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11501 San José, Costa Rica

Michael Soffel §

Lohrmann Observatory, Dresden Technical University, 01062 Dresden, Germany

(Received 4 June 2023; accepted 11 July 2023; published 24 August 2023)

The physical interpretation of the exact solutions of the Einstein field equations is, in general, a
challenging task, part of the difficulties lying in the significance of the coordinate system. We discuss the
extension of the International Astronomical Union (IAU) reference system to the exact theory. It is seen that
such an extension, retaining some of its crucial properties, can be achieved in a special class of spacetimes,
admitting nonshearing congruences of observers which, at infinity, have zero vorticity and acceleration. As
applications, we consider the Friedmann–Lemaître–Robertson–Walker (FLRW), Kerr and Newman–Unti–
Tamburino (NUT) spacetimes, the van Stockum rotating dust cylinder, spinning cosmic strings and, finally,
we debunk the so-called Balasin-Grumiller (BG) model, and the claims that the galaxies’ rotation curves
can be explained through gravitomagnetic effects without the need for dark matter. The BG spacetime is
shown to be completely inappropriate as a galactic model: its dust is actually static with respect to the
asymptotic inertial frame, its gravitomagnetic effects arise from unphysical singularities along the axis (a
pair of NUT rods, combined with a spinning cosmic string), and the rotation curves obtained are merely
down to an invalid choice of reference frame—the congruence of zero angular momentum observers, which
are being dragged by the singularities.
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I. INTRODUCTION

As it replaced Newtonian mechanics as the state of the
art theory of gravitation, general relativity brought along
equations allowing for a more precise description of
gravitational phenomena, at the cost, however, of a math-
ematical complexity effectively preventing their full use in
actual astrophysical scenarios. Since then, two fields have
evolved parallelly in a largely separate way: one, finding
and mathematically characterizing exact solutions of the
Einstein field equations [1–3], which in most cases do not
correspond to realistic physical systems (or whose physical
significance is not totally clear); and the other, approximate
methods such as post-Newtonian theory, for actual astro-
physics. Examples of the former are, besides the best
understood black hole and cosmological exact solutions,
most instances of the Plebański-Demiańsky solutions, such
as the C-metric [2,4,5] (interpreted as pair of accelerating

black holes, but possessing both radiative and static regions
with a challenging interpretation); the van Stockum [6],
Levi-Civita and Lewis metrics [2,7–11] and their relation-
ships (in some limits known to describe the field of infinite
cylinders, not so clear in others [2], in all cases exhibiting
perplexing features), the Gödel solution [12] (with its
counterintuitive homogeneous rotation and anti-Machian
features), the NUT spacetime (with its gravitomagnetic
monopole, and the different versions of its line singularity,
whose physical interpretation is an open question) and,
more recently, the so-called Balasin-Grumiller (BG) model
[13], and the extraordinary claims that it can partially, or
even totally explain the galaxies’ flat rotation curves
without the need for dark matter [13–15]. Part of the
difficulties lie in the coordinate system and its interpreta-
tion, as seen to be the case, for instance, in the Lewis-Weyl
[11] or in the C-metric [4]. Even in the simplest solutions,
such as de Sitter universe, which is maximally symmetric
and represents a homogeneous isotropic expanding uni-
verse, subtleties arise: it is well known to admit (within a
cosmological horizon) a coordinate system where it is
explicitly time-independent (being thus static therein), as
well as to take an anisotropic form in other standard
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coordinate systems [2]. Setting up meaningful reference
frames is crucial to make sense of the solutions, and
understand whether they can be reasonable models for
some astrophysical settings. We shall see that its misunder-
standing is indeed also at the origin the crucial miscon-
ception leading to the BG galactic model.
These issues do not arise, on the other hand, in post-

Newtonian theory [16–21], equipped with reference frames
(“PN frames”) as close as possible to inertial, and having
axes fixed with respect to distant reference objects (either
stars or quasars). By being a weak field and slow motion
approximation, its regime of validity is however limited,
and the way it is usually formulated relies moreover on
asymptotic flatness. Indeed, gravitational effects outside
the realm of validity of such approximation are important in
an observational context. The state of the art ICRS
reference system uses quasars as reference objects, which
are at a distance where cosmological expansion becomes
important. The advent of gravitational wave detectors will
also expose to observational scrutiny strong field effects
such as those in the latter stage of black hole or neutron star
inspirals, global gravitational effects (sometimes regarded
as topological defects [22,23]) such as those produced by
hypothetical cosmic strings, whose detection can be within
the reach of LISA and pulsar timing arrays [24–26], or
gravitomagnetic monopoles, which are not described by
asymptotically flat metrics.
Here we discuss the possible generalization of the IAU

system to the exact theory. We shall see that, even though
not possible generically, suitable reference frames retaining
important properties of the PN frames—namely being
nonshearing, and having axes fixed do distant reference
objects—can be achieved in a special class of spacetimes:
those admitting shear-free and asymptotically vorticity-free
congruences of timelike curves (observers). It encompasses
all stationary spacetimes admitting asymptotically inertial
Killing congruences, but also expanding, nonstationary
solutions. Crucially, asymptotic flatness is not required.
Notation and conventions.— We use the signature

ð−þþþÞ; Greek letters α; β; γ;… denote 4D spacetime
indices, running 0–3; Roman letters i; j; k;… are spatial
indices, running 1–3; ϵαβγδ ≡ ffiffiffiffiffiffi−gp ½αβγδ� is the 4-D Levi-
Civita tensor, with the orientation ½1230� ¼ 1 (in flat
spacetime, ϵ1230 ¼ 1); ϵijk ≡

ffiffiffi
h

p ½ijk� is the Levi-Civita
tensor in a 3-D Riemannian manifold of metric hij. Our
convention for the Riemann tensor is Rα

βμν ¼ Γα
βν;μ−

Γα
βμ;ν þ…. ⋆ denotes the Hodge dual (e.g.,

⋆Fαβ ≡ ϵαβ
μνFμν=2, for a 2-form Fαβ ¼ F½αβ�). The basis

vector corresponding to a coordinate ϕ is denoted by
∂ϕ ≡ ∂=∂ϕ, and its α-component by ∂

α
ϕ ≡ δαϕ.

II. PN APPROXIMATION: THE IAU
REFERENCE SYSTEMS

The metric describing the gravitational field of a
system of N gravitationally interacting rotating bodies

of arbitrary shape and composition can be written, at
first post-Newtonian (PN) order and in geometrized units,
as [16,19,20]

g00 ¼ −1þ 2w − 2w2 þOð6Þ;
gi0 ¼ Ai þOð5Þ; gij ¼ δijð1þ 2wÞ þOð4Þ; ð1Þ

where OðnÞ≡OðϵnÞ, ϵ is a small dimensionless parameter
such that U ∼ ϵ2, U is minus the Newtonian potential, and
w ¼ U þOð4Þ consists of the sum of the Newtonian
potential U plus nonlinear terms of order ϵ4. The bodies’
velocities are assumed such that v≲ ϵ (since, for bounded
orbits, v ∼

ffiffiffiffi
U

p
), and time derivatives increase the degree

of smallness of a quantity by a factor ϵ; for example,
∂U=∂t ∼Uv ∼ ϵU.
The coordinate system associated to the metric (1) is the

basis of the IAU reference system [19,21,27–29]. The
metric is assumed asymptotically flat, limr→∞ gαβ ¼ ηαβ, so
that the coordinate system is inertial at infinity, and the
spatial coordinate basis vectors ∂i have directions fixed
(i.e., are “rotationally” locked [30]) to distant reference
objects, namely the “fundamental” stars (defining the axes
of the Astrographic Catalog of Reference Stars—ACRS) or
extragalactic radio sources (mainly quasars, which define
the axis of the International Celestial Reference System—
ICRS) [21,27–29,31–36]. The latter is the state of the art
system, since, by being so far away, such extragalactic
sources exhibit no detectable angular motion in the sky, to
present accuracy.
It should be noted however that, at cosmological

scales, the expansion of the universe comes into play,
and the asymptotic flatness assumption breaks down.
Modifications of the IAU system for accommodating
cosmological effects have been proposed in [27,28,37],
by taking the cosmological expansion as a (tidal) pertur-
bation around the PN metric (1) [37], or by considering
perturbations around the flat (k ¼ 1) subcase of the FLRW
solution [27,28,38].

III. REFERENCE FRAMES IN THE EXACT
THEORY

In the exact theory one needs to be more refined in some
notions—observer family, system of axes, coordinate
system—and deal with subtleties one is allowed to partially
overlook in PN theory.

A. Observers, observer congruences,
and “tetrad” frames

An observer OðuÞ is identified with a worldline of
tangent vector (i.e., 4-velocity) uα ¼ dxα=dτu [33,39–
42]. A reference frame extended over some region requires
a family observers defined at every point therein, i.e., a
congruence of timelike worldlines [40] (sometimes called a
“platform” [33]), whose 4-velocity field we still denote by
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uα, see Fig. 1. Differentiation of uα yields the congruence’s
“kinematics,”

∇βuα ≡ uα;β ¼ −uβaα − ϵαβγδω
γuδ þ σαβ þ

θ

3
hαβ; ð2Þ

aα ≡∇uuα ¼ uβuα;β; ωα ¼ 1

2
ϵαβγδuγ;βuδ; ð3Þ

σαβ ¼ hμαhνβuðμ;νÞ − θhαβ=3; θ≡ uα;α; ð4Þ

where aα, ωα, σαβ, and θ are, respectively, the congruence’s
acceleration, vorticity, shear, and expansion scalar. The
hyperplanes u⊥ orthogonal to the observers’ worldlines
consist of the local rest spaces of each observer (see Fig. 1).
Their distribution is nonintegrable in the general case that
the observer congruence has vorticity, ωα ≠ 0; i.e., there is
in general no hypersurface orthogonal to such congruence.
The projection of a tensor in the observers’ rest spaces u⊥ is
given by contraction with the tensor

hαβ ≡ δαβ þ uαuβ: ð5Þ

This projector is also the metric induced in the distribution
of rest spaces u⊥, with

dl ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hαβdxαdxβ

q
ð6Þ

yielding the distance between neighboring observers as
measured by Einstein’s light signaling procedure (radar
distance) [43]. Each observer sets in its rest space a system
of spatial axes ei (a set of rods), orthogonal to its worldline,
to perform measurements. The transport law for such axes
along the observers’ worldlines is in principle arbitrary, and
chosen by convenience. This construction provides a vector
(“tetrad”) basis fu; eig, sufficient to measure tensor com-
ponents; it is sometimes itself called a “reference frame”1

(e.g. [33], for orthonormal tetrads).

B. Coordinate systems

In order to locate events in spacetime (and, e.g.,
determine intervals between them) one needs, however, a
coordinate system fxαg ¼ ft; xig. Coordinate systems
naturally embody the construction above: when the basis
vector ∂t is timelike, it is tangent to a congruence of
observers OðuÞ (the observers at rest in the given coor-
dinates: ui ¼ 0 ⇒ uα ∝ ∂

α
t ); and the projection of the

spacelike coordinate basis vectors ∂i in the observer’s rest
space u⊥, hαβ∂

β
i (see Fig. 1), yields a system of spatial axis in

u⊥. But it is additionally possible to label events; one can
think of the spatial triplet fxig labeling which observer, and
the time coordinate t where along the observer’s worldline.
In terms of the coordinates adapted to an arbitrary con-
gruence of observers (uα ∝ ∂

α
t , g00 > 0), the metric tensor

can be generically written as

ds2¼−e2Φðt;xkÞ½dt−Aiðt;xkÞdxi�2þhijðt;xkÞdxidxj; ð7Þ

where hij ¼ gij þ e2ΦAiAj equals the space components
of the projector (5).
The quotient of the spacetime manifold M by the

congruence of observer worldlines, Σ ¼ M=OðuÞ, is the
“space manifold,” an abstract 3-dimensional space where
each observer worldline OðuÞ yields a point, and the triplet
fxig a coordinate system therein.

C. Time and clock synchronization

Consider a curve C∶xαðλÞ of tangent dxα=dλ. The
condition that the curve is of simultaneity for the observers
OðuÞ at rest in the coordinate system ft; xig, or equiv-
alently, that their clocks be synchronized along C through
Einstein’s light signaling procedure [33,43,45,46], amounts
to the curve being orthogonal (at every point) to ∂t, that is,
g0βdxβ=dλ ¼ 0 ⇔ dt ¼ Aidxi, where Ai ¼ −g0i=g00.
Consider now the case that C is spatially closed (i.e., its

FIG. 1. A reference frame. Observers are identified with a
congruence of timelike curves (observer worldlines) OðuÞ of
tangent uα. The hyperplanes u⊥ orthogonal to OðuÞ are the
observers’ local rest spaces; therein each observer sets up a triad
of spatial axes ei, which may be orthonormal (ei ¼ e{̂), to
perform measurements. The associated coordinate system
ft; xig, where the observers are at rest, naturally embodies this
construction, OðuÞ being the integral lines of ∂t, and the
projection hαβ∂

β
i of the coordinate basis vectors ∂i onto u⊥ sets

up therein a triad of axes pointing to the same fixed neighboring
observer. It moreover locates events in spacetime, the triplet fxig
labeling which observer, and t where along its worldline. The
quotient Σ ¼ M=OðuÞ of the spacetime manifold M by the
congruence OðuÞ is the “space manifold”—a 3D space where
each observer is represented by a point.

1Sometimes the reference frame is even defined as just the
vector field uα (or, equivalently, the observer congruence), see
e.g. [40,44].
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projection onto Σ, C ¼ πΣðCÞ, yields a closed curve C), so
that after each loop it re-intersects the worldline of the
original observer, at a coordinate time tf ¼ ti þ Δtsync, see
Fig. 2. When Δtsync ≠ 0, C is not closed in spacetime, and
the observer will find that his clock is not synchronized
with his preceding neighbor’s. This is the case generically
whenAi ≠ 0, as shown in Fig. 2(b) for infinitesimally close
observers. In the special case that Ai is time-independent
(e.g., a stationary spacetime),Ai ¼ AiðxkÞ, it becomes a 1-
form in Σ, and the synchronization gap [11,43,46–48]
follows by simply integrating it along C,

Δtsync ¼
Z
C
Aidxi: ð8Þ

Only when Δtsync ¼ 0 (case in which C is closed) are the
observers able to fully synchronize their clocks along a
closed curve C in space. In order for a congruence of
observers to be able to globally synchronize their clocks,
every synchronization curve Cwhose projection C ¼ πΣðCÞ
is closed, must be closed in spacetime. That requires the
congruence to be orthogonal to an hypersurface of global
simultaneity; i.e., one that intersects each worldline of
the congruence only once (called a “time-slice”). This
amounts to uα ∝ ψ ;α (or, equivalently, ð∂tÞα ∝ ψ ;α) for
some globally defined (single-valued) function ψðt; xiÞ.
An immediate consequence is that the congruence must not
have vorticity, ωα ¼ 0, which, at 1PN order, amounts to the
condition g0½i;j� ¼ 0. Notice however that this affects clocks

around a closed in space contour C; along an open contour
in space, clocks can always be synchronized. In particular,
a pair of arbitrary observers in an arbitrary spacetime
can always synchronize their clocks (albeit, if not infini-
tesimally close, the synchronization will be contour-
dependent); a triad of observers, however, in general
cannot, see Fig. 2(b).
The above notion of synchronization (sometimes

called “Einstein” synchronization [33]) only means that
the observers agree on the simultaneity events; in other
words, the synchronization is achieved at an instant. In
general, their clocks will not remain synchronized, since
their proper times dτu ¼ ð−g00Þ1=2dt elapse at different
rates due to the nonconstant gravitational potential in g00,
causing the interval of proper time between two events E1

and E2 along the worldline of an observer OðuÞ to differ
from that between the events E0

1 and E0
2 along the

worldline of another observer O0ðuÞ, that are simulta-
neous with E1 and E2 [43]. Only a set of clocks subject to
the same gravitational potential (e.g., those in a shell of
constant radius in Schwarzschild spacetime) can remain
synchronized.
In an arbitrary spacetime, a coordinate system can

however always be found such that g00 ¼ −1, g0i ¼ 0:

ds2 ¼ −dt2 þ hijðt; xkÞdxidxj; ð9Þ

called the “synchronous” reference system [43]; observers
at rest in such coordinates are freely falling, and measure
the same proper time τu ¼ t, thus their clocks are all
synchronized.
The IAU reference system is not synchronous; in general

it has also vorticity, hence a global “instantaneous” syn-
chronization in the sense of Einstein is not possible either.
This is circumvented by using instead a coordinate time
synchronization, i.e., setting an “official” time (chosen as
the t-coordinate). Common choices for t are the proper time
measured by a rest observer at infinity (in which case it
does not correspond to the proper time measured by any
actual observer in the physical system), or the proper time
of observers at rest in the Earth’s geoid [21,33,49]. The
pace and synchronization of every clock in the system is
computer-corrected for relativistic desynchronization
effects according to its position and motion [21,49,50],
so that they read t. The clock pace is adjusted through the
equation [21,33,50]

dτ
dt

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g00 − 2g0i

dxi

dt
− gij

dxi

dt
dxj

dt

r
; ð10Þ

gαβ ≡ gαβðt; xkðtÞÞ, which follows from the definition of
proper time along OðuÞ, dτ2 ¼ −gαβdxαdxβ. Solving this
differential equation yields the correspondence between τ
and t for an arbitrary observer moving with coordinate
velocity dxi=dt, given the initial value τðt ¼ 0Þ. For the

(a) (b)

FIG. 2. (a) A synchronization curve C for the congruence of rest
observers OðuÞ: u ∝ ∂t, which is spatially closed (i.e., its
projection C on Σ is closed), so that it starts and ends at the
same observer. When Ai ¼ −g0i=g00 ≠ 0, the spacetime curve C
is not closed, leading to a synchronization gap Δtsync: observers
are unable to synchronize their clocks along closed spatial loops
C. (b) A pair of observers are always able to synchronize their
clocks, by exchanging light signals; a triad of observers, in
general, cannot: e.g., if O synchronizes its clock with O0, and
O0 with O00, then the clocks of O and O00 will not be
synchronized. This is because while the events t0 ∈ O0 and t ∈
O are simultaneous, the same applying to t00 ∈ O00 and t0 ∈ O0,
the event t00 ∈ O00 is not simultaneous with t ∈ O, but instead
with the event t000 ¼ ðt00 þA00

i dx
00iÞ ∈ O, ahead in time by a gap

Δtsync ¼ t000 − t ¼ A00
i dx

00i þA0
idx

0i þAidxi.
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congruence of rest observers u ∝ ∂t, it reduces to
dτ=dt ¼ ð−g00Þ1=2, whose solution yields, up to a time-
constant function ψðxiÞ, the correspondence between these
observers’ proper time τ and t everywhere. The function
ψðxiÞ is fixed, up to a global constant, by synchronization
of all clocks in terms of t, i.e., it is such that the “computer-
corrected” time on each clock yields the same value along
the hypersurfaces t ¼ const. (which represents simultane-
ous events according to the chosen time coordinate). This
can be physically realized by transporting clocks
[21,33,49,50]: consider an observer O carrying two iden-
tical (synchronized) clocks. At some instant one of the
clocks departs from O, being transported along a known
path, while it keeps solving and inverting Eq. (10), so that
its elapsed proper time is converted into computer-
corrected time tðτÞ. Then, every observer O0 it meets along
the way resets his computer-corrected time to t0ðτ0Þ ¼ tðτÞ;
thereby his clock will be synchronized (in the same time
gauge) with O. Filling space with such paths realizes the
“coordinate time grid” [49]; in practice, this is implemented
through light signals exchange [21,49,50]. This is an
artificial synchronization, in the sense that the hyper-
surfaces t ¼ const are not orthogonal to the worldlines
of the observers OðuÞ (thus their local hyperplanes of
simultaneity, u⊥, in Fig. 1, are not tangent to these
hypersurfaces). It requires also precise knowledge of the
gravitational field and of the clock’s motion, being thus
model dependent. It yields however a practical global
notion of time, with transitive simultaneity (e.g., for the
triad of observers in Fig. 2(b), if the clocks ofO andO0, and
O0 and O00, are synchronized in terms of coordinate time,
then so will be O00 and O), used in many applications, such
as the GPS system.
The same prescription can be applied to the exact theory,

with the only difference that, if the spacetime is not
asymptotically flat (in particular, if limr→∞ g00 ≠ −1), t
cannot be chosen to correspond to the proper time
measured by an asymptotic rest observer [an example is
the exterior van Stockum metric in Eq. (50) below]. This
poses no problems, since the choice of time coordinate is a
gauge freedom [50].

