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The retarded Green function of a wave equation on a 4-dimensional curved background spacetime is a
(generalized) function of two spacetime points and diverges when these are connected by a null geodesic.
The Hadamard form makes explicit the form of this divergence but only when one of the points is in a
normal neighborhood of the other point. In this paper we derive a representation for the retarded Green
function for a scalar field in Schwarzschild spacetime which makes explicit its complete singularity
structure beyond the normal neighborhood. We interpret this representation as a sum of Hadamard forms,
the summation being taken over the number of times the null wavefront has passed through a caustic point;
the sum of Hadamard forms applies to the nonsmooth contribution to the full Green function, not only the
singular contribution. (The term nonsmooth applies modulo the causality-generating step functions that
must appear in the retarded Green function.) The singularity structure is determined using two independent
approaches, one based on a Bessel function expansion of the Green function, and another that exploits a
link between the Green functions of Schwarzschild spacetime and Plebafiski-Hacyan spacetime (the latter
approach also yields another representation for the full Schwarzschild Green function, not just for its
nonsmooth part). Our representation is not valid in a neighborhood of caustic points. We deal with these
points by providing a separate representation for the Green function in Schwarzschild spacetime which

makes explicit its (different) singularity structure at caustics of this spacetime.
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I. INTRODUCTION

A fundamental object for the study of linear field
perturbations of a curved spacetime is the retarded
Green function (GF) of the wave equation satisfied by
the perturbation. Heuristically, the GF may be viewed as
the value of the field at a spacetime point resulting from the
propagation of an ‘impulsive’ source at a base point. The
global—not just local—behavior of the GF is useful, for
example, for determining the evolution of initial data via a
Kirchhoff integral [1], for determining the self-force acting
on a particle that is moving on a background spacetime via
the MiSaTaQuWa equation [2] and for determining the
probability of a quantum particle detector being excited by
a field emitted by another detector [3,4].

Based on the seminal work by Hadamard [5], an analytic
expression is known for the GF, Gi(x,x), which is valid
within a normal neighborhood N (x) of the base spacetime
point x [i.e., a region A (x) containing x such that every
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x' € N(x) is connected to x by a unique geodesic which
lies in NV (x)]. In the case of a scalar field on a (3 + 1)-
dimensional spacetime, this Hadamard form is [6]

Gr(x.x") = [Usa(x,X)8(044) + Vaa(x.X")0(=044)]0, (x.X),
(1.1)

where 6 and 6 are, respectively, the Dirac-delta and
Heaviside distributions, U,,; and V,, are smooth biscalars,
and 0 (x, x") equals 1 if x’ lies to the causal future of x and
equals 0 otherwise. Here, 644 = 644(x, x") is Synge’s world
function, i.e., one-half of the squared distance along the
(unique) geodesic connecting x and x’. Equation (1.1)
explicitly shows that, in a (3 4 1)-dimensional spacetime,
the GF has a Dirac-delta divergence at points x' € A/ (x)
that are connected to x via a null geodesic. The first term,
U,4,9, and the second term, V4,6, on the right-hand side of
Eq. (1.1) are usually called the ‘direct’ and ‘tail’ parts,
respectively.

It is further known [7-9] that, outside a normal neigh-
borhood, the GF continues to diverge when the two
spacetime points are connected via a null geodesic. The
explicit form of the singularity outside a normal neighbor-
hood, however, was not known within General Relativity
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until recently. Using a variety of methods, it has been
shown [10-16] that the global form of the °‘leading’
singularity of the GF generally has the following fourfold
structure in Schwarzschild, Kerr and other background
spacetimes:

8(644) = PV(1/04q) = —=8(644) = —PV(1/044)

— 0(04a) = -+ (1.2)
where the first term corresponds to the direct part in
Eq. (1.1) and PV denotes the Cauchy principal value
distribution. This change in the character of the singularity
is essentially due to the null wavefront of the field
perturbation passing through a caustic point (i.e., a space-
time point where neighboring null geodesics are focused).
This is indicated in Eq. (1.2) by the arrow ‘—’. Thus the
leading singularity in Gg(x,x’) has the form &(o44(x, x"))
[respectively, PV(1/644), —6(044), —PV(1/04,)] when
there is a null geodesic from x to x’ that has passed
through 4n (respectively, 4n + 1,4n + 2,4n + 3) caustics,
where 7 is a non-negative integer. The four-fold structure of
the GF in Schwarzschild spacetime is beautifully illustrated
with numerical animations in [17] and has been used in
[11,18,19] in order to provide an insight into the origin of
the self-force and in [3] and [20] in order to account for
interesting features in respectively, the communication and
entanglement between quantum particle detectors.

The above fourfold singularity structure of the GF,
however, only represents its ‘leading’ singularity. In [14],
we proved that there is also a ‘subleading’ discontinuity in
the case of a black hole toy-model spacetime (Plebanski-
Hacyan spacetime, M, x S,, abbreviated as PH below)
which displays another fourfold structure,

0(—044) = —Infoyy| = —0(—044) — In o4l

= 0(=040) = -+, (1.3)
where the first term corresponds to the tail part in Eq. (1.1).
To the best of our knowledge, such ‘subleading’ fourfold
structure has not yet been shown on an actual black hole
spacetime. In this paper we derive explicit forms for both
the leading and subleading discontinuities of the GF of the
massless scalar wave equation on Schwarzschild spacetime.
Furthermore, although we have written the above global
four-fold structures in terms of a world function oy, this
object is only well-defined in a geodesically convex domain;
aregion in which all pairs of points are connected by a unique
geodesic. In this paper we write the fourfold structures in
Schwarzschild spacetime in terms of a globally well-defined
generalization of the world function 6 of a spacetime that is
conformally related to Schwarzschild.

Our derivation is underpinned by a simple conformal
transformation of the Schwarzschild metric to a direct
product spacetime, M, X S,, where S, is the two-sphere

and M, is a2-dimensional Lorentzian spacetime (containing
the time and radial variables). In a separate paper [21] we
have shown that M, is a causal domain (i.e., is geodesically
convex, and obeys a certain causality condition) [6], which
implies that its corresponding world function is valid
globally. This allows us to write a global representation of
the GF in Schwarzschild spacetime. This involves a sum over
angular modes, indexed by the multipolar number 7, of
globally well-defined 2-dimensional Green functions G, in
the 2-dimensional spacetime M, [see Eq. (2.24) below]
multiplied by Legendre polynomials. When we use a series
representation of the Riemann function U/, associated with
G/ (thatis, U, is the coefficient of the Heaviside step function
in the 2-dimensional Green function) we obtain a form for the
GF in Schwarzschild which makes explicit its complete
fourfold singularity structure in terms of the distributions in
Egs. (1.2) and (1.3)) (with the argument 6,4, replaced by its
globalized companion). The series representation of U/, is
obtained by applying a theorem of Zauderer [22], and yields
an expression in terms of an infinite series involving Bessel
functions with coefficients coming from the Hadamard series
(i.e., a series in powers of the world function) of the Riemann
function of a certain ‘background’ 2-dimensional wave
equation. The Bessel series converges whenever the
Hadamard series converges. We then expand for large-¢;
resumming yields an expression for the GF in Schwarzschild.
This representation for the GF in Schwarzschild is valid
whenever the Hadamard series of the 2-dimensional
Riemann function U associated with the background
2-dimensional wave equation convergence. This method is
essentially the same as the one we used in Sec. V [14]. Our
large-£ expansion is also in the same spirit as [12,16],
although these works used a further separation in the time
variable (via a Fourier transform) and expansion of the GF in
terms of the so-called quasinormal modes,l instead of the
Green function in the 2-dimensional spacetime M, that we
employ.

Furthermore: In any spacetime dimension, one can write
the biscalars in the Hadamard form as a Hadamard series.
The coefficients of the distributions in our representation
for the GF in Schwarzschild are given in terms of the
coefficients in the Hadamard series for the Riemann
function U in M,. Therefore, our representation of the
GF has a direct geometrical interpretation in terms of
geodesics in this 2-dimensional causal domain. Our
representation for the GF naturally takes the form of a
sum of expansions about each of the null geodesics in
Schwarzschild. In effect, we give an extension of the local
Hadamard form for the GF in Schwarzschild spacetime,
valid beyond normal neighborhoods, which may be char-
acterized as a ‘sum of Hadamard forms’.

"The contribution from the branch cut that the GF has in the
complex-frequency plane (see, e.g., [1,18,23]) was thus neglected
in [12,16].
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This representation for the GF is, however, not valid in a
neighborhood of caustic points, for which the angle sepa-
ration y is equal to 0 or z [specifically, this global repre-
sentation is valid for y € (0,7,), where o = 2(v/2 — 1)z ~
0.828x]. Indeed, itis known [ 14,15] that on caustic points ina
spherically symmetric spacetime the above fourfold structure
does not generally apply and is instead a twofold structure.
However, to the best of our knowledge, the analytical form of
the singularity of the GF on caustics is not known in
Schwarzschild spacetime and we derive its precise form
here. We thus provide a complete description of the singu-
larity structure of the GF.

As an illustration of the usefulness and the properties of
the mentioned Bessel function representation, we calculate
and plot (in Fig. 1) its leading order term (that is after
carrying out an Z-mode decomposition but before carrying
the full expansion for large-#) and compare it with an
‘exact’ calculation of the GF obtained using an independent
method developed in [18].

As mentioned above, the singularity structure and ‘sum
of Hadamard forms’ is valid whenever the Hadamard series
of a certain wave equation on M, converges. In this paper
we further present numerical studies which provide strong
evidence that convergence holds on large domains of M.
It is an open question as to whether or not convergence
holds throughout M,; convergence would imply global-in-
time validity of our results.

Specifically, we compare our analytical expressions for
the global divergences of the GF against an “exact”
semianalytical calculation of the full GF. We find remark-
able agreement for points x’ timelike-separated from x up to
distances which are quite “far” from it. This indicates that
the region where the Hadamard form converges uniformly
is either equal to the whole of M, or, at least, that it
includes regions that correspond to extending well beyond
the normal neighborhood of a point in the 4-dimensional
Schwarzschild spacetime. Furthermore, for points x’ “near”
X, our expression in terms of geometrical quantities in M,
for the direct divergence in the Hadamard form (1.1) has
been successfully used in the works [3,24,25] to greatly
facilitate the practical calculation of the GF. Thus, these
works corroborate our useful expression for the direct
divergence.

We also provide another, separate representation for the
GF in Schwarzschild spacetime. This other representation
also starts from the Bessel series but, instead of carrying out
a large-Z expansion of its summands, we essentially
express the full Z-sum of the /-dependent factor in the
summands as integrals of the GF in PH spacetime. This
new representation not only is of value in itself (in that it
offers a way of calculating the GF in Schwarzschild partly
via the GF in PH, which is much easier to calculate) but
also we use it to derive the global singularity structure of
the GF in Schwarzschild in an alternative way from that
mentioned above (namely, via a large-Z expansion of the

modes of the GF in Schwarzschild), thus offering a check
of our results.

For the reader who is only interested in our main results
rather than the details of the calculation, we here note our
main equations. Equation (4.84) [see also (3.19)] is our sum
of Hadamard forms for the GF in Schwarzschild spacetime,
which explicitly shows the full structure of the divergences
when the points are connected by a null geodesic. As
mentioned, this form is not valid at caustics, where y = 0 or
7. We address this in Eq. (5.28), which gives the explicit
full form of the divergences of the GF at caustics in the case
y = 0; Eq. (5.32) gives the structure in the case of antipodal
points, y = z. Finally, Eq. (3.10) is the expression for the
GF in Schwarzschild in terms of integrals of the GF in PH,
and (3.17) is a version of it after using the Hadamard form
for the GF in PH.

The rest of this paper is organized as follows. In Sec. II
we define the retarded GF in Schwarzschild spacetime and
express it in terms of GFs in the 2D conformal spacetime.
We introduce the key background 2-dimensional wave
equation, and show how all 2-dimensional GFs derive from
this seed equation. More precisely, the 2-dimensional
Riemann functions mentioned above can be written as a
series of Hadamard coefficents of this seed equation, scaled
by Bessel functions Ji((£ + %)),k >0 where ¢ is the
multipole index and o is the globally defined world
function of the 2-dimensional conformal Schwarzschild
spacetime. This follows from a theorem of Zauderer ([22];
see also Theorem 6.4.2 of [6]), and we will refer to this as
the Bessel expansion of the Riemann (or Green) function.
This global representation of the 4-dimensional GF is then
analyzed in the following sections, with the aim of
determining its global (singularity) structure in a way that
relates to the underlying causal structure of the spacetime.

In Sec. III, we show how the global-retarded GF of
Schwarzschild spacetime may be derived by a sequence of
iterated integrals of the corresponding GF of PH spacetime.
This yields our first representations of the global singularity
structure and of the ‘sum of Hadamard forms’ of the
retarded GF of Schwarzschild spacetime.

In Sec. IV we apply a large-¢ expansion of the Bessel
functions arising in the Bessel series obtained in Sec. II to
determine the global singularity structure of the retarded GF
G on Schwarzschild spacetime, and to determine the ‘sum
over Hadamard forms’ expansion of the nonsmooth con-
tribution to Gg. This approach provides more detail on
the distributions that contribute to this sum, relative to the
approach of the previous section. In Sec. V, we derive the
twofold singularity structure in the case of caustics in
Schwarzschild spacetime. In Sec. VI we provide numerical
evidence for our results. We conclude in Sec. VII with some
comments and suggestions for possible applications of our
results. In Appendix A, as an illustration of the multipolar
modes of the GF, we calculate these in two simple
(3 + 1)-dimensional spacetimes; flat spacetime and Nariai
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spacetime. In Appendix B we consider the zero mass
(M = 0) limit of the results of this paper (taking us from
Schwarzschild spacetime to Minkowski spacetime). This
allows us to consider the question of convergence of the key
2-dimensional Hadamard series, and to draw some links
between GFs on 2-dimensional anti—de Sitter spacetime
AdS,, PH spacetime, and results relating to the representa-
tion of Legendre functions in terms of series of Bessel
functions. Finally, in Appendix C, we show how our results
for the Schwarzschild GF could be used to calculate the
regularized self-field (i.e., the regularized value of the scalar
field created by a scalar point charge evaluated on the
location of the charge itself)—see [25]. This self-field is
relevant to self-force calculations of radiation reaction.

Throughout this paper we use geometric units c = G = 1
and metric signature (— + ++).

II. GREEN FUNCTION ON SCHWARZSCHILD
SPACETIME

The perturbations by a masslesss scalar field @ of a
background spacetime M satisfy a scalar (Klein-Gordon)
wave equation. The retarded Green function Gg(x,x’)
satisfies the inhomogeneous wave equation with a Dirac-
delta distribution source, together with a boundary con-
dition ensuring that Gg(x, x’) vanishes if x’ is not in the
causal future J* (x) of the point x, where x, x’ € M. Thus,
OGg(x,x') = —4x,(x, x'),

Gr=0 if X' ¢ J"(x),

(2.1)

O0=V,V* is the
S4(x,x) = M;Zi; and g is the determinant of the metric
of the background spacetime.

