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The post-Newtonian formalism plays an integral role in the models used to extract information from
gravitational wave data, but models that incorporate this formalism are inherently approximations.
Disagreement between an approximate model and nature will produce mismodeling biases in the
parameters inferred from data, introducing systematic error. We here carry out a proof-of-principle study
of such systematic error by considering signals produced by quasicircular, inspiraling black hole binaries
through an injection and recovery campaign. In particular, we study how unknown, but calibrated, higher-
order post-Newtonian corrections to the gravitational wave phase impact systematic error in recovered
parameters. As a first study, we produce injected data of nonspinning binaries as detected by a current,
second-generation network of ground-based observatories and recover them with models of varying PN
order in the phase. We find that the truncation of higher-order (> 3.5) post-Newtonian corrections to the
phase can produce significant systematic error even at signal-to-noise ratios of current detector networks.
We propose a method to mitigate systematic error by marginalizing over our ignorance in the waveform
through the inclusion of higher-order post-Newtonian coefficients as new model parameters. We show that
this method can reduce systematic error greatly at the cost of increasing statistical error.
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I. INTRODUCTION

Gravitational waves emitted during the coalescence of
compact-object binaries offer a unique way to directly
observe strong-gravity systems. Models of the signals
produced by coalescence events, derived from general
relativity or modified theories of gravity, are used to extract
information about the astrophysical sources from the
gravitational wave data. However, due to the complexity
of the theories and computational time constraints, these
models are necessarily approximations (either numerical,
analytical, or some hybrid of the two). Mismatch between
an approximate model and nature will always result in
biases in the parameters inferred from data. Such bias is
known as mismodeling systematic error.
In this study, we investigate mismodeling error in the

context of the post-Newtonian (PN) approximation to
binary inspiral signals. While contemporary analyses use
more sophisticated models that include the merger and

ringdown phase of the signal, we use the simpler PN inspiral
regime to illustrate the effects of mismodeling and how these
effects can bemitigated. Similar conclusionswill applywhen
using full inspiral-merger-ringdown waveforms.
The approximate nature of waveform models means that

some amount of systematic error is unavoidable. This
systematic error is tolerable so long as it is significantly
smaller than the statistical error caused by the finite signal-to-
noise ratio (SNR) of the observations. Figure 1 shows a
schematic diagram to illustrate why this is the case. Both
panels in the figure represent a one-dimensional posterior
probability distribution on a hypothetical parameter obtained
by analyzing some synthetic noise-free data using some
model. The locations of the injected (true) and recovered
values for that parameter are indicated, where the recovered
value is taken from the maximum posterior point. In this
idealized context, the systematic error is given by the
difference between the recovered and injected values of
the parameter. In data with noise, the offset will be a
combination of systematic and statistical error. The statistical
error is reflected by the width of the posterior probability
distribution, and is due to the noise weighting in the
likelihood.
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In Case A, the systematic error is smaller than the
statistical error, and therefore, the injected parameter is
within the relevant credible interval of the recovered
parameter. In Case B, however, the systematic error is
dominant and the true value lies outside of the credible
interval.
One strives to create models that are accurate enough

such that the posterior probability distributions on every
parameter are reliable (i.e., they resemble Case A in Fig. 1).
However, statistical error scales inversely with the SNR
while the systematic error is independent of the SNR.
Therefore, as instruments are upgraded and improved, the
systematic error can become dominant. As we progress in
our capacity to observe gravitational waves, understanding
how mismodeling impacts parameter estimation becomes
ever more important.
The importance of bias from mismodeling depends on

the accuracy of the models used, but the construction of
models is a complicated matter due to the intrinsic non-
linearity of the theory and the broad parameter space of

interest to us. On solar system scales, Newtonian gravity is
adequate for most calculations. However, in the extreme
environments that produce the gravitational waves observ-
able by ground-based detectors, Newtonian gravity does
not suffice. Instead, one must account for post-Newtonian
corrections to Newtonian gravity. These corrections are
derived through a formal expansion of the field equations
(Einstein’s or otherwise) in powers of ðv=cÞ2 [1], where v is
the characteristic speed of the system and c is the speed of
light and gravity.
During the quasicircular inspiral of compact objects, a

waveform based on the PN approximation has been shown
to be highly accurate when enough terms are kept in the
small-velocity expansion [2], but this is not the case for
sufficiently massive binaries. As the total mass of the
system increases, the merger and postmerger parts of the
coalescence signal become more dominant for current
ground-based detectors, and the classic premerger inspiral
PN expansion is no longer sufficient. This fact has has led
to the creation of two classes of inspiral-merger-ringdown
(IMR) models; effective-one-body (EOB) waveforms [3–8]
and phenomenological waveforms [9–12].
In this paper, we consider the phenomenological frame-

work, which defines the waveform as a piecewise function,
with one piece modeling the inspiral, one piece the late
inspiral and merger, and one piece the postmerger. In the
phenomenological waveform model IMRPhenomD [9,10],
the inspiral piece is constructed from the classic 3.5PN
order approximation,1 enhanced with 4PN, 4.5PN, 5PN,
and 5.5PN terms that are calibrated to a suite of EOB and
numerical relativity simulations. The late inspiral and
merger piece and the postmerger piece are modeled in a
similar way, by fitting coefficients in an ansatz function to
numerical relativity simulations when needed. Both the
EOB and the phenomenological waveforms have been
validated by showing high matches against a set of
numerical relativity simulations [13] and are used today
for gravitational wave parameter estimation by the LIGO/
Virgo Collaboration [14–17].
The post-Newtonian approximation plays a critical role

in the creation of waveforms2 either because it is later
resummed as it is in EOB waveforms or because it is
enhanced with fitting coefficients as it is in both the
phenomenological and EOBmodels. However, the inherent
approximation will necessarily introduce systematic uncer-
tainties, and therefore, systematic bias has been studied in
depth over the last three decades [20–25].
Early studies of mismodeling relied mostly on the Fisher

information, an approximation to the full likelihood that
is only accurate for sufficiently loud signals in Gaussian

FIG. 1. Schematic diagram to illustrate the relationship between
systematic error δsys and statistical error δstat. The gray curve in
each panel depict a one-dimensional, inferred posterior proba-
bility distribution on a hypothetical parameter obtained by
analyzing a synthetic noise-free data set and recovering it with
some model that has some amount of inherent inaccuracy with
respect to the true signal. The injected (true) value of the
parameter is indicated with a red line, while the recovered value,
taken in this case from the maximum posterior point, is indicated
with a blue line. In Case A, the systematic error is smaller than the
statistical error and the value of the injected parameter lies within
the credible intervals of the recovered best-fit value of the
parameter. In Case B, however, the systematic error is dominant
and the injected value lies outside of the credible interval.

1A term of order ðv=cÞ2n relative to the leading-order term is
considered to be of nPN order.