D. Generalization of the IAU system to the exact theory

A crucial feature of the PN reference frame associated to
the metric in (1) is that the basis vectors have fixed
directions with respect to inertial frames at infinity (where
the distant reference stars are assumed at rest). Let us
dissect this property. Consider a congruence of observers
OðuÞ at rest in the given coordinate system ft; xig,
u ¼ ð−g00Þ−1=2∂t. The coordinate basis vectors ∂i are
connecting vectors between the worldlines of neighboring
observers (see Fig. 1), since they are Lie transported along
the integral lines of ∂t: L∂t

∂i ¼ ½∂t; ∂i� ¼ 0 (more precisely,
they connect events with the same coordinate time t). These

vectors thus point to fixed neighboring observers. In what
follows it will be convenient considering vectors Xα con-
necting pairs of events with the same proper time (τu)
interval, defined by the condition LuXα ¼ 0 ⇔
Xα

;βuβ − uα;βXβ ¼ 0; these have constant spatial compo-
nents in the coordinate basis f∂ig: Xi

;βuβ ≡ dXi=dτu ¼ 0.
Consider now an orthonormal frame feα̂g such that e0̂ ¼

u (see Fig. 1), and let Γα̂
β̂ δ̂

denote its connection coef-

ficients. Using LuXα̂ ¼ ∇uXα̂ − uα̂;β̂Xβ̂ ¼ 0, substituting

Eq. (2) in uα̂;β̂, noticing that ∇uX{̂ ¼ _X{̂ þ Γ{̂
0̂ 0̂
X0̂ þ Γ{̂

0̂ |̂
X|̂,

that Γ{̂
0̂ 0̂

¼ ∇uu{̂ ¼ a{̂ and that Γ{̂
0̂ |̂

¼ ϵ{̂ k̂ |̂Ωk̂ (see, e.g.,

Sec. 3 of [51]), whereΩk̂ are the components of the angular
velocity of rotation of the spatial triad fe{̂g relative to
Fermi-Walker transport along u, we have

_X{̂ ¼
1

3
θX{̂ þ σ {̂ |̂X|̂ þ ϵ{̂ k̂ |̂ðωk̂ −Ωk̂ÞX|̂: ð11Þ

If the rotation of the spatial triad fe{̂g is locked2 to the
vorticity of the congruence, Ωα ¼ ωα, and the congruence
is shear-free, σαβ ¼ 0, we have

_X{̂ ¼ 1

3
θX{̂; ð12Þ

telling us that the connecting vector’s direction is fixed in
the triad fe{̂g. In other words, a set of orthogonal spatial
axes point to fixed neighboring rest observers OðuÞ.
Therefore, the coordinate basis ∂i has likewise fixed
directions in the orthonormal triad fe{̂g (more precisely,
the space projection of the coordinate basis vectors, hαβ∂

β
i ,

has fixed direction therein). This allows to define fixed
directions (hence rotations) with respect to distant reference
objects. Observe that Luhαβ ¼ 2ðσαβ þ θhαβ=3Þ; hence, the
shear-free condition amounts to

Luhαβ ¼
2θ

3
hαβ; ð13Þ

which is equivalent to the condition

Luχαβ ¼ 0; χαβ ≡ hαβ=f; ð14Þ

for some function f solving the first order differential
equationLuf−2θf=3¼0. The subcaseLuf¼0⇒Luhαβ¼
0 corresponds to a rigid congruence (θ ¼ 0 ¼ σαβ, see

2Given a congruence of observers, the choice Ωα ¼ ωα can
always be made (cf. Sec. III A); it is actually the most natural
transport law for the spatial triad, corresponding to the case where
it co-rotates with the observers (“congruence adapted” frame
[51]), and arguably the closest generalization of the Newtonian
concept of reference frame [52,53].
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Sec. III E); for this reason, condition (14) is dubbed
“conformal rigidity” [54,55].
In a coordinate system ft; xig where u ¼ ð−g00Þ−1=2∂t,

Eqs. (14) yield ∂tχαβ ¼ 0 ⇒ χαβ ≡ χαβðxiÞ and3

hαβ ¼ fðt; xiÞχαβðxiÞ. From (7), the existence of shear-free
observer congruences in a given spacetime is thus equiv-
alent to it admitting a coordinate system where the metric
takes the form

ds2 ¼ −e2Φ½dt −Aidxi�2 þ fðt; xkÞχijðxkÞdxidxj; ð15Þ
where Φ≡Φðt; xkÞ, Ai ≡Aiðt; xkÞ.
This is the situation in a PN frame (1), identifying

f ¼ ð1þ 2wÞ, χij ¼ δij [the underlying reason is that, at
1PN accuracy, the observers at rest in (1) have no shear:
σij ¼ Oð5Þ, σ0α ¼ 0]. However, PN frames rely moreover
on the assumption that the metric (1) is asymptotically flat.
This implies, in particular, that, at infinity, the reference
frame is inertial, and therefore the basis vectors ∂i are
anchored to inertial frames at infinity. Provided that they
are far enough, the distant stars have no detectable proper
motion in such frame; one can thus say that the ∂i point to
fixed stars; or in other words, are anchored to the “stellar
compass” [29,32,33,57]. Physically, this materializes in
that light rays from the distant stars are received (to the
accuracy at hand) at fixed directions in the basis f∂ig; hence
the frame can be set up by aiming telescopes at the distant
stars. This is a crucial property that should be embodied in a
suitable generalization of the IAU reference system. For
that, defining fixed directions over an extended spacetime
region [i.e. Eq. (12) being obeyed], is not sufficient4; they
should be fixed to fundamental reference objects, repre-
senting nonrotating axes at infinity (“compass of inertia” at
infinity, see Sec. III E below).
To generalize it to the exact theory, we start by noticing

that (i) the asymptotically flat condition is not necessary for
the reference frame to be anchored to inertial frames5 at
infinity; it suffices the existence of a shear-free observer
congruence for which all the remaining kinematical quan-
tities aα, ωα, and θ asymptotically vanish [so that
limr→∞∇βuα ¼ 0]; an example is the van Stockum exterior

solution considered in Sec. IV C. (ii) The reference frame
does not even need to be asymptotically inertial. As long as it
does not shear, having expansion (θ ≠ 0) does not affect the
property of defining directions fixed to distant objects,
cf. Eq. (12); and in order for it to be nonrotating at infinity,
the necessary and sufficient condition is the vorticity to
asymptotically vanish, limr→∞ ωα ¼ 0. This ensures (see,
e.g., [11] p. 7, and footnote therein) that the axes feι̂g are
Fermi-Walker transported at infinity, i.e. are fixed to the spin
axes of gyroscopes (compass of inertia) at infinity,
cf. Eq. (26) below, the same applying to the spatial directions
of the coordinate basis vectors ∂i. Therefore, we have:
Lemma.—If a spacetime admits a nonshearing (σαβ ¼ 0)

congruence of observers which, at infinity, has zero
vorticity (limr→∞ ωα ¼ 0), then a coordinate system where
such observers are at rest has spatial axes locked to
nonrotating (i.e., Fermi-Walker transported) axes at infinity.
This is important in a cosmological context, where

asymptotically inertial frames do not exist: the FLRW
solution is of the form (15), with Φ ¼ ΦðtÞ (usually set
Φ ¼ 0),Ai ¼ 0, andfðt; xkÞ ¼ fðtÞ≡ a2ðtÞ the scale factor.
Observers at rest therein are comoving with the cosmologi-
cal fluid (i.e., measure an isotropic cosmic microwave
background radiation). Their vorticity and acceleration
vanish,ωα ¼ aα ¼ 0, but they havenonvanishing expansion
θ ¼ 3_a=a everywhere; thus, the congruence is not asymp-
totically inertial (cf. Footnote 5). It follows however from
Eq. (12) that the connecting vectors between neighboring
particles of such fluid have directions fixed with respect to
orthonormal axes, hence preserving angles with respect to
each other. Therefore, the coordinate grid defined by them
has directions fixed to the distant quasars, which one may
dub the “quasar compass” (generalizing the notion of
stellar compass in [29,32,33,57], whose definition relies
on asymptotic flatness). This property extends to the more
general shear and vorticity-free (i.e., shearfree “normal”)
cosmological fluids in, e.g., [58–60], described by metrics
of the form (15) with Ai ¼ 0.
In the IAU system, the distant reference objects are

moreover assumed geodesic (indeed, since their proper
motions are negligible, so should be their small non-
geodesic part, discussed in e.g. [61] Sec. VI); this property
is retained by demanding the observers’ acceleration to
asymptotically vanish, limr→∞ aα ¼ 0. Therefore,
Proposition III D.—If a spacetime admits a nonshearing

congruence of observers which, at infinity, has zero
vorticity and acceleration (limr→∞ ωα ¼ limr→∞ aα ¼ 0),
then a coordinate system where such observers are at rest
has spatial axes locked to the asymptotic rest frame of the
distant quasars, being the generalization of the IAU
reference system to the exact theory.
The shear-free condition σαβ ¼ 0 is however restrictive,

as only special spacetimes admit timelike shear-free con-
gruences of curves. No classification for such spacetimes,
or invariant conditions for the existence of such

3This agrees with the earlier results obtained in [44,56], for the
special case of a coordinate system such that g00 ¼ −1 (i.e.,
t ¼ τu).

4Simple counterexamples are the coordinate system associated
a rigidly rotating frame in flat spacetime, or with the observers
comoving with the dust in the Gödel universe: indeed, they form a
rigid grid in space; however, such grid is not nonrotating at
infinity (the observers having constant nonvanishing vorticity in
the second case, and not even being defined past a certain radius
in the first case, where they would exceed the speed of light).

5An inertial frame is defined as a reference frame where all the
inertial forces vanish. While different definitions of inertial force
exist in the literature [42,51] (differing essentially in the con-
nection/transport law for the spatial frame), all agree in its
vanishing in coordinate systems adapted to a congruence of
observers such that ∇βuα ¼ 0.
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congruences, are known in the literature.6 One can see,
however, from its degrees of freedom, that not every metric
can be written in the form (15): the most general metric
tensor is composed of ten functions (corresponding to
the independent components in gαβ) of four variables (the
coordinates); four of these functions are fixed by the
coordinate choice, leaving six “free” functions of four
variables. These are made explicit in the synchronous frame
in (9), where all this gauge freedom has been used to
eliminate the components g00 and g0i, leaving out the six
functions hijðt; xkÞ, which can be arbitrary (as long they
define a positive definite matrix). The metric (15), however,
possesses only five free functions of four variables (Φ, Ai,
and f), plus six functions (χij) of the three variables xi

(notice that a function of four variables can be regarded as
infinitely many functions of three variables). Specifically,
the time dependence of (15) has only five degrees of
freedom, whereas a general metric has six [68]. For
instance, the gravitational field of a set of N celestial
bodies (even if no such field is known exactly) is expected
to contain gravitational radiation, which generically implies
a nonvanishing shear, and so cannot be described by (15).
In such general case, reference frames with axes fixed to
distant reference objects can only be set up in the
framework of some approximation; often, radiation effects
are negligible. In a cosmological setting, the gravitational
field of the celestial bodies can be considered as a
perturbation around the FLRW solution [27,38,69,70],
the coordinates comoving with the FLRW fluid providing
a frame with axes fixed to the distant quasars. This extends
to generic perturbations without tensor modes in gauges
complying with (15), a well known example being the
“conformal Newtonian gauge7” for scalar perturbations
[70–72].

In the case of a stationary spacetime, light rays emitted
by the distant reference objects (quasars or stars) are
received at fixed directions in the basis fe{̂g and f∂ig;
the reference frame can thus be physically set up through
telescopes/radiotelescopes. The same holds for confor-
mally stationary spacetimes, whose metric can be written
in the form ds2 ¼ ψðt; xiÞΨðxiÞαβdxαdxβ, since null geo-
desics are conformally invariant, see e.g. Appendix D in
[73]; these spacetimes include the FLRW models.
In general, however, this does not hold. Like in PN

theory [32,33], in the exact theory null geodesics can be
described in terms of inertial spatial “forces,” Eqs. (10.5)
and (10.6) of [74] (which are a generalization of Eq. (19)
below for null geodesics and time-dependent settings).
When the fields G⃗ and H⃗ therein are time-varying, so will
be the deflection of light by the gravitational field. This
means that, even in the case that the conditions in
Proposition III D are met, in practice the axes of such
frame only approximately coincide with the directions of
the light rays received from the reference quasars.

E. Stationary spacetimes

Spacetimes admitting a timelike Killing vector field ξα

are stationary. A coordinate system always exists where
ξ ¼ ∂t, and the metric takes the explicitly time-independent
form

ds2 ¼ −e2Φðdt −AidxiÞ2 þ hijdxidxj; ð16Þ

where e2Φ ¼ −g00, Φ≡ΦðxjÞ, Ai ≡AiðxjÞ ¼ −g0i=g00,
and hij ≡ hijðxkÞ is the “space metric.” Considering the
congruence of observers OðuÞ whose worldlines are
tangent to ξα,

uα ≡ ξαffiffiffiffiffiffiffiffiffiffiffiffi
−ξαξα

p ¼ ∂
α
tffiffiffiffiffiffiffiffiffiffi−g00

p ¼ e−Φ∂αt ≡ e−Φδα0; ð17Þ

which are, by definition, observers at rest in the coordinates
of (16) (“static observers”), hij equals the components of
the projector (5) (which it is identified with in spacetime). It
follows from the Killing equation ξðα;βÞ ¼ 0 that the
congruence of observers OðuÞ is rigid, since it is both
nonshearing and nonexpanding (vanishing Born tensor
[33,54,75]): hμαhνβuðμ;νÞ ¼ 0 ⇔ σαβ ¼ θ ¼ 0. Equivalently,
the spatial metric hαβ has zero Lie derivative along the
congruence: Luhαβ ¼ 0 [implying ∂thij ¼ 0 in the coor-
dinates of (16)]. This just states that the spatial distance (6)
between neighboring observers as measured by Einstein’s
light signaling prescription (see Fig. 1) is constant. The
spatial metric is therefore independent of the time slice
t ¼ tðxiÞ, and can thus be regarded as the Riemannian
metric canonically associated with the quotient Σ of the
spacetime by the congruence of worldlinesOðuÞ. Together,

6Only for congruences comoving with certain solutions’
matter content. Namely, it has been conjectured [62–67], and
proved in several special cases, that shear-free barytropic perfect
fluids can have vorticity or expansion, but not both. This has, in
particular, been proven for dust [64], which includes arbitrary
geodesic observer congruences in a vacuum. But the reference
frames we interested in are, in general, neither geodesic or
comoving with the celestial bodies/matter.

7It is also dubbed longitudinal [69–71] or “zero-shear” gauge
[70]. It should not, however, be confused with the (less restrictive)
vanishing shear condition described by the metric (15): (i) the
former pertains to the shear σðnÞαβ of thevector fieldnα orthogonal
to the t ¼ const hypersurfaces [nα ¼ −δ0α=

ffiffiffiffiffiffiffiffiffiffi
−g00

p
]; not to the

shear σαβ ≡ σðuÞαβ of the rest observers of 4-velocity
uα ¼ δα0=

ffiffiffiffiffiffiffiffiffiffi−g00
p

, which vanishes in (15). The tensor σðnÞαβ is,
in general, nonzero for a perturbed cosmologicalmetric of the form
(15); for instance, for eΦ ¼ a2ðtÞ − δg00, f ¼ a2ðtÞ þ δf,
χij ¼ δij, to first order in the perturbations, σðnÞij ¼
aðtÞ½δijA;k

k =3 −Aði;jÞ�. (iii) The conformal Newtonian gauge
requires moreover Ai ¼ 0 [thereby excluding [71] vector pertur-
bations, that are allowed in (15)], in which case uα ¼ nα ⇒
σðnÞαβ ¼ σðuÞαβ ¼ 0 (i.e., both “shears” vanish).
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they form the Riemannian manifold ðΣ; hÞ, dubbed the
“space manifold.”
Equation (12) is obeyed with _X{̂ ¼ 0, hence neighboring

observers remain at fixed directions in an orthonormal
frame, the same occurring for the coordinate basis vectors
∂i. If the coordinate system is asymptotically inertial
(limr→∞∇βuα ¼ 0), then the distant stars are at rest in
such coordinates, which are the generalization of the IAU
reference system for the given exact stationary spacetime.
The observed spatial position vector of any (arbitrarily

distant) object O0 with respect to an observer O is given by

rαP0 ¼ hαβðexp−1P P0Þβ; ð18Þ

where P ∈ O is the event of observation, P0 is the event
where the past light cone of P intersects the worldline ofO0
(so that P0 and P are connected by a null geodesic), and
exp−1P P0 is the inverse by the exponential map8 of P0 at P,
see Fig. 3 in [41] (cf. also Fig. 1 in [76]). If O ¼ OðuÞ and
O0 ¼ O0ðuÞ are at rest in the coordinates of (16), then, since
the metric is explicitly time-independent, rαP0 , as well as the
associated affine distance krαP0k, are also constant.

1. “Gravitoelectromagnetic” (GEM) fields

Consider a (pointlike) test particle of worldline xαðτÞ,
4-velocity dxα=dτ≡Uα and mass m. The space compo-
nents of the geodesic equation,DUα=dτ ¼ 0, yield,9 for the
line element (16) [43,51,77–79],

D̃ U⃗
dτ

¼ γ½γG⃗þ U⃗ × H⃗�≡ F⃗GEM

m
; ð19Þ

where γ ¼ −Uαuα ¼ eΦðU0 −UiAiÞ is the Lorentz factor
between Uα and uα,�

D̃ U⃗
dτ

�i
¼ dUi

dτ
þ ΓðhÞijkUjUk; ð20Þ

ΓðhÞijk ≡ 1

2
hilðhlj;k þ hlk;j − hjk;lÞ; ð21Þ

is a covariant derivative with respect to the spatial metric
hij, with ΓðhÞijk the corresponding Christoffel symbols, and

Gi ¼ −Φ;i; Hi ¼ eΦϵijkAk;j ðϵijk ≡
ffiffiffi
h

p
½ijk�Þ ð22Þ

are fields living on the space manifold ðΣ; hÞ, dubbed,
respectively, “gravitoelectric” and “gravitomagnetic” fields.

These play in Eq. (19) roles analogous to those of the electric
(E⃗) and magnetic (B⃗) fields in the Lorentz force equation,
DUi=dτ ¼ ðq=mÞ½γE⃗þ U⃗ × B⃗�i. Equation (20) is the stan-
dard 3-D covariant acceleration, thus Eq. (19) describes the
acceleration of the curve obtainedby projecting the time-like
geodesic onto the space manifold Σ, being U⃗ its tangent
vector. The latter is identified in spacetime with the
projection of Uα onto Σ: ðU⃗Þα ¼ hαβU

β [so its space

components equal those of Uα, ðU⃗Þi ¼ Ui].
The physical interpretation of Eq. (19) is that, from the

point of view of the “Killing” or “laboratory” observers of
4-velocity (17), the spatial trajectory of the test particle will
appear accelerated, as if acted upon by the fictitious force
F⃗GEM (standing here for “gravitoelectromagnetic” force).
In other words, these observers measure inertial forces,
which arise from the fact that the laboratory frame is not
inertial; in fact, G⃗ and H⃗ are identified in spacetime,
respectively, with minus the acceleration and twice the
vorticity of the laboratory observers:

Gα ¼−∇uuα≡−uα;βuβ; Hα ¼ 2ωα¼ ϵαβγδuγ;βuδ: ð23Þ

These fields are a generalization, to the exact theory,
of the GEM fields usually defined in post-Newtonian
approximations, e.g., [16,18,20,80], and (up to constant
factors and sign conventions) in the linearized theory
approximations, e.g., [81–85], reducing to them in the
corresponding limits [42,86–88]. They obey field equa-
tions resembling the Maxwell equations in a rotating
frame (cf. Table 2 of [51]),

e∇ · G⃗¼−4πð2ρþTα
αÞþ G⃗2þ1

2
H⃗2

; e∇× G⃗¼ 0; ð24Þ
e∇ · H⃗ ¼ −G⃗ · H⃗; e∇ × H⃗ ¼ −16πJ⃗ þ 2G⃗ × H⃗; ð25Þ

where ρ≡ Tαβuαuβ and Jα ≡ −Tαβuβ. Here e∇ denotes
covariant differentiation with respect to the spatial metric
hij [i.e., the Levi-Civita connection of ðΣ; hÞ, with

Christoffel symbols (21)]. The equations for e∇ · G⃗ ande∇ × H⃗ are, respectively, the time-time and time-space
projections, with respect to uα, of the Einstein field
equations Rαβ ¼ 8πðTαβ − 1

2
gαβTγ

γÞ, and the equations

for e∇ · H⃗ and e∇ × G⃗ follow from (22).
Another realization of the analogy is the “precession”

of a gyroscope (i.e., a spinning pole-dipole particle).
According to the Mathisson-Papapetrou equations [89,90],
under the Mathisson-Pirani spin condition [91], the
spin vector Sα of a gyroscope of 4-velocity Uα is Fermi-
Walker transported along its center of mass worldline,
DSα=dτ ¼ SμaμUα, where aα ≡DUα=dτ. If the gyro-
scope’s center of mass is at rest in the coordinate system
of (16) (Uα ¼ uα), then the space part of this equation
yields [11]

8ðexp−1P P0Þα can be defined as the vector kα ¼ dxα=dλ at P,
tangent to the null geodesic parametrized by the affine parameter
λ such that λðPÞ ¼ 0 and λðP0Þ ¼ 1. In the optical coordinates in
[76], ðexp−1P P0Þα ¼ ð0; y; 0; 0Þ and krαP0 k ¼ y.

9Computing the Christoffel symbols Γi
00 ¼ −e2ΦGi, Γi

j0 ¼
e2ΦAjGi − eΦHi

j=2, and Γi
jk¼ΓðhÞijk−eΦAðkHjÞi−e2ΦGiAjAk,

where Hij ≡ eΦ½Aj;i −Ai;j�.
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dS⃗
dτ

¼ 1

2
S⃗ × H⃗; ð26Þ

which is formally analogous to the precession of a magnetic
dipole in a magnetic field (DS⃗=dτ ¼ μ⃗ × B⃗). The physical
meaning of this equation is that a system of spatial axes
fixed with respect to the basis vectors f∂ig of the coordinate
system in (16), rotate, with respect to axes fixed to the spin
vectors of gyroscopes (which define the local “compass of
inertia” [51,52,81]), with an angular velocity Ω⃗ ¼ H⃗=2.
Notice, from Eq. (19), that G⃗ and H⃗ are the only inertial

fields arising in the reference frame associated to a
“Killing” congruence of observers in a stationary space-
time; should they vanish, that automatically implies such
reference frame to be inertial. If they asymptotically vanish,
limr→∞ G⃗ ¼ limr→∞ H⃗ ¼ 0⃗, then the reference frame is
asymptotically inertial.