In the Introduction we gave the Hadamard form for the
retarded Green function (GF) in a (3 + 1)-dimensional
spacetime, Eq. (1.1). As mentioned, the great advantage of
the Hadamard form is that it makes explicit the form of the
singularity of the GF. This follows from the fact that
Synge’s world function o,4,(x, x') is positive/zero/negative
if x and x’ are, respectively, spacelike/null/timelike sepa-
rated. The main disadvantage of the Hadamard form is that
it is only valid in a normal neighborhood of x, i.e., for
x' € N(x). In many situations, however, it is very valuable
to know the GF globally. In order to obtain a global
representation for the GF in Schwarzschild spacetime
where the form of its singularities becomes explicit, we
will make use of the spherical symmetry of the spacetime.

We shall use the usual time coordinate of the
Schwarzschild exterior (generated by the timelike Killing
vector) and the tortoise radial coordinate r, € (—oco, +00)
so that the line element has the form

where d’Alembertian  operator,

ds* = —f(dt* — dr?) + r*dQ3, (2.2)

where f = f(r) = 1-2M/r and d<Q; is the standard line
element of the unit 2-sphere. The area radius r and tortoise
coordinate r, are related by

dr
dr,

=f. (2.3)

In these coordinates, the wave equation for G reads

G G 20G 1
-1 R —1 R < R _sz
e a2 ror, TRV Ok
47 /
= —ﬁéz(xA —xA)5§2(x“,x“ ), (24)

where V? is the Laplacian operator on the unit 2-sphere,
x4 = (¢, r,) are coordinates on the Lorentzian 2-space (i.e.,
the 2-space that arises by factoring the 4-dimensional
spacetime by the action of the SO(3) that generates the
spherical symmetry) and x* = (0, ¢) are coordinates on the
unit 2-sphere.

At this point, it is usual to rescale the field by a factor r;
this removes the first-order derivative from the wave
equation. There is also a geometrical interpretation of this
step. The appropriate rescaling amounts to making a
conformal transformation of the metric,

&5 = 12ds? = ds? + A2, (2.5)
where
dsi =L (ait - ar2) (2.6)
I

We will refer to the spacetime with line element (2.5) as the
conformal Schwarzschild spacetime, which we shall denote
as M. In its turn, we will refer to the 2-dimensional
spacetime with line element (2.6) as the 2D conformal
space, and denote it by M,. By general properties of Green
functions in conformally related spacetimes, we can write
[6,26]

(2.7)

where Gg(x,x') is the retarded Green function for the
conformally invariant wave equation on M. The confor-
mally invariant wave equation of a general 4-dimensional
spacetime with metric tensor g is

1
0,® - RO =0. &=, (2.8)

where R is the Ricci scalar corresponding to the metric g.
Using this rescaling, we find

044033-4



GLOBAL HADAMARD FORM FOR THE GREEN FUNCTION IN ...

PHYS. REV. D 108, 044033 (2023)

or? or?  r?

= —4nd,(x* — x1)3s, (x4, x¥),

_azGR PG, f <v2_2_M> Gr
r

(2.9)

where we have used the value R = 12M/r of the Ricci
scalar of M.

In addition to rendering the wave equation more trac-
table, the conformal rescaling in (2.5) introduces a very
useful simplification of the world function. The direct
product structure of the metric induced by (2.5) yields

) 1
&za(xA,xA)—l—E}/z. (2.10)

Here, ¢ is the world function of the conformal

Schwarzschild spacetime M, o(x*, x") is the world
function of the 2-dimensional Lorentzian spacetime M,
and y € [0, z] is the geodesic distance on the unit 2-sphere,

y(x*,x%) = proper distance along the shortest path from

xtox? on'S,. (2.11)

In a previous paper [21], we proved that M, is a causal
domain. This means, in particular, that each pair of points
of this 2D spacetime are joined by a unique geodesic. As a
consequence, o is defined globally on M, in contrast with
the usual situation in four dimensions; e.g., there is no base
point p of conformal Schwarszchild spacetime for which
the corresponding maximal normal neighborhood is the
whole spacetime, and consequently & is not defined
globally on this spacetime. This technical point underpins
the present paper, where we use a 2+ 2 approach to
determine certain global properties of the GF on
Schwarzschild spacetime.

There is an immediate payoff in terms of understanding
the global causal structure of Schwarzschild spacetime. The
world function ¢ of the 2-D spacetime M, satisfies

V,o6Vi6 = 20, (2.12)
with the initial conditions limy_ 6(x,x’) =0 and
limy_,,V,Vgo(x,x') = gap(x). As noted, there is a unique
geodesic connecting any given pair of points in M.
Furthermore, any geodesic of the 4D spacetime M
decomposes as a geodesic on M, and a geodesic on S,.
That is, if 7 C R is an interval and

el > Mis > x%(s) = (x*(s), x%(s)). (2.13)

is a geodesic on M, then

ey 1> Myis = xA(s),

¢y L= Syis > xYs),

are geodesics on M, and S, respectively (the converse
statement also holds). We refer to c; as the projection of the
geodesic ¢ onto M,; there is a unique c¢; for a given
geodesic ¢ of M. Now consider any pair of points x* =
(x4, x), x¥ = (x*, x) of M. As proven in [21], there is a
unique geodesic of M, connecting x* and x*'. When x*
and x¢ are neither antipodal points nor the same point (for
which we would have y = 7 and y = 0, respectively), there
is a countably infinite family of geodesics of S, connecting
x¢ and x¢, corresponding to multiple circuits of the
appropriate great circle of the sphere. By lifting these
geodesics from M, and S,, we see that any pair of points
of M are connected by a countably infinite family of
geodesics. Each of these geodesics projects to the same
geodesic of M. This resolves the question of the existence
and multiplicity of geodesics on M.

Then, by conformal invariance of null geodesics, a null
geodesic connects x and x” in Schwarzschild spacetime if
and only if a null geodesic connects the corresponding
points of the conformal Schwarzschild spacetime. This
holds if and only if 6, = 0, for some k € Z, where

6y =0+ % (y + 2kn)?. (2.14)

In this formula, (y + 27k)? is the square of the total
proper distance elapsed along the projection of the geodesic
onto the 2-sphere. For k > 0, the geodesic crosses 2k =
2|k| caustics at y = 0 and y = z. For k < 0, the geodesic
has crossed 2|k| — 1 caustics. Thus, the number of caustics
crossed is given by

c _{Zk,
“TL 21k -1,

We note that when the separation on M, is timelike or null,
we may write (2.14) as

k> 0;

2.15
k<O. ( )

A

1 1
6p = —5112 +5(y + 2kx)?, kez, (2.16)

where 7 is the geodesic distance (along causal geodesics)
on M, (so that 6 = —1#? and, particular, it is proper time
in M, for timelike separations and is zero for null
separations). This ‘globalizes’ the world function 6 on
the 4D conformal Schwarzschild spacetime; 6 is one-half
of the square of the geodesic distance between any two
causally-related points in conformal Schwarzschild space-
time along a timelike or null geodesic which has passed
through C; points with y = 0 or y = z (both of which are
caustics in the case of a null geodesic).

Returning to the Green functions, we separate the angle
variables in the usual way via a multipolar decomposition
and write
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R 1 & ,
Gr(x,x') :E; 20 4+ 1)Gy(x*, x¥)P,(cos y). (2.17)

Here, P, are Legendre polynomials and G, satisfy the
partial differential equation (PDE) for a Green function on
the 2D conformal space,

2
Ve(r)Ge = —4n5y(e! = x),
where [J, is the d’Alembertian operator of the 2D con-
formal space and the potential is

LGy — (2.18)

M

Vo) =66 +1) + (2.19)

The boundary conditions that the Green function G,
obey must be such that when they are introduced in
Eq. (2.17), and use is made of Eq. (2.7), the resulting
Green function Gy is the retarded Green function of
Schwarzschild spacetime. In fact, G,(x*, x*') must be
equal to the retarded Green function of Eq. (2.18) since?
it satisfies the same PDE [Eq. (2.18)] and it obeys the
defining boundary conditions of a retarded Green function,
as we now show. From Eq. (2.17) and the orthogonality

properties of the Legendre polynomials it follows that

+1 R
Gy(x4,xV)=2n / d(cosy)Py(cosy)Gg(x,x'). (2.20)
-1

Now, from Eq. (2.14), 6 > 0 implies 6, > 0, V k € Z.
Since the retarded Green function Gg(x,x’) of conformal
Schwarzschild is zero if x' & J*(x), it follows that G, is
zero if either 6 >0 or Atr=1r—1¢ <0, which is the
defining boundary condition of the retarded Green function
in M,. In order to illustrate the causality properties of the
G, in Appendix A we calculate these modes for two simple
4D spacetimes; flat and Nariai spacetimes.

In coordinates (z, r,), Eq. (2.18) takes the familiar form

G,
or or,>

G /
‘ - % VfG,/ﬂ = —47T52(XA - )CA )

(2.21)

Thus, the structure of G,, and hence G and Gy can be
probed using a variety of PDE techniques. In particular,
there is a large body of work that exploits the amenability
of (2.21) to a Fourier transform in the time coordinate. We
will take an alternative approach that remains in the
2-dimensional setting and that applies (in particular) a
result of Zauderer ([22]; see also Theorem 6.4.2 of [6]).
This result—which we shall give explicitly below—pro-
vides an expansion of G, in terms of Bessel functions and

*We remind the reader that the properties described in the text
define the unique retarded Green function—see Corollary 6.3.1
in [6].

of Hadamard coefficients for a ‘background’ wave equa-
tion. The Green function G for the background equation
satisfies

2
PG = —4ﬂr752(xA — ), (2.22)
where
1/ 8M
P=0,+-(1-22), 2.23
45 (1-2) 2.23)

so that (2.18) can be written in the perturbative (but exact)
form

2
(P-1%G, = —47rr—62(xA —x",

7 (2.24)

where L=¢+1/2.

The Green function of the background wave equa-
tion (2.22) obeying retarded boundary conditions can be
written in the 2-dimensional Hadamard form,

G(x*, xY) = 220(t — 1)0(—o) U (x*, x*), (2.25)
where the biscalar U(x*, x*) is the solution of the homo-
geneous equation PU = 0 satisfying boundary conditions
derived from Egs. (2.26) and (2.28) below (U is the so-called
Riemann function of the operator P on M,—see [7] and
Sec. 6.2 of [6]). This biscalar exists and is uniquely defined
on M, x M,, and for any point p = x* € M,, there is a
neighborhood Q, C M, suchthat ¥ x" € Q, we can write
(we note that we are using the conventions of [6]),

~

U(x?, x ’):iuk(xA,xA’)(_if’) . (2.26)
k=0 :

where the series is uniformly convergent on Q, (see
Theorem 6.2.1 [6]); this is known as the Hadamard series.
The numerical evidence in Sec. VI provides a strong
indication that €2, extends well beyond the region corre-
sponding to the maximal normal neighborhood of a point of
the 4-dimensional spacetime that projects to p. Furthermore,
in Appendix B, we consider convergence of the series in the
limiting case of zero mass (M = 0).
Using (2.25), (2.26) and (2.16), we have

o 2k
A AN —2720(1 —£)0(— A AT .
G(x*,x*)=270(t—1)0(-0) kE:OUk(x ,X )k!

(2.27)

The Hadamard coefficients Uy, k > 0, in M, satisfy the
following recurrence relations in the form of transport
equations along the unique geodesic from x* to x4 [6,27—
29]. In two dimensions, Uy, is the square root of the so-called
van Vleck determinant A,; = A,,(x*, x*),
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UOZA;(/f@zO'AvAUO:<2—|:|20')U0, l/lmU(): 1,

(2.28)

and the Uy, k > 1, are determined by solving the transport
equations °

1
2GAVAU]€+(E120+2(/(—1))Uk:§PUk_l, kZl

(2.29)

Regularity at ¢ = 0 fixes constants of integration, so that the
U, are uniquely determined. Here, the operator P denotes the
operator of Eq. (2.22) satisfied by G. We note that ¢ and U,
depend only on the spacetime geometry, but the coefficients
Uy, k > 1 depend on the details of the wave operator P. We
also note that we have calculated ¢ and A, in M, numeri-
cally in [21]. The 2D Hadamard coefficients U, play an
important part in the analysis of the GF in 4D Schwarzschild
spacetime that we shall carry out in Sec. IV.

We wish to derive a globally valid form for Gy on
Schwarzschild spacetime and its full singularity structure.
As seen in Eqs. (2.7) and (2.17), this can be written as a
sum of 2-dimensional Green functions,

1 = 1 ;
Gr(x,x') = S Z <f + 5) G, (x*, xV)Py(cos y),
=0

(2.30)

where the G, satisfy Eq. (2.24).

In Sec. IV below, we show how we can use a large-Z
expansion to (i) determine the full-singularity structure of
Gy and (ii) express the nonsmooth contribution to G as a
‘sum of Hadamard forms’. The resulting expressions are
valid on regions of the form

Qp = {0eM; xS,:qeQ, andy(x?, x%) € [0,70)}.
(2.31)

where P = (p,x*)eEM,xS, and Q= (q.x¥)€
M, x S,. This arises through the application of a theorem
due to Zauderer [22], which is cited (with an alternative
proof) as Theorem 6.4.2 of [6]. This result gives the
following form for the retarded Green function G, on
M, of the operator P — L? of (2.24):

Gy = 270(—0)0(AU (x4, xV),

U, (x4, x) = i_o: Uy <2L—’7> ka (Ln), (2.32)

*We thank David Q. Aruquipa for identifying a sign error in an
earlier version of Eq. (2.29).

where the J, are Bessel functions, U, is the Riemann
function for the 2D wave equation (2.24) and the coef-
ficients U, = Uy(x*,x*) are the 2D Hadamard coeffi-
cients of Eq. (2.26). These coefficients and the series
Eq. (2.32) are defined globally on M,. This result in
(2.32) is not perturbative; it holds for all L € C\{0}, and
yields (2.27) in the limit L — 0. According to Zauderer’s
theorem, the series in Eq. (2.32) converges uniformly in the
region Q,, of any p € M, on which the Hadamard series
Eq. (2.26) converges uniformly.

In the next sections we proceed to exploit, in different
ways, Eq. (2.30) with Eq. (2.32) in order to determine
properties of the GF in Schwarzschild spacetime.

I1I. GREEN FUNCTIONS IN SCHWARZSCHILD
AND IN PLEBANSKI-HACYAN
SPACETIME M, x S,

A. General form

We note that the GF in Schwarzschild spacetime given by
(2.30) and (2.32) bears an interesting and useful relationship
to the GF GRH of Plebariski-Hacyan (PH) spacetime M, x S,
(where M, is 2-dimensional Minkowski spacetime) for a
scalar field with m? +2¢& = 1 /4, where m is the mass of the
field. See Eq. (134) in Ref. [14]* for an expression for the
latter GF,

Gy (npw.7) = 0(—ow,)0(A1) i (f - %)

£=0
x Py(cos y)Jo(Lipn)

= 1
=0 Z+—|Ps(cos y)Jy(L ,
) 3 (¢4 5) Peteon L
(3.1)
where the world function of the M, factor of PH spacetime is
given by oy, = —npy/2 and npy is the geodesic distance in

M. [In the last equality in (3.1)—and throughout the paper
—we adopt the convention that proper time along future-
directed timelike geodesics and the time coordinate ¢ are
cosynchronous]. We see that this expression for the GF in PH
is obtained from (2.30) by removing the conformal factor
1/(r-r'),setting Uy = 1 and U, = 0,k > 1 in (2.32), and
replacing n by npy. We will use this fact in Sec. V to provide
some basic checks on our caustic results in Schwarzschild
spacetime.