2One exception to this is the family of numerical relativity
surrogate waveform models, constructed directly from catalogs of
numerical relativity waveforms [18,19].
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noise [26]. Cutler and Vallisneri [20] developed a Fisher
information formalism to estimate mismodeling bias and
applied it to a 3.5PN inspiral signal recovered with a 3PN
inspiral model. Focusing on binary black hole signals
detected by LISA [27,28] with SNR of 1000, they con-
cluded that it is possible for systematic error to dominate
the statistical error by several orders of magnitude for
intrinsic parameters like masses and spins. This paper was
preceded by the work of Canitrot [21], who used match
filtering techniques to show that recovering a 2.5PN binary
black hole signal detected by Virgo [15] with a 2PN model
can produce systematic error of order ∼1% in the chirp
mass and order ∼50% in the symmetric mass ratio.
Moore et al. [22] used the formalism developed by

Cutler and Valisneri [20] to understand how waveform
inaccuracies could lead to evidence for deviations from
general relativity even when the observed signal is
described by general relativity. Particularly, they considered
how such evidence can accumulate when considering large
catalogs of data. The authors determined that false devia-
tions of general relativity could be detected in catalogs of
10–30 events with SNRs above 20.
Fisher studies, however, are not necessarily accurate for

low SNR events, like those detected by current ground-
based detectors, and thus, a Bayesian approach is preferred.
To this end, recent studies have employed injection and
recovery campaigns: synthetic data (with a set of known
injection parameters) is generated using some model, and
then the data is analyzed with another model. Through this
approach, one can then determine whether systematic bias
is a concern by comparing the injected parameters to the
posterior probability distributions obtained.
Littenberg et al. performed such an analysis, injecting

numerical relativity waveforms and recovering with EOB
models [23]. Focusing on stellar-mass binary black holes
observed by advanced LIGO [14] and Virgo [15], they
found that at SNRs < 50 systematic errorwas smaller than or
comparable to statistical error for awide range ofmass ratios.
However, for SNRs > 100, as is expected from3Gdetectors,
systematic error can dominate. More recently, Pürrer and
Haster also injected numerical relativity waveforms and
recoveredwith various semianalytic frequency-domainmod-
els [24]. Focusing on 3G events at SNRs ∈ ½466; 2598� that
spend much longer in the 3G sensitivity band than those
studied in [23], the authors concluded that systematic error
induced by these semianalyticmodels needs to be reduced by
three orders of magnitude.
Evidence already exists from observations during the O3

LIGO/Virgo campaign that systematic error may be influ-
encing posterior probability distributions [16,17]. Indeed,
for certain O3 events, the LIGO/Virgo Collaboration found
somewhat different posterior probability distributions for
various source parameters when analyzing the data with the
IMRPhenomXPHM [12] or SEOBNRv4PHM [8] models.
The analyses of GW191219_163120 with these two

models produced differences in the inferred spins and
mass ratios, analyses of GW191109_01071 produced
differences in the inferred inclination angle, total mass
and distance, analyses of GW200129_065458 produced
differences in the evidence for precession and the inferred
mass ratio, and analyses of GW200208_222617 produced a
multimodal mass posterior probability distribution with
different waveforms preferring difference modes [17].
In these analyses of O3 observations, different

data analysis pipelines were used when performing
parameter estimation with the IMRPhenomXPHM and
SEOBNRv4PHM models [16,17]. Differences in sampling
methods, rather than discrepancies between models, might
have been partly responsible for some of the biases seen.
However, other waveform systematic studies that used the
same sampling methods still found biases in recovered
parameters, albeit using different waveform models [29–
31].When taken together, these examples are evidence that a
better understanding of systematic error is necessary.
In spite of all of the work in the study of systematic

errors, no work has yet been done to employ Bayesian
methods to assess the inaccuracies of the latest waveform
models with respect to our ignorance of (unknown) high-
order PN order terms in the era of current ground-based
detectors. In this paper we embark on a proof-of-principle
study to determine whether the unknown, yet numerically
calibrated, PN terms in the IMRPhenomD [9,10] waveform
model can systematically bias the extraction of intrinsic
source parameters (like the masses) at SNRs consistent
with current and near-future observations with LIGO/
Virgo/KAGRA [32]. We focus on inspiraling black hole
binaries of mass ratios that are detected by a current-
generation gravitational wave detector network at SNRs of
Oð10Þ. We consider an inspiral-only IMRPhenomD model
created by stopping the IMRPhenomD waveform at the
transition frequency between the inspiral and intermediate
regions of the waveform. We produce injected data from
this model and recover the injected data using models
inspired by the injection model but truncated at 5PN, 4.5PN,
4PN, or 3.5PNorder in the inspiral phase.We choose towork
with IMRPhenomD because its structure makes it straight
forward to implement a study such as the one described
above. Conclusions drawn in this study provide no informa-
tion about the accuracy of IMRPhenomD when analyzing
actual gravitational wave data. Rather, this study allows us to
quantify the relative importance to parameter estimation of
the higher-order PN terms. We expect one would obtain
similar results using any waveform model based on the
inspiral PN formalism, although we do not formally show
this here.
Using standard Bayesian inference packages, we then

explore the parameter space of interest to construct pos-
terior probability distributions. From these distributions we
can then estimate the statistical and systematic errors in the
inferred parameters.
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Overall, we find that the truncation of the IMRPhenom
family even at 5PN order can lead to systematic biases
larger than statistical uncertainties in the chirp mass, mass
ratio and individual masses already at the SNRs expected in
the fourth observing run of the LIGO/Virgo/KAGRA
detectors. Of course, as stated above, this does not
necessarily imply that the IMRPhenomD family contains
these intrinsic errors, since the 4PN, 4.5PN, 5PN, and
5.5PN terms are never set to zero in any of the
IMRPhenomD models used in the analysis of real astro-
physical observations. Our results, however, do imply that
fitting errors in the 4PN, 4.5PN, 5PN, and 5.5PN coef-
ficients as well as the absence of higher-order, currently-
unknown PN terms could introduce systematic errors that
are not currently being accounted for. These fitting errors
arise due to both the finite and discrete nature of the
numerical relativity simulation sets used in the fit, as well
as possibly the choice of the fitting functions.
In order to deal with these potential systematic uncer-

tainties, we propose a method to ameliorate them; to
include our ignorance of the missing terms directly in
the model and then to marginalize over them. More
specifically, we propose that uncertainties be included in
the waveform model as higher PN order parameters, with
physically uninformed (uniform) priors that encapsulate the
residual from the fits. We then propose to marginalize over
these systematic-uncertainty parameters simultaneously
while exploring the astrophysically informative parameter
space. We show that the effect of the inclusion of these new
systematic parameters is to significantly reduce the bias (by
pushing the peak of the posterior probability distribution
back to the injected value), at the cost of increasing the
statistical error (by widening the distribution).
The remainder of this paper is structured as follows: In

Sec. II we review the waveform models used in our
analyses, followed by Sec. III where we lay out the details
of the experimental design of our injection and recovery
campaign. The results of this campaign are presented in
Sec. IV. In Sec. V, we explore a way to account for our
ignorance of the true waveforms by marginalizing over
missing terms in our model, and in Sec. VI we provide
discussion on the results obtained in this study. In what
follows, we will work in geometric units whereG ¼ 1 ¼ c.

