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Backreaction of scalar waves on black holes at low frequencies
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We study the accretion of a Schwarzschild black hole due to spherically symmetric perturbations sourced
by a minimally coupled massless scalar field. The backreaction of the black hole to low-frequency ingoing
scalar waves is computed analytically as a second-order perturbative effect, using matched asymptotic
expansions to relate the behavior of the scalar field in the vicinity of the horizon and at null infinity. As an
application of our results, we compute the mass increase due to (i) ingoing wave packets with an arbitrary
profile and (ii) incoherent radiation. Our results could serve as a model for the backreaction of

environmental scalar fields on black holes.
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I. INTRODUCTION

Astrophysical black holes do not exist in a vacuum. They
form as a result of the gravitational collapse of matter, and
their accretion dynamics after formation is determined by
the nonlinear interaction of gravity with matter fields. The
mass of a black hole grows in time due to the flux of matter
energy-momentum and gravitational waves through the
black-hole horizon. In dynamical situations, different
quasi-local definitions have been proposed for the black-
hole horizon, among which the best known are the future
outer trapping horizon [1], the dynamical horizon [2], or
the slowly evolving horizon [3] (see also Refs. [4-6]).
These definitions replace the standard notion of the event
horizon, which is teleological in nature and thus cannot be
probed by any physical means.

The laws that determine the evolution of the black-hole
horizon are quasi-local. However, in many practical sit-
uations, one may want to recover a global picture of the
spacetime and thus relate the evolution of a black hole to
the asymptotic behavior of matter fields far from the black
hole. In particular, in the case of scattering from a black
hole, it is of interest to compute the resulting mass increase
due to the partial absorption of waves with a given profile.
While the backreaction due to steady-state accretion of
matter onto a black hole has been studied in Ref. [7] (see
also Refs. [8,9]), in more general dynamical situations, the
problem remains unexplored.

In this work, we study analytically the evolution of the
black-hole mass in response to low-frequency massless
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scalar field perturbations originating from past null infinity
in spherical symmetry. Due to the presence of the black
hole, the scalar field feels an effective potential barrier. As a
consequence, ingoing waves get scattered off the barrier
and thus are partly absorbed by the black hole and partly
reflected toward future null infinity [10]. The low fre-
quency of the perturbations ensures that the quasi-normal
modes of the system are not excited during the scattering
process; hence, the reflected signal is almost undistorted.
The flux of energy through the black-hole horizon results in
a mass increase of the black hole itself or, equivalently, in
the expansion of the future outer trapping horizon.

We adopt a perturbative approach to analyze the dynam-
ics of the system, assuming a Schwarzschild geometry for
the background and spherically symmetric perturbations
for both matter and the geometry. The assumption of
spherical symmetry is not too restrictive, since the low-
frequency scattering cross section for a scalar field is
dominated by the monopole contribution [10]. First, we
solve the dynamics of the scalar field in Fourier space and
in the low-frequency regime, deriving approximate ana-
lytical solutions that are valid in the regions far from the
black hole and close to its Schwarzschild radius. The two
asymptotics are then suitably matched in their overlap
region to compute the transmission and reflection coef-
ficients, following the approach in Ref. [11]. After trans-
forming back to position space to build wave packets, we
find a novel relation between the transmitted and ingoing
wave packets. Next, the backreaction of the scalar wave on
the black-hole mass is obtained as a second-order effect in
perturbation theory. We derive for the first time a simple
closed-form expression for the accretion rate in terms of
the ingoing wave packet that can have arbitrary profile.

© 2023 American Physical Society
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The mass increase in turn leads to a decrease of the surface
gravity, whose evolution is also obtained analytically. Our
results shed light on the evolution of the trapping horizon
due to the scattering of massless fields and provide us with
an analytical handle that could serve as a complement to
numerical relativity simulations.