We can in fact take the connection between the GF in
Schwarzschild spacetime and the GF in PH further and we
next write the former as a sum of # integrals of the latter. By
inserting Eq. (2.32) into Eq. (2.30) and swapping the order
of the #- and k-summations, we obtain

*We note that in the last expression in Eq. (134) in [14] there is
a missing factor 6(—ay,).
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0(n) < :
Grlx.¥) = —==3 ;:o ) Ur(x* )G (7). (3.2)
where we have defined
S 1 Ji(Ln)
GPM(n,y) = £+~ P KU (33
=Y (645 Peteos P 6

and the prefactor (—c)0(At) = 6(n) has been taken out-
side as a common factor in (3.2). We note that the GF in PH
is equal to G (1pu. 7) = O(—0ow,)0(A)Gg" (e, 7) (this
is simply the identification mentioned above between GF’s
in Schwarzschild and in PH under U,=1 and
Uy =0,k > 1). In order to relate Gt for all k € Zy to
the GF in PH, we use Eq. (10.6.6) in [30] to first obtain,
|

</dnn>kF(n)EA"dmm<[)m dnm(--- ([)”“ dnwﬁ(m)) ))

for an arbitrary function F () for which the integrals exist.
Since the only 7 dependence of Gt in (3.3) is via the
J«(Ln), it readily follows that

Gl (n,y) =n* / dnn* G (n.y)
k
=n‘k( / dnn) G (n.7).

(3.8)

We then have

~—

O(n

=5 2 U

= < / dn ”)kGEH(m ).

(3.9)

Ggr(x,x)

ﬁ

Finally, we note that the GF in PH is GY(ypy,7) =
O(17pe) GEP (7pw. 7). It is clear from the limits of integration
in (3.7) that # > 0 is equivalent to #; > 0. Thus, we can
write the GF in Schwarzschild in terms of the GF in PH as

</ dnn>kG1'}H(f1,r).

(3.10)

Grlx,x")

We have thus expressed the GF in Schwarzschild as a
suggestive sum of integrals of the GF in M, x S,, weighted
by the 2-dimensional Hadamard biscalars U,.

In the next two subsections, we will use two different
results for the GF in PH which we obtained in [14] in order
to make some further progress with Schwarzschild’s Gg.
Specifically, we will use the Hadamard form for GR in the

LN ) = son). (34
Lk 7’]d7’] mJi\Ln)) = JolL1), :
Ld g (in) = Lp= 0 (L), (3.5)
i’]di’] k k—1 . .
From these, it follows that
Ji(Ln) 7 Ji-1 (L)
kLk =n kA d”/ (’7/)k klfk—l
k
=f1"‘</ dmz) Jo(Ln), (3.6)

where we have used the shorthand notation for the iterated
integral

(3.7)

I
first subsection and the globally valid singularity structure
of GE! [obtained using (3.3)] in the second subsection.

B. Hadamard form

The GF in PH also admits, of course, its own Hadamard
form, valid within normal neighborhoods of points in PH,

GE (npm. 7) = O(A1) (A 8(0pn) + Venb(—opn)). (3.11)

where opy = (—1py +7%)/2, Apy and Vpy are, respec-
tively, the world function, the van Vleck determinant and
the Hadamard tail biscalar in PH. In [14] we managed to
calculate, in closed form, Apy (which is actually equal to
the van Vleck determinant in the two-sphere S,) as well as
the first two terms in the Hadamard series for Vpy, while
the latter biscalar was calculated numerically in [31] for any
pair of points. Specifically, we found that

4
Apy = ——,

siny Veu(pn.v) = ; Vu(7)0ph (3.12)

with (in the case m? +2& = 1/4)

1 1/2<1 coty)
vyly) ==A - 3.13
o) =g (5= G313
and
A1/22y —3csc?(y)[6y% + 2y sin(2y) + 5cos(2y) = 5]
1_ .

256y
(3.14)
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The higher orders v,, n > 0, can in principle be obtained
from v,_; via a recurrence relation. These coefficients are
closely related to the Hadamard coefficients of a certain
wave equation in 2-dimensional anti—de Sitter spacetime
AdS, (see Appendix B), and to the coefficients that arise in
an expansion of the Legendre polynomials in terms of

Bessel functions. This expansion is due to Szego [32]; see
(4.23) below. We next introduce the Hadamard form (3.11)
and (3.12) for GR in (3.10), after replacing py; by 7, and so
opn = (=npy +7°)/2 by &= (=1’ +¢*)/2. Using the
integral results, valid for all £ > 0,

_1Yk+Hlg(y —
(f ann) ocanate) = ( [ ann ) otmpate) = S 0= e, (3.15)
and
—1Y%0(n—v\n
([ am) oanoaw = ( [ am) omer==HpEII g, (3.16)
it readily follows that, separating out the k = 0 term,
Gl ) = - { ANV ) AR8) + Vi 1)0(-)
o 1/2 ®
On— -1 k2kU A A’ ~k—1 An+1 , 3.17
=N YRV (< S e ) L6

where we note that 8( —y) =0(—6)0(At) and Vpy(n,y) =
S w,(y)8". The first term 6(A1)UgANZ5(8)/(r - ') in
(3.17) is, of course, just equal [see Eqgs. (8) and (17) in
[25]] to the direct part U, ,0(Af)5(04y) in the Hadamard
form for the GF in Schwarzschild. We have thus effectively
written a Hadamard form for Schwarzschild’s G where the
Hadamard tail V,,; is manifestly written as a series in &,
with coefficients that depend on quantities defined in
2-dimensional manifolds; M, in the case of U, and S,
in the case of v, (y). This is a manifest advantage over the
standard Hadamard series of V,; in o4, because one can
thus apply available machinery for calculating Hadamard
coefficients in 4-dimensional Schwarzschild to these easier
2-dimensional cases. As for the calculational machinery,
Hadamard coefficients may be calculated, for example, by
solving transport equations [29]. Alternatively, one might
prefer to obtain the coefficients analytically in terms of
small coordinate-distance expansions (see Ref. [33] in

Schwarzschild and Ref. [25] for explicit expansions of
Uy and 77 in M,).

C. Singularity structure

Let us here look at the singularity structure that expres-
sion (3.10) for Gy yields. Specifically, we shall calculate
G, defined as the contribution to Gy for which the
coefficient of O(n) in (3.9) does not take the form of a
continuous function on the spacetime. We obtained the
equivalent discontinuous contribution to GR(npy,y) in
Eq. (156) in Ref. [14]. By carrying out the -integrations of
G (n,7) as required in (3.10), the integrals of the terms in
Eq. (156) in Ref. [14] containing ’s and log’s of the world
function yield continuous terms. Therefore, the only other
discontinuity in (3.10) arises from the one integral (k = 1)
of the terms in Eq. (156) in Ref. [14] containing §’s and
PV’s of the world function,

n
9(’7)/ dn'n' 8(6,(n'.y)) =0(n—y—2zn), YV neZy,,
0

0(n) / "y n/ PV
0

et = 00 (- st + 10 PIE) ) v ez,

(3.18)
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where 6, = 6,(n,y) is given in (2. 16).” That is, the discontinuity GYis arising from (3.10) is given by its k = 0 summand as
per Eq. (156) of Ref. [14] together with the discontinuous terms in (3 18) (and so not including the 2 In (27 — y) within the
k = 1 summand); in the next Sec. [IVA we prove that the k-sum does not bring in any new discontinuities. After some

calculations, we find

r.r/.GdRiSC_e(]/l)|: ( +2ﬂ'n

Uy &
20 _NT(=1)s
T n:o( )"6(n —

1 & (=) 1
+ Sﬂ\/sin Y nz_: V2rxn —y (UO <2Jm —
(="

8\/Sm)/ Z NerTE ( <2ﬂn1+ , 7) 160+ 2””)U1>9('7 -+ 2ﬂﬂ))} -

This expression for the discontinuities in Gy should be
compared against the terms in (4.74) and (4.76) below. By
focusing on the behavior at the discontinuities and so
allowing the evaluation at the discontinuities themselves of
coefficients of the discontinuities (i.e., as indicated below
Eq. (154) in Ref. [14]), it can be easily checked that the
asymptotics at the discontinuities given by (3.19) agree
with those given by (4.74) and (4.76).

IV. GLOBAL ANALYSIS OF THE
SCHWARZSCHILD GREEN FUNCTION USING A
LARGE-¢ EXPANSION

In this section, we will use an asymptotic expansion for
Bessel functions to obtain a representation for the retarded
Green function of Schwarzschild spacetime given in (2.30).
Bessel functions enter via Zauderer’s theorem as expressed in
(2.32), and via a representation of the Legendre polynomials
as sums of Bessel functions [see Eq. (4.23) below]. We then
sum over the mode index # to identify the global singularity
structure of G, and to determine the nonsmooth contribution
to G as a sum over Hadamard forms. Here, the distinction
between smooth and nonsmooth is made modulo the
presence of an overall factor of 6(—0)0(Ar) in Gp: that is,
the distinction between smooth, nonsmooth and singular
behavior is made with respect to the coefficient of this term.
The results of this section are contingent on convergence of
the background Hadamard series (2.26), and so apply on the
region €, of M, on which convergence holds.

A. The large-¢ expansion

The large-Z expansion of Eq. (2.30) is underpinned by
the following large-argument expansion for Bessel func-
tions [Eq. (8.451) of Ref. [34] ]:

even odd even/ odd

FornEZ>0,1tlsan—a and 6_, = o0,
are defined in Egs. (157) and (158) of Ref. [1 ]

where ¢

fr\/smyZ V2ﬂn -7 ('7 + (71— 27"1))

ot Cot7> + 16(272n — 7)U1> In((2zn —y) —n)

(3.19)

Ji(z) = %[XN: E, <z L %) (Z’;)m + Rk,N(z)} :

m=0

|arg(z)| < m, (4.1)

where N € N is odd, and

eimﬂ/2 ) ) T
E,(x)= 5 (e + (=1)"e™™) = cos (x + Em),
- L(k+m+1) (42)
k'm_m!F(k—m—ﬁ—%)’ '

and the remainder term has the form

V3 T . T V3
Rk,N<Z) = COS (Z—Ek—z)Rl — Sin <Z—§k—Z>R2,

(4.3)
with the bounds
I'(k+N+2
IR, | < N Gk + '+2) =, N>k-=,
)" (N + 1)k =N =3)
(4.4)
C(k+N+3) 5
R 2 , N>k—=.
IRo| < (2z)NT2(N 4+ 2)I0(k — 2N —3) -T2
(4.5)

A key feature of the expansion (4.1) is that it does not apply
to all orders; for each positive integer choice of N in (4.1),
we must cut off the sum in (2.32) at the appropriate value of
k as determined by Egs. (4.4) and (4.5). We note that, in
Eq. (2.32), the argument is z = L#, and so large £ = L —%
corresponds to large z (given a fixed 5 > 0).

Using Eq. (4.1), we can write down a corresponding
equation for the 2D Green function, based on Eq. (2.32).
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This equation holds for any odd N > 1, and we extract
features of the Green function by taking a limit N — co. We
write

Uy (A ) =UN 4 Ry + UM, (4.6)
where
N oonyu; | 2 (& n.
=N U 2 (NS (g T
U, Z - mﬂ(Z m(n Si=3
j=0 m=0
ajm
X : , 4.7
(2Lf1)’") .7
N
. 2n)yUu; | 2
R, v= —R: v(Ln), 4.8
N j:ZO L zLy j,N( ’1) ( )
- = (2n)U;
UM = 3" 7 LJ;(Ly). (4.9)
J=N+1

In the discussion below, we will refer to 2/,") as the [inite
sum, to Rf v as the remainder and to U,N*) as the
infinite tail.

Our next step is to rewrite these three terms as sums of
ascending powers of L~', and to then sum over 7 to
determine the contribution of each term to Eq. (2.30). Our
key conclusion is that we can take the limit N — oo to obtain
the following results: in the limit, only the finite sum U/ f(N )
contributes to the singular and nonsmooth parts of G (x, x'),
the remainder term IVQ,,a,  contributes only to the smooth part
and the infinite tail 2/,("-°) does not contribute to the GF.

First, we consider the infinite tail contribution to (2.30).
For any finite N, this term is continuous. We apply
the following large-order asymptotic relation for Bessel
functions [30]:

1 [/z\*
Jk(z)NE(E) B k — o0.

Then for large N, the infinite tail has the following asymp-
totic behavior,

(4.10)

=\ (2n)'U;
u(fN,oo)E Z ( ’7)} 7. (LV]) g(Noo)’ N—’OO,
J=N+1 L
(4.11)
where
0 172,'
gV = N ;= (4.12)
=Nt I

From (2.27), we recognize this as the tail of the infinite series
which generates the background Green function G; note that

the approximation is independent of L. It follows that, in the
region where the Hadamard series Eq. (2.27) converges, the
infinite tail satisfies

UN®(xA x) 50, N-ooo,  (4.13)
and that for each x*, the convergence is uniform in L and x*".
Summing over £ yields the contribution of the infinite tail to

Gy in Eq. (2.30). This corresponds to

)Pf(cos Y)

~> ( ’ 5) GNP, (cosy). N = oo, (4.14)
and we have
- 1
$ (v oty
=0 2
- 1
_ N,00 - _ N,00
=gy <f+2) P(cosy) =GN "5(y +2kn),
=0 keZ
(4.15)

where we have used the fact that GV*) is independent of Z.
This contribution is a large-N error term which, by Eq. (4.13),
vanishes in the limit as N — oco. This term does not
contribute to the physical Green function.

Next, we consider the contribution of the remainder term
(4.8) to (2.30).

The quantities R y introduced in (4.3) are subject to the
bounds of Egs. (4.4) and (4.5), and so it follows that, for a
fixed n > 0,

R,y = O(£7N73/2), £ - oo.