The 3-vector A⃗, dubbed “gravitomagnetic vector poten-
tial,” manifests physically in effects like the synchroniza-
tion gap (Sec. III C) and the Sagnac effect. The latter
consists of the difference in arrival times of light-beams
propagating in opposite directions around a spatially
closed path. Along a photon worldline, ds2 ¼ 0; by
(16), this yields two solutions, the future-oriented one
being dt ¼ Aidxi þ e−Φdl, where dl is the spatial distance
element (6). Consider photons constrained to move within
a closed loop C in the space manifold Σ (for instance,
along an optical fiber loop). Using the þ (−) sign to
denote the anticlockwise (clockwise) directions, the
coordinate time it takes for a full loop is, respectively,
t� ¼ H

�Cdt¼
H
C e

−Φdl�H
CAidxi; therefore, the Sagnac

coordinate time delay ΔtS is [11,46–48,81,92,93]

ΔtS ≡ tþ − t− ¼ 2

I
C
Aidxi ¼ 2

I
C
A: ð27Þ

Observe that this is twice the synchronization gap (8)
along C, ΔtS ¼ 2Δtsync.

2. Zero angular momentum observers (ZAMOs)

Consider an axisymmetric stationary spacetime, for
which A ¼ Aϕdϕ. In spite of being at rest, the observers
(17) have, in general, nonzero angular momentum per
unit mass, whose component along the symmetry axis is
uϕ ¼ u0g0ϕ ¼ eΦAϕ [11,30,94,95]. This manifests itself in
the fact that these observers measure a Sagnac effect, via
Eq. (27). Another important class of observers in these
spacetimes are those in circular motion, uαZ ¼ u0Zðδα0þ
ΩZAMOδ

α
ϕÞ, for which the angular momentum per unit mass

vanishes, ðuZÞϕ ¼ 0. Their angular velocity is thus given by

ΩZAMO ≡ uϕZ
u0Z

¼ −
g0ϕ
gϕϕ

: ð28Þ

These are the only “stationary” observers that measure no
Sagnac effect [30,86,96,97]. If the coordinate system in (16)
is asymptotically inertial (i.e., star-fixed), the fact that
ΩZAMO ≠ 0 reflects a form of frame-dragging [30], which
onemaydub “dragging of theZAMOs” [86]. Theworldlines
of these observers are orthogonal to the hypersurfaces
t ¼ const; their vorticity (23) thus vanishes, ωα ¼ 0.
Motivated by these properties, a sometimes confusing
terminology, where similar names mean different things,
is commonly used for, or in connection to the ZAMOs:

(i) Nonrotating with respect to “the local spacetime
geometry” [30] (or “locally nonrotating observers”
in [95,97]): meant in the sense of the ZAMOs
measuring no Sagnac effect, thus regarding the �ϕ
directions as geometrically equivalent. This prop-
erty pertains to circular loops around the symmetry
axis; the word “local” (which can be misleading)
means here points with the same r and z (or θ) [97].

(ii) “Nonrotating congruence” of observers: commonly
employed in the literature on exact solutions (e.g.,
[1,5]) to designate observers with vanishing vorticity
ωα (i.e., being hypersurface orthogonal). This is a
local, tensor property, pertaining to a congruence of
timelike curves. Physically, it means (see, e.g., [11]
p. 7, and footnote therein) that their connecting
vectors do not rotate with respect to axes fixed to
local guiding gyroscopes. In any spacetime, there
are infinitely many such congruences; the ZAMOs
are a special case of these.

(iii) The “locally nonrotating frames” of Bardeen et al.
[95,97]: orthonormal tetrad frames fuZ; e{̂g carried
by the ZAMOs, whose spatial axes are parallel to the
coordinate basis vectors, e{̂ ¼ ðgiiÞ−1=2∂i (for
gijji≠j ¼ 0). This concerns a system of axes, and
is the most misleading designation since, except
when the spacetime is static, it is not nonrotating
either in a local sense, since they are not Fermi-
Walker transported (thus rotate with respect to local
gyroscopes), nor is it fixed to the distant stars.

It is crucial to not confuse any of these notions with the
“kinematically nonrotating local reference system” used in
astrometry [98,99], which is a local system of axes non-
rotating with respect to distant reference objects (such
confusion leads to grave misunderstandings, as we shall
see in Sec. IV). Since ΩZAMO in Eq. (28) is not, in general,
constant [ΩZAMO ≡ΩZAMOðr; zÞ, in cylindrical coordi-
nates], they are a shearing congruence of observers. In
order to see this explicitly, first notice that the ZAMOs
congruence has no expansion: θZ ¼ ðuZÞα;α ¼ 0; it follows
that [ðhZÞαβ ≡ uαZðuZÞβ þ gαβ]

σαβZ ¼ ðhZÞαμðhZÞβνuðμ;νÞZ ¼ u0ZΩ
;ðα
ZAMOδ

βÞ
ϕ ; ð29Þ

having thus generically nonzero components σrϕZ ¼ σϕrZ and
σzϕZ ¼ σϕzZ . Hence, unlessΩZAMO ¼ constant (in which case

REFERENCE FRAMES IN GENERAL RELATIVITY AND THE … PHYS. REV. D 108, 044056 (2023)

044056-9



the spacetime is static10), reference frames associated
to the ZAMOs congruence are not viable generalizations
of the IAU reference systems; namely, Eq. (12) is not
obeyed, so they cannot define fixed directions over an
extended region. In particular, their connecting vectors are
not anchored to inertial frames at infinity, even in the case
where limr→∞ΩZAMO ¼ 0.

F. Relative velocities

The relative velocity vα of an object Oðu0Þ of 4-velocity
u0α with respect to a reference observer OðuÞ of 4-velocity
uα momentarily located at the same point (i.e., at an event
where their worldlines cross) is a well-defined notion,
given by the relation [42]

u0α ¼ γðuα þ vαÞ; γ ≡ −uαu0α ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − vαvα
p : ð30Þ

The vector vα lies in the rest space u⊥ orthogonal to uα (so
that uαvα ¼ 0), and is interpreted as the spatial velocity of
u0α relative to uα. In a locally inertial frame momentarily
comoving with OðuÞ (where ui ¼ 0), its components yield
the ordinary 3-velocity of Oðu0Þ: v0 ¼ 0, vi ¼ dxi=dt. An
useful expression for its magnitude follows from (30),

v≡ ffiffiffiffiffiffiffiffiffiffi
vαvα

p
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
γ2 − 1

γ2

s
: ð31Þ

Notice that vα is proportional to the projection of u0α

orthogonal to uα: vα ¼ hαβu
0β=γ, being thus zero when uα

and u0α are parallel.
There is, however, no unique, natural definition of

relative velocity for distant objects in general. The relative
velocity between inertial observers in flat spacetime is well
defined: at some arbitrary event P of the reference world-
line OðuÞ, it is the velocity of Oðu0Þ with respect to the
inertial rest frame of OðuÞ. This implicitly amounts to
comparing uα to the vector u0P

α at P which is parallel to
u0α—which is well defined, since u0α is constant, and there
is a global notion of parallelism (i.e, parallel transport is
path-independent). In the general case of curved spacetime
(or, in flat spacetime, when the observers are accelerated),
one first needs to choose, on each worldline, the events at
which u0α and uα are to be compared. A natural way is to
consider an event P0 ∈ Oðu0Þwhich, from the point of view
of OðuÞ, is simultaneous with the event P ∈ OðuÞ. That is,
parallel transporting u0α from P0 to P along the spatial
geodesic orthogonal to OðuÞ that connects to P0, resulting
in the vector u0αjP (see Fig. 2 in [41]), and then computing
vα by the expression analogous to (30) with u0αjP in the
place of u0α. This has been been dubbed “kinematical”

relative velocity (based on “spacelike simultaneity”).
However, the measurement of the velocities of celestial
bodies is made through light rays; it reports thus to events
connected by null geodesics (“lightlike simultaneity”). The
usual means of determining radial velocities of stars and
galaxies is by spectroscopic measurements of the Doppler
effect [21,31,100]. Let kα ¼ dxα=dλ be the null vector
tangent to the photon’s worldline. As is well known, the
affine parameter λ can be chosen such that −uαkα ¼ ν
yields the photon frequency as measured by an observer
OðuÞ. Then

ν0

ν
¼ u0αkαP0

uαkαP
; ð32Þ

which can be written as [41] (cf. also [21])

ν0

ν
¼ γsð1�vradÞ; γs¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−vαs ðvsÞα

p ≡−u0αjPuα; ð33Þ

where the spectroscopic velocity vαs follows from an
expression analogous to (30), replacing u0α by the vector
u0αjP obtained by parallel transporting u0α from P0 to P
along the photon’s worldline (see Fig. 4 in [41]):

vαs ¼
u0αjP
γs

− uα; ð34Þ

vαrad ≡ vβs ðvphÞβvαph is its radial component along the line of
sight (tangent to vαph), vαph ¼ kα=ν − uα is the relative
velocity of the photon with respect to OðuÞ,
vrad ≡ kvαradk, and the þ (−) sign in (33) applies when
vαphðvsÞα < 0 (> 0) [in flat spacetime, when the object is
moving away from (toward) OðuÞ]. To first order in vs, we
have ν0=ν ≃ 1� vrad, allowing to compute vrad from the
measured redshift. The exact computation of vrad from (33)
requires however full knowledge of the vector vαs , namely
of its transverse components. They can be approximately
determined [76,100] by measuring the object’s proper
motion and distance.11

Another possible definition of relative velocity is that
given by the variation, with respect to some spatial frame,
of the observed relative spatial position vector rαP0, as
defined in Eq. (18). This is dubbed in [41] “astrometric”
relative velocity vαast. Considering a Fermi-Walker trans-
ported frame (as is more natural), it reads

10When ΩZAMO ¼ constant, the metric (16) can be globally
diagonalized through the coordinate rotation ϕ0 ¼ ϕ −ΩZAMOt.

11The redshift ν0=ν, together with the object’s proper motion,
allows to determine all the components u0α in “observational
coordinates,” see Sec. 4.1 of [76]; however, constructing such
coordinate system [including the “optical” distance krαP0 k from
Eq. (18)], and the geodesic connecting P0 to P, in order to
determine vαs via (34), would require an exact knowledge of the
gravitational field.
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vαast ¼ hαβ∇ur
β
P0 ≡ hαβuγ∇γr

β
P0 : ð35Þ

It generically does not coincide with the spectroscopic
velocity in (34); actually, it does not even reduce to (30)
when P and P0 coincide. In the simplest case of flat
spacetime, it is only when OðuÞ is inertial (uα;βuβ ¼ 0) that
vαast ¼ vαs , cf. Eq. (23) of [41].
There is no addition rule for any of these velocities:

knowing the relative velocity (vαs or vαast) of Oðu0Þ and
Oðu00Þ with respect to OðuÞ at some event P ∈ OðuÞ does
not allow us to determine the velocity of Oðu0Þ relative to
Oðu00Þ (at any instant). In fact, the comoving notion is not
transitive: OðuÞ being comoving with Oðu0Þ, and Oðu0Þ
being comoving with Oðu00Þ, does not imply that OðuÞ is
comoving withOðu00Þ. The notions are not even symmetric:
Oðu0Þ at P0 being at rest with respect to OðuÞ at P does not
mean that OðuÞ is at rest with respect to Oðu0Þ at the point
P0
2 where the photon emitted byOðuÞ intersectsOðu0Þ [41].
The spectroscopic velocity (33) and (34) is moreover

unsatisfactory in that, when P0 and P do not coincide, it
embodies not only the relativistic Doppler effect (that one
would naturally associate with actual motion), but also the
gravitational redshift. This leads to unnatural results. For
instance, the static observers in the Schwarzschild space-
time, tangent to the timelike Killing vector field ∂t, and
usually understood as being at rest with respect to the black
hole’s asymptotic inertial rest frame, would not be at rest
with respect to each other according to Eqs. (33) and (34).
Their astrometric relative velocity (35), in turn, is zero in
Schwarzschild; but is nonzero in the Kerr spacetime.
In the framework of a post-Newtonian approximation,

some of these subtleties are circumvented: at any given
instant of coordinate time t, the velocity of Oðu0Þ with
respect toOðuÞ is simply the velocity ofOðu0Þ with respect
to the PN frame whereOðuÞ is at rest. This notion is totally
symmetric and transitive. However, it makes sense only at
an approximate level and in this special class of reference
frames; it cannot be cogently extended for general frames.
In order to see that, consider, e.g., the following examples:
(i) a rotating wheel in flat spacetime is at rest in its co-
rotating frame; it is however clear, from the point view of an
inertial frame, that all of its points have different velocity,
only the center remaining a rest; (ii) in the comoving FLRW
coordinates, galaxies are approximately at rest, while the
Doppler effect shows that they are in fact getting farther
apart; and (iii) if the reference frame is allowed to have
shear, then it is always possible to find one where all the
bodies of a given system are at rest.
In the special case of a stationary asymptotically flat

spacetime, where there is a timelike Killing vector field ∂t
tangent to observers which, at infinity, are inertial, such
observers form a rigid grid anchored to the asymptotic
inertial frame. We consider such observers to be at rest
relative to each other, and to the asymptotic inertial frame.
This can be extended to spacetimes not necessarily

asymptotically flat (e.g., the van Stockum exterior solution
considered in Sec. IV C) or stationary, but simply admitting
a rigid asymptotically inertial observer congruence.

G. Rotation curves

The galactic rotation curves are a plot of the orbital speed
of visible stars vs distance with respect to the center of the
galaxy. It is essentially a Newtonian concept, where
Galilean velocity addition rules are used to compute
velocities relative to the center of the galaxy from mea-
surements made in the solar system. It applies as well to a
first post-Newtonian approximation. In the exact theory, the
construction does not hold in terms of the relative velocities
between distant objects discussed in Sec. III F, given the
fact that these report to the point of observation P, and the
lack of transitivity and addition rules. In order to obtain a
cogent plot one would need to determine vαs or vαast with
respect to an observer OðuÞ at the center, which is not
possible for a galaxy given the central super-massive black
hole therein. [As explained in Sec. III F, above, vαs , as given
by Eq. (34), is not appropriate when gravitational effects
are strong].
On the other hand, given a spherical or cylindrical-type

coordinate system, the concept of angular velocity, Ω ¼
dϕ=dt is always well defined. If the spacetime is stationary
and axisymmetric (which, in rigor, is not the case of actual
galaxies), then a constant Ω signals rigid rotation (see
Sec. III E), since ∂ϕ and ∂t are both Killing vectors fields,
and thus the corresponding 4-velocity Uα ¼ U0ð∂αt þ Ω∂αϕÞ
is proportional to the Killing vector field ∂

α
t þ Ω∂αϕ. If the

spacetime is moreover asymptotically flat, and the coor-
dinate system such that limr→∞ g00 ¼ −1, Ω has the
interpretation of angular velocity as measured by an
observer OðuÞ at rest at infinity (whose proper time is
τu ¼ t). This corresponds to a curve of angular velocities
measured with respect to an universal time t, in agreement
with the IAU framework, cf. Sec. III C. We will henceforth
consider rotation curves based on the angular velocity with
respect to the given coordinate system where the metric is
explicitly time-independent, or, alternatively (for purposes
of comparison with some notions in the literature) on the
“coordinate speed”12 vcðrÞ≡Ωr, so that rigid motion is a
straight line of slope Ω.
An alternative definition of rotation curve would be to

consider the relative velocity v ¼ ffiffiffiffiffiffiffiffiffiffi
vαvα

p
as given in

Eq. (30), with respect to the observers uα ¼ ð−g00Þ−1=2∂αt
at rest in the given coordinate system. Observe that, in the
Lorentz frame momentarily comoving with OðuÞ,
vi ¼ dxi=dτu. Hence, that would amount to plot velocities
as measured by different observers measuring different
proper times τu ¼ ð−g00Þ1=2t since the redshift factor

12Defining equatorial coordinates x ¼ r cosϕ, y ¼ r sinϕ, we
have vc ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðdx=dtÞ2 þ ðdy=dtÞ2

p
.
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ð−g00Þ1=2 is not a constant in general. Even in the PN regime,
they do not correspond to the velocities dxi=dt with respect
to a given PN coordinate system, and have a counter-
intuitive behavior; for instance, the function vðrÞ is not a
straight line for rigid motion (see Fig. 4 below).

IV. EXAMPLES

As seen in Secs. III D and III E, the Killing observers are
a privileged class in stationary spacetimes, since they form
rigid congruences; when they are moreover asymptotically
inertial, their associated coordinate systems are a suitable
generalization of the IAU reference system, which we shall
next exemplify with the Kerr, NUT, van Stockum dust
cylinder, and spinning cosmic string spacetimes. In some
recent literature proposing certain exact dust solutions [13–
15]—namely the Balasin-Grumiller (BG) solution [13]—as
a galactic models, however, the ZAMOs congruence has
been used instead as reference observers for computing
rotation curves. In what follows, we will evince their
inadequacy for this purpose in the above-mentioned
well-known physical examples, and, finally, dissect the
BG solution and the fundamental misconceptions leading
to its use as a galactic model.

A. Kerr spacetime

The metric reads, in Boyer-Lindquist coordinates,

ds2 ¼ −
Δ
Σ
ðdt − asin2θdϕÞ2 þ Σ

Δ
dϱ2 þ Σdθ2

þ sin2θ
Σ

½adt − ða2 þ ϱ2Þdϕ�2; ð36Þ

where Σ≡ϱ2þa2cos2θ and Δ≡ϱ2−2Mϱþa2. Observers
with 4-velocity uα ¼ ð−g00Þ−1=2∂αt , tangent to the Killing
vector field ξ ¼ ∂t, are known as “static” observers
(e.g., [97,101]). They form a rigid congruence, and the
associated reference frame is asymptotically inertial since
limϱ→∞ gαβ ¼ ηαβ. The coordinate system ft; ϱ; θ;ϕg is
therefore, by Proposition III D, the generalization of the
IAU reference system for this spacetime. The post-
Newtonian limit of the metric is moreover well defined
(obtained by neglecting all terms terms quadratic in a and,
in the case of gij, all nonlinear terms),

ds2 ¼ −
�
1 −

2M
ϱ

�
dt2 −

4aM
ϱ

sin2θdϕdt

þ
�
1þ 2M

ϱ

�
dϱ2 þ ϱ2dθ2 þ ϱ2sin2θdϕ2;

which, through a suitable transformation ϱ ¼ rPN þM
to the “post-Newtonian” radial coordinate rPN ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
(equaling, to this accuracy, the “radial”

coordinate of either harmonic or isotropic coordinates,

cf. [18] pp. 269–270) yields indeed a metric in the form

(1), with w ¼ M=rPN, A⃗ ¼ −2J⃗ × r⃗PN=r3PN, where J⃗ ¼
aMe⃗z is the black hole’s angular momentum.
This reference frame, however, is valid only outside the

ergosphere [30,95,97], since, for ϱ<Mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2−a2cos2θ

p ≡
rerg, ∂t becomes spacelike (g00 > 0), i.e., observers fixed
with respect to the distant stars are no longer possible. Still,
rigid observer congruences, tangent to Killing vector
fields of the form ζα ¼ ∂

α
t þϖ∂

α
ϕ (for ϖ some constant

such that ζαζα < 0 at the given radius) are possible inside
the ergosphere rþ < ϱ < rerg. Inside the horizon ϱ < rþ,
the radial coordinate ρ becomes timelike, and the metric is
no longer stationary (since no timelike Killing vector fields
exist therein).
Other reference observers, not corresponding to an

extension of the IAU reference system, prove sometimes
suitable for some applications [95,97,102,103]. That is the
case of the ZAMOs, sometimes suggested to be the
generalization of the Newtonian “nonrotating observers”
[102] (and even having, somewhat misleadingly, been
dubbed “rest frame” of asymptotically flat axisymmetric
spacetimes [104]). Caution, however, is needed in inter-
preting their properties, as well as with extended reference
frames based on them. Indeed, in recent literature they have
been incorrectly claimed to be at rest relative to the
“asymptotic observer who is at rest with respect to the
rotation axis” [13,14], and then used to compute rotation
curves—an application for which they are in general
unsuitable, as we shall see.
The angular velocity of the ZAMOs is, cf. Eq. (28),

ΩZAMOðϱ; θÞ ¼
2aMϱ

ða2 þ ϱ2ÞΣþ 2a2Mϱsin2θ
;

which is not constant. By Eq. (29), this implies that the
congruence shears, σαβ ≠ 0. These are thus not observers
attached to any rigid frame, and, in particular to the black
hole’s asymptotic inertial rest frame. The closer to the
ergosphere, the faster they move with respect to such frame
(thus the more inadequate as reference observers for
rotation curves). The velocity vrZ of any circular motion
with respect to the ZAMOs is readily computed from
Eq. (31),

vrZ ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
γ2rZ − 1

γ2rZ

s
; γrZ ≡ −Uα

circðuZÞα; ð37Þ

where uαZ ¼ u0Zðδα0 þΩZAMOδ
α
ϕÞ is the ZAMOs 4-velocity,

Uα
circ ¼ U0ðδα0 þ Ωcircδ

α
ϕÞ is the 4-velocity of the circular

motion,Ωcirc its angular velocity, and theþð−Þ sign applies
to prograde (retrograde) motion. It can also be computed
from Eq. (30), identifying fu0α; uαg → fUα

circ; u
α
Zg, and

recalling that ðuZÞi ¼ 0, to obtain v0rZ ¼ 0 ⇒ vαrZ ¼
vϕrZδ

α
ϕ and
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vϕrZ ¼
ffiffiffiffiffiffiffiffiffiffi
−g00

q
ðΩcirc −ΩZAMOÞ;

vrZ ¼ vϕrZ
ffiffiffiffiffiffiffi
gϕϕ

p ≡ vϕ̂rZ:
ð38Þ

It is thus proportional to the difference between the
angular velocities of the circular motion and the

ZAMOs, cf. [14,95]. Here vϕ̂rZ is the azimuthal component

in an orthonormal tetrad having eϕ̂ ¼ g−1=2ϕϕ ∂ϕ as one
of its axis. One may check that Eqs. (37) and (38) are
equivalent to the definition used in [13–15] (where the
tetrad fuZ; g

−1=2
ϱϱ ∂ϱ; g

−1=2
θθ ∂θ; g

−1=2
ϕϕ ∂ϕg, comoving with the

ZAMOs, is chosen).
The rotation curves obtained for circular equatorial

geodesics in the Kerr spacetime are shown in Fig. 3.
Both vrZ and the usual coordinate velocity vc with respect
to the distant stars, as defined in Sec. III G, are plotted.
Whereas vc exhibits the expected behavior—namely, the
velocity of the co-(counter)rotating geodesic is lower
(larger) than the Keplerian result, being, in both cases, a
small correction to the latter for not too small r—, vrZ, in
turn, exhibits a much larger deviation from the Keplerian
result, with the awkward feature that even the corotating
geodesic is faster than the Keplerian result, for arbitrarily
large radius. This is down to the fact that vαrZ is a velocity in
terms not of an universal coordinate time, but of the proper
times τZ of the local ZAMOs.
More importantly, at the horizon rþ ¼ M þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − a2

p
,

the angular velocity of the ZAMOs coincides with that of
the horizon:

ΩZAMOðrþ; θÞ ¼ ΩZAMOðrþÞ ¼
a

r2þ þ a2
¼ ΩH

i.e., such observers comove with the horizon. Hence, by
confusing the ZAMOs with observers at rest with respect to
the distant stars, one would conclude by Eq. (38) that Kerr
black holes do not rotate after all. This evinces the absurdity
one may be led to by using the ZAMOs as reference
observers for rotation curves.

