (8). The metric describes the manifold that has a
specific product structure of a two-dimensional cone and
(D — 2)-dimensional sphere. However, without the loss of
generality, we specify the metric to be in a more general

form as follows [62,63]: |

R =a[fl o2 B0 (b ayp -3y LT ) T

+(D—-2)(D-3)

ds* = dp* + A*(p)dy® + C*(p)dQ3,_,.  (16)

where (p,y) are the local cylindrical coordinates to para-
metrize the two-dimensional cone. The conical defect or
singularity is situated at p — 0, and the transverse space is
independent of the local cylindrical coordinates (p,y) in
this limit. In fact, the following calculations are indepen-
dent of the precise structure of the space transverse to the
two-dimensional cone, provided C'(0) = 0. One can define
the area of the conical defect to be CP~2(0) times the area
given by the metric Q2 ,.

The strategy now is to regularize the conical singularity
in metric (16) by taking an arbitrary smooth function A(p)
satisfying the conditions A’(0) =1 and A’(e) = (1 = §),
where 276 is the deficit angle. With the metric (16), it is
straightforward to calculate that

(1-C'(p)*)

o P

4C*(p)

w2 AP ()  A(p)]>  [A"(p) )2
R R = [(D 2 A(p)Clp) © A(p)} " {A(p) (=2 C(ﬂ)}
A'(p)C(p) (1-C(p)*)  C"(p)]*
w02 g - -9 g Gl
wip _ 4| P =2)(D=3) ((1-C(p)*)\*, (A"(p))? A (AP)C(p))? A (C )2
RusoR 4[ 2 ( C%(p) ) +(A(P)> (o 2)<A(p)C(/))> @ 2>(C(p)> }
After some algebra, one can get
a _2A%p) o ZAWC () o Clp)
Rt == " =""ap) PP 4pcp) 2P )
Cn A (1=C(p))  8a(D=2)A'(p)C'(p)C"(p)
D=2 =G0 " o) ap)C)
_4a(D-2)A"(p) (1=C'(p)*) da(D —2) A(p)C(p) (1=C(p)?)
(D—-4) Alp) C(p) A(p)Clp)  C%(p)
Caap - C O =CO?) o (=C(p)*)\?
ta(p—2) RO E D v ap =205 ()

The idea is now to find out the singular part in the above expression. Because A’(0) = 1 and A'(e) = (1 —6), A" (p) is
singular in the vicinity of conical defect, because A” = O((A’(¢) — A’(0))/¢) is unbounded as ¢ — 0. In addition, because
C(p) remains smooth in the vicinity of conical defect, we can expand the function C(p) as C(p) = Cy + Cop* + - - -.
Therefore, computing the gravitational Lagrangian in the vicinity of p = 0 yields

« o) daD-2 1A G 1
R D DD-9 =" a0 ~ (0-4) Gap P P-AP-IgE
C 1
—8a(D—2)F§+a(D—2)(D—5)C—3+(9(p). (17)
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It is clear that the Lagrangian is the sum of a regular part
[the terms involving Cy, C,, and O(p)] and the unbounded
term A" /A.

When computing the integral of the above terms over a
small region around the conical singularity p = 0, it is clear
that only the first two unbounded terms will contribute to
the result, which is given by

_1é,;/de\/_<R+(D—3;(D—4)EGB>
2a(D -2) 1

20(D -2
:—lQD_zrf‘2<l— ﬂ) {1+7ag)_4 )rli} (18)

To get this result, we have substituted Cy = r;, and the

deficit angle § = 27(1 — —) into the above equation. The
|

1

167 M/Z

=L gy - 5[(1) 2) (

a

167

~r(ra 22 =) <>}

(D —4)

where the term adp 5 appears only when D = 5. Note that
the integrand in the action is just a total derivative of r. This
expression gives the indefinite integral of the action. It is
divergent when evaluating this expression at asymptotic
AdS spatial infinity. In order to regularize the bulk action,
one can employ the background subtracting method.
The procedure is first to terminate the r integral at a cutoff
boundary r = ry, then to subtract off the action of the pure
AdS space, and finally to take the limit of ry - 400 to
obtain the finite part of the bulk action [50,60,61].

