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Black holes with dyonic charges in Einstein-Maxwell-dilaton-axion supergravity theory are revisited in
the context of black hole shadows. We consider static as well as rotating (namely the dyonic Kerr-Sen)
black holes. The matter stress-energy tensor components, sourced by the Maxwell, axion and dilaton fields,
satisfy the standard energy conditions. The analytical expressions for the horizon and the shadow radius of
the static spacetimes demonstrate their dependence on P? 4+ Q% (P, Q the magnetic and electric charges,
respectively) and the mass parameter M. The shadow radius lies in the range 2M < Ryqow < 3v3M and
there is no stable photon orbit outside the horizon. Further, shadows cast by the rotating dyonic Kerr-Sen
black holes are also studied and compared graphically with their Kerr-Newman and Kerr-Sen counterparts.
Deviation of the shadow boundary is prominent with the variation of the magnetic charge, for the relatively
slowly rotating dyonic Kerr-Sen spacetimes. We test any possible presence of a magnetic monopole charge
in the backdrop of recent EHT observations for the supermassive black holes M87* and SgrA*. Deviation
from circularity of the shadow boundary (AC) and deviation of the average shadow radius from the
Schwarzschild shadow radius (quantified as the fractional deviation parameter 6) are the two observables
used here. The observational bound on AC (available only for M87*) is satisfied for all theoretically
allowed regions of parameter space and thus cannot constrain the parameters. The observational bound on &
available for SgrA* translates into an upper limit on any possible magnetic monopole charge linked to
SgrA* and is given as P < 0.873M. Constraints on P obtained from other astrophysical effects are however
expected to be far more stringent though rigorous analyses along these lines is lacking in the literature. In
addition, future refined imaging (shadow) observations will surely help in improving the bound on P

arrived at here.
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I. INTRODUCTION

The Reissner—Nordstrom (RN) geometry representing
the gravitational field due to a charged massive object is
among the earliest known exact solutions in general
relativity coupled to electromagnetism, i.e. the Einstein-
Maxwell theory. A straightforward generalization of this
solution is the dyonic RN spacetime [1] which can be
written down by just replacing the Q2 in RN spacetime with
P? + Q?, where P represents the “magnetic” charge and Q
is its “electric” counterpart. However, for the dyonic
solution, the definition of the electromagnetic potential
A; is a little tricky—one needs, as expected for a dyon, a
two-patch definition—one for the northern hemisphere and
the other for the southern. The standard electric-magnetic
duality which arises when both magnetic and electric
charges are present keeps the solution unchanged. The
horizons and other features for the dyonic RN spacetime
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resemble those for the usual RN geometry modulo the
presence of the extra magnetic charge.

It is also known that additional matter fields (other than
Maxwell) such as the dilaton and/or the axion appear in the
context of supergravity theories or in low energy effective
actions which emerge out of full string theory [2-4]. In
such scenarios too, one expects dyonic solutions represent-
ing