B. NUT spacetime

The NUT solution is a vacuum solution of the Einstein
field equations interpreted as describing a black hole
endowed with a gravitomagnetic monopole [3,77,105].
Different versions of the line element can be found in
the literature (see, e.g., [2]), one of them the following
[2,106,107]:

ds2 ¼ −e2Φðdt −AϕdϕÞ2 þ e−2Φdϱ2

þ ðϱ2 þ l2Þðdθ2 þ sin2θdϕ2Þ; ð39Þ

Aϕ ¼ −2lðcos θ − 1Þ; e2Φ ¼ 1 − 2
Mϱþ l2

ϱ2 þ l2
; ð40Þ

whereM is the total mass and l is sometimes interpreted as
half the gravitomagnetic (or NUT) charge. The metric is
locally (since limr→∞ Rαβγδ ¼ 0) but not globally asymp-
totically flat (as gαβ is not asymptotically Minkowski when
l ≠ 0). The component g0ϕ is singular (nonvanishing) along
the semiaxis θ ¼ π; therefore, the metric (39) is not defined
therein. In the limit l ¼ 0, it reduces to the Schwarzschild
metric. The gravitoelectric and gravitomagnetic fields are,
from Eq. (22),

Gi ¼ −hijΦ;j ¼
l2ðM − 2ϱÞ −Mϱ2

ðl2 þ ϱ2Þ2 δiϱ; ð41Þ

Hi ¼ eΦϵijkAk;j ¼ −2l
l2 þ ð2M − ϱÞϱ

ðl2 þ ϱ2Þ2 δiϱ; ð42Þ

both being radial. Asymptotically, limr→∞ G⃗ ¼
limr→∞ H⃗ ¼ 0⃗ [i.e., the acceleration uα;βuβ ¼ −Gα and
vorticity ωα ¼ Hα=2 asymptotically vanish, cf. Eq. (23)];
hence, the reference frame associated to the coordinate
system in Eq. (39) is asymptotically inertial. In other words,
fixed to the “distant stars.”
The radial gravitomagnetic field (42) corresponds to a

gravitomagnetic monopole, whose origin remains however
an open question. Inspired by a magnetic analogy, some
authors have suggested that it consists of a gravitomagnetic
(or NUT) charge [3,77,105], defined as follows. Let S be a
closed 2-surface on the space manifold ðΣ; hÞ, and assume
dA to be well defined along S; the NUT charge enclosed in
S given by (cf. [77,105,108])

FIG. 3. Velocity profile for circular equatorial geodesics in the
Kerr spacetime. Dashed line is the Keplerian result
vK ¼ � ffiffiffiffiffiffiffiffiffi

M=r
p

, blue solid lines are the general relativistic
“coordinate velocity” vc ¼ Ωgeor, and red solid lines represent

the velocity with respect to the ZAMOs, vrZ ¼ vϕ̂rZ. As expected,
vc is lower (larger) than the Keplerian result for co-(counter-)
rotating geodesics, being, in both cases, small corrections, for not
too small r. Relative to the ZAMOs, however, there is a much
larger difference between co- and counterrotating geodesics, and
a larger deviation from the Keplerian result, with vrZ larger than
the latter even for co-rotating geodesics.
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QNUT ¼ 1

4π

Z
S
dA ¼ 1

4π

Z
S
ðe∇ × A⃗Þ · d⃗S

¼ 1

4π

Z
S
e−ΦH⃗ · d⃗S; ð43Þ

where ðe∇ × A⃗Þi ¼ ϵijkAk;j and dSk ≡ ϵijkdxi ∧ dxj=2 is
an area element of S (“volume” form of S [30]). Apart from
the factor e−Φ in the integrand, Eq. (43) is formally
analogous to the flat spacetime definition of magnetic
charge through the Gauss law, QM ¼ R

S B⃗ · d⃗S=4π.
For a compact 3-volume V with boundary S ¼ ∂V where
dA is well defined everywhere, by virtue of the identity

dðdAÞ ¼ 0½⇔ e∇ · ðe∇ × A⃗Þ ¼ 0�, an application of the
Stokes theorem yields QNUT ¼ R

V dðdAÞ=ð4πÞ ¼ 0. The
2-form dA ¼ 2l sin θdθ ∧ dϕ is however singular at
the origin ϱ ¼ 0, and has a well-defined limit elsewhere
along the axis [where the metric (39), in rigor, is not
defined]. Assuming it to be continuous therein, and since it
is well defined everywhere off the axis, by the Stokes
theorem (see e.g. [11] Sec. II.3)QNUT is zero for any closed
surface S not enclosing the singularity at ϱ ¼ 0, and has the
same (nonzero) value

QNUT ¼
1

4π

Z
S
2l sinθdθ∧dϕ¼ l

Z
π

0

sinθdθ¼ 2l ð44Þ

when S encloses it. This is the justification for the term
NUT “charge.”
Other authors suggested that the gravitomagnetic

monopole arises from a spinning cosmic string
[2,106,107]—since, from the electromagnetic analogue
discussed in Appendix A 2, as well as the results from
linearized theory in [106], one expects the tip of a semi-
infinite spinning string to also generate a monopole-like
field. This leads however to the possibility of a Dirac delta-
type dA (thus H⃗) along the axis, canceling out the integral
in (43), analogously to the situation for a thin solenoid,
Eq. (A3). An interpretation in terms of spinning strings is
indeed consistent, as we shall now see. Let ft; r;ϕ; zg be a
cylindrical coordinate system such that ϱ2 ¼ r2 þ z2 and
cos θ ¼ z=ϱ. The Komar angular momentum [11,109–112]

J ¼ −
1

16π

Z
∂V

⋆dζ; ζ ¼ ∂ϕ; ð45Þ

inside a cylinder of lateral surface L, parametrized by
fϕ; zg, and top and bottom bases and Bt and Bb, para-
metrized by fr;ϕg, is

J¼−
1

16π

�Z
Bt⊔Bb

ð⋆dζÞrϕdr∧dϕþ
Z
L
ð⋆dζÞϕzdϕ∧dz

�
:

ð46Þ
Here ð⋆dζÞαβ ≡ ζν;μϵ

μν
αβ is the 2-form dual to dζ. The

explicit expressions for the components ð⋆dζÞrϕ and

ð⋆dζÞϕz are given in the Supplemental Material [113].

Outside the NUT black hole horizon rH ¼ M þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 þ l2

p
,

the limit limr→0ð⋆dζÞrϕ ¼ 0 is well defined; assuming
ð⋆dζÞrϕ to be continuous at the axis r ¼ 0 (namely, not of
distribution-type therein, which is consistent with both
physical models), we can compute J on cylinders whose
bases intersect the axis. Sincemoreover limz→�∞ð⋆dζÞrϕ ¼
0, for an infinitely long cylinder the integral (46) reduces to
J ¼ −ð1=8Þ R∞

−∞ð⋆dζÞϕzdz ¼ −l∞. For any cylinder above
the horizon (i.e., a semi-infinite cylinder ∞ > z > rH) we
have J ¼ 0; and for a semi-infinite cylinder with
−∞ < z < rH, J ¼ −l∞. This suggests the source of A
to be a semi-infinite spinning string located at−∞ < z < 0,
in agreement with the interpretation proposed in [2,106].
Another form of the NUT metric given in the literature

[2,78] is obtained by replacing, in Eqs. (39) and (40) above,

Aϕ ¼ −2l cos θ: ð47Þ

This corresponds to performing on (39) and (40) the trans-
formation t0 ¼ t − 2lϕ. We first remark that such trans-
formation, while still assumingϕ to be a periodic coordinate
(i.e., having closed integral lines), is a local but not global
diffeomorphism; i.e., not a globally valid coordinate trans-
formation. As such, it globally changes the metric (for a
detailed discussion of this problem, we refer to Sec. 5.3.4 of
[11]). The metric with (47) is now singular along the whole
z-axis (θ ¼ 0∨θ ¼ π). The NUT charge remains the same,
QNUT ¼ 2l, but the Komar angular momentum is different:
for an infinitely long cylinder, J ¼ −ð1=8Þ R∞

−∞ð⋆dζÞϕzdz is
now a nonconverging integral with zero principal
value. Namely, lima→∞

R
a
−að⋆dζÞϕzdz ¼ 0, but, e.g.,

lima→∞
R
2a
−að⋆dζÞϕzdz ¼ l∞ and lima→∞

R
a
−2að⋆dζÞϕzdz ¼

−l∞. This suggests that the gravitomagnetic potential (47)
arises from a pair of counterrotating semi-infinite spinning
strings, one located at −∞ < z < 0, and the other at
0 < z < ∞. Computation of the Komar angular momentum
containedwithin finite cylinders supports this interpretation;
and its analytical value within a 2-sphere S of (arbitrary)
radius r ¼ R is consistently [and contrary to the case for
version (40) of the metric] zero:

JðRÞ ¼ −
1

16π

Z
S
ð⋆dζÞθϕdθdϕ

¼ l
l2ðM − 3RÞ þ R2ðR − 3MÞ

4ðR2 þ l2Þ
Z

π

0

sinð2θÞdθ ¼ 0:

Regardless of their physical interpretation (either as
NUT charges or semi-infinite spinning strings), it is
important to note, in both metrics (40) and (47), that:
(i) the singularities drag the ZAMOs, causing them to have
nonzero angular velocity ΩZAMO ¼ −Aϕe2Φ=gϕϕ with
respect to the distant stars, cf. Eq. (28); for the metric
version in (47), it reads
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ΩZAMO ¼ −
�
2l cos θ þ ðl2 þ ϱ2Þsin2θ

2l cos θðl2 þ 2Mϱ − ϱ2Þ
�−1

:

(ii) They generate also a gravitomagnetic field H⃗ (i.e., the
compass of inertia is also dragged), manifesting in the
precession of gyroscopes (26) and gravitomagnetic forces
on test particles (19). (iii) They change also the gravito-
electric field comparing to that of the Schwarzschild
solution; this is because the gravitomagnetic field acts as
a source for the gravitoelectric field, via the first of Eqs. (24),

which in vacuum reduces to e∇ · G⃗ ¼ G⃗2 þ H⃗2=2.

C. The van Stockum rotating cylinder

The van Stockum solution is an exact solution of the
Einstein field equations corresponding to an infinite, rigidly
rotating cylinder of dust. Let R denote the cylinder’s radius.
In coordinates comoving with the dust, the interior (r < R)
metric takes the form [6,11,114]

ds2¼−ðdt−wr2dϕÞ2þe−w
2r2ðdr2þdz2Þþ r2dϕ2; ð48Þ

where w is a positive constant. The exterior metric, in
these coordinates, is given by e.g. Eqs. (78)–(82) of [11],
or Eqs. (2) and (11)–(14) of [114]. The fact that the
interior metric (48) is time-independent in comoving
coordinates reflects that the dust rotates rigidly
(cf. Sec. III E). The vanishing gravitoelectric potential
and field, Φ ¼ 0 ⇒ G⃗ ¼ 0, means that observers or
particles at rest in these coordinates are in fact following
geodesics. This reflects that the dust is solely driven by
gravity which, in the co-rotating reference frame, can be
cast as the centrifugal inertial force exactly canceling out
the gravitational attraction. For r > 1=w, the ϕ coordinate
becomes timelike (gϕϕ < 0), and so the integral lines of ∂ϕ
are closed timelike curves [115] (in other words, there is a
“time machine” in that region).
Within the limit wR < 1=2, the metric can be matched to

an exterior solution admitting a coordinate system fixed to
the distant stars (i.e., to the asymptotic inertial rest frame)
[6,11]. The angular velocity of the dust with respect to the
star-fixed frame is

Ω ¼ w
ð1 − 2λmÞ2

; ð49Þ

were λm ¼ ½1 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4w2R2

p
�=4 is the cylinder’s Komar

mass per unit z-length [11]. In such star-fixed coordinates,
the interior metric takes the form in Eqs. (78), (88), (101),
and (102) of [11], whereas the exterior metric reads

ds2 ¼ −
r4λm

α

�
dt −

j
λm − 1=4

dϕ

�
2

þ αr2ð1−2λmÞdϕ2

þ
�
e1=2r
R

�−4λmð1−2λmÞ
ðdr2 þ dz2Þ; ð50Þ

where α≡ R4λmð1 − 2λmÞ3=ð1 − 4λmÞ and j ¼ R4w3=4 is
the cylinder’s Komar angular momentum per unit z-length
[11]. The exterior gravitoelectric and gravitomagnetic
fields are, cf Eq. (22),

Gi ¼ −
2λm
r

δri ; H⃗ ¼ 0: ð51Þ

Asymptotically, G⃗ ¼r→∞
0⃗, hence the reference frame

associated to the coordinate system in (50) is asymptoti-
cally inertial; it is also rigid (hence shear-free), since the
metric is explicitly time-independent in these coordinates
(cf. Sec. III E). Therefore, it is indeed a frame fixed to the
“distant stars,” and, by proposition III D, the generalization
of the IAU reference system to this solution.
The angular velocity of the ZAMOs with respect to the

star-fixed frame equals the sum of their angular velocity
with respect to the dust [i.e., to the coordinate system in
(48)] with the angular velocity (49) of the dust relative to
the star-fixed frame,

ΩZAMOðrÞ ¼
w

w2r2 − 1
þΩ ðr ≤ RÞ: ð52Þ

The ZAMOs are thus dragged by the cylinder’s rotation,
causing them to describe circular motions. Notice that,
since ΩZAMOðrÞ depends on the radius, they are, by virtue
of Eq. (29), a shearing congruence of observers. All this
makes the ZAMOs unsuitable as a reference frame for
measuring the dust’s rotation curve, as we shall now see.
Since the dust rotates rigidly with constant angular velocity
(49), its rotation curve is, in star fixed coordinates, the
straight line vcðrÞ ¼ Ωr. In Fig. 4 this is plotted and
compared with the curve of the velocity relative to the
ZAMOs, obtained from Eq. (30) or (31) identifying
fu0α; uαg → fuα; uαZg, so that

vrZðrÞ ¼ vϕ̂rZðrÞ ¼ wr: ð53Þ

Interestingly, vrZðrÞ yields also a straight line.13 Observe
that, since the rotating dust is self-gravitating, the Komar
mass per unit length, λm, is also a measure of the cylinder’s
rotation speed; its allowed value range (for Weyl class
rotating cylinders [11]) is 0 < λm < 1=4, corresponding to
0 < wR < 1=2. For slow cylinders (i.e., small λm), the

13In spite of being the relative velocity of a rigid dust with
respect to a shearing (thus nonrigid) congruence of observers.
This can be easily understood in the coordinates of (48), where
the dust is at rest and ΩZAMOðrÞ ¼ −wr2=gϕϕ. Using Ui

dust ¼ 0

and uϕZ ¼ ΩZAMOu0Z, we have, from Eq. (30), identifying

fu0α;uαg→ fUα
dust;u

α
Zg, vϕ̂rZ¼vϕrZ

ffiffiffiffiffiffiffigϕϕ
p ¼−ΩZAMOu0Z

ffiffiffiffiffiffiffigϕϕ
p , where

u0Z ¼ dt=dτZ ¼ ffiffiffiffiffiffiffigϕϕ
p =r. Thus, it is the radial dependence of the

ZAMO’s proper time (i.e., the fact that their clocks thick at
different rates), combined with that of gϕϕ, that exactly balances
the radial variation of ΩZAMOðrÞ.
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dragging of the ZAMOs is small, and therefore vcðrÞ ¼ Ωr
is close to vrZðrÞ, cf. Eqs. (49) and (53). For fast cylinders,
however, they are very different, as exemplified in the right
panel of Fig. 4 (for wR ¼ 0.4 ⇔ λm ¼ 0.1).

D. Cosmic string

The zero Komar mass (λm ¼ 0) limit of (50) yields the
exterior metric of a spinning cosmic string [8,116,117] of
angle deficit 2πð1 − α1=2Þ,

ds2 ¼ −
1

α
½dtþ 4jdϕ�2 þ dr2 þ dz2 þ αr2dϕ2: ð54Þ

The spacetime is in this case locally flat (Rαβγδ ¼ 0) for
r ≠ 0. The GEM inertial fields vanish,

G⃗ ¼ H⃗ ¼ 0;

thus there are no gravitational forces of any kind. Only
global gravitational effects subsist, namely those governed
by A ¼ −4jdϕ, which include a Sagnac effect (27) (thus
dragging of the ZAMOs) and a synchronization gap (8)
along closed loops C enclosing the string (i.e., the axis
r ¼ 0), and those governed by α, which include a holon-
omy [118,119] along C (vectors parallel transported along
such loops turn out rotated by an angle −2πα1=2 about the
z-axis when they return to the initial position), and double
images of objects located behind the string [22,119].
Since G⃗ ¼ H⃗ ¼ 0, observers at rest in the coordinates of

(54) are, as is well known, inertial, and fixed to the distant
stars. Such coordinates provide thus the generalization of
the IAU system for this spacetime. The ZAMOs, in turn,
have angular velocity

ΩZAMO ¼ 4j
α2r2 − 16j2

with respect to the star-fixed frame. Relative to them,
inertial bodies which are at rest in the star fixed frame move
along counter-rotating circular trajectories with angular
velocity −ΩZAMO, and relative velocity

vϕrZ ¼ −
ffiffiffiffiffiffiffiffiffiffi
−g00

q
ΩZAMO; vrZðrÞ ¼ vϕ̂rZ ¼ −

4j
αr

ð55Þ

[the derivation is analogous to that of Eq. (38), with uα ¼
ð−g00Þ−1=2δα0 in the place of Uα

circ]. Thus, taking the
perspective of the ZAMOs, one would conclude that
circular geodesics around a cosmic string exist. Again,
this hints on the absurdities one is led to by using ZAMOs
as reference observers for rotation curves (confusing them
with observers at rest with respect to asymptotic inertial
frames): circular orbits are impossible in this spacetime,
since there is no gravitational attraction to sustain them
(cosmic strings exert no gravitational attraction, as is
well known).
The metric (54) can be considered for all space excluding

the axis r ¼ 0; it describes, in this case, the exterior field of
an infinitely thin string. Along the axis r ¼ 0, where the
gravitomagnetic potential 1-form A ¼ −4jdϕ [and thus
the metric (54)] would be singular, the solution (54) is then
assumed to be matched [117] to the singular limit of an
interior solution with curvature Rαβγδ and energy momen-
tum tensor Tαβ in the form of Dirac delta functions
[118,119]. It is in these singularities along the axis that
all of the angular momentum present in the spacetime is
localized, which can be seen as follows. Using the identity
dð⋆dζÞ ¼ −2Rαβζ

βdVα, where ζα ¼ ∂
α
ϕ and dVα ¼

ϵαμνλdxμ ∧ dxν ∧ dxλ=6 is the volume element 1-form of
V, to write the angular momentum (45) in terms of a
volume integral, we have [11,109]
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FIG. 4. Velocity profile for the van Stockum rigidly rotating dust cylinder, according to three different definitions: the coordinate
velocity vc ¼ Ωr with respect to star fixed coordinates (blue line), the velocity vrZðrÞ relative to the ZAMOs (red line), and the velocity
vðrÞ with respect to the static observers [as given by Eqs. (30) and (31) with uα ¼ ð−g00Þ−1=2∂αt , gray line]. For slow cylinders (left
panel), the three curves almost coincide; for fast cylinders, where the dragging of the ZAMOs becomes important, the velocity with
respect to the ZAMOs greatly differs from the other definitions—even close to the axis r ¼ 0, where the dust is slowly rotating.
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J ¼ 1

8π

Z
V
Rα

βζ
βdVα: ð56Þ

Since (54) is a vacuum solution (Rαβ ¼ 0), we see that the
angular momentum inside any 2-surface ∂V ≡ S not cross-
ing the axis is zero. Consider now V to be a simply
connected tube, of arbitrary section, parallel to the z-axis,
and of length Δz≡ zt − zb. Let ∂V ¼ L ∪ B1 ∪ B2 be the
boundary of such tube, where L is the tube’s lateral surface,
parametrized by fϕ; zg, and Bt and Bb are its top and
bottom bases, parametrized by fr;ϕg and orthogonally
crossing the z-axis at zt and zb. From Eq. (46), noting that
ð⋆dζÞrϕ ¼ 0 (and assuming its continuity at r ¼ 0), and
ð⋆dζÞϕz ¼ −8j, the Komar angular momentum inside ∂V
is thus

J ¼ −
1

16π

Z
zt

zb

dz
Z

2π

0

ð⋆dζÞϕz ¼ jΔz: ð57Þ

It follows from (56) that, for any compact 3-volume V 0
crossing the z-axis at the same points zt and zb, the Komar
angular momentum has the same value (57), regardless of
the shape of V 0.