One can set @ = 0 and ¢ = 0 to get the background AdS
metric. The factor f(r) of the background AdS metric is
then given by

2

r
fO(r):l—’—Z L2

1= y/1- 4—“] (20)

In the subtracting procedure, we have to match the Gauss-
Bonnet-AdS black hole metric with the background AdS
metric at the cutoff boundary r = r,. Thus, the time
coordinate 7 of the background AdS space should relate
to the time coordinate 7 of the Gauss-Bonnet-AdS metric
by the following equation:

f(ro)de® = fo(ro)dzj. (21)

final result is independent of the selection of the regulari-
zation function A(p) as promised. This is our main result
for the conical singularity’s contribution to the action.
Using the expression for black hole entropy in Eq. (6), it
can also be rewritten as —(1 — —)S It is shown that this

result is proportional to the deficit angle and the entropy of
the Gauss-Bonnet black hole.

C. Bulk’s contribution

Now, we consider the bulk’s contribution to the gravi-
tational action. Since the metric (8) is static, the time
integration gives rise to the period f of the Euclidean
time. The integration over the transverse space gives rise
to the volume of the (D — 2)-dimensional sphere.
The integration on the radial direction requires a little
algebra. It can be shown that the bulk action is given by a
closed form:

VgdPx <R —2A+ m EGB)

a1 = 8p5) = (7 + 2 — af (M) >)

(19)

This, in turn, gives the time periods in the action integrals
that are related by the relation

forolgh)

o

Thus, the bulk action of the Gauss-Bonnet-AdS black hole
with the subtraction of the background AdS action is then
given by

IM/Z = L (D - Z)ﬂQD_zr <r2 + ==+ a)

L2
1 p 2a(D —2)
Tapy (HWT%)’ @)

where the limit ry — oo is taken. It can also be written as

1
IM/Z:ﬁ<M—§Q<DH> —ﬁ%S. (24)
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D. Electromagnetic field’s contribution

In this subsection, we deal with the contribution to the
action from the electromagnetic field.

Because we consider the canonical ensemble with fixed
temperature and treat the electric charge Q as a fixed
parameter, we have to add a boundary term to guarantee
the fixed charge Q as a boundary condition at infinity. The
appropriate action for the electromagnetic field with the
boundary term is given by [64]

1
Tpm =~ /de\/_ F””—/)MdD_lx\/fnﬂAbFﬂ”, (25)

where y is the induced metric of the boundary d M and rn* is
the outward-pointing unit normal vector of the boundary.
The variation of the action Igy with respect to the
electromagnetic field gives

5IEM = —/ de\/g(VﬂF””)éA
M
- / AP JTAS(n, Y. (26)
oM

It is clear that the bulk term gives rise to the equations of
motion for the electromagnetic field and the surface term
yields §(n,F*) =0 as the boundary condition for fixed
charge at AdS infinity. |

By using the Stokes theorem, one can transform the bulk
integral into the surface integral. The action is then given by

1
IEM = —E/ dD_lx\/fn”A,,F””. (27)
oM

In Euclidean space, the nonvanishing component of the
electromagnetic field is

Fo=o/D=0D-3)55.  (28)

where there is an imaginary unit due to the time trans-
formation 7 = it. Note that there is also an imaginary unit i
in the electromagnetic potential. The outward-pointing unit
normal vector is n, = 1/1/f. After some algebra, one can
finally get

1 q2
Ievf =— (D =2)Qp_»——. 29
EM 1671'( )ﬂ D 2r€_3 ( )
It can also be written as
B
Iem = 5 0Dy. (30)

E. Generalized free energy in the canonical ensemble

At last, considering all the contributions discussed above, we have the gravitational action as follows:

167

Iy = (- 2>ﬁszm<r“ Do

167

PrD 1—|—ar

2
q 1 _ 2a(D-2) 1
+ﬁ) —ZQD_er 2(1 +Wr_% ) (31)

where we have expressed the mass parameter w as the function of black hole radius r, and restored the cosmological

constant as the thermodynamic pressure toward the relation P =

(D-1)(D-2)
16zL>

For the canonical ensemble, the free energy is defined in the semiclassical approximation as

1
F= _ﬁlnzgrav(ﬂ)
_ e
P
167
mna) 2)Q’”( 3+(D—1xD—2)

D—1 D-5
Pry= +ar, ™ + 53

2

q 1 _
—TQn P21+

rh_) 4 D-2"h <

2a(D-2) 1
e

This is just the generalized free energy of the fluctuating Gauss-Bonnet-AdS black hole previously defined by using the
thermodynamic relation F = M — TS [27,42]. To make it more explicit, we recall that the energy E and entropy S of a
canonical ensemble at the temperature 7 = 1/f can be derived from the free energy as

d 1
EZ@(/;F) Ton

(D - mQDz( =4

167 2
Pro=t + arb=> + g 3> (33)