II. A TRUNCATED IMRPHENOMD MODEL
TO REPRESENT MISMODELING

In this section, we provide a summary of the
IMRPhenomDwaveform approximant, which is a phenom-
enological frequency-domain waveform model for spin-
aligned black hole binaries [9,10]. In doing so, we generally
follow the notation of [9,10]. The frequency domain strain is
a complex function, expressed in polar form as

h̃ðf; θÞ ¼ Aðf; θÞe−iϕðf;θÞ; ð1Þ

where f is the frequency of the gravitational wave and θ is a
vector of waveform parameters. This approximant includes
only the dominant quadrupolar radiation mode. The phe-
nomenological modeling of the strain is broken up into three
regions; the inspiral at low frequencies, the postmerger and
ringdown at high frequencies, and an intermediate region for
the plunge and merger.
In this proof-of-principle study, we will make some

simplifications to render the problem tractable. First, we
focus on the inspiral region alone, as this is where the PN
formalism is valid. This simplification limits our analysis to
relatively low (total) mass sources, such that the total SNR
from the whole coalescence is dominated by the inspiral
region. Second, we focus only on the accuracy of the phase
of the inspiral frequency-domain strain ϕðf; θÞ and leave
the amplitude as is. We do so because the phase of the
gravitational wave signal provides the most constraining
information for the inference of binary parameters. In order
to minimize the effects of both amplitude modulations and
subdominant waveform harmonics, we limit our study to
quasicircular binary inspirals, with black hole spins aligned
or antialigned with the orbital angular momentum and with
comparable mass ratios. In spite of these approximations,
the study we carry out here will still allow conclusions that
should apply generally to a large number of gravitational
wave sources.
The IMRPhenomD phase during the inspiral

ϕInsðf; θÞ ¼ ϕTF2ðf; θÞ þ ϕphenomðf; θÞ ð2Þ

is a hybrid model. The first term in the above equation
comes from the TaylorF2model, which derives from the
stationary phase approximation of the waveform con-
structed in a standard Taylor expansion within PN theory
[33]. This phase is known to 3.5PN order and it can be
expressed as

ϕTF2ðf; θÞ ¼ 2πftc − φc − π=4

þ ðπfMÞ−5=3
X7
i¼0

ϕiðf; θÞ; ð3Þ

where the TaylorF2 series functions are

ϕiðf; θÞ ¼
3

128η
ðπfMÞði=3Þφi; 0 ≤ i ≤ 7; ð4Þ

and the PN coefficients φi are functions of the masses and
the magnitude of the spin-angular momenta [10]. Above,
M ¼ m1 þm2 is the total mass and η ¼ m1m2=M2 is the
symmetric mass ratio, determined by the component
masses m1 and m2 where by convention we assume
m1 ≥ m2. The time tc and phase φc of coalescence are,
for the purpose of data analysis, just a reference time and
phase offset. Since the orbital velocity of the system is
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v ¼ ðπMfÞ1=3, we see that ϕTF2ðf; θÞ is a Frobenius series
in powers of v, with a controlling factor that goes as v−5. In
a PN series of this type, a term proportional to v2n ∝ f2n=3

relative to the controlling factor is said to be of nPN order.
The second term in Eq. (2) contains phenomenological

corrections that are expected to enter at 4PN order
and above within PN theory. More specifically, the
IMRPhenomD model postulates the 5.5PN-accurate phe-
nomenological corrections to the phase3

ϕphenomðf; θÞ ¼ ðπfMÞ−5=3
X11
i¼8

ϕiðf; θÞ; ð5Þ

where the phenomenological series functions are

ϕiðf; θÞ ¼
3π5=3

ði − 5Þη ðMfÞi=3σi−7; 8 ≤ i ≤ 11; ð6Þ

The σi coefficients are unknown functions of the masses
and spin angular momenta. The IMRPhenomD model
makes use of an ansatz where the σi are represented as
bivariate polynomials in η and ðχPN − 1Þ. Here, χPN is a
certain function of the dimensionless spins χ1 and χ2, η and
M. More precisely, the IMRPhenomDmodel represents the
σi coefficients via

σi ¼
X2
j¼0

X2
k¼0

λijkη
j ðχPN − 1Þk: ð7Þ

The fitting coefficients λijk are determined by fitting the
waveform phase in the frequency domain to the phase of
the Fourier transform of a finite set of numerical relativity
simulations and EOB waveforms [10]. The fits will be
susceptible to statistical fitting error, fitting error due to the
finite nature and finite accuracy of the numerical relativity
waveforms used to do the fits, and fitting error due to the
functional form of the ansatz from Eq. (7). Nonetheless, in
the IMRPhenomD model, one picks the best-fit values
for these λijk coefficients and disregards these fitting
uncertainties.
The phenomenological terms of the waveform phase

present a similar convergence behaviour to the
TaylorF2 terms, as shown in Fig. 2. That is, the individual
contributions of the 4PN, 4.5PN, 5PN, and 5.5PN terms are
smaller than that of proceedings terms, presenting a PN
hierarchy up to the upper bound of the inspiral region,
which in the IMRPhenomD model is defined at vmax=c ¼
ð:018πÞ1=3 ∼ 0.38. This suggests that we could consider the

phenomenological terms as behaving as higher PN order
terms, even though they formally do not need to. In order to
make this distinction clear, we will put quotation marks
around thePNorder of phenomenological terms, for example
referring to the σ4 term as a “5.5PN” term. We use this
different notation to remind ourselves that the σi coefficients
in the phase are not derived directly from the underlying
theory (general relativity), but rather, are obtained from
fitting, which in itself carries both systematic and statistical
uncertainties.

III. INJECTION AND RECOVERY CAMPAIGN

In this paper, we set out to understand how PN
corrections to the inspiral phase impact systematic error
in intrinsic parameters estimated from binary black hole
inspirals. The systematic error present in a given signal

FIG. 2. Absolute values of series functions ϕi ¼ ϕiðf; θÞ of the
IMRPhenomD inspiral phase, as given in Eqs. (2)–(6), plotted as
a function of velocity v ¼ ðπMfÞ1=3 for the systems presented in
Table I. Observe that the terms in the phase have a hierarchy, with
the lowest PN order terms larger than the higher PN order terms.
We do not plot the terms that contain logðπMfÞ that occur at
2.5PN and 3PN of the classic PN expansion.