(4.16)

The corresponding contribution to (2.30) then satisfies

Z(f+ )Rmpfcosy Z fN—l), (4.17)
0 =

where we have used P,(cosy) = O(£7'/?),f - +0,y €
(0,7) (recall that N > 1). Since the series in (4.17)
comprises a series of continuous functions, the upper
bound stated allows us to apply the Weierstrass M-test
and deduce that this contribution must be both finite and
continuous. Furthermore, by differentiating the summands
on the left-hand side of (4.8), applying recursion formulas
for Bessel functions and Legendre polynomials along with
the relations (4.1), (4.3) and (4.8), we obtain a bound
equivalent to (4.17) for any first-order partial derivative.
(Recall that the Hadamard coefficients U, (x*,x*") are
smooth functions of their arguments.) There is a loss of
one power of £ on the right-hand side, so that, in general,
Z~N=! must be replaced by #~V. This process can be
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repeated iteratively, and it shows that we can always choose
N large enough so that derivatives of the remainder terms of
arbitrarily high order converge to a continuous function.
Hence, the remainder term does not contribute to the
nonsmooth part of the retarded Green funcz‘ion.6

Next, we consider the contribution of the finite sum (4.7)
to the Green function (2.30). Our aim is to show that only
this term contributes nonsmooth (including singular) terms
to the Green function. To see this, it is necessary to include
again all contributions to U; the finite sum, the remainder,
and the infinite tail. We can do this by rewriting the
asymptotic expansion of the Bessel functions in the
following way: for any (odd) N > 1, we have

@ =23 Eale-5e-1)
3 e (-5

(4.18)

[

n k=0
A
VL ZEk

=0

where the coefficients & (x*,x*), k=0,....N and
a(x* x" L), k=N+1,...,2N +2 arise by formally
collecting like powers of L, treating by, (Ly) and
bins+2(Ln) as though they were independent of L. This
procedure is well-defined, and yields coefficients
a,(x*, x*'; L) that are “weakly” dependent on L; these
coefficients have the form of linear combinations of
functions of #x multiplied by the zero order [i.e.,
O(L®) = O(1)] terms by 41, byy4o- In particular, these
cannot contribute positive integer powers of L that would
“contaminate” the coefficients @, for k < N; that is, these
coefficients are completely determined by a,, ;, = a,, .

§
h

L‘*

(x4, ) = zk:(—l)’”a Unla,x")

mk—m (2’7)k_2m (422)
m=0

Note that these coefficients are independent of L. Recall
that the functions E, are trigonometric, and so are O(1). As

above, the term LI;NW)
tribution (4.9).

We can derive a corresponding expansion for the
Legendre polynomials, based on the following expansion
in terms of Bessel functions (see [32] and volume 2, page
58, Eq. (15) of Ref. [35]):

in (4.21) is the infinite-tail con-

®This is true for a fixed n > 0, which, for causal separation,
merely excludes the coincidence limit (i.e., 7,y — 0) which is
covered by the Hadamard form Eq. (1.1).

N2
n——)&k(xA,xA'>L‘k+ Z a (x4, x; L)L~

where E,, is defined as above, a; ,,, = a;,, for 0 <m <N,
and

B I(k+N+3)
N1 = by (2 )(N+ DI(k — N—%)’ (4.19)
I(k+N+3)
QN2 = benia(2) (4.20)

(N+2)I0(k—N=3)’

where the quantities by v (z) and by y,(z) are for each k
and N, bounded functions of z—in fact, bounded by unity
[this is equivalent to the bounds on R and R, given in (4.4)
and (4.5) above]. Then for each odd N > 1, we can write

4 ak,m —m (N,o0)
L™ ) +U
Q@W" > ‘
O-+u9”% (4.21)
k=N+1
1/2
Py(cosy) = (sm> ZV . (4.23)

where the coefficients V;(y) are elementary functions
which are regular for y € [0, 7). See Appendix B for more
details. In particular,

Voly) =1, Vily) = é (coty - %) (4.24)

The series (4.23) is uniformly convergent in any interval of
the form [0,y, — €] with € >0 and yo =2(v2 - 1)z =
0.8287x [32]. Note, in particular, that the expansion is not
valid at y = . An alternative approach to the calculation of
the coefficients V is given in Appendix B.

Using the representation (4.18) for J,(y), we can write

r \"2 2 (¢ Ay -k
P/(cosy) = (E) n—Ly<Z Ey (LV—Z)ﬂk(}’>L
=0

2N+2
—k) + P(fNoo)’

+ ) Blr:L)L
k=N-+1

where the f;(7; L) are weakly dependent on L in the sense

defined above and

(4.25)
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ﬁj(]’) = Z(—l)

m=0

The infinite tail term P(KN’W)

is defined analogously to (4.9),

P(N,oo) = 4 12
‘ siny

mg  Vulr)
m,j—m (2J/)j_m . (426)
i Vi 250, (427)

Note that both L{(fN’W) and P;N’m) are zero in the limit as N — oo; these terms correspond to tails of infinite series that

converge in the domain under consideration. That is,

2 N T ,
li — Ei| Ly —= Jap(x?, xA
t iz (3 (- e

. y \'? |2 > Ay —k 7 —k
1 - —_— g E.(Ly—- L E ;L)L = P,.
Nl—r}.}o <Sin )/) nLy e T 4 b (7) * k=N+1 P (7’ ) ‘

2N+-2
YLK+ Z ak(xA,xA’;L)L—k> =U,, (4.28)
k=N+1
2N+-2
(4.29)

Multiplying and collecting inverse powers of L (again, in a well-defined manner), we can write

min{k,N}

! ! S P . A
O R
(e w2\ 2 : B

e 519 oo o] o

k=0 \j=0

where (we recall) N is an odd integer with N > 1. The
functional dependence of the sinusoidal functions E; on
terms proportional to 5 & y in (4.30) is worth noting. These
combinations in the arguments of the E, are the seeds that
will later give rise to the functional dependence of the GF
on the global world function 6, [see (2.16)] in the
expressions for the singularity structure and the expression
as a sum of Hadamard forms [see Eq. (4.84) below].

We cannot at this point take the limit N — oo and neglect
the O(L7™7') term in (4.30). However, as N can be
arbitrarily large, when we sum the O(L™N~!) term over
¢, as we will see below, we obtain a smooth (i.e., C®)
contribution to the full Green function. The sum to N terms
in (4.30) yields the full nonsmooth contribution to the
Green function, including the singular contribution. We
proceed to calculate this nonsmooth contribution (and show
that the contribution from the remainder term in (4.30) must
be smooth [see the paragraph below following Eq. (4.42)].

As already mentioned, the function U,(x4,x*) in
Eq. (2.32) is the Riemann function for the 2D wave
equation (2.24). This is a smooth function on M,, and
so the anticipated nonsmoothness in Eq. (2.30) is due to the
infinite sum; any cutoff at a finite £ = £, would yield a
smooth quantity. Thus the nonsmooth nature of Gg(x, x’)
arises from the large-Z behavior of Eq. (2.30), and so we
used a large-Z expansion above to determine the non-
smooth contributions.

The large-Z expansion requires that we first subtract the
¢ = 0 contribution to G, and so we define

GEl (x,x) = . 'lr,i (er%)Uf(xA’XAI)PK(COS 7),
. (4.31)
so that
Gr = 0(—0)0(Ar1) (% + Glf;zl>, (4.32)

From the comments above, the only discontinuity in the
first term on the right is due to the presence of the
Heaviside distributions 8(—c) and 6(At). So our aim now
is to expand the summand in Eq. (4.31) for G?I in inverse
powers of £ and to identify the nonsmooth contributions.
We note that presence of the causal terms 6(—c)6(At) in
(4.32) implies that Gy, is zero for n(x*,x*") < 0. Thus, in
the remainder of the paper we take # >0, and so we
set O(—c)0(At) = 0(n) = 1.

Next, we define the contribution to G%>' (x, x') that arises
by including the finite sum to N terms in (4.30), and then
take the limit as N — oo. This results in the following
expression (with the subscript “NS” for nonsmooth):
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Gzl —_ = ( _k>7 ye(O,y),
R.NS /\/szl ;Lﬂk 0
(4.33)
where
v Ei(_wkj(k_l) (4.34)
vy = — Ui, .
j=0 2k k—j ’
v;=E; <7/L +nL — g) I/EH(xA,xA/,y)
+E(rL — gL\ (x4 2 ), (4.35)
IS PN Ly 436
v =5 aaR(), (4.36)

2 1 -
Gaxs = A Vi
RNS = 73 nsinykz:;[ W7 )V
where
o) eiz,’x
A (x) = i (4.40)
=1
m (2k=m—1)/2 k—1
_ )/2 (+)
= oilr+n)/ § — (k—m)ym . (4.41)
k_ Lin(2k=m)/2 / |k — 1
() — ir-m/2 N~ € ( ) )
VvV, =l Um ' . 4.42
k n;) 2k—m+1 k—m ( )

We note that the V,(f) are smooth functions on the conformal
Schwarzschild spacetime which are independent of Z.

The distributions Ay, k >0 play a key role in our
description of (4.39) as a sum of Hadamard forms. The
basis of this structure is the observation that the A, are
periodic in their argument. From the spacetime point of
view, this periodicity is reflected in structural similarities in
the form of (4.39) that repeat periodically as null geodesics
emerging from the base point x execute multiple orbits
around the black hole. The forms of the different A, k > 0
are also crucial in identifying the singular and nonsmooth
contribution to G. We note that inclusion of the remainder
term from (4.30) yields terms with coefficients of the form
Ay, with N arbitrarily large. The sum over ¢ produces
smooth functions—essentially trigonometric functions
with arguments #z +y. This establishes the fact that

G%\}S includes all nonsmooth contributions to the retarded

)+ Ak(}’ + ’7)

W %Z WOhly),  (@437)

k=0

and where @, and ﬁk are defined in (4.22) and (4.26),
respectively. We note that in (4.34), we use the binomial
coefficients

(0)=(o)="

In (4.33), the summation index £ appears only as an
inverse power and in the phase functions E;. This leads to
the next step, which involves collecting like phases and
then summing over 7,

(i):o for all k> j > 0.

(4.38)

D Ay -V + A -n)P, (4.39)

|
Green function, and that the remainder term (4.8) ulti-
mately contributes a smooth term to Gp.

B. Structure of the .4;

We write
A (x) = Cr(x) + iSi(x), (4.43)
where
Co(x) = i Cos(?X) 45 (4.44)
e /=1 et B .
and
= Z > 0. (4.45)
=1
We note the distributional result
Ap(x) = iA(x), k>1, (4.46)

and correspondingly

A(x) = (k) + i AxAk_1<y>dy, k>2,  (447)

where (k) = A;(0) is the Riemann zeta function, and so
we have the regularity results
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A,ik_l) elLl

Ay € CF2(R), L(R), k=2. (4.48)

For k > 1, we have

Cal) =By (). Osrsan (449

(_l)k—l (2”)2k+1

xeR, (4.52)

1 (%),

and where B, (x),n > 1 is the n' Bernoulli polynomial
[30]. It follows from Fourier theory that for £ > 2 even,
Ci(x),x € R is the periodic continuation to the real line of
the corresponding Bernoulli polynomial, and likewise for

and
Si(x), x € R with k > 3 odd. To see this, we consider the
R x following theorem (see e.g., Theorem 14.29 of [36]):
So1(x) = Baogps <2_> 0<x<2nm, (4.50) Theorem 1 If f:R — R is periodic on R with period
o 27, has bounded variation on [0, 2z] and is continuous on
the closed interval /, then the Fourier series of f converges
where .
uniformly to f on I.
L)1 (212 Applying Theorem 1 then allows us to write C,; and
sz(x) = (=)™ (27) By(x). x€eR, (4.51) Syis1 as the periodic continuation of the polynomials
2 (2k)! appearing in (4.51) and (4.52) respectively:
|
= cos (£x . (x—2nn
Cor(x) = ; e > 0(x = 2nm)0(2(n + 1) — x)By; ) k2lxeR (4.53)
= nez
and
sin (¢x) S x—2nzx
Sopr (x) = ; e Zze x=2nm)0Q2(n+ e = 0)Byy (—— ). k21.x€ER. (4.54)
= ne
|
This accounts for approximately half of the terms in We define
(4.39). To deal with the terms Cy;, 1 and Sy, k> 1, we
must first recall some facts established in [14] regarding A, iC,(x), k odd;
and A;. Zi(x) = k>1,xeR. (4.59)
In [14], we showed that [using the notation of (4.43) and Si(x), Kk even,
with Z, = Z\{0}]
Then
= X
Ci(x) =—=In|x| - In{l ——|, (4.55)
ngz:o 21’17‘[ Z;((x) = —iZk_l(x), k Z 2,x (S R, (460)
1 and so
Si(x)=-= .
+n2{ X —2nz) — 2], (4.56)
nez
Zk(X) = Zk(()) — l/ Zk_l(l)dt, k > 2,.X' e R. (461)
with the distributional derivatives 0
1 We note the values
Co(x) = Si(x) = =5+ 7y 8(x - 2nn) (4.57)
nez .
il(k), k odd;
Z,(0) = { ¢ (4.62)
0, k even.
So(x) = —C)(x ZPV( 5 > (4.58)
nez e Integrating (4.60) with k = 2 using (4.55) then yields
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Z5(x) =x(1 =1In|x|) + Z [x + (2nw — x)In (4.63)

nez,

x
- C(R),
ZnﬂH cC®)

where we use Z, = {n € Z:n # 0}. Integrating repeatedly yields the form below for Z;, k >2. We state the
result as a proposition: this is proven by showing that the given functions satisfy the sequence of initial value problems
(IVPs)

2,(0) { i¢(k), k odd; k>3

Z =—iZ,_ ,
k(x) iZ_(x) 0. k even.

XER, (4.64)

It follows by an inductive argument that each IVP in this sequence has a unique solution (essentially by virtue of the
continuity of the sequence of right-hand sides that emerges); this solution, which takes the form stated in Proposition 1,

must be the required function Z;.

Proposition 1 Let Z;(x), k > 2 be as defined in (4.59). Then

Z4(x) = 40 (x) + A In x| + )

nez,

n=0

where A, are constants and

00k (X) = bro + by x4 -+ + by XK,

2 Or(xX) = yBio + wBii (x = 2n7) 4 -+ + By i (x — 2nm)* !,

are polynomials of degree k — 1. The constant and the
polynomial coefficients for the n = 0 contribution are
determined by the relations (valid for k£ > 2)

_ =t
A= (k=11
by = (_jf)] 2,0, 0<j<k-2,
i k
buics = =g+ w0 (4.68)

where y is the Euler-Mascheroni constant and w(k) =
I(k)/T'(k) is the digamma function. The polynomial
coefficients for the n € Z,, contributions are determined by

N\ k
—1
an,k_l :_(]E_)l)'(y+l//(k)), k>3,
(=i)/ ,
an’j:T”Bk'j’O’ 0<]§k—2,
k—1
an,O - - <—27’l7l')jan’j, k > 3’ (469)

[,,Qk(x) + Ag(x = 2n7)F" In|1 — %T ] : (4.65)
(4.66)
ne z, (4.67)

with the initial values [read off from (4.63)]

nBZ,O = 2mr, }'LB2,1 =1. (470)

Note that, as anticipated, the functions Z;(x), k > 2 are
smooth (i.e., infinitely differentiable) everywhere except at
points of the form x = 2nz,n € Z. The term labeled
“n = 07 is nonsmooth at x = 0.

By way of summary, we note that the formulas (4.53)—
(4.58) and (4.65) provide, via (4.43), the complete descrip-
tion of the functions/distributions A, that is required to
determine (a) singularity structure of the GF and (b) the
sum-of-Hadamard forms representation of GF. We turn
now to the first of these.

