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We present the exact solutions of the homoclinic orbits for the timelike geodesics of the particle on the
general nonequatorial orbits in the Kerr-Newman black holes. The homoclinic orbit is the separatrix
between bound and plunging geodesics, a solution that asymptotes to an energetically bound, unstable
spherical orbit. The solutions are written in terms of the elliptical integrals and the Jacobi elliptic functions
of manifestly real functions of the Mino time where we focus on the effect from the charge of the black hole
to the homoclinic orbits. The parameter space of the homoclinic solutions is explored. The nonequatorial
homoclinic orbits in Kerr cases can be obtained by setting the charge of the black holes to be zero. The
homoclinic orbits and the associated phase portrait as a function of the radial position and its derivation
with respect to the Mino time are plotted using the analytical solutions. In particular, the solutions can
reduce to homoclinic orbits with zero azimuthal angular momentum, providing insights into the effects of
frame dragging from the spin as well as the charge of the black hole. The implications of the obtained
results to observations are discussed.
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I. INTRODUCTION

Recently successive observations of gravitational waves
emitted by the merging of binary systems provided one of
the long-awaited confirmations of general relativity [1–3].
The capture of the spectacular images of the supermassive
black holes M87* at the center of the M87 galaxy [4] and
Sgr A* at the center of our Galaxy [5] is also a great
achievement that provides direct evidence of the existence
of the black holes, the solutions of Einstein’s field equa-
tions [6,7]. Spiraling of stellar mass compact objects into
supermassive black holes due to the backreaction of
gravitational wave emission is predicted to be a key source
of low frequency gravitational waves, which will be
targeted for the planned space-based Laser Interfero-
meter Space Antenna [8,9]. Some of the science goals
toward the direct detection of these extreme mass ratio
inspirals (EMRIs) are to precisely determine the properties
of the EMRIs’ black hole and its inspiraling components to
extract the black hole’s astrophysical environments [10,11].
The zeroth order approximation in the extrememass ratio is

considered as the small body travels along the geodesic of the
background spacetime of the massive black hole. The
beginning of the extensive study of the timelike geodesics
near the black holes dates back to a remarkable discovery
fromCarter of the so-calledCarter constant [12]. In the family
of the Kerr black holes the geodesics of the particle due to the
spacetime symmetry of the Kerr family possesses two

conserved quantities, the energy Em and the azimuthal
angular momentum Lm of the particle. Nevertheless, the
existence of the third conserved quantity, known as the Carter
constant renders the geodesic equations as a set of first-order
differential equations. Later, the introduction of the Mino
time [13] further fully decouples the geodesics equationswith
the solutions expressed in terms of the elliptical functions. In
this work, wewould like to particularly focus on the geodesic
dynamics in the case of Kerr-Newman black holes. The Kerr-
Newman metric of the solution of the Einstein-Maxwell
equations represents a generalization of the Kerr metric, and
describes spacetime in the exterior of a rotating charged black
hole where, in addition to gravitation fields, both electric and
magnetic fields exist intrinsically from the black holes.
Although one might not expect that astrophysical black holes
have a large residue electric charge, some accretion scenarios
were proposed to investigate the possibility of spinning
charged black holes [14]. Moreover, theoretical considera-
tions, together with recent observations of structures near Sgr
A* by the GRAVITY experiment [15], indicate the possible
presence of a small electric charge of the central supermassive
black hole [16,17]. Thus, it is still of great interest to explore
the geodesic dynamics in the Kerr-Newman black hole.
In our previous paper [18], we studied the null and

timelike geodesics of the light and the neutral particles
respectively in the exterior of Kerr-Newman black holes.
We classify the roots for both angular and radial potentials,
and mainly focus on those of the radial potential with an
emphasis on the effect from the charge of the black holes.
We then obtain the solutions of the trajectories in terms of
the elliptical integrals and the Jacobi elliptic functions for
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the geodesics, which are manifestly real functions of the
Mino time, whose initial conditions can be explicitly
specified. In this paper, we will mainly focus on the work
of [19], which has showed the exact Homoclinic solutions
on the equatorial plane in the Kerr black holes, and extend
the solutions to a general nonequatorial orbit in the Kerr-
Newman black hole with an additional charge. By taking
the zero charge limit, the obtained solutions can reduce to
those of the nonequatorial homonclinic orbits in the Kerr
black holes of more relevance to astrophysical black holes.
A homoclinic orbit is the separatrix between bound and
plunging geodesics, and is an orbit that asymptotes to an
energetically bound, unstable spherical orbit. There are
several approaches to model the EMRIs through a series of
Kerr geodesics [20–29]. Due to the dissipation effects from
the emission of gravitational radiation on EMRIs, the
trajectories of the stellar mass compact object will transit
from an inspiral to a plunge through a homoclinic orbit. The
exact solutions for the homoclinic orbits could be very
useful for analytic or numerical studies of the transition
from inspiral to plunge [30,31]. A thorough knowledge of
the underlying dynamics of EMRIs becomes essential to
shape the gravitational waveform emitted by them. Also,
the added noise provided by the random kicks on the
homoclinic orbit will expectedly give chaotic behavior on
the particle moving near the horizon [32]. On top of the
fantastic observational effects, it is conjectured that there
exists the bound of the Lyapunov exponent based upon the
AdS=CFT correspondence [33]. The finding of the exact
solution of the homoclinic orbits in the Kerr and Kerr-
Newman black holes will be the first step to study the
potential chaotic motion when the particle travels near the
horizon by explicitly computing the Lyapunov exponents to
justify or falsify the conjecture. In this paper, we will start
from the analytical solutions of the bound motion derived
in [18], and find the solutions of the homoclinic orbits
where the particle starts off from the position of the largest
root of the radial potential and spent tremendous time
moving toward the position of the double root of the radial
potential. The parameter space of the homoclinic solutions
will also be explored.
In Sec. II, we give a brief review of the timelike geodesic

equations from which to define the radial and the angular
potentials in terms of the Carter constant Cm and the
azimuthal angular momentum Lm of the particle normalized
by the energy Em. The parameter space to have the general
nonequatorial homoclinic solutions is explored. Later the
results of the homoclinic orbits are adapted fromAppendixes
which show the solutions of theθ and r dependence in general
bound motion. We then particularly consider the zero
azimuthal angular momentum homoclinic orbits, discussing
the frame dragging effects in Sec. III. In Sec. IV the phase
difference between the nonequatorial homoclinic orbit and
the spherical motion of the unstable orbit is considered.
In Sec. V the obtained solutions will reduce to the equatorial

orbits to compare with [19] in the Kerr black holes as the
charge of the black hole in our case is set to zero. All results
will be summarized in the closing section.