(D-1)(D=2) Th
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S=PE-F) =~Qp,r

4

p-2 (1 L 2D-2) 1) . (34)

(D-4) r

It can be seen that the energy E and the entropy S are independent of the inverse temperature . By identifying the energy £
as the black hole mass M, the thermodynamic definition of the generalized free energy is then given by

1
F=M-TS=1-(D-2)Q, <r£—3 +

16 2
i Prf‘1 + otr,ll)_5 —l——q )

162 (D-1)(D-2)
-y (14202520, (33)

which coincides with the result Eq. (32) calculated from the
gravitational action on the singular Euclidean manifold as
an instanton. In this expression, the generalized free energy
F should be considered as the function of the black hole
radius r;. In the above equation, ry, is treated as the order
parameter of the phase transition, the thermodynamic
pressure P is essentially the cosmological constant, a is
the Gauss-Bonnet coupling constant, ¢ is the charge, and T
is the ensemble temperature that can be adjusted by the
exterior environment.

In summary, we have derived the generalized free energy
of Gauss-Bonnet black holes in D dimensions by using the
Euclidean gravitational path integral method. It should be
noted that the result is valid only in higher dimensions, i.e.,
D > 4. In Ref. [28], the thermodynamic definition of the
generalized free energy was invoked to study the phase
transition and its dynamical properties of four-dimensional
Gauss-Bonnet black holes. How to derive the generalized
free energy of four-dimensional Gauss-Bonnet black holes
from the path integral method is still a challenge, because
the Hawking-Bekenstein entropy of the four-dimensional
Gauss-Bonnet black hole has a logarithmic term, and it is
quite difficult to produce a logarithmic term in the gravity
theory with higher derivative curvature terms. |

16zPrP=2
(D-2)

o _(0-2)
or,  l6x

QD—Z ((D - 3)1"5_4 -+

This equation gives us the relation between the ensemble
temperature 7" and the black hole radius r, when the
black hole is in equilibrium. It is easy to check that
solving the ensemble temperature 7 from the above
equation gives the expression of the Hawking temper-
ature Ty as shown in Eq. (5).

In general, it can be observed that, when the ensemble
temperature is in a specific range, the free energy landscape
has the shape of a double well. This is to say that there exist
a minimal temperature 7';, and a maximum temperature
Tmax- When T' < T\ and T > T, the shape of the free
energy landscape is a single well and no phase transition

IV. FREE ENERGY LANDSCAPE IN DIVERSE
SPACETIME DIMENSIONS

In this section, we will discuss the free energy
landscape of Gauss-Bonnet black holes in diverse space-
time dimensions. Free energy landscape is an intuitive
representation of the generalized free energy function.
Free energy landscape can have different shapes at
different ensemble temperatures. In general, for the first-
order phase transition of small and large Gauss-Bonnet
black holes, the free energy landscape has the shape of a
double well.

A. Critical point from generalized free energy

First, let us discuss how to determine the critical point
from the generalized free energy function. Hawking
temperature has a special meaning on the free energy
landscape. When the ensemble temperature is equal to
the Hawking temperature, the black hole is in an
equilibrium state with the thermal bath. In this case,
the black is locally stable. The thermodynamically stable
black hole states correspond to the local extreme points
of the generalized free energy function. They are deter-
mined by the equation

q2

+ (D =5)arP=6 — (D = 3) —— — 4aTrP>(r? + 20:)) =0. (36)

D2
Ty

can occur. When T, < T < T, ..« the free energy land-
scape is a double well and there is a first-order phase
transition between the small and the large black holes. If the
minimal and the maximum temperatures coincide, i.e.,

T min = Tmax> the system lies at the critical point.
On the free energy landscape, the appearance or the
disappearance of the double-well shape corresponds to the
O’F _

equation =

inflection point. The minimal temperature 7, and the
maximum temperature 7,,, are then determined by the
following equation:

0, which also indicates that there is an
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32,,5—(1)167[2)90 2<(D—3)(D 4 + 16zPri) 7 + (D = 5)(D = 6)ar}™”
+(D-2)(D - 3) 7 —4xT((D = 3)rP=* + 2a(D = 5)r? ))=0. (37)

Combining Egs. (36) and (37) and eliminating 7, we can get the equation

(11)67”;) r(r} + 6a) — (D—3)r;31—(D—9)arh+2(D_5)(:_2 +(D=3) =5 z — (2D =5)r; +2(2D = T)a) = 0. (38)
h h

When the minimal and the maximum temperatures coincide at the critical point, the above equation has two equal roots.
This condition gives us the critical pressure and the critical temperature, as well as the critical black hole radius. However,
this equation is highly nonlinear, but the numerical solution can be easily obtained.

F(rp)

F(rn)

F(rp)

h h

FIG. 2. Free energy landscape for D = 5. The horizontal and vertical axes are the black hole order parameter r;, and the generalized
free energy F(r},), respectively. In this plot, P = 0.008, « = 0.1, and ¢ = 1. When 0.08686 < T < 0.1472, the landscape is of the shape
of a double well. Otherwise, it is a single well. The red points represent Gauss-Bonnet-AdS black holes in the equilibrium state, while the

blue points represent the inflection points on the landscape.
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Note that a similar analysis of how to determine the
critical point from the free energy landscape has been
performed in Ref. [28], where four-dimensional Gauss-
Bonnet-AdS black holes were considered. Here, we will
consider the case of D > 4. As discussed in the following,
there may be two critical points on the phase diagram when
D = 6. In this case, one should numerically solve the
equations more carefully.

B.D=5

For D = 5, the generalized free energy can be explicitly
given by

3n 4z q* 7 6a
F==(r+—Pr ) ==Tr {1+ ).
8(h+3 rh+a+ri) > 17 +r%

(39)

In analogy to the liquid-gas phase transition, there is also a
critical point on the phase diagram for the small and large
Gauss-Bonnet black hole state switching and phase tran-
sition. As previously discussed, the critical point can be
determined numerically. For ¢ = 1 and a = 0.1, the critical
pressure is P, =0.0165, the critical temperature is
T.=0.113, and the critical black hole radius is
rj, = 2.084. When the pressure is below the critical pressure,
there is a small and large black hole state switching and
phase transition in the Gauss-Bonnet gravity system.

Free energy landscape is a powerful tool for studying the
thermodynamics of a phase transition. In Fig. 2, we have
plotted the generalized free energy as a function of the
black hole radius for P = 0.008. At different temperatures,
the landscapes takes on different shapes, as illustrated.

At T = 0.07, there is only one stationary state (repre-
sented by the red point) on the landscape, which represents
the stable Gauss-Bonnet black hole. In this case, there
is no phase transition. As the temperature increases to

0.020
0.018
0.016
0.014

& o0012f SBH

0.010F
0.008 LBH

0.006

0.08 0.09 0.10 0.11 0.12
T

FIG. 3. Phase diagram for D =5 in the 7 — P plane. In this
plot, @ = 0.1 and g = 1. The black point represents the critical
point. “SBH” and “LBH” represent small and large Gauss-
Bonnet black holes, respectively. The curve is the coexisting
curve of the small and large black holes.

T = 0.0811, an inflection point (blue) appears on the free
energy landscape along with the stationary point. The
stationary point still represents the stable black hole state,
while the inflection point marks the emergence of the large
black hole and the intermediate black hole states in the
Gauss-Bonnet gravity system. When the temperature further
increases to 7 = 0.082, the landscape takes on a double-well
shape with two locally stable states and one unstable state, all
represented by the red points on the landscape. In this case,
the free energy of the left stationary point is lower than
that for the right stationary point, indicating that the small
black hole state represented by the left stationary point is the
globally stable state in thermodynamics. At the phase
transition point 7 = 0.0832, the potential depths of the left
and right stationary points become equal, allowing small and
large black hole states to coexist. As the temperature
continues to rise to 7 = 0.087, a similar analysis can be
performed to obtain that the large black hole state is the
globally stable one. Finally, at 7 = 0.0941, another inflec-
tion point appears, and the shape of the landscape begins
to restore the shape of a single well. This describes the
dependence of the thermodynamics of the black hole state
switching and phase transition on the ensemble temperature.

