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Are Einstein-Dirac-Maxwell wormholes traversable?
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Einstein-Dirac-Maxwell wormholes are asymptotically flat static wormhole solutions in general
relativity that do not make use of exotic matter. The asymmetric static solutions are smooth, are regular
everywhere, and violate the null energy condition, which suggests that they are traversable. To determine
if, in fact, they are traversable, we numerically evolve the static solutions forward in time. In all cases
considered, our simulations indicate that black holes form that are connected by the wormhole. Although
there exist null geodesics that travel through the wormhole, we find that they are trapped inside a black
hole and are unable to travel arbitrarily far away. We conclude that Einstein-Dirac-Maxwell wormholes

are not traversable.
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I. INTRODUCTION

Traversable wormholes are hypothetical gravitational
systems that offer the possibility of quickly traveling
between separated points in spacetime or even between
different universes [1,2]. Asymptotically flat wormhole
solutions have typically required exotic matter or mod-
ifications to general relativity. For example, wormholes in
asymptotically flat general relativity have been found with
ghost matter, which has negative kinetic energy [3-5].
Modifications to general relativity that have led to worm-
holes or wormholes in anti-de Sitter space include
Refs. [6-12].

Recently, Blazquez-Salcedo et al. discovered asymp-
totically flat static wormhole solutions in general relativity
without making use of exotic matter [13,14]. They studied
the Einstein-Dirac-Maxwell (EDM) system [15-18], in
which the charged Dirac equation is minimally coupled
to general relativity, and found wormhole solutions that
are symmetric across the wormhole throat. The EDM
system describes fermions with first quantized wave
functions and treats gravity and the electromagnetic field
classically. Symmetric EDM wormholes, however, have
concerning properties [19], which are absent in the
asymmetric solutions found by Konoplya and Zhidenko
[20]. In this work, we focus exclusively on asymmetric
EDM wormholes. For additional work on EDM worm-
holes, see [21-24].

The authors of [13,20] assumed that EDM wormbholes are
traversable. They presumably did so because their static
solutions violate the null-energy condition [25] and are
regular everywhere. To determine if, in fact, EDM worm-
holes are traversable, we construct a time dependent EDM
model. We then use the asymmetric solutions as initial data
and numerically evolve them forward in time.
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Our simulations indicate that black holes form that are
connected by the wormhole. We find that null geodesics that
can travel across the wormhole get trapped inside a black
hole. We see this behavior in all simulations we have
performed. For a wormhole to be traversable, one must
be able to travel arbitrarily far on the opposite side. While we
cannot rule out that there may exist an asymmetric EDM
wormhole that exhibits different behavior, our simulations
lead us to conclude that EDM wormbholes are not traversable.

In the next section, we present the Lagrangian for our
matter sector and give the time dependent equations we
solve for our simulations. In Sec. III, we explain how
fermions are described by quantum wave functions. In
Sec. IV, we review asymmetric static EDM wormhole
solutions. Our main results are presented in Sec. V, where
we use static solutions as initial data and then numerically
evolve them forward in time. We conclude in Sec. VI. We
have placed a number of details in appendixes, including
the most general set of spherically symmetric equations,
our numerical methods, and code tests. Unless otherwise
indicated, we use units such that c =G =h = 1.

II. EINSTEIN-DIRAC-MAXWELL

EDM wormholes are solutions to the Dirac equation
gauged under U(1) minimally coupled to spherically
symmetric general relativity. The matter sector includes
charged spin-1/2 fermions, ., where x labels the fermion,
and a U(1) gauge field, A,, and has Lagrangian

L= Ly+Ly (1)

where
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In Appendixes A and B, we show that spherical symmetry
requires more than one fermion. We include two fermions,
which we label as x = =+, both with mass y and charge e.
Also in Appendixes A and B, we give the definition of the
covariant derivatives and the y-matrices in Eq. (2) and
present the complete set of equations for metric fields, the
extrinsic curvature, and the equations of motion for the
general spherically symmetric metric. Different coordinate
choices have different advantages in numerical simulations.
We choose to set the shift vector equal to zero, " = 0,
which simplifies the equations. In this section, we list the
equations for this coordinate choice, and we refer the reader
to Appendixes A and B for details.

In our time dependent model, we write the spherically
symmetric metric as

ds* = —a2df* + Adr* + C(d6” + sin> 0d¢?),  (3)

where a(t,r), A(t,r), and C(t, r) parametrize the metric.
Additionally we have K”,(¢,r) and Ky(t,r), which para-
metrize the extrinsic curvature. In a wormhole geometry,
—00 < r < oo0. We define

R(t,r)=+/C(t,r) (4)

as the areal radius so that the area of a two-sphere is
47R?. The minimum of the areal radius will occur at r = 0
and we define

Ry (1) = R(1,0) (5)

as the wormhole throat radius on a given time slice.

The Einstein field equations, G, = 8zT*#,, where G* , is
the Einstein tensor and T#, is the energy-momentum tensor,
lead to the evolution equations [26]

0,A = =20AK",,
0,C = —aCKy,
oK', =a [(f ,@2 LK -G
+4n(S+p - zsrr)] _ ai_a <ar2)1§(2)rA) ’
@K&::a[é——EZif+i(K¢V+8nSg]_(aﬂjg}Cj,

(6)

and to the Hamiltonian and momentum constraint
equations,

(0,4)(9,C) , (9,C)°
24 4c

RC=A+

1
+AC&<KO+ZKO—%mKﬁ

0,C
5,KT: 4

2= (2K’, - Kr) = 8x,. (7)

The definition of the matter functions p, S”,, S, and S,,
which are functions of the energy-momentum tensor, are
given in Eq. (A4).

We minimally couple the matter sector to gravity via

L — \/—det(g,,)L, where det(g,,) is the determinant of
the metric. In a spherically symmetric system, y, =

wailt.r.0.¢), A, = A,(t.r), and
A, = (A, A,,0,0). (8)

In our model, we describe fermions with the Dirac spinor
ansatz

F(t,r)y=(0)
+iF (1, r)y=(0)
G(1.r)y+(0)
F iG(t,r)y=(9)

eii(/)/2

N )

SC)

V4

which is parametrized in terms of the complex fields F and

G, where
_ /1 Fcosd sin(0/2)
nO=\== oy 0

The precise assumptions included in the ansatz are detailed
in Appendix B. Writing F and G in terms of their real and
imaginary parts,

F(t,r) = Fi(t,r) + iF,(t,r),
G(t,r) = G(t,r) +iGy(t, 1), (11)

the equations of motion in the fermion sector are
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0,F, = —0\‘% {Fz(eA —ua) + G, \;%e/l,} \/Z <a G, + ZZGl —%Q),
0,F, = an { (e A, — pa) +G1\7Z } <6 Gz—i—ian—(}j )
9,Gy = [Gz (eA, + ua) +F2%e,4,] <a F+ ‘;zFl —%F1>,
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In the boson sector, it is convenient to choose a particular
U(1) gauge. We choose to work in the Lorenz gauge for our
numerical simulations. The equations of motion lead to

a
A =—0,
' VAC
a,A,:£Y+aAt,
aC

0Q=0—A, ],

f <¢z )

Y = —aV/ACJ", (13)

where Q(z, r) and Y (7, r) are auxiliary fields and where J”
is the r-component of the conserved current,

Jr — ——(F G1 +F2G2)

AC (14)

Finally, the matter functions used in Egs. (6) and (7)
contain contributions from both fermions and bosons,

P =py+pra
87 =(8y)" 4 (S4)"
S=5,+Su
S, =(Sy), + (Sa) (15)

where the individual contributions are given in Egs. (B20)
and (B28).