II. EQUATIONS OF MOTION FOR TIMELIKE
GEODESICS AND HOMOCLINIC ORBITS

A. Equations of motion

We start by reviewing the dynamical equations of the
particle in the Kerr-Newman black hole. In the Boyer-
Lindquist coordinates the metric for a Kerr-Newman black
hole with the gravitational mass M and spin parameter
a ¼ J=M reads as [6]

ds2 ¼ −
Δ
Σ
ðdt− a sin2 θdϕÞ2 þ sin2 θ

Σ
½ðr2 þ a2Þdϕ− adt�2

þ Σ
Δ
dr2 þΣdθ2; ð1Þ

where Σ ¼ r2 þ a2 cos2 θ and Δ ¼ r2 − 2Mrþ a2 þQ2.
(In this paper we use the geometrized units G ¼ c ¼ 1.)
The outer/inner event horizons rþ=r− are obtained from
ΔðrÞ ¼ 0, giving

r� ¼ M �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 − ða2 þQ2Þ

q
; ð2Þ

which requires M2 ≥ a2 þQ2.
For the asymptotically flat, stationary and axial-

symmetric black holes as in those of (1), the metric is
independent of t and ϕ. The associated Killing vectors can
be written as

ξμðtÞ ¼ δμt ; ξμϕ ¼ δμϕ: ð3Þ

The conserved quantities according to the above symmetry,
namely the energy Em and the azimuthal angular momen-
tum Lm along a geodesic, can be constructed by the above
Killing vectors and the four velocity uμ ¼ dxμ=dσm defined
in terms of the proper time σm,

Em ≡ −ξμðtÞuμ; ð4Þ

Lm ≡ ξμðϕÞuμ: ð5Þ

The third conservative quantity is the Carter constant
written as follows:

Cm ¼ Σ2ðuθÞ2 − a2E2
m cos2 θ þ L2

m cot2 θ þ a2m2 cos2 θ:

ð6Þ

Together with the timelike geodesics of the particle,
uμuμ ¼ −m2, the equations of motion for the Boyer-
Lindquist coordinates read as
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Σ
dr
dσm

¼ �r

ffiffiffiffiffiffiffiffiffiffiffiffi
RmðrÞ

p
; ð7Þ

Σ
dθ
dσm

¼ �θ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΘmðθÞ

p
; ð8Þ

Σ
dϕ
dσm

¼ a
Δ
½ðr2 þ a2Þγm − aλm�−

1

sin2 θ
ðaγm sin2 θ − λmÞ;

ð9Þ

Σ
dt
dσm

¼ r2 þ a2

Δ
½ðr2 þ a2Þγm − aλm�− aðaγm sin2 θ− λmÞ;

ð10Þ

where

γm ¼ Em

m
; λm ≡ Lm

m
; ηm ≡ Cm

m2
: ð11Þ

The conserved quantities, the energy, the azimuthal angular
momentum, and the Carter constant from (7)–(10) can be
determined from the initial conditions. In (7) and (8) the
symbols �r ¼ signðurÞ and �θ ¼ signðuθÞ are defined by
four velocity of the particle. Also in these two equations,
the radial and angular potentials RmðrÞ and ΘmðθÞ are
respectively obtained as

RmðrÞ¼ ½ðr2þa2Þγm−aλm�2−Δ½ηmþðaγm−λmÞ2þr2�;
ð12Þ

ΘmðθÞ ¼ ηm þ a2γ2m cos2 θ − λ2m cot2 θ − a2 cos2 θ: ð13Þ

It is known that all equations can be fully decoupled in
terms of the so-called Mino time τm defined as [13]

dxμ

dτm
≡ Σ

dxμ

dσm
: ð14Þ

For the source point xμi and observer point xμ, the integral
forms of the equations now become [34]

τm − τmi ¼ Ir ¼ Gθ; ð15Þ

ϕ − ϕi ¼ Iϕ þ λmGϕ; ð16Þ

t − ti ¼ It þ a2γmGt; ð17Þ

where

Ir ≡
Z

r

ri

1

�r

ffiffiffiffiffiffiffiffiffiffiffiffi
RmðrÞ

p dr; Gθ ≡
Z

θ

θi

1

�θ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΘmðθÞ

p dθ;

ð18Þ

Iϕ ≡
Z

r

ri

a½ð2Mr −Q2Þγm − aλm�
�rΔ

ffiffiffiffiffiffiffiffiffiffiffiffi
RmðrÞ

p dr;

Gϕ ≡
Z

θ

θi

csc2 θ

�θ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΘmðθÞ

p dθ; ð19Þ

It ≡
Z

r

ri

r2γmΔþ ð2Mr −Q2Þ½ðr2 þ a2Þγm − aλm�
�rΔ

ffiffiffiffiffiffiffiffiffiffiffiffi
RmðrÞ

p dr;

Gt ≡
Z

θ

θi

cos2 θ

�θ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ΘmðθÞ

p dθ: ð20Þ

In [18], we have shown the solutions to both null and
timelike geodesics. In this work, we will mainly focus on
the homoclinic orbits that can be achieved from the
alternative expressions of the solutions of the bound motion
in [18], which is presented in the Appendixes.
Since the equations of motion are integrable, we thus can

construct the diagrams of the exact trajectories on the
equatorial plane in terms of r and dr=dt, which reveal
qualitative feature of the orbits [32]. In Fig. 1(a) the radial
potential RmðrÞ in (12) is plotted for a few representative

FIG. 1. The phase plane of the trajectories. The motions of
plunging into the black hole (green), the homoclinic solution
(red), as well as the bound motion (purple) in the exterior of the
Kerr-Newman black hole (a=M ¼ 0.7; Q=M ¼ 0.7).
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parameters of the azimuthal angular momentum λm and the
Carter constant ηm for the bound motion (γm < 1). The
kinematically allowed regions for the particle to move are
for RmðrÞ > 0. Three types of motion can be seen from the
plot. The green curve is for the case that the particle starts
from the largest root of RmðrÞ, moves toward the black
hole, and eventually plunges into it. The purple curve is for
the particle traveling around the black hole exterior.
However, the red curve lies in the separatrix between the
two above mentioned motions known as the homoclinic
orbit, where the particle starts off from the position of the
largest root of the radial potential and spends tremendous
time moving toward the position of the double root of the

radial potential. The corresponding phase portrait is shown
in Fig. 1(b) given by the solutions of (7). All the analytical
solutions for such bound motion have been studied in [18].
Here we would like to focus on the analytical solutions of
nonequatorial homoclinic orbits and explore the parameter
space λm and ηm giving such orbits.

