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The physical interpretation of the exact solutions of the Einstein field equations is, in general, a
challenging task, part of the difficulties lying in the significance of the coordinate system. We discuss the
extension of the International Astronomical Union (IAU) reference system to the exact theory. It is seen that
such an extension, retaining some of its crucial properties, can be achieved in a special class of spacetimes,
admitting nonshearing congruences of observers which, at infinity, have zero vorticity and acceleration. As
applications, we consider the Friedmann—Lemaitre-Robertson—Walker (FLRW), Kerr and Newman—Unti—
Tamburino (NUT) spacetimes, the van Stockum rotating dust cylinder, spinning cosmic strings and, finally,
we debunk the so-called Balasin-Grumiller (BG) model, and the claims that the galaxies’ rotation curves
can be explained through gravitomagnetic effects without the need for dark matter. The BG spacetime is
shown to be completely inappropriate as a galactic model: its dust is actually static with respect to the
asymptotic inertial frame, its gravitomagnetic effects arise from unphysical singularities along the axis (a
pair of NUT rods, combined with a spinning cosmic string), and the rotation curves obtained are merely
down to an invalid choice of reference frame—the congruence of zero angular momentum observers, which

are being dragged by the singularities.
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I. INTRODUCTION

As it replaced Newtonian mechanics as the state of the
art theory of gravitation, general relativity brought along
equations allowing for a more precise description of
gravitational phenomena, at the cost, however, of a math-
ematical complexity effectively preventing their full use in
actual astrophysical scenarios. Since then, two fields have
evolved parallelly in a largely separate way: one, finding
and mathematically characterizing exact solutions of the
Einstein field equations [1-3], which in most cases do not
correspond to realistic physical systems (or whose physical
significance is not totally clear); and the other, approximate
methods such as post-Newtonian theory, for actual astro-
physics. Examples of the former are, besides the best
understood black hole and cosmological exact solutions,
most instances of the Plebanski-Demiansky solutions, such
as the C-metric [2,4,5] (interpreted as pair of accelerating
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black holes, but possessing both radiative and static regions
with a challenging interpretation); the van Stockum [6],
Levi-Civita and Lewis metrics [2,7—11] and their relation-
ships (in some limits known to describe the field of infinite
cylinders, not so clear in others [2], in all cases exhibiting
perplexing features), the Godel solution [12] (with its
counterintuitive homogeneous rotation and anti-Machian
features), the NUT spacetime (with its gravitomagnetic
monopole, and the different versions of its line singularity,
whose physical interpretation is an open question) and,
more recently, the so-called Balasin-Grumiller (BG) model
[13], and the extraordinary claims that it can partially, or
even totally explain the galaxies’ flat rotation curves
without the need for dark matter [13—15]. Part of the
difficulties lie in the coordinate system and its interpreta-
tion, as seen to be the case, for instance, in the Lewis-Weyl
[11] or in the C-metric [4]. Even in the simplest solutions,
such as de Sitter universe, which is maximally symmetric
and represents a homogeneous isotropic expanding uni-
verse, subtleties arise: it is well known to admit (within a
cosmological horizon) a coordinate system where it is
explicitly time-independent (being thus static therein), as
well as to take an anisotropic form in other standard

© 2023 American Physical Society
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coordinate systems [2]. Setting up meaningful reference
frames is crucial to make sense of the solutions, and
understand whether they can be reasonable models for
some astrophysical settings. We shall see that its misunder-
standing is indeed also at the origin the crucial miscon-
ception leading to the BG galactic model.

These issues do not arise, on the other hand, in post-
Newtonian theory [16-21], equipped with reference frames
(“PN frames”) as close as possible to inertial, and having
axes fixed with respect to distant reference objects (either
stars or quasars). By being a weak field and slow motion
approximation, its regime of validity is however limited,
and the way it is usually formulated relies moreover on
asymptotic flatness. Indeed, gravitational effects outside
the realm of validity of such approximation are important in
an observational context. The state of the art ICRS
reference system uses quasars as reference objects, which
are at a distance where cosmological expansion becomes
important. The advent of gravitational wave detectors will
also expose to observational scrutiny strong field effects
such as those in the latter stage of black hole or neutron star
inspirals, global gravitational effects (sometimes regarded
as topological defects [22,23]) such as those produced by
hypothetical cosmic strings, whose detection can be within
the reach of LISA and pulsar timing arrays [24-26], or
gravitomagnetic monopoles, which are not described by
asymptotically flat metrics.

Here we discuss the possible generalization of the IAU
system to the exact theory. We shall see that, even though
not possible generically, suitable reference frames retaining
important properties of the PN frames—namely being
nonshearing, and having axes fixed do distant reference
objects—can be achieved in a special class of spacetimes:
those admitting shear-free and asymptotically vorticity-free
congruences of timelike curves (observers). It encompasses
all stationary spacetimes admitting asymptotically inertial
Killing congruences, but also expanding, nonstationary
solutions. Crucially, asymptotic flatness is not required.

Notation and conventions.— We use the signature
(= 4+ ++); Greek letters a,f3,7, ... denote 4D spacetime
indices, running 0-3; Roman letters i, j, k, ... are spatial
indices, running 1-3; €,4,5 = \/—glapyd] is the 4-D Levi-
Civita tensor, with the orientation [1230] =1 (in flat
spacetime, €130 = 1); € = Vhijk] is the Levi-Civita
tensor in a 3-D Riemannian manifold of metric A;;. Our

convention for the Riemann tensor is R%,, =1IF —
Do+ X denotes the Hodge dual (e.g.,

*Fop = €45 F /2, for a 2-form F,3 = F|,4). The basis
vector corresponding to a coordinate ¢ is denoted by
0y = 0/0¢, and its a-component by 95 = &3

II. PN APPROXIMATION: THE IAU
REFERENCE SYSTEMS

The metric describing the gravitational field of a
system of N gravitationally interacting rotating bodies

of arbitrary shape and composition can be written, at
first post-Newtonian (PN) order and in geometrized units,
as [16,19,20]

gio =A; +0(5); g =06;(1+2w)+0(4). (1)

where O(n) = O(e"), € is a small dimensionless parameter
such that U ~ €2, U is minus the Newtonian potential, and
w= U+ O(4) consists of the sum of the Newtonian
potential U plus nonlinear terms of order ¢*. The bodies’
velocities are assumed such that » < e (since, for bounded
orbits, v ~ \/U ), and time derivatives increase the degree
of smallness of a quantity by a factor ¢; for example,
oU/ot ~Uv ~ eU.

The coordinate system associated to the metric (1) is the
basis of the IAU reference system [19,21,27-29]. The
metric is assumed asymptotically flat, lim,_, o, gop = 7gp, SO
that the coordinate system is inertial at infinity, and the
spatial coordinate basis vectors 0; have directions fixed
(i.e., are “rotationally” locked [30]) to distant reference
objects, namely the “fundamental” stars (defining the axes
of the Astrographic Catalog of Reference Stars—ACRS) or
extragalactic radio sources (mainly quasars, which define
the axis of the International Celestial Reference System—
ICRS) [21,27-29,31-36]. The latter is the state of the art
system, since, by being so far away, such extragalactic
sources exhibit no detectable angular motion in the sky, to
present accuracy.

It should be noted however that, at cosmological
scales, the expansion of the universe comes into play,
and the asymptotic flatness assumption breaks down.
Modifications of the IAU system for accommodating
cosmological effects have been proposed in [27,28,37],
by taking the cosmological expansion as a (tidal) pertur-
bation around the PN metric (1) [37], or by considering
perturbations around the flat (k = 1) subcase of the FLRW
solution [27,28,38].

III. REFERENCE FRAMES IN THE EXACT
THEORY

In the exact theory one needs to be more refined in some
notions—observer family, system of axes, coordinate
system—and deal with subtleties one is allowed to partially
overlook in PN theory.

A. Observers, observer congruences,
and ‘“‘tetrad” frames

An observer O(u) is identified with a worldline of
tangent vector (i.e., 4-velocity) u® = dx*/dr, [33,39—
42]. A reference frame extended over some region requires
a family observers defined at every point therein, i.e., a
congruence of timelike worldlines [40] (sometimes called a
“platform” [33]), whose 4-velocity field we still denote by
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O(u)

t = constant

x' = constant

FIG. 1. A reference frame. Observers are identified with a
congruence of timelike curves (observer worldlines) O(u) of
tangent u®. The hyperplanes u’ orthogonal to O(u) are the
observers’ local rest spaces; therein each observer sets up a triad
of spatial axes e;, which may be orthonormal (e; = ¢;), to
perform measurements. The associated coordinate system
{1, Xt }+, where the observers are at rest, naturally embodies this
construction, O(u) being the integral lines of d,, and the
projection h;jd{i of the coordinate basis vectors d; onto u' sets
up therein a triad of axes pointing to the same fixed neighboring
observer. It moreover locates events in spacetime, the triplet {x'}
labeling which observer, and ¢t where along its worldline. The
quotient ¥ = M /O(u) of the spacetime manifold M by the
congruence O(u) is the “space manifold”—a 3D space where
each observer is represented by a point.

u’, see Fig. 1. Differentiation of u“ yields the congruence’s
“kinematics,”

0
v/ﬂ,{a = lla;/; = —uﬂaa - €aﬁ},5607u5 + Gaﬁ -+ ghaﬂ, (2)

% = l 6(1/)’;/5

a®=V,u* = ulu®4; 5 uygus;  (3)

Oap = h’(;h;u(ﬂ;y) —Ohes/3; 0=u",, (4)
where a“, o”, 6,4, and 0 are, respectively, the congruence’s
acceleration, vorticity, shear, and expansion scalar. The
hyperplanes u' orthogonal to the observers’ worldlines
consist of the local rest spaces of each observer (see Fig. 1).
Their distribution is nonintegrable in the general case that
the observer congruence has vorticity, ®* # 0; i.e., there is
in general no hypersurface orthogonal to such congruence.
The projection of a tensor in the observers’ rest spaces u™" is
given by contraction with the tensor

5= 05+ uug. (5)

This projector is also the metric induced in the distribution
of rest spaces u*, with

dl = \/ hopdx®dx’ (6)

yielding the distance between neighboring observers as
measured by Einstein’s light signaling procedure (radar
distance) [43]. Each observer sets in its rest space a system
of spatial axes ¢; (a set of rods), orthogonal to its worldline,
to perform measurements. The transport law for such axes
along the observers’ worldlines is in principle arbitrary, and
chosen by convenience. This construction provides a vector
(“tetrad”) basis {u, ¢;}, sufficient to measure tensor com-
ponents; it is sometimes itself called a “reference frame”"!
(e.g. [33], for orthonormal tetrads).

B. Coordinate systems

In order to locate events in spacetime (and, e.g.,
determine intervals between them) one needs, however, a
coordinate system {x*} = {t,x'}. Coordinate systems
naturally embody the construction above: when the basis
vector o, is timelike, it is tangent to a congruence of
observers O(u) (the observers at rest in the given coor-
dinates: u' =0 = u® x d7); and the projection of the
spacelike coordinate basis vectors 0; in the observer’s rest
space ut, h;éf (see Fig. 1), yields a system of spatial axis in
u'. But it is additionally possible to label events; one can
think of the spatial triplet {x'} labeling which observer, and
the time coordinate r where along the observer’s worldline.
In terms of the coordinates adapted to an arbitrary con-
gruence of observers (u® « 0%, goo > 0), the metric tensor
can be generically written as

ds? = =e2® [dt — Ay (1,xF)dx' + hyj (.35 )dx'dxl, (7)

where h;; = g;; + ¢*® A;A; equals the space components
of the projector (95).

The quotient of the spacetime manifold M by the
congruence of observer worldlines, £ = M/O(u), is the
“space manifold,” an abstract 3-dimensional space where
each observer worldline O(u) yields a point, and the triplet
{x'} a coordinate system therein.

C. Time and clock synchronization

Consider a curve C:x%(A) of tangent dx®/dA. The
condition that the curve is of simultaneity for the observers
O(u) at rest in the coordinate system {z,x'}, or equiv-
alently, that their clocks be synchronized along C through
Einstein’s light signaling procedure [33,43,45,46], amounts
to the curve being orthogonal (at every point) to d,, that is,
Gopdx’/dA =0 & dt = A;dx’,  where  A; = —goi/ oo-
Consider now the case that C is spatially closed (i.e., its

'Sometimes the reference frame is even defined as just the
vector field u* (or, equivalently, the observer congruence), see
e.g. [40,44].
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(b)

FIG. 2. (a) A synchronization curve C for the congruence of rest
observers O(u): u « d,, which is spatially closed (i.e., its
projection C on X is closed), so that it starts and ends at the
same observer. When A; = —go;/go0 # 0, the spacetime curve C
is not closed, leading to a synchronization gap Afy,.: observers
are unable to synchronize their clocks along closed spatial loops
C. (b) A pair of observers are always able to synchronize their
clocks, by exchanging light signals; a triad of observers, in
general, cannot: e.g., if O synchronizes its clock with ', and
O with @", then the clocks of ©® and (©” will not be
synchronized. This is because while the events ' € O’ and r €
O are simultaneous, the same applying to ¢’ € O" and ¢ € O,
the event #/ € O” is not simultaneous with € O, but instead
with the event ' = (' + A’dx"") € O, ahead in time by a gap
Atgype = 1" — 1 = Aldx"" + Ajdx" + Aidx'.

projection onto £, C = zx(C), yields a closed curve C), so
that after each loop it re-intersects the worldline of the
original observer, at a coordinate time 7y = 1; + Afgy,, see
Fig. 2. When Aty # 0, C is not closed in spacetime, and
the observer will find that his clock is not synchronized
with his preceding neighbor’s. This is the case generically
when A; # 0, as shown in Fig. 2(b) for infinitesimally close
observers. In the special case that A; is time-independent
(e.g., a stationary spacetime), A; = A;(x¥), it becomes a 1-
form in X, and the synchronization gap [11,43,46-48]
follows by simply integrating it along C,

Afgyne :/CAidxi. (8)

Only when Aty = 0 (case in which C is closed) are the
observers able to fully synchronize their clocks along a
closed curve C in space. In order for a congruence of
observers to be able to globally synchronize their clocks,
every synchronization curve C whose projection C = 75 (C)
is closed, must be closed in spacetime. That requires the
congruence to be orthogonal to an hypersurface of global
simultaneity; i.e., one that intersects each worldline of
the congruence only once (called a “time-slice”). This
amounts to u, <y, (or, equivalently, (d,), xy ,) for
some globally defined (single-valued) function (¢, x’).
An immediate consequence is that the congruence must not
have vorticity, ®* = 0, which, at IPN order, amounts to the
condition go; ;; = 0. Notice however that this affects clocks

around a closed in space contour C; along an open contour
in space, clocks can always be synchronized. In particular,
a pair of arbitrary observers in an arbitrary spacetime
can always synchronize their clocks (albeit, if not infini-
tesimally close, the synchronization will be contour-
dependent); a triad of observers, however, in general
cannot, see Fig. 2(b).

The above notion of synchronization (sometimes
called “Einstein” synchronization [33]) only means that
the observers agree on the simultaneity events; in other
words, the synchronization is achieved at an instant. In
general, their clocks will not remain synchronized, since
their proper times dr, = (—ggo)'/?dt elapse at different
rates due to the nonconstant gravitational potential in gy,
causing the interval of proper time between two events &,
and &, along the worldline of an observer O(u) to differ
from that between the events & and &, along the
worldline of another observer O'(u), that are simulta-
neous with £, and &, [43]. Only a set of clocks subject to
the same gravitational potential (e.g., those in a shell of
constant radius in Schwarzschild spacetime) can remain
synchronized.