III. SEMICLASSICAL THEORY

A. Quantum wave functions

Fermions obey the Pauli exclusion principle. By imposing
the requirement that there be one fermion of each type,

Ny =1, (16)

we describe the Dirac fields with first quantized wave

functions [13-15,27]. Just as in [13,20], we ignore second

quantization effects and treat gravity and the electromagnetic
field classically.

To derive an equation for the number of fermions, N,
first note that the system has a U(1) gauge symmetry,
which leads to a conserved current. This conserved current
is written in its typical form in Eq. (B22) [we use the form
in Eq. (14) for numerical solutions]. Our system also has
global U(1) symmetries for each fermion, corresponding to
fermion number conservation. The associated conserved
currents, written in their typical form, are

JL =gty (17)

which are just the individual terms in (B22) with the charge
divided out, as expected. The total number of each type of

fermion on a time slice is given by the corresponding
conserved charges, which are computed from

N, = /drd@dqb\/fnﬂj’i, (18)

where y = AC?sin? @ is the determinant of the spatial
metric and n,, follows from the timelike unit vector normal
to a time slice given in (AS5). Using the Dirac spinor ansatz
in (9), we find the same answer for y, and y_,

Ni:/mdr./\/’,

where N is the number density. In the next subsection, we
explain how we impose N, =1 on Eq. (19).

N=F+F+GI+G35, (19

B. Scaling

In numerical work, it is often convenient to use scaled
quantities. We choose to scale variables by

Ry = Ry, (0) = +/C(0,0), (20)

which is the initial wormhole throat radius. We define the
following scaled quantities, which are indicated with an
overbar:
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r=Ryr, t = Ry, F(t,r) = f(r)e", G(t,r) = ig(r)e~,  (25)
¢ = (VG/Ro)2, = H/Ry, where f(r) and ¢(r) are real functions and w is a real

Fi,=F,/\v/G/R, G2 =G,/\/G/Ry, constant. In the boson sector, we take A, to be time

A, = A” / N C=RC. (21) independent. We choose to work in radial gauge, where

For convenience, we have included the gravitational con-
stant G = ¢%, where £p is the Planck length. Upon
rewriting all equations in terms of the scaled quantities,
R, cancels out. R, therefore does not have to be specified
and our code works for arbitrary values of R.

The total number of each type of fermion is given by
Eq. (19), which scales to

Ni—/wd?/{/,

where

N=FPtB1G+6 (22

Ni=(Ro/p)*Ny. (23)
Setting Ny = 1 gives

£p

v

The importance and convenience of this result is as follows.
With a quantum wave function, where N, = 1, the value of
the scaled quantity N, which is computed by our code,
tells us the physical value R. In practice, then, our code
does not explicitly normalize the wave function. Instead, it
solves the equations written in terms of scaled variables and
the value computed for N,, and hence for R, through
Eq. (24), singles out the specific physical semiclassical
theory under study.

Ry = (24)

IV. STATIC WORMHOLES

In this section, we present solutions for static EDM
wormholes. By static, we mean that spacetime is time
independent. We will use these static solutions as initial
data for our simulations, but they are also interesting in
their own right. We focus exclusively on asymmetric EDM
wormbholes [20].

A. Equations

Static solutions are found by dropping the time depend-
ence for the metric fields and setting K", = K = 0 (in the
context of the static solution being used for initial data, we
are assuming the initial data are time symmetric [28]). The
energy-momentum tensor must be time independent and
diagonal. In the fermion sector, this can be achieved by
assuming

A, =0, (26)

which is consistent with the static limit of Lorenz gauge.
Note that @ is gauge dependent and can be shifted in
Eq. (25) with a simple gauge transformation that does not
take us out of radial gauge.

The complete set of equations under these assumptions is
given in Appendix C. The next step is to make a coordinate
choice. For example, the authors of [20] make the choice
C = R3[1 — (r/Ry)?|~2, which compactifies the radial coor-
dinate to —R, < r < Ry. A variation of this choice, which is
used in [13], is C = R% + 2, which leaves the radial
direction uncompactified. We have been able to find static
solutions using both choices. However, we choose to set

Alr) = 1, (27)

which we find to be a convenient choice when using static
solutions as initial data. The static metric is then

ds* = —a?(r)df* + dr* + C(r)(d6* + sin®> 0d¢*).  (28)

We now list the equations given in Appendix C, but with
our coordinate choice in Eq. (27). The metric equations are

9,C)>
v :1 ( r _
9;C e 87Cp,
d,a)(0,C
()%a:—Lc(,r)+4ﬂa(p+S),
(0,2)(9,€) 1 (9,C)
O=—"-—77"—""—— —8xS",; 29
oC a8 ()

the equations of motion are

dJda 1
or(32 ) or22)
o)1)

dJ,C od,a a
O%I/t: —0,”( —7> +82%(f2+92)7 (30)

RIS

QRIS

C

u(r)y=eA,(r) + w; (31)

and the matter functions are
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u(fP+g) |, (0u)?
 2zaC 20202
S§ro— farg - garf _ (ar”)2
4 27zC 262’
__fg  (9u)?
22C32 " 262’

S0, (32)

along with S = S", + 25%,, where

2
farg_garf:_%_

(P=P)+=(P+P). (33)
which follows from the first two equations in (30). The
matter sector is described by the three fields f(r), g(r),
and u(r). Although our equations look different than those
in [20], we explain how they are equivalent in Appendix D.
For static solutions, Eq. (19), which computes the total
number of each type of fermion, reduces to

Ni—/fdmmm

[58)

N =+ ¢, (34)

where N is the number density.
We move now to the scaled variables in Eq. (21),
along with

f=f/\VG/Ry, 9=7/\/G/Ry.

We solve the static equations by numerically integrating
the top two equations in (29) and the equations of motion
in (30) outward from 7 = 0. This requires conditions at
7 = 0. We assume

u=iu/Ry. (35)

o (0) = 0, (36)

where a prime denotes an 7-derivative. These same assump-
tions were made in [20] [the possibility of «'(0) # 0 was
considered in [24]]. We have also C(0) = 1 (since we scaled
variables by R;). Inspection of the equations shows that if
we define

N

W) e
0 =g (37)

and then write the equations in terms of # and @&, a(0)
cancels out and we have @(0) = 1. Last, by plugging Taylor
expansions of the fields into the bottom equation in (29), we
are able to derive

i(r)

~—~

>2
i2(0) =1~ 8fogo +4uo( £+ ~4a( 3~ gR)).  (38)

where

fo=F0).  90=50).  uy=10(0). (39)

The three quantities in Eq. (39), along with z and e, are
the quantities that must be specified to be able to integrate
the static equations outward from 7 = 0. We choose to
identify static solutions with f, and take g, and u to be
shooting parameters. That is, we specify f, i, and e and
then tune g, and u, using the shooting method until the
integrated result satisfies the outer boundary conditions.
The outer boundary conditions are that spacetime is
asymptotically flat, i.e., that p - 0 as r - Foo0, which
requires f, g, u’ — 0. Once the outer boundary conditions
are satisfied, we have found a static wormhole solution.