B. Homoclinic orbits in the parameter space
of λm and ηm

The homoclinic orbits can be characterized by the para-
meters λm and ηm given by the double root of the radial
potential, namelyRmðrÞ ¼ R0

mðrÞ ¼ 0 in (B1). They are [18]

λmss ¼
½rmssðMrmss −Q2Þ − a2M�γm − ΔðrmssÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2mssðγ2m − 1Þ þMrmss

p
aðrmss −MÞ ; ð21Þ

ηmss ¼
rmss

a2ðrmss −MÞ2 frmssðMrmss −Q2Þða2 þQ2 −MrmssÞγ2m þ 2ðMrmss −Q2ÞΔðrmssÞγm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2mssðγ2m − 1Þ þMrmss

q
þ½a2ðMrmss −Q2Þ − ðΔðrmssÞ − a2Þ2�½rmssðγ2m − 1Þ þM�g; ð22Þ

where the subscript “ss” means the spherical orbits
with s ¼ �, which indicates the two types of motion with
respect to the relative sign between the black hole’s spin and
the azimuthal angular of the particle (see Sec. III C of [18]).
The spherical orbits with radius rmss coincide with

periastron, rmss ¼ rp, which eventually merges with the
apastron ra, the largest root of the radial potential, giving a
triple root, also known as the innermost stable spherical
orbit (ISSO) by decreasing γm [18]. On the one hand,
solving the triple root equations

RmðrÞ ¼ 0; R0
mðrÞ ¼ 0; R00

mðrÞ ¼ 0; ð23Þ

one can demarcate the boundary of ISSO in the parameter
space λm and ηm. On the other hand, the bound orbits are
limited by the condition γm → 1 or equivalently ra → ∞,
known as the innermost bound spherical orbit (IBSO). With
the double root conditions together with γm ¼ 1, one can
find the boundary of IBSO. The parameter region to have
homoclinic orbit is bound by the curves ISSO and IBSO in
the parameter space λm and ηm as shown in the light green
region in Fig. 2. Obviously the particles with the para-
meters in the light blue (light red) region will evolve
unbound (inspiral/plunge) motions. Notice that case A is
for the zero azimuthal angular momentum orbit. The frame
dragging effect due to the spin of the black hole drives the
particle to rotate around the angle ϕ, which will be
discussed in Sec. III.
The radii of risso, the triple root of Rm and ribso, the radius

of the double root together with γm ¼ 1 are given, respec-
tively, by [18]

−Mr5issoΔðrissoÞ
þ4ðMr3isso−Q2r2issoþa2ηisso−as

ffiffiffiffiffiffiffiffi
ΓMs

p
Þ2¼0 ð24Þ

and

−Mr7ibsoþ
�
2Mr3ibco−Q2r2ibsoþa2ηibso−as

ffiffiffiffiffiffiffiffi
ΓMb

p �
2¼0;

ð25Þ

where

ΓMs=b ¼ r4isso=ibsoðMrisso=ibso −Q2Þ
− ηisso=ibso½risso=ibsoðrisso=ibso − 3MÞ þ 2Q2�r2isso=ibso
þ a2η2isso=ibso ≥ 0: ð26Þ

The radius of the homoclinic orbit lies between the radii
risso and ribso according to the values of λm and ηm of the
parameter regions in Fig. 3, in which we have shown the
boundaries for various combinations of the black hole
parameters a and Q.
Further detailed explanations for Figs. 2 and 3 have been

discussed in Ref. [18]. In general, for a fixed value of ηm
and black hole spin a, since the finite charge of the black
hole gives additional repulsive effects to prevent the particle
from collapsing into the black hole, the radii of both risso
and ribso will decrease with the increase of the charge,
resulting in smaller azimuthal angular momentum jλmj. In
addition, for fixed ηm, the direct orbit will have smaller
values of jλmj as compared with the retrograde orbit. Based
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upon our results, for Sgr A* where the charge is more likely
below 10−18 [16,17], it is not expected to see a noticeable
difference from the Kerr cases.

C. Analytical solutions of homoclinic orbits in general
nonequatorial cases

Oneof the interesting trajectorieswith the parametersof the
double root of the radial potential RmðrÞ is the homoclinic

orbit. In this case, the particle starts from the point of the
largest root rm4, moves toward the black hole, and spends an
infinite amount of time to reach the point of double roots
rm2 ¼ rm3 ¼ rmss with ηmss and λmss given by Eqs. (21) and
(22). In this case, the analytical expressions summarized in
AppendixBgain tremendous simplifications since rm2 ¼ rm3

gives the parameter kB ¼ 1, and the elliptical integrals and
elliptic functions reduce to elementary functions [35]

FIG. 3. The curves ISSO (solid) and IBSO (dashed) in the ðλm; ηmÞ parameter space for various combinations of a=M and Q=M for
Kerr-Newman black holes as well as various choices of a=M for Kerr black holes with Q ¼ 0.

FIG. 2. The plot shows curves of ISSO (solid line) and IBSO (dashed line) in the parameter space λm and ηm, which demarcate the
range of homoclinic solutions (light green). The particle with parameters in the light red and light blue regions plunges into the black
hole or scatters by the black hole, respectively. The representative cases are as follows. The parameters of case A can have nonequatorial
homoclinic solutions with the zero azimuthal angular momentum orbit where λm ¼ 0, case B for the general nonzero λm and ηm, and
case C for equatorial homoclinic orbits with ηm ¼ 0 in [19]. The corresponding curves are also shown for Kerr black holes with Q ¼ 0
for comparison.
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Fðφj1Þ ¼ tanh−1 ðsinφÞ; ð27Þ

Eðφj1Þ ¼ sinφ; ð28Þ

Πðn;φj1Þ ¼ 1

n − 1
½ ffiffiffinp

tanh−1 ð ffiffiffi
n

p
sinφÞ − tanh−1 ðsinφÞ�;

ð29Þ

snðφj1Þ ¼ tanhφ; ð30Þ

where − π
2
≤ φ ≤ π

2
;−1 < n < 1.