In an arbitrary spacetime, a coordinate system can
however always be found such that gy, = —1, go; = O:

called the “synchronous” reference system [43]; observers
at rest in such coordinates are freely falling, and measure
the same proper time 7, = ¢, thus their clocks are all
synchronized.

The TAU reference system is not synchronous; in general
it has also vorticity, hence a global “instantaneous” syn-
chronization in the sense of Einstein is not possible either.
This is circumvented by using instead a coordinate time
synchronization, i.e., setting an “official” time (chosen as
the 7-coordinate). Common choices for ¢ are the proper time
measured by a rest observer at infinity (in which case it
does not correspond to the proper time measured by any
actual observer in the physical system), or the proper time
of observers at rest in the Earth’s geoid [21,33,49]. The
pace and synchronization of every clock in the system is
computer-corrected for relativistic ~desynchronization
effects according to its position and motion [21,49,50],
so that they read . The clock pace is adjusted through the
equation [21,33,50]

d’r\/ ) dx! dx! dx/'.
dr 900 oi di gij di di’

(10)

Jap = Yap(t. x*(1)), which follows from the definition of
proper time along O(u), dt* = —g,zdx*dx". Solving this
differential equation yields the correspondence between
and ¢ for an arbitrary observer moving with coordinate
velocity dx'/dt, given the initial value z(¢ = 0). For the
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congruence of rest observers u «d,, it reduces to
dr/dt = (—gy)'/?, whose solution yields, up to a time-
constant function y(x'), the correspondence between these
observers’ proper time 7z and ¢ everywhere. The function
w(x') is fixed, up to a global constant, by synchronization
of all clocks in terms of ¢, i.e., it is such that the “computer-
corrected” time on each clock yields the same value along
the hypersurfaces ¢ = const. (which represents simultane-
ous events according to the chosen time coordinate). This
can be physically realized by transporting clocks
[21,33,49,50]: consider an observer O carrying two iden-
tical (synchronized) clocks. At some instant one of the
clocks departs from O, being transported along a known
path, while it keeps solving and inverting Eq. (10), so that
its elapsed proper time is converted into computer-
corrected time #(7). Then, every observer (' it meets along
the way resets his computer-corrected time to 7' (') = #(7);
thereby his clock will be synchronized (in the same time
gauge) with O. Filling space with such paths realizes the
“coordinate time grid” [49]; in practice, this is implemented
through light signals exchange [21,49,50]. This is an
artificial synchronization, in the sense that the hyper-
surfaces ¢ = const are not orthogonal to the worldlines
of the observers O(u) (thus their local hyperplanes of
simultaneity, u*, in Fig. 1, are not tangent to these
hypersurfaces). It requires also precise knowledge of the
gravitational field and of the clock’s motion, being thus
model dependent. It yields however a practical global
notion of time, with transitive simultaneity (e.g., for the
triad of observers in Fig. 2(b), if the clocks of O and (7', and
O’ and O, are synchronized in terms of coordinate time,
then so will be O” and O), used in many applications, such
as the GPS system.

The same prescription can be applied to the exact theory,
with the only difference that, if the spacetime is not
asymptotically flat (in particular, if lim,_ . gog # —1), t
cannot be chosen to correspond to the proper time
measured by an asymptotic rest observer [an example is
the exterior van Stockum metric in Eq. (50) below]. This
poses no problems, since the choice of time coordinate is a
gauge freedom [50].

D. Generalization of the IAU system to the exact theory

A crucial feature of the PN reference frame associated to
the metric in (1) is that the basis vectors have fixed
directions with respect to inertial frames at infinity (where
the distant reference stars are assumed at rest). Let us
dissect this property. Consider a congruence of observers
O(u) at rest in the given coordinate system {z,x'},
u = (—gg9)~"/?0,. The coordinate basis vectors d; are
connecting vectors between the worldlines of neighboring
observers (see Fig. 1), since they are Lie transported along
the integral lines of d,: £, 0; = [0, 0;] = 0 (more precisely,
they connect events with the same coordinate time 7). These

vectors thus point to fixed neighboring observers. In what
follows it will be convenient considering vectors X* con-
necting pairs of events with the same proper time (z,)
interval, defined by the condition L, X*=0<
X* guf — u® 3XP = 0; these have constant spatial compo-
nents in the coordinate basis {0;}: X' yu’ = dX'/dr, = 0.

Consider now an orthonormal frame {e; } such that e; =
u (see Fig. 1), and let ng denote its connection coef-

ficients. Using £,X% = V, X% — u®PX 5 = 0, substituting
Eq. (2) in 4%, noticing that VX' = X' + F%()Xﬁ + F%ij,
that F%() =V,u' =d and that F%j = ei,;ij (see, e.g.,

Sec. 3 of [51]), where QF are the components of the angular
velocity of rotation of the spatial triad {e;} relative to
Fermi-Walker transport along u, we have

o1 . .
X;=§9X;+6;jX’+€3,;j(a)k—£2k)X/. (11)

If the rotation of the spatial triad {e;} is locked” to the
vorticity of the congruence, Q% = w®, and the congruence
is shear-free, o,3 = 0, we have

A
X' =Z0x', (12)

telling us that the connecting vector’s direction is fixed in
the triad {e;}. In other words, a set of orthogonal spatial
axes point to fixed neighboring rest observers O(u).
Therefore, the coordinate basis d; has likewise fixed
directions in the orthonormal triad {e;} (more precisely,
the space projection of the coordinate basis vectors, h};afj ,
has fixed direction therein). This allows to define fixed
directions (hence rotations) with respect to distant reference
objects. Observe that £, 1,3 = 2(0,5 4 6h,5/3); hence, the
shear-free condition amounts to

260
‘Cuhaﬂ :?haﬂ’ (13)

which is equivalent to the condition

‘cu)(aﬂ =0; Xap = haﬂ/f’ (14)

for some function f solving the first order differential
equation L, f —260f/3=0. The subcase L, f=0= L h,p=
0 corresponds to a rigid congruence (0 =0 = 0,4, see

Given a congruence of observers, the choice Q* = w* can
always be made (cf. Sec. Il A); it is actually the most natural
transport law for the spatial triad, corresponding to the case where
it co-rotates with the observers (“congruence adapted” frame
[51]), and arguably the closest generalization of the Newtonian
concept of reference frame [52,53].
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Sec. IIIE); for this reason, condition (14) is dubbed
“conformal rigidity” [54,55].

In a coordinate system {¢,x'} where u = (—g,)~'/%9,,
Egs. (14) yield dyup =0 = yop = xap(x)) and’
hos = (1, X" )y ap(x"). From (7), the existence of shear-free
observer congruences in a given spacetime is thus equiv-
alent to it admitting a coordinate system where the metric
takes the form

ds? = —=e*®[dt — A;dx'? + f(1,x*)y,;(xF)dxidx/,  (15)

where ® = ®(1, x5), A; = A;(1, x5).

This is the situation in a PN frame (1), identifying
f = (1+42w), y;; = 6;; [the underlying reason is that, at
1PN accuracy, the observers at rest in (1) have no shear:
o;j = O(5), 69, = 0]. However, PN frames rely moreover
on the assumption that the metric (1) is asymptotically flat.
This implies, in particular, that, at infinity, the reference
frame is inertial, and therefore the basis vectors o, are
anchored to inertial frames at infinity. Provided that they
are far enough, the distant stars have no detectable proper
motion in such frame; one can thus say that the d; point to
fixed stars; or in other words, are anchored to the “stellar
compass” [29,32,33,57]. Physically, this materializes in
that light rays from the distant stars are received (to the
accuracy at hand) at fixed directions in the basis {0, }; hence
the frame can be set up by aiming telescopes at the distant
stars. This is a crucial property that should be embodied in a
suitable generalization of the IAU reference system. For
that, defining fixed directions over an extended spacetime
region [i.e. Eq. (12) being obeyed], is not sufficient; they
should be fixed to fundamental reference objects, repre-
senting nonrotating axes at infinity (“compass of inertia” at
infinity, see Sec. III E below).

To generalize it to the exact theory, we start by noticing
that (i) the asymptotically flat condition is not necessary for
the reference frame to be anchored to inertial frames’ at
infinity; it suffices the existence of a shear-free observer
congruence for which all the remaining kinematical quan-
tities a*, % and @ asymptotically vanish [so that
lim,_, o, Vgu, = 0]; an example is the van Stockum exterior

This agrees with the earlier results obtained in [44,56], for the
special case of a coordinate system such that gy, = —1 (i.e.,
t=r1,).

*Simple counterexamples are the coordinate system associated
a rigidly rotating frame in flat spacetime, or with the observers
comoving with the dust in the Gédel universe: indeed, they form a
rigid grid in space; however, such grid is not nonrotating at
infinity (the observers having constant nonvanishing vorticity in
the second case, and not even being defined past a certain radius
in Ehe first case, where they would exceed the speed of light).

“An inertial frame is defined as a reference frame where all the
inertial forces vanish. While different definitions of inertial force
exist in the literature [42,51] (differing essentially in the con-
nection/transport law for the spatial frame), all agree in its
vanishing in coordinate systems adapted to a congruence of
observers such that Viu, = 0.

solution considered in Sec. IV C. (ii) The reference frame
does not even need to be asymptotically inertial. As long as it
does not shear, having expansion (6 # 0) does not affect the
property of defining directions fixed to distant objects,
cf. Eq. (12); and in order for it to be nonrotating at infinity,
the necessary and sufficient condition is the vorticity to
asymptotically vanish, lim,_ ®* = 0. This ensures (see,
e.g., [11] p. 7, and footnote therein) that the axes {e;} are
Fermi-Walker transported at infinity, i.e. are fixed to the spin
axes of gyroscopes (compass of inertia) at infinity,
cf. Eq. (26) below, the same applying to the spatial directions
of the coordinate basis vectors 0,. Therefore, we have:

Lemma.—If a spacetime admits a nonshearing (6,5 = 0)
congruence of observers which, at infinity, has zero
vorticity (lim,_,,, ®* = 0), then a coordinate system where
such observers are at rest has spatial axes locked to
nonrotating (i.e., Fermi-Walker transported) axes at infinity.

This is important in a cosmological context, where
asymptotically inertial frames do not exist: the FLRW
solution is of the form (15), with ® = ®(¢) (usually set
® = 0), A, =0,and f(t, x*) = f(¢) = a*(t) the scale factor.
Observers at rest therein are comoving with the cosmologi-
cal fluid (i.e., measure an isotropic cosmic microwave
background radiation). Their vorticity and acceleration
vanish, ®* = a* = 0, but they have nonvanishing expansion
6 = 3a/a everywhere; thus, the congruence is not asymp-
totically inertial (cf. Footnote 5). It follows however from
Eq. (12) that the connecting vectors between neighboring
particles of such fluid have directions fixed with respect to
orthonormal axes, hence preserving angles with respect to
each other. Therefore, the coordinate grid defined by them
has directions fixed to the distant quasars, which one may
dub the “quasar compass” (generalizing the notion of
stellar compass in [29,32,33,57], whose definition relies
on asymptotic flatness). This property extends to the more
general shear and vorticity-free (i.e., shearfree “normal”)
cosmological fluids in, e.g., [58—60], described by metrics
of the form (15) with A4; = 0.

In the IAU system, the distant reference objects are
moreover assumed geodesic (indeed, since their proper
motions are negligible, so should be their small non-
geodesic part, discussed in e.g. [61] Sec. VI); this property
is retained by demanding the observers’ acceleration to
asymptotically vanish, lim,_ ., a* = 0. Therefore,

Proposition 111 D.—If a spacetime admits a nonshearing
congruence of observers which, at infinity, has zero
vorticity and acceleration (lim,_ ., @* = lim,_  a* = 0),
then a coordinate system where such observers are at rest
has spatial axes locked to the asymptotic rest frame of the
distant quasars, being the generalization of the TAU
reference system to the exact theory.

The shear-free condition 6,3 = 0 is however restrictive,
as only special spacetimes admit timelike shear-free con-
gruences of curves. No classification for such spacetimes,
or invariant conditions for the existence of such
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congruences, are known in the literature.® One can see,
however, from its degrees of freedom, that not every metric
can be written in the form (15): the most general metric
tensor is composed of ten functions (corresponding to
the independent components in g,z) of four variables (the
coordinates); four of these functions are fixed by the
coordinate choice, leaving six “free” functions of four
variables. These are made explicit in the synchronous frame
in (9), where all this gauge freedom has been used to
eliminate the components gy, and gg;, leaving out the six
functions h;;(z, x*), which can be arbitrary (as long they
define a positive definite matrix). The metric (15), however,
possesses only five free functions of four variables (®, A;,
and f), plus six functions (y;;) of the three variables x
(notice that a function of four variables can be regarded as
infinitely many functions of three variables). Specifically,
the time dependence of (15) has only five degrees of
freedom, whereas a general metric has six [68]. For
instance, the gravitational field of a set of N celestial
bodies (even if no such field is known exactly) is expected
to contain gravitational radiation, which generically implies
a nonvanishing shear, and so cannot be described by (15).
In such general case, reference frames with axes fixed to
distant reference objects can only be set up in the
framework of some approximation; often, radiation effects
are negligible. In a cosmological setting, the gravitational
field of the celestial bodies can be considered as a
perturbation around the FLRW solution [27,38,69,70],
the coordinates comoving with the FLRW fluid providing
a frame with axes fixed to the distant quasars. This extends
to generic perturbations without tensor modes in gauges
complying with (15), a well known example being the
“conformal Newtonian gauge7” for scalar perturbations
[70-72].

®0Only for congruences comoving with certain solutions’
matter content. Namely, it has been conjectured [62—67], and
proved in several special cases, that shear-free barytropic perfect
fluids can have vorticity or expansion, but not both. This has, in
particular, been proven for dust [64], which includes arbitrary
geodesic observer congruences in a vacuum. But the reference
frames we interested in are, in general, neither geodesic or
comoving with the celestial bodies/matter.

"It is also dubbed longitudinal [69-71] or “zero-shear” gauge
[70]. It should not, however, be confused with the (less restrictive)
vanishing shear condition described by the metric (15): (i) the
former pertains to the shear 6(n) .5 of the vector field n* orthogonal
to the ¢ = const hypersurfaces [n, = —8%/1/—¢"]; not to the
shear o, =0(u),; of the rest observers of 4-velocity
u® = 8§/+/=goo> which vanishes in (15). The tensor a(n), is,
in general, nonzero for a perturbed cosmological metric of the form
(15); for instance, for e® = a*(t) —8gp, f = a*(t)+ 8f,
Xij = 6ij, to first order in the perturbations, o(n); =
a(t)[5; jA;(k /3= A j]. (iii) The conformal Newtonian gauge
requires moreover A; = 0 [thereby excluding [71] vector pertur-
bations, that are allowed in (15)], in which case u* = n* =
(1) 45 = (1) 45 = 0 (i.e., both “shears” vanish).

In the case of a stationary spacetime, light rays emitted
by the distant reference objects (quasars or stars) are
received at fixed directions in the basis {e;} and {9;};
the reference frame can thus be physically set up through
telescopes/radiotelescopes. The same holds for confor-
mally stationary spacetimes, whose metric can be written
in the form ds* = (1, x')¥(x'),;dx*dx”, since null geo-
desics are conformally invariant, see e.g. Appendix D in
[73]; these spacetimes include the FLRW models.