E. The Balasin-Grumiller “galactic” toy-model

In Ref. [13], a metric in the form

ds2 ¼ −ðdt − NdϕÞ2 þ r2dϕ2 þ eνðdr2 þ dz2Þ; ð58Þ

where ν≡ νðr; zÞ and

Nðr; zÞ ¼ V0ðR − r0Þ þ
V0

2
½dr0 þ d−r0 − dR − d−R�; ð59Þ

dR ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðz − RÞ2

q
; d−R ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðzþ RÞ2

q
; ð60Þ

dr0 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðz − r0Þ2

q
; d−r0 ≡

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðzþ r0Þ2

q
; ð61Þ

has been claimed to describe, in comoving coordinates, a
rotating dust with a velocity profile similar to the observed
galactic rotation curves. Its parameters have the following
interpretation: r0 is the radius of the galactic bulge region,
R is the radial extension of the galactic disk in the
equatorial plane, and V0 is claimed to roughly represent
the dust velocity, with respect to the ZAMOS, in the “flat
regime.” For the Milky Way, these values are taken as
r0 ¼ 1 kpc, R ¼ 100 kpc, V0 ¼ 220 km=s.

1. The dust is static

As correctly claimed in [13], the “dust” is at rest in the
coordinates of (58) (indeed, the mass-energy current
relative to such frame, Ji ¼ −Tiβuβ, vanishes). We note
the formal similarities between (58) and the line element of

the van Stockum interior solution (48). Like in the latter,
one is dealing with a rigid dust, since in comoving
coordinates the metric is time-independent (see
Sec. III E). This alone would suffice to immediately rule
it out as a viable galactic model: the flat rotation curves
observed in galaxies are of course incompatible with rigid
motion: their angular velocity is nonconstant, which via
(29) implies a shearing motion. The situation is, however,
even worse, as we shall see next.
Noticing that ϵijk ¼ ½ijk�= ffiffiffi

h
p

, where h ¼ r2e2ν is the
determinant of the spacemetrichij as defined in Eq. (16), the
gravitomagnetic field (22) is given by Hi¼ϵijkAk;j¼
½N;rδ

i
z−N;zδ

i
r�e−ν=r, reading, explicitly,

Hi ¼ e−νV0

2

�
1

dr0
þ 1

d−r0
−

1

dR
−

1

d−R

�
δiz

þe−νV0

2r

�
z−R
dR

þ zþR
d−R

−
z− r0
dr0

−
zþ r0
d−r0

�
δir ð62Þ

(observe that the factor e−ν drops out of its covariant
components Hi ¼ hijHj ¼ eνHi.) This field is plotted in
Fig. 5.Asymptotically, it vanishes, limr→∞Hi¼ limz→∞Hi¼
0; since, moreover, the gravitoelectric field is zero every-
where,Gi ¼ −Φ;i ¼ 0, it follows that, in the limits r → ∞ or
z → ∞, no inertial forces are exerted on any test body,
according to Eq. (19). The reference frame is thus asymp-
totically inertial. It is the only rigid congruence of observers
to be so in this spacetime; in fact, it is the only globally
defined Killing observer congruence, since ξα ¼ ∂

α
t is the

only Killing vector field that is timelike at infinity.14 The
coordinate system in (58) corresponds thus to the generali-
zation of the IAU reference system for this solution. The fact
that the dust is at rest in such framemeans that it is static with
respect the asymptotic inertial frame (thus nonrotating with
respect to the distant quasars).
The fact that G⃗ ¼ 0 in this frame means that the “galaxy”

would exert no gravitational attraction at all; this is
consistent with the fact that the Komar mass vanishes
(Sec. IV E 2 below). Moreover, since g00 ¼ −1 (i.e.,
Φ ¼ 0), the dust 4-velocity coincides with the time
Killing vector field, uα ¼ ∂

α
t ≡ ξα; and since kαξα is a

conserved quantity along a geodesic of tangent kα, this
implies that an observer sitting on one of the stars (at P)
would measure no redshift (32) from the other stars (at P0):
ν0=ν ¼ ξαkαP0=ξαkαP ¼ 1. Then, according to Eq. (33),

14Any Killing vector field of the metric (58) can be written in
the form χα ¼ ∂

α
t þΩ∂αϕ, with Ω a constant. The norm of such

vector is

χαgαβχβ ¼ g00þ2g0ϕΩþgϕϕΩ2 ¼−1þ2NΩþðr2−N2ÞΩ2:

Since limr→∞ N ¼ limz→∞ N ¼ V0ðR − r0Þ ¼ const, then, for
r → ∞, the condition χαgαβχβ < 0 is satisfied only if Ω ¼ 0.
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which, in the nonrelativistic limit, yields ν0=ν ≃ 1� vrad,
their relative radial velocity vrad would be zero. This would
contradict the well known measurements in the Milky Way:
the measured redshift between stars is of course not zero—
it is precisely from it that the stars’ radial velocities, and the
galactic rotation curve, are computed.
So, summarizing, according to this model:
(i) Galaxies would be static (i.e., would not rotate with

respect to the distant quasars).
(ii) They would not generate gravitational attraction

(since G⃗ ¼ 0), would have zero Komar mass, and
the light emitted by stars would not be redshifted
(since Φ ¼ 0).

Of course, all of this is preposterous, and contrary to
measurement; in what follows we will merely dissect the
model, the actual origin of its gravitomagnetic field and
potential, the mechanism by which the dust can remain
static, and the basic misunderstanding that led to the
claimed rotation curves.

2. Mass and angular momentum

If in a stationary spacetime the timelike Killing vector
field ∂

α
t ¼ ξα is tangent to inertial observers at infinity

(corresponding to the source’s asymptotic inertial “rest”

frame), and is moreover normalized so that ξαξα !r→∞ − 1,
then the Komar mass contained in a compact spacelike
hypersurface (i.e., 3-volume) V with boundary ∂V is
defined as [11,73,110,111,120]

M ¼ 1

8π

Z
∂V

⋆dξ; ð63Þ

where ð⋆dξÞαβ ≡ ξν;μϵ
μν

αβ is the 2-form dual to dξ. It is
interpreted as the “active gravitational mass,” or total mass/
energy present in the spacetime [73,110,120,121]. Noting
that dð⋆dξÞ ¼ −2Rαβξ

βdVα, where dVα ¼ ϵαμνλdxμ ∧
dxν ∧ dxλ=6 ¼ −nαdV is the volume element 1-form of
V and nα its unit future-pointing normal vector, and since V
is compact, one can use the Stokes theorem to write (63) as
a volume integral [11,73,109],

M ¼ −
1

4π

Z
V
Rα

βξ
βdVα ¼

1

4π

Z
V
Rα

βξ
βnαdV: ð64Þ

Considering spherical coordinates fϱ; θ;ϕg, so that
r ¼ ϱ sin θ, z ¼ ϱ cos θ, and taking ∂V as a 2-sphere of
radius ϱ ¼ ϱs, parametrized by fθ;ϕg, Eq. (63) yields

M¼ 1

8π

Z
∂V
ð⋆dξÞθϕdθ∧dϕ¼ 1

4

Z
ð⋆dξÞθϕjϱ¼ϱsdθ; ð65Þ

where
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FIG. 5. Plot of the gravitomagnetic H⃗ of the Balasin-Grumiller solution for r0 ¼ 1 kpc and R ¼ 100 kpc. Left panel: arrow size
reflects field strength; right panel: the corresponding field lines. This corresponds to the gravitomagnetic field produced by a pair of
oppositely charged NUT rods along the z- axis, the positive rod located at −r0 > r > −R, and the negative rod at r0 < r < R. Apart
from the factor e−ν, the field H⃗ has precisely the same form as the electric field produced by a pair of oppositely charged rods.
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ð⋆dξÞθϕ ¼ V2
0

4
ð2R − 2r0 − dR − d−R þ dr0 þ d−r0Þ

×

�
R

tan θ

�
1

dR
−

1

d−R

�
þ r0
tan θ

�
1

d−r0
−

1

dr0

�
þ ρ

sin θ

�
1

dr0
þ 1

d−r0
−

1

dR
−

1

d−R

��
: ð66Þ

Taking the sphere to be infinitely large (i.e., ϱs → ∞) leads
to the Komar mass of the whole spacetime. Since, asymp-
totically,

ð⋆dξÞθϕ ¼ϱ→∞V2
0 sin θ
2ϱ2

ðR − r0Þ2ðRþ r0Þ; ð67Þ

we have limϱ→∞ð⋆dξÞθϕ ¼ 0, and therefore, by (65), the
spacetime has zero total Komar mass, Mtotal ¼ 0.
The dust however has positive energy density

ρ ¼ Tαβuαuβ ¼ T00 ¼ R00=ð4πÞ:

ρðr;zÞ¼V2
0e

−ν

32π

��
1

dR
þ 1

d−R
−

1

dr0
−

1

d−r0

�
2

þ 1

r2

�
R− z
dR

−
Rþ z
d−R

þ r0þ z
d−r0

−
r0− z
dr0

�
2
�
; ð68Þ

plotted in Fig. 6. The Komar mass within any hollow
cylinder rin < r < rc can be computed by the volume
integral (64),

Mdust ¼
1

4π

Z
V
R0

0n0dV ¼ 2π

Z
rc

rin

Z
zt

zb

ρeνrdrdz; ð69Þ

[which, after substituting (68), does not depend on νðr; zÞ]
where in the second equality we used the energy-momen-
tum tensor of dust, Tαβ ¼ ρuαuβ ¼ ρδα0δ

β
0, V is a hollow

cylinder in a hypersurface t ¼ const, so that
nα ¼ −rðr2 − N2Þ−1=2δ0α, gij is the metric induced therein
[which follows from (58) by taking dt ¼ 0], and
dV ¼ ffiffiffiffiffiffiffiffijgijj

p
drdϕdz, with jgijj ¼ eνðr2 − N2Þ1=2. Since

ρ > 0, Mdust is positive; since this is valid for any hollow
cylinder, the vanishing total mass Mtotal implies the axis
r ¼ 0 to have nonvanishing negative Komar mass.
In Fig. 7 the Komar mass of infinitely long solid and

hollow cylinders are plotted as functions of their outer and
inner radii, respectively. The mass of the solid cylinders is
computed through the surface integral in Eq. (63), taking
∂V ¼ L ∪ Bt ∪ Bb to be their boundary, where L is the
cylinder’s lateral surface, parametrized by fϕ; zg, and Bt
and Bb its top and bottom bases, lying in planes orthogonal
to the z-axis and parametrized by fr;ϕg. Equation (63) then
becomes

M ¼ 1

8π

�Z
Bt⊔Bb

ð⋆dξÞrϕdr ∧ dϕþ
Z
L
ð⋆dξÞϕzdϕ ∧ dz

�
ð70Þ

¼ 1

4

Z
rc

0

½ð⋆dξÞrϕjz¼zt − ð⋆dξÞrϕjz¼zb �dr

þ 1

4

Z
zt

zb

ð⋆dξÞϕzjr¼rcdz; ð71Þ

where rc is the cylinder’s radius, and the components
ð⋆dξÞrϕ and ð⋆dξÞϕz read

ð⋆dξÞrϕ ¼ V2
0

4r
ð2R − 2r0 − dR − d−R þ dr0 þ d−r0Þ

×

�
R − z
dR

−
Rþ z
d−R

−
r0 − z
dr0

þ r0 þ z
d−r0

�
;

ð⋆dξÞϕz ¼
V2
0

4
ð2R − 2r0 − dR − d−R þ dr0 þ d−r0Þ

×

�
1

dr0
þ 1

d−r0
−

1

dR
−

1

d−R

�
:

For finite radius rc, the mass of the solid cylinders is
negative; it becomes larger for increasing rc, approaching
M ¼ 0 as rc → ∞. This is because the larger the cylinder,
the more dust (whose mass Mdust is positive) it encloses.
The mass of the hollow cylinders, as expected, increases as
its inner radius rin decreases; however it approachesþ∞ as
rin → 0. This is because the mass density peaks to infinity
as ρ ∼ r−2 approaching the rods −R < z < −r0, r0 < z <
R along the axis, see Fig. 6. Since any cylinder enclosing
such rods has finite mass, this implies as well that the rods
have an infinite negative Komar mass. We thus have the
structure depicted in Fig. 8.

FIG. 6. Dust mass density ρ in solar masses (M⊙) per cubic
parsec (pc), for r0 ¼ 1 kpc, R ¼ 100 kpc, V0 ¼ 220 km=s, and
assuming, in Eq. (68), ν ≈ 0. ρ is positive everywhere, being
infinite along the axial rods defined by r ¼ 0, r0 < jzj < R, and
finite elsewhere.
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Analogously to Eq. (70), the Komar angular momentum
(45) contained within a cylinder of boundary ∂V ¼ L ∪
Bt ∪ Bb is

J¼−
1

16π

�Z
Bt⊔Bb

ð⋆dζÞrϕdr∧dϕþ
Z
L
ð⋆dζÞϕzdϕ∧dz

�
ð72Þ

¼ −
1

8

Z
rc

0

½ð⋆dζÞrϕjz¼zt − ð⋆dζÞrϕjz¼zb �dr

−
1

8

Z
zt

zb

ð⋆dζÞϕzjr¼rcdz: ð73Þ

The lengthy full expressions for the components ð⋆dζÞrϕ
and ð⋆dζÞϕz are given in the Supplemental Material [113];
they have the asymptotic limits

lim
z→∞

ð⋆dζÞrϕ ¼ lim
r→∞

ð⋆dζÞrϕ ¼ 0;

lim
z→∞

ð⋆dζÞϕz ¼ lim
r→∞

ð⋆dζÞϕz ¼ 2V0ðR − r0Þ:

Hence, for cylinders located at large jzj, the first
term of the integral (73) is negligible, and so J≈
−

R
zt
zb
ð⋆dζÞϕzjr¼rcdz=8 ≈ −V0ðR − r0ÞΔz=4, indepen-

dent of the cylinder’s radius. This tells us that, therein,
the angular momentum is essentially contained in the axis
r ¼ 0, the contribution of the dust being negligible, and the
spacetime therein corresponding to that of a spinning
cosmic string with uniform (negative) angular momentum
per unit length j ¼ −V0ðR − r0Þ=4, cf. Eq. (57). Since the
integral (72) is moreover finite for any finite cylinder, then
the total angular momentum J of the spacetime is infinite
negative. The negative angular momentum is entirely
contained in singularities along the axis. The static dust,
in turn, possesses a positive angular momentum, manifest
in the Komar angular momentum of hollow cylinders; the
latter can be computed either from the surface integral (72)
and (73) (subtracting solid cylinders), or from the volume
integral (56), which reads here

Jdust ¼ −
Z
V
Tα

βζ
βnαdV ¼

Z
V
ρuϕeνrdrdϕdz; ð74Þ

FIG. 7. Left panel: Komar mass contained within an infinitely long solid cylinder plotted as a function of its radius rc, measured in
solar masses (M⊙). Right panel: Komar mass within an infinitely long hollow cylinder of outer radius rc ¼ 200 kpc, plotted as a
function of its inner radius rin. It is assumed, in both cases, r0 ¼ 1 kpc, R ¼ 100 kpc, V0 ¼ 220 km=s. The mass of the solid cylinder is
always finite and negative, approachingMðrcÞ ¼ 0 for rc → ∞. The mass of the hollow cylinder is always positive, as expected for dust;
until the bulge rin ≈ 2 kpc, its mass is in line with known estimates for the Milky Way’s mass (∼1012M⊙); it peaks to infinity however as
rin → 0, implying the axis r ¼ 0 itself to have an infinite negative mass.
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where the second equality follows from steps analogous to
those in (69). The component uϕ ¼ Nðr; zÞ is, as is well
known (e.g. [30]), the angular momentum per unit mass of
a particle of 4-velocity uα ¼ ∂

α
t ≡ δα0, at rest in the

coordinates of (58); it is nonzero due to the off-diagonal
term g0i ¼ N in (58). Observe that N > 0 under the
defining assumption R > r0. Since, as we have seen in
Sec. IV E 1, such particle is static with respect the asymp-
totic inertial frame, such angular momentum arises from the
frame-dragging effect (“dragging of the ZAMOS” [86])
associated to the gravitomagnetic potential Aϕ ¼ N. The
latter, in turn, is generated by the singularities along the
axis—namely the combined effect of the above mentioned
spinning string (of negative angular momentum) plus a pair
of NUT rods, as we shall see in Sec. IV E 5. Therefore, the
angular momentum that the static dust possesses is a purely
general relativistic effect, originated by the dragging of the
ZAMOs produced by the singularities along the axis. Since

uϕ is finite everywhere, the angular momentum density
ρuϕ, similarly to ρ in Fig. 6, is infinite along the axial rods
−R < z < −r0, r0 < z < R, where it diverges as r−2, and
finite elsewhere. Hence, the dust’s angular momentum
contained in any cylinder enclosing the rods is infinite;
and since the cylinder’s total angular momentum J is
finite (negative), this implies the angular momentum of the
rods to be infinite negative. Outside the rods, both the dust’s
angular momentum density ρuϕ and the angular momen-
tum per unit length of the axis, j, are finite. Numerical
inspection shows that, for jrj > R, j has a very nearly
constant value j ≈ −V0ðR − r0Þ=4 [for R ¼ 100 kpc, r0 ¼
1 kpc, j ¼ −V0ðR − r0Þ=4þOð10−6jÞ]. As expected from
being a purely general relativistic effect created by the axis,
the dust’s angular momentum is very small comparing to
that contained in the axis for any finite cylinder (amounting
to an almost negligible correction to the total angular
momentum therein). The angular momentum contained in
the axis, Jaxis ¼ J − Jdust, is computed from Eqs. (73) and
(74). For instance, for a cylinder of radius rc ¼ 200 kpc
and height 101 kpc < z < 200 kpc, not enclosing the
rods, and taking V0 ¼ 220 km=s, we have Jaxis ¼ −6.91 ×
107 JMW ≈ J and Jdust ¼ 4.9 JMW, where JMW ¼
1067 kgm2 s−1 is the Milky Way’s actual angular momen-
tum. The angular momentum distribution in this spacetime
has thus the structure depicted in Fig. 8.

3. Singularities

The expression for the Kretschmann scalar of (58) is
given in Appendix B. Along the rods, it yields
R ·R → −∞; hence the rods are curvature singularities
of the exterior metric (58). The model thus unphysically
predicts the existence of a region close to the axis, and
along an extension similar to the galaxy’s diameter, of
arbitrarily large curvature (whose tidal effects would
destroy any astrophysical object) around a naked singu-
larity. It should be noted, however, that these are not the
only curvature singularities that lie along the axis, but just
those already manifest in the limit r → 0 of (58). The
metric (58) is defined only outside the axis r ¼ 0 [given the
singularity of the component g0ϕ at r ¼ 0, and similarly to
the situation in the NUT (39) and cosmic string (54)
metrics]. As seen in the preceding section, the axis
r ¼ 0 possesses nonvanishing Komar mass (actually infin-
ite along the rods r0 < jzj < R) and angular momentum
everywhere. Unless one assumes a nontrivial topology
R1 ×R3nfr ¼ 0g, it follows from the Stokes theorem that
(like for an infinitely thin cosmic string, discussed in
Sec. IV D) it must be assumed to be matched to the
singular limit of an “interior” solution along the axis
having a singular Ricci tensor, so that the Komar volume
integrals (56) and (64) match the Komar surface integrals
(45) and (63), respectively. Thus, even from the curvature
point of view, the whole axis is singular.