Based on the discussion of the influence of the ensemble
temperature on the free energy landscapes, we have also
studied the phase structure of charged Gauss-Bonnet-AdS
black holes in five dimensions by plotting the coexisting
curve on the “7T" — P” plane (refer to Fig. 3). For a fixed
thermodynamic pressure that is below the critical value,
one can numerically determine the ensemble temperature
at which the two wells on the free energy landscape have the
same depth. By varying the pressure, one can obtain the
coexisting curve on the 7 — P plane numerically. Therefore,
the coexisting curve marks the phase transition point at which
both small and large black holes can exist simultaneously.
This curve terminates at the critical point, which is denoted
by a black point on the phase diagram. It is also marked
that for the region above (below) the coexisting curve, the

0.0205

0.0200 -

o 0.0195F

SBH

0.0190 -

LBH

0.0185 . . . . . .
0.1112 0.1114 0.1116 0.1118 0.1120 0.1122 0.1124 0.1126

T

FIG. 4. Phase diagram for D =6 in the T — P plane, with
q = 0.08 and a = 1. The black point represents the critical point,
and the curve is the coexisting curve. SBH and LBH represent
small and large Gauss-Bonnet black holes, respectively.
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small (large) Gauss-Bonnet-AdS black hole is the globally
stable state. As a result of our analysis, we have gained
insight into the behavior of charged Gauss-Bonnet black
holes and their thermodynamic properties from the gen-
eralized free energy and the corresponding landscapes.

C.D=6

For D = 6, the generalized free energy is given by

The critical point can also be easily obtained by solving
Eq. (38) numerically. In the following, we will discuss two
cases: one critical point and two critical points.

We first consider that there is only one critical point on
the phase diagram, which is plotted in Fig. 4. The phase
diagram can be numerically obtained as discussed for
D =5 case. It is shown that for ¢ = 0.08 and a = 1, the
critical pressure is P. = 0.01972 and the critical temper-
ature is 7, = 0.11236. In this case, there are only two
Gauss-Bonnet AdS black hole phases which will domi-

2 (5 Am q* 272 4 4a nate when varying the thermodynamics parameters,
F==\nt5brntant 7)) 3 Try\ 1+ 72 ) although an additional two black hole states will emerge
at a very small temperature range. The dominated black
(40) hole state is always the small or the large Gauss-Bonnet
0.70 =
1ar — T=0.11166
0.68 1
121
0.66
’E: 1.0F =
i i
sl 0.64
06F 0.62
04 : : : : : : 0.60 : : : : : :
0.0 0.5 1.0 1.5 2.0 25 3.0 0.0 0.5 1.0 1.5 2.0 25 3.0
h h
0.70 0.68
— T=0.11173 — T=0.11178
0.68 1
0.66
0.66
S < 064f
w w
0.64
0.621
0.62f
0.60 ‘ ‘ ‘ ‘ ‘ ‘ 0.60 ‘ ‘ ‘ ‘ ‘ ‘
0.0 0.5 1.0 1.5 2.0 2.5 3.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0
h h
0.70 T T T
— T=0.11185 0.64} — T=0.111963
0.68
066 062}
< 064 <
0.621
0.58}
0.60 -
0.58 = - - - - - - 0.56 : : : : :
0.0 0.5 1.0 1.5 2.0 25 3.0 0.5 1.0 1.5 2.0 25
h h
FIG. 5. Free energy landscape for D = 6, with P = 0.008, @ = 1, and ¢ = 0.08. The horizontal and vertical axes are the black hole

order parameter r;, and the generalized free energy F(r,), respectively. The landscapes are of the shape of a double well when
0.11166 < T < 0.111963. Otherwise, it is a single well. The phase transition critical temperature is 7 = 0.11178. The red points
represent Gauss-Bonnet-AdS black holes in the equilibrium state, while the blue points represent the inflection points on the landscape.
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0.64

063t — T=0.111963

0.621

0.61¢

F(rn)

0.60r

0.591

0.58 1

0.57¢

0.56

0.5 1.0 1.5 2.0 2.5

h

0.61950 [

— T=0.111963

0.61945

0.61940 [

F(rn)

0.61935[

0.61930

0.61925

0.61920 -
0.6

FIG. 6. Free energy landscape for D = 6. The horizontal and vertical axes are the black hole order parameter r;, and the generalized
free energy F(r,), respectively. In this plot, P = 0.008, a = 1, and ¢ = 0.08. The right panel is the enlarged plot of the rectangular
region in the left panel. When 0.1119595 < T < 0.1119668, the landscape is of the shape of three wells.