In general, however, this does not hold. Like in PN
theory [32,33], in the exact theory null geodesics can be
described in terms of inertial spatial “forces,” Egs. (10.5)
and (10.6) of [74] (which are a generalization of Eq. (19)
below for null geodesics and time-dependent settings).
When the fields G and H therein are time-varying, so will
be the deflection of light by the gravitational field. This
means that, even in the case that the conditions in
Proposition III D are met, in practice the axes of such
frame only approximately coincide with the directions of
the light rays received from the reference quasars.

E. Stationary spacetimes

Spacetimes admitting a timelike Killing vector field &*
are stationary. A coordinate system always exists where
& = 0,, and the metric takes the explicitly time-independent
form

ds? = —e*®(dt — A;dx')* + hydx'dx!, (16)

where ¢*® = gy, ® = @(x/), A; = A;(x/) = —g0i/ oo,
and h;; = h;;(x*) is the “space metric.” Considering the
congruence of observers O(u) whose worldlines are
tangent to &%,

¢ a
V=8, \/~9n

u* =

e 0t =758, (17)

which are, by definition, observers at rest in the coordinates
of (16) (“static observers”), h;; equals the components of
the projector (5) (which it is identified with in spacetime). It
follows from the Killing equation &4 =0 that the
congruence of observers O(u) is rigid, since it is both
nonshearing and nonexpanding (vanishing Born tensor
[33,54,75]): hﬁh;uwy) = 0% 0,3 = 0 = 0. Equivalently,
the spatial metric h,s has zero Lie derivative along the
congruence: Lyh,; = 0 [implying d,h;; = 0 in the coor-
dinates of (16)]. This just states that the spatial distance (6)
between neighboring observers as measured by Einstein’s
light signaling prescription (see Fig. 1) is constant. The
spatial metric is therefore independent of the time slice
t = t(x'), and can thus be regarded as the Riemannian
metric canonically associated with the quotient X of the
spacetime by the congruence of worldlines O(u). Together,
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they form the Riemannian manifold (X, %), dubbed the
“space manifold.” )

Equation (12) is obeyed with X’ = 0, hence neighboring
observers remain at fixed directions in an orthonormal
frame, the same occurring for the coordinate basis vectors
0;. If the coordinate system is asymptotically inertial
(lim,_ o, Vpu, = 0), then the distant stars are at rest in
such coordinates, which are the generalization of the IAU
reference system for the given exact stationary spacetime.

The observed spatial position vector of any (arbitrarily
distant) object O with respect to an observer O is given by

r = hi(expp' P'), (18)

where P € O is the event of observation, P’ is the event
where the past light cone of P intersects the worldline of ¢
(so that P’ and P are connected by a null geodesic), and
expp' P’ is the inverse by the exponential map® of P’ at P,
see Fig. 3 in [41] (cf. also Fig. 1 in [76]). If O = O(u) and
O’ = O'(u) are at rest in the coordinates of (16), then, since
the metric is explicitly time-independent, r%,, as well as the
associated affine distance ||7% |, are also constant.

1. “Gravitoelectromagnetic” (GEM) fields

Consider a (pointlike) test particle of worldline x%(z),
4-velocity dx*/dr = U* and mass m. The space compo-
nents of the geodesic equation, DU*/dr = 0, yield,” for the
line element (16) [43,51,77-79],

~ = -

> - - F
yn =yyG+UxH]= C;SM, (19)

where y = —U%, = ¢®(U° — U' A4;) is the Lorentz factor
between U” and u“,

DU dU o
B -G
. 1 .
L(h)y = Ehll(hlj,k +hu; = hje), (21)

is a covariant derivative with respect to the spatial metric

h;;, with T'(h) ;k the corresponding Christoffel symbols, and

G; = -0 H = e(DGijk.AkJ (eijk = \/E{l]k]) (22)

are fields living on the space manifold (X, %), dubbed,
respectively, “gravitoelectric” and “gravitomagnetic” fields.

$(expp! P')* can be defined as the vector k* = dx®/dA at P,
tangent to the null geodesic parametrized by the affine parameter
A such that /1( ) = 0and A(P") = 1. In the optical coordinates in
[76]. (expp! P')* = (0,,0,0) and |[r[| = .

Computmg the Christoffel symbols I, = e2°G, Fl =
P AG' = e®H' /2, and T =T(h)!, —e® A(kH ’—ez‘bGA Ak,
where H;j=e®[A;,; - A,-.j].

These play in Eq. (19) roles analogous to those of the electric
(E) and magnetic (E) fields in the Lorentz force equation,
DUi/dr = (q/m)[yE + U x B]'. Equation (20) is the stan-
dard 3-D covariant acceleration, thus Eq. (19) describes the
acceleration of the curve obtained by projecting the time-like

geodesic onto the space manifold X, being U its tangent
vector. The latter is identified in spacetime with the

projection of U% onto X: (ﬁ)":thﬁ [so its space

components equal those of U?, (U)' = U'].

The physical interpretation of Eq. (19) is that, from the
point of view of the “Killing” or “laboratory” observers of
4-velocity (17), the spatial trajectory of the test particle will
appear accelerated, as if acted upon by the fictitious force

F cem (standing here for ““gravitoelectromagnetic” force).
In other words, these observers measure inertial forces,
which arise from the fact that the laboratory frame is not
inertial; in fact, G and H are identified in spacetime,
respectively, with minus the acceleration and twice the
vorticity of the laboratory observers:

G =-Vyu*=—ufu’; H*=20"=e""u,pus. (23)

These fields are a generalization, to the exact theory,
of the GEM fields usually defined in post-Newtonian
approximations, e.g., [16,18,20,80], and (up to constant
factors and sign conventions) in the linearized theory
approximations, e.g., [81-85], reducing to them in the
corresponding limits [42,86-88]. They obey field equa-
tions resembling the Maxwell equations in a rotating
frame (cf. Table 2 of [51]),

~ . oy 1 or o~ o
V-G:—4ﬂ(2p+T"a)+G2+§H2; VxG=0; (24)

V-H=-G-H; VxH=-161J+2GxH, (25)

where p = T“ﬂuauﬁ and J* = —T“ﬁuﬁ. Here V denotes
covariant differentiation with respect to the spatial metric
h;; [ie., the Levi-Civita connection of (X, h) with

Christoffel symbols (21)]. The equations for V-G and

V xH are, respectively, the time-time and time-space
projections, with respect t0 u®, of the Einstein field
equatlons Ry = 87[( o =73 g,,ﬁT ), and the equations

for V- H and V x G follow from (22).

Another realization of the analogy is the “precession”
of a gyroscope (i.e., a spinning pole-dipole particle).
According to the Mathisson-Papapetrou equations [89,90],
under the Mathisson-Pirani spin condition [91], the
spin vector S* of a gyroscope of 4-velocity U” is Fermi-
Walker transported along its center of mass worldline,
DS*/dt = $*a,U”, where a®=DU"/dzr. If the gyro-
scope’s center of mass is at rest in the coordinate system
of (16) (U* = u®), then the space part of this equation
yields [11]
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as 1- -
D _I5xH 26
A RReRc (26)

which is formally analogous to the precession of a magnetic
dipole in a magnetic field (DS Jdr = ji X B). The physical
meaning of this equation is that a system of spatial axes
fixed with respect to the basis vectors {9, } of the coordinate
system in (16), rotate, with respect to axes fixed to the spin
vectors of gyroscopes (which define the local “compass of
inertia” [51,52,81]), with an aqngularﬁvelocity Q—H /2.
Notice, from Eq. (19), that G and H are the only inertial
fields arising in the reference frame associated to a
“Killing” congruence of observers in a stationary space-
time; should they vanish, that automatically implies such
reference frame to be inertial. If they asymptotically vanish,

lim, _, o G = lim,_,ooFI =0, then the reference frame is
asymptotically inertial.

The 3-vector .Zl dubbed “gravitomagnetic vector poten-
tial,” manifests physically in effects like the synchroniza-
tion gap (Sec. IIIC) and the Sagnac effect. The latter
consists of the difference in arrival times of light-beams
propagating in opposite directions around a spatially
closed path. Along a photon worldline, ds*>=0; by
(16), this yields two solutions, the future-oriented one
being dt = A;dx’ + e~®dl, where dl is the spatial distance
element (6). Consider photons constrained to move within
a closed loop C in the space manifold X (for instance,
along an optical fiber loop). Using the + (=) sign to
denote the anticlockwise (clockwise) directions, the
coordinate time it takes for a full loop is, respectively,
tp=¢,cdt=¢.e"®dl+ §. A;dx'; therefore, the Sagnac
coordinate time delay Atg is [11,46-48,81,92,93]

AtsE[Jr—t_IZfAidxi:z%A. (27)
C C

Observe that this is twice the synchronization gap (8)
along C, Afg = 2Atgyp,.

2. Zero angular momentum observers (ZAMOs)

Consider an axisymmetric stationary spacetime, for
which A = A;d¢. In spite of being at rest, the observers
(17) have, in general, nonzero angular momentum per
unit mass, whose component along the symmetry axis is
uy = u’goy = e® A, [11,30,94,95]. This manifests itself in
the fact that these observers measure a Sagnac effect, via
Eq. (27). Another important class of observers in these
spacetimes are those in circular motion, ug = ud(53+
Q; AM05?,), for which the angular momentum per unit mass

vanishes, (u), = 0. Their angular velocity is thus given by

4
u 9o
Q7m0 = —% =- (28)
uz e

These are the only “‘stationary” observers that measure no
Sagnac effect [30,86,96,97]. If the coordinate system in (16)
is asymptotically inertial (i.e., star-fixed), the fact that
Q7 amo # 0 reflects a form of frame-dragging [30], which
one may dub “dragging of the ZAMOs” [86]. The worldlines
of these observers are orthogonal to the hypersurfaces
t = const; their vorticity (23) thus vanishes, o* = 0.
Motivated by these properties, a sometimes confusing
terminology, where similar names mean different things,
is commonly used for, or in connection to the ZAMOs:
(1) Nonrotating with respect to “the local spacetime
geometry” [30] (or “locally nonrotating observers”
in [95,97]): meant in the sense of the ZAMOs
measuring no Sagnac effect, thus regarding the +¢
directions as geometrically equivalent. This prop-
erty pertains to circular loops around the symmetry
axis; the word “local” (which can be misleading)
means here points with the same r and z (or 0) [97].

(i) “Nonrotating congruence” of observers: commonly
employed in the literature on exact solutions (e.g.,
[1,5]) to designate observers with vanishing vorticity
o (i.e., being hypersurface orthogonal). This is a
local, tensor property, pertaining to a congruence of
timelike curves. Physically, it means (see, e.g., [11]
p- 7, and footnote therein) that their connecting
vectors do not rotate with respect to axes fixed to
local guiding gyroscopes. In any spacetime, there
are infinitely many such congruences; the ZAMOs
are a special case of these.

(iii) The “locally nonrotating frames” of Bardeen et al.
[95,97]: orthonormal tetrad frames {u, ¢;} carried
by the ZAMOs, whose spatial axes are parallel to the
coordinate basis vectors, e; = (g;;)"'/%0; (for
gi j|i¢j = 0). This concerns a system of axes, and
is the most misleading designation since, except
when the spacetime is static, it is not nonrotating
either in a local sense, since they are not Fermi-
Walker transported (thus rotate with respect to local
gyroscopes), nor is it fixed to the distant stars.

It is crucial to not confuse any of these notions with the
“kinematically nonrotating local reference system” used in
astrometry [98,99], which is a local system of axes non-
rotating with respect to distant reference objects (such
confusion leads to grave misunderstandings, as we shall
see in Sec. IV). Since Q7 an10 in Eq. (28) is not, in general,
constant [Qzav0 = Qzamo(7,z), in cylindrical coordi-
nates], they are a shearing congruence of observers. In
order to see this explicitly, first notice that the ZAMOs
congruence has no expansion: 8, = (uz)”,, = 0; it follows

that [(hz)"s = uz(uz),; + 9]
o = (hy)", ()P ud™ = W90l (29)

having thus generically nonzero components ag/'

a%’/’ = o%z. Hence, unless 4yi0 = constant (in which case

= 6% and
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the spacetime is static'’), reference frames associated
to the ZAMOs congruence are not viable generalizations
of the IAU reference systems; namely, Eq. (12) is not
obeyed, so they cannot define fixed directions over an
extended region. In particular, their connecting vectors are
not anchored to inertial frames at infinity, even in the case
where llmr_,oo QZAMO =0.

F. Relative velocities

The relative velocity v* of an object O(u’) of 4-velocity
u'* with respect to a reference observer O(u) of 4-velocity
u® momentarily located at the same point (i.e., at an event
where their worldlines cross) is a well-defined notion,
given by the relation [42]

1
W — ]/(l/ta + Ua); y= _uau; E—— (30)

a
V1—=v%,

The vector v* lies in the rest space u orthogonal to u® (so
that u*v, = 0), and is interpreted as the spatial velocity of
u'* relative to u®. In a locally inertial frame momentarily
comoving with O(u) (where u' = 0), its components yield
the ordinary 3-velocity of O(u'): v° = 0, v’ = dx'/dt. An
useful expression for its magnitude follows from (30),

21
v= /1", = 4 5 (31)
14

Notice that v* is proportional to the projection of u’®
orthogonal to u®: v* = hgu’ﬁ /7, being thus zero when u®

and u/* are parallel.

There is, however, no unique, natural definition of
relative velocity for distant objects in general. The relative
velocity between inertial observers in flat spacetime is well
defined: at some arbitrary event P of the reference world-
line O(u), it is the velocity of O(u’) with respect to the
inertial rest frame of O(u). This implicitly amounts to
comparing u” to the vector u,* at P which is parallel to
u'*—which is well defined, since u’* is constant, and there
is a global notion of parallelism (i.e, parallel transport is
path-independent). In the general case of curved spacetime
(or, in flat spacetime, when the observers are accelerated),
one first needs to choose, on each worldline, the events at
which ' and u® are to be compared. A natural way is to
consider an event P’ € O(u’) which, from the point of view
of O(u), is simultaneous with the event P € O(u). That is,
parallel transporting u'* from P’ to P along the spatial
geodesic orthogonal to O(u) that connects to P’, resulting
in the vector u'®|, (see Fig. 2 in [41]), and then computing
v® by the expression analogous to (30) with «'*|, in the
place of u'®. This has been been dubbed “kinematical”

"“When Q;amo = constant, the metric (16) can be globally
diagonalized through the coordinate rotation ¢’ = ¢ — Qzamol.

relative velocity (based on “spacelike simultaneity”).
However, the measurement of the velocities of celestial
bodies is made through light rays; it reports thus to events
connected by null geodesics (“lightlike simultaneity”’). The
usual means of determining radial velocities of stars and
galaxies is by spectroscopic measurements of the Doppler
effect [21,31,100]. Let k* = dx*/d) be the null vector
tangent to the photon’s worldline. As is well known, the
affine parameter A4 can be chosen such that —u,k* =v
yields the photon frequency as measured by an observer
O(u). Then

/ /ka,
Lot (32)
v uakP
which can be written as [41] (cf. also [21])
vV 1
;IYS(liUrad); Vs = E_u/(l|P’/‘az’ (33)

1- v?(vs)a

where the spectroscopic velocity v¢ follows from an
expression analogous to (30), replacing u'® by the vector
u'*|p obtained by parallel transporting u'* from P’ to P
along the photon’s worldline (see Fig. 4 in [41]):

la
po = e e (34)
s

Ve = e (Upn) s¥p i its radial component along the line of
sight (tangent to vgh), vgh =k%/v—u® is the relative
velocity of the photon with respect to O(u),
Uraa = ||0%4]l, and the 4 (=) sign in (33) applies when
Upn(vs)q <0 (> 0) [in flat spacetime, when the object is
moving away from (toward) O(u)]. To first order in v, we
have v//v ~ 1+ vy, allowing to compute v,y from the
measured redshift. The exact computation of v,q from (33)
requires however full knowledge of the vector v¢, namely
of its transverse components. They can be approximately
determined [76,100] by measuring the object’s proper
motion and distance.""