We then apply our results to the special cases of coherent
and incoherent radiation, computing the relative mass
increase as a function of the ingoing null coordinate. In
the coherent case, the mass has two plateaux: one in the past
corresponding to the background value of the mass and one
in the future corresponding to the final value of the black-
hole mass after the wave packet has scattered. Moreover, we
observe two general features: (i) the mass increase displays
horizontal inflection points in correspondence with the
inflection points of the ingoing wave packet, and (ii) for
fixed ingoing flux, the magnitude of the mass increase is
greater for more sharply peaked wave packets. This is
in agreement with features observed in numerical simula-
tions [12]. In the case of incoherent radiation, we find that the
accretion rate is proportional to the ingoing flux, with a
proportionality constant that is fully determined by the
amplitude in Fourier space and by the black-hole mass.

II. SCALAR PERTURBATIONS
ON SCHWARZSCHILD

Throughout this work, we focus on spherically sym-
metric configurations for both matter and the geometry. The
most general spherically symmetric metric in four space-
time dimensions reads

ds? = —A(t, r)e*d? + A7V (¢, r)dr? + 2dQ%, (2.1)
with A(z, r) = 1-2m(t, r)/r, where m(t, r) is the Misner-
Sharp mass (i.e., the energy contained in a spherical shell
with areal radius r). We assume a Schwarzschild back-
ground with constant mass M.

We introduce matter perturbations in the form of a
minimally coupled scalar field ¢, with energy-momentum
tensor' Ty = 0,p0pp — L Gup (90, pdyp). The back-
ground value of the scalar field ¢ is zero; hence, we treat
¢ as a first-order quantity in the perturbative expansion.
Moreover, since T,, is quadratic in ¢, the presence of
the scalar field only affects the geometry starting from
second order in perturbation theory. The metric (2.1) is
then expanded perturbatively around the Schwarzschild
background, with the ansitze m(t,r) = M +m(z,r) +
m2 (t,r) 4 and v(t,r) = W (¢, r) + O (t,r) + - -

Expanding the Einstein field equations G%, =
8xT*,, we find to first order in perturbation theory

"It has been proved in Ref. [13] that in the presence of a
massless scalar field acting as null dust, the metric cannot have
the Vaidya form.

dm") = du(V) = 0. This implies that the first-order correc-
tions m(!) and (V) are constant and therefore merely
amount to a redefinition of the background mass and time
gauge; hence, we can set them to zero without loss of
generality. Furthermore, the scalar field obeys the wave
equation [J¢ = 0. The dynamics of ¢ will be analyzed in
detail in Sec. IIL

To second order in the perturbative expansion, the (z, ¢)
and (7, r) components of the field equations read

om® 2M\ - [0\ 2 2M\ [0\ 2
=2 () G -G

(2.2a)

5 o (2.2b)

2
o _ 4m2<1 —2—M> 9% 99
B

From the (r, r) component of the field equations, one finds
the equation for 1/(2); however, for our purposes, we will
only be concerned with m(?),

Introducing the Regge-Wheeler tortoise coordinate
r, =r+2Mlog|r/(2M) — 1] and taking the near-horizon
limit r, - —oco of Egs. (2.2a) and (2.2b), we obtain

m® T\, ()N

m | (M) 4 (BD)). e
om® o) o(r)

TR r nal (2.3b)

Finally, introducing the null coordinates u =t —r,, v =
t + r, and combining Eq. (2.3), we obtain

om@  (o(rp)\? om? o(re)\2
ov N47[( ov ) ' ou N_4”<7) - (24)

Equation (2.4) will be used in Sec. IV to determine the
corrections to the black-hole mass.

III. SCALAR FIELD DYNAMICS: SCATTERING
OF WAVE PACKETS

The scalar field ¢ obeys the wave equation [l¢ = 0,
which in Schwarzschild coordinates, reads

02¢_A 0 (A%> 0.