B. Results

The results for some typical static solutions are listed in
Table I for i=0.2 and &/v4z = 0.03 (e/\/4x is the
convention used in [20] for charge, which is the reason why
we include the factor of \/E). We show in Fig. 1 some of
the fields for these solutions. The top row of Fig. 1 displays
solutions with positive f, and the bottom row displays
them for negative f.

In Figs. 1(a) and 1(e), the black curves show f(r) and the
green curves show g(r). We can see that the curves satisfy
the outer boundary conditions. Figures 1(b) and 1(f) plot
the number density, N' = 2 + g*. Figures 1(c) and 1(g)
plot @', and we can see that the curves are asymptotically
heading to zero, consistent with the outer boundary con-
ditions. Finally, Figs. 1(d) and 1(h) plot the areal radius, R,
where our scaling convention fixes R = 1 at 7 = 0.

We mention two interesting points. First, since we can
interpret the number density as a particle distribution, the
two peaks in Fig. 1(b) suggest an interpretation of two
quasilocalized particles, with one particle on each side of
the wormhole. Second, the final column in Table I gives the
physical value for R, as computed from Eq. (24), which is
the wormhole throat radius. We can see that, for these

TABLE 1. Results for static asymmetric EDM wormhole
solutions with iz = 0.2 and e/v/4x = 0.03. Various fields for
these solutions are plotted in Fig. 1.

So 9o U Ry/Cp
0.001 0.000702 -2.519 376.6
0.002 0.001404 -2.519 188.3
0.003 0.002105 -2.519 125.5
0.004 0.002806 -2.518 94.12
0.005 0.003507 —-2.518 75.28
—0.001 0.001257 —-1.519 498.4
—-0.002 0.002514 -1.519 249.2
-0.003 0.003771 -1.519 166.1
—-0.004 0.005028 —-1.519 124.6
—0.005 0.006285 —-1.519 99.66
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FIG. 1. Static asymmetric EDM wormhole solutions with 7z = 0.2 and e/+/4z = 0.03. These same solutions are listed in Table I. The
top row displays solutions with positive f,, and the bottom row displays solutions with negative f,. As the magnitude of f decreases,
the magnitude of the peaks in (a),(e) and (b),(f) decrease, the peaks in (c),(g) increase, and the curves in (d),(h) widen.

solutions, the radius is roughly 2 orders of magnitude larger
than the Planck length.

Morris and Thorne showed that traversable wormholes
violate the null energy condition [25]. To determine if our
static solutions violate the null energy condition, we use
radial null vectors d* = A(1, +a/ VA, 0, 0), where 4 is an
arbitrary constant. The null energy condition is violated if
T,d'd <0, or

T, -T', <0, (40)
where the energy-momentum tensor components for static
solutions are given in Egs. (C6) and (C10). Figure 2 shows
the results for Eq. (40) for the same static solutions shown
in Fig. 1 and listed in Table I. We can see that the static
solutions violate the null energy condition.

In this section, we presented some typical static EDM
wormbhole solutions. The solutions are regular everywhere
and violate the null energy condition. As a consequence, it
seems plausible that EDM wormholes are traversable, as is
assumed in Refs. [13,20]. To determine if, in fact, EDM
wormholes are traversable, in the next section we use these
static solutions as initial data and numerically evolve them
forward in time. We then compute null geodesics and study
how the geodesics travel through the wormhole.

V. WORMHOLE SIMULATIONS

In this section, we simulate EDM wormholes using the
static solutions presented in the previous section as initial
data. This requires numerically solving the equations
presented in Sec. II. Our numerical methods, including

the equations we use to compute null geodesics and
apparent horizons, are described in Appendix E. In
Appendix F, we present tests of our code and show that
our code is second order convergent.

X107

=N O F
()]

FIG. 2. The diagram (a) of this plot and Figs. 1(a) and 1(b)
display the same solutions and similarly for the diagram (b) of
this plot and Figs. 1(e)-1(h). In all cases, we can see that the null
energy condition is violated, which occurs if 7", — T, < 0.
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FIG. 3. Diagrams (a—e) in the top row display a numerical evolution of an EDM wormhole using the static solution from Sec. IV B

with f, = 0.005. Diagrams (f—j) in the bottom row display a different evolution using the static solution with f; = —0.002. The blue

curves plot the areal radius, R, and the black curves plot the fermion number density, A/

We show results for two simulations in Fig. 3. The top
row presents a single simulation using as initial data the
static solution from the previous section with f, = 0.005,
and the bottom row shows a different simulation using the
static solution with f; = —0.002. The blue curves plot the
areal radius, R, and the black curves plot the number

density, . As time increases, with respect to their radial
coordinates, the spikes in the number density separate and
the length of the wormhole throat increases. The wormhole
throat radius holds steady, neither expanding nor collapsing.

In general, numerical simulations cannot definitively
prove that a black hole is present, since such a proof
requires knowledge of the entire spacetime. The most
conclusive method for determining if a black hole is present
in a simulation is computing null geodesics backwards in
time [28-30]. This method is particularly conclusive in
spherically symmetric spacetimes, since null rays can only
travel in the radial direction. This is done after the
simulation is complete from the stored results. If a black
hole is present, the computed null geodesics can determine
the location of the event horizon. We show such null
geodesics in Fig. 4. Figure 4(a) is for the same simulation
shown in the top row of Fig. 3 and similarly for the bottom
rows. The null geodesics clearly indicate the presence of
event horizons on both sides of the wormhole. The worm-
hole therefore connects two black holes. Although this is the
most conclusive method, we present other indicators for the
presence of a black hole in what follows.

In Fig. 5, we show another way to view the simulations
shown in Fig. 3. The dashed purple lines in Figs. 5(a) and
5(b) track the peaks of the spikes of the number density in
the top row of Fig. 3. The dashed purple lines can therefore

be thought of as plotting the position of the two particles.
The bottom row plots the same thing as the top row, except
for the simulation shown in the bottom row of Fig. 3. In
Fig. 5(d), we only begin plotting the dashed purple lines

300
250
200
150
100

50

0

250

200

150

100

50

10 20 30

= O

FIG. 4. (a) Null geodesics are shown for the same simulation
shown in the top row of Fig. 3. The geodesics map out event
horizons and indicate the presence of black holes. (b) The same as
(a) except for the simulation shown in the bottom row of Fig. 3.
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" " FIG. 6. (a) The metric field A for the simulation shown in the
FIG. 5. The diagram (a)b) displays the same simulation as top row of Fig. 3. The dashed line plots A at f = 0. As time moves

shown in the diagram (a—e) of Fig. 3. The purple dashed curves
mark the position of the peaks of the spikes of the number density
shown in Fig. 3. The blue curves plot apparent horizons. The gray
curves plot null geodesics. (b) Zooms into the early 7 region of
(a). The diagram (c,d) is analogous to the top row except it
displays the same simulation shown in the diagram (f—j) of Fig. 3.

after a clear separation and the formation of two peaks in the
number density.

The thick blue lines in Fig. 5(a), which start at around
1 =225, plot apparent horizons. Standard theorems in
general relativity concerning apparent horizons do not
necessarily apply to systems that violate the null energy
condition (see the discussion in [31]). Nonetheless,
numerical evidence suggests that the apparent horizon
may still be a good indicator for the presence of a black
hole [26,31].