Another possible definition of relative velocity is that
given by the variation, with respect to some spatial frame,
of the observed relative spatial position vector r%,, as
defined in Eq. (18). This is dubbed in [41] “astrometric”
relative velocity v%;. Considering a Fermi-Walker trans-
ported frame (as is more natural), it reads

""The redshift o/ /v, together with the object’s proper motion,
allows to determine all the components u’* in “observational
coordinates,” see Sec. 4.1 of [76]; however, constructing such
coordinate system [including the “optical” distance ||r%,|| from
Eq. (18)], and the geodesic connecting P’ to P, in order to
determine v¢ via (34), would require an exact knowledge of the
gravitational field.
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Ve = WV b, = W'V, . (35)
It generically does not coincide with the spectroscopic
velocity in (34); actually, it does not even reduce to (30)
when P and P’ coincide. In the simplest case of flat
spacetime, it is only when O(u) is inertial (uf;u” = 0) that
v5 = v?, cf. Eq. (23) of [41].

There is no addition rule for any of these velocities:
knowing the relative velocity (v? or v%,) of O(u') and
O(u") with respect to O(u) at some event P € O(u) does
not allow us to determine the velocity of O(u') relative to
O(u") (at any instant). In fact, the comoving notion is not
transitive: O(u) being comoving with O(u’), and O(u')
being comoving with O(u”), does not imply that O(u) is
comoving with O(u"). The notions are not even symmetric:
O(u') at P’ being at rest with respect to O(u) at P does not
mean that O(u) is at rest with respect to O(u') at the point
P’, where the photon emitted by O(u) intersects O(u’) [41].

The spectroscopic velocity (33) and (34) is moreover
unsatisfactory in that, when P’ and P do not coincide, it
embodies not only the relativistic Doppler effect (that one
would naturally associate with actual motion), but also the
gravitational redshift. This leads to unnatural results. For
instance, the static observers in the Schwarzschild space-
time, tangent to the timelike Killing vector field d,, and
usually understood as being at rest with respect to the black
hole’s asymptotic inertial rest frame, would not be at rest
with respect to each other according to Eqs. (33) and (34).
Their astrometric relative velocity (35), in turn, is zero in
Schwarzschild; but is nonzero in the Kerr spacetime.

In the framework of a post-Newtonian approximation,
some of these subtleties are circumvented: at any given
instant of coordinate time ¢, the velocity of O(u’) with
respect to O(u) is simply the velocity of O(u’) with respect
to the PN frame where O(u) is at rest. This notion is totally
symmetric and transitive. However, it makes sense only at
an approximate level and in this special class of reference
frames; it cannot be cogently extended for general frames.
In order to see that, consider, e.g., the following examples:
(i) a rotating wheel in flat spacetime is at rest in its co-
rotating frame; it is however clear, from the point view of an
inertial frame, that all of its points have different velocity,
only the center remaining a rest; (ii) in the comoving FLRW
coordinates, galaxies are approximately at rest, while the
Doppler effect shows that they are in fact getting farther
apart; and (iii) if the reference frame is allowed to have
shear, then it is always possible to find one where all the
bodies of a given system are at rest.

In the special case of a stationary asymptotically flat
spacetime, where there is a timelike Killing vector field o,
tangent to observers which, at infinity, are inertial, such
observers form a rigid grid anchored to the asymptotic
inertial frame. We consider such observers to be at rest
relative to each other, and to the asymptotic inertial frame.
This can be extended to spacetimes not necessarily

asymptotically flat (e.g., the van Stockum exterior solution
considered in Sec. IV C) or stationary, but simply admitting
a rigid asymptotically inertial observer congruence.

G. Rotation curves

The galactic rotation curves are a plot of the orbital speed
of visible stars vs distance with respect to the center of the
galaxy. It is essentially a Newtonian concept, where
Galilean velocity addition rules are used to compute
velocities relative to the center of the galaxy from mea-
surements made in the solar system. It applies as well to a
first post-Newtonian approximation. In the exact theory, the
construction does not hold in terms of the relative velocities
between distant objects discussed in Sec. Il F, given the
fact that these report to the point of observation P, and the
lack of transitivity and addition rules. In order to obtain a
cogent plot one would need to determine »$ or v§, with
respect to an observer O(u) at the center, which is not
possible for a galaxy given the central super-massive black
hole therein. [As explained in Sec. III F, above, v¢, as given
by Eq. (34), is not appropriate when gravitational effects
are strong].

On the other hand, given a spherical or cylindrical-type
coordinate system, the concept of angular velocity, Q =
dep/dt is always well defined. If the spacetime is stationary
and axisymmetric (which, in rigor, is not the case of actual
galaxies), then a constant Q signals rigid rotation (see
Sec. Il E), since 9, and 9, are both Killing vectors fields,
and thus the corresponding 4-velocity U* = U°(0% + Qo5)
is proportional to the Killing vector field df + Qdj. If the

spacetime is moreover asymptotically flat, and the coor-
dinate system such that lim,_ gy = —1, Q has the
interpretation of angular velocity as measured by an
observer O(u) at rest at infinity (whose proper time is
7, = t). This corresponds to a curve of angular velocities
measured with respect to an universal time ¢, in agreement
with the IAU framework, cf. Sec. III C. We will henceforth
consider rotation curves based on the angular velocity with
respect to the given coordinate system where the metric is
explicitly time-independent, or, alternatively (for purposes
of comparison with some notions in the literature) on the
“coordinate speed”'” v(r) = Qr, so that rigid motion is a
straight line of slope Q.

An alternative definition of rotation curve would be to
consider the relative velocity » = /v%v, as given in
Eq. (30), with respect to the observers u® = (—go)~"/?0%
at rest in the given coordinate system. Observe that, in the
Lorentz frame momentarily comoving with O(u),
v' = dx'/dr,. Hence, that would amount to plot velocities
as measured by different observers measuring different
proper times 7, = (—gg)'/?¢ since the redshift factor

12Defining equatorial coordinates x = rcos ¢, y = rsin ¢, we
have v, = +/(dx/dt)* + (dy/dt)?.
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(=goo)'/? is not a constant in general. Even in the PN regime,

they do not correspond to the velocities dx’/dt with respect
to a given PN coordinate system, and have a counter-
intuitive behavior; for instance, the function v(r) is not a
straight line for rigid motion (see Fig. 4 below).

IV. EXAMPLES

As seen in Secs. III D and III E, the Killing observers are
a privileged class in stationary spacetimes, since they form
rigid congruences; when they are moreover asymptotically
inertial, their associated coordinate systems are a suitable
generalization of the IAU reference system, which we shall
next exemplify with the Kerr, NUT, van Stockum dust
cylinder, and spinning cosmic string spacetimes. In some
recent literature proposing certain exact dust solutions [13—
15]—namely the Balasin-Grumiller (BG) solution [13]—as
a galactic models, however, the ZAMOs congruence has
been used instead as reference observers for computing
rotation curves. In what follows, we will evince their
inadequacy for this purpose in the above-mentioned
well-known physical examples, and, finally, dissect the
BG solution and the fundamental misconceptions leading
to its use as a galactic model.

A. Kerr spacetime

The metric reads, in Boyer-Lindquist coordinates,

A by
ds® = -5 (dt — asin®0d¢)* + Kdgz + Zdo*

sin%@

ladt — (a® + ¢%)dg), (36)

where 2= +a’cos?6 and A = o> —2M o+ a>. Observers
with 4-velocity u® = (—gy)~/?0%, tangent to the Killing
vector field € =0,, are known as “static”’ observers
(e.g., [97,101]). They form a rigid congruence, and the
associated reference frame is asymptotically inertial since
lim, o gup = Nap. The coordinate system {z,0,6,¢} is
therefore, by Proposition III D, the generalization of the
IAU reference system for this spacetime. The post-
Newtonian limit of the metric is moreover well defined
(obtained by neglecting all terms terms quadratic in a and,
in the case of g;;, all nonlinear terms),

oM daM
dsZ:—<1——>d¢2— a
4 o

sin0dpdt

2M
+ (1 + —) do* + 0*d&” + ¢*sin*0d¢?,
0

which, through a suitable transformation ¢ = rpy + M
to the “post-Newtonian” radial coordinate rpy =

Vx* +y* + 7% (equaling, to this accuracy, the “radial”
coordinate of either harmonic or isotropic coordinates,

cf. [18] pp. 269-270) yields indeed a metric in the form
(1), with w = M/rpy. A=-27 x pn/ TN, Where J=
aMeé_ is the black hole’s angular momentum.

This reference frame, however, is valid only outside the
ergosphere [30,95,97], since, for o <M +VM?*—a*cos’ =
Tergs O; becomes spacelike (ggy > 0), i.e., observers fixed
with respect to the distant stars are no longer possible. Still,
rigid observer congruences, tangent to Killing vector
fields of the form {* = o + wdj, (for w some constant
such that {*{, < 0 at the given radius) are possible inside
the ergosphere r, < ¢ < re,. Inside the horizon ¢ < r,,
the radial coordinate p becomes timelike, and the metric is
no longer stationary (since no timelike Killing vector fields
exist therein).

Other reference observers, not corresponding to an
extension of the IAU reference system, prove sometimes
suitable for some applications [95,97,102,103]. That is the
case of the ZAMOs, sometimes suggested to be the
generalization of the Newtonian “nonrotating observers”
[102] (and even having, somewhat misleadingly, been
dubbed “rest frame” of asymptotically flat axisymmetric
spacetimes [104]). Caution, however, is needed in inter-
preting their properties, as well as with extended reference
frames based on them. Indeed, in recent literature they have
been incorrectly claimed to be at rest relative to the
“asymptotic observer who is at rest with respect to the
rotation axis” [13,14], and then used to compute rotation
curves—an application for which they are in general

unsuitable, as we shall see.
The angular velocity of the ZAMOs is, cf. Eq. (28),

2aM o
a* + 0*)T + 2a*Mgsin®6’

Qzamo(0,0) = (

which is not constant. By Eq. (29), this implies that the
congruence shears, 6,45 # 0. These are thus not observers
attached to any rigid frame, and, in particular to the black
hole’s asymptotic inertial rest frame. The closer to the
ergosphere, the faster they move with respect to such frame
(thus the more inadequate as reference observers for
rotation curves). The velocity v, of any circular motion
with respect to the ZAMOs is readily computed from
Eq. (31),

V%z -1 .
732

Uiz = + Viz = _Ugirc(uZ)a’ (37)

where 1% = u3 (5% + Qzam00%) is the ZAMOs 4-velocity,
Ul = U%(85 4 Quire8§) is the 4-velocity of the circular
motion, Q. its angular velocity, and the 4+(—) sign applies
to prograde (retrograde) motion. It can also be computed
from Eq. (30), identifying {u'* u®*} — {U%. . u%}, and
recalling that (uy); =0, to obtain % =0 = v% =

vf’zéj; and
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Kerr: velocity profile of circular geodesics

0.5 \__‘_—_—-_-F

FIG. 3. Velocity profile for circular equatorial geodesics in the
Kerr spacetime. Dashed line is the Keplerian result
vg = £+/M/r, blue solid lines are the general relativistic
“coordinate velocity” v, = 7, and red solid lines represent

the velocity with respect to the ZAMOs, v,z = vf’z. As expected,
v, is lower (larger) than the Keplerian result for co-(counter-)
rotating geodesics, being, in both cases, small corrections, for not
too small r. Relative to the ZAMOs, however, there is a much
larger difference between co- and counterrotating geodesics, and
a larger deviation from the Keplerian result, with v, larger than
the latter even for co-rotating geodesics.

U;ﬁz = —QOO(Qcirc - QZAMO);

. (38)

Uz = ’U;ﬁZ g¢¢ = 11? .
It is thus proportional to the difference between the
angular velocities of the circular motion and the

ZAMOs, cf. [14,95]. Here vf’z is the azimuthal component

in an orthonormal tetrad having ey = g;;/ 20¢ as one

of its axis. One may check that Eqs. (37) and (38) are

equivalent to the definition used in [13—15] (where the

tetrad {ug, g;;/ 200,9(;91/ 209,9(;;5/ 20(/,}, comoving with the

ZAMOs, is chosen).

The rotation curves obtained for circular equatorial
geodesics in the Kerr spacetime are shown in Fig. 3.
Both v,7 and the usual coordinate velocity v, with respect
to the distant stars, as defined in Sec. III G, are plotted.
Whereas v, exhibits the expected behavior—namely, the
velocity of the co-(counter)rotating geodesic is lower
(larger) than the Keplerian result, being, in both cases, a
small correction to the latter for not too small r—, v,7, in
turn, exhibits a much larger deviation from the Keplerian
result, with the awkward feature that even the corotating
geodesic is faster than the Keplerian result, for arbitrarily
large radius. This is down to the fact that v, is a velocity in
terms not of an universal coordinate time, but of the proper
times 7, of the local ZAMOs.

More importantly, at the horizon r, = M + VM? — a?,
the angular velocity of the ZAMOs coincides with that of
the horizon:

a

—— =Qy
r2++a2

Qzamo(r4,0) = Qzamo(ry) =

i.e., such observers comove with the horizon. Hence, by
confusing the ZAMOs with observers at rest with respect to
the distant stars, one would conclude by Eq. (38) that Kerr
black holes do not rotate after all. This evinces the absurdity
one may be led to by using the ZAMOs as reference
observers for rotation curves.

B. NUT spacetime

The NUT solution is a vacuum solution of the Einstein
field equations interpreted as describing a black hole
endowed with a gravitomagnetic monopole [3,77,105].
Different versions of the line element can be found in
the literature (see, e.g., [2]), one of them the following
[2,106,107]:

ds* = —e*®(dt — Aydgp)? + e7*®do?

+ (0% + 12)(d6* + sin®0d¢?); (39)
Mo+ 12
Ay =-2l(cos®—1); *®=1- 2%, (40)
0

where M is the total mass and / is sometimes interpreted as
half the gravitomagnetic (or NUT) charge. The metric is
locally (since lim,_, o, R,43,5 = 0) but not globally asymp-
totically flat (as g,4 is not asymptotically Minkowski when
[ # 0). The component gy, is singular (nonvanishing) along
the semiaxis @ = r; therefore, the metric (39) is not defined
therein. In the limit / = 0, it reduces to the Schwarzschild
metric. The gravitoelectric and gravitomagnetic fields are,
from Eq. (22),

(M —29) — M¢?

G =-hid . = 5t 41
J ( 2 92)2 0 (41)
, . P+ 2M-o)o .
i 0 ijk _ i
H = e €J Ak,j = _ZIWEQ’ (42)
both being radial. Asymptotically, lim,_ G =
lim,_,ooI?I =0 [i.e., the acceleration u“;ﬁuﬁ = —-G%* and

vorticity w* = H*/2 asymptotically vanish, cf. Eq. (23)];
hence, the reference frame associated to the coordinate
system in Eq. (39) is asymptotically inertial. In other words,
fixed to the “distant stars.”