As for the coordinate rðτmÞ, the homoclinic solution
(B16) and (B17) simplify to the following formulas:

rHðτmÞ ¼
rm4ðrm1 − rmssÞ− rm1ðrm4 − rmssÞtanh2ðXHðτmÞÞ

ðrm1 − rmssÞ− ðrm4 − rmssÞtanh2XHðτmÞ
ð31Þ

and

XHðτmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðrmss − rm1Þðrm4 − rmssÞ

p
2

τm: ð32Þ

The other relevant integrals resulting from the radial
potentials that contribute to the solutions of the azimuthal
angle ϕðτmÞ and the time tðτmÞ in (16) and (17) are obtained
from (B19) and (B20) giving

IϕðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p 2Ma
rþ − r−

��
rþ −

a
2M

λm
γm

−
Q2

2M

�
IHþðτmÞ −

�
r− −

a
2M

λm
γm

−
Q2

2M

�
IH− ðτmÞ

�
ð33Þ

ItðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p 	
4M2

rþ − r−

��
rþ −

Q2

2M

��
rþ −

a
2M

λm
γm

−
Q2

2M

�
IHþðτmÞ −

�
r− −

Q2

2M

��
r− −

a
2M

λm
γm

−
Q2

2M

�
IH− ðτmÞ

�

þ 2MIH1 ðτmÞ þ IH2 ðτmÞ


þ ð4M2 −Q2Þγmτm ð34Þ

where

IH�ðτmÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrmss − rm1Þðrm4 − rmssÞ

p 	
1

rm1 − r�
XHðτmÞ þ

rm1 − rm4

ðrm1 − r�Þðrm4 − r�Þðh� − 1Þ

×
h ffiffiffiffiffiffi

h�
p

tanh−1
�
xHðτmÞ

ffiffiffiffiffiffi
h�

p �
− tanh−1ðxHðτmÞÞ

i

ð35Þ

IH1 ðτmÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrmss − rm1Þðrm4 − rmssÞ

p n
rm1XHðτmÞ þ

rm4 − rm1

h − 1

h ffiffiffi
h

p
tanh−1

�
xHðτmÞ

ffiffiffi
h

p �
− tanh−1ðxHðτmÞÞ

io
ð36Þ

IH2 ðτmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrHðτmÞ − rm1ÞðrHðτmÞ − rmssÞ2ðrm4 − rHðτmÞÞ

p
rHðτmÞ − rm1

−
rmssðrm4 − rm1Þ − rm1ðrm4 þ rm1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrmss − rm1Þðrm4 − rmssÞ
p XHðτmÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrmss − rm1Þðrm4 − rmssÞ

p
xHðτmÞ þ

ðrm4 − rm1Þðrm1 þ 2rmss þ rm4Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrmss − rm1Þðrm4 − rmssÞ
p ðh − 1Þ

×
h ffiffiffi

h
p

tanh−1
�
xHðτmÞ

ffiffiffi
h

p �
− tanh−1ðxHðτmÞÞ

i
: ð37Þ

In the equations above we have introduced the notations

xHðτmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrHðτmÞ − rm4Þðrm1 − rmssÞ
ðrHðτmÞ − rm1Þðrm4 − rmssÞ

s
; ð38Þ

h� ¼ ðrm1 − r�Þðrm4 − rmssÞ
ðrm4 − r�Þðrm1 − rmssÞ

; h ¼ rm4 − rmss

rm1 − rmss
: ð39Þ

For a given Mino time τm, the homoclinic orbits along the r and θ directions can be drawn from the solutions of (A5)
and (31). Also, the corresponding ϕ and t can be found through (16) and (17) with the help ofGϕ (A6), Iϕ (33),Gt (A8), and
It (34). Together with the solutions along the θ direction, they are the homoclinic solutions for the general nonequatorial
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orbits in the Kerr-Newman exterior, which are the main
results of this work (see Fig. 4). The above expressions can
further reduce to the Kerr black hole case by sending
Q → 0, and also on the equatorial plane [19].

III. ZERO AZIMUTHAL ANGULAR MOMENTUM
HOMOCLINIC ORBITS

In Sec. II we have shown that the Kerr-Newman space-
times permit homoclinic orbits in a limited region of
parameter space λm and ηm. In particular, a particle with
zero azimuthal angular momentum, λAm ¼ 0, but
ηissom < ηAm < ηibsom , can realize homoclinic motion. Using
the exact solutions discussed in Sec. II we show in Figs. 5
and 6 two illustrations for this type of motion. The particles
share the same set of parameters λm and ηm, but with
different initial conditions. With the zero azimuthal angular
momentum, the motions show the change of ϕ simply due
to the frame dragging effects from the black hole spin.

Additionally, the charge of the black hole will give another
boost to the frame dragging to be seen later.
The analytical solutions with zero azimuthal angular

momentum have additional simplifications for the homo-
clinic orbits. The roots of the angular potential in (A2)
reduce to

umþ ¼ 1; um− ¼ ηm
a2ð1 − γ2mÞ

: ð40Þ

The relevant root is umþ ¼ 1 giving the two turning points
at the north and south poles of a sphere, θmþ ¼
cos−1ð− ffiffiffiffiffiffiffiffiffi

umþ
p Þ ¼ π and θm− ¼ cos−1ð ffiffiffiffiffiffiffiffiffi

umþ
p Þ ¼ 0, respec-

tively [18]. Substitute (40) into the solution of θðτmÞ
in (A5) and notice that umþ=um− ≪ 1, since ηm is a rela-
tively large value as seen in Fig. 2; also a and 1 − γm < 1.
We can thus have the approximate solutions given by

FIG. 5. Illustration of a zero azimuthal angular momentum homoclinic orbit with the parameters A in Fig. 2 and the initial conditions
ri ¼ rm4; θi ¼ π

2
. The red dotted circle is on the equatorial plane.

FIG. 4. Illustration of a general nonequatorial homoclinic orbit. The particle with the parameters of case B given in Fig. 2 departs from
ri ¼ rm4, the largest root of the radial potential and approaches the unstable spherical orbit rmss of the double root of the radial potential
with characteristic angular frequencies shown in the text. The red dotted circle is on the equatorial plane.
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θðτmÞ ¼ cos−1
�
−νθisn

� ffiffiffiffiffiffi
ηm

p ðτm þ νθiGθiÞ
���� umþ
um−

��
≈ cos−1ð−νθi sin ð

ffiffiffiffiffiffi
ηm

p ðτm þ νθiGθiÞÞÞ: ð41Þ

By inspection, the angular velocity in Mino time of the
evolution around the θ can be read off as

ωθ ¼
ffiffiffiffiffiffi
ηm

p
: ð42Þ

In Fig. 5, we choose the initial conditions θi ¼ π
2
and

νθi ¼ 1, departing from the equator. Thus, with Gθi ¼ 0

in (A4), the solution just becomes θðτmÞ ¼ cos−1

ð− sin ð ffiffiffiffiffiffi
ηm

p
τmÞÞ. And, in Fig. 6 the particle departs from

the north pole with θi ¼ 0 and νθi ¼ 1, giving Gθi ¼ π
2
ffiffiffiffi
ηm

p .

The evolution of coordinate θ follows θðτmÞ ¼ cos−1

ðcos ð ffiffiffiffiffiffi
ηm

p
τmÞÞ.