We have computed various left-moving null geodesics
and plotted them as the gray lines in Fig. 5(a). Figure 5(b)
zooms into the early 7 region of Fig. 5(a), where we can see
that two geodesics originate on the positive side of the
wormhole, one originates from 7 = 0, and four originate on
the negative side. Those that originate on the positive side
can be seen to cross 7 = 0, and hence to travel through the
wormhole. However, we find that any geodesic that
originates on the positive side and some that originate
on the negative side are unable to travel arbitrarily far on the
negative side. Indeed, we find that such geodesics get
caught right up against the apparent horizon and are trapped
inside the black hole.

forward, A drops in the middle toward zero and forms spikes at
the edges. (b) The same as (a), except for the simulation shown in
the bottom row of Fig. 3.

We show the evolution of the metric field A in Fig. 6
for the same simulations shown in Fig. 3. The horizontal
dashed lines plot A at 7 = 0. As time increases, A collapses
toward zero in the middle and forms spikes at the edges.
Since A gives a measure of the physical distance between
radial coordinates, that A is collapsing means that the radial
direction is compressing. In numerical evolutions, the
appearance of a spike in the metric field A, which is
known as grid or slice stretching [32], is a common
indicator for the formation of a black hole. Last, we show
in Fig. 7 that the lapse function, a, collapses, which is
another commonly used indicator for the formation of a
black hole [28,32].

We have found substantial evidence that black holes
form in the EDM system. Further, we have found that any
null geodesic that travels through the wormhole becomes
trapped inside a black hole and is unable to travel
arbitrarily far away on the opposite side. We have
performed many simulations using different asymmetric
static EDM solutions as initial data. For example, we have
considered values of ji and e that are smaller by up to a
couple orders of magnitude and considered larger values
of f, than presented. We have also computed different
geodesics, including geodesics that originate on the left
and travel to the right through the wormhole. In all cases,
the results are qualitatively similar to what we have
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FIG. 7. (a) The metric field a for the simulation shown in the
top row of Fig. 3. The dashed line plots a at 7 = 0. As time moves
forward, a collapses in the middle. (b) The same as (a), except for
the simulation shown in the bottom row of Fig. 3.

presented in this section. Of course, we cannot rule out that
there exists some static EDM solution which, when
numerically evolved, behaves differently. Nonetheless,
our results lead us to conclude that EDM wormholes
are not traversable.

VI. CONCLUSION

EDM wormholes are asymptotically flat wormhole
solutions in general relativity that do not make use of
exotic matter. They are formed from two charged spin-1/2
fermions, as described by the charged Dirac equation
minimally coupled to general relativity. The static asym-
metric solutions are regular everywhere and violate the null
energy condition, which suggests that they may be tra-
versable. To determine if, in fact, they are traversable, we
constructed a time dependent EDM model. We then used

0,A = —2aAK", + ['0,A + 2A0, 8"
0,C = —aCKy + f'9,C,

static asymmetric wormhole solutions as initial data and
numerically evolved them forward in time.

In all simulations we performed, we found convincing
numerical evidence that black holes form in our system
which are connected by the wormhole. We computed null
geodesics in this geometry to see if a signal could travel
through the wormhole and make it arbitrarily far away on
the opposite side. In all cases considered, geodesics that
crossed the wormhole were trapped inside a black hole.
These results led us to conclude that EDM wormbholes are
not traversable.

An important takeaway is that violation of the null
energy condition is an insufficient condition for determin-
ing if a static wormhole solution is traversable. Black holes
may form so quickly that any signal traveling through the
wormhole will be caught inside one. To determine if a
wormbhole is traversable, it may be necessary to make a time
dependent analysis.

APPENDIX A: METRIC AND VIERBEIN

In this appendix, we present results for the general
spherically symmetric metric and the corresponding vier-
bein. We use the vierbein to couple spinors to curved space.

1. Metric and field equations

Our code for simulating wormholes is based on the
standard 3 + 1 foliation of spacetime [28,32], in which
spacetime is foliated into a continuum of time slices, where
each time slice is a spatial hypersurface. The general
spherically symmetric metric in this formalism can be
written

ds? = —(a® — AB)di® + 2Ap" dtdr + dI?,

dl> = Adr* + C(d6* + sin* 0d¢?), (A1)
where a(t,r), p(t,r), A(t,r), and C(t, r) parametrize the
metric and dI? is the spatial metric on a time slice. In
addition to these four metric fields, we have also the extrinsic
curvature K';(¢, r), whose two independent and nonvanish-
ing components are K”, and K, = 2K%, = 2K‘/’¢.

The Einstein field equations, G*, = 8#GT*,, where for
completeness we include the gravitational constant G, lead
to the evolution equations [26]

(0,C)* 1 , 1, ?a  (0,a)(a,A)
0K = ——+ (K2 —=K2+47G(S+p—-25",)| — ——5—+p0,K",,
" r a|:4AC2 C+( r) 4 T+ 4 ( +,0 r) A 2A2 +/B rir
1 (0,072 3 (0,)(9,C)  [9,C
0Ky = | — ) 2 (Kp)? + 8aGST, | —rONEE) | g O 0T, — Ky) — 82GS, |. A2
R “{C sace TgKr) 48 } ac P |ae @K~ Kr) ~8aGS, (A2)
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and to the Hamiltonian and momentum constraint equa-
tions,

9,A)(9,C)  (0,C)? 1

2C = a4 OO ’ ACK; (K", 4+~ K

’ T oa T AR\ Mgt
— 82GACp,

0,C

0,Kr =
rT 2C

(2K’, — Ky) — 87GS,. (A3)

The matter functions in these equations are functions of
the energy-momentum tensor and are given by

— 14
p=n'n"T,,

Srr _ rrTrrv
S0 = y"Tp,
R——— (A4)

and S = S, + 25%, where y,; = diag(A, C, Csin* ) is the
spatial metric, y”/ is its inverse, and

= (1/a,—p"/a,0,0) (AS)

is the timelike unit vector normal to a time slice.

2. Vierbein and spinor connection

We use the vierbein formalism to couple spinors to

curved space [33-35]. The vierbein, e¢,*, is defined by
G = eaﬂeaw Nap = eaﬂebﬂ7 (A6)

where g, is the curved space metric and 7,,;, is the flat space
metric. We use Greek letters for curved space indices and
Latin letters from the beginning of the alphabet for flat
space indices. When specifying explicit components, we
use y =t,r,0,¢p and a =0,1,2,3.