C. The singularity of the GF

The singular contribution to G%>' arises from the k = 0
and k = 1 terms of Gy in (4.39). This follows from the
regularity conditions (4.48), and from the argument in
Sec. IVA above that the remainder term (4.8) and the
infinite tail (4.9) do not contribute to the singularities of Gp.
The result in this subsection is valid everywhere that both
the Hadamard series (2.26) and Szego’s series (4.23)
converge.
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Collecting the relevant terms, we see that the ‘most’ singular contribution, the kK = 0 term, is

1 Up(x?, x) r+n ry+n
pu— C
k=0 mr-r \/nsiny sin 2 oly +1) + cos 2

—&—cos(y;n)CO(y—n) —|—sin<y;’7

Some simplification is possible here using the distributional identity f(x)5(x — a) = f(a)é(x — a). This yields

1
GR

>SO(Y +n)

)sutr-a] wm

. (r+n o (rtn
sm( 5 >C0(y+l1)—sm< 5 >[ +7zneZZ§y+17 2”!77:):|
1
= —Esin (}/ —; ”) , (4.72)
and
_ B y—n 1
cos( )Co(y—ry)cos< 5 >[—§+ﬂ;5(y—n—2nn)}
1 r—n
- —1)"8(y - — 2nx). 4,
2cos< 5 )‘Fﬂ';( )'6(y —n — 2nn) (4.73)
Thus,
1 Up(x?, x 1 1 —
ozl| -1 o(X_X) L (rEny L (=1
k=0 mr-r y/psiny 2 2 2 2

+;{ Vias(y — i — 2nﬂ)+cos<y;n>Pv<m>+sin(y;”>PV<y_”l_2nﬂ>]}. (4.74)

Corresponding to this equation for k = 1 we have

£21
GR

T _871:r1- 3 \/’ﬁ {V(y) {cos(y ; 77>C1 (r+n) - sin(y ; ﬂ>51(7 + ’7)]

V=) [sin (50t =) - cos (1505167 -m)] | (473

)

y+n
2nw

1 1 y+n
=— — V) |- 1 log|1 —
y— ﬁﬁnsm{ (J’)[ COS< > ><0g|y+r1l+ne§Zo og

+sin<y—;”> (7’;”—”"62 [9(y+n—2nﬂ) —;]ﬂ
)

+ V(=) [— sin<y > )<1og|y nl+ Y log|l

nez 2 nw

[ S

where

1
V(y) = <Z + cot y) Uy + 16nU,. (4.77)
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[For ease of notation, we omit the explicit dependence of V
on x* and x*: V(y) = V(x*,x",y).] Thus, all the dis-
continuities of Gy arise from the terms in G%='|,_,, given
by (4.74), and in G£21| «—1» given by (4.76), which are
discontinuous at values n > 0. As mentioned in Sec. III C,
it is easy to check that the sum of these discontinuities in
G agrees with (3.19).

We note that the n = 0 contributions in (4.74) and (4.76)
correspond to the discontinuity terms of the Hadamard
form of the GF in the normal neighborhood of the base
point x—the familiar “5 4+ 6” terms of Eq. (1.1). Forn > 1,
we note the presence of the four-fold singularity structure
mentioned in the introduction [see Egs. (1.2) and (1.3)].
Equations (4.74) and (4.76) together provide the full
singularity structure of the GF at any points in
Schwarzschild spacetime (subject to the convergence con-
dition mentioned at the beginning of this subsection). This

Gins = {(Xéz)ézk(}’ + 1 —2nm) +
1

++‘7

+ Xé:ll (nCI2k+1 (7 + 1’]) + Appsq (}/ +n— 2n7r)2k l()g
vy - =20 1 1oe |1
+ Y5 | w2k (y =) + ax(y —n — 2nx) og

+X§;)+1 (nq2k+1 (y =n) + azyr1 (y —n — 2nm)* log

where
X,((i) = X,((i)(xA,xA', y) = V,ﬁi) + V,((i),
and
—i,0, k odd;
k= { 2Ok k even;

Yé )<nCI2k(7’+’1) + ay(y +n —2n7)*"log

excludes caustic points (where y = 0, 7); we obtain the
singularity structure at caustics in Sec. V.

D. The sum of Hadamard forms

To obtain the complete ‘sum of Hadamard forms’
representation of the nonsmooth contribution to the
retarded Green function, we now focus our attention on
the k > 2 terms in (4.39). So we define

f>l

Girxslisr = GZ,ZI\}S - (G&' o + G| ). (4.78)

We can then immediately write down

(XS oy == 2n7) + Y5, Boy1 (v — 1 = 2n2))8(y — 0 — 2n2)0(2(n + 1)z — 7 + 1)

r>1
Ginsliss = %ﬁ"%; 7). (479)
Y5 Bair(y +n = 2n2))0(y +n = 2nm)0(2(n + D)z — 7 = 1)
. 7+n>
nmw
LTt
nmw
77
nmw
1—y_")], n ez, (4.80)
nmr
v =y ey =i(v - ), (4.81)
—iAy, k odd;
a = (4.82)
Ay, k even.

(The latter definitions are required to remove the imaginary unit in the definition (4.59) of Z;.) The n = O contribution,

GE&S, has the same form as (4.80) but with the replacements

log

=+
1 —u‘ — log |y £1].
2nrx

(4.83)

It is a straightforward algebraic manipulation to put together Eqs. (4.32), (4.74), (4.76), and (4.79) and regroup them in

the following form:
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Grxs = ”“Lf% {Z [Uo (n<—1>"5<x_,n> + cos (7> PV (1> + ( > )PV (1>>

VO ) Vo000 )0 s) + V0l 4 Vol £ 0
where
Xi,=y£n—2nx (4.85)
and
Fap= {ZO Z iff” (4.86)

We note that the 6, in Eq. (2.16), which is the ‘globalization’ of the world function & on the 4D conformal Schwarzschild
spacetime, can be expressed as

1
81( = §x+’_k . .X_’_k, ke”Z. (487)

This means that x, , =0, n € Z, corresponds to null geodesics in the 4D conformal Schwarzschild spacetime and,
therefore, also in Schwarzschild spacetime. The coefficients in Eq. (4.84) are obtained as follows. The coefficients of the
Heaviside distributions are

Vin = ki: (XS:)BM(Xi,n) + Ygalgzkﬂ(xi,n))' (4-88)
The coefficients of the logarithms are
V= @CO <x+ O> + k°°1 X2k+la2k+1x+n + Y<2k>4’2kx2k h,
V- =" i (7) + kz () e, + Va2, (4.89)

Finally, the coefficients in Eq. (4.84) which are not multiplying any distribution are
Wn = an V ne ZQ,

A 1 \% V(- _
Wo =Wy + /1 sinyUy ~3 [(UO +Xx,0 éy)> sin <x;0> + (UO +x_p (8 y)) cos (xz())] (4.90)

where

A

W, = (Y(z;:)nchk(if +n) + Xé:}rm%kﬂ (y +n)+ Yéi)ncm(y -n) + Xg;lmcmﬂ (r=n))

V) sm< - 0) <9<x+,,,) - %) +gV(—y) cos (%) (e(x_,,,) - %) Vnez (4.91)

We remind the reader that:

s

+

e
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(i) By (xs,) and By (xs ), as given by Egs. (4.51)
and (4.52), are polynomials (of order 2k and 2k + 1
respectively) in x, ,;

(i) ,q«(y £ 1), given by Egs. (4.67) and (4.82), can be
wrltten as a [))olynomial (of order k—1) in x4 ,;

(i) Y zk ) and X2k+1’ given by Eqgs. (4.81), (4.41), (4.42),
(4.36), and (4.37), depend on the coordinates y, x*
and x*';

(iv) the a,, given by Egs. (4.82) and (4.68) are numbers.

It then follows that:

(i) the V., can be formally expressed as an expansion
in powers of x ,;

(ii) the k-sums in Eq. (4.89) for f/i_,, can be formally
expressed as an expansion in powers of x ,;

(iii) the k-sum of the terms containing th) and X Si] in
Eq. (4.90) for W, can be formally expressed as an
expansion in powers of x, , plus another expansion
in powers of x_,,.

Here, an “expansion in powers of x.,” means a series
expansion in non-negative integer powers of x, ,, with
coefficients that may depend on (x*,x%’,y), but that are
independent of n. We note that the coefficients in these
expansions depend crucially on the 2D Hadamard coeffi-
cients U, of Eq. (2.26). Because of these various properties,
together with the fact that Eq. (4.84) makes explicit the full
singularity structure of the GF globally, we refer to the
expression in Eq. (4.84) as a ‘sum of Hadamard forms’. We
note that Eqs. (4.74), (4.76) and (4.84) are not valid when
n=0, y=0 or y€ [yy x| (Where yy=2(v2— 1)z
0.8287)—we deal with the points y = 0 and 7 in the next
section.

V. SINGULARITY AT CAUSTICS

In this section we investigate the singularity of the GF at
caustic points of Schwarzschild spacetime, which are
points where null geodesics focus. Because of this property
and the fact that the GF diverges when the two points in its
argument are connected via a null geodesic, it is not
surprising that the type of the singularity of the GF at
caustics is different from that we have derived above
[Egs. (4.74) and (4.76)], which is valid away from y = 0
and 7, i.e., the values of y for caustics in Schwarzschild
spacetime.

Let us first deal with the caustics with y = 0. In this case,
we insert P,(1) =1, V £, in Eq. (4.31) with (2.32). We
then just proceed as in Sec. IV and use Eq. (4.1) in order to
first gather like powers of L [where we are now of course
spared the use of Eq. (4.23)] and obtain

>1 —in/4
G ly=0 = rr’ \/272{ : V’”Z 1/2+CC}
(5.1)

where ‘c.c.’ denotes the complex conjugation of the term
that is preceding it and where

m
— in j+m/2 2/ m
= E e (2n) Uajn-j-

(5.2)
Jj=0

We note that in this case we have half-integer powers of L,
as opposed to Sec. IV where we had integer powers. The
highest power of L here is 1/2, as opposed to 0 in Sec. IV,
anticipating a ‘stronger’ divergence of the GF at caustic
points. As we are interested here only in the divergent
terms, we introduce the notation A = B to mean that A — B
is a continuous function. We then have

GI{’Z] |y=0 = (53)

1 ~ o
;,},/\/27’7 [G%y:O + G11?|y=0}7
where
G(I]?|y:0 = e_iﬂ/4€i’7/2./4_1/2(l’])‘70 + c.c.,

- . . 1. -

Gil,—o = e7™/*e2 Ay )5 () (4 Vo + V1> +cc., (54
and we have

- - j ) i~
V():Uo, V]:———E—ZUI.

We already dealt with the distributions A, for k € Z in
Sec. IV B and, in the cases A, and .A;, originally in [14].
Here we deal similarly with the distributions A, /,,. We
have [30],

J

Az ja(n) = F(—%) (=)' + gg’(; —j) (ZJLR

In| <2z, (5.6)
where s+ ((s) is the Riemann zeta function. It is
straightforward to show that the infinite series in (5.6) is
uniformly convergent and hence analytic for || < 2z. It
follows that the series and its derivatives are smooth on
In| < 2m. Also, the first expression on the right-hand side of
Eq. (5.6) involves the principal branch of the square root.
Then we can write

n| <2,

Aspa(n) = s32(n) + 1r32(n), (5.7)

where
s$3/201) = =2V/a(=in) 12 = =2/l 220D/ (58)

is the singular (nonsmooth) part of Az, on || < 27, and
r3/2 1s the regular part. By analyticity of r3,, it follows that
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the singular and regular parts of A, and A_;, are
obtained by applying Eqgs. (4.46) to the singular and regular
parts of A3, separately. Thus, we define the singular parts
of Ay, (for |n| < 27) by

(5.9)

— ¢
S1/2 = ls3/2’

S_l/2 = —isll/z, (510)

where the derivative is taken in the sense of distributions.
Calculating the first of these derivatives yields

6.() = \/§|n|-1/2, (5.12)
2() = \/§|n|-1/2<29<n> S, (5a3)

Then
s-1ya(n) = 8y() = i8} ). (5.14)

We note that s;/, has the form of a locally integrable
function, but the distribution s_, /; does not. The derivatives
&, are calculated (and applied) by using the distributional
rule

s1/2(n) = 81(n) + id,(n), (5.11) (O u) = —(8.u), i=12, (5.15)
where for all test functions u and where (f, g) = fR fodx.
|
Collecting terms yields
Go), o = ﬁ(cosg (& —8) + sing (& + 53)) U |nl <2z, (5.16)
and
Gil,—o = iﬁ ((cosg + sin g) Uyd, + <cosg —sin g) Uyd,
+ (cosg—i—sing) U8, — <cosg—sing) 0151), ln| < 2x. (5.17)
It is straightforward to establish that
nPei(n) =0, i=12 p=1, (5.18)
ndi(n) =0, i=12, ¢g=>2. (5.19)

Then in a Taylor expansion of the trigonometric coefficients in (5.16) and (5.17), only O(5?), p <1 and O(1) terms
contribute to the right-hand sides of (5.16) and (5.17), respectively. Thus, we can write

Ghlyeo = va(=(1-3)vodt o) + (14 2) tutitn) ).l <2m

and

i 1
Grl,—o =m

(Uy=01)8(n) + (Ug + U,)85(n)).

(5.20)

In| < 2. (5.21)

To determine the corresponding globally valid expressions, we note that the distributions .4, () are periodic with period
2. This implies that there will also be discontinuous contributions to G%|},=0 and G}e|y:0 when n = 2nrz,n € Z. These
contributions are determined by repeating the calculation above, using
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Asalt) = Aotnen) = (=3 Cinen) #3265 Pt el <21 (522)
where
Nen =N +2nm, nez. (5.23)
Note that
eMen/2 = (—1)"e™/2, (5.24)
This results in
G4}, o= v~ (1="5) Ut ) + (1475 00300 ) Il < 22 (5.29)
and
G}e) - CI1 ((Uo = U01)81(e) + (Ug + U1)85(1en)) el <27 (5.26)
r=0 2\@

We then collect terms and use the distributional identities
1 .
noi(n) = —56,(n), =12 (5.27)

to obtain [reintroducing the €’s as per (4.32)]

. V2 L (Uo + 162U ,
Gr| = G(AI)G(—G)W’EZZ(—U (()&7’“ H (~11e) + Uo(n)H_%(—r,e.n)>, (5.28)
where
H_i(x) = Ix|20(x), xeR. (5.29)

This equation shows the singular behavior of the GF at caustics with y = 0.”
In order to deal with the caustics with y = z, we note that P,(—1) = (—=1)¢ = ¢**, In this case, Eq. (5.3) and (5.4)
become respectively

1

Gl = G Grl,—.. 5.30
R y=n rr’\/m[ Rl =z + Gkly= (5.30)
and
o ) ) N - ) . 1. -
G%‘}/:” = e—m/4em/2,,4_1/2(77 + JT)VO +c.c., GH},:’T = e—m/4eﬂ1/2.,41/2(77 + ﬂ') (Z Vo + V]) +c.c.. (5.31)

Otherwise, the calculation proceeds as above, and we find

V2 Uy + 167U
= 0(A PO Sl —1)n+t 0 ' H' 32
GR‘F” 0(8N0(~0) \/ﬁ};&z( ) ( = (on) + Uo(mH 4 (16,) ). (5.32)
where
Non =N+ 2n+ 1)z, neZ. (5.33)

This equation shows the singular behavior of the GF at caustics with y = 7.

"As mentioned in Sec. IVA, the coincidence limit (i.e., 7,y — 0) is excluded from the region of validity of this result.
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These results show that the singularity of the GF at caustic
points is ‘stronger’ than at points which are not caustics and
that its structure is twofold instead of the observed four-fold
structure at points which are not caustics.