As for the azimuthal motion, we notice that the equation
of motion in (9) reduces to

dϕ
dτm

¼ aγm

�
r2 þ a2

ΔðrÞ − 1

�
; ð43Þ

simply due to the frame dragging. In particular, the angular
speed goes to a constant as r → rmss when τm → ∞
(t → ∞), given by

aγm

�
r2mss þ a2

ΔðrmssÞ
− 1

�
≡ ωϕ; ϕðτmÞ ¼ ωϕτm; ð44Þ

which can also be obtained directly from the analytical
formulas (16) and (33) in the limits of λm ¼ 0 and τm → ∞
(t → ∞). This allows one to plot the ratio of ωϕ to ωθ

shown in Fig. 7. It is expected that the larger value of the
black hole spin a gives relatively large dragging effects,

and moreover, the charge Q of the black hole gives the
boost to it. This is consistent with the conclusion in the
study of the particle boomerang in [18]. In there, we
consider the spherical orbits of the particle with the radius
of rmss of the double root of the radial potential. For a
sufficiently large value of black hole spin a there can be a
particle boomerang that leaves the north polar axis (θ ¼ 0)
and travels along a constant-r orbit to return to the north
polar axis in precisely the opposite direction to that at
which it leaves. The dragging of inertial frames rotates the
particle propagation direction by an angle Δϕ ¼ π during
one orbit that returns to the same location on the north
polar axis. However, in the presence of the charge of the
black hole in the Kerr-Newman black holes, the finite
charge effect will enhance the frame dragging so as to
reduce the needed value of the spin a to sustain Δϕ ¼ π.

IV. PHASE DIFFERENCE BETWEEN
NONEQUATORIAL HOMOCLINIC ORBITS AND

SPHERICAL MOTION

According to [19], when the homoclinic orbits on the
equatorial plane in Kerr black holes are considered, it is
found a nontrivial fact that although as r approaches to the
unstable orbit, the accumulated phase ϕ and time spent go
to infinity. Nevertheless, the phase difference between the
homoclinic orbits and the circular motion of the unstable
orbits with the same radius of the double root turns out to be
finite at time t → ∞, when both start at the same initial
time. This will be also true for the homoclinic solution in
the nonequatorial plane in the Kerr-Newman black holes
where the circular motion is replaced by the spherical
motion. As τm → ∞, giving t → ∞ and r → rmass, the
radius of the unstable orbit, with the associated values of
λmass; ηmass obtained from (21) and (22), the phase differ-
ence becomes

FIG. 6. Illustration of a zero azimuthal angular momentum homoclinic orbit with the parameters A in Fig. 2 and the initial conditions
ri ¼ rm4; θi ¼ 0. The red dotted circle is on the equatorial plane.
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Δϕdiff
τm ¼ ϕsphe − ϕm

¼
	
a½ð2Mrmss −Q2Þ − aλm�

ΔðrmssÞ
τm − IϕðτmÞ


����
τm→∞

¼ 2

rþ − r−

ð2Maγm − r−λmÞrþ −Q2ðaγm − λmÞ
ðrmss − rþÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðrþ − rm1Þðrm4 − rþÞ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ − rm1Þðrm4 − rmssÞ
ðrm4 − rþÞðrmss − rm1Þ

s

−
2

rþ − r−

ð2Maγm − rþλmÞr− −Q2ðaγm − λmÞ
ðrmss − r−Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðr− − rm1Þðrm4 − r−Þ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr− − rm1Þðrm4 − rmssÞ
ðrm4 − r−Þðrmss − rm1Þ

s
: ð45Þ

The general solutions of the homoclinic orbits and the
spherical orbit contain the radial r and angular θ dependence
seen from Eqs. (16) and (19). The θ dependence cancels in
computing Δϕdiff

τm , and the only contributions come from
the radial r dependence. To obtain (45), we have used
the r dependent solution of ϕ (33) to the homoclinic orbits.
Also, the radius of the spherical orbit is set at
r ¼ rmass with the r dependent solution obtained from (9)
in terms of theMino time in (14). For rmss lying between risso
and ribco determined by (24) and (25), the corresponding
λisso; ηisso and λibso; ηibso are determined by (21) and (22).
In Fig. 8, the phase difference is plotted as a function of

βλmass
defined by βλmass

¼ jλmassj−jλiscoj
jλibcoj−jλiscoj for a fixed ηm, which is

the same value of ηm at B in Fig. 2 allowing λm to vary. Since
jλiscoj ≤ jλmassj ≤ jλibcoj, 0 ≤ βλmass

≤ 1. It is evident that the
finite charge of the black hole will enhance the phase
difference for both the direct motion (λmass > 0)
and retrograde motion (λmass < 0). Also, for a fixed Q,
Δϕdiff increases with the spin parameter a of the black
hole. This means that the homoclinic orbit moving toward
the unstable orbit can synchronize with the circular

motion in terms of the Mino time but in the end with a
phase difference. This may provide useful information to
construct the full spectrum of the gravitation waves in the
case of EMRIs and is one of the interesting applications from
the analytical solutions we obtain in this paper.

V. EQUATORIAL HOMOCLINIC ORBITS

This section is devoted to the equatorial homoclinic
solution, exemplified by case C in Fig. 2 of the parameter
space λm and ηm. The main purpose here is to reduce our
exact formulas for nonequatorial orbits to the expressions
obtained in the context of the equatorial case. We will show
some important steps to find their consistency. Since the
results of [19] are written as a function r, we begin with a
useful relation between Mino time τm and r given by the
inverse of (31),

τmðrÞ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1−γ2mÞðrmss−rm1Þðrm4−rmssÞ
p tanh−1ðxHðrÞÞ:

ð46Þ

FIG. 7. The ratio of ωϕ to ωθ given in (42) and (44) respectively as a function of β ¼ r−risco
ribco−risco

for Kerr-Newman black holes as well as
Kerr black holes.
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For the proper time σmðrÞ, following (7) and (14) with Σ ¼ r2 at the equatorial plane we then have

σmðrÞ − σmi ¼
Z

r

ri

r2

�r

ffiffiffiffiffiffiffiffiffiffiffiffi
RmðrÞ

p dr ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p IH2 ðτmðrÞÞ: ð47Þ

The term of IH2 given in (37) can be expressed by r using (46). Rearranging them leads to

σmðrÞ − σmi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − rmssÞ2ðrm4 − rÞ
ð1 − γ2mÞðr − rm1Þ

s
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrmss − rm1Þðrm4 − rmssÞ

1 − γ2m

s
xHðrÞ

þ ðrm4 − rm1Þðrm1 þ 2rmss þ rm4Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðrmss − rm1Þðrm4 − rmssÞ

p ffiffiffi
h

p

h − 1
tanh−1ð

ffiffiffi
h

p
xHðrÞÞ

−
rmssðrm4 − rm1Þ − rm1ðrm4 þ rm1Þ þ ðrm4 − rm1Þðrm1 þ 2rmss þ rm4Þ=ðh − 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − γ2mðrmss − rm1Þðrm4 − rmssÞ
p tanh−1ðxHðrÞÞ: ð48Þ