The radial gravitomagnetic field (42) corresponds to a
gravitomagnetic monopole, whose origin remains however
an open question. Inspired by a magnetic analogy, some
authors have suggested that it consists of a gravitomagnetic
(or NUT) charge [3,77,105], defined as follows. Let S be a
closed 2-surface on the space manifold (X, ), and assume
d.A to be well defined along S; the NUT charge enclosed in
S given by (cf. [77,105,108])
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1 1 [~ = -
_ 1 -D .
- [9 ef . 38, (43)

where (V x A) = ek A, ; and dS; = €;dx’ A dx /2 is
an area element of S (“volume” form of & [30]). Apart from
the factor e¢® in the integrand, Eq. (43) is formally
analogous to the flat spacetime definition of magnetic
charge through the Gauss law, Qy = |, SE -dS /4.
For a compact 3-volume V with boundary S = 9V where
dA is well defined everywhere, by virtue of the identity
d(dA) =0[e V- (V x A) =0], an application of the
Stokes theorem yields Oxyr = [, d(d.A)/(47) = 0. The
2-form d.A = 2[sin0dO A d¢ is however singular at
the origin ¢ = 0, and has a well-defined limit elsewhere
along the axis [where the metric (39), in rigor, is not
defined]. Assuming it to be continuous therein, and since it
is well defined everywhere off the axis, by the Stokes
theorem (see e.g. [11] Sec. I1.3) Onyr is zero for any closed
surface S not enclosing the singularity at ¢ = 0, and has the
same (nonzero) value

1 7
Onut =— / 21sin6dO Adgp =1 / sin@d0 =21 (44)
iy 4 S 0

when S encloses it. This is the justification for the term

NUT *“charge.”
Other authors suggested that the gravitomagnetic
monopole arises from a spinning cosmic string

[2,106,107]—since, from the electromagnetic analogue
discussed in Appendix A2, as well as the results from
linearized theory in [106], one expects the tip of a semi-
infinite spinning string to also generate a monopole-like
field. This leads however to the possibility of a Dirac delta-
type d.A (thus H) along the axis, canceling out the integral
in (43), analogously to the situation for a thin solenoid,
Eq. (A3). An interpretation in terms of spinning strings is
indeed consistent, as we shall now see. Let {,r,¢,z} be a
cylindrical coordinate system such that o> = r? + z> and
cos @ = z/p. The Komar angular momentum [11,109-112]

1
J=——o

. — 4
o av*dc, & =0, (45)

inside a cylinder of lateral surface £, parametrized by
{¢,z}, and top and bottom bases and B, and By, para-
metrized by {r, ¢}, is

(46)

Here (*d{),; = ,.,,€" 45 is the 2-form dual to d{. The
explicit expressions for the components (*d{),, and

(*d(),, are given in the Supplemental Material [113].

Outside the NUT black hole horizon ryy = M + VM? + I2,
the limit lim,_o(*d¢),, =0 is well defined; assuming
(*d¢),, to be continuous at the axis » = 0 (namely, not of
distribution-type therein, which is consistent with both
physical models), we can compute J on cylinders whose
bases intersect the axis. Since moreover lim,_, ..o, (*d(),,, =
0, for an infinitely long cylinder the integral (46) reduces to
—(1/8) [, (*d{) 4.dz = —lco. For any cylinder above
the horizon (i.e., a semi-infinite cylinder co > z > ry) we
have J=0; and for a semi-infinite cylinder with
—00 < z < ry, J = —loo. This suggests the source of A
to be a semi-infinite spinning string located at —oo < z < 0,
in agreement with the interpretation proposed in [2,106].
Another form of the NUT metric given in the literature
[2,78] is obtained by replacing, in Egs. (39) and (40) above,

A, = =2l cos 0. (47)

This corresponds to performing on (39) and (40) the trans-
formation ¢ =t —2l¢. We first remark that such trans-
formation, while still assuming ¢ to be a periodic coordinate
(i.e., having closed integral lines), is a local but not global
diffeomorphism; i.e., not a globally valid coordinate trans-
formation. As such, it globally changes the metric (for a
detailed discussion of this problem, we refer to Sec. 5.3.4 of
[11]). The metric with (47) is now singular along the whole
z-axis (0 = 0vO = r). The NUT charge remains the same,
Onutr = 21, but the Komar angular momentum is different:
for an infinitely long cylinder, J = —(1/8) [ (xd{),.dzis
now a nonconverging integral with zero principal
value Namely, lim,_q [%, (*d{),.dz =0, but, e.g,

m,_q [24(xd) p-dz = looandlim, _, o, % (*d¢) 4,dz =
—loo. This suggests that the gravitomagnetic potential (47)
arises from a pair of counterrotating semi-infinite spinning
strings, one located at —oo < z <0, and the other at
0 < z < co. Computation of the Komar angular momentum
contained within finite cylinders supports this interpretation;
and its analytical value within a 2-sphere S of (arbitrary)
radius r = R is consistently [and contrary to the case for
version (40) of the metric] zero:

J(R) = T (*d§)9¢d9d¢
B lz(M—3R)+R2(R—3M) . B
=1 KR TP A sin(20)d6 = 0.

Regardless of their physical interpretation (either as
NUT charges or semi-infinite spinning strings), it is
important to note, in both metrics (40) and (47), that:
(1) the singularities drag the ZAMOs, causing them to have
nonzero angular velocity Qzano = —A¢e2d’/ 9pp With
respect to the distant stars, cf. Eq. (28); for the metric
version in (47), it reads
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(P + ¢*)sin’0 -
2lcos (> +2Mo — ¢?)

QZAMO = = 21C0$9+

(ii) They generate also a gravitomagnetic field H (.e., the
compass of inertia is also dragged), manifesting in the
precession of gyroscopes (26) and gravitomagnetic forces
on test particles (19). (iii) They change also the gravito-
electric field comparing to that of the Schwarzschild
solution; this is because the gravitomagnetic field acts as
a source for the gravitoelectric field, via the first of Egs. (24),

which in vacuum reduces to V - G = G* + H* /2.

C. The van Stockum rotating cylinder

The van Stockum solution is an exact solution of the
Einstein field equations corresponding to an infinite, rigidly
rotating cylinder of dust. Let R denote the cylinder’s radius.
In coordinates comoving with the dust, the interior (r < R)
metric takes the form [6,11,114]

ds? = —(dt —wrdp)> + e (dr* +dz?) + r*dg?,  (48)

where w is a positive constant. The exterior metric, in
these coordinates, is given by e.g. Eqs. (78)—(82) of [11],
or Egs. (2) and (11)-(14) of [114]. The fact that the
interior metric (48) is time-independent in comoving
coordinates reflects that the dust rotates rigidly
(cf. Sec. IIIE). The vanishing gravitoelectric potential

and field, ® =0 = G = 0, means that observers or
particles at rest in these coordinates are in fact following
geodesics. This reflects that the dust is solely driven by
gravity which, in the co-rotating reference frame, can be
cast as the centrifugal inertial force exactly canceling out
the gravitational attraction. For r > 1/w, the ¢ coordinate
becomes timelike (g,4 < 0), and so the integral lines of d,,
are closed timelike curves [115] (in other words, there is a
“time machine” in that region).

Within the limit wR < 1/2, the metric can be matched to
an exterior solution admitting a coordinate system fixed to
the distant stars (i.e., to the asymptotic inertial rest frame)
[6,11]. The angular velocity of the dust with respect to the
star-fixed frame is

R = )

were Ay, = [1 — V1 —4w?R?]/4 is the cylinder’s Komar
mass per unit z-length [11]. In such star-fixed coordinates,

the interior metric takes the form in Egs. (78), (88), (101),
and (102) of [11], whereas the exterior metric reads

2 r¥n J : 2(1-24) 7,42
ds :—7 dl-wdﬂﬁ + ar md¢

o1/2 1] ~Han(1-221,)
[

7 (dr* + dz?%), (50)

where @ = R¥»(1 —24,)%/(1 —44,) and j = R*w?/4 is
the cylinder’s Komar angular momentum per unit z-length
[11]. The exterior gravitoelectric and gravitomagnetic
fields are, cf Eq. (22),

24

G, =-""¢s H=0. (51)
r

Asymptotically, G'=°0, hence the reference frame
associated to the coordinate system in (50) is asymptoti-
cally inertial; it is also rigid (hence shear-free), since the
metric is explicitly time-independent in these coordinates
(cf. Sec. IITE). Therefore, it is indeed a frame fixed to the
“distant stars,” and, by proposition III D, the generalization
of the IAU reference system to this solution.

The angular velocity of the ZAMOs with respect to the
star-fixed frame equals the sum of their angular velocity
with respect to the dust [i.e., to the coordinate system in
(48)] with the angular velocity (49) of the dust relative to
the star-fixed frame,

Qavo(r) = —3—+Q (r<R).  (52)
wore — 1

The ZAMOs are thus dragged by the cylinder’s rotation,
causing them to describe circular motions. Notice that,
since Qano(7) depends on the radius, they are, by virtue
of Eq. (29), a shearing congruence of observers. All this
makes the ZAMOs unsuitable as a reference frame for
measuring the dust’s rotation curve, as we shall now see.
Since the dust rotates rigidly with constant angular velocity
(49), its rotation curve is, in star fixed coordinates, the
straight line v.(r) = Qr. In Fig. 4 this is plotted and
compared with the curve of the velocity relative to the
ZAMOs, obtained from Eq. (30) or (31) identifying
{u'*, u*} - {u*, us}, so that

v (r) = vl (r) = wr. (53)

Interestingly, v,,(r) yields also a straight line." Observe
that, since the rotating dust is self-gravitating, the Komar
mass per unit length, 4,,,, is also a measure of the cylinder’s
rotation speed; its allowed value range (for Weyl class
rotating cylinders [11]) is 0 < 4,, < 1/4, corresponding to
0 <wR < 1/2. For slow cylinders (i.e., small 4,), the

PIn spite of being the relative velocity of a rigid dust with
respect to a shearing (thus nonrigid) congruence of observers.
This can be easily understood in the coordinates of (48), where
the dust is at rest and Qzano(r) = —wr?/ g4, Using Ul =0

and u? = Qyamoud, we have, from Eq. (30), identifying

{u uy > {Ugy 1z} U?Z:U;/)Z Gop =—zam0 U7 /Tyg Where
uy = dt/dvy; = /Gpp/ 7. Thus, it is the radial dependence of the
ZAMO’s proper time (i.e., the fact that their clocks thick at
different rates), combined with that of g,,, that exactly balances
the radial variation of Qo (7).
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Velocity of van Stockum dust with w-R=0.1
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FIG. 4. Velocity profile for the van Stockum rigidly rotating dust cylinder, according to three different definitions: the coordinate
velocity v, = Qr with respect to star fixed coordinates (blue line), the velocity v, (r) relative to the ZAMOs (red line), and the velocity
v(r) with respect to the static observers [as given by Egs. (30) and (31) with u® = (—go)~'/?0%, gray line]. For slow cylinders (left
panel), the three curves almost coincide; for fast cylinders, where the dragging of the ZAMOs becomes important, the velocity with
respect to the ZAMOs greatly differs from the other definitions—even close to the axis r = 0, where the dust is slowly rotating.

dragging of the ZAMOs is small, and therefore v.(r) = Qr
is close to v, (r), cf. Egs. (49) and (53). For fast cylinders,
however, they are very different, as exemplified in the right
panel of Fig. 4 (for wR =04 & 1, = 0.1).

D. Cosmic string

The zero Komar mass (4,, = 0) limit of (50) yields the
exterior metric of a spinning cosmic string [8,116,117] of
angle deficit 2z(1 — a'/?),

1
ds* = ——[dt + 4jdp)> + dr* + dz* + ar’d¢®.  (54)
a

The spacetime is in this case locally flat (R,s,; = 0) for
r # 0. The GEM inertial fields vanish,

G=H=0,

thus there are no gravitational forces of any kind. Only
global gravitational effects subsist, namely those governed
by A = —4jd¢, which include a Sagnac effect (27) (thus
dragging of the ZAMOs) and a synchronization gap (8)
along closed loops C enclosing the string (i.e., the axis
r = 0), and those governed by @, which include a holon-
omy [118,119] along C (vectors parallel transported along
such loops turn out rotated by an angle —2za'/? about the
z-axis when they return to the initial position), and double
images of objects located behind the string [22,119].

Since G = H = 0, observers at rest in the coordinates of
(54) are, as is well known, inertial, and fixed to the distant
stars. Such coordinates provide thus the generalization of
the TAU system for this spacetime. The ZAMOs, in turn,
have angular velocity

4j

QZAMO = 2r2 — 16]2

with respect to the star-fixed frame. Relative to them,
inertial bodies which are at rest in the star fixed frame move
along counter-rotating circular trajectories with angular
velocity —Q;xm0, and relative velocity

4j

ar

Vg = — _QOOQ'ZAMO; vrz(”) = Uf)z = (55)

[the derivation is analogous to that of Eq. (38), with u* =
(=goo)~"/?6% in the place of U% ]. Thus, taking the
perspective of the ZAMOs, one would conclude that
circular geodesics around a cosmic string exist. Again,
this hints on the absurdities one is led to by using ZAMOs
as reference observers for rotation curves (confusing them
with observers at rest with respect to asymptotic inertial
frames): circular orbits are impossible in this spacetime,
since there is no gravitational attraction to sustain them
(cosmic strings exert no gravitational attraction, as is
well known).

The metric (54) can be considered for all space excluding
the axis r = 0; it describes, in this case, the exterior field of
an infinitely thin string. Along the axis » = 0, where the
gravitomagnetic potential 1-form A = —4jd¢ [and thus
the metric (54)] would be singular, the solution (54) is then
assumed to be matched [117] to the singular limit of an
interior solution with curvature R,z,5 and energy momen-
tum tensor 7% in the form of Dirac delta functions
[118,119]. It is in these singularities along the axis that
all of the angular momentum present in the spacetime is
localized, which can be seen as follows. Using the identity
d(xd¢) = —2R4(PdV*, where (* = dj and dV, =
€quadx* A dx¥ A dx*/6 is the volume element 1-form of
V, to write the angular momentum (45) in terms of a
volume integral, we have [11,109]
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1
=— [ Ry Pav,.
I =5 [ R, (56)

Since (54) is a vacuum solution (R,; = 0), we see that the
angular momentum inside any 2-surface 0V = S not cross-
ing the axis is zero. Consider now )V to be a simply
connected tube, of arbitrary section, parallel to the z-axis,
and of length Az =z, — z;,. Let 0V = L U B, U B, be the
boundary of such tube, where L is the tube’s lateral surface,
parametrized by {¢,z}, and B, and B, are its top and
bottom bases, parametrized by {r,¢} and orthogonally
crossing the z-axis at z; and z,. From Eq. (46), noting that
(*d{),, =0 (and assuming its continuity at r = 0), and
(*d{) 4, = =8, the Komar angular momentum inside 9
is thus

1

Z 2r
J=—— d *d = jAz. 57

It follows from (56) that, for any compact 3-volume )V’
crossing the z-axis at the same points z; and z;,, the Komar
angular momentum has the same value (57), regardless of
the shape of V.