Our Lagrangian for fermions is given as the top equation
in (2):

1. _ )
Ly =5 W "Dy — (D )y'w.] — wpaw,. (A7)

The y* are curved spaced y-matrices, as indicated by their
Greek index. Flat space y-matrices, y“, are related to curved
spaced ones via the vierbein,

= er", rt = ey, (A8)
where
{ro. 7"} = 2.

v’y =2g", (A9)

Our convention for the adjoint spinor is

7 = wa(=iy). (A10)
The covariant derivatives in (A7) are defined by
Dy* =V, y* —ieAy,
D,y* =V, p* + ie Ay, (A11)
where
1 ab
vﬂWx = any —+ Zwﬂ Vab¥ x>
_ _ 1_
vﬂl//x = aﬂWx - Zl//xa)uabyabv (A12)

where ¥, = ¥(a75 = [Var75]/2 and w,“? is the spin con-
nection,

1 1
Wyab = Eeaa(aﬂeba - aaebﬂ) + 5 ebﬂ(aﬁetm - a,ueaﬁ)

ﬂea“ebﬁ(()aecﬂ — Opeeq)- (A13)

1 c

-3¢

Since we assume metric compatibility, V,g,, =0, we
have @, = =@y

When deriving equations, it can help to choose a specific

representation for the y-matrices and vierbein. Following

[36,37], we use the Dirac representation for flat space

y-matrices,

0 ~(1 0) j ( 0 "j> (A14)
=1 s =1 N s
4 0 -1 4 —o/ 0

where j = 1,2,3 and where the ¢/ are the standard Pauli
matrices,

(O (O (00 s

For the vierbein, we use

G G

a? \/Z a9

2 1
o -1 (S - Al6
reve 7= /Csing’ (A16)

which also defines the curved spaced y-matrices. This
choice for the vierbein associates the angular components,
0 and ¢, with the off-diagonal Pauli matrices, ¢' and ¢°.
This association helps with separating out the angular
dependence, which we do in Appendix B. We note that
this vierbein reduces to the one used in [36,37] for " =0
and C = 2.

We end this appendix with the components of the spinor
connection, I“# = —a)y“”yab /4, for our choice of vierbein,
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r = 4alﬂ Rad + /(A - T = 2457,
r, = 4alf (A=A —24p"),
Ly =17 4\//— 77 o \/—(C p ),
Ly =rr! Z\;ﬂ +r! ?
7 :mf_w e, (A17)

where, in the appendixes, a prime denotes an r-derivative
and a dot denotes a r-derivative.

APPENDIX B: EQUATIONS OF MOTION
AND THE ENERGY-MOMENTUM TENSOR

In this appendix, we present the equations of motion and
the energy-momentum tensor for both fermions and bosons
for our time dependent EDM model. For fermions, we give
a detailed derivation of the Dirac spinor ansatz.

Ri g w)(+ B
R, " R, R, ©;
0984 cotd @4
(o 5) (-5
ivVC (R, R, R, ©,
22w -2

a < ﬂ + +R'; @4
0993 T cotd @3
o, 2 e,

Ry R,
i\/E &_ﬂrﬁg+w _&%
a R3 R3 R2®

|5

1. Fermions
a. Equations of motion

The equations of motion for fermions follow from the

Lagrangian in (A7),
(0, — T, —ieA )y, — py, =0, (B1)

where I', is the spinor connection given in (Al7). In a
spherically ~ symmetric ~ system, ., =y, (t,r,0,¢),
A, =A,(t.r),and A, = (A, A,.0,0). To reduce clutter,
we drop the subscripted x in the following.

The standard approach to solving the equations of
motion is to follow Unruh [38] and Chandrasekhar
[39,40] and look for separable solutions

wi(t,r,0,9) R(1,1)0,(0, )

| vt 0.9) [ | Ra(1.1)02(6.9)
y= = . (B2)

w3t r,0,¢) R;3(t,7)03(0, ¢)

wa(t,r,0,0) R4 (1,7)04(0, ¢)

where the R’s and ®’s are in general complex. Plugging this
into (B1), using the metric in (A1), the Dirac representation
in (Al4), and the vierbein in (A16), we find the four
equations

iv/C (R, R3> (R1®1>
+ +V [+ ) -w/C
\/Z< >< R,) " R, 05
i 0,0 (C)
e e ]
sind ©, (O}
iv/C (R, )( R4> (R2®2>
FVE(R V) (2B e (R
VA <R4 R;3 : R; 04
i 0,0 Q)
LTS (23
sm@ @3 @4

() (5ol

_ ag®2+00t9 _% i 0,/)(92 _%
N 0, 2 0,/ sinf O, 0,)’

() (9 (1) () ()

09@1 cotd @1 i a¢®1 @1
_ 0\ _ 9 B3
< @1 + 2 > <+ @2 sin @ @] @2 ’ ( )
where
. . A—ﬂrA/—ZAﬂr/ C_ﬂrc/
:_w(At—ﬁ Ar) + 4A 2C ’
ad

= il B4
ieA, +— e + 2C (B4)
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We now make some assumptions, which go beyond just

separating the variables, that reduce these four equations

down to two. We assume

R,=iR,, R;=iR;. ©;=0, ©,=-0,. (BS)
The resulting angular equations can be written in terms

of spin-weighted spherical harmonics, Y, with spin

weight s,

0 (Y,) = £V F G Es+ (1Y), (B6)
where
s i
R :¢ma¢—aaiscot9 (B7)

are the raising and lowering operators. Specifically, the
angular equations can be written as

65:1/2)62 = 6(_+1/2)®1 = l’l@z,

Our choice of spin-weighted spherical harmonics fixes the
separation constant to

n=-—1. (B12)

We turn now to the radial equations. Our assumptions in

(B5) reduced the four equations in (B3) to two equations

for R; and Rj. It is convenient to trade R, and R; for F and
G, defined by

B F(t,r)
Ry(t,r)= C1/2(t, r)Al/4(tv r) ’
R G(t,r) (B13)

C2(t, A4 (1,r)’

SO as to remove an inconvenient time derivative. The radial
equations of motion are

—n@l, (BS) F ﬂr/
o,F = F([}’ +ieA, —Q———wﬁ’A)
where n is the separation constant. Comparing this with
(B6), we find that aG oG (G | a A
_%_ﬁ E—leA,—l-% 4A lﬂ(ZF
0, = +1/2ij, 0, = —1/2ij' (B9) o pe
The energy-momentum tensor we present below indicates %G = G( "G HieA +__ ief A )
that, to preserve spherical symmetry, we require two or oF aF [F' oJ A
more fermions. We consider only two fermions. Following -—— <— —ieA, +—-— ) +iuaG. (Bl4)
[36,37], for one of them we use ©; = 1/2Y(1/2)(1/2) and VC VA\F 2a 4A
02 = _1)2¥ ;)2 and for the other we use ©; = Before separating the equations of motion into their real
{ /2Y (1/2)(=1/2) and ®, = _, /2Y( 1/2)(-1/2)° where anq imE}ginary pgrts, we note that the'ﬁnal form for the Di.rac
spinor is the Dirac spinor ansatz given in Eq. (9), which
y 1 ¢i?2y(0) captures our assumptions in (B5) and our choice of spin-
727 (1/2)(1/2) 2[ Y, weighted spherical harmonics in (B10). The fermion sector
therefore depends on the two complex functions F' and G.
+1 /2Y (1/2)(=1/2) — 2 \/—_ e~/ 2)’ (0), (B10) Separating these into real and imaginary parts,
with F(t,r) = Fi(t,r) + iF,(t, r),
G(t,r) = G(t,r) +iGy(1, 1), (B15)
1 6 sin(0
/ :F cos (B11)
cos(6 the equations of motion are
=(pF+ Fl) N <G’ —I—i,G] > [Fz (eA, —ef' A, — pa) + G, — ¢ eA]
\/E VA\"1 " 2a VA
) ﬂr/ a o ) a
< BFy,+"—F, C \/_K G’z—i—Z—an——Gz + |Fi(eA, —efr A, — pa) +G1ﬁe¢4r,
PG+ ﬁﬂG o (o T A ) C | Galed, — e A+ pa) + Fr e A
— R — — e —e a —=¢€ )
1 JC VA e VR 2 H 2 VAT
ﬂ” aF, «a o a
= (p'G, G —=——|(F,+—F,——F G - Fi— (B16)
< +—=G; —1—\/6 A 2+2a2 4A2 + |Gi(eA, —ef" A, + ua) + 1\/26.,4,
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b. Energy-momentum tensor