— - 3.1
o ror or (3-1)
with A = r> — 2Mr. Taking the Fourier transform ¢(z, r) =
(27)™! [dwR(w,r)e™™" and introducing a new radial
coordinate x =r/(2M) — 1, we bring Eq. (3.1) to the
form [11]
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d’R dR
x*(1 —l—x)z@—i—x(l +x)(1 +2x)a

+ (2Mw)*(1 + x)*R = 0. (3.2)

We focus on modes that are purely ingoing at the horizon,
ie, R~T(w)e ™ /r as r, - —oco, where 7 (w) is the
transmission coefficient. Far from the black hole, we require
that the solution be a linear superposition of ingoing and
outgoing waves, R~Z(w)e " /r+ R(w)e™/r as
r, = oo, where Z(w) and R(w) are the incidence and
reflection coefficients. In terms of the x coordinate, these
boundary conditions read as R~7 (w)x~"2M®) /(2M) as
x—=0, and R~Z(w)e 'PM2)x/(2Mx) + R(w)e' M)/
(2Mx) as x - +o0. In the following, we will often omit
the @ dependence to make the notation lighter.

We are interested in solving Eq. (3.2) in the low-
frequency limit, so as not to excite the quasi-normal modes.
To this end, we introduce a small dimensionless parameter
€ =2Mw such that |¢| < 1. Approximate analytical sol-
utions for Eq. (3.2) can then be found in the near region,
close to the Schwarzschild radius of the background
geometry and in the far region at large distances from
the black hole. Next, by matching the two asymptotics, we
can determine the relations between the transmission,
reflection, and incidence coefficients, thus obtaining a
global approximation to the solution of Eq. (3.2). In the
derivation of the asymptotics, we follow similar steps as in
Ref. [11,14]. However, there are important subtleties in the
case of monopole perturbations here considered that have
not been discussed in these references.

A. Solution in the near region

Here, we focus on the regime x|¢| < 1, where Eq. (3.2)
can be approximated as

d’R dR
x*(1 +x)2F+x(1 +x)(1 —|—2x)d—+€2(1 +4x)R = 0.
X X

(3.3)

Note that we included a term ~¢x in the prefactor of R that
arises from the linearization of (1 + x)*, which has been
overlooked in previous works; see, e.g., Refs. [11,14,15]
for [ = 0. Equation (3.3) can be solved exactly. With our
choice of boundary conditions, the solution reads

Riear(x) = ax7¢(1 4 x) V3
x,F(1+ (\/g— i)e, (\/§— ey 1 —2ie;—x),
(3.4)

where a is an integration constant, and ,F; is the hyper-
geometric function. For small values of x

(3.5)

and thus we identify the transmission coefficient to be
T = 2Ma. In the large-x limit, R, should be matched to
the far-region solution. For this reason, we compute the
leading-order asymptotics of the solution (3.4) in the limit
wher€2: x> 1, retaining terms up to first order in €, which
gives

T .
Riear (%) R <1 —|—%>, X = +o00. (3.6)

B. Solution in the far region

At large distances from the hole, x> 1, we can
approximate Eq. (3.2) as

2
—+——+62<1+—>R:0. (3.7)
X X

The general solution of Eq. (3.7) is a linear combination of
the confluent hypergeometric function U and the Kummer
confluent hypergeometric function | F,

Rpy(x) = e (e U(1 + ile], 2, 2ilel|x)
+ oo F (1 + ilel; 25 2ie]x)),

(3.8)

with ¢y, ¢, integration constants. Taking the large-x limit of
the solution (3.8), we obtain

——((c} = ¢y) eIl ¢y llel), X = +00.

(3.9)

Recalling the definition of the incidence and reflection
coefficients, we find from Eq. (3.9) that Z = (¢; — ¢,)/
(2iw), R = ¢,/ (2iw) for @ > 0, whereas Z = ¢,/(2i|w|),
R = (¢ — ¢3)/(2i|lw|) for @ < 0.