FIG. 8. Rod structure and singularities of the Balasin-Grumiller
solution. Singularities along the axis possess mass, angular
momentum, and, in the case of the rods located at −R < z <
−r0 and r0 < z < R, also NUT chargesQNUT ¼ �V0ðR − r0Þ=2,
respectively. The Komar mass M of the rods is infinite negative,
and finite elsewhere along the axis. The dust’s energy density ρ is
positive everywhere, approaching þ∞ along the rods. The axis
possesses an infinite negative angular momentum; its value per
unit length is nearly constant outside the rods for jzj > R, very
close to its asymptotic value jz→�∞ ¼ −V0ðR − r0Þ=4. The dust
possesses a (much smaller) positive angular momentum, which
likewise is infinite along the rods, and has finite density ρNðr; zÞ
elsewhere. The Kretschmann scalar R ·R of the metric (58) also
diverges approaching the rods.
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4. CTC’s and the “forbidden” ZAMO region

When r2 < N2, the ϕ coordinate in (58) becomes time-
like, gϕϕ < 0, and so the circles tangent to ∂ϕ (circles of
constant r and z) are closed timelike curves. Observers
following such worldlines would travel to their own past; in
other words, the spacetime contains a “time machine” in
this region, plotted in Fig 9, which is very narrow (of radius
smaller than r0) and consists of two “pencil-like” shapes,
one above and the other below the z ¼ 0 plane. The situation
is somewhat analogous to that of the van Stockum space-
time, except that therein the region where gϕϕ < 0 is the
infinite hollow cylinder r > 1=w, see Sec. IV C.
The region r2 < N2 is also one where ZAMOs cannot

exist. The ZAMOs’ angular velocity with respect to the
system of coordinates in (58) (fixed to the asymptotic
inertial rest frame), is, from Eq. (28),

ΩZAMOðr; zÞ ¼ −
N

r2 − N2
: ð75Þ

Hence limr→N ΩZAMO ¼ −∞. The magnitude of the
ZAMOs’ velocity relative to the static observers uα ¼ δα0
is given by Eq. (31) with γZ ¼ −uαðuZÞα ¼ rðr2 − N2Þ−1=2,

jvZj≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
vαZðvZÞα

q
¼ N

r
; ð76Þ

approaching the speed of light when r → N. Indeed, the
ZAMOs cease to be timelike for r < N:

uαZgαβu
β
Z ¼ ð2g0ϕΩZAMO þ Ω2

ZAMOgϕϕ − 1Þðu0ZÞ2

¼ ðu0ZÞ2
r2

N2 − r2
ð> 0 if r2 < N2Þ: ð77Þ

The static observers uα ¼ δα0 , in turn, remain timelike and
exist everywhere. This contrasts with the situation in the

ergosphere of, e.g., the Kerr spacetime, which is a for-
bidden region for the static observers, but not for the
ZAMOs (possible everywhere outside the outer hori-
zon rþ).

5. Origin of the gravitomagnetic effects

The gravitomagnetic field (62) is well defined every-
where outside the axis r ¼ 0, being both curl and diver-

gence free, e∇ · H⃗ ¼ 0, e∇ × H⃗ ¼ 0. Along the axis the
metric (58) is not defined; therefore, in rigor, it contains no

information about H⃗jr¼0. From Eq. (25), e∇ · H⃗ ¼ 0 is a
consequence of the fact that G⃗ ¼ 0 in the reference frame

associated to (58), whereas e∇ × H⃗ ¼ 0 implies J⃗ ¼ 0 (i.e.,
the mass-energy current to be zero), consistent with the
fact that the dust is at rest. Hence, it is clear that H⃗ is not
originated by mass-energy currents (or any sort of
source) outside the axis. Its source must thus be singular-
ities contained in the axis. As shown in detail in
Appendix A, the covariant components Hi of the grav-
itomagnetic field (62) are formally identical to the electric
field produced by a pair of oppositely charged rods located
at r0 < jzj < R, with charges Q ¼∓ V0ðR − r0Þ=2, in flat
spacetime; or, equivalently, to the magnetic field B⃗ of a pair
of rods of oppositely charged magnetic monopoles [the
contravariant components Hi in Eq. (62) exhibiting the
extra factor e−ν, due to the nonflat spatial metric]. Indeed,
H⃗ is originated by gravitomagnetic monopoles, as we will
now see.
For the metric (58), since Φ ¼ 0 [cf. Eq. (16)], it follows

from Eqs. (22) and (43) that H⃗ ¼ e∇ × A⃗ and

QNUT ¼ 1

4π

Z
S
H⃗ · d⃗S; ð78Þ

that is, similarly to the electromagnetic analogue, the NUT
charge reduces to the flux of H⃗. The gravitomagnetic field
has the following limits along the axis:

Hr ¼r→0

8>><>>:
0 for jzj < r0 or jzj > R

−V0=r for r0 < z < R

V0=r for − R < z < −r0

; ð79Þ

lim
r→0

Hz ¼
V0

2

X
�

�
1

jr0 � zj −
1

jR� zj
�
: ð80Þ

It thus diverges along the rods, the componentHr diverging
along the whole rods (r0 < jzj < R), and Hz diverging at
the points z ¼ �R;�r0. Elsewhere along the axis limr→0 H⃗
is finite. Assuming H⃗ to be continuous therein, H⃗jr¼0 ¼
limr→0 H⃗ (and since H⃗ is well defined everywhere off the

axis), then this, together with the equation e∇ · H⃗ ¼ 0,

0.0 0.2 0.4 0.6 0.8
r kpc0

50

100

150

200

z kpc

r V0 r0

r N r,z

FIG. 9. Plot of the “time machine” region r < Nðr; zÞ (shad-
owed), in which closed timelike curves arise, and ZAMOs are
forbidden, for r0 ¼ 1 kpc, R ¼ 100 kpc, V0 ¼ 220 km=s. Only
the half-space z ≥ 0 is represented. It is pencil-shaped, and
contained within the cylinder r < V0ðR − r0Þ.
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implies, by application of Gauss theorem (see Sec. IV B),
that: (i) the NUT charge within any closed 2-surface
S ¼ ∂V on Σ not enclosing the rods is zero, QNUT ¼R
S H⃗ · d⃗S=ð4πÞ ¼ R

V
e∇ · H⃗=ð4πÞ ¼ 0; and (ii) it has the

same (nonzero) value for all 2-surfaces S enclosing one of
the rods. Its value is easily computed by taking S as the
boundary of a cylinder enclosing the rod, and taking the
limit where its radius goes to zero:

QNUT ¼ 1

4π

�Z
Bt⊔Bb

HzdSz þ
Z
L
HrdSr

�
¼ 1

2

Z
zt

zb

lim
r→0

ðHrrÞdz ¼∓ V0ðR − r0Þ=2; ð81Þ

the minus sign applying to the upper rod in Fig. 5, located
at r0 < z < R, and plus sign to the lower rod, located at
−R < z < −r0. Here, again, Bt and Bb are the cylinder’s
top and bottom bases, parametrized by fr;ϕg, and L its
lateral surface, parametrized by fϕ; zg, and in the second
equality we noticed that dSz ¼ rdrdϕ, dSr ¼ rdϕdz, and
that, since limr→0Hz is finite, the term

R
Bt⊔Bb

HzdSz

vanishes when the cylinder’s radius goes to zero. We see
thus that, under the continuity assumption H⃗jr¼0¼limr→0H⃗,
the source of H⃗ is the pair of oppositely charged NUT
rods depicted in the right panel of Fig. 5. We must note,
however, like in the NUT spacetime (Sec. IV B), or in
the electromagnetic analogue in Appendix A, that, since the
metric is not defined along the axis r ¼ 0, one must also
admit the possibility of a Dirac-delta type H⃗ along the axis
canceling out the flux of H⃗ in (78) (making QNUT ¼ 0).
In this case there would be no gravitomagnetic charges;
from the electromagnetic analogue based on solenoids in
AppendixA 2 and Fig. 10(b), and the discussion of the NUT
solution in Sec. IV B, one expects the monopoles to consist
then of the tips of semi-infinite spinning cosmic strings
along the axis. For simplicity, however, we will still
henceforth refer to rods the in Fig. 5 as NUT rods of
“charge” (81), regardless of the actual origin of the grav-
itomagnetic monopoles. What is important to emphasize
here is that it is these unphysical singularities along the axis,
not the static dust, that source the gravitomagnetic field H⃗ in
the BG solution (58).
Transforming to spherical-like coordinates ðϱ; θ;ϕÞ such

that r ¼ ϱ sin θ, z ¼ ϱ cos θ, we have the asymptotic limit

H⃗ ¼ρ→∞ −
p
ϱ3

ð2 cos θe⃗ϱ̂ þ sin θe⃗θ̂Þ;

p≡ e−νð∞;θÞ=2V0

R2 − r20
2

; ð82Þ

where e⃗ϱ̂ ¼ e−ν=2∂ϱ and e⃗θ̂ ¼ e−ν=2ϱ−1∂θ are unit vectors. If
the angular dependence of e−νð∞;θÞ is negligible (as
assumed in [13] for practical purposes), then (82)

corresponds, as expected, to the gravitomagnetic field of
gravitomagnetic dipole, of dipole moment p. In such a
regime, the field is thus indistinguishable from that of a
spinning source of angular momentum J ¼ p (cf. e.g.,
Eq. (31) of [86]).
As for the gravitomagnetic potential 1-form

A ¼ Nðr; zÞdϕ, the second (nonconstant) term in (59) is

likewise sourced by the NUT rods (so that H⃗ ¼ e∇ × A⃗);
but it contains also the constant term V0ðR − r0Þ, which
corresponds to the potential of an infinite spinning cosmic
string along the z-axis, of angular momentum per unit mass
j ¼ −V0ðR − r0Þ=4, cf. Sec. IV D and Eq. (57) therein.
Hence, the constant part of the gravitomagnetic potentialA
is sourced by the angular momentum that, as we have
shown in Sec. IV E 2, is contained along the axis r ¼ 0.
Such constant contribution is formally analogous to the
external magnetic potential of an infinitely long solenoid;
indeed, as shown in Appendix A 1, the field of the BG
solution is fully mirrored by the electromagnetic field
produced by the combination of an infinite solenoid with
a pair of rods of opposite magnetic charges.

6. Staticity mechanism

Since, as we have seen in Sec. IV E 1, the dust is static
with respect to the asymptotic inertial frame (or to the
distant quasars), the question then arises as to what holds it
in place, preventing it from gravitationally collapsing. In
other words, why does the gravitoelectric field G⃗ vanish in
such frame? The answer is in the first of Eqs. (24), which,
for the metric (58), reduces to

e∇ · G⃗ ¼ −4πρþ 1

2
H⃗2 ¼ 0; ð83Þ

telling us that the term H⃗2=2 acts as an effective negative
“energy” source for G⃗ [77], exactly canceling out the
attractive contribution from the dust’s mass density ρ, and
allowing for G⃗ ¼ 0⃗.
We must however remark that the negative energy

interpretation has, in rigor, the status of an analogy, since,
by virtue of the equivalence principle, there is no such thing
as energy of the gravitomagnetic field: unlike its magnetic
counterpart B⃗ (which is a physical field, contributing to the
energy-momentum tensor Tαβ), H⃗ is an inertial field, that
can always be made to vanish by a suitable choice of
reference frame (e.g. a locally inertial frame). At a more
fundamental level, the vanishing of G⃗ stems from an aspect
of frame-dragging which, albeit well known, is commonly
overlooked. First, recall that the dragging of the compass of
inertia can be cast as the fact that, close to a moving of
rotating body, a system of axes that is fixed with respect to
inertial frames at infinity, actually rotates with respect to a
locally nonrotating frame (i.e., to a Fermi-Walker trans-
ported frame, physically realized by the spin axes of local
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guiding gyroscopes, defining the local “compass of
inertia”). Such rotation generates not only a gravitomag-
netic (or Coriolis) field H⃗, but also a contribution to
the gravitoelectric field G⃗, as originally noticed by
Thirring-Lense [122] and Einstein [123] considering the
interior field of a spinning shell. Actually, in vacuum, by
the first of Eqs. (24), H⃗ cannot exist without G⃗. A familiar
example is a rigidly rotating frame with angular velocity Ω⃗
in flat spacetime, where both a Coriolis H⃗ ¼ 2ω⃗ and a
centrifugal field G⃗ ¼ γ−2ω⃗ × ðr⃗ × ω⃗Þ arise. [Here ω⃗ ¼ γ2Ω⃗
is the rotating observers’ vorticity, cf. Eq. (23), and
γ ¼ ð1 −Ω2r2Þ−1=2.] In the presence of matter, the situation
changes, in that it is possible for the gravitational attraction
to exactly balance the centrifugal action caused by the
frame’s rotation, 16πρ ¼ ω⃗2, so that (83) be obeyed. This is
the case of the van Stockum rotating dust cylinder, where,
as we have seen in Sec. IV C, from the point of view of the
comoving coordinate system, there is an exact cancellation
between the cylinder’s gravitational attraction and the
centrifugal forces created by the frame’s rotation, resulting
in a vanishing gravitoelectric field (so that particles can
remain at rest in such coordinates, while being geodesic).
The situation for the BG metric (58) is formally similar, but
with the additional subtlety that, in this case, the associated
reference frame is not rotating with respect to inertial
frames at infinity: as shown in Sec. IV E 5, it is the NUT
rods along the axis r ¼ 0 that drag the compass of inertia,
endowing the rest observers with a vorticity ω⃗ ¼ H⃗=2
given by Eq. (62). In other words, causing the dust’s rest
frame to rotate with respect to the local compass of inertia.
It is the repulsive action of this (purely general relativistic)
rotation with respect to the local compass of inertia that
allows Eq. (83) to be obeyed, and the dust to remain static.

7. Origin of the claimed “flat rotation curves”

The fact that in the BG solution the dust is static with
respect to the asymptotic inertial frame at infinity has
seemingly gone unnoticed in the literature [13–15] (in spite
of some authors having realized that it is rigid [15,124], or
tangent to a Killing vector field [13], while, surprisingly,
not immediately ruling it out as a viable galactic model). It
is actually claimed15 [13,14] that the dust rotates with
respect to “an asymptotic observer at rest with respect to the
rotation axis” with a velocity consistent with the observed
Milky Way rotation curve, using, as reference observers,
the ZAMOs. These, however, as we have seen in Sec. III E
2, are unsuitable for such purposes when (non-negligible)
frame-dragging is present. In particular, it is false that they

are at rest with respect to the axis’s asymptotic rest frame
(or to any observer at rest with respect to the axis, by any
cogent definition of “rest”). We have exemplified with the
Kerr, van Stockum, and spinning cosmic string solutions
(Secs. IVA, IV C, and IV D) the absurdities one runs into
by making this confusion. For the BG metric, as shown in
Sec. IV E 1, the frame rigidly fixed to the axis’ asymptotic
rest frame is precisely the coordinate system in (58), where
the dust is at rest (forming actually the only Killing
congruence of worldlines globally defined in this space-
time). It is the ZAMOs that rotate with angular velocity (75)
relative to this frame; since ΩZAMOðr; zÞ is not constant,
they are moreover a shearing congruence, cf. Eq. (29), so
they cannot actually be at rest in any rigid frame, and, as
discussed in Secs. III D and III E 2, their connecting vectors
do not define directions fixed to any distant reference
objects (or to inertial frames at infinity). The velocity of the
dust relative to the ZAMOs, as computed in [13–15] [and
can be obtained from Eqs. (38) and (75), with Ωcirc ¼ 0,
g00 ¼ −1]

vrZ ¼ vϕ̂rZ ¼ Nðr; zÞ
r

; ð84Þ

is thus actually just minus the velocity of the ZAMOS with
respect to the static frame anchored to inertial frames at
infinity. Suggesting that (84) represents a galactic rotation
curve, is thus nonsense.
The use of the ZAMOs has also been advocated based on

the fact that their worldlines are orthogonal to the t ¼ const
hypersurfaces [13–15], and that they are said to be locally
nonrotating [14,15]—which is correct, but is however
misinterpreted: the fact that they are hypersurface
orthogonal means just that they have no vorticity, i.e.,
do not locally rotate relative to the local compass of inertia
(see Sec. III E 2); it tells us nothing about the motion
with respect to distant reference objects (or to the axis’
asymptotic rest frame). They are sometimes also said that to
be nonrotating with respect to the “local geometry”
[30,86,96,97]—but in the sense of measuring no Sagnac
effect (see Sec. III E 2). In [15] it is also asserted (referring
to [95]) that “their motion compensates, as much as
possible, the dragging effect”; this is, however, a mislead-
ing statement: the ZAMOs are crucially affected by frame-
dragging, precisely in that a nonvanishing g0ϕ implies that
they describe circular motions about the z- axis, instead of
being at rest in the static frame (as would be the case if
g0ϕ ¼ 0). In [15], moreover, the static observers were
discarded as reference observers for rotation curves based
on the misguided argument that they not always exist,
citing the example of the ergosphere in the Kerr spacetime.
We note that, as shown in Sec. IV E 4, actually in the BG
spacetime the exact opposite occurs: static observers are
well defined everywhere, whereas the ZAMOs are possible

15To back the claim that the velocity relative to the ZAMOs
represents a velocity “an asymptotic observer at rest with respect
to the rotation axis,” van Stockum’s paper [6] and the textbook by
Stephani et al. [1] are cited; however, nowhere in those references
such an incorrect claim is made.
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only for r > N, i.e., outside the pencil-shaped region
in Fig. 9.
We can summarize the BG galactic model, and the basic

misconceptions at its origin, as follows:
(i) The dust is static with respect to the asymptotic

inertial frame (so its actual rotation curve is vc ¼ 0).
(ii) The metric contains unphysical singularities

along the axis—NUT rods of charges (81), plus a
spinning cosmic string—whose frame-dragging ef-
fects hold the dust static, are solely responsible for
the artificially large gravitomagnetic potential A ¼
Nðr; zÞdϕ and field H⃗ ¼ e∇ × A⃗, and drag (via A)
the ZAMOs, causing them to rotate relative to
inertial frames at infinity with angular velocity
(75) about the z-axis, thereby making them unsuit-
able as reference observers for rotation curves.

(iii) The flat rotation curves obtained in [13,14] are but
an artifact of such an invalid choice of reference
frame—being just minus the velocity of the ZAMOs
with respect to the rigid asymptotic inertial frame
that corresponds to the generalization of the IAU
reference system for this spacetime.

We conclude this section with the following remarks: (i) for
more realistic galactic models (free from the BG axial
singularities and the artificially large gravitomagnetic
potential A they produce, but still axisymmetric), the
ZAMOs would be suitable reference observers for rotation
curves since, as is well known, and recently shown
explicitly in [125], the gravitomagnetic potential produced
by galaxies is negligible, given their relatively low rotation
speeds (v ≃ 220 kms−1 ¼ 7 × 10−4c, for the Milky Way).
Hence, therein, the ZAMOs nearly coincide with the static
observers, that are rigidly fixed to inertial frames at infinity.
(ii) If one entertains singularities along the z-axis, with
extension comparable or larger than the galactic diameter,
then infinitely many rotation curves can be produced,
including flattened ones with respect to the correct (static)
frame. For instance, an infinite line mass along the z-axis,
described by the Levi-Civita solution, leads to circular
geodesics with constant velocity relative to the static
observers (see e.g. [11], Sec. V.1.1); a line mass segment,
or a pair of black holes along the z-axis, held apart, at a
distance much larger than the galactic diameter, by a
Misner string or by the repulsion of NUT charges, also
produce a flattened velocity profile, as recently shown
in [126]. Likewise, the “homogeneous” linearized
theory solutions for A recently claimed in [127] to
yield flat velocity profiles, have been shown in [128] to
actually be sourced by axial singularities. (iii) It has been
claimed, in the literature [13,15,129,130] on the BG
and akin models, that nonlinear gravitomagnetic
effects can, partially or totally, replace the role of dark
matter in flattening the rotation curves; for the metric (58),
however, the only nonlinear contribution to the field
equations (24) and (25), is the term H⃗2 in (24), which,

as seen in Sec. IV E 6, has the opposite effect, countering
(actually exactly canceling out) the attractive effect of the
dust mass density ρ.

V. CONCLUSIONS

In this work we explored the extension of the IAU
reference system to the exact theory preserving some of its
most important features, namely defining fixed directions
with respect to distant reference inertial objects (“stellar” or
“quasar” compass); we found it to be possible in spacetimes
admitting shear-free observer congruences, which are also
asymptotically vorticity and acceleration-free. We obtained
the general form of the metric in the coordinates adapted to
such observers. It yields natural results in the examples
considered: the (star-fixed) Boyer-Lindquist coordinate
system in the Kerr spacetime, the (not so well known)
star-fixed coordinate system for the van Stockum cylinder,
the rotating cosmic string’s inertial rest frame, and the
coordinate system comoving with the cosmological fluid in
the FLRW models. We then debunked the BG galactic
model, which exemplifies the grave consequences of
failing to set up an appropriate reference frame: a static
dust, held in place by unphysical singularities along the
symmetry axis, which has been confused with a dust that
rotates with a velocity profile consistent with that of the
Milky Way, due to an unsuitable choice of reference
observers—the ZAMOs, which, due to the frame-drag-
ging effects created by the singularities at the axis,
undergo circular motions with respect to inertial frames
at infinity, making it seem that it is the dust that is rotating.
In the above mentioned well-known solutions, we further
exemplified the confusions one may run into by using the
ZAMOs as reference observers in spacetimes where
frame-dragging is important: one would conclude that
Kerr black holes do not rotate after all, that circular
geodesics would exist around a cosmic string (where there
is no gravitational attraction), or massively underestimate
the actual rotation velocity of the van Stockum cylinder
with respect to the distant stars. The case of the BG model
serves also as a reminder that singularities should not be
overlooked, as they may dramatically impact the behavior
of the whole solution.
In a growing number of works, based both on linearized

theory [127,131] and exact models [13–15,129,130], it has
been asserted that gravitomagnetic effects can have a
significant impact [13,15,127,131], or even totally account
for the galactic flat rotation curves [14,129,130]. In the
framework of a weak field slow motion approximation, this
has been shown to be impossible, and such claims
addressed, in [125,128,132]. It has however been argued
[13,15,129,130] that in the exact theory this is possible, due
to nonlinear effects not captured in linearized theory (and
not manifest “locally” [13,129,130]), basing such claims on
the BG model, or variants of it. Our exact analysis shows
such claims to be also unfounded, the conclusion extending
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to the akin models16 in [15,129,130] (where the same
misguided choice of reference observers is made). The
exact approach proves also useful in determining the nature
of the sources: we were able to easily identify a pair of
oppositely charged rods of gravitomagnetic monopoles as
the source of the gravitomagnetic field H⃗; in the far field
region, however, this field is, to leading (i.e., dipole) order,
indistinguishable from that of a spinning source.17
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APPENDIX A: ELECTROMAGNETIC
ANALOGUE OF THE BG SOLUTION

The Balasin-Grumiller solution (58) has two direct
electromagnetic analogues, corresponding to the two types
of sources for its gravitomagnetic monopoles—NUT
charges, or semi-infinite spinning strings.