The energy-momentum tensor in the fermion sector is
given by

L _
(T;/\C/>/4v == Z [WXY/,JDDI//)C + Wx}/vD/ﬂ//x

- (Dul/_/x)yyl//x - (Dulilx)yﬂl//x]' (B17)

For a system to be spherically symmetric, only the diagonal
components and 7,. = T,, can be nonvanishing. The Dirac
|

spinor ansatz in (9) leads to nonvanishing (T,f),q?S and
(T}),4» which breaks spherical symmetry. However,

Ty = Ty + Ty (B18)

is spherically symmetric, which explains why two (or more)
fermions are necessary to preserve spherical symmetry. The
nonvanishing components of the spherically symmetric
energy-momentum tensor are

a . . r . . eA,
T) =———Im(F'F+GG)+ Im(FG* + F*G) + a(|F|? + |G[*) = 2VAB"Re(FG*)],
(Ty) 2aV/AC ( ) 2nC ( ) Zn\/ZC[G I*+1G|°) P Re(FG")]
1 eA
T,) =-——Im(F G+ FG)——LRe(FG*
(Ty),r 2nC m(F'G* + F*G') C e(FG*),

1
(Tw)ae = ———=Im(F*G),
2rv/AC

a P
T,), =———
( W)tr 471'\/XC

e

B 47r\/KC

2VA(A, + frA)Re(FG*) = aA,(|F* +|GP)].

. .
IM(F*F' + G*G') + -L—Im(F'G* + F*G') + ——Im(FG* + F*G
m(FF + GG+ MG+ PG+ L Im(FGT 4+ FG)

(B19)

We gave the equations for the metric fields and the extrinsic curvature in (A2) and (A3). These equations depend upon
the matter functions defined in (A4), which are functions of the energy-momentum tensor. Moving to the real fields defined
in (B15), and using the energy-momentum tensor in (B19), we find

2eA,
VA

1 2
=———— |—= ("G, - F,Gy) —
Py 27[\/ZC|:\/E(1 2 21)

+m#+@—@—@ﬁ

1
(F1G| + F2Gy) + —=(F\G) — F\G, — F,G| + F,G)

VA

1
(Sl[/)rr = m [FIG/2 — FZG/l —+ F/2Gl — F/IGZ - 23AV(F]G1 + Fsz)],
oy _FiG—F:Gy
Vo = eaiicor
oy = F\Fy— FoF) + GGy — G,G| — e A (F; + F3 + G} + G3) B0
( l//)r - 277.'\/XC ’ ( )
along with S, = (S,)", +2(S,)%, where we used the JV = igzy‘,xvax (B22)
equations of motion in (B16) to write them in this form. "

2. Bosons

The equations of motion for the gauge boson are
V, " =J*, (B21)

where

is a conserved current. To facilitate solving this, we define
the auxiliary field

C(t,r)

Yer)= alt, r)/A(L 7)

[A(t.r) = Ai(e.r)]. (B23)

so that the equations of motion can be written
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0,Y = —aV/ACJ',  9,Y =aVACJ'. (B24)

Our focus is with two fermions that follow from the Dirac
spinor ansatz in (9), for which

J' = (F1 + F; 4+ G1 + G3),

e
2rnav/AC

| —

e
TZAC 2(F,G, + F»G,)

_PVA
a

(Fi + F3+ G+ G3)|. (B25)

The energy-momentum tensor for the gauge boson is
given by

1
(TA)/w = ga/}FyaFv/} - Zgqua/}Fa/}' (B26)

The components work out to be

2
e
ar
2C%°
Y2
T oy =~
(Ta)oo = 55
(TA)¢¢ = (T 4)ggsin’0,

AY?
(Ta), =P CTek

(T 4) s (0‘2 _Aﬁrz)’

(Ta), =

(B27)

and the matter functions defined in Eq. (A4) are

(8.0, = 0. (B28)
along with S4 = (S4)", +2(S4)%.

It will be convenient to make a U(1) gauge choice. For
our numerical simulations, we use Lorenz gauge,

VA" =0. (B29)
Defining
Q=YAC 4 _pa) (B30)

where Q(f,r) is an auxiliary field, the Lorenz gauge
condition can be written

aC
0Q2=0,—=A, + ’Q). B31
From the definition of Q,
A= QtpA (B32)
' VAC "

APPENDIX C: STATIC EQUATIONS

Static wormhole solutions will be used as initial data for
our simulations, in addition to being studied in their own
right. By static solutions, we mean that spacetime is time
independent. In this appendix, we present the equations we
solve for static EDM wormbholes.

To find static solutions, we drop the time dependence for
metric fields and set " = K", = Ky = 0. Under these
assumptions, our metric equations are [26]

9,4)(3,C)  (9,C)?
20 — A 4 L9A)O ) 8rGAC).
’ LY ac TP

1 (0,@(0,0) (3,C)
0=—— - 87GS" .
C~ aAC 4ac? T OmOY

J,A 0,C
Za = < : r—)d,a+47rGaA(p+S). (C1)

24 C
The first equation is the Hamiltonian constraint equation
in (A3), the second follows from the K; evolution equation
in (A2), and the third follows from combining the K", and
K7 evolution equations in (A2).

The energy-momentum tensor must be time independent
and diagonal. In the fermion sector, this can be achieved by
assuming

F(t,r) = f(r)e7ie", G(t,r) = ig(r)e”™,  (C2)
where f(r) and g(r) are real functions and w is a real
constant. In the boson sector, we take A, to be time
independent. We choose to work in radial gauge, where

A, =0. (C3)

Under these assumptions, in the fermion sector, the

equations of motion in (B16) become

2 44 VcC
Y S N A _u
g —g<2 at C) fwﬁi(u >, (C4)
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where
u(r)=eA,(r)+ o (C5)
the energy-momentum tensor components in (B19)
reduce to
(T,), au(f? + 92)
v aJAC
f9—=fg
T == -2
( l//)rr 2”C 4
/g
Tl/ - T
Todoo =5, Jae
(Tv,)¢¢ = (Ty,)eg sin? 6, (Co6)

along with (7,),, = 0; and the matter functions in (B20)

become
P u(f* +4°)
Y 2pan/AC
. _fd—=fg
(Sy)"r = 27AC
fg
(Sy)% = A2 (C7)
along with (S,,), = 0. For convenience, we give
uvA A
fd—f'QZT(fz +¢%) —uVA(f2 - &) - 2fg\/»
(C8)

which is used in (S,)", and which follows directly
from (C4).

In the boson sector, the second equation of motion in
(B24) becomes

> eza\/_f2+gz (C9)

the energy-momentum tensor components in (B27) become

u
(T.A)tt 2€2A’
u/2
T _7’
( .A)rr 2620(2
CMIZ
T
(T 4)gp = SPLA

(T4)pp = (T 4)go sin” 0. (C10)

along with (7 4)
become

. = 0; and the matter functions in (B28)

u/2

=32q0a  (C1

a=—(84)", = (S4)%

along with (S4), = 0.