*We note that the large-x asymptotics of the hypergeometric
function (used, for instance, in Refs. [11,14], where nonzero
values are assumed for the black-hole spin and the angular
momentum of the scalar field)

['(b—a)l(c)

. Cla—b)(c) _,
L(b)C(c—a)

[(a)(c—b)"

—a

F (a,bsc;—x) =

does not apply in our case, since a — b is an integer; see Ref. [16].
In this case, extra care is needed. To obtain the asymptotics
(3.6), we use the integral representation ,F 1(a,b;c;—x) =

ity o e (e e (r = x 4+ 1)7 with  9i(c) >
M(b) > 0 and expand the integrand in the limit of large x; then,
we substitute the asymptotics thus obtained in (3.4) and expand

the result to first order in e.
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FIG. 1. The plots show the real (left panel) and imaginary (right panel) parts of the numerical solution of Eq. (3.2) satisfying ingoing

boundary conditions at the horizon, along with the corresponding asymptotics (3.4) and (3.8) in the near and far regions, for € = 1072
and Z = 1, in units such that 2M = 1. The two asymptotics are matched in their overlap region using Eq. (3.11).

In the limit x|e| < 1, we have

ey ()4 B )
xle| = 0, (3.10)

where y is the Euler-Mascheroni’s constant.

C. Matched asymptotics

We can match the large-x asymptotics of the near-region
solution (3.6) with the small-x asymptotics of the far-region
solution (3.10), obtaining for the reflection and trans-
mission coefficients’

T = =2ieL + O(e?)

R = (-1+2e})T + O(&). (3.11)
Thus, the relation |7]> + |R|*> = |Z|* is satisfied up to
O(e*) terms. In Fig. 1, we display the asymptotics
corresponding to the near and far regions, matched using
Eq. (3.11), alongside the numerical solution of Eq. (3.2).

D. Scattering of wave packets

Assuming an incident wave packet ¢y, (v,r) =
(2zr)~ f doZ(w ‘""”, the reflected and transmitted wave
packets are, respectlvely, given by qbout(u r) = (27rr)‘1><
JdoR(w)e ™", ¢uin(v.r) = 2ar)™" [doT (w)e™™"

(where u=t—r,, v=t+r, are null coordlnates).
Reality of ¢;, implies the condition Z(w) = Z(~w); fur-
thermore, Eq. (3.11) ensures that similar conditions are also
obeyed by 7 and R. From the above, under the assumption

3The error terms in Eq. (3.11) have been estimated by including
higher-order terms in the near- and far-region asymptotics.

that 7 (@) has support on low frequencies, we obtain for the
transmitted wave packet

1 +oo .
= / dor(=24) (2Ma) T (@)=
4M d

- 7 d (r¢1n(v r))

Puin(v,7) =
(3.12)

while the reflected packet reads’

—+00 .
Politnr) =~ / do(~1 + 22Mw)2) T (w)e~o"
2rr
M? d?

= palir) = (). (1)

The ingoing and outgoing energy fluxes are, respectively,

Falo) =427 (55 dul0.1))

0 2
}—out(u) = 4nr? <au¢out(ua r)) . (314)
The fraction of energy absorbed by the hole is
fj—oo duFout(”)
Z=1-"—". 3.15
[ (0] 1)

IV. BACKREACTION EFFECTS ON THE
BLACK-HOLE MASS

The backreaction effects of matter on the black-hole mass
are determined by Eq. (2.4). We note that in the general case,

*The total derivatives in the last steps of Egs. (3.12) and (3.13)
are due to the fact that the quantity r¢;, (v, r) has no dependence
on r.
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the scalar field may include both an ingoing and an outgoing
component in the near-horizon region. Assuming ingoing
boundary conditions as in Sec. III, Eq. (2.4) gives m® ~
m?)(v) in the u — +oo limit where the horizon of the
background is approached. This implies that the mass
of the perturbed black hole is M(v) = M + AM(v),
where AM (v) = lim,_, , o, m® (u, v). Therefore, combining
Egs. (2.4) and (3.12), we obtain our main result

d(AM)%64ﬂM2<d2(r¢in)>2. (41)

dv dv?
Equation (4.1) also determines the black-hole trapping

horizon as ry(v)=2(M+AM(v)).” Integrating Eq. (4.1),
we obtain the mass of the evolving black hole