E. The Balasin-Grumiller ‘“‘galactic” toy-model

In Ref. [13], a metric in the form
ds* = —(dt — Nd¢)? + r*d¢?* + e*(dr* + dz?), (58)

where v =v(r, z) and

—dr—d_gl. (59)

—ry

dkzm§ d_REm; (60)
diy =7+ (2=10)%  d_py =7+ (z+ 1) (61)

has been claimed to describe, in comoving coordinates, a
rotating dust with a velocity profile similar to the observed
galactic rotation curves. Its parameters have the following
interpretation: r, is the radius of the galactic bulge region,
R is the radial extension of the galactic disk in the
equatorial plane, and V|, is claimed to roughly represent
the dust velocity, with respect to the ZAMOS, in the “flat
regime.” For the Milky Way, these values are taken as
ro = 1 kpe, R = 100 kpc, V = 220 km/s.

V
N(r,z) = VO(R_rO)"i_?O[drO"_d

1. The dust is static

As correctly claimed in [13], the “dust” is at rest in the
coordinates of (58) (indeed, the mass-energy current
relative to such frame, J' = —T%ug, vanishes). We note
the formal similarities between (58) and the line element of

the van Stockum interior solution (48). Like in the latter,
one is dealing with a rigid dust, since in comoving
coordinates the metric is time-independent (see
Sec. I E). This alone would suffice to immediately rule
it out as a viable galactic model: the flat rotation curves
observed in galaxies are of course incompatible with rigid
motion: their angular velocity is nonconstant, which via
(29) implies a shearing motion. The situation is, however,
even worse, as we shall see next.

Noticing that €/* = [ijk]/\/h, where h = r?e® is the
determinant of the space metric ;; as defined in Eq. (16), the
gravitomagnetic field (22) is given by H'=e*A; ;=
[N ,8.—N _.5i]e™ /r, reading, explicitly,

i Vo L 1 1 1l
T2 |d Td, dy dg*

e‘”Vo{z—R 2+R z-ry z+rg

ro —To

2r dR + d—R dr d

}55 ()
0 —To

(observe that the factor e™ drops out of its covariant
components H; = h;;H/ = ¢*H".) This field is plotted in
Fig.5. Asymptotically, it vanishes, lim,_, ,H;=lim, ,  H;=
0; since, moreover, the gravitoelectric field is zero every-
where, G; = —® ; = 0, itfollows that, in the limits » — oo or
7 — o0, no inertial forces are exerted on any test body,
according to Eq. (19). The reference frame is thus asymp-
totically inertial. 1t is the only rigid congruence of observers
to be so in this spacetime; in fact, it is the only globally
defined Killing observer congruence, since £* = d¢ is the
only Killing vector field that is timelike at infinity."* The
coordinate system in (58) corresponds thus to the generali-
zation of the IAU reference system for this solution. The fact
that the dust is at rest in such frame means that it is static with
respect the asymptotic inertial frame (thus nonrotating with
respect to the distant quasars).

The fact that G = 0 in this frame means that the “galaxy”
would exert no gravitational attraction at all; this is
consistent with the fact that the Komar mass vanishes
(Sec. IVE2 below). Moreover, since gyp = —1 (i.e.,
® =0), the dust 4-velocity coincides with the time
Killing vector field, u®* = 0% = &%, and since k,&* is a
conserved quantity along a geodesic of tangent k%, this
implies that an observer sitting on one of the stars (at P)
would measure no redshift (32) from the other stars (at P’):
V/v=EkS [Ek = 1. Then, according to Eq. (33),

14Any Killing vector field of the metric (58) can be written in
the form y* = of + Qd; with Q a constant. The norm of such
vector is

29apd” = o0 +290pR2 + 9pp Q> =—142NQ+ (r? = N*) Q2.

Since lim,_ N =lim,_, N = Vy(R — ry) = const, then, for
r — oo, the condition ;("gaﬁ;(/’ < 0 is satisfied only if Q = 0.
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FIG. 5. Plot of the gravitomagnetic H of the Balasin-Grumiller solution for ro = 1 kpc and R = 100 kpc. Left panel: arrow size
reflects field strength; right panel: the corresponding field lines. This corresponds to the gravitomagnetic field produced by a pair of
oppositely charged NUT rods along the z- axis, the positive rod located at —ry > r > —R, and the negative rod at r, < r < R. Apart

from the factor e, the field H has precisely the same form as the electric field produced by a pair of oppositely charged rods.

which, in the nonrelativistic limit, yields v//v ~ 1 & v,
their relative radial velocity v,,4 would be zero. This would
contradict the well known measurements in the Milky Way:
the measured redshift between stars is of course not zero—
it is precisely from it that the stars’ radial velocities, and the
galactic rotation curve, are computed.

So, summarizing, according to this model:

(1) Galaxies would be static (i.e., would not rotate with
respect to the distant quasars).

(ii)) They would not generate gravitational attraction
(since G = 0), would have zero Komar mass, and
the light emitted by stars would not be redshifted
(since ® = 0).

Of course, all of this is preposterous, and contrary to
measurement; in what follows we will merely dissect the
model, the actual origin of its gravitomagnetic field and
potential, the mechanism by which the dust can remain
static, and the basic misunderstanding that led to the
claimed rotation curves.

2. Mass and angular momentum

If in a stationary spacetime the timelike Killing vector
field 0 = £* is tangent to inertial observers at infinity
(corresponding to the source’s asymptotic inertial “rest”

r—o0

frame), and is moreover normalized so that ¢, — — 1,
then the Komar mass contained in a compact spacelike
hypersurface (i.e., 3-volume) )V with boundary 0V is
defined as [11,73,110,111,120]

1
M= A e (63)

where (%d§),; =&, " o5 is the 2-form dual to d€. It is
interpreted as the “active gravitational mass,” or total mass/
energy present in the spacetime [73,110,120,121]. Noting
that d(xdé€) = —2Raﬁ§ﬁdV‘Z, where  dV, = €4,,,dx" A
dx’ A dx*/6 = —n,dV is the volume element 1-form of
V and n“ its unit future-pointing normal vector, and since V
is compact, one can use the Stokes theorem to write (63) as
a volume integral [11,73,109],

1 1
= —_—— a ﬂ = — o ﬂ
M=- /V RV, = /V R%&n,dv.  (64)

Considering spherical coordinates {p,6,¢}, so that
r = psind, z = pcosd, and taking 9V as a 2-sphere of
radius o = g, parametrized by {0, ¢}, Eq. (63) yields

1 1
M—gﬂv(*df)ﬂ(/,dé’/\d(ﬁ—Z/(*d§)9¢|g:gsd9, (65)

where
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FIG. 6. Dust mass density p in solar masses (M) per cubic
parsec (pc), for rq = 1 kpe, R = 100 kpc, Vy = 220 km/s, and
assuming, in Eq. (68), v~ 0. p is positive everywhere, being
infinite along the axial rods defined by r =0, ry < |z] < R, and
finite elsewhere.

V2
(*d)gy = - (2R = 2ro —dp —d g+ dy, +d_y)
R |1 1 ro |1 1
X — === + -
tan® |dr d_g]| tan®|d_, d,

p [1 1 1 1
S _— 66
*ino [dro Ya Tdy da (66)

-7y

Taking the sphere to be infinitely large (i.e., o, = o) leads
to the Komar mass of the whole spacetime. Since, asymp-
totically,

- V(z) sin @

(xd&)gy = TQZ(R =)’ (R+r9).  (67)

we have lim,_, (*dc_f)a{/, = 0, and therefore, by (65), the
spacetime has zero total Komar mass, M, = 0.

The dust however has positive energy density
p = Topuu? = Tog = Ryp/ (47):

.2 Vier[(1 1 1 1Y
r.z)= -t
P =300 |\dg Tdg d,, d,

0

1 /R—z R+z ro+z ro—z\2
— - - , (68
+r2( dR d—R * d drﬂ ) ( )

—ry

plotted in Fig. 6. The Komar mass within any hollow
cylinder ry, < r <r, can be computed by the volume
integral (64),

1 e t
My = EARoonodV = 27[/ /Z pe‘rdrdz,  (69)
Tin b

[which, after substituting (68), does not depend on v(r, z)]
where in the second equality we used the energy-momen-

tum tensor of dust, 7% = pu®u’ = pégﬁg, Y is a hollow

cylinder in a hypersurface t=const, so that
ng = —r(r* = N?)71/28), g;; is the metric induced therein
[which follows from (58) by taking dr=0], and
dv = \/|g;jldrd¢dz, with |g;j| = e*(r> — N*)'/2. Since
p >0, My, is positive; since this is valid for any hollow
cylinder, the vanishing total mass My, implies the axis
r = 0 to have nonvanishing negative Komar mass.

In Fig. 7 the Komar mass of infinitely long solid and
hollow cylinders are plotted as functions of their outer and
inner radii, respectively. The mass of the solid cylinders is
computed through the surface integral in Eq. (63), taking
0V =L U B, U B, to be their boundary, where L is the
cylinder’s lateral surface, parametrized by {¢, z}, and B,
and B, its top and bottom bases, lying in planes orthogonal
to the z-axis and parametrized by {r, ¢}. Equation (63) then
becomes

1
M = = {Alugb(*df)"ﬁdr Ade + /L(*df)d,quﬁ A dz
(70)

Te

1
- 4/) [(*dé)rlﬂz:z[ - (*df)r¢|zzzb]dr

1 Lt
+ Z/ (*d§>¢z|r:rcdz’ (71)

b

where r. is the cylinder’s radius, and the components
(*d§),, and (xd§),, read

¢z

V2
(xd&),y = 4_(: (2R-2rg—dr—d_g+d, +d_,)

y R—z_R—l—z_rO—z
dg d_gp d,

’

ro +z
d_,

0 0

V2
(*d&)y, = TO (2R-2rg—dr—d_gr+d, +d_,)

For finite radius r,, the mass of the solid cylinders is
negative; it becomes larger for increasing r., approaching
M =0 as r, — oo. This is because the larger the cylinder,
the more dust (whose mass My, is positive) it encloses.
The mass of the hollow cylinders, as expected, increases as
its inner radius r;, decreases; however it approaches +oo as
rin — 0. This is because the mass density peaks to infinity
as p ~ r~% approaching the rods —R < z < —ry, 1y < 7 <
R along the axis, see Fig. 6. Since any cylinder enclosing
such rods has finite mass, this implies as well that the rods
have an infinite negative Komar mass. We thus have the
structure depicted in Fig. 8.
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Infinite cylinder of radius r,

Infinite hollow cylinder of inner radius r;, and outer radius r.=200 kpc
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FIG. 7. Left panel: Komar mass contained within an infinitely long solid cylinder plotted as a function of its radius r., measured in
solar masses (Mg). Right panel: Komar mass within an infinitely long hollow cylinder of outer radius r. = 200 kpc, plotted as a
function of its inner radius ry,. It is assumed, in both cases, ry = 1 kpc, R = 100 kpc, V; = 220 km/s. The mass of the solid cylinder is
always finite and negative, approaching M(r.) = 0 for r, — 0. The mass of the hollow cylinder is always positive, as expected for dust;
until the bulge rj, ~ 2 kpc, its mass is in line with known estimates for the Milky Way’s mass (~10'2M,); it peaks to infinity however as

rin — 0, implying the axis r = O itself to have an infinite negative mass.

Analogously to Eq. (70), the Komar angular momentum
(45) contained within a cylinder of boundary 0V = L U
Bt U Bb is

1

(72)
1 [r
- _SA [(*dg)r¢|z=z‘ - (*dg)r¢|zzzb]dr
1 [
a g /zb <”(dz.:)c}§z|r:rC dz. (73)

The lengthy full expressions for the components (*d{),,
and (*d(),, are given in the Supplemental Material [113];
they have the asymptotic limits
lim (*d{),, = lim (*dé’)r{/) =0;
7—00 r—oo

g

lim (*d¢) ., = lim (xd¢),. = 2Vo(R — ry).

=0 r—0o0

Hence, for cylinders located at large |z|, the first
term of the integral (73) is negligible, and so Jx
= J2(*xd0)y.l,—rdz/8 m =Vo(R — ro)Az/4, indepen-
dent of the cylinder’s radius. This tells us that, therein,
the angular momentum is essentially contained in the axis
r = 0, the contribution of the dust being negligible, and the
spacetime therein corresponding to that of a spinning
cosmic string with uniform (negative) angular momentum
per unit length j = —V (R — ry) /4, cf. Eq. (57). Since the
integral (72) is moreover finite for any finite cylinder, then
the total angular momentum J of the spacetime is infinite
negative. The negative angular momentum is entirely
contained in singularities along the axis. The static dust,
in turn, possesses a positive angular momentum, manifest
in the Komar angular momentum of hollow cylinders; the
latter can be computed either from the surface integral (72)
and (73) (subtracting solid cylinders), or from the volume
integral (56), which reads here

Jdust = —/T“ﬁg“ﬁnadV_ /pu¢e”rdrd¢dz, (74)
% %
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FIG. 8. Rod structure and singularities of the Balasin-Grumiller

solution. Singularities along the axis possess mass, angular
momentum, and, in the case of the rods located at —R < z <
—rgand ry < z < R, also NUT charges Onyr = £Vo(R — rg)/2,
respectively. The Komar mass M of the rods is infinite negative,
and finite elsewhere along the axis. The dust’s energy density p is
positive everywhere, approaching +oo along the rods. The axis
possesses an infinite negative angular momentum; its value per
unit length is nearly constant outside the rods for |z| > R, very
close to its asymptotic value j._.o, = —V((R — ry)/4. The dust
possesses a (much smaller) positive angular momentum, which
likewise is infinite along the rods, and has finite density pN(r, z)
elsewhere. The Kretschmann scalar R - R of the metric (58) also
diverges approaching the rods.

where the second equality follows from steps analogous to
those in (69). The component Uy = N(r,z) is, as is well
known (e.g. [30]), the angular momentum per unit mass of
a particle of 4-velocity u® = df =4j, at rest in the
coordinates of (58); it is nonzero due to the off-diagonal
term gp; = N in (58). Observe that N > 0 under the
defining assumption R > r(. Since, as we have seen in
Sec. IV E 1, such particle is static with respect the asymp-
totic inertial frame, such angular momentum arises from the
frame-dragging effect (“dragging of the ZAMOS” [86])
associated to the gravitomagnetic potential A, = N. The
latter, in turn, is generated by the singularities along the
axis—namely the combined effect of the above mentioned
spinning string (of negative angular momentum) plus a pair
of NUT rods, as we shall see in Sec. IV E 5. Therefore, the
angular momentum that the static dust possesses is a purely
general relativistic effect, originated by the dragging of the
ZAMOs produced by the singularities along the axis. Since

uy is finite everywhere, the angular momentum density
puy, similarly to p in Fig. 6, is infinite along the axial rods
—R < z < —rg, rg < 7 < R, where it diverges as 2, and
finite elsewhere. Hence, the dust’s angular momentum
contained in any cylinder enclosing the rods is infinite;
and since the cylinder’s total angular momentum J is
finite (negative), this implies the angular momentum of the
rods to be infinite negative. Outside the rods, both the dust’s
angular momentum density pu, and the angular momen-
tum per unit length of the axis, j, are finite. Numerical
inspection shows that, for |r| > R, j has a very nearly
constant value j ~ —Vy(R — ry)/4 [for R = 100 kpc, ry =
1 kpc, j = =Vo(R — ro)/4 + O(107%))]. As expected from
being a purely general relativistic effect created by the axis,
the dust’s angular momentum is very small comparing to
that contained in the axis for any finite cylinder (amounting
to an almost negligible correction to the total angular
momentum therein). The angular momentum contained in
the axis, J,;s = J — Jqust» 1S computed from Egs. (73) and
(74). For instance, for a cylinder of radius r, = 200 kpc
and height 101 kpc < z < 200 kpc, not enclosing the
rods, and taking V, = 220 km/s, we have J,;, = —6.91 x
107 Jyw~J and  Jgg =49 Jyw, where Jyw =
10%7 kgm? s~! is the Milky Way’s actual angular momen-
tum. The angular momentum distribution in this spacetime
has thus the structure depicted in Fig. 8.