3Note that the controlling (leading) factors of the TaylorF2
and phenomenological Frobenius series as defined above differ
by a factor of π−5=3=128. In principle, from the basics of PN
theory, the controlling factors should be the same, but we will not
rescale them here to stay close to historical conventions.
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will, as detectors improve, eventually become dominant
over statistical error, as the latter scales inversely with the
SNR of the signal. We therefore ask the following question:
As a function of the PN order of the recovery model and the
SNR present in an inspiral signal, at what point does the
systematic error become larger than the statistical error? In
order to answer this question, we will perform a synthetic
injection and recovery campaign. In this section, we present
the details of the injection and the recovery models and the
data analysis methods used.
Given an advanced LIGO/Virgo observation, one does

not know the exact waveform generated by nature or the
exact binary parameters that produced the signal.
Therefore, the synthetic injected data will be created with
the full IMRPhenomD inspiral model, for a set of systems
detailed in Table I. The recovery model will also be the
IMRPhenomD inspiral model, but truncated at a given PN
order (as listed in Table II), since we have seen that the
phenomenological terms represent PN corrections.
Our choice of the IMRPhenomD model will not affect

the conclusions of this work because both the injection and
recovery models are built from this base. Therefore, our
analysis will be subject to the same inherent model

inaccuracies in both the injection and the recovery. In turn,
this implies that our analysis will only be sensitive to the
systematic errors we are introducing ourselves through
truncation of the PN terms in the phenomenological Fourier
phase. A similar analysis could be carried out with the
updated IMRPhenomXAS model [11], or extended to
include modifications to the merger and ringdown, but
we leave this for future work.
The details of the injection parameters that define the

systems we study are the following. Our analysis will focus
only on the inspiral regime, and therefore, although we
consider two separate binary configurations, we choose a
total mass of 20M⊙ for both. This guarantees that the SNR
is dominated by the inspiral part of coalescence. One
injected configuration will have two bodies of equal mass,
while the other will have one body that is three times more
massive than the other. In both cases, we choose to set the
spin to zero. The SNR scales inversely with the luminosity
distance DL of the binary, so for each configuration, we
choose injected luminosity distances to obtain the SNRs
listed in Table I. We do so to roughly fix the statistical error
(which predominantly scales as 1=SNR) across injected
configurations. We select SNRs to encompass the sensi-
tivities of our current [second-generation (2G)] detectors,
as well as that of near future detectors. Other details of the
system parameters used in the injections can be found in
Table I.
The SNR and the results of our parameter estimation

studies will depend on the spectral noise density of the
detectors assumed to have measured the synthetic injected
signals. To represent a current detector network, we focus
on a set of ground-based detectors, comprised of LIGO
Hanford [14], LIGO Livingston [14], and Virgo [15]. In
particular, we use analytic approximations for the design
sensitivities of advanced LIGO and advanced Virgo [34],
which should approximately correspond to that of the
fourth observing run [32].
To perform the parameter estimation analyses, we

use the Bayesian inference library BILBY [35,36]. This
library obtains its waveform approximants from the
LALSimulation [37] package and provides access to several
Bayesian inference packages, including dynesty [38], the
nesting sampling package that we use for this project. In each
parameter estimation study, we vary over all model param-
eters of the IMRPhenomDmodel except for the dimension-
less spins, namely chirp mass, M, mass ratio q, luminosity
distance DL, right ascension ra, declination dec, inclination
angle ι, polarization angle ψ , coalescence phase ϕc, and
coalescence time tc. We choose not to vary over the
dimensionless spins because we are considering only non-
spinning systems and the reduction in parameter space allows
for faster analyses. While there is degeneracy between the
mass and spin parameters, this simplification should not
change the qualitative conclusions of this study. All analyses
are performed using 1024 live points for each of the three

TABLE I. Properties of injected binary system configurations.
Here,mi is the mass of the ith black hole andDL is the luminosity
distance between Earth and the source that ensures the listed
SNR as measured by a current detector network. In addition to
the parameters listed in the table below, we set the aligned
dimensionless spins χ1;2 ¼ 0, the inclination angle ι ¼ 0.4 rad,
the polarization angle ψ ¼ 2.659 rad, the right ascension
ra ¼ 1.375 rad, the declination dec ¼ −1.2108 rad, the coales-
cence phase ϕc ¼ 1.3 rad, and the geocentric coalescence time
tc ¼ 1126259642.413 sec for each injection.

m1ðM⊙Þ m2ðM⊙Þ DL (Mpc) SNR

Equal Mass 10 10 629.853 20
10 10 314.926 40
10 10 157.463 80

Unequal Mass 15 5 534.780 20
15 5 267.390 40
15 5 133.695 80

TABLE II. Injection and recovery models used in our analyses.
The coefficients σi are the phenomenological coefficients con-
tained in Eq. (5).

Label Coefficients set to zero

Injection model: “5.5PN” none

Recovery models: “5.5PN” none
“5PN” σ4 ¼ 0
“4.5PN” σ3 ¼ σ4 ¼ 0
“4PN” σ2 ¼ σ3 ¼ σ4 ¼ 0
3.5PN σ1 ¼ σ2 ¼ σ3 ¼ σ4 ¼ 0
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duplicate analyses done for each model variant. Otherwise,
our analyses settings (both sampling configuration, and prior
choices) match those from recent LIGO/Virgo/KAGRA
publications [16,17,39,40]. After exploring the nine-
dimensional likelihood surface, we will present a subset of
corner plots (to avoid crowding the presentation), focusing
only on some astrophysically relevant parameters.
With these details in hand, we perform parameter estima-

tion analyses on each injection configuration with each
recovery model, leaving us with 30 analyses to complete.
When injecting the data and exploring the likelihood surface,
we set an upper bound on the frequency at the end of the
inspiral region (Mfmax ¼ 0.018) to isolate the impact of
modifying the inspiral model. For the binaries considered
here with a total mass of M ¼ 20M⊙, this corresponds to a
frequency of fmax ¼ 182.7 Hz.
The truncation of the frequency range used is applied

only to the evaluation of the likelihood itself without any
additional termination conditions applied to the underlying
waveforms used, this in order to avoid parameter biases
introduced by such unphysical sharp waveform features as
explored in [41,42]. We will comment later on how our
results are impacted by a different choice of maximum
frequency.

IV. SYSTEMATIC AND STATISTICAL
UNCERTAINTIES THROUGH BAYESIAN

PARAMETER ESTIMATION

In this section, we present the results of the Bayesian
parameter estimation analyses laid out in Sec. III. In
particular, we will focus on the systematic errors introduced
into the chirp mass M ¼ η3=5M and the mass ratio q ¼
m2=m1 < 1 due to truncation of the inspiral IMRPhenomD
model. As wewill see, strong correlations with the reference
time tc will also force us to include this parameter in the
partial corner plots we present to explain our results. We
emphasize again that even thoughwe present corner plots for
only a subset of the parameters of the IMRPhenomDmodel,
we do vary over all the parameters of the model (except the
spins), as discussed in the previous section.
Let us first consider the unequal mass injected signal with