M(v) = M + 64zM> / " do <d2(r¢i“)>2. (4.2)

o do?
Combining Eqs. (4.2) and (3.15), we find the absorption coef-
ficient Z~ (Mg —M)/ F O, where My =lim, ., o M (v)
and FOT = [ dpF, (v) is the total ingoing energy flux.
A Carter-Penrose diagram representing the evolution of a
black hole in response to the scattering of a wave packet is
shown in Fig. 2.

A geometric definition for the surface gravity of a
dynamical black hole was given in Ref. [19], where it reads

as K E%(*d * a’r),6 which in spherical symmetry and in
coordinates (v, r) reduces to k(v) =(1 —2%)/(4]\2(1})),
where the rhs is evaluated at the horizon. Changing

coordinates and using Eq. (2.3), we obtain 2tr)

or
(a(arf))2 in the r, - —oo limit, which vanishes for purely

ingoing boundary conditions at the horizon. Hence, we
obtain

X

(4.3)

which is monotonically decreasing. For any given profile of
the scalar field, including the cases considered in the next
Sec. V, k(v) can be computed analytically.

V. PHYSICAL APPLICATIONS

Equation (4.1) predicts that the black-hole mass is
monotonically increasing in time, consistently with

*More precisely, this is a future outer trapping horizon
according to Hayward’s definition [1], since 8, =0, 6, <0,
and £,0, < 0 (where [ and n“ are future pointing radial null
vectors, respectively, outward and inward directed). In the case at
hand, the last condition follows from the fact that the scalar field
obeys the null energy condition; see also Refs. [17,18].

%With % and d we denote, respectively, the Hodge dual and the
exterior derivative in the (7, r) space normal to the two-sphere.

¢t

7

FIG. 2. Carter-Penrose diagram depicting the scattering of a
wave packet by a spherically symmetric black hole and the
consequent backreaction on the geometry. The future outer
trapping horizon (red curve) is spacelike and interpolates
between the event horizon of the Schwarzschild background
(dotted line) and the event horizon of the perturbed spacetime
(thick line).

Hayward’s area increase theorem [1], since the scalar
field obeys the null energy condition. Moreover, Eq. (4.1)
gives the exact accretion rate of the black-hole mass as a
response to the infalling scalar field, given an arbitrary
profile for the ingoing wave ¢;, (so long as its power
spectrum is peaked on low frequencies). It applies for
coherent as well as incoherent radiation, which we analyze
in the following.

A. Coherent radiation

As an example, we compute the relative mass increase
due to infalling wave packets with different profiles, as
shown in Fig. 3. As a general feature, for a fixed ingoing
flux, the final mass is higher for wave packets that are more
sharply peaked. Moreover, inflection points of the wave
packets correspond to the horizontal inflection points of the
evolving black-hole mass. In turn, these correspond to
inflection points of the monotonically decreasing surface
gravity.

B. Incoherent radiation

We consider ingoing radiation with Z(w) = A(w)e™ ",
with a random phase ¢,. This is in part similar to the
random phase model for wave dark matter [20], although in
our case, the scalar field is massless (whereas wave dark
matter must be nonrelativistic). The amplitude A(w) is real
and needs not be stochastic. The two-point function is

044050-5
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FIG. 3. We show the evolution of the black-hole mass corresponding to different profiles for the ingoing pulse. The leftmost and
central figures correspond to a Gaussian and Lorentzian wave packets, respectively, with the same normalization and total energy flux.

More specifically, these are given by ¢, (v, r) = \/%M exp (— M) and ¢y, (v, r) = %W’ with A = r%, FIOT = 1072ry (the

262
values of ¢ and y are fixed accordingly: 6 ~ 5.617ry, y =~ 4.642ry), where ry is the background Schwarzschild radius. The origin of the
horizontal axis has been shifted so that vy, =0. The rightmost plots correspond instead to a modulated Gaussian

Pin(v,7) = FA—exp (- 54

points corresponding to the inflection points of the ingoing pulse.