Plugging in xHðrÞ and h from (38) and (39), and doing a little algebra we arrive at

σmðrÞ − σmi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − rm1Þðrm4 − rÞ

1 − γ2m

s
þ 2M

ð1 − γ2mÞ3=2
tan−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rm4 − r
r − rm1

r

þ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrmss − rm1Þðrmss þ rm1Þ2
ð1 − γ2mÞðrm4 − rmssÞ

s
tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrmss − rm1Þðrm4 − rÞ
ðrm4 − rmssÞðr − rm1Þ

s
: ð49Þ

FIG. 8. Phase difference Δϕdiff
τm ¼ ϕsphe − ϕm as a function of βλmss

¼ jλibsoj−jλmssj
jλibsoj−jλissoj in (45) for nonequatorial solutions. The upper plots are

for the direct motion, and the lower plots are for the retrograde motion.
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This is the Kerr-Newman’s counterpart of equation (B66)
in Ref. [19].
Taking similar steps allows us to obtain the equatorial

homoclinic orbit in ϕðrÞ coordinate. With the help
of (9) evaluated at the equatorial plane and (14), we first
rewrite

ϕðrÞ − ϕi ¼ IϕðτmðrÞÞ þ λmτmðrÞ; ð50Þ

where Iϕ is given by (33) and τm by (46). All the integrals
for calculating ϕðrÞ are available from (35). The result can
be written as follows:

ϕmðrÞ − ϕmi ¼
2

rþ − r−

Atanh−1ðxHðrÞÞ þ Bþtanh−1
� ffiffiffiffiffiffi

hþ
p

xHðrÞ
�
þ B−tanh−1

� ffiffiffiffiffiffi
h−

p
rHðrÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðrmsc − rm1Þðrm4 − rmscÞ

p ; ð51Þ

where the coefficients A and B� are r independent quantities involving the black hole parameters and the constants of
motion of the particle, reading as

A ¼ λmðrþ − r−Þ þ
2Maγmrþ − a2λm − aγmQ2

rm1 − rþ

�
1 −

rm1 − rm4

ðrm4 − rþÞðhþ − 1Þ
�

−
2Maγmr− − a2λm − aγmQ2

rm1 − r−

�
1 −

rm1 − rm4

ðrm4 − r−Þðh− − 1Þ
�
; ð52Þ

and

B� ¼ �ð2Maγmr� − a2λm − aγmQ2Þðrm1 − rm4Þ
ðrm1 − r�Þðrm4 − r�Þ

ffiffiffiffiffiffi
h�

p
h� − 1

: ð53Þ

Replacing xH and h� gives

ϕmðrÞ − ϕmi ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrmsc − rm1Þ3

ð1 − γ2mÞðrm4 − rmscÞ

s
r2mscλm þ ð2Mrmsc −Q2Þðaγm − λmÞ
ðrmsc − rþÞðrmsc − r−Þðrmsc − rm1Þ2

tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrmsc − rm1Þðrm4 − rÞ
ðrm4 − rmscÞðr − rm1Þ

s

−
2

rþ − r−

ð2Maγm − r−λmÞrþ −Q2ðaγm − λmÞ
ðrmsc − rþÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðrþ − rm1Þðrm4 − rþÞ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ − rm1Þðrm4 − rÞ
ðrm4 − rþÞðr − rm1Þ

s

þ 2

rþ − r−

ð2Maγm − rþλmÞr− −Q2ðaγm − λmÞ
ðrmsc − r−Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðr− − rm1Þðrm4 − r−Þ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr− − rm1Þðrm4 − rÞ
ðrm4 − r−Þðr − rm1Þ

s
: ð54Þ

The derivation of tðrÞ is straightforward. From Eq. (10) at the equatorial plane and (14) we have found

tmðrÞ − tmi ¼ ImtðτmðrÞÞ

¼ γm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − rm1Þðrm4 − rÞ

1 − γ2m

s
þ γm

rm1 þ rm4 þ 2ðrmsc þ 2MÞffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p tan−1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rm4 − r
r − rm1

r

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4ðrmsc − rm1Þ3
ð1 − γ2mÞðrm4 − rmscÞ

s
r2mscðr2msc þ a2Þγm þ ð2Mrmsc −Q2Þða2γm − aλmÞ

ðrmsc − rþÞðrmsc − r−Þðrmsc − rm1Þ2
tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrmsc − rm1Þðrm4 − rÞ
ðrm4 − rmscÞðr − rm1Þ

s

−
2ð2Mrþ −Q2Þ

rþ − r−

2Mγmrþ − ðaλm þQ2γmÞ
ðrmsc − rþÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðrþ − rm1Þðrm4 − rþÞ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrþ − rm1Þðrm4 − rÞ
ðrm4 − rþÞðr − rm1Þ

s

þ 2ð2Mr− −Q2Þ
rþ − r−

2Mγmr− − ðaλm þQ2γmÞ
ðrmsc − r−Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðr− − rm1Þðrm4 − r−Þ

p tanh−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr− − rm1Þðrm4 − rÞ
ðrm4 − r−Þðr − rm1Þ

s
: ð55Þ
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In summary, the obtained formulas (49), (54), and (55)
describe the equatorial homoclinic motion when the
parameters and initial conditions are given. They are
consistent with the results given in Appendix B of
Ref. [19], as Q → 0 that results in rm1 ¼ 0. Figure 9 shows

an example of such an orbit for the solution given above.
The parameters of the plot correspond to case C in Fig. 2.
Figure 10 considers the phase difference between the

homoclinic orbit and the circular motion on the equatorial
plane in terms of the Mino time by taking the ηmass → 0

FIG. 10. Phase difference Δϕdiff
τm ¼ ϕcirc − ϕm as a function of βλmsc

¼ jλibcoj−jλmscj
jλibcoj−jλiscoj in (45) for the case of equatorial solutions. The upper

plots are for the direct motion, and the lower plots are for the retrograde motion.

FIG. 9. Illustration of the equatorial homoclinic orbit of case C in Fig. 2. The red dotted circle is on the equatorial plane.
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limit in Eq. (45). The results of the Kerr cases are consistent
with those in [19]. In addition, the study is extended to the
black holes with finite charge to see the enhancement to the
phase difference.