APPENDIX D: RELATION OF STATIC
EQUATIONS TO [20]

In Appendix C, we gave the complete set of equations we
use to solve for static EDM wormbholes. Our equations do
not look the same as those used by Konoplya and Zhidenko
(KZ) in [20], but, as we explain here, they are equivalent.
KZ write in [20] that they use the Dirac spinor ansatz
given by Herdeiro, Pombo, and Radu (HPR) in [27], who
describe their static fermions with the functions fypg(r)
and gypg (7). The relationships between our fields f(r) and
g(r) and HPR’s are [37]

g f

4/7AVAC2 9HPR:4\/EA1/4C1/2‘ (D1)

fHPR =

The relationships between our quantities and KZ’s are

xX=r, q=ce,
. 0.r(x))

N =alr), st = A,

AW =C). V) = AL,

F(x) = fupr (7). G(x) = gupr(7), (D2)

where KZ’s quantities are on the left and ours are on the
right. We have the same definitions for y and w. Last, KZ
uses units such that G = 1/4z, while we use G = 1. With
these relations, our static equations are identical to theirs.

APPENDIX E: NUMERICAL METHODS

We have developed a second order accurate code for
simulating EDM wormbholes. Our code is based on the code
used in [26], to which we refer the reader for additional
details.

We use static solutions as initial data for our simulations.
In the matter sector, we have

Fi(0,r) = f(r), F5(0,r) =0,
Gi(0,r) =0,  G,(0,r) = g(r),
A,0,r) = @, A.(0,r) =0,
—C(r)u'(r) C(r)\/A(r)u(r)
0,r)=———=, Q0,r) = )
Y(0.r) ea(r)\/A(r) 0.7) ea(r)
(E1)
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FIG. 8.

The convergence function in (F1) for Ar = 0.01, 0.005, and 0.0025 is plotted for metric functions a, A, and C using the same

initial data as used for the simulation shown in the top row of Fig. 3. The bottom curve drops by a factor of 4 compared to the top curve,

indicating second order convergence.

where the static solutions are on the right-hand side. Note
that we are assuming a U(1) gauge where u(r) = e A,(r).
For metric fields, we use the static solutions for A(0, r) and
C(0, r). We have also K".(0,7) = K+(0,r) = 0.

The metric field o is a gravitational gauge field, in
that once initial data have been loaded onto the initial
time slice, a can be chosen arbitrarily [28,32]. Wet set
a(0,r) = 1 and then evolve « using the harmonic slicing
condition [28],

d,0 = —a*(K", + K7). (E2)

Harmonic slicing is known to have decent singularly
avoidance properties, and we have found that it works
well for the EDM system. " is also a gravitational gauge
field. As mentioned in Sec. II, we set " = 0.

We solve evolution equations using the method of lines
and third order Runge-Kutta. We solve the momentum
constraint using second order Runge-Kutta. At the outer
boundaries, we use outgoing one-dimensional wave equa-
tions for matter fields F'y, F,, G, and G, [37] and outgoing
spherical wave equations for all other fields whose evolu-
tion equations contain spatial derivatives.

We set the outer boundary at 7= +100 and have
confirmed that reflections are negligible. We use time step
A7 = 0.5A7 and we use uniform grid spacing A7 = 0.0025.

An apparent horizon satisfies [28,31,32]

VACK; F 9,C =0, (E3)

where we use the upper sign for » > 0 and the lower sign
for r < 0. For the general spherically symmetric metric in
(A1), null geodesics, ry(t), are computed from

drnull a
fry :I: _ r’
dt VA b

where the upper sign is for a right-moving geodesic and the
lower sign is for a left-moving geodesic.

(E4)

APPENDIX F: CODE TESTS

To test our code and to determine its level of conver-
gence, we make use of the convergence function [32]

C?r]’Arz = ||fAr| _fArz

, (F1)

where f27 is the value of an arbitrary field obtained
numerically from an evolution equation using grid spacing
Ar, and || indicates the L? norm across the computational
grid. Using grid spacings Ary, Ar,, and Ars, where
Ari/Ar, = Ar,/Arz; = 2, an indication of second order
convergence is that C;A-r"ArZ/C?rz’Ar3 =4 [32].

In Fig. 8, we show results for the metric fields using
Ar =0.01, 0.005, and 0.0025. In all plots, the lower curve
drops by a factor of 4, indicating second order convergence.
We find similar results for our other simulations. Although
we do not show it here, we have confirmed that the
Hamiltonian constraint in Eq. (7) is satisfied on each time
slice, as required.

044019-16



ARE EINSTEIN-DIRAC-MAXWELL WORMHOLES TRAVERSABLE?

PHYS. REV. D 108, 044019 (2023)

[1] M. Visser, Lorentzian Wormholes: From FEinstein to
Hawking (Springer-Verlag, Berlin, 1996).

[2] Wormholes, Warp Drives and Energy Conditions, edited by
F.S.N. Lobo (Springer, New York, 2017).

[3] H. G. Ellis, Ether flow through a drainhole—A particle
model in general relativity, J. Math. Phys. (N.Y.) 14, 104
(1973).

[4] K. A. Bronnikov, Scalar-tensor theory and scalar charge,
Acta Phys. Pol. B 4, 251 (1973).

[5] C. Armendariz-Picon, On a class of stable, traversable
Lorentzian wormholes in classical general relativity, Phys.
Rev. D 65, 104010 (2002).

[6] K. A. Bronnikov and S.-W. Kim, Possible wormholes in a
brane world, Phys. Rev. D 67, 064027 (2003).

[7] P.L. McFadden and N. G. Turok, Effective theory approach
to brane world black holes, Phys. Rev. D 71, 086004 (2005).

[8] P. Kanti, B. Kleihaus, and J. Kunz, Wormholes in Dilatonic
Einstein-Gauss-Bonnet Theory, Phys. Rev. Lett. 107,
271101 (2011).

[9] P. Kanti, B. Kleihaus, and J. Kunz, Stable Lorentzian
wormholes in dilatonic Einstein-Gauss-Bonnet theory,
Phys. Rev. D 85, 044007 (2012).

[10] P. Gao, D. L. Jafferis, and A.C. Wall, Traversable worm-
holes via a double trace deformation, J. High Energy Phys.
12 (2017) 151.

[11] J. Maldacena, A. Milekhin, and F. Popov, Traversable
wormholes in four dimensions, Classical Quantum Gravity
40, 155016 (2023).

[12] J. Maldacena and A. Milekhin, Humanly traversable worm-
holes, Phys. Rev. D 103, 066007 (2021).

[13] J. L. Blazquez-Salcedo, C. Knoll, and E. Radu, Traversable
Wormbholes in Einstein-Dirac-Maxwell Theory, Phys. Rev.
Lett. 126, 101102 (2021).

[14] J. L. Blazquez-Salcedo, C. Knoll, and E. Radu, Einstein—
Dirac-Maxwell wormholes: Ansatz, construction and prop-
erties of symmetric solutions, Eur. Phys. J. C 82, 533
(2022).

[15] F. Finster, J. Smoller, and S.-T. Yau, Particle—like solutions
of the Einstein-Dirac equations, Phys. Rev. D 59, 104020
(1999).