1. An infinite solenoid plus a pair of
rods with opposite magnetic charges

Consider, as depicted in Fig. 10(a), a pair of magnetically
(uniformly) charged rods, of opposite charges, located
along the z-axis, the positive rod at −r0 > r > −R, and
the negative rod at r0 < r < R. Let λM and −λM, respec-
tively, be their uniform magnetic charges per unit z-length.
The magnetic scalar potential Ψðr; zÞ produced by the
rods is

Ψðr; zÞ ¼ λM

�Z
−r0

−R

1

dz0
dz0 −

Z
R

r0

1

dz0
dz0

�
¼ λM

�
ln

�
r0 − zþ dr0
R − zþ dR

�
þ ln

�
r0 þ z − d−r0
Rþ z − d−R

��
;

where

dz0 ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðz0 − zÞ2 þ r2

q
;

and the distances dR, d−R, dr0 , d−r0 are defined by Eqs. (60)

and (61). The magnetic field B⃗rods ¼ −∇Ψ reads

B⃗rods ¼ λM

�
1

dr0
þ 1

d−r0
−

1

dR
−

1

d−R

�
e⃗z

þλM
r

�
z−R
dR

þ zþR
d−R

−
z− r0
dr0

−
zþ r0
d−r0

�
e⃗r; ðA1Þ

which, apart from the factor e−ν, has the same form as the
gravitomagnetic field (62) of the BG solution, identifying
λM ↔ V0=2; their covariant counterparts actually exactly
match:

ðBrodsÞi ¼λM→V0=2Hi:

With such an identification, it follows also that the total
charge in each rod is QM ¼∓ V0ðR − r0Þ=2, exactly
matching the NUT charge obtained in Eq. (81). This field

FIG. 10. Electromagnetic analogues of the BG solution: (a) a
thin infinite solenoid enclosing two rods of opposite magnetic
charges ∓ λM per unit length; (b) a thin infinite solenoid
enclosing two continuous (upper and lower) sets of semi-infinite
thin solenoids, whose endpoints span the same location of the
rods in (a), and where their magnetic moment per unit lengthmset

is such that dmset=dz ¼∓ λM. The magnetic field B⃗ in the two
settings is the same, except along the axis r ¼ 0, where the setting
in (b) contains the Dirac-delta type term in Eq. (A4). Identifying
the appropriate parameters, the exterior magnetic potential and
field also exactly match (up to the function eνðr;zÞ, in the case of
H⃗) the gravitational counterparts A and H⃗ of the BG solution
everywhere outside the axis (where the solution is not defined).

16The akin Cooperstock-Tieu model [129] has been shown in
[133] to be also plagued with singularities, in this case not along
the symmetry axis, but in the equatorial plane. (The erroneous use
of the ZAMOs as reference observers, however, went unnoticed
therein.)

17It could not, in principle, be achieved either by consider
higher order multipole moments, in the likes of e.g. Geroch-
Hansen [134,135], Thorne [136], or Gürlebeck [137] expansions,
since not only such methods require asymptotic flatness and an
isolated source (see however [138], where this limitation was
recently asserted to be lifted), as infinite multipole moments
would be needed to reconstruct the gravitomagnetic field of the
rods.
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has, of course, also the same form as the electric field
produced by a pair of rods of opposite electric charges,
identifying λM with the electric charge density λ, cf. Eqs. (2)
and (3) of [139].18 At every point outside the rods, where
∇ · B⃗ ¼ 0 holds,19 this field can also be cast as the curl of a
magnetic vector potential A⃗rods: B⃗ ¼ ∇ × A⃗rods, whose
corresponding 1-form reads

Arods ¼ λMðdr0 þ d−r0 − dR − d−RÞdϕ:

Hence, if one considers the rods to be inside a thin infinite
solenoid of magnetic moment per unit length m, whose
exterior magnetic potential 1-form reads Asol ¼ 2mdϕ, we
have A ¼ Asol þArods,

A ¼ ½2mþ λMðdr0 þ d−r0 − dR − d−RÞ�dϕ; ðA2Þ

which has exactly the same form as the gravitomagnetic
potential A ¼ Ndϕ of the BG solution, cf. Eq. (59),
identifying fm; λMg ↔ fV0ðR − r0Þ=2; V0=2g.

2. An infinite solenoid plus an array of
semi-infinite solenoids

The electromagnetic field (A2) can be reproduced every-
where outside the axis without invoking magnetic charges.
Consider a semi-infinite solenoid along the z-axis with
“tip” (i.e., endpoint) at z ¼ ztip, and extending to þ∞. The
magnetic field it produces is (cf. [140])

B⃗sðϱ⃗; ϱ⃗tipÞ ¼ −
msðϱ⃗ − ϱ⃗tipÞ
jϱ⃗ − ϱ⃗tipj3

þ 4πmsδ
2ðrÞΘðz − ztipÞe⃗z;

ðA3Þ

where ms is the solenoid’s magnetic moment per unit
length, δ2ðrÞ≡ δðxÞδðyÞ is the 2-dimensional delta func-
tion, ΘðxÞ the Heaviside function, and ϱ ≡ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ z2
p

¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2 þ z2

p
is the spherical radial coordinate.

Everywhere outside the solenoid, this is a monopolar field
identical to that of a magnetic point charge QM ¼ −ms
placed at ϱ⃗tip (see Fig. 2 in [140]); the fields are distinguish-
able only in the second term of (A3) that arises inside
the solenoid. The field for the case where the solenoid
extends from −∞ < z < ztip is obtained from (A3) by
changing the sign of the first term, and replacingΘðz − ztipÞ
by Θðztip − zÞ.

Consider now two sets of semi-infinite solenoids, an
upper one extending fromþ∞with endpoints ztip ∈ ½r0; R�,
and a lower one extending from −∞ with endpoints
ztip ∈ ½−R;−r0�, see Fig. 10(b). Let n be the number of
endpoints per unit z-length; if it is such that nms ¼ λM,
so that, in the continuous limit n → ∞, ms → 0, the
magnetic field produced by such setting is, everywhere
outside the axis r ¼ 0, the same as that of the rods in
Fig. 10(a). This can be checked by computing explicitly
B⃗¼ R

R
r0
dB⃗upþ

R −r0
−R dB⃗low, where dB⃗upðϱ⃗; ϱ⃗0Þ ¼ nB⃗sðϱ⃗; ϱ⃗0Þ,

and so

dB⃗upðϱ⃗; ϱ⃗ 0Þ ¼ λM

�
−
ðϱ⃗− ϱ⃗ 0Þ
jϱ⃗− ϱ⃗ 0j3 þ 4πδ2ðrÞΘðz− z0Þe⃗z

�
dz0;

dB⃗lowðϱ⃗; ϱ⃗ 0Þ ¼ λM

�ðϱ⃗− ϱ⃗ 0Þ
jϱ⃗− ϱ⃗ 0j3 þ 4πδ2ðrÞΘðz0 − zÞe⃗z

�
dz0;

B⃗ ¼ λM

�Z
−r0

−R
−
Z

R

r0

��
z− z0

d3z0
e⃗z þ

r
d3z0

e⃗r

�
dz0

þ 4πλMδ
2ðrÞ

�Z
−r0

−R
Θðz0 − zÞ

þ
Z

R

r0

Θðz− z0Þ
�
dz0e⃗z

¼ B⃗rods þ 4πλMδ
2ðrÞ

X
�
½Rð−r0 � zÞ

−Rð−R� zÞ�e⃗z; ðA4Þ

where RðxÞ ≔ f0; x < 0; x; x > 0g is the ramp function
and, in the first line, we noted that ϱ⃗ − ϱ⃗0 ¼ ðz − z0Þe⃗z þ re⃗r
and jϱ⃗ − ϱ⃗0j ¼ d3z0 . The field thus differs from that of the
magnetically charged rods in Eq. (A1) only in the Dirac
delta term along the axis. Notice that this term ensures
the vanishing of the flux

R
S B⃗ · d⃗S along any closed

surface: consider, for simplicity, a cylindrical surface S
enclosing one of the rods but not the other, i.e., its bottom
and top bases lie at −r0 < zb < r0 and zt > R, respectively.
An integration analogous to that in Eq. (81) yieldsR
S B⃗rods · d⃗S ¼ −4πλMðR − r0Þ, and thus

Z
S
B⃗ · d⃗S¼ 4πλM½Rðzt−r0Þ−Rðzt−RÞ−Rþ r0� ¼ 0:

This ensures consistency with the Maxwell equation ∇ ·
B⃗ ¼ 0 (whichmust hold in the absence ofmagnetic charges)
since, via the Stokes theorem,

R
S B⃗ · d⃗S ¼ R

V ∇ · B⃗dV,
for S ¼ ∂V.
If the set of semi-infinite solenoids is enclosed in an

infinite solenoid as depicted in Fig. 10(b), then, outside the
axis, the magnetic vector potential A⃗ is given by (A2), the

18In [139] the field of a single rod along the x axis is
computed in the xOy plane; to relate it with the rods in
Fig. 10(a), one needs to substitute therein fx; yg → fr; zg, and
identify fa; bg ↔ fr0; Rg (upper rod) or fa; bg ↔ f−r0;−Rg
(lower rod).

19Admitting the existence of magnetic charges requires the
modification of Maxwell’s equations ∇ · B⃗ ¼ 4πρM, where ρM is
the magnetic charge density, which is nonzero along the rods.
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same as in the setting in Fig. 10(a). Since, as discussed in
Secs. IV E 3 and IV E 5, the BG solution is not defined
along the axis, both the settings (a) and (b) can be regarded
as its electromagnetic analogues.

APPENDIX B: KRETSCHMANN SCALAR OF
THE BG SOLUTION

The Kretschmann scalar, RαβγδRαβγδ ≡R ·R, of the dust
solution (58), reads,

R ·R ¼ e−2νV2
0

4r4
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4
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1
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2Δ1
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−
3
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where
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þ r
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r
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and the function νðr; zÞ in (58) was eliminated using the components Rrr ¼ Rrz ¼ Rzz ¼ 0 of the Einstein field equations
Rαβ − Rgαβ=2 ¼ 8πρuαuβ, for dust of 4-velocity uα ¼ δα0. A computer-ready Mathematica version of this expression is
provided in the Supplemental Material [113].

[1] H. Stephani, D. Kramer, M. A. H. MacCallum, C.
Hoenselaers, and E. Herlt, Exact Solutions of Einstein’s
Field Equations (Cambridge University Press, Cambridge,
England, 2004).

[2] J. B. Griffiths and J. Podolsky, Exact Space-Times in
Einstein’s General Relativity, Cambridge Monographs
on Mathematical Physics (Cambridge University Press,
Cambridge, England, 2009).

[3] J. Bičák, Selected solutions of Einstein’s field equations:
Their role in general relativity and astrophysics, Lect.
Notes Phys. 540, 1 (2000).

[4] J. B. Griffiths, P. Krtous, and J. Podolsky, Interpreting the
C-metric, Classical Quantum Gravity 23, 6745 (2006).

[5] L. Wylleman and D. Beke, Expanding perfect fluid
generalizations of the C-metric, Phys. Rev. D 81, 104038
(2010).

[6] W. J. van Stockum, IX. The gravitational field of a
distribution of particles rotating about an axis of symmetry,
Proc. R. Soc. Edinburgh 57, 135 (1938).

[7] T. Lewis, Some special solutions to the equations of axially
symmetric gravitational fields, Proc. R. Soc. A 136, 176
(1932).

[8] M. F. A. da Silva, L. Herrera, F. M. Paiva, and N. O.
Santos, The parameters of the Lewis metric for the Weyl
class, Gen. Relativ. Gravit. 27, 859 (1995).

[9] M. A. H. MacCallum and N. O. Santos, Stationary
and static cylindrically symmetric Einstein spaces of
the Lewis form, Classical Quantum Gravity 15, 1627
(1998).

[10] K. Bronnikov, N. O. Santos, and A. Wang, Cylindrical
systems in general relativity, Classical Quantum Gravity
37, 113002 (2020).

[11] L. F. O. Costa, J. Natário, and N. O. Santos, Gravitomag-
netism in the Lewis cylindrical metrics, Classical Quantum
Gravity 38, 055003 (2021).

[12] Kurt Gödel, Lecture on rotating universes, in Kurt Gödel
Collected Works Vol. III, edited by S. Feferman (Oxford
University Press, Oxford, 1995), pp. 269–289.

COSTA, NATÁRIO, FRUTOS-ALFARO, and SOFFEL PHYS. REV. D 108, 044056 (2023)

044056-28

https://doi.org/10.1007/3-540-46580-4_1
https://doi.org/10.1007/3-540-46580-4_1
https://doi.org/10.1088/0264-9381/23/23/008
https://doi.org/10.1103/PhysRevD.81.104038
https://doi.org/10.1103/PhysRevD.81.104038
https://doi.org/10.1017/S0370164600013699
https://doi.org/10.1098/rspa.1932.0073
https://doi.org/10.1098/rspa.1932.0073
https://doi.org/10.1007/BF02113068
https://doi.org/10.1088/0264-9381/15/6/017
https://doi.org/10.1088/0264-9381/15/6/017
https://doi.org/10.1088/1361-6382/ab7bba
https://doi.org/10.1088/1361-6382/ab7bba
https://doi.org/10.1088/1361-6382/abc570
https://doi.org/10.1088/1361-6382/abc570


[13] H. Balasin and D. Grumiller, Non-Newtonian behavior in
weak field general relativity for extended rotating sources,
Int. J. Mod. Phys. D 17, 475 (2008).

[14] M. Crosta, M. Giammaria, M. G. Lattanzi, and E. Poggio,
On testing CDM and geometry-driven Milky Way rotation
curve models with Gaia DR2, Mon. Not. R. Astron. Soc.
496, 2107 (2020).

[15] D. Astesiano and M. L. Ruggiero, Galactic dark matter
effects from purely geometrical aspects of general rela-
tivity, Phys. Rev. D 106, 044061 (2022).

[16] T. Damour, M. Soffel, and C.-m. Xu, General relativistic
celestial mechanics. 1. Method and definition of reference
systems, Phys. Rev. D 43, 3273 (1991).

[17] C. M. Will, Theory and Experiment in Gravitational
Physics (Cambridge University Press, Cambridge, UK,
1993).

[18] E. Poisson and C. M. Will, Gravity: Newtonian, Post-
Newtonian, Relativistic (Cambridge University Press,
Cambridge, UK, 2014).

[19] M. Soffel, Standard relativistic reference systems and the
IAU framework, in Relativity in Fundamental Astronomy:
Dynamics, Reference Frames, and Data Analysis, edited
by S. A. Klioner, P. K. Seidelmann, and M. H. Soffel
(Cambridge University Press, Cambridge, 2010), Vol. 5,
pp. 1–6, 10.1017/S174392130999007X.

[20] J. D. Kaplan, D. A. Nichols, and K. S. Thorne, Post-
Newtonian approximation in Maxwell-like form, Phys.
Rev. D 80, 124014 (2009).

[21] M. H. Soffel and W.-B. Han, Applied General Relativity
(Springer, New York, 2019).

[22] M. Hindmarsh and T. Kibble, Cosmic strings, Rep. Prog.
Phys. 58, 477 (1995).

[23] A. Vilenkin and E. P. S. Shellard, Cosmic Strings and
Other Topological Defects (Cambridge University Press,
Cambridge, England, 2000).

[24] J. Ellis and M. Lewicki, Cosmic String Interpretation of
NANOGrav Pulsar Timing Data, Phys. Rev. Lett. 126,
041304 (2021).

[25] P. Auclair et al., Probing the gravitational wave back-
ground from cosmic strings with LISA, J. Cosmol.
Astropart. Phys. 04 (2020) 034.

[26] G. Boileau, A. C. Jenkins, M. Sakellariadou, R.
Meyer, and N. Christensen, Ability of LISA to detect a
gravitational-wave background of cosmological origin:
The cosmic string case, Phys. Rev. D 105, 023510 (2022).

[27] S. Kopeikin, Relativistic reference frames for astrometry
and navigation in the solar system, AIP Conf. Proc. 886,
268 (2007).

[28] S. M. Kopeikin, Beyond the standard IAU framework, IAU
Symp. 5, 7 (2010).

[29] M. Soffel and R. Langhans, Space-Time Reference Sys-
tems, Astronomy and Astrophysics Library (Springer,
Berlin, Heidelberg, 2012).

[30] C. W. Misner, K. S. Thorne, and J. A. Wheeler,Gravitation
(W. H. Freeman, San Francisco, 1973).

[31] J. Binney and M. Merrifield, Galactic Astronomy
(Cambridge University Press, Cambridge, England, 1998).

[32] M. Soffel, J. Schastok, H. Ruder, and M. Schneider,
Relativistic astrometry, Astrophys. Space Sci. 110, 95
(1985).

[33] M. H. Soffel, Relativity in Astrometry, Celestial Mechanics
and Geodesy (Springer-Verlag, Berlin, 1989).

[34] J. Kovalevsky, I. Mueller, and B. Kolaczek, Reference
Frames: In Astronomy and Geophysics, Astrophysics and
Space Science Library (Springer, Netherlands, 2012).

[35] M. H. Soffel and V. A. Brumberg, Relativistic reference
frames including timescales—questions and answers, Cel-
est. Mech. Dyn. Astron. 52, 355 (1991).

[36] L. Lindegren, The Gaia reference frame for bright sources
examined using VLBI observations of radio stars, Astron.
Astrophys. 633, A1 (2020).

[37] S. A. Klioner and M. H. Soffel, Refining the relativistic
model for Gaia: Cosmological effects in the BCRS, ESA
Spec. Publ. 576, 305 (2005).

[38] S. M. Kopeikin, J. Ramirez, B. Mashhoon, and M. V.
Sazhin, Cosmological perturbations: A new gauge invari-
ant approach, Phys. Lett. A 292, 173 (2001).

[39] F. de Felice and C. J. S. Clarke, Relativity on Curved
Manifolds (Cambridge University Press, Cambridge,
England, 1992).

[40] R. Sachs and H. Wu, General Relativity for Mathemati-
cians, Graduate Texts in Mathematics (Springer,
New York, 2012).

[41] V. J. Bolos, Intrinsic definitions of ‘relative velocity’ in
general relativity, Commun. Math. Phys. 273, 217 (2007).

[42] R. T. Jantzen, P. Carini, and D. Bini, The many faces of
gravitoelectromagnetism, Ann. Phys. (N.Y.) 215, 1 (1992).

[43] L. D. Landau and E. M. Lifshitz, The Classical Theory of
Fields, Course of Theoretical Physics Vol. 2 (Butterworth-
Heinemann, Oxford, UK, 1975), 4th ed. Trans. from the
Russian.

[44] M. Gurses, M. Plaue, and M. Scherfner, On a particular
type of product manifolds and shear-free cosmological
models, Classical Quantum Gravity 28, 175009 (2011).

[45] S. Bazański, Is the geodesic hypothesis in general relativity
falsifiable?, Banach Cent. Publ. 41, 273 (1997).

[46] E. Minguzzi, Simultaneity and generalized connections in
general relativity, Classical Quantum Gravity 20, 2443
(2003).

[47] D. Bini, R. T. Jantzen, and B. Mashhoon, Gravitomagnet-
ism and relative observer clock effects, Classical Quantum
Gravity 18, 653 (2001).

[48] E. Gourgoulhon, Special Relativity in General Frames,
Graduate Texts in Physics (Springer, Berlin, Heidelberg,
2013).

[49] N. Ashby and D.W. Allan, Practical implications of
relativity for a global coordinate time scale, Radio Sci.
14, 649 (1979).

[50] S. A. Klioner, The problem of clock synchronization—A
relativistic approach, Celest. Mech. Dyn. Astron. 53, 81
(1992).

[51] L. F. O. Costa and J. Natário, Gravito-electromagnetic
analogies, Gen. Relativ. Gravit. 46, 1792 (2014).

[52] E. Massa and C. Zordan, Relative kinematics in general
relativity the Thomas and Fokker precessions, Meccanica
10, 27 (1975).

[53] E. Massa, Space tensors in general relativity II: Physical
applications, Gen. Relativ. Gravit. 5, 573 (1974).

[54] L. Bell and J. LLosa, Meta-rigid motions and frames of
reference, Gen. Relativ. Gravit. 27, 1089 (1995).