As stated in Sec. III A, our results in this paper for the GF
in Schwarzschild spacetime should reproduce those in
M, x S,, times the conformal factor 1/(rr’), when setting
Uy=1land U, =0, V k> 0. In particular that should be
true for Eq. (5.32) above when compared with Eq. (132) of
Ref. [14] and it is easy to check that is indeed the case.
Furthermore, in Schwarzschild spacetime, Fig. 13 [15]
shows a numerical approximation to the GF near a caustic
point both for the cases y = 0 and y = z. This figure seems
to suggest that if the form, at least to leading order, of the
GF about 7, = 0 when y = 0 is, say, ‘F(#,)’, then its form
about 57, = 0 when y = z is ‘—=F(-n,)’. This symmetry is
manifest to leading order in Egs. (5.28) and (5.32) for Gy
(note, however, that this symmetry is not satisfied by the
terms G% and Gk separately), thus serving as further
support for our results at caustic points in Schwarzschild
spacetime. In the next section, we also present numerical
evidence for our results away from caustics.

VI. NUMERICAL EVIDENCE

In this section we provide numerical evidence for the
analytical leading-order divergences that we have obtained:
(1) in the Bessel expansion Eq. (2.32); and (ii) in the sum of
Hadamard forms in Eq. (4.84). We provide the evidence for
(1) and (ii) in, respectively, the first subsection and the second
(and third) subsection(s). By “leading-order divergences”
here we mean the divergences whose coefficients involve U,
but no U; with k > 0. We compare both of our analytical
results to a semianalytic/numerical calculation of the full GF.
In particular, we shall see that the comparison is good for
points which are quite far apart, thus indicating that the
region €2, of convergence of the series in Eq. (2.32) is either
equal to the whole of M, or, at least, that it covers a large
enough region of physical interest. We further note that [3,20]
also numerically corroborated the singularity structure that
we have here obtained beyond the maximal normal neigh-
borhood, and applied it to the setting of quantum field theory.
In the third subsection, which is the last one, we do not
present a new comparison but we briefly discuss the use of
the “direct” divergence in Eq. (4.84) which has been made in
[3,24,25] for a practical calculation of the GF, thus corrobo-
rating the validity of this expression of ours for this direct
divergence.

The comparison in G (x, x") will be made specifically for
points x and x” on a timelike circular geodesic at r = 6M in
Schwarzschild spacetime. One can think of the field point x
as being fixed and the base point x’ varying to the past along
the timelike geodesic. Then x and all points x” are connected
via this timelike geodesic, and some of the points x" might
also be connected to x via a null geodesic that has orbited
around the black hole a certain number of times (a different

number for each of these such points x'). We refer to these
points x’ which are connected to x via a null geodesic (as well
as via the timelike geodesic) as light crossings; the first light
crossing signals the end of the normal neighborhood of x. As
we know, the GF diverges at the light crossings. For an
illustration of the light crossings and the corresponding null
geodesics in the case of the timelike circular geodesic at
r = 6M, see Fig. 1(a) in [18]. For this specific timelike
geodesic, it is easy to check that the light crossings occur at
the following times: At/M ~27.62,51.84,58.05,75.96,
100.09, 108.55,124.21, ....

Before we proceed to the comparison, we give a brief
description of the semianalytic/numerical solution. This
solution is also obtained by doing an #-mode decompo-
sition but, in this method, each #-mode is calculated as the
semianalytic sum of its quasinormal mode and branch cut
contributions—see [18] for details. This solution is very
accurate but it is not exact, at least for three reasons: (i) its
Z-modes have been calculated up to a certain numerical
accuracy; (ii) the infinite sum has been truncated at the
large but finite value of £ = 100; (iii) a smoothing factor
e~**/ %) with £,,, = 25 has been included in the #-sum in
order to avert spurious oscillations (see [18,37]). This
means that the fine features of the exact GF close to
the singularities, as well as its diverging behavior at the
singularities themselves, are not captured exactly by the
semianalytic/numerical solution (in particular, the singu-
larities are smeared out). Finally, we note that, in a region
“close enough” to x, the Z-sum as just described does not
offer a practical way of calculating the GF. That region is
the so-called ‘quasilocal’ region, which is within a normal
neighborhood of x and so, if the points are timelike-
separated, the GF is just equal to the 4D Hadamard biscalar
V(x,x") of Eq. (1.1). Therefore, for calculating the GF very
accurately in a quasilocal region, instead of using the
mentioned Z-sum, we directly calculate V(x, x") using the
techniques described in [18,33].

We next proceed to the comparison between the semi-
analytic/numerical solution and our mentioned leading-
order analytical results.

A. Leading term in the Bessel expansion

In this subsection we use the values of ¢ and U, that we
numerically calculated in [21]8 in order to evaluate the
leading (k = 0) term in the Bessel expansion Eq. (2.32).

I Fig. 6(a) in [21] we said that we plotted the final values of &
(which on the vertical axis there is labelled o¢5), i.e., the values
upon return to the original radius r = 6M after bouncing off at the
turning point. However, we actually plotted the values of ¢ only
when reaching the turning point. Equivalently, Fig. 6(a) in [21] is
really a plot of 6/4 (not of ¢ as wrongly indicated there) as a
function of the total coordinate time intervals Az/M. [All the
other plots in [21] are correct as they are, including Fig. 6(b),
which is indeed a plot of the final values of A'/? as a function of
At/M, as indicated there.]
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FIG. 1. Log-plots of the retarded Green function and approx-

imations to it on Schwarzschild spacetime as functions of
coordinate time interval A for points on a timelike circular
geodesic at r = 6M. The ‘exact’ GF is plotted in the solid orange
curve [up to At~ 17M, which is within a ‘quasilocal’ region,
where it is equal to V(x, x) of Eq. (1.1)] matched on to the solid
green curve (from Ar = 17M, i.e., outside a ‘quasilocal’ region,
where it is calculated using a sum of quasinormal-mode and
branch-cut contributions). The dashed red curve is the Bessel
expansion Eq. (2.30) with (2.32), where we only use the leading
k = 0 term and we sum up to a finite value of # = 200 including a
smoothing factor e~*"/ (/e with £, = 25 (see [18]). The solid
blue curve, which is concentrated around the first light crossing
only, is the large-Z asymptotics of the quasinormal mode
contribution to the GF as given by Eq. (55) in Ref. [12].

This leading term provides an approximation for {/,, which
we then insert into Eq. (2.30), in order to obtain an
approximation for the GF in Schwarzschild. As we dem-
onstrated in Sec. IV, the leading £ = 0 term is sufficient to
determine the ‘leading order’ of the singularity of the GF
along null geodesics; for the next-to-leading order singu-
larity and the regular part of the GF, other £ > 0O terms
contribute as well as the k = 0 term. We truncate the £Z-sum
in Eq. (2.30) at £ =200 and, as in the semianalytic/
207

cu&)

numerical GF, we include a smoothing factor e~/
with 7., = 25—as a consequence, the singularities are
smeared out.

We plot the mentioned leading k = 0 approximation as a
function of time in Fig. 1, which is to be compared with
Figs. 1(b), 10(a), and 11(a) in [18]. In the figure, we
compare our approximation to the semianalytic/numerical
calculation of the GF mentioned above. We also compare it
to another approximation near the first light crossing as
given by Eq. (55) [12]. We note a couple of features about
the plot. Firstly, as expected, the leading k = 0 approxi-
mation captures well the light-crossing times given above
as well as the behavior of the (smeared-out) GF near the
singularities; this is true up to the fourth, if not even
seventh, light crossing. Secondly, the leading k = 0 term
does not approximate well the GF before very near the first

light crossing.9 This is not surprising, since the time
regimes in between singularities essentially correspond
to a backscattering (due to the gravitational potential) ‘tail’
whereas we are only including the first 2D Hadamard
coefficient U (the square root of the van Vleck determinant
A,; in the 2D spacetime M,). Considering this, the
agreement between the leading k = 0 term and the semi-
analytic/numerical GF is rather remarkable in the time
regimes between the first, second, third, and fourth light
crossings.

B. Leading term in the global Hadamard form

In this subsection we provide numerical evidence for our
result in Eq. (4.84) by comparing the semianalytic/numeri-
cal calculation of the GF with the result of subtracting from
it (a smeared version of) some of the divergences in that
equation. Let us next describe exactly what we subtracted
from the semianalytic/numerical calculation. We first
define the following quantities, which contain the Dirac-
o0 singularities in Eq. (4.84):

Uy

Gs, = (-1)—=2
o,n ( )r-r’\/ﬁ?in—};

S(x_n)-
x_,=0

(6.1)

We now define part of the PV and logarithmic singularities
in Eq. (4.84) with the coefficients evaluated at the singu-
larities as

(=1)"0(=0)0(A1) Uy

GPVL,n =

4 X4 =0

r

X(PV(1>+1<1+ t) In | |)
— —| =+ coty nlx,,||.
Xtn 8 n x4, =0 -

(6.2)

We note that, here, we have only included the U, term'® in
Vin Eq. (4.77) and we have evaluated cos(5%) at x = x, ,,
and so we replaced it by (—1)".

*We note that the behavior of the semianalytic/numerical
calculation (solid green curve) around the first light crossing
manifests a Dawsonian shape [see Eq. (6.4)], corresponding to
the ¢ smoothing that has been applied. Although similar
smoothing has also been applied to the calculation using the
Bessel expansion Eq. (2.30) with (2.32) (dashed red curve), it
manifests no similar Dawsonian shape around the first light
crossing (although the peak at the light crossing is manifest) just
due to the large step size in time used in the calculation (so it is
just a ‘numerical artifact’); the Dawsonian shape in this curve,
however, is indeed manifest around some later light crossings. In
its turn, the calculation using the large-£ asymptotics of the
quasinormal mode contribution (solid blue curve) exhibits a peak
at the first light crossing and no Dawsonian shape because, in this
case, no £ smoothing was actually applied.

Including the U, term would involve an extra, more difficult
numerical calculation.
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We would use the quantities G;,, and Gpy, , if we were
to subtract quantities from the exact GF. However, as
mentioned, our semianalytic/numerical GF includes a finite
upper limit in the Z-sum and a smoothing factor ="/ (2%,
thus smearing out the divergences. Therefore, instead of
using G;, and Gpy ,, we shall use versions where their
divergences have been smeared-out in a similar manner.
Remembering that the leading-order divergences come
from Ay(xy,) => %, e [Eq. (4.40)] and taking
cognizance of Eq. (50) of [12] but also including in the
integrand the smoothing factor ¢~*/(2%) the Dirac-8
singularity is smeared out as the following Gaussian-like
distribution:

Goun(¥) = -Re ( / - dfe"(f“/z)x»n‘fz/@ffm))
T 0

ot _po 2 < . <x_ > ,(f X_ >
e cu - r:ulx—.n/2 —_ Zon f M
e sin Erfi
\2r 2 V2

+cos <x;))

where Erfi is the imaginary error function. Similarly, but
taking the imaginary part instead of the real part, the PV
singularity is smeared out as the following Dawson-like
distribution (“Dawsonian”) (see Eq. 10 [15]),

(6.3)

Gpaws (x+ n) =Im (/00 dfei(ﬂ1/2)x+_n—fz/(2f§u[))
’ 0

=Cont \/—ge ~Cewsinl? (COS <x—£n)
X X
x Erf' cutt+,n . +,n )
1 <7\/§ -+ sin 2

We now denote by G, the result of replacing §(x_,,) by
GGaus(x_ ) in Eq. (6.1) for G5, and we denote by Gp; ,
the result of replacing PV(ﬁ) by Gpaws(*4,) in Eq. (6.2)

T

(6.4)

for Gpy; ,. The quantities that we subtracted from our
semianalytic/numerical GF were, separately in different
plots: Gpyp .1, Gpyr4o and Gs_;, ie., the PV- and
logarithmic-singularities both at the first light crossing
(ie,at6,=0,n=27r—y,x, 1 =y+n—2n=0) and
at the third light crossing (i.e., at 63 =0, n =4z —y,
Xy 1o =y +n—4rx = 0), and the Dirac-6 singularity at the
second light crossing (i.e.,at 6, =0, n =2x +y, x__; =
y—n+2x=0).

In Fig. 2 we show three plots which contain both the full
semianalytic/numerical GF (solid green curve; same curve
as in Fig. 1) as well as the result of subtracting (a) Gpyy 1,
(b) G5y and (c) Gpy 4, from it (dashed red curves). We
do it for the same setting as in Fig. 1, i.e., as a function of At
for points on a timelike circular geodesic at r = 6M. In
Fig. 2 we can see that the singularities in Eq. (4.84)

smeared as per G, and G, capture well the behavior of
the semianalytic/numerical GF. This is true up to at least the
third light crossing (after that, the overall magnitude has
decreased too much to allow for such a precise check). The
removal of Gpy; , and Gs,, which only contain the U-
dependent coefficients in Eq. (4.84), “flattens” out the GF
in a striking way, as can be seen in Fig. 2; these terms thus
seem to form the “backbone” of the GF. The “flattening” of
the divergences is not perfect since, after all, we are just
carrying out approximations to the GF; there is an Z-mode
truncation and a smoothing-factor in the semianalytic/
numerical solution, which we somewhat mirror in
Gpyr, and Gg,; in Eq. (6.2) we only include the term
that contains U, in the coefficient of the logarithmic
divergence, not the full coefficient and the semianalytic/
numerical solution has some numerical error; etc.

C. Direct term in the global Hadamard form

A separate numerical corroboration of, specifically, our
expression for the “direct” divergence, namely, the
8(x_,—o) term in Eq. (4.84), i.e., G5,—o in Eq. (6.1), is
provided in [3,24,25]. In these works, our expression for
such a term proves to be very useful for a practical
calculation of the GF. As mentioned above, in a quasilocal
region, the semianalytic/numerical #-sum is not practical
for calculating the GF and so one typically needs to
supplement it with a calculation of V(x,x’) inside the
quasilocal region. The reason is essentially due to the fact
that truncation of the £-sum and inclusion of a smoothing
factor cause the direct 6(04,) singularity in Eq. (1.1) to
smear out in a way that it “‘contaminates” the calculation at
field points x’ near the base point x. In [25] it is shown that
by obtaining the Z-modes of Gs,—, and subtracting them
from the # modes of the numerical/semianalytic £-sum, the
resulting sum converges at points x’ much closer to x than
without such subtraction. This means that a calculation of
V(x, x') might potentially not be needed or that, even if it is
needed, it will be at a smaller region (and so if it is
calculated via, e.g., an expansion near x, then many less
terms are needed in the expansion). The application of this
subtraction trick in [3], enabled a practical calculation of
the GF in a much larger region of pairs of points in
Schwarzschild spacetime, which is there applied to
obtaining the signal strength between two quantum particle
detectors in this spacetime.