VI. SUMMARY AND OUTLOOK

In this paper, we analytically derive the homoclinic
solutions for the general nonequatorial orbits in the Kerr-
Newman black holes. In the limits ofQ → 0 and restricting
on the equatorial plane, the obtained solution reduces to the
one obtained in [19]. We then consider the homoclinic
orbits with zero azimuthal angular momentum. The evo-
lution of the ϕ angle is solely due to the frame dragging
effects. The larger value of the black hole spin a gives
relatively large dragging effects, and moreover, the charge
Q of the black hole gives the boost to it. Also, we compute
the phase difference between the nonequatorial homoclinic
solutions and the unstable spherical motion, giving the
finite phase difference in terms of the Mino time as τm →
∞ (t → ∞), which might provide interesting information to
construct the full spectrum of the gravitational waves
emitted by the EMRIs.
The homoclinic solutions appear naturally in the system

due to the existence of a separatrix between the motions of
the inspiral type and the scattering type. The dynamics
becomes chaotic when a random kick is acted on the
particle [36]. The Lyapunov exponent for the chaotic
system has been extensively investigated from the view-
point of black hole systems with a probe particle based
upon the AdS=CFT correspondence. According to the
AdS=CFT duality in the case of the Schwarzschild black
hole, it is claimed that there exists the bound on the
Lyapunov exponent of such a probe particle [33]. Explicit
calculations of the Lyapunov exponent will give insight on
whether this conjecture of the bound on the Lyapunov
exponent can be applied to the Kerr-Newman black holes.
As long as any one of the evaluating Lyapunov exponents is
a nonzero positive value at large time, we could
probably see it as chaotic dynamics since the initial
infinitesimal difference experiences exponential divergence
eventually. Lastly, we can consider the system to experi-
ence an external time-dependent random noise from the
random kicks, and are able to construct a Melnikov
function. By taking advantage of the analytical expression
of the homoclinic solution, the Melnikov function
could be analytically solved. The simple zeros of the
Melnikov function imply the occurrence of chaotic
dynamics [32,37].

ACKNOWLEDGMENTS

This work was supported in part by the National Science
and Technology Council (NSTC) of Taiwan, Republic
of China.

APPENDIX A: ANGULAR POTENTIAL ΘðθÞ AND
THE INTEGRALS Gθ, Gϕ, AND Gt

For the sake of completeness, we summarize the relevant
results related to the Θm potential in the θ direction [18,34].
The angular potential (13) for the particle can be rewritten
in terms of u ¼ cos2 θ as

ð1 − uÞΘmðuÞ ¼ −a2ðγ2m − 1Þu2
þ ½a2ðγ2m − 1Þ − ðηm þ λ2mÞ�uþ ηm:

ðA1Þ

The positivity of the Θm potential required λm and ηM
restricted in some parameter space (see Fig. 9 in [18]). The
boundaries are determined from the roots of ΘmðθÞ ¼ 0,

um� ¼
Δmθ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Δ2

mθ þ 4a2ηm
q

2a2
; Δmθ ¼ a2 −

ηm þ λ2m
γ2m − 1

:

ðA2Þ

We consider the non-negative ηm ≥ 0 for the orbits
of the black hole exteriors, and that requires the full
trajectories lying in the Kerr-Newman black hole
exterior [18]. For ηm > 0 and nonzero λm of the bound
motion of the homoclinic orbits, 1 > umþ > 0 is the
only positive root that in turn gives two roots at
θmþ ¼ cos−1 ð− ffiffiffiffiffiffiffiffiffi

umþ
p Þ; θm− ¼ cos−1ð ffiffiffiffiffiffiffiffiffi

umþ
p Þ. The particle

travels between the southern and northern hemispheres
crossing the equator. The corresponding solutions are
expressed here as

τm ¼ Gθ ¼ pðGθmþ − Gθm−
Þ þ νθi ½ð−1ÞpGθ − Gθi �; ðA3Þ

where the trajectory passes through the turning point p
times and νθi ¼ signðdθidτm

Þ. The function Gθ is

Gθ ¼ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−um−a2ðγ2m − 1Þ
p F

�
sin−1

�
cos θffiffiffiffiffiffiffiffiffi
umþ

p
����� umþ

um−

�
:

ðA4Þ

Inversion of (15) gives θðτmÞ as [18,34]

θðτmÞ ¼ cos−1
�
−νθi

ffiffiffiffiffiffiffiffiffi
umþ

p
sn

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

q
ðτm þ νθiGθiÞ

���� umþ
um−

��
; ðA5Þ

involving the Jacobi elliptic sine function [35].
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The other two integrals related to GðθÞ that contribute to the solutions of ϕ and t in (16) and (17) are

GϕðτmÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−um−a2ðγ2m − 1Þ
p Π

�
umþ; am

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

q
ðτm þ νθiGθiÞ

���� umþ
um−

����� umþ
um−

�
− νθiGϕi

; ðA6Þ

where

Gϕi
¼ −

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

p Π
�
umþ; sin−1

�
cos θiffiffiffiffiffiffiffiffiffi
umþ

p
����� umþ

um−

�
ðA7Þ

and

GtðτmÞ ¼ −
2umþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−um−a2ðγ2m − 1Þ
p E0

�
am

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−um−a2ðγ2m − 1Þ

q
ðτm þ νθiGθiÞ

���� umþ
um−

����� umþ
um−

�
− νθiGti ; ðA8Þ

where

Gti ¼
2umþffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

−um−a2ðγ2m − 1Þ
p E0

�
sin−1

�
cos θiffiffiffiffiffiffi
uþ

p
����� umþ

um−

�
: ðA9Þ

The results above also involve incomplete elliptic integrals
of the second and third kinds. The derivative of EðφjkÞ can
be calculated through

E0ðφjkÞ ¼∂kEðφjkÞ ¼
EðφjkÞ − FðφjkÞ

2k
: ðA10Þ

Notice that since 0 < umþ
um−

< 1 for the bound motion, the
involved elliptic functions are all real valued and finite. In
particular, for ηm ¼ 0, the orbits are on the equatorial plane
at θ ¼ π

2
.