3. Singularities

The expression for the Kretschmann scalar of (58) is
given in Appendix B. Along the rods, it yields
R - R — —o0; hence the rods are curvature singularities
of the exterior metric (58). The model thus unphysically
predicts the existence of a region close to the axis, and
along an extension similar to the galaxy’s diameter, of
arbitrarily large curvature (whose tidal effects would
destroy any astrophysical object) around a naked singu-
larity. It should be noted, however, that these are not the
only curvature singularities that lie along the axis, but just
those already manifest in the limit » — 0 of (58). The
metric (58) is defined only outside the axis r = 0 [given the
singularity of the component g, at » = 0, and similarly to
the situation in the NUT (39) and cosmic string (54)
metrics]. As seen in the preceding section, the axis
r = 0 possesses nonvanishing Komar mass (actually infin-
ite along the rods ry < |z| < R) and angular momentum
everywhere. Unless one assumes a nontrivial topology
R! x R¥\{r = 0}, it follows from the Stokes theorem that
(like for an infinitely thin cosmic string, discussed in
Sec. IV D) it must be assumed to be matched to the
singular limit of an “interior” solution along the axis
having a singular Ricci tensor, so that the Komar volume
integrals (56) and (64) match the Komar surface integrals
(45) and (63), respectively. Thus, even from the curvature
point of view, the whole axis is singular.
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Region where g;3<0 [i.e, r<N(r,2)]
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FIG. 9. Plot of the “time machine” region r < N(r, z) (shad-
owed), in which closed timelike curves arise, and ZAMOs are
forbidden, for ry = 1 kpc, R = 100 kpc, V = 220 km/s. Only
the half-space z > 0 is represented. It is pencil-shaped, and
contained within the cylinder r < V(R — ry).

4. CTC’s and the “forbidden” ZAMO region

When > < N2, the ¢ coordinate in (58) becomes time-
like, g44 < 0, and so the circles tangent to d, (circles of
constant r and z) are closed timelike curves. Observers
following such worldlines would travel to their own past; in
other words, the spacetime contains a “time machine” in
this region, plotted in Fig 9, which is very narrow (of radius
smaller than r() and consists of two “pencil-like” shapes,
one above and the other below the z = 0 plane. The situation
is somewhat analogous to that of the van Stockum space-
time, except that therein the region where g,y < 0 is the
infinite hollow cylinder r > 1/w, see Sec. IV C.

The region r> < N? is also one where ZAMOs cannot
exist. The ZAMOs’ angular velocity with respect to the
system of coordinates in (58) (fixed to the asymptotic
inertial rest frame), is, from Eq. (28),

N
r2_N2‘

Qzamo(r,2) = — (75)

Hence lim,_yQzamo = —o0. The magnitude of the
ZAMOs’ velocity relative to the static observers u® = 6§

is given by Eq. (31) with y, = —u®(uy), = r(r* — N?)~!/2,
N
|v2] = /05 (v2)a = (76)

approaching the speed of light when r — N. Indeed, the
ZAMOs cease to be timelike for r < N:

1) (uz)?

5 (> 0if # < N?). (77)

U3 gapity, = (290pQzam0 + LBanioIss —

— W2 ?
N2 — 2

The static observers u* = &, in turn, remain timelike and
exist everywhere. This contrasts with the situation in the

ergosphere of, e.g., the Kerr spacetime, which is a for-
bidden region for the static observers, but not for the
ZAMOs (possible everywhere outside the outer hori-
zon r).

5. Origin of the gravitomagnetic effects
The gravitomagnetic field (62) is well defined every-
where outside the axis r = 0, being both curl and diver-

gence free, V-H=0, VxH=0. Along the axis the
metric (58) is not defined; therefore, in rigor, it contains no

V-H=0is a
consequence of the fact that G = 0 in the reference frame

information about H|,_,. From Eq. (25),

associated to (58), whereas V x H=0 implies Jj=0 (i.e.,
the mass-energy current to be zero), consistent with the
fact that the dust is at rest. Hence, it is clear that H is not
originated by mass-energy currents (or any sort of
source) outside the axis. Its source must thus be singular-
ities contained in the axis. As shown in detail in
Appendix A, the covariant components H; of the grav-
itomagnetic field (62) are formally identical to the electric
field produced by a pair of oppositely charged rods located
at ry < |z| < R, with charges Q =F V(R — ry)/2, in flat
spacetime; or, equivalently, to the magnetic field Bofa pair
of rods of oppositely charged magnetic monopoles [the
contravariant components H' in Eq. (62) exhibiting the
extra factor e, due to the nonflat spatial metric]. Indeed,
His originated by gravitomagnetic monopoles, as we will
now see.

For the metric (58), since ® = 0 [cf Eq (16)], it follows

from Egs. (22) and (43) that H =V x A and
1 [ - -
Onur = | H- das; (78)
TTJs

that is, similarly to the electromagnetic analogue, the NUT

charge reduces to the flux of H.The gravitomagnetic field
has the following limits along the axis:

0 for |z] < ry or |z >R
H'2! —Vy/r forry<z<R . (79)
Vo/r for —R <z < —r
Ve 1 1
limH, = — . 80
LR DM e = D

It thus diverges along the rods, the component H, diverging
along the whole rods (ry < |z| < R), and H, diverging at

the points z = £R, j:ro Elsewhere along the axis hm,_>0 H
is finite. Assuming H to be continuous therein, H l,—o =
lim,_, H (and since H is well defined everywhere off the
axis), then this, together with the equation 6?] =0,
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implies, by application of Gauss theorem (see Sec. IV B),
that: (i) the NUT charge within any closed 2-surface
S =0V on X not enclosing the rods is zero, Onyr =

[sH - ds/(4x) =V -H/(47) = 0; and (ii) it has the
same (nonzero) value for all 2- surfaces S enclosing one of
the rods. Its value is easily computed by taking S as the
boundary of a cylinder enclosing the rod, and taking the
limit where its radius goes to zero:

1
Onur :[ H.dS + / H,dS’}
A L

B,.UB,

1 [z
= E/Z lirré(Hrr)dz =F Vo(R—ry)/2, (81)

Zbr

the minus sign applying to the upper rod in Fig. 5, located
at ry < z < R, and plus sign to the lower rod, located at
—R < z < —ry. Here, again, B, and B, are the cylinder’s
top and bottom bases, parametrized by {r, ¢}, and L its
lateral surface, parametrized by {¢, z}, and in the second
equality we noticed that dS* = rdrde¢p, dS" = rd¢dz, and
that, since lim,_oH, is finite, the term |, 5,5, H-AS*
vanishes when the cylinder’s radius goes to zero. We see
thus that, under the continuity assumption H [,—o=1lim,_ H,

the source of H is the pair of oppositely charged NUT
rods depicted in the right panel of Fig. 5. We must note,
however, like in the NUT spacetime (Sec. IV B), or in
the electromagnetic analogue in Appendix A, that, since the
metric is not defined along the axis r = 0, one must also

admit the possibility of a Dirac-delta type H along the axis

canceling out the flux of H in (78) (making Onyt = 0).
In this case there would be no gravitomagnetic charges;
from the electromagnetic analogue based on solenoids in
Appendix A 2 and Fig. 10(b), and the discussion of the NUT
solution in Sec. IV B, one expects the monopoles to consist
then of the tips of semi-infinite spinning cosmic strings
along the axis. For simplicity, however, we will still
henceforth refer to rods the in Fig. 5 as NUT rods of
“charge” (81), regardless of the actual origin of the grav-
itomagnetic monopoles. What is important to emphasize
here is that it is these unphysical singularities along the axis,

not the static dust, that source the gravitomagnetic field Hin
the BG solution (58).

Transforming to spherical-like coordinates (g, 8, ¢) such
that » = psinf, z = pcos 6, we have the asymptotic limit

= P—00

H = — § (2cos0é, + sinbe);

2 2
R*—rg

p= e—y(oo,é‘)/ZVO (82)

v/2 919, are unit vectors. If

1(0,0)

where &, = e™/20,and &, = e~
the angular dependence of e~
assumed in [13] for practical purposes),

is negligible (as
then (82)

corresponds, as expected, to the gravitomagnetic field of
gravitomagnetic dipole, of dipole moment p. In such a
regime, the field is thus indistinguishable from that of a
spinning source of angular momentum J = p (cf. e.g.,
Eq. (31) of [86]).

As for the gravitomagnetic potential 1-form
A = N(r, z)d¢, the second (nonconstant) term in (59) is

likewise sourced by the NUT rods (so that H=Vx A)
but it contains also the constant term V(R — ry), which
corresponds to the potential of an infinite spinning cosmic
string along the z-axis, of angular momentum per unit mass
Jj=—=Vo(R—rg)/4, cf. Sec. IVD and Eq. (57) therein.
Hence, the constant part of the gravitomagnetic potential A
is sourced by the angular momentum that, as we have
shown in Sec. IV E2, is contained along the axis r = 0.
Such constant contribution is formally analogous to the
external magnetic potential of an infinitely long solenoid;
indeed, as shown in Appendix A 1, the field of the BG
solution is fully mirrored by the electromagnetic field
produced by the combination of an infinite solenoid with
a pair of rods of opposite magnetic charges.

6. Staticity mechanism

Since, as we have seen in Sec. IV E 1, the dust is static
with respect to the asymptotic inertial frame (or to the
distant quasars), the question then arises as to what holds it
in place, preventing it from gravitationally collapsing. In
other words, why does the gravitoelectric field G vanish in
such frame? The answer is in the first of Egs. (24), which,
for the metric (58), reduces to

~ . I
V-G =—dmp+5H =0, (83)

telling us that the term H* /2 acts as an effective negative

“energy” source for G (771, exactly canceling out the
attractive contribution from the dust’s mass density p, and
allowing for G =0.

We must however remark that the negative energy
interpretation has, in rigor, the status of an analogy, since,
by virtue of the equivalence principle, there is no such thing
as energy of the gravitomagnetic field: unlike its magnetic
counterpart B (which is a physical field, contributing to the

energy-momentum tensor 7%), H is an inertial field, that
can always be made to vanish by a suitable choice of
reference frame (e.g. a locally inertial frame). At a more

fundamental level, the vanishing of G stems from an aspect
of frame-dragging which, albeit well known, is commonly
overlooked. First, recall that the dragging of the compass of
inertia can be cast as the fact that, close to a moving of
rotating body, a system of axes that is fixed with respect to
inertial frames at infinity, actually rotates with respect to a
locally nonrotating frame (i.e., to a Fermi-Walker trans-
ported frame, physically realized by the spin axes of local
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guiding gyroscopes, defining the local “compass of
inertia”). Such rotation generates not only a gravitomag-

netic (or Coriolis) field ITI but also a contribution to

the gravitoelectric field é as originally noticed by
Thirring-Lense [122] and Einstein [123] considering the
interior field of a spinning shell. Actually, in vacuum, by

the first of Egs. (24), H cannot exist without G. A familiar

-

example is a rigidly rotating frame with angular velocity Q
in flat spacetime, where both a Coriolis H=2& and a
centrifugal field G = y~2& x (F x @) arise. [Here & = 72Q
is the rotating observers’ vorticity, cf. Eq. (23), and
y = (1 — Q2r?)~1/2 ] In the presence of matter, the situation
changes, in that it is possible for the gravitational attraction
to exactly balance the centrifugal action caused by the
frame’s rotation, 167p = @2, so that (83) be obeyed. This is
the case of the van Stockum rotating dust cylinder, where,
as we have seen in Sec. IV C, from the point of view of the
comoving coordinate system, there is an exact cancellation
between the cylinder’s gravitational attraction and the
centrifugal forces created by the frame’s rotation, resulting
in a vanishing gravitoelectric field (so that particles can
remain at rest in such coordinates, while being geodesic).
The situation for the BG metric (58) is formally similar, but
with the additional subtlety that, in this case, the associated
reference frame is not rotating with respect to inertial
frames at infinity: as shown in Sec. IV E S5, it is the NUT
rods along the axis r = 0 that drag the compass of inertia,

endowing the rest observers with a vorticity @ = H /2
given by Eq. (62). In other words, causing the dust’s rest
frame to rotate with respect to the local compass of inertia.
It is the repulsive action of this (purely general relativistic)
rotation with respect to the local compass of inertia that
allows Eq. (83) to be obeyed, and the dust to remain static.

7. Origin of the claimed “flat rotation curves”

The fact that in the BG solution the dust is static with
respect to the asymptotic inertial frame at infinity has
seemingly gone unnoticed in the literature [13—15] (in spite
of some authors having realized that it is rigid [15,124], or
tangent to a Killing vector field [13], while, surprisingly,
not immediately ruling it out as a viable galactic model). It
is actually claimed"” [13,14] that the dust rotates with
respect to “an asymptotic observer at rest with respect to the
rotation axis” with a velocity consistent with the observed
Milky Way rotation curve, using, as reference observers,
the ZAMOs. These, however, as we have seen in Sec. III E
2, are unsuitable for such purposes when (non-negligible)
frame-dragging is present. In particular, it is false that they

'>To back the claim that the velocity relative to the ZAMOs
represents a velocity “an asymptotic observer at rest with respect
to the rotation axis,” van Stockum’s paper [6] and the textbook by
Stephani et al. [1] are cited; however, nowhere in those references
such an incorrect claim is made.

are at rest with respect to the axis’s asymptotic rest frame
(or to any observer at rest with respect to the axis, by any
cogent definition of “rest”). We have exemplified with the
Kerr, van Stockum, and spinning cosmic string solutions
(Secs. IVA, IV C, and IV D) the absurdities one runs into
by making this confusion. For the BG metric, as shown in
Sec. IV E 1, the frame rigidly fixed to the axis’ asymptotic
rest frame is precisely the coordinate system in (58), where
the dust is at rest (forming actually the only Killing
congruence of worldlines globally defined in this space-
time). It is the ZAMOs that rotate with angular velocity (75)
relative to this frame; since Qyano(7, z) is not constant,
they are moreover a shearing congruence, cf. Eq. (29), so
they cannot actually be at rest in any rigid frame, and, as
discussed in Secs. III D and II1 E 2, their connecting vectors
do not define directions fixed to any distant reference
objects (or to inertial frames at infinity). The velocity of the
dust relative to the ZAMOs, as computed in [13-15] [and
can be obtained from Egs. (38) and (75), with Q.. =0,
g =-1]

p _ Nz
vz =1l = 20D, (54)

is thus actually just minus the velocity of the ZAMOS with
respect to the static frame anchored to inertial frames at
infinity. Suggesting that (84) represents a galactic rotation
curve, is thus nonsense.