AdS black hole. The additional two black hole states
emerge at the ensemble temperature where the large
Gauss-Bonnet AdS black hole is the thermodynamically
stable state. To see this point more explicitly, we present
the free energy landscapes for different ensemble temper-
atures in Figs. 5 and 6.

We show the shape of the landscapes for D = 6 at
different ensemble temperatures in Fig. 5. Compared with
the free energy landscapes for the D = 5 case, the varying
of the shape of landscapes along with the ensemble
temperature seems trivial. When the temperature is low,
the shape of the landscape is a single well. As the
temperature increases, the double-well shape of the land-
scapes begins to emerge and then disappears at a specific
temperature. Finally, it restores the single-well shape.
However, this is not the full story.

A detailed analysis indicates that in a very narrow
temperature  range, i.e., when 0.1119595 < T <
0.1119668, the landscapes have the shape of three wells,
as depicted in Fig. 6. In the left panel, it can be observed
that there are five locally extremal points (indicated by
red points), which is different from the case of double-well
landscapes shown in Fig. 5. The right panel is an enlarged
plot of the rectangular region in the left panel. It is clear that
there are three wells on the landscape. The large Gauss-
Bonnet-AdS black hole represented by the minimum point
in the rightmost well is the thermodynamically stable state.
Within the rectangular region of the left panel, there are
four extremal points, indicating the emergence of an
additional two black hole phases. One of the emerged
phases is unstable, and the other phase is locally stable.
However, the emerged locally stable phase is not the
globally stable one, since its free energy is always greater
than that of the large black hole. In this case, there is no
triple point where three phases coexist, and, therefore, the
two emerged phases will disappear quickly.

Now, we consider the case that the system has a triple
point on the phase diagram. In Fig. 7, the phase diagram for
g = 0.08 and a = 1.05 is plotted. There are two critical

points. One critical point with the coordinates (0.109883,
0.0201336) denotes the end point of the coexisting curve
for the small black hole phase and the intermediate
black hole phase, and the other one with the coordinates
(0.109669, 0.0188013) is the end point of the coexisting
curve for the large black hole and the intermediate black
hole. In addition, there is a triple point with the coordinates
(0.109523, 0.0186373), denoting the coexisting phase of
the three branches of black holes.

We also plot the free energy landscapes for this case in
Fig. 8. When 7' < 0.1094, only one stable black hole phase
with a relatively small radius appears on the landscape.
As the temperature increases to 0.1094, an inflection point
appears, which means that another locally stable black hole
phase with an intermediate radius appears. As the temper-
ature increases to 0.10951, the second inflection point
appears, which means that the third locally stable black
hole phase emerges. At the temperature 7 = 0.109523, the
three locally stable black hole phases coexist, with the same
depth of the potential well. When we continue to increase

0.0205

0.0200

0.0195

0.0190

0.0185

LBH

0.0180
0.1090

0.1094 0.1096 0.1098

T

0.1092

0.1100

FIG. 7. Phase diagram for D = 6 with the triple point in the
T — P plane. In this plot, ¢ = 0.08 and @ = 1.05. The black point
represents the critical point. SBH, IBH, and LBH represent
the small, intermediate, and large Gauss-Bonnet black holes,
respectively.
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Free energy landscape for D = 6. The horizontal and vertical axes are the black hole order parameter r;, and the generalized

free energy F(r), respectively. In this plot, P = 0.0186373, a = 1.05, and ¢ = 0.08. The red points represent the equilibrium state
Gauss-Bonnet black holes, while the blue points represent the inflection points on the landscape.

the temperature, the third and the fourth inflection points
will appear successively, which implies that the intermedi-
ate and small black hole phases disappear correspondingly.
At last, when T > 0.109627, there is left only one stable
black hole phase with a relatively large radius on the
landscape. Note that, when g = 0, the generalized free
energy F given in Eq. (40) is the fifth-order polynomial
function of the order parameter r,. It is impossible to obtain
five extrema as shown in Fig. 8 in the absence of charge.
Therefore, the presence of the two critical points is
inherently due to the existence of charge [65].