[16] E. Finster, J. Smoller, and S.-T. Yau, Particle—Ilike solutions
of the Einstein-Dirac-Maxwell equations, Phys. Lett. A 259,
431 (1999).

[17] F. Finster, J. Smoller, and S.-T. Yau, Nonexistence of black
hole solutions for a spherically symmetric, static Einstein-
Dirac-Maxwell system, Commun. Math. Phys. 205, 249
(1999).

[18] B. Kain, Einstein-Dirac system in semiclassical gravity,
Phys. Rev. D 107, 124001 (2023).

[19] D. L. Danielson, G. Satishchandran, R. M. Wald, and R.J.
Weinbaum, Blazquez-Salcedo—Knoll-Radu wormholes are
not solutions to the Einstein-Dirac-Maxwell equations,
Phys. Rev. D 104, 124055 (2021).

[20] R. A. Konoplya and A. Zhidenko, Traversable Wormholes
in General Relativity, Phys. Rev. Lett. 128, 091104 (2022).

[21] S. Bolokhov, K. Bronnikov, S. Krasnikov, and M.
Skvortsova, A note on “traversable wormholes in Einstein—
Dirac—-Maxwell theory”, Gravitation Cosmol. 27, 401 (2021).

[22] Z. Stuchlik and J. Vrba, Epicyclic orbits in the field of
Einstein—Dirac—-Maxwell traversable wormholes applied to
the quasiperiodic oscillations observed in microquasars and
active galactic nuclei, Eur. Phys. J. Plus 136, 1127 (2021).

[23] M.S. Churilova, R.A. Konoplya, Z. Stuchlik, and A.
Zhidenko, Wormholes without exotic matter: Quasinormal
modes, echoes and shadows, J. Cosmol. Astropart. Phys. 10
(2021) 010.

[24] Y.-Q. Wang, S.-W. Wei, and Y.-X. Liu, Comment on
“traversable wormholes in general relativity”, arXiv:2206
.12250.

[25] M. S. Morris and K. S. Thorne, Wormholes in space-time
and their use for interstellar travel: A tool for teaching
general relativity, Am. J. Phys. 56, 395 (1988).

[26] K. Calhoun, B. Fay, and B. Kain, Matter traveling through a
wormhole, Phys. Rev. D 106, 104054 (2022).

[27] C. A.R. Herdeiro, A. M. Pombo, and E. Radu, Asymptoti-
cally flat scalar, Dirac and Proca stars: Discrete vs. con-
tinuous families of solutions, Phys. Lett. B 773, 654 (2017).

[28] T. W. Baumgarte and S.L. Shapiro, Numerical Relativity:
Solving Einstein’s Equations on the Computer (Cambridge
University Press, Cambridge, UK, 2010).

[29] P. Anninos, D. Bernstein, S. Brandt, J. Libson, J. Masso, E.
Seidel, L. Smarr, W.-M. Suen, and P. Walker, Dynamics of
Apparent and Event Horizons, Phys. Rev. Lett. 74, 630
(1995).

[30] J. Libson, J. Masso, E. Seidel, W.-M. Suen, and P. Walker,
Event horizons in numerical relativity: Methods and tests,
Phys. Rev. D 53, 4335 (1996).

[31] J. A. Gonzélez, F. S. Guzmén, and O. Sarbach, Instability
of wormholes supported by a ghost scalar field. II. Non-
linear evolution, Classical Quantum Gravity 26, 015011
(2009).

[32] M. Alcubierre, Introduction to 3+1 Numerical Relativity
(Oxford University Press, Oxford, UK, 2008).

[33] S. Weinberg, Gravitation and Cosmology (John Wiley and
Sons, New York, 1972).

[34] S. M. Carroll, Spacetime and Geometry: An Introduction to
General Relativity (Addison-Wesley, Reading, MA, 2004).

[35] D.Z. Freedman and A. Van Proeyen, Supergravity
(Cambridge University Press, Cambridge, UK, 2012).

[36] J.F. Ventrella and M. W. Choptuik, Critical phenomena in
the Einstein massless Dirac system, Phys. Rev. D 68,
044020 (2003).

[37] E. Daka, N. N. Phan, and B. Kain, Perturbing the ground
state of Dirac stars, Phys. Rev. D 100, 084042 (2019).

[38] W. Unruh, Separability of the Neutrino Equations in a Kerr
Background, Phys. Rev. Lett. 31, 1265 (1973).

[39] S. Chandrasekhar, The solution of Dirac’s equation in Kerr
geometry, Proc. R. Soc. A 349, 571 (1976).

[40] S. Chandrasekhar, The Mathematical Theory of Black Holes
(Oxford, Oxford, UK, 1983).

044019-17


https://doi.org/10.1063/1.1666161
https://doi.org/10.1063/1.1666161
https://doi.org/10.1103/PhysRevD.65.104010
https://doi.org/10.1103/PhysRevD.65.104010
https://doi.org/10.1103/PhysRevD.67.064027
https://doi.org/10.1103/PhysRevD.71.086004
https://doi.org/10.1103/PhysRevLett.107.271101
https://doi.org/10.1103/PhysRevLett.107.271101
https://doi.org/10.1103/PhysRevD.85.044007
https://doi.org/10.1007/JHEP12(2017)151
https://doi.org/10.1007/JHEP12(2017)151
https://doi.org/10.1088/1361-6382/acde30
https://doi.org/10.1088/1361-6382/acde30
https://doi.org/10.1103/PhysRevD.103.066007
https://doi.org/10.1103/PhysRevLett.126.101102
https://doi.org/10.1103/PhysRevLett.126.101102
https://doi.org/10.1140/epjc/s10052-022-10488-6
https://doi.org/10.1140/epjc/s10052-022-10488-6
https://doi.org/10.1103/PhysRevD.59.104020
https://doi.org/10.1103/PhysRevD.59.104020
https://doi.org/10.1016/S0375-9601(99)00457-0
https://doi.org/10.1016/S0375-9601(99)00457-0
https://doi.org/10.1007/s002200050675
https://doi.org/10.1007/s002200050675
https://doi.org/10.1103/PhysRevD.107.124001
https://doi.org/10.1103/PhysRevD.104.124055
https://doi.org/10.1103/PhysRevLett.128.091104
https://doi.org/10.1134/S0202289321040034
https://doi.org/10.1140/epjp/s13360-021-02078-4
https://doi.org/10.1088/1475-7516/2021/10/010
https://doi.org/10.1088/1475-7516/2021/10/010
https://arXiv.org/abs/2206.12250
https://arXiv.org/abs/2206.12250
https://doi.org/10.1119/1.15620
https://doi.org/10.1103/PhysRevD.106.104054
https://doi.org/10.1016/j.physletb.2017.09.036
https://doi.org/10.1103/PhysRevLett.74.630
https://doi.org/10.1103/PhysRevLett.74.630
https://doi.org/10.1103/PhysRevD.53.4335
https://doi.org/10.1088/0264-9381/26/1/015011
https://doi.org/10.1088/0264-9381/26/1/015011
https://doi.org/10.1103/PhysRevD.68.044020
https://doi.org/10.1103/PhysRevD.68.044020
https://doi.org/10.1103/PhysRevD.100.084042
https://doi.org/10.1103/PhysRevLett.31.1265
https://doi.org/10.1098/rspa.1976.0090