SNR ¼ 80. The left panel of Fig. 3 presents the partial corner
plot obtained from our Bayesian parameter estimation
analyses, using each of the recovery models detailed in
Table II. The figure depicts one-dimensional marginalized
posterior probability distributions and the 90% credible
region contours of the marginalized two-dimensional pos-
terior distribution. While our focus is on M and q, we also
include the reference (geocentric) coalescence time tc,
because its correlation withmass parameters helps to explain
the results. Observe that the posterior probability distribu-
tions obtained using the “5.5PN” model are centered on the
injected values, indicated with black vertical lines. This is as
expected because the recovery model is identical to the one
used to produce the signal injection. Therefore, there is no

systematic error introduced by the model and any small
bias present is due to sampling error. Observe also that the
“5PN” model preforms similarly well, this behavior can be
explained from Fig. 2. For the unequal mass injection, the
magnitude of the “5.5PN” term is significantly smaller than
that of any other term. Therefore, the systematic error
introduced by removing this term from the model is
negligible and again the small bias is dominated by sampling
error.
The 3.5PN, “4PN” and “4.5PN”models, however, show a

different behavior in the left panel of Fig. 3. Both the 3.5PN
and “4PN” models produce a slight bias from the injected
values in the mass parameters, with very similar posterior
probability distributions. On the other hand, the posterior
probability distributions obtained with the “4.5PN” model
indicate a large bias with negligible support at the injected
values. At first glance, these results are surprising, because
one would naively expect the “4.5PN” model to be more
accurate, and thus produce a smaller bias, than the 3.5PN and
“4PN” models. However, some of the phenomenological
coefficients have alternating signs: while the “4PN”, “5PN”
and “5.5PN” terms are all positive on the relevant range of
parameters, the “4.5PN” term is negative (Fig. 2 plots
absolute values) but of similar magnitude to the “4PN” term.
This means that the “4.5PN” term approximately cancels the
“4PN” term, and so truncating the model at this order
produces a less accurate model. Once this term is removed
to produce the “4PN” model we are able to more accurately
recover the mass parameters.
This alternating behavior of the series is not just a feature

of the phenomenological coefficients but also a known
feature of the classic PN expansion. Indeed, it has been
known for a while that parameter estimation with a 2.5PN
model is less accurate than with a 2PN model, even though
the former is formally more accurate [43]. This is precisely
because of the alternating structure of the series. In the case
of the IMRPhenomD model, however, the higher than
3.5PN order coefficients are all phenomenological, so it is
not clear that this alternating sequence should continue, or
that the magnitude of the terms in all of parameter space
have been accurately determined through fitting. This can
only be determined by either calculating the higher PN
order term, or redoing the fits with a denser set of numerical
relativity simulations and quantify the statistical uncer-
tainty of the fits.
The similarity between the one-dimensional posterior

probability distributions in the left panel of Fig. 3 found
using the 3.5PN and “4PN” models can be explained by
studying the Fourier phase model of Eqs. (2)–(5). The total
phase includes the term 2πftc, which has the same linear
dependence on frequency as the “4PN” term when account-
ing for the control factor of the PN expansion. The presence
of this term compensates for the removal of the “4PN” term
and allows the 3.5PN model to recover similar mass
parameters at the cost of biasing tc. We see this in the
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left panel of Fig. 3; while the posteriors in the mass
parameters coincide, the posteriors on tc show a large bias
between the two models.
The same qualitative conclusions hold for other mass

ratios, although for equal-mass injections one can encoun-
ter boundary effects from the prior, as shown in the right
panel of Fig. 3. The right panel is analogous to the left panel
of Fig. 3, but for the equal-mass binary with the same SNR.
The posterior probability distributions forM, for example,
are very similar to that of the unequal mass case. However,
because there is not such a large difference between the
“5.5PN” and “5PN” terms, as shown in Fig. 2, we see that
the systematic bias in M grows with the “5PN” and
“4.5PN” models, and then decreases for the 3.5PN and
“4PN” models.
The right panel of Fig. 3 also shows that the posterior

probability distribution for q is affected by the boundary of
the q prior (at q ¼ 1), and thus it provides less information
about systematic bias. This boundary is largely artificial, as
it is set by the convention of m1 ≥ m2, but nonetheless,
it reduces the accessible parameter space. While, for the
unequal-mass binary, a mismatch between the full and
truncated IMRPhenomD waveforms could be “corrected”

by introducing a bias that either increases or decreases the
mass ratio around the true value, the equal-mass case is
only provided with freedom in one direction.
Let us now study how the above conclusions are affected

by the SNR of the signal. Figure 4 illustrates the impact of
the SNR on the relationship between systematic and
statistical error, focusing on only three recoveries, all with
the “4PN” model but each with a signal of different SNR.
As expected, at the lower SNRs, the injected values are
contained within the credible contours of the recovered
posterior probability distribution. However, at the highest
SNR, this is no longer the case and the posterior probability
distributions have less support at the injected values.
Clearly then, as the SNR of the observed signals increases,
models that were once accurate enough to recover param-
eters reliably are no longer sufficient, as anticipated.
Let us now collect all of our results and study how the

systematic and statistical uncertainties behavewith SNR for
different recovery models, as shown in Fig. 5. To do so, we
take the statistical error δstatθ on a given parameter θ to be
half of the 90% credible interval on the one-dimensional
marginalized posterior probability distribution on that
parameter. We then take the bias in the recovered parameter

FIG. 3. Partial corner plot produced after a Bayesian parameter estimation study, using each of the recovery models detailed in Table II
to infer parameters from the unequal mass (left) and equal mass (right) SNR 80 injected signals, described in Table I. The corner plots
show the marginalized one-dimensional posterior probability distributions and the 90% credible region contours of the two-dimensional
posterior probability distributions on chirp mass M, mass ratio q, and (geocentric) reference time tc. The injected “true” values are
shown as black dots and vertical lines. Observe that the bias is very small for the “5.5PN” model in both cases, because the recovery
model is the same as the injection model. The bias is also suppressed for the “5PN” model in the unequal mass case where the removed
“5.5PN” term is very small. However, in the equal mass case where the “5.5PN” term has a larger contribution, the bias from the “5PN”
model is significant. The bias of the “4.5PN” model is very large in both cases, because of the alternating structure of the
phenomenological coefficients. The bias becomes smaller again, but is still not negligible, for the 3.5PN and “4PN” models. This
suggests that the phenomenological coefficients of the IMRPhenomDmodel are important for parameter estimation and their inaccurate
determination could lead to systematic bias.

OWEN, HASTER, PERKINS, CORNISH, and YUNES PHYS. REV. D 108, 044018 (2023)

044018-8



to be Δθ ¼ jθrec − θinjj, where θinj is the injected value and
the recovered value θrec is determined by the maximum of
the full nine-dimensional posterior probability distribu-
tion.4 Figure 5 shows Δθ=δstatθ as a function of SNR of the
injection, for each recovery model and for both the unequal
mass (left) and equal mass (right) systems, with θ ¼ M
(top) and θ ¼ q (bottom). In the case of the equal-mass
configuration in the right panels of Fig. 5, we use a one-
sided credible interval as the statistical error because the
injected value q ¼ 1 is at the boundary of the allowed
range.

This figure can be read and interpreted as follows. The
bias for a given parameter and recovery model is identical
to the statistical error when Δθ=δstatθ ¼ 1. When
Δθ=δstatθ < 1, the injected value of the parameter falls
within the confidence intervals of the recovered posterior
probability distribution, which one interprets as a sign of
trust in the inferred point-estimate value. However, when
Δθ=δstatθ > 1, the injected parameter is outside of the
recovered confidence intervals. When this is the case, one
interprets that the recovery models is not accurate enough
to reliably recover the injection parameters.
Figure 5 allows us to make several observations. When

the recovery model matches the injection model, as is the
case for the “5.5PN” recovery model, there is no mis-
modeling error andΔθ is entirely produced due to sampling
error. We include the recoveries done with this model in our
results to demonstrate the bias that can be expected even in
the absence of systematic error (but we represent it with
dashed lines to emphasize its difference from the recoveries
done with the other models). As shown in the figure, the
sampling error of the “5PN” model is comparable to the
systematic error of the “5.5PN” model in the unequal mass
case, because, as stated before, the “5.5PN” term in this
case is very small. In the equal-mass case, however, the
systematic error of the “5PN”model is much larger than the
sampling error, and grows with SNR. Indeed, the ratio of
the systematic error to the statistical error tends to grow
with SNR for all recovery models, except for those
referring to the mass ratio in the equal-mass case (due to
prior boundary effects). Another trend we observe is that, as
expected from Fig. 3, systematic bias grows as “PN” terms
are removed, until the “4.5PN”model, which leads to the
most systematic error for the reasons explained earlier.
Additionally, because of correlations with the tc term,
which as explained before enters at an effective 4PN order,
the 3.57PN and “4PN” recovery models produce similar
biases.
To verify that the biases seen here are in fact due to the

truncation of the higher PN corrections in our recovery
models, we preformed a set of analyses where we lowered
the maximum frequency of our injected signal from
Mfmax ¼ 0.018 to Mfmax ¼ 0.01. We focused on our
SNR ¼ 80 unequal mass injection and preformed two
analyses with a lowered maximum frequency; one where
all injection parameters are kept the same, resulting in an
SNR < 80 signal of shorter duration, and one where the
luminosity distance DL is rescaled to maintain an SNR of
80 while leaving all other parameters unchanged. We found
that, in lowering the maximum frequency, the contribution
to the signal from the higher-order terms is reduced, as
expected. Moreover, the biases in inferred parameters
become significantly smaller for the shorter signal, indicat-
ing that the biases in our original analyses are a result of the
truncated PN approximation. However, we also find that
the width of posterior probability distributions increases for

FIG. 4. Partial corner plot produced using the “4PN” recovery
model detailed in Table II to estimate parameters from each of the
unequal mass-injected signals described in Table I. We depict the
marginalized one-dimensional posterior probability distributions
and 90% credible region contours of the two-dimensional
posterior probability distributions on chirp mass M and mass
ratio q. The injection values are indicated in black. Observe that,
as expected, as the SNR increases, the width of the posterior
probability distribution shrinks, reducing the support of the
posterior on the injected values. This figure indicates clearly
that models once thought to be accurate enough at small SNR can
rapidly become insufficiently accurate at higher SNRs.

4It is essential that the set of recovered parameters θrec is taken
from the maximum of the full N-dimensional posterior proba-
bility distribution (where N is the number of parameters varied in
the Bayesian analysis) rather than the maximum of marginalized
one- or two-dimensional posterior probability distributions such
as those depicted in Fig. 3. While we have verified that the peaks
depicted in the corner plots in this paper correspond closely to the
peaks of the full posterior probability distribution, this need not
always be the case. Especially in the case of highly correlated
parameters, it is possible that the maximum of a marginalized
posterior probability distribution does not line up with the
maximum of the full posterior-probability distribution.
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the shorter signals, consequently increasing the statistical
error. This increase is seen in both the analyses whereDL is
left unchanged and where it is rescaled to maintain an SNR
of 80. The reason for this is that statistical error scales
inversely with SNR only approximately; in reality, the
likelihood surface can have multiple valleys and peaks, none
of which need to be perfectly Gaussian (as assumed when
deriving the 1=SNR scaling of the statistical error with a
Fisher analysis). The structure of the likelihood, in turn,
depends on the duration of the signal, since shorter signals
will allow for stronger correlations and more structure.
The biases introduced during the inspiral by truncating

PN corrections to the phase do, of course, depend on the
total mass M of the injected signal. If the power spectral
density were flat, then the biases would be total mass
insensitive because the inspiral frequency cutoff fmax ∝
1=M and so vmax ¼ ð0.018πÞ1=3 is independent of total
mass. The power spectral density, however, is very much
not flat, and it rises at lower frequencies. This implies that
higher total-mass signals spend less of their inspiral in

band, until eventually, at a sufficiently high total mass, only
the merger and ringdown are observed. Shorter in-band
inspirals will lead to a less accurate posterior recovery and
larger correlations with other parameters, as the signal will
contain less information. This is why in our analysis we
selected a total mass of M ¼ 20M⊙ for all injections, so as
to ensure that the SNR of the observed signal would be
dominated by the inspiral, allowing us to disregard the
merger and ringdown.
A useful way to quantify the disagreement between two

waveforms h1 and h2 is the mismatch

MMðh1; h2Þ ¼ 1 −max
tc;ϕc

� ðh1jh2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðh1jh1Þðh2jh2Þ
p �

; ð8Þ

where the inner product is defined as

ðh1jh2Þ ¼ 4Re
Z

∞

0

eh�1 eh2
SnðfÞ

df; ð9Þ

FIG. 5. Ratio of bias to statistical error in the chirp mass (top) and mass ratio (bottom) for various recovery models (Table II) and
injected parameter (Table I), including the unequal mass cases (left) and the equal mass cases (right). The black dots indicate the
configurations of the parameter estimation analyses we performed, which we join through a nearest-neighbor linear interpolation. When
the recovery model matches the injection model (i.e. in the “5.5PN” case), the bias is due entirely to sampling, and it is thus
distinguished by plotting it with dashed lines. Observe that for the 3.5PN, “4PN”, and “4.5PN” recovery models in the unequal mass
case and 3.5PN, “4PN”, “4.5PN’,’ and “5PN” recovery models in the equal mass case, where the bias is dominated by systematic error,
the bias grows with SNR relative to the statistical error. Observe that this trend is violated for the mass ratio in the equal-mass case due to
prior boundary effects. Observe also that systematic bias grows as “PN” terms are removed, until the “4.5PN” term is removed. Most
significantly, note the instances where Δθ=δstatθ > 1. In these cases the recovery model was not accurate enough to reliably recover the
injection parameters.
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with SnðfÞ the noise power spectral density of the detector
and the asterisks denoting complex conjugation. The mis-
match takes values between zero and unity, with MM ¼ 0
corresponding to perfect agreement between h1 and h2 up to
time and phase offsets (see [44] for a useful discussion
on computing mismatch for quasicircular and eccentric
waveform models). Even with perfect waveform models
the expected value of the mismatch between injected and
recovered waveforms is nonzero due to noise. For signals
in stationary, Gaussian noise, the expected mismatch is
E½MM� ¼ ðD − 1Þ=ð2SNR2Þ, where D are the number of
parameters that describe the waveform model [45]. Note
that this statistical error in the match scales inversely with
the square of the signal-to-noise ratio, so as detectors
become more sensitive, the statistical error drops very
rapidly, potentially exposing various sources of systematic
error from waveform mis-modeling. Bias in inferred param-
eters is produced as a result of disagreement between the
injection and recovery models. We can therefore use
mismatch as a tool to predict the relative magnitude of the
bias a given recovery model will cause and in doing so
analytically corroborate theBayesian results presented in this
section.
We compute the mismatch between our injected signal

h“5.5PN”ðθinjÞ and our recoverymodels injected with with our
injectionparametershxðθinjÞ, x ¼ f3.5PN; “4PN”; “4.5PN”;
“5PN”g. When x ¼ “5.5PN”, the mismatch is identically
zero. We expect that the relative sizes of these mismatches
should correlate to the relative sizes of the biases in recovered
parameters produced by these models.
We consider θinj as given by the unequal and equal mass

injections at SNR ¼ 80 detailed Table I. In Fig. 6, we plot

MM½h“5.5PN”ðθinjÞ; hxðθinjÞ�. Indeed, we see that the relative
magnitudes of the mismatches closely correspond to the
relative magnitudes of the biases in mass ratio and chirp
mass depicted in Fig 3. Notably, we see that the “5PN”
recovery model in the unequal mass case most closely
matches the injected signal, while the largest mismatch in
both cases is produced by the “4.5PN”model. Biases in the
reference time are not captured by the mismatch because it
is maximized over this parameter. Through this analysis,
we illustrate the connection between bias in the recovered
parameters and mismatch between the injection and recov-
ery models and we lend additional credence to the con-
clusions drawn in this paper.

V. MARGINALIZING OVER UNCERTAINTIES

The most striking aspect of the results presented in the
previous section is the magnitude of the systematic error
that we found. As we discussed in that section, we
considered relatively low total-mass systems (for which
the total SNR from the whole coalescence is dominated by
the inspiral region) and we truncated higher PN-like
corrections that we have shown to be appropriately small.
Despite this, the posterior distributions obtained indicate
significant biases in the recovered mass parameters, often
with very little support at the injected values. These biases in
chirp mass and mass ratio will translate to similarly large
biases in the inferred component masses.Most notably, these
biases occur even at SNRs expected in the next observing
runs with current detectors, and will certainly become more
significant at higher SNRs with for third-generation detec-
tors. Of course, systematic bias is not necessarily going to be
this large with IMRPhenomD-type models where one never
sets the terms in the phenomenological phase to zero.
However, the phase is indeed truncated at “5.5PN” order
and the phenomenological coefficients do contain systematic
fitting errors (due to the reasons discussed in Sec. II). In this
section, therefore, we search for, propose and develop a
method to ameliorate systematic uncertainties due to
unknown higher PN order terms.
Previous attempts at mitigating waveform inaccuracies

have shown great promise, but are often limited in scope
and applicability [46–50]. Such attempts either only
account for and correct model uncertainties in a subset
of the full parameter space covered by the full analyses, or
provide diagnostics without suggested improvements for
the full parameter space. A method which is capable of both
full coverage and general directive corrections is yet to
emerge, but an important first step is presented in [51]
basing the model for the waveform corrections around the
noise-dependent indistinguishability between the wave-
form models under comparison.
Our proposed method will differ from these previous

attempts because our philosophy will be to “parametrize
our ignorance and then marginalize over it”. In essence,

FIG. 6. Mismatch, as defined in Eq. (8), between the injected
signal h“5.5PN” ¼ h“5.5PN”ðθinjÞ and signals produced by injecting
the recovery models with the injection parameters hx ¼ hxðθinjÞ.
We consider the SNR ¼ 80 unequal and equal mass injection
detailed in Table I. Observe that the relative magnitudes of the
mismatch values are comparable to the relative magnitudes of the
biases in chirp mass and mass ratio depicted in the corner plots
in Fig. 3.
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what we propose is that, for any waveform that contains
systematic inaccuracies, one should do the following:

(i) introduce a model for these inaccuracies, charac-
terized by a set of parameters λ,

(ii) explore the likelihood by varying over all parame-
ters (θ ∪ λ),

(iii) marginalize over λ to produce reduced corner plots
that range over θ only.

The expected end result will be to ameliorate the systematic
uncertainty at the cost of broadening the posterior prob-
ability distributions and thus increasing the statistical
error.
A key element in this method is to properly model our

ignorance. For the case considered in this study, our
ignorance is entirely encapsulated by unknown higher PN
order terms. For the IMRPhenomD model, this means
inaccuracies (a) in the “4PN” to “5.5PN” order terms of
the phenomenological phase (due to fitting inaccuracies),
and (b) inaccuracies in the higher than “5.5PN” order terms
(due to truncation). One way to address (a) is to promote the
λijk constants as newparameters of theIMRPhenomDmodel,
with priors taken to be the posterior probability distributions
of the λijk fits (as opposed to simplypickingnumbers for these

λijk, which would correspond to delta-function priors). This
method is similar in spirit to how the equation-of-state
sensitivity of approximately universal relations [52,53] is
taken into account when extracting the mass and radius of
neutron stars from binary inspirals [54,55].
Let us now focus on how to address inaccuracies due to

truncation (case (b) above). The best way to model this
ignorance is to use our analytic knowledge of the terms that
are being ignored. For example, if we have a model that is
accurate to 5.5PN order, then the next term in the series will
scale as ½1=ηðMfÞ−5=3�σ5ðMfÞ4, where the term in square
brackets is the controlling factor of the phenomenological
approximation. Technically, the 6PN term could also scale
as ½1=ηðMfÞ−5=3�σ5ðMfÞ4 logMf (due to certain tail terms
that arise in the PN approximation); however, the log
correction is mild and similar enough to the nonlog term
that, for the purpose of marginalizing over our ignorance,
either model will suffice. One could of course include not
just the 6PN term, but also the 6.5PN term simultaneously,
and maybe also higher PN order terms. How many terms
one must keep will depend on the accuracy of the base
model and the SNR of the signal.
An important question now presents itself: how does one

set the priors on these new nuisance parameters σ̄i? One
option would be to use completely uninformative (i.e., flat)
priors with infinite (or very large) boundaries, but this is not
smart. If one were to do this, then some region of the prior
would allow sufficiently large values of σ̄i, which would
render the ignorance term ½1=ηðMfÞ−5=3�σ̄5ðMfÞ4 much
larger than terms at lower (and known) PN order. In fact, for
sufficiently large σ̄i, the ignorance term would dominate

over the rest of the known PN series, rendering the entire
approximation invalid. A better choice of prior is to use our
analytic knowledge of the structure of our ignorance. Even
though we do not know the σ̄i precisely, we do know that
they are functions of the system parameters θ and we know
the values of σi at lower (known) PN orders. We can then
infer the range that σ̄i can have based on these lower PN
terms, and use this as the boundary of a flat prior. Such a
methodology was recently used successfully to study tests
of general relativity with the LVK implementation of the
parametrized post-Einsteinian model [56].
With all of this in mind, let us now consider a particular

example. Let us focus on the “4.5PN” recovery model,
because the analyses of the previous section demonstrated
that this model leads to the largest systematic biases relative
to statistical error for both the equal and unequal mass
injections. Let us then enhance this “4.5PN” recovery
model with two ignorance terms, one at “5PN” order
(controlled by a new parameter σ̄3) and one at “5.5PN”
order (controlled by a new parameter σ̄4). For the priors on
σ̄3 and σ̄4, let us consider two cases:

(i) Informed Gaussian (IG): We collect samples on q
produced during the recovery done with the “5.5PN”
model. We then substitute these q samples into
the σ3ðqÞ and σ4ðqÞ functions (defined in the
IMRPhenomD model through the fitted polynomial
ansatz) to produce two-dimensional distributions in
ðσ3; σ4Þ. We use these distributions to fit a two-
dimensional correlated Gaussian, and we use these
Gaussian distributions as the priors on σ̄3 and σ̄4.

(ii) Super wide uniform (SWU):With the prior bounds on
q ∈ ½1=8; 1�, we infer upper- and lower-prior boun-
daries on σ̄3 and σ̄4 via σ̄max =min

3;4 ¼ σ3;4ðqmax =minÞ.
With this in hand, we then assign uniform and
uncorrelated priors inside that range.

While the IG prior is fully informed by the knowledge of
the higher PN order terms, the SWU is much more relaxed.
The way we have constructed the SWU prior does use
knowledge of the higher PN order terms, but this is only a
matter of convenience here. We could have, instead, used a
completely agnostic approach by requiring that each σ̄i term
be smaller than the one preceding it. Such an assumption is
applicablewhen considering inspirals,which can bemodeled
as PN series.We alreadydemonstrated in Fig. 2 that the terms
in the phenomenological part of the IMRPhenomD phase
obey this requirement well. Therefore, the SWU prior ends
up producing a prior that is very similar to what one would
find with the agnostic approach just described.
With this enhanced recoverymodel defined, we then carry

out a Bayesian parameter estimation analysis for the unequal
mass signal injection at SNR ¼ 80, the results of which are
summarized in the partial corner plot of Fig. 7. The upper-left
and lower-right panels represent the one-dimensional mar-
ginalized posterior probability distributions on M and q,
respectively, and the lower-left panel depicts the 90%
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credible region contours of the marginalized two-
dimensional posterior probability distributions. Let us com-
pare the posterior probability distributions from the analyses
donewith the “5.5PN” recoverymodel, the standard “4.5PN”
recovery model, and the enhanced “4.5PN” recovery model
with the IG and SWU priors described above. Observe that
the enhanced recovery model removes the systematic bias of
the “4.5PN”model. Observe also that the use of the IG prior
preserves the width of the posterior probability distribution,
while the SWU increases this width, therefore increasing the
amount of statistical uncertainty. This is as expected because
the IGprior uses knowledge of the higher PNorder terms that
is not truly accessible, while the SWU prior models this
ignorance at the cost of a wider posterior-probability dis-
tribution. This analysis provides a proof of principle that the
method proposed to marginalize over our ignorance in our
models can produce much more accurate recovered param-
eters at the cost of more statistical error.

VI. DISCUSSION

In this paper, we have presented an injection and
recovery campaign performed to understand how

systematic error is impacted by PN corrections to the
phase of the gravitational waves emitted in the quasicir-
cular inspiral portion of black hole binary coalescence. We
have considered injected data of equal and unequal mass,
nonspinning black hole binaries for a selection of SNRs
and recovered with models truncated at different PN
orders in the IMRPhenomD phase. We have shown that
even truncation at “5PN” order can lead to systematic
error that dominates over statistical error at SNRs
expected in the next observing runs of current detectors.
This does not necessarily indicate that the IMRPhenomD
model contains these errors, because the fits that produced
the higher PN order terms of this model were done
assuming the model would never be truncated at a given
PN order. However, our results demonstrate the impor-
tance of these higher-order corrections for accurate
parameter estimation.
An important reminder that arises as a consequence of

our work is that both the IMRPhenom and the EOB
waveform models used in gravitational wave data analysis
to date carry uncertainties even in the inspiral phase due to
fits of certain (unknown high PN order) parameters. These
fits are not perfect and carry both statistical error (due to the
finite size of the “data” the models are fit to) and systematic
error (due to the finite accuracy of the “data”). To date,
these errors are not accounted for in parameter estimation,
and could, in principle, affect parameter inferences for
sufficiently high SNR events. Our work suggests that this
systematic error need not only be relevant to observations
with third-generation detectors, but they could already
influence parameter inferences in the next observing runs
with current detectors.
In an initial attempt to tackle this issue, we here propose

a method to ameliorate the impact of systematic uncer-
tainties in parameter estimation. Our proposal relies on the
idea of creating a model to characterize our ignorance in the
waveform and then to marginalize over it. In the inspiral
phase, this can be done by promoting the fitting coefficients
of IMRPhenom and EOB models to new waveforms
parameters (with priors set by the posterior probability
distributions obtained in the fit) and by introducing higher
PN order terms that capture terms not included in the
waveform model. We have shown that this method can all
but remove the systematic error introduced by truncating
the inspiral phase at a fixed PN order, at the cost of
widening the posterior probability distribution, and thus,
increasing the statistical uncertainties.
The work presented here opens several opportunities for

further work. One such opportunity would be to investigate
the inclusion of the fitting parameters of IMRPhenom and
EOB models in parameter estimation, as described above.
This would probably require re-doing the fits to numerical
relativity simulations to account for (i) a larger set of such
simulations and (ii) the finite accuracy of the simulations
(with error estimates taken from the simulations

FIG. 7. Partial corner plot using the “5.5PN” and “4.5PN”
recovery models, as well as the enhanced model with a “4.5PN”
order base and the two priors (IG and SWU).All partial corner plots
are marginalized over the parameters not shown in the figure. In
particular, the enhanced “4.5PN” model are marginalized over the
higher PN order terms introduced. The upper-left and lower-right
panels contain the one-dimensional PDFs for chirp mass M and
mass ratio q, respectively, and the lower-left panel depicts the 90%
credible region contours, with the injection values are indicated in
black. Observe that the enhanced models remove the systematic
bias introduced by the plain “4.5PN”model, at the cost of enlarging
thewidth of the posterior probability distributionwhen the range of
σ̄3;4 is assumed unknown (the SWU prior).
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themselves). Once these fits are redone, the posterior
probability distributions on the fitting parameters could
be modeled through a multidimensional Gaussian or a
kernel density estimator to prescribe priors for the fitting
parameters in future parameter estimation studies.
Another opportunity for future work would be to con-

sider the impact of different (higher PN order) phenom-
enological functions when fitting against numerical
relativity simulations in the inspiral. When developing
IMR waveform models, the degree of the polynomial to
be fitted is determined by the information content of the
numerical relativity signal, and the inherent numerical error
in the simulations. As the SNR of observed signals
increases, as the error in numerical relativity simulations
decreases, and as more widely applicable numerical rela-
tivity surrogate waveforms are constructed, the polynomial
degree or even the functional form of the fitting functions in
phenomenological waveforms could be revisited. When
constructing these models, emphasis could be placed on
reducing bias in recovered parameters rather than increas-
ing the fitting factor (or decreasing the mismatch) to

numerical relativity simulations. The promising results of
our proposed method to ameliorate systematic error pre-
sented here suggests that our ignorance of higher PN order
terms (which will always exist, at any given finite PN order)
is likely to not hinder future parameter inferences and the
potential of gravitational waves to learn about astrophysics
and fundamental physics.
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