D.D>7

We state that the D > 7 case is similar to the D = 5 case.
There is only one critical point on the phase diagram, which

is the end point of the coexisting curve of the small and
large Gauss-Bonnet black holes. When the pressure is
lower than the critical pressure, increasing the ensemble
temperature, the free energy landscape will change from a
single well to a double well and restore the shape of a single
well. When the temperature is lower (higher) than the
transition temperature, the single potential well is located at
the small (large) black hole radius, which means the small
(large) black hole state is thermodynamically stable.

V.GENERALIZED FREE ENERGY IN THE GRAND
CANONICAL ENSEMBLE

In this section, we discuss the generalized free energy
for Gauss-Bonnet gravity in the grand canonical ensemble.
In Sec. IlI, we have derived the generalized free energy
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FIG. 9. Two-dimensional free energy landscape for D = 5. The generalized free energy is plotted as the function of the black hole
order parameters r;, and Q. In this plot, P = 0.5, a = 0.01, and @ = 0.1. The ensemble temperatures are set to be 0.52, 0.524813,
0.526749, and 0.530519, respectively.

function in the canonical ensemble by using the Euclidean path integral approach. The generalized free energy in the grand

canonical ensemble can be obtained by using the Legendre transformation:

Q=F-Qd

1
= E (D — Z)QD—Z <r5_3 +

16z

D=4 7

where we have replaced the parameter g with the electric
charge Q by using the relation in Eq. (6). The electromag-
netic potential ®@ should be viewed as the thermodynamic
potential of the bath in the grand canonical ensemble. It
should be noted that the generalized free energy Q is the
function of the order parameter r;, and g, while 7" and @ are
the external adjustable parameters.

In Refs. [44,45], it was shown that there exist a small and
large Gauss-Bonnet black hole phase transition in five
dimensions. For D = 5, we have

Q2

P D—1 D-5
D-nD-2) " T >+2<D—3>QD_2:£-3

1 2a(D -2) 1
—ZTQD_2r5-2<1 +M—> — 00,

(41)
|
3z ¥ 0?
Q—F—Q®—§<rﬁ+?Prﬁ+a+m>
7 6a
- ?Tr?, (1 +?> - Q. (42)
h

This is just the generalized free energy that was defined
previously by using the thermodynamic relation in
Ref. [43]. In order to describe the thermodynamics of
the phase transition qualitatively, we plot the corresponding
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free energy landscapes of the grand canonical ensemble at
different ensemble temperatures in Fig. 9.

In Fig. 9, we set p = 0.5, a = 0.01, and ® = 0.1. It is
shown that, when 7 < 0.524813 and T > 0.530519, the
shape of free energy landscapes is a single well, and when
0.524813 < T < 0.530519, the shape is a double well. At
the phase transition point 7 = 0.526749, the corresponding
landscape has two potential wells with the same depth. All
these behaviors are similar to that of landscapes for the
canonical ensemble in D = 5.

VI. CONCLUSION AND DISCUSSION

In summary, we have derived the generalized free energy
function of D-dimensional charged Gauss-Bonnet-AdS
black holes in terms of the path integral approach. It is
demonstrated that the derived generalized free energy is
consistent with the thermodynamic definition. We also
discuss the free energy landscapes for Gauss-Bonnet
gravity in diverse dimensions. For the canonical ensemble,
the free energy landscapes are one-dimensional curves with
the stable states represented by the lowest points in the
potential wells. Based on the generalized free energy
function and the landscapes, we discuss the corresponding

phase structures that are illustrated on the phase diagrams.
For D =5 and D > 7, there is only one critical point on
the phase diagram. For D = 6, there exist two cases: one
case with only one critical point on the phase diagram
and another case with two critical points and one triple
point on the phase diagram. We have explicitly plotted the
landscapes to exhibit the changes with the ensemble
temperature. In addition, based on the topography of the
landscape, we discussed the thermodynamics of the state
switching and the phase transition. For the Gauss-Bonnet
black holes in the grand canonical ensemble, the landscapes
are two-dimensional surfaces. We briefly study the shapes
of these landscapes at different temperatures.

In the present work, the thermodynamics of the state
switching and the phase transition for charged Gauss-
Bonnet-AdS black holes is discussed in detail. However,
thermodynamics alone cannot provide the full information
for the kinetics of the state switching and the phase
transition. Thermal fluctuations should be taken into account
in order to investigate the phase transition kinetics. For future
directions, it is interesting to study the state switching and
the phase transition process on two-dimensional landscapes
by using the stochastic dynamics method.
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