We finish by noting a connection for the leading term in the
exact Bessel expansion Eq. (2.32), i.e., the term considered in
Sec. VI A. By using Eq. (4.23), it can be seen'" that Eq. (20)
in [25] for GY, which are the # modes of O(Af)Gs,,—o,
reduces, for large-7, to the k = Otermin Eq. (2.32). Thatis, it
reduces to the term 6(—c)0(A) Uy - Jo((¢ + 1/2)n), except

""The statements in this sentence and the one that follows it are
true modulo a factor of 47, since the definitions of G, here and of
G%' in [25] differ by such a factor.
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FIG.2. Comparison of the semianalytic/numerical GF and its divergent behavior derived in Eq. (4.84) as a function of At for points on
a timelike circular geodesic at r = 6M. The solid green curve is the semianalytic/numerical GF and the dashed red curve is the
semianalytic/numerical GF minus one of the following diverging terms, depending on the plot: (a) (top left) Gpy, ., plotted near the
first light crossing; (b) (top right) G5 _, plotted near the second light crossing; (c) (bottom) Gpy;, ,,, plotted near the third light crossing.
That is, the solid green curve is the GF minus a smeared version of the leading-PV and subleading-log divergences at the first and third
light crossings, and minus the leading-Dirac-é divergence at the second light crossing; see Egs. (6.3) and (6.4).

for a factor O(x — 1) instead of 6(—o), which is acceptable
since, while G‘} in [25] is a clean-cut expression for the ¢
modes of the direct part, the k = 0 termin Eq. (2.32) does not
correspond just to the direct part.

VII. CONCLUSIONS

In this paper we have derived representations for the
retarded Green function of the wave equation for scalar
field perturbations of Schwarzschild spacetime. Our start-
ing point is the globally valid expression

Grl(x.x') 0(—c)0(A1)

XZ(f+ )uf A ¥ )P,(cos0).  (7.1)

See (2.30) and (2.32). This expression arises naturally by
re-expressing the Schwarzschild metric as conformal to the
direct product of the two-sphere and a 2-dimensional
spacetime, M,. Global validity stems from the global
existence (and uniqueness) of the 2-dimensional Riemann
functions U, defined throughout M,. A necessary ingre-
dient of this statement is the fact that M, is a causal

domain; the normal neighborhood of any event of M, is the
whole spacetime. This was established in [21]. We then
express U, as a sum of Bessel functions with coefficients
given by the Hadamard coefficients of the Riemann function
U. This sum converges whenever the Hadamard series of U
converges; numerical evidence (see Sec. VI as well as [3,20])
indicates that this holds on regions Q, of M, that yield
results extending well beyond the normal neighborhood of
(the 4-dimensional) Schwarzschild spacetime.

We then took two different approaches to obtain comple-
mentary details of Gz on Schwarzschild spacetime. The first
(see Sec. III) exploited a connection with the retarded Green
function of Plebanski-Hacyan spacetime, whereas the second
(see Sec. IV) employed asymptotic expansions of Bessel
functions. In each case, we obtained results describing the
singularity structure of G on Schwarzschild and its repre-
sentation as, using the former approach, integrals of the
Plebanski-Hacyan Green function and, using latter approach,
a ‘sum of Hadamard forms’. These representations
make explicit the complete singularity structure of the
Schwarzschild Green function and is given in terms of the
Hadamard coefficients of the ‘background’ (1 + 1)-wave
equation, Eq. (2.22). Thus, Eq. (4.84) is effectively an
extension of the Hadamard form for the Schwarzschild
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Green function, which is only valid in normal neighbor-
hoods. Specifically, our representation shows that, away
from caustics, the singularity structure is fourfold; the ‘direct’
part changes as 6(044), PV(1/044), —8(044), =PV (1/044),
5(64q), ..., wWhereas the ‘tail’ part changes as 6(—oy,),
—In |64d . —9(—0'4d), In |O'4d . 9(—0'4d),.... Here, 044 TEPIE-
sents a globally well-defined generalization of the world
function in Schwarzschild spacetime once a geodesic is
specified [see Eqs. (2.14) and (4.85)]. The changes in the
character of the singularity take place as the null wave front
passes through caustics of the spacetime. We have separately
analyzed the singularity of the Green function along the line
of caustics in Schwarzschild spacetime. We have shown that,
in this case, the singularity structure is instead twofold and is
‘stronger’ than away from caustics—the result is a little more
involved than in the noncaustic case and is given in
Eq. (5.28), for y = 0 and in (5.32) for y = z. The type of
singular behavior encountered here is strongly tied to the fact

|

(e
Gplrxt) = lim | Y2a®®)
Oyq + 1€

where W(x, x'), like Uyy(x,x") and V4y(x,x'), is a regular
and real-valued biscalar in a normal neighborhood
of x'. Since lim,_g+ 1/(044+i€)=P.V.(;-)—ind(64,) and
lim,_+ In (044 + i€) =In|oyy| + in0(—04,), the Hadamard
form Eq. (1.1) for the retarded Green function readily follows
from that of the Feynman Green function, Eq. (7.2).

Now, in (3 + 1)-dimensions, the biscalar U,,(x,x) is
related to the van Vleck determinant A(x, x’) in that (3 4 1)-
dimensional spacetime as U,4(x, x') = A(x,x’)!/2. It can be
argued [11] that, in a spherically symmetric spacetime, the
van Vleck determinant picks up a phase of ‘-z’ as the
geodesic along which it is evaluated crosses a caustic point.
That is, A'/? = ¢=#/2| A|'/? after the geodesic has crossed a
first caustic. If one then tentatively evaluated the retarded
Green function from the form Eq. (7.2) for the Feynman
Green function after the geodesic has crossed a first caustic
point (this is, of course, not rigorously justified since the
Hadamard form is only valid within a normal neighborhood,
which cannot contain caustic points; however, [38] provides
numerical evidence that this works) the singularity
PV(1/04,)—instead of the §(64,)—would be obtained for
the ‘direct’ part. As the geodesic crosses later caustics, A'/2
picks up a phase ‘—z/2’ every time and the fourfold structure
(considering only the distributions, not their coefficients) for
the leading singularity of the retarded Green function [that we
have derived in this paper—see Eq. (1.2)] would ensue. As
suggested in [14], if the same phase ‘—z /2’ were picked up
by the biscalar V,,(x,x") at each caustic crossing (this is
known to be true—at least for v, the first term in the
Hadamard series for V,,(x, x'), see Eq. (3.13)—in the case of
PH spacetime), then the fourfold structure for the subleading

V4d(x,x’) In (64d + l€) + W(X,X/) s

that we are at a caustic where, in the present case, a
2-parameter family of null geodesics from x’ reconverges
atx. Thisis distinct to the situation addressed elsewhere in the
paper, where singular behavior is encountered at light
crossing, whereat a single causal geodesic from x’ intersects
the future light cone of x’. This behavior that we found at
caustics occurs in Schwarzschild spacetime and in (some)
other spherically symmetric spacetimes (such as in
Plebanski-Hacyan spacetime, see [14]), but it is not clear
how general this behavior is.

In [11,14] the following heuristic explanation was put
forward for the fourfold singularity structure of the ‘direct’
part of the Green function. The retarded Green function can
be obtained from the Feynman Green function as
Gg(x,x') = 2Re(Gg(x,x"))0,(x,x") [27]. The Hadamard
form for the Feynman Green function in (3 4 1)-dimen-
sions is:

(7.2)

|

discontinuity of the retarded Green function that we have
derived [see Eq. (1.3)] would follow similarly. The corre-
sponding leading and subleading singularity structures
for the imaginary part of the Feynman Green function
would then be, respectively, PV(1/o4,) = —6(04y) =
—PV(1/644) = 6(044) = PV(1/64y)... (corroborated nu-
merically in [20,38]) and —In(oy4y) > —0(—04y) —
In(044) = 0(—044) > —In(044)-

Although we have proved these singularity structures for
the retarded Green function specifically for the case of a
scalar field, we expect that the leading singularity structures
[6(64q) = PV(1/644)...] carry over to higher-spin field
perturbations of Schwarzschild spacetime. The reason is
that the leading singularity structure of the Green function
is dictated by the coefficients of the second derivatives in
the wave equation—which may be any of the generalized
Regge-Wheeler or Teukolsky equations. The spin does not
appear in the second-order terms of these equations.

Apart from the intrinsic theoretical interest in having a
‘global Hadamard form’ for the retarded Green function,
such an expression may have various applications. For
example, in the calculation of the self-force acting on a
particle moving in a curved background spacetime. In
[11,18,19] the self-force was calculated via a time inte-
gration of the GF along the past worldline of the particle.
These calculations illustrated how the self-force may be
seen as arising from backscattering of the field perturbation
and from trapping of null geodesics, both of which are
perfectly encapsulated within our ‘global Hadamard form’.
In its turn, in the context of quantum field theory, the
global singularity structure/Hadamard form has found
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applications within quantum communication [3] as well as
entanglement harvesting [20]. In terms of specific practical
use, it has been found in [3,24,25] that subtracting, mode-
by-mode, an Z-mode decomposition of an approximation
of the direct term Uyy(x, x")8(044) that we have found here
[specifically, the term containing 6 in Eq. (4.74) for n = 0]
from a numerical calculation (such as the one carried out in
[19]) of the Z-modes of the retarded Green function
significantly increases the accuracy of the resulting,
numerical retarded Green function.

One other possible application of our results to the self-
force would be to combine one of the methods used in
[18,19] (these methods are valid outside the quasilocal
region; it can either be a numerical calculation of the
retarded Green function or else a semianalytic sum of its
quasinormal-mode and branch-cut contributions) together
with our Eq. (4.84) in different time regimes. We hope to
investigate these possible applications in the future.
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APPENDIX A: EXAMPLES OF MULTIPOLAR
MODES IN OTHER SPACETIMES

For illustration purposes, in this appendix we present the
multipolar modes G, of the retarded Green function
Eq. (2.30) in two simple 4-dimensional cases'”: flat
spacetime and a static region of Nariai spacetime (in this
case we only do it for the direct part of the Hadamard form).
Note that the modes G, of PH spacetime are readily
inferrable from Eq. (3.3).

1. Flat spacetime

Consider 4-dimensional flat spacetime. The line element
in spherical coordinates can be obtained from that in
Schwarzschild in (2.2) by setting the mass to zero (M = 0),

ds> = —di* + dr? + r2dQ} = P(ds3 +dQ3), (Al
where
2 1 2 2
ds} = p(—dt +dr?) (A2)

is the line element of the 2-D conformal space M,
corresponding to this case, whose Synge world function
we denote in the current section by o.

The multipolar modes of the direct part of the retarded Green
function in Schwarzschild spacetime have been obtained in [25].

The Hadamard form for the GF of the wave equation for
a massless scalar field in flat spacetime is valid everywhere
in the spacetime. In spherical coordinates it is given by

o(a) 8(z—u),

G = 0(A1)6(044) = (A3)

revr
where y is the angular separation between the two points,

—A2 4+ 242
7 =Cosy, H=— ———————,

A4
2r- v (A4)

and o4, = r- ¥ (u—z) is Synge’s world function in flat
spacetime (after a trivial use of the law of cosines). From
Eq. (2.30), and making use of the orthogonality of the
Legendre polynomials, the multipolar modes G, can
readily be evaluated as

+1
Gf =2xmr- r’/ dZPf(Z)GR
-1

= 220(ANO(~04,(y = 0))0(o4yly = m)P,(). (AS)
The presence of the 9-step distributions comes from ensuring
that the argument of the second d-distribution in Eq. (A3) is
within the limits of integration in the integral in Eq. (A5). We
note that O(A7)0(—o4,(y =0)) = 0(At—|r—7r'|) corre-
sponds to the shortest possible spatial distance between
two points in flat spacetime given At positive, r and ¥/,
whereas 0(A1)0(044(y = n)) = O(A1)0(r + ¥ — At) corre-
sponds to the largest possible one—see Fig. 3 for an
illustration. This combination of @’s is, therefore, as
constraining as possible if their arguments are to be
Z-independent; there are no two points in flat spacetime
with Ar < |r — 7| or with r + ' < At which may be joined
by a null geodesic (and a massless field in flat spacetime
propagates purely along null geodesics).

We also note that the Legendre function P,(u) in
Eq. (AS) is precisely the Riemann function U/, of the wave
equation Eq. (2.21) on the 2D conformal space with M = 0
(see also Appendix B). This is because (1) it is a
homogeneous solution of this equation,

FIG. 3. Ilustration of two spatial points in flat spacetime at the
shortest (a) and largest (b) possible spatial distances given fixed
radii r and 7.
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1 AR+ P+ 2
<_at2+a%_f(f7—;)>pt,<L>:0, (A6)
I

2r-r

and (2) it satisfies the boundary condition: P,(u = 1) = 1,
as can be readily checked. We note that 6(—c4,(y = 0)) =
0(—c) and that, in normal neighborhoods in M, [as
explained below Eq. (B1l), M, is not a convex domain
when M = 0, so that, in this case, the maximal normal
neighborhood of a point is not the whole of M,],
0(044(y = 7)) = 1. Therefore, in normal neighborhoods
in M,, the expression (AS5) for G, reduces to the
expression (2.32) for the #-modes of the GF, as expected.
Thus, for M = 0, the exact (AS5) extends globally the
expression (2.32) which is only valid in normal neighbor-
hoods in M,, rendering the Z-modes exactly zero beyond
these neighborhoods due to the distributional factor
0(644(y = 7)) (such a Heaviside distribution cannot appear
in an expression for G, in a general spherically symmetric
spacetime because, as opposed to the flat spacetime case
here, the Hadamard tail is generally nonzero).

2. Nariai spacetime
In a static region of Nariai spacetime (dS, X S,) the line-
element can be written as [11]
ds’> = —(1=pHd> + (1 =p»)ldp®> +dQ3, (A7)
where p € (—1,+1), t € (—o0, +00) and we have set the
cosmological constant to be equal to unity. Synge’s world
function is given by 6,4, = 6, + 7% /2 where o, is the world

function in 2-dimensional de Sitter spacetime, dS,, and is
given by

cosh \/=26, = p-p' + (1 = p*)'/2(1 = p'*)!/2 cosh At.
(A8)

In this case, we were not able to find the multipolar
decomposition G, of the full Gp. However, it is straight-
forward to find the multipolar decomposition of the direct
part of the Hadamard form for Gg. This direct part is given
by G (x,x') = Uyy(x,x')8(044)0(At) where [11,14]

/"0, \1/2 1/2
Uga(x,X') = | = 2 ! (A9)
sinh /=20, siny

and

8(y + vV=205) + 6(y — vV-20,) .

2(61a) = Ner

(A10)

We can now readily calculate the #-modes of the direct part,

+1 ,
/ d(cosy)Ps(cosy)Ger
-1

= 0(A1)0(—044(y = 0))0(644(y = 7))

sin /=20, \ /2
X Pg(COS v/ —202) <m_2_62;> .

The causality structure is equivalent to that in flat space-
time, Eq. (AS).

(Al1)

APPENDIX B: CASE OF MASS M =0

In this appendix, we consider the case of vanishing mass,
M = 0. This allows us to investigate the convergence of the
Hadamard series (2.26) in this limiting case, and to make
connections between Green functions on different max-
imally symmetric manifolds, and direct products of such
manifolds. As a by-product, we obtain an improved
approach to the calculation of Hadamard coefficients in
certain cases, via the result of Szego mentioned above [32].