REFERENCE FRAMES IN GENERAL RELATIVITY AND THE … PHYS. REV. D 108, 044056 (2023)

044056-29

https://doi.org/10.1142/S0218271808012140
https://doi.org/10.1093/mnras/staa1511
https://doi.org/10.1093/mnras/staa1511
https://doi.org/10.1103/PhysRevD.106.044061
https://doi.org/10.1103/PhysRevD.43.3273
https://doi.org/10.1017/S174392130999007X
https://doi.org/10.1103/PhysRevD.80.124014
https://doi.org/10.1103/PhysRevD.80.124014
https://doi.org/10.1088/0034-4885/58/5/001
https://doi.org/10.1088/0034-4885/58/5/001
https://doi.org/10.1103/PhysRevLett.126.041304
https://doi.org/10.1103/PhysRevLett.126.041304
https://doi.org/10.1088/1475-7516/2020/04/034
https://doi.org/10.1088/1475-7516/2020/04/034
https://doi.org/10.1103/PhysRevD.105.023510
https://doi.org/10.1063/1.2710062
https://doi.org/10.1063/1.2710062
https://doi.org/10.1017/S1743921309990081
https://doi.org/10.1017/S1743921309990081
https://doi.org/10.1007/BF00660610
https://doi.org/10.1007/BF00660610
https://doi.org/10.1007/BF00048451
https://doi.org/10.1007/BF00048451
https://doi.org/10.1051/0004-6361/201936161
https://doi.org/10.1051/0004-6361/201936161
https://doi.org/10.1016/S0375-9601(01)00777-0
https://doi.org/10.1007/s00220-007-0248-9
https://doi.org/10.1016/0003-4916(92)90297-Y
https://doi.org/10.1088/0264-9381/28/17/175009
https://doi.org/10.4064/-41-2-273-285
https://doi.org/10.1088/0264-9381/20/11/332
https://doi.org/10.1088/0264-9381/20/11/332
https://doi.org/10.1088/0264-9381/18/4/306
https://doi.org/10.1088/0264-9381/18/4/306
https://doi.org/10.1029/RS014i004p00649
https://doi.org/10.1029/RS014i004p00649
https://doi.org/10.1007/BF00049363
https://doi.org/10.1007/BF00049363
https://doi.org/10.1007/s10714-014-1792-1
https://doi.org/10.1007/BF02148282
https://doi.org/10.1007/BF02148282
https://doi.org/10.1007/BF02451399
https://doi.org/10.1007/BF02148649


[55] J. Llosa, Shear-free congruences in (2þ 1)-dimensional
spacetime, Classical Quantum Gravity 14, 165 (1997).

[56] T. Chrobok, Y. N. Obukhov, and M. Scherfner, On the
construction of shearfree cosmological models, Mod.
Phys. Lett. A 16, 1321 (2001).

[57] B. G. Schmidt, Asymptotic structure of isolated systems, in
Isolated Gravitating Systems in General Relativity.
International School of Physics Enrico Fermi. Course,
Varenna, Italy, 1976, edited by J. Ehlers (North-Holland,
New York, 1979), pp. 11–49.

[58] A. Krasiński, Shear-free normal cosmological models, J.
Math. Phys. (N.Y.) 30, 433 (1989).

[59] A. Barnes, On shear free normal flows of a perfect fluid,
Gen. Relativ. Gravit. 4, 105 (1973).

[60] R. A. Sussman, New solutions for heat conducting fluids
with a normal shear-free flow, Classical Quantum Gravity
10, 2675 (1993).

[61] L. F. O. Costa, R. Franco, and V. Cardoso, Gravitational
Magnus effect, Phys. Rev. D 98, 024026 (2018).

[62] N. Van den Bergh and R. Slobodeanu, Shear-free perfect
fluids with a barotropic equation of state in general
relativity: The present status, Classical Quantum Gravity
33, 085008 (2016).

[63] N. V. den Bergh, The shear-free perfect fluid conjecture,
Classical Quantum Gravity 16, 117 (1999).

[64] G. F. R. Ellis, Shear free solutions in general relativity
theory, Gen. Relativ. Gravit. 43, 3253 (2011).

[65] C. B. Collins, Shear-free fluids in general relativity, Can. J.
Phys. 64, 191 (1986).

[66] C. B. Collins, Global aspects of shear-free perfect fluids in
general relativity, J. Math. Phys. (N.Y.) 26, 2009 (1985).

[67] J. M. M. Senovilla, C. F. Sopuerta, and P. Szekeres, The-
orems on shear free perfect fluids with their Newtonian
analogues, Gen. Relativ. Gravit. 30, 389 (1998).

[68] E. E. Flanagan and S. A. Hughes, The basics of gravita-
tional wave theory, New J. Phys. 7, 204 (2005).

[69] J. M. Stewart, Perturbations of Friedmann-Robertson-
Walker cosmological models, Classical Quantum Gravity
7, 1169 (1990).

[70] T. Clifton, C. S. Gallagher, S. Goldberg, and K. A. Malik,
Viable gauge choices in cosmologies with nonlinear
structures, Phys. Rev. D 101, 063530 (2020).

[71] E. Bertschinger, Cosmological dynamics: Course 1, in Les
Houches Summer School on Cosmology and Large Scale
Structure (Session 60) (1993), pp. 273–348, arXiv:astro-
ph/9503125.

[72] V. F. Mukhanov, H. A. Feldman, and R. H. Brandenberger,
Theory of cosmological perturbations, Phys. Rep. 215, 203
(1992).

[73] R. M. Wald,General Relativity (The University of Chicago
Press, Chicago, 1984).

[74] D. Bini, P. Carini, and R. T. Jantzen, The intrinsic
derivative and centrifugal forces in general relativity.
1. Theoretical foundations, Int. J. Mod. Phys. D 6, 1
(1997).

[75] D. P. Mason and C. A. Pooe, Rotating rigid motion in
general relativity, J. Math. Phys. (N.Y.) 28, 2705 (1987).

[76] G. Ellis, S. Nel, R. Maartens, W. Stoeger, and A. Whitman,
Ideal observational cosmology, Phys. Rep. 124, 315
(1985).

[77] D. Lynden-Bell and M. Nouri-Zonoz, Classical monop-
oles: Newton, nut space, gravomagnetic lensing, and
atomic spectra, Rev. Mod. Phys. 70, 427 (1998).

[78] J. Natário, Quasi-Maxwell interpretation of the spin–
curvature coupling, Gen. Relativ. Gravit. 39, 1477 (2007).

[79] R. Gharechahi, J. Koohbor, and M. Nouri-Zonoz, General
relativistic analogs of Poisson’s equation and gravitational
binding energy, Phys. Rev. D 99, 084046 (2019).

[80] M. Soffel, S. Klioner, J. Muller, and L. Biskupek,
Gravitomagnetism and lunar laser ranging, Phys. Rev. D
78, 024033 (2008).

[81] I. Ciufolini and J. A. Wheeler, Gravitation and Inertia,
Princeton Series in Physics (Princeton University Press,
Princeton, NJ, 1995).

[82] S. Harris, Conformally stationary spacetimes, Classical
Quantum Gravity 9, 1823 (1992).

[83] H. C. Ohanian and R. Ruffini, Gravitation and Spacetime
(Cambridge University Press, Cambridge, England, 2013),
3rd ed.

[84] M. L. Ruggiero and A. Tartaglia, Gravitomagnetic effects,
Nuovo Cimento 117B, 743 (2002).

[85] S. E. Gralla, A. I. Harte, and R. M. Wald, Bobbing and
kicks in electromagnetism and gravity, Phys. Rev. D 81,
104012 (2010).

[86] L. F. O. Costa and J. Natário, Frame-dragging: Meaning,
myths, and misconceptions, Universe 7, 388 (2021).

[87] L. F. O. Costa, L. Wylleman, and J. Natário, Gravitomag-
netism and the significance of the curvature scalar invar-
iants, Phys. Rev. D 104, 084081 (2021).

[88] D. Bini, P. Carini, R. T. Jantzen, and D. Wilkins, Thomas
precession in post-Newtonian gravitoelectromagnetism,
Phys. Rev. D 49, 2820 (1994).

[89] M. Mathisson, Neue mechanik materieller systemes, Acta
Phys. Pol. 6, 163 (1937); [Gen. Relativ. Gravit. 42, 1011
(2010)].

[90] A. Papapetrou, Spinning test particles in general relativity.
1, Proc. R. Soc. A 209, 248 (1951).

[91] L. F. O. Costa, J. Natário, and M. Zilhão, Spacetime
dynamics of spinning particles: Exact electromagnetic
analogies, Phys. Rev. D 93, 104006 (2016).

[92] E. Kajari, M. Buser, C. Feiler, and W. P. Schleich, Rotation
in relativity and the propagation of light, Riv. Nuovo
Cimento 32, 339 (2009).

[93] M. L. Ruggiero, Sagnac effect, ring lasers and terrestrial
tests of gravity, Galaxies 3, 84 (2015).

[94] O. Semerák, Circular orbits in stationary axisymmetric
spacetimes, Gen. Relativ. Gravit. 30, 1203 (1998).

[95] J. M. Bardeen, W. H. Press, and S. A. Teukolsky, Rotating
black holes: Locally nonrotating frames, energy extraction,
and scalar synchrotron radiation, Astrophys. J. 178, 347
(1972).

[96] O. Semerák, Stationary frames in the Kerr field, Gen.
Relativ. Gravit. 25, 1041 (1993).

[97] J. M. Bardeen, A variational principle for rotating stars in
general relativity, Astrophys. J. 162, 71 (1970).

[98] S. A. Klioner and M. Soffel, Nonrotating astronomical
relativistic reference frames, Astron. Astrophys. 334, 1123
(1998).

[99] S. A. Klioner, A practical relativistic model for microarc-
second astrometry in space, Astron. J. 125, 1580 (2003).

COSTA, NATÁRIO, FRUTOS-ALFARO, and SOFFEL PHYS. REV. D 108, 044056 (2023)

044056-30

https://doi.org/10.1088/0264-9381/14/1/017
https://doi.org/10.1142/S0217732301004558
https://doi.org/10.1142/S0217732301004558
https://doi.org/10.1063/1.528462
https://doi.org/10.1063/1.528462
https://doi.org/10.1007/BF00762798
https://doi.org/10.1088/0264-9381/10/12/024
https://doi.org/10.1088/0264-9381/10/12/024
https://doi.org/10.1103/PhysRevD.98.024026
https://doi.org/10.1088/0264-9381/33/8/085008
https://doi.org/10.1088/0264-9381/33/8/085008
https://doi.org/10.1088/0264-9381/16/1/009
https://doi.org/10.1007/s10714-011-1244-0
https://doi.org/10.1139/p86-034
https://doi.org/10.1139/p86-034
https://doi.org/10.1063/1.526871
https://doi.org/10.1023/A:1018854608416
https://doi.org/10.1088/1367-2630/7/1/204
https://doi.org/10.1088/0264-9381/7/7/013
https://doi.org/10.1088/0264-9381/7/7/013
https://doi.org/10.1103/PhysRevD.101.063530
https://arXiv.org/abs/astro-ph/9503125
https://arXiv.org/abs/astro-ph/9503125
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1016/0370-1573(92)90044-Z
https://doi.org/10.1142/S0218271897000029
https://doi.org/10.1142/S0218271897000029
https://doi.org/10.1063/1.527716
https://doi.org/10.1016/0370-1573(85)90030-4
https://doi.org/10.1016/0370-1573(85)90030-4
https://doi.org/10.1103/RevModPhys.70.427
https://doi.org/10.1007/s10714-007-0474-7
https://doi.org/10.1103/PhysRevD.99.084046
https://doi.org/10.1103/PhysRevD.78.024033
https://doi.org/10.1103/PhysRevD.78.024033
https://doi.org/10.1088/0264-9381/9/7/013
https://doi.org/10.1088/0264-9381/9/7/013
https://doi.org/10.1103/PhysRevD.81.104012
https://doi.org/10.1103/PhysRevD.81.104012
https://doi.org/10.3390/universe7100388
https://doi.org/10.1103/PhysRevD.104.084081
https://doi.org/10.1103/PhysRevD.49.2820
https://doi.org/10.1007/s10714-010-0939-y
https://doi.org/10.1007/s10714-010-0939-y
https://doi.org/10.1098/rspa.1951.0200
https://doi.org/10.1103/PhysRevD.93.104006
https://doi.org/10.1393/ncr/i2009-10047-1
https://doi.org/10.1393/ncr/i2009-10047-1
https://doi.org/10.3390/galaxies3020084
https://doi.org/10.1023/A:1026694811879
https://doi.org/10.1086/151796
https://doi.org/10.1086/151796
https://doi.org/10.1007/BF00763554
https://doi.org/10.1007/BF00763554
https://doi.org/10.1086/150635
https://doi.org/10.1086/367593


[100] L. Lindegren and D. Dravins, The fundamental definition
of ‘radial velocity’, Astron. Astrophys. 401, 1185 (2003).

[101] D. Bini, A. Geralico, and R. T. Jantzen, Kerr metric, static
observers and Fermi coordinates, Classical Quantum
Gravity 22, 4729 (2005).

[102] O. Semerák, On the competition of forces in the Kerr field,
Astron. Astrophys. 291, 679 (1994).

[103] O. Semerák, What forces act in relativistic gyroscope
precession?, Classical Quantum Gravity 13, 2987 (1996).

[104] R. D. Greene, E. L. Schucking, and C. V. Vishveshwara,
The rest frame in stationary space-times with axial sym-
metry, J. Math. Phys. (N.Y.) 16, 153 (1975).

[105] M. Nouri-Zonoz, Cylindrical analogue of NUT space:
Space-time of a line gravomagnetic monopole, Classical
Quantum Gravity 14, 3123 (1997).

[106] W. B. Bonnor, A new interpretation of the NUT metric in
general relativity, Proc. Cambridge Philos. Soc. 66, 145
(1969).

[107] J. S. Dowker, The NUT solution as a gravitational dyon,
Gen. Relativ. Gravit. 5, 603 (1974).

[108] G.W. Gibbons and S. W. Hawking, Classification of
gravitational instanton symmetries, Commun. Math. Phys.
66, 291 (1979).

[109] P. K. Townsend, Black holes: Lecture notes, arXiv:gr-qc/
9707012.

[110] R. O. Hansen and J. Winicour, Killing inequalities for
relativistically rotating fluids, J. Math. Phys. (N.Y.) 16, 804
(1975).

[111] J. Natário, An Introduction to Mathematical Relativity
(Springer International Publishing, Cham, 2021).

[112] H. Elvang and P. Figueras, Black saturn, J. High Energy
Phys. 05 (2007) 050.

[113] See Supplemental Material at http://link.aps.org/
supplemental/10.1103/PhysRevD.108.044056 for
(i) Mathematica file “NUTmetrics. nb,” yielding the 2-
forms needed for computing the Komar angular momen-
tum in the NUT metrics and (ii) Mathematica file
“BGmetric. nb,” yielding explicit expressions for several
results in Sec. IV E.

[114] W. B. Bonnor, The magnetic Weyl tensor and the van
Stockum solution, Classical Quantum Gravity 12, 1483
(1995).

[115] F. J. Tipler, Rotating cylinders and the possibility of global
causality violation, Phys. Rev. D 9, 2203 (1974).

[116] A. Barros, V. B. Bezerra, and C. Romero, Global aspects
of gravitomagnetism, Mod. Phys. Lett. A 18, 2673
(2003).

[117] B. Jensen and H. H. Soleng, General-relativistic model of a
spinning cosmic string, Phys. Rev. D 45, 3528 (1992).

[118] M. Nouri-Zonoz and A. Parvizi, Gaussian curvature and
global effects: Gravitational Aharonov-Bohm effect revis-
ited, Phys. Rev. D 88, 023004 (2013).

[119] L. H. Ford and A. Vilenkin, A gravitational analogue of the
Aharonov-Bohm effect, J. Phys. A 14, 2353 (1981).

[120] E. T. Whittaker, On Gauss’ theorem and the concept
of mass in general relativity, Proc. R. Soc. A 149, 384
(1935).

[121] A. Komar, Covariant conservation laws in general rela-
tivity, Phys. Rev. 113, 934 (1959).

[122] B. Mashhoon, F. W. Hehl, and D. S. Theiss, On the
gravitational effects of rotating masses—The Thirring-
Lense papers, Gen. Relativ. Gravit. 16, 711 (1984).

[123] A. Einstein, The Meaning of Relativity (Princeton Uni-
versity Press, Princeton, NJ, 1970), 5th ed.

[124] D. Astesiano, Rigid rotation in GR and a generalization of
the virial theorem for gravitomagnetism, Gen. Relativ.
Gravit. 54, 63 (2022).

[125] L. Ciotti, On the rotation curve of disk galaxies in general
relativity, Astrophys. J. 936, 180 (2022).

[126] J. Govaerts, The gravito-electromagnetic approximation to
the gravimagnetic dipole and its velocity rotation curve,
Classical Quantum Gravity 40, 085010 (2023).

[127] D. Astesiano and M. L. Ruggiero, Can general relativity
play a role in galactic dynamics?, Phys. Rev. D 106,
L121501 (2022).

[128] A. N. Lasenby, M. P. Hobson, and W. E. V. Barker, Grav-
itomagnetism and galaxy rotation curves: A cautionary
tale, arXiv:2303.06115.

[129] F. I. Cooperstock and S. Tieu, General relativity resolves
galactic rotation without exotic dark matter, arXiv:astro-
ph/0507619.

[130] J. D. Carrick and F. I. Cooperstock, General relativistic
dynamics applied to the rotation curves of galaxies, As-
trophys. Space Sci. 337, 321 (2012).

[131] M. L. Ruggiero, A. Ortolan, and C. C. Speake, Galactic
dynamics in general relativity: The role of gravitomagnet-
ism, Classical Quantum Gravity 39, 225015 (2022).

[132] K. Glampedakis and D. I. Jones, Pitfalls in applying
gravitomagnetism to galactic rotation curve modelling,
Classical Quantum Gravity 40, 147001 (2023).

[133] M. Korzyński, Can dark matter in galaxies be explained by
relativistic corrections?, J. Phys. A 40, 7087 (2007).

[134] R. Geroch, Multipole moments. II. Curved space, J. Math.
Phys. (N.Y.) 11, 2580 (1970).

[135] R. O. Hansen, Multipole moments of stationary space-
times, J. Math. Phys. (N.Y.) 15, 46 (1974).

[136] K. S. Thorne, Multipole expansions of gravitational radi-
ation, Rev. Mod. Phys. 52, 299 (1980).

[137] N. Gurlebeck, Source integrals for multipole moments in
static and axially symmetric spacetimes, Phys. Rev. D 90,
024041 (2014).

[138] D. R. Mayerson, Gravitational multipoles in general sta-
tionary spacetimes, arXiv:2210.05687.

[139] F. Zuo, A geometric method to determine the electric field
due to a uniformly charged line segment, Am. J. Phys. 83,
567 (2015).

[140] M. Kitano, Derivation of magnetic Coulomb’s law for thin,
semi-infinite solenoids, arXiv:physics/0611099.

REFERENCE FRAMES IN GENERAL RELATIVITY AND THE … PHYS. REV. D 108, 044056 (2023)

044056-31

https://doi.org/10.1051/0004-6361:20030181
https://doi.org/10.1088/0264-9381/22/22/006
https://doi.org/10.1088/0264-9381/22/22/006
https://doi.org/10.1088/0264-9381/13/11/014
https://doi.org/10.1063/1.522408
https://doi.org/10.1088/0264-9381/14/11/012
https://doi.org/10.1088/0264-9381/14/11/012
https://doi.org/10.1017/S0305004100044807
https://doi.org/10.1017/S0305004100044807
https://doi.org/10.1007/BF02451402
https://doi.org/10.1007/BF01197189
https://doi.org/10.1007/BF01197189
https://arXiv.org/abs/gr-qc/9707012
https://arXiv.org/abs/gr-qc/9707012
https://doi.org/10.1063/1.522608
https://doi.org/10.1063/1.522608
https://doi.org/10.1088/1126-6708/2007/05/050
https://doi.org/10.1088/1126-6708/2007/05/050
http://link.aps.org/supplemental/10.1103/PhysRevD.108.044056
http://link.aps.org/supplemental/10.1103/PhysRevD.108.044056
http://link.aps.org/supplemental/10.1103/PhysRevD.108.044056
http://link.aps.org/supplemental/10.1103/PhysRevD.108.044056
http://link.aps.org/supplemental/10.1103/PhysRevD.108.044056
http://link.aps.org/supplemental/10.1103/PhysRevD.108.044056
http://link.aps.org/supplemental/10.1103/PhysRevD.108.044056
https://doi.org/10.1088/0264-9381/12/6/014
https://doi.org/10.1088/0264-9381/12/6/014
https://doi.org/10.1103/PhysRevD.9.2203
https://doi.org/10.1142/S0217732303012143
https://doi.org/10.1142/S0217732303012143
https://doi.org/10.1103/PhysRevD.45.3528
https://doi.org/10.1103/PhysRevD.88.023004
https://doi.org/10.1088/0305-4470/14/9/030
https://doi.org/10.1098/rspa.1935.0069
https://doi.org/10.1098/rspa.1935.0069
https://doi.org/10.1103/PhysRev.113.934
https://doi.org/10.1007/BF00762913
https://doi.org/10.1007/s10714-022-02947-y
https://doi.org/10.1007/s10714-022-02947-y
https://doi.org/10.3847/1538-4357/ac82b3
https://doi.org/10.1088/1361-6382/acc22d
https://doi.org/10.1103/PhysRevD.106.L121501
https://doi.org/10.1103/PhysRevD.106.L121501
https://arXiv.org/abs/2303.06115
https://arXiv.org/abs/astro-ph/0507619
https://arXiv.org/abs/astro-ph/0507619
https://doi.org/10.1007/s10509-011-0854-z
https://doi.org/10.1007/s10509-011-0854-z
https://doi.org/10.1088/1361-6382/ac9949
https://doi.org/10.1088/1361-6382/acdd4a
https://doi.org/10.1088/1751-8113/40/25/S66
https://doi.org/10.1063/1.1665427
https://doi.org/10.1063/1.1665427
https://doi.org/10.1063/1.1666501
https://doi.org/10.1103/RevModPhys.52.299
https://doi.org/10.1103/PhysRevD.90.024041
https://doi.org/10.1103/PhysRevD.90.024041
https://arXiv.org/abs/2210.05687
https://doi.org/10.1119/1.4906421
https://doi.org/10.1119/1.4906421
https://arXiv.org/abs/physics/0611099