)cos (w(v —vy)), with A = 1%, w = 107! /ry and ¢ = 10?r. We note the multiple horizontal inflection

assumed to be (e~ v ey = 27CS(w — '), where C is a
positive constant with dimensions of frequency. The
expectation value of the ingoing flux is

(Fun(0)) = 2C / " oA @ A=)t (5.1)

—o0

Note that (F;,(v)) does not depend on v in this model.
Then, taking the expectation value of Eq. (4.1), we obtain

<@> ~32CM> /_ :O doA(0)A(-o)o*

N [F2dwA(w)A(-w)o*
~16 (ffo‘f dwA(0)A(-0)w?

>M2<}"in>. (5.2)

Thus, the accretion rate is fully determined by the sec-
ond and fourth moments of the product A(w)A(-w).
In particular, if we assume a Gaussian profile A(w) =
Aexp(—(w — @)?/(26%)), we obtain’

<M> ~ 246 M2 (F ).

= (5.3)

Once again, we observe that the accretion rate depends on
the variance of the incoming wave packets, and it is greater

"Note that, within our low-frequency approximation, A(w)
must be peaked on low frequencies, i.e., ®M < 1 and oM < 1.

for larger 6. The expectation value of the surface gravity
(k(v)) is monotonically decreasing with a constant rate in
this model.

VI. DISCUSSION

We investigated the low-frequency response of a
Schwarzschild black hole to wave packets emitted in the
far past. Our approach relies on second-order perturbation
theory for the Einstein field equations with a minimally
coupled massless scalar field obeying purely ingoing boun-
dary conditions at the horizon. Our main results are presented
in Sec. IV and shed light into the evolution of the trapping
horizon as a result of the backreaction of low-frequency
scalar waves. Equation (4.1) gives a closed-form formula for
the accretion rate of the black hole that is controlled by the
profile of the ingoing wave. The trapping horizon can be
readily obtained from the evolution of the mass, Eq. (4.2). For
wave packets, the trapping horizon interpolates between the
event horizon of the Schwarzschild background and that of
the perturbed spacetime, while for incoherent radiation,
the horizon grows with a constant rate. Furthermore, our
analytical results explain the qualitative features observed in
numerical simulations of a black hole accreting wave packets
of scalar radiation [12].

Our results could be relevant to model environmental
effects in the evolution of black holes. In fact, scalar fields
play an important role in cosmology, where they are
responsible for the accelerated expansion of the universe
at early times, and may play the role of dark matter at late

044050-6
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times [20]. In future work, we will extend our analysis to
nonasymptotically flat spacetimes and include scalar fields
with a general potential to study the evolution of black
holes in these scenarios. Moreover, our setup could be
generalized further to massive complex scalar fields, which
can support a black-hole hair [21] and may form clouds that
are responsible for relativistic drag forces exerted on black
holes [15,22]. Our analysis can be further generalized to
also include hydrodynamic matter, which would allow for a
comparison of our setup with recent studies on Bondi-
Hoyle-Lyttleton accretion [23].

This work can be further extended in several directions.
One can attempt to move beyond the low-frequency regime,
either by matching the near and far-zone asymptotics
obtained for a finite frequency @ or by including higher-
order corrections in the expansion for small ¢ = 2M® and
then solving the second-order perturbative equations to
compute the backreaction on the mass. It would also be
interesting to understand how the backreaction of massless
fields is affected by a nonzero angular momentum of the

black hole; while there are some numerical studies on
this topic [24,25], analytically this question remains unex-
plored. Lastly, the cosmological analog of the classical
backreaction problem considered in this paper will help us to
shed light on the effects of cosmic expansion and more
general matter fields on the evolution of primordial
black holes. We will address these open questions in
upcoming work.
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