For M =0, the line element (2.5) of conformal
Schwarzschild spacetime becomes

1
d3?* = —— (di* — dr?) + d©3. (B1)

I%

This can readily be recognized as the line element of
Bertotti-Robinson spacetime, AdS, x S, [39,40], i.e., M,
is (a patch of) 2-dimensional anti—de Sitter spacetime
AdS,. In this case we have an ‘enhanced’ symmetry
between the two factors of conformal Schwarzschild

spacetime M, namely between the factor M, = AdS,
and the factor S,; both are maximally symmetric manifolds
and the corresponding Riemann functions for certain
differential operators are formally the same (as functions
of their corresponding geodesic distances), as we shall next
see. Before that, though, we point out that the global
structures of AdS, and the 2-dimensional conformal
Schwarzschild spacetime for M # 0 are very different.
The former is not geodesically convex; there are events
x in the causal future of any event x’ which are not linked by
any future-directed causal geodesic from x’ to x. (We note
that the proof of the geodesic convexity of the 2-dimen-
sional conformal Schwarzschild spacetime of [21] is not
valid when M = 0.) We can link this to the fact that the
‘soft’ potential barrier of M, at r =3M (see [21]) is
replaced by a repulsive barrier at »r = 0 which forms part of
the boundary of the patch of AdS, under consideration;
{r =0} is accessible only to null geodesics of infinite
affine length. However, this difference does not impact the
analysis below which applies on normal neighborhoods of
AdS,. In particular, the analysis is valid for regions of the
form {x*: n(x*,x*") €[0,7)} where n(x* x") is the
geodesic distance along geodesics emanating from
x4 € AdS,; geodesics remain unique for (at least) this
amount of geodesic distance. So, in the particular case that
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x* and x* are connected by a timelike geodesic, 7 is the
proper time along that geodesic.

As seen in Sec. II above, the 4-dimensional retarded
Green function Gy can be constructred from a sequence of
2-dimensional retarded Green functions G,, £ > 0 which in
the present case we write as Gy ags,- This takes the form
[see (2.32)]

Gy ads, = 27U 0(—0gs,)0(Al), (B2)
where'? OAds, = 6772 /2 and € = —1,0, +1 for, respectively,
timelike, null, and spacelike geodesics. The two-point
function U, is the Riemann function of the operator P =
[, + 4 in the case A = —£(£ + 1) (i.e., the operator in
(2.24) with M = 0). It is convenient to consider the
Riemann function U of P more generally, which satisfies

(O, + U =0, Ulo = L. (B3)
In this maximally symmetric spacetime, U depends only on
the geodesic distance 7 (see e.g., [41]). So U = U(y), and
we can then show that

U" + cotnU’' — AU = 0, U(0) =1, (B4)
where the prime represents derivative with respect to
argument. This problem has a unique solution given
by the Legendre function U = P,(cosn) with v=
(=1 ++/1—=42)/2. We note that the second linearly
independent solution of the ODE (B4) is singular at
n = 0. Specializing to the case A = —¢(£+ 1), we see
that (as already noted in Appendix A 1)

Uy (x4, x) nelo,z), ¢£>0.

= Py(cosn), (B5)

This is the Riemann function of the operator [, — (¢ +
1) =0, +4—L* where L = ¢ + 1/2. Thus in this case, the
‘background’ wave operator is L[], —I—% [consistent with
(2.23) in the case M = 0], and the background Riemann
function U [cf. Eq. (2.26)] is given in this case by setting
A = 1/4, which yields v = —1/2,
UxA, xY) = P_y5(cosn), €[0,z). (B6)
Alternatively, we can use the fact that, for M =0,
Schwarzschild spacetime is just Minkowski spacetime
and so its GF is just [see (A3)14 but also written here in
terms of van Vleck determinants as per, e.g., [25] ]

“In the generic-mass case throughout the main body of the
Paper, Ogs, is denoted by o.
In normal neighborhoods of M, = AdS, and for causal
separations, u in (A3) is equal to cosn here.

O(At N
Gr(x.x') = 0(ANS(04y) = r(. r,) AYPAS?5(5)
_ 1 5(’7 - 7’) (B7)
r-r sinp '
where
n 14
Ayy=——, Ag, = ——, (B8)
siny siny

are the van Vleck determinants in M, = AdS, [already
introduced in (2.28)] and in S,, respectively. Using the
standard distributional representation of the Dirac delta

function in terms of Legendre polynomials [e.g.,
Eq. (1.17.22) in Ref. [30] ],
i": S(n+2n+y)+6(n+2r—y)
Pt | sin|
= 1
= 6(cosn —cosy) = ¢+ = |Ps(cosn)Ps(cosy).
(osn—cosy) = 3 (7 45 Peleosnfeos
(B9)
Using this representation in (B7), yields
- 1
Gr(x,x') = — ; <f—|— >Pf(c0s11)Pf(cos 7),
for n € (0, 7). (B10)

Comparing this expression with Egs. (2.30) and (2.32), we
reproduce (BS).

A third quite distinct approach is available to us. This is
to use a Hadamard series representation for the Riemann
functions U and U,. As seen above, Zauderer’s theorem
allows us to relate the latter to the former. That is, writing
[see (2.26)]

(B11)

® el
Uu=>»_ Uiy
k=0
yields [see (2.32)]

uf_ZUk< )JkLn) L>0. (BI2)

The Hadamard coefficients U, = U(n), k >0, obey a
sequence of transport equations, and can, in theory, be
calculated recursively.

On the other hand, since U, = P,(cosn), Szego’s result
expressing P,(cosn) as a series of Bessel functions
provides a very similar representation and we have
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1/2zvk

The coefficients V; may be obtained in the following
manner as given in [32]:

P/(cosn) (B13)

Vo(y)=1LV;(y)=Q2j-1)!"Yy;(y). ¥V j>0, (Bl4)

where the y; are given via

-1/2
{1"‘27—1] iy }

[Se]

Zr—v “Yily),

k=
(B15)

with v € [0,] and

2 F T 0 (y)
k' Jya(y)

di(y) = (B16)

Crucially for the current discussion, Szego provides a
convergence result for the series (B13); this is uniformly
convergent on any interval [0,y9—¢] with 0 <e <y,
where 7o = 2(v/2 — 1)z ~ 0.8287.

Thus we have two representations for the Riemann
function U, in (B5) in terms of Bessel functions: compar-
ing (B5), (B12) and (B13), we see that

k=0 L
Ti(Ln)
/(cosn) = AY? Z Vi(n x (B17)
and so
2. Ji(Ly
0=>Y ¢ "(Lk L o= ) U) - A2V, ().
k=0
(B18)

Furthermore, we know from (2.28) that U, = A;{f and

from (B14) that V, = 1, so that C; = 0. We now prove that
Cy =0 for any k > 0.

Crucial to the proof are the following “orthogonality”
properties of the Bessel functions with respect to their
argument [Eqgs. (10.22.62) and (10.22.63) in Ref. [30] ],

/ dLL"™ 11, (Ly)J (L)
0

{0, ifk>m>—-1landm#kand m+#k—1,

2%7, if m=k-1.

(B19)

So, multiplying (B18) by LJy(Ln), integrating over
L:0 — oo [the relevant expansions above being valid for
all L > 0: see Eq. (15) on page 58 of [35], volume 2 and
Theorem 6.4.2 of [6] ] and using (B19) together with Cy = 0,
itreadily follows that C; = 0 (interchange of the integral and
the sum is permitted by uniform convergence of the series).
Next, we multiply (B18) by L2J,(Ly), integrate over
L:0 — oo and use (B19) together with Cy = C; = 0, from
which it follows that C, = 0. Proceeding similarly for
k=13,4,..., it follows that C;, = 0, and so
U= )87 Viln). VY k>0, (B20)

We thus have that, in this zero-mass case, the terms in the
Bessel series (2.32) are the same as the terms in Szego’s
expansion (4.23), and therefore the former series converges
where we already know that the latter does: namely, in the
case M =0, (2.32) converges uniformly in (at least)
n € 0,y0), with yo = 2(v2 = 1)z

Two further observations are worth making, the first in
relation to the calculation of Szego’s coefficients V, or
equivalently, the Hadamard coefficients U;. As noted, the
latter coefficients are determined by a sequence of transport
equations. These take the form

2nU, + (2k — 1 4+ neotn)Uy

1 1
__§<U;<l—l +COt17U;€_] __Uk—1>’ kZ 1, (B21)

4
and where U, = (n/sinn)'/2. The (exact) integration is
nontrivial, but is amenable to calculation using a computer
algebra system. Szego’s formulas (B14)—(B16) provide a
purely algebraic approach to the calculation of the coef-
ficients V. However, the calculations involved are again
nontrivial—but are simplified via the following approach.

In (B15), let p=y? —v? and write > % | ¢y, pF=:S.
Then we have

= = (2n—-1
Sy =(1+8)712 = Z( ) 7>S”.
k=0 n=0 !
(B22)
Let D be the differential operator . Then
fD" <Z WP >
p=0
1 K-\ @Cn-D)1t
:EZO <7> TD (8" =o- (B23)

Applying Faa di Bruno’s theorem for higher order deriv-
atives of compositions (the generalized chain rule; see e.g.,
[42]), we have, for n > 1,
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DX(s")] { . K< By
=0 — ~
g KBiu(¢oe o binin). k2,
where
Bk’n(xl,xz, ...,xk_n+1)
— n! my _my [T—
B Z mylmy! - mk_n+1!x1 ol (B25)

with the sum taken over all finite sequences of non-negative

integers (my,my, ...,my_,, ) such that
my+my+ -+ My =0, (B26)
and
my+2my+ -+ (k—n+1)m_, . = k. (B27)

The functions Bk,n are Bell polynomials, and they may be
calculated either directly using (B25), or via recursion
formulae [43]. It follows that yy = 1, and

kL /—1\"(2n - 1)1,
Vi = Z <7) gBk,n(qﬁZ’ (ERR] ¢k—n+2)’ (B28)

|
oy n:

which [along with (B14)] gives an explicit formula for
Szego’s coefficients V;, and hence for the Hadamard
coefficients Uy.

Finally, we note a connection between the Hadamard
coefficients considered here, and the Hadamard coefficients
of the 4-dimensional Plebanski-Hacyan (PH) spacetime
considered in Sec. III above. In PH spacetime, the direct
product of 2-dimensional Minkowski spacetime M, and the
(unit) 2-sphere S,, the world function decomposes as

GPH = GMZ + GSZ. (B29)
It is straightforward to show that
DPHGPH = 3 + Y COSYy, (B30)

where y is geodesic distance on S, and [lpy is the
D’Alembertian in PH. Writing the tail term of the retarded
Green function of the wave operator P = [py —% in the
form of a Hadamard series [see Eq. (3.12)]

Veu = Zynglr;H’ (B31)
n=0

we can show that the Hadamard coefficients v,, depend only
on y. (We note that this operator is the one considered in

Sec. Il above: P = [py — (m? 4 2&) with m? + 2& = 1/4.)
Defining V,, by

) = ), (B32)

we can show that the V, satisfy the sequence of transport
equations

2yVi+ (2k+ 1+ ycot )V,

1/~ _ 1
= —5 <VZ_1 —+ cot }/V;(_I _ka—l>7 kZ 1. (B33)
These are precisely the transport equations (B21) for the
Hadamard coefficients of AdS,—but with a shift of index.
We calculate that V(y) = U, (y) (note the change of argu-
mentin U,), and we can conclude that, in this case of M = 0,

k! _

Sevk(n) =Viln) = Ugpa(n), k20. (B34

Thus the Hadamard coefficients v, of 4-dimensional PH
spacetime are essentially the Hadamard coefficients U, of
AdS,, and can therefore be calculated using Bell polynomials
[see Egs. (B14) and (B28)], via Szego’s theorem.

APPENDIX C: REGULARIZED SELF-FIELD

We here show how our results could be used to calculate
the regularized self-field @y (that is, the regularized value
of the scalar field created by a scalar-point charge,
evaluated on the worldline of the charge itself) in
Schwarzschild spacetime (see [25]). As noted earlier, the
self-field is relevant to self-force calculations of radiation
reaction; the self-force is the covariant derivative of the
regularized self-field. A practical calculation of the regu-
larized self-field can be achieved by integrating what we
refer to as the nondirect GF G4(x, x') over the worldline of
the scalar charge,15

%m=[mmmwww (c1)

[Se]

where 7 is the proper time along the worldline z(z) of the
charge and

' Another expression for the regularized self-field [see, e.g.,
[2]) is like Eq. (C1) but with the integrand being the full GF G
instead of its nondirect part G,4 and the upper limit of integration
being 7~ instead of 7; in that case, the upper limit 7~ would
effectively remove the sharp divergence of the integrand
Gr(z(7).z(7)] at coincidence which is alternatively removed
in (C1) by having subtracted from the GF its divergence at
coincidence [see (C2)].
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N Gr(x,X') = Ga(x,x') = Vyg(x, X' )0(—044)0(A1), X € N(x),
Gna(v.¥') = { Gr(x,x'), X' & N(x). (€2)
where
Gy(x, x') = Usa(x, X')5(044)0(A1) (C3)

is the direct part of the GF. For obvious reasons, the integral in (C1) is usually called the tail integral. One may calculate the
nondirect part of the GF by carrying out an Z-mode decomposition as

Gpa(x, ') = 4m,; (27 + 1)P,(cosy)(Gy(r, r'; At) — G4(r, /'; A)) (C4)
where
d A sinn /2
G(r, s At) = 270(A1)O(x — n)Ug(x*, x¥) Py (cos ) s (C5)

are the modes of the direct part G4 as obtained in Eq. (20) [25] and U, is the first Hadamard series coefficient in (2.26). In
Ref. [25], G, as well as Uy, n and, with them, G¢, were all evaluated numerically to obtain the regularized self-field ®@p.
In here, we instead use results in the main part of our paper in order to give an analytic expression for the integrand in the
regularized self-field expression (C1). Using Eq. (4.23) for P, in the modes (C5) of the direct part and Eq. (2.32) for the
modes G, of the full GF, we notice a remarkable similarity between the representations for the two sets of modes, which
allows us to write,

Go (1. ) = GL(r. s Ar) = 210(A1) Y (0(-0) U (20" = 8 = m)Uy V. ) "), (c6)

k=0

We note that the expressions for G in Sec. IV ef seq. would also apply to the nondirect part G,4 of the GF merely by
applying the replacement U, — U, — UyV(n)/(2n)* in (4.22) for n < z, and with no replacement for # > 7. The
regularized self-field (C1) can now be written in terms of the nondirect GF as

@t =13 (¢43) [T ar TS win - ote - nuovitn . &)

k
=0 =0 L

where we have used the fact that (—c) = 1 along the worldline. This integral can be split as

out) = [ aeGutat. o)+ 3 (¢+3) [Tae PSR Swnent -uman “EE (e

=0 k=1

where 7, < 7 is the value of the proper time corresponding to 7 = z. The nice feature here is that we have subtracted the
direct part from the GF in an exact analytical manner (note the starting value of the sum at k=1, as
there has been an exact cancellation of the k =0 term). We note that, in the massless case M =0 and using
Eq. (B20), the k-sum inside the second partial tail integral in (C8) vanishes (in agreement with the fact that the massless
scalar field in flat spacetime has no tail) term-by-term.
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