The use of the ZAMOs has also been advocated based on
the fact that their worldlines are orthogonal to the = const
hypersurfaces [13—15], and that they are said to be locally
nonrotating [14,15]—which is correct, but is however
misinterpreted: the fact that they are hypersurface
orthogonal means just that they have no vorticity, i.e.,
do not locally rotate relative to the local compass of inertia
(see Sec. IIIE?2); it tells us nothing about the motion
with respect to distant reference objects (or to the axis’
asymptotic rest frame). They are sometimes also said that to
be nonrotating with respect to the “local geometry”
[30,86,96,97]—but in the sense of measuring no Sagnac
effect (see Sec. Il E 2). In [15] it is also asserted (referring
to [95]) that “their motion compensates, as much as
possible, the dragging effect”; this is, however, a mislead-
ing statement: the ZAMOs are crucially affected by frame-
dragging, precisely in that a nonvanishing g, implies that
they describe circular motions about the z- axis, instead of
being at rest in the static frame (as would be the case if
gop = 0). In [15], moreover, the static observers were
discarded as reference observers for rotation curves based
on the misguided argument that they not always exist,
citing the example of the ergosphere in the Kerr spacetime.
We note that, as shown in Sec. IV E 4, actually in the BG
spacetime the exact opposite occurs: static observers are
well defined everywhere, whereas the ZAMOs are possible
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only for r> N, ie., outside the pencil-shaped region
in Fig. 9.
We can summarize the BG galactic model, and the basic
misconceptions at its origin, as follows:
(i) The dust is static with respect to the asymptotic
inertial frame (so its actual rotation curve is v, = 0).
(ii) The metric contains unphysical singularities
along the axis—NUT rods of charges (81), plus a
spinning cosmic string—whose frame-dragging ef-
fects hold the dust static, are solely responsible for
the artificially large gravitomagnetic potential A =

N(r,z)d¢ and field H=V x A, and drag (via A)
the ZAMOs, causing them to rotate relative to
inertial frames at infinity with angular velocity
(75) about the z-axis, thereby making them unsuit-
able as reference observers for rotation curves.
(iii) The flat rotation curves obtained in [13,14] are but
an artifact of such an invalid choice of reference
frame—being just minus the velocity of the ZAMOs
with respect to the rigid asymptotic inertial frame
that corresponds to the generalization of the IAU
reference system for this spacetime.
We conclude this section with the following remarks: (i) for
more realistic galactic models (free from the BG axial
singularities and the artificially large gravitomagnetic
potential A they produce, but still axisymmetric), the
ZAMOs would be suitable reference observers for rotation
curves since, as is well known, and recently shown
explicitly in [125], the gravitomagnetic potential produced
by galaxies is negligible, given their relatively low rotation
speeds (v ~ 220 kms~! =7 x 107*¢, for the Milky Way).
Hence, therein, the ZAMOs nearly coincide with the static
observers, that are rigidly fixed to inertial frames at infinity.
(ii) If one entertains singularities along the z-axis, with
extension comparable or larger than the galactic diameter,
then infinitely many rotation curves can be produced,
including flattened ones with respect to the correct (static)
frame. For instance, an infinite line mass along the z-axis,
described by the Levi-Civita solution, leads to circular
geodesics with constant velocity relative to the static
observers (see e.g. [11], Sec. V.1.1); a line mass segment,
or a pair of black holes along the z-axis, held apart, at a
distance much larger than the galactic diameter, by a
Misner string or by the repulsion of NUT charges, also
produce a flattened velocity profile, as recently shown
in [126]. Likewise, the “homogeneous” linearized
theory solutions for A recently claimed in [127] to
yield flat velocity profiles, have been shown in [128] to
actually be sourced by axial singularities. (iii) It has been
claimed, in the literature [13,15,129,130] on the BG
and akin models, that nonlinear gravitomagnetic
effects can, partially or totally, replace the role of dark
matter in flattening the rotation curves; for the metric (58),
however, the only nonlinear contribution to the field

equations (24) and (25), is the term H? in (24), which,

as seen in Sec. IV E 6, has the opposite effect, countering
(actually exactly canceling out) the attractive effect of the
dust mass density p.

V. CONCLUSIONS

In this work we explored the extension of the TAU
reference system to the exact theory preserving some of its
most important features, namely defining fixed directions
with respect to distant reference inertial objects (“stellar” or
“quasar” compass); we found it to be possible in spacetimes
admitting shear-free observer congruences, which are also
asymptotically vorticity and acceleration-free. We obtained
the general form of the metric in the coordinates adapted to
such observers. It yields natural results in the examples
considered: the (star-fixed) Boyer-Lindquist coordinate
system in the Kerr spacetime, the (not so well known)
star-fixed coordinate system for the van Stockum cylinder,
the rotating cosmic string’s inertial rest frame, and the
coordinate system comoving with the cosmological fluid in
the FLRW models. We then debunked the BG galactic
model, which exemplifies the grave consequences of
failing to set up an appropriate reference frame: a static
dust, held in place by unphysical singularities along the
symmetry axis, which has been confused with a dust that
rotates with a velocity profile consistent with that of the
Milky Way, due to an unsuitable choice of reference
observers—the ZAMOs, which, due to the frame-drag-
ging effects created by the singularities at the axis,
undergo circular motions with respect to inertial frames
at infinity, making it seem that it is the dust that is rotating.
In the above mentioned well-known solutions, we further
exemplified the confusions one may run into by using the
ZAMOs as reference observers in spacetimes where
frame-dragging is important: one would conclude that
Kerr black holes do not rotate after all, that circular
geodesics would exist around a cosmic string (where there
is no gravitational attraction), or massively underestimate
the actual rotation velocity of the van Stockum cylinder
with respect to the distant stars. The case of the BG model
serves also as a reminder that singularities should not be
overlooked, as they may dramatically impact the behavior
of the whole solution.

In a growing number of works, based both on linearized
theory [127,131] and exact models [13—15,129,130], it has
been asserted that gravitomagnetic effects can have a
significant impact [13,15,127,131], or even totally account
for the galactic flat rotation curves [14,129,130]. In the
framework of a weak field slow motion approximation, this
has been shown to be impossible, and such claims
addressed, in [125,128,132]. It has however been argued
[13,15,129,130] that in the exact theory this is possible, due
to nonlinear effects not captured in linearized theory (and
not manifest “locally” [13,129,130]), basing such claims on
the BG model, or variants of it. Our exact analysis shows
such claims to be also unfounded, the conclusion extending
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to the akin models'® in [15,129,130] (where the same
misguided choice of reference observers is made). The
exact approach proves also useful in determining the nature
of the sources: we were able to easily identify a pair of
oppositely charged rods of gravitomagnetic monopoles as
the source of the gravitomagnetic field H; in the far field
region, however, this field is, to leading (i.e., dipole) order,
indistinguishable from that of a spinning source.
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APPENDIX A: ELECTROMAGNETIC
ANALOGUE OF THE BG SOLUTION

The Balasin-Grumiller solution (58) has two direct
electromagnetic analogues, corresponding to the two types
of sources for its gravitomagnetic monopoles—NUT
charges, or semi-infinite spinning strings.

1. An infinite solenoid plus a pair of
rods with opposite magnetic charges

Consider, as depicted in Fig. 10(a), a pair of magnetically
(uniformly) charged rods, of opposite charges, located
along the z-axis, the positive rod at —rq > r > —R, and
the negative rod at ry < r < R. Let 4y; and —1y;, respec-
tively, be their uniform magnetic charges per unit z-length.
The magnetic scalar potential ¥(r,z) produced by the
rods is

‘P( ) P |:/—rold, /Rld/]
r.z) = ——d7’ — ——dz
Mk do v do

rO_Z+dr r0+z_d—r:|:|
=y |In|——2 +In|——2| |,
M{ [R—Z+dR] [R+z—d_R

where

!%The akin Cooperstock-Tieu model [129] has been shown in
[133] to be also plagued with singularities, in this case not along
the symmetry axis, but in the equatorial plane. (The erroneous use
of the ZAMOs as reference observers, however, went unnoticed
therein.)

Tt could not, in principle, be achieved either by consider
higher order multipole moments, in the likes of e.g. Geroch-
Hansen [134,135], Thorne [136], or Giirlebeck [137] expansions,
since not only such methods require asymptotic flatness and an
isolated source (see however [138], where this limitation was
recently asserted to be lifted), as infinite multipole moments
would be needed to reconstruct the gravitomagnetic field of the
rods.
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FIG. 10. Electromagnetic analogues of the BG solution: (a) a
thin infinite solenoid enclosing two rods of opposite magnetic
charges F Ay per unit length; (b) a thin infinite solenoid
enclosing two continuous (upper and lower) sets of semi-infinite
thin solenoids, whose endpoints span the same location of the
rods in (a), and where their magnetic moment per unit length m,
is such that dmg/dz =F Ay. The magnetic field B in the two
settings is the same, except along the axis r = 0, where the setting
in (b) contains the Dirac-delta type term in Eq. (A4). Identifying
the appropriate parameters, the exterior magnetic potential and
field also exactly match (up to the function e*("?), in the case of
H) the gravitational counterparts A and H of the BG solution
everywhere outside the axis (where the solution is not defined).

do= /(= 2P +

and the distances dg, d_g, d,, d_, are defined by Egs. (60)
and (61). The magnetic field B,yq = —V¥ reads

- 1 1 1 1
Bros:/1 _+—____:|g
d MLJ,O d_,, dr dg]°
A —R R — .
+_M Z Z+ z ro_z+r0 Z. (Al)
r dR d—R dr() d_ro

which, apart from the factor e, has the same form as the
gravitomagnetic field (62) of the BG solution, identifying
Am <> V/2; their covariant counterparts actually exactly
match:

m—Vo/2
(Brods)i = H;.

With such an identification, it follows also that the total
charge in each rod is Qy =7F V(R —rg)/2, exactly
matching the NUT charge obtained in Eq. (81). This field
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has, of course, also the same form as the electric field
produced by a pair of rods of opposite electric charges,
identifying Ay; with the electric charge density 4, cf. Egs. (2)
and (3) of [139].18 At every point outside the rods, where

V-B=0 holds,19 this field can also be cast as the curl of a

magnetic vector potential Apg: B=V X Arodss Whose

corresponding 1-form reads
rods - /IM (dro + d—ro d - d—R)d(.b'
Hence, if one considers the rods to be inside a thin infinite
solenoid of magnetic moment per unit length m, whose
exterior magnetic potential 1-form reads A, = 2md¢, we
have A = Asol + Arods’
A =D2m+Ay(d, +d_,

—dg —d_g)|dg.

(A2)
which has exactly the same form as the gravitomagnetic
potential A = Nd¢ of the BG solution, cf. Eq. (59),
identifying {m, Ay} <> {Vo(R —1r()/2,V,/2}.

2. An infinite solenoid plus an array of
semi-infinite solenoids

The electromagnetic field (A2) can be reproduced every-
where outside the axis without invoking magnetic charges.
Consider a semi-infinite solenoid along the z-axis with
“tip” (i.e., endpoint) at z =z, and extending to +oo. The
magnetic field it produces is (cf. [140])

m(2 — Gip)

tip

B(8.3yp) = -
(A3)

where my is the solenoid’s magnetic moment per unit
length, 6%(r) = 8(x)5(y) is the 2-dimensional delta func-
tion, ®(x) the Heaviside function, and o = Vr* + 7> =
Vx? +y*> + 72 is the spherical radial coordinate.
Everywhere outside the solenoid, this is a monopolar field
identical to that of a magnetic point charge Qy = —m;
placed at @'&p (see Fig. 2 in [140]); the fields are distinguish-
able only in the second term of (A3) that arises inside
the solenoid. The field for the case where the solenoid
extends from —oo <z <z, is obtained from (A3) by
changing the sign of the first term, and replacing ©(z — z,)
by O(zip — 2)-

"®In [139] the field of a single rod along the x axis is
computed in the xpy plane; to relate it with the rods in
Fig. 10(a), one needs to substitute therein {x,y} — {r,z}, and
identify {a,b} <> {ry,R} (upper rod) or {a,b} <> {-ry,—R}
(lower rod).

Admitting the existence of magnetic charges requires the
modification of Maxwell’s equations V - B = 4xpy, where py; is
the magnetic charge density, which is nonzero along the rods.

Consider now two sets of semi-infinite solenoids, an
upper one extending from +-co with endpoints zg, € [ro. R],
and a lower one extending from —oo with endpoints
Zip € [-R. —r¢], see Fig. 10(b). Let n be the number of
endpoints per unit z-length; if it is such that nmg = Ay,
so that, in the continuous limit n — oo, my — 0, the
magnetic field produced by such setting is, everywhere
outside the axis r = 0, the same as that of the rods in
Fig 10(a) This can be checked by computing explicitly

= JR dByy + |78 dBiey, Where dBy,(8,3) = nB,(3,d),
and SO

dB,y(3.5') = M %—i—@r&z( 1Oz —7)é }dz,

B (3.5) = Ay %me@(z' —z)é;] i

snl[ [

+ Amdn (r )U_R°®(z ~2)

R
+ / O(z— z’)} dz'e,
ro

= Bogs + 4mhn8* ()Y _[R(=rg £ 2)
+

r} d7

—R(-R*2z)le., (A4)

where R(x) == {0,x < 0;x,x > 0} is the ramp function
and, in the first line, we noted that g — ¢’ = (z — 7)€, + ré,
and |g—¢'| = &°. The field thus differs from that of the
magnetically charged rods in Eq. (A1) only in the Dirac
delta term along the axis. Notice that this term ensures
the vanishing of the flux | SE -dS along any closed
surface: consider, for simplicity, a cylindrical surface &
enclosing one of the rods but not the other, i.e., its bottom
and top bases lie at —ry < z, < ry and z; > R, respectively.
An integration analogous to that in Eq. (81) yields
Js Biogs - dS = —4mip (R = 1), and thus

/E-ES:4ﬂiM[R(zt—r0)—R(ZI—R)—R+V0]:0-
S

This ensures consistency with the Maxwell equation V -
B=0 (which must hold in the absence of magnetic charges)
since, via the Stokes theorem, |, sé dS = V- Bdy,
for S = JV.

If the set of semi-infinite solenoids is enclosed in an
infinite solenoid as depicted in Fig. 10(b), then, outside the
axis, the magnetic vector potential Ais given by (A2), the
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same as in the setting in Fig. 10(a). Since, as discussed in
Secs. IVE3 and IVES, the BG solution is not defined
along the axis, both the settings (a) and (b) can be regarded
as its electromagnetic analogues.

APPENDIX B: KRETSCHMANN SCALAR OF
THE BG SOLUTION

The Kretschmann scalar, Ro’ﬂﬁRmﬂy(3 = R - R, of the dust
solution (58), reads,

20y (1 1 3 1
R -R= 641?0 {ZASZ {5 Vo*A, <—§V02A13 + 6A; 4 8rA, — 4rA4> - 16} + A2 [Z Vo' r?(Ay + Ay)° - 2}
1 24 3 3002 [ 3,242
—EVVO Al A2+4VA]A2+27”A3A5 2—1‘/0 A] +EVO AS 4_ZVO A]
—LV4A6+§V2A4—4r2 lA2+A2 +er2AA3—2r2A2—LV4A6
64’0 A1 R 72 3 5 V0 A3as 4T Teg V0B
where
r r ror R+z ro+z z—-R z-—r
Al=——F+————"F+—; As = — + - +
' dg d, dy d, > dg ' d,, dg d,
A 2 1 r? n 1 n P2 1 P2 n 1
2: —_—— _ _— —_—— _—
d_g® d_g d_,o3 d_,, dg®  dg d,o3 d,,
r(R+z) r(ro+z)  r(z=R) r(z=ry)
As = 3 3 T 3 3
d—R d_r() dR d"()‘
R 2 1 2 1 —-R)? 1 —ry)? 1
pZBAP Lok 1 =RP 1 (=)

=T

dg® dgx d,° 'd,

and the function v(r, z) in (58) was eliminated using the components R,, = R,, = R_, = 0 of the Einstein field equations
Rop — Rgap/2 = 8mpuyug, for dust of 4-velocity u® = 55. A computer-ready Mathematica version of this expression is

provided in the Supplemental Material [113].
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