APPENDIX B: RADIAL POTENTIAL RmðrÞ AND
THE INTEGRALS Iθ, Iϕ, AND It

As for the radial potential, we examine the parameter
space to have positive radial potential, RmðrÞ > 0. It is a
quartic function of the form [18]

RmðrÞ ¼ Smr4 þ Tmr3 þUmr2 þ VmrþWm; ðB1Þ

where the coefficients are written in terms of the black hole
parameters and the constants of motion,

Sm ¼ γ2m − 1; ðB2Þ

Tm ¼ 2M; ðB3Þ

Um ¼ a2ðγ2m − 1Þ −Q2 − ηm − λ2m; ðB4Þ

Vm ¼ 2M½ðaγm − λmÞ2 þ ηm�; ðB5Þ

Wm ¼ −a2ηm −Q2½ðaγm − λmÞ2 þ ηm�: ðB6Þ

We name the roots as RmðrÞ ¼ ðγ2m − 1Þðr − rm1Þðr − rm2Þ
ðr − rm3Þðr − rm4Þ, being ðrm4 > rm3 > rm2 > rm1Þ. The
explicit formulas of the roots are cumbersome; we sum-
marize them below:

rm1 ¼ −
M

2ðγ2m − 1Þ − zm −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m þ Ym

4zm

s
; ðB7Þ

rm2 ¼ −
M

2ðγ2m − 1Þ − zm þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m þ Ym

4zm

s
; ðB8Þ

rm3 ¼ −
M

2ðγ2m − 1Þ þ zm −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m −

Ym

4zm

s
; ðB9Þ

rm4 ¼ −
M

2ðγ2m − 1Þ þ zm þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
Xm

2
− z2m −

Ym

4zm

s
; ðB10Þ

where

zm ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωmþ þ Ωm− − Xm

3

2

s
;

Ωm� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
ϰm
2

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
ϖm

3

�
3

þ
�
ϰm
2

�
2

s
3

vuut ðB11Þ

with
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ϖm ¼ −
X2
m

12
−Zm; ϰm ¼ −

Xm

3

��
Xm

6

�
2

−Zm

�
−
Y2
m

8
:

ðB12Þ

Xm, Ym, and Zm are the short notation for

Xm ¼ 8UmSm − 3T2
m

8S2m
; ðB13Þ

Ym ¼ T3
m − 4UmTmSm þ 8VmS2m

8S3m
; ðB14Þ

Zm ¼ −3T4
m þ 256WmS3m − 64VmTmS2m þ 16UmT2

mSm
256S4m

:

ðB15Þ

The sum of the roots satisfies the relation rm1 þ rm2þ
rm3 þ rm4 ¼ − 2

γ2m−1
. Some of the feature of Rm is illustrated

in Fig. 1. See also Fig. 10 in [18].
We at this stage show an analytical solution of bound

orbits, where rm3 ≤ ri ≤ rm4, which is suited to construct-
ing the homoclinic solution discussed in Sec. II C. The
bound solution of rðτmÞ is given by the inversion of (17),

rðτmÞ ¼
rm4ðrm1 − rm3Þ − rm1ðrm4 − rm3Þsn2ðXBðτmÞjkBÞ

ðrm1 − rm3Þ − ðrm4 − rm3Þsn2ðXBðτmÞjkBÞ
;

ðB16Þ

where

XBðτmÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − γ2mÞðrm3 − rm1Þðrm4 − rm2Þ

p
2

τm

− νriF

�
sin−1

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðri − rm4Þðrm1 − rm3Þ
ðri − rm1Þðrm4 − rm3Þ

s �����kB
�

ðB17Þ

and

kB ¼ ðrm4 − rm3Þðrm2 − rm1Þ
ðrm4 − rm2Þðrm3 − rm1Þ

ðB18Þ

with νri ¼ sign
�

dri
dτm

�
and sn denoting the Jacobi elliptic

sine function.
The other integrals involving the radial potential RmðrÞ

are obtained as

IBϕðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p 2Ma
rþ − r−

" 
rþ −

a
�
λm
γm

�
þQ2

2M

!
IBþðτmÞ

−

 
r− −

a
�
λm
γm

�
þQ2

2M

!
IB−ðτmÞ

#
; ðB19Þ

IBt ðτmÞ ¼
γmffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − γ2m

p
(

4M2

rþ − r−

"�
rþ −

Q2

2M

� 
rþ −

a
�
λm
γm

�
þQ2

2M

!
IBþðτmÞ−

�
r− −

Q2

2M

� 
r− −

a
�
λm
γm

�
þQ2

2M

!
IB−ðτmÞ

#

þ 2MIB1 ðτmÞ þ IB2 ðτmÞ


þ ð4M2 −Q2Þγmτm; ðB20Þ

where

IB�ðτmÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ

p �
XBðτmÞ
rm1 − r�

þ rm1 − rm4

ðrm1 − r�Þðrm4 − r�Þ
Πðβ�;ϒB

τm jkBÞ
�
þ νriI

B
�i

ðB21Þ

IB
�i

¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p �

FðϒB
ri jkBÞ

rm1 − r�
þ rm1 − rm4

ðrm1 − r�Þðrm4 − r�Þ
Πðβ�;ϒB

ri jkBÞ
�

ðB22Þ

IB1 ðτmÞ ¼
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ

p ½rm1XBðτmÞ þ ðrm4 − rm1ÞΠðβ;ϒB
τm jkBÞ� þ νriI

B
1i

ðB23Þ

IB
1i
¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p ½rm1FðϒB

ri jkBÞþðrm4 − rm1ÞΠðβ;ϒB
ri jkBÞ� ðB24Þ
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IB2 ðτmÞ ¼ −νr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrðτmÞ − rm1ÞðrðτmÞ − rm2ÞðrðτmÞ − rm3Þðrm4 − rðτmÞÞ
p

rðτmÞ − rm1

−
rm3ðrm4 − rm1Þ − rm1ðrm4 þ rm1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p XBðτmÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrm3 − rm1Þðrm4 − rm2Þ

p
EðϒB

τm jkBÞ

þ ðrm4 − rm1Þðrm1 þ rm2 þ rm3 þ rm4Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p Πðβ;ϒB

τm jkBÞþνriI
B
2i

ðB25Þ

IB
2i
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðri − rm1Þðri − rm2Þðri − rm3Þðrm4 − riÞ
p

ri − rm1

−
rm3ðrm4 − rm1Þ − rm1ðrm4 þ rm1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ
p FðϒB

ri jkBÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðrm3 − rm1Þðrm4 − rm2Þ

p
EðϒB

ri jkBÞþ
ðrm4 − rm1Þðrm1 þ rm2 þ rm3 þ rm4Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðrm3 − rm1Þðrm4 − rm2Þ

p Πðβ;ϒB
ri jkBÞ: ðB26Þ

The parameters in the equations above are

ϒB
r ¼ sin−1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr − rm4Þðrm1 − rm3Þ
ðr − rm1Þðrm4 − rm3Þ

s
; ϒB

τm ¼ amðXBðτmÞjkBÞ ðB27Þ

νr ¼ sign

�
drðτmÞ
dτm

�
; βB� ¼ ðrm1 − r�Þðrm4 − rm3Þ

ðrm4 − r�Þðrm1 − rm3Þ
; βB ¼ rm4 − rm3

rm1 − rm3

: ðB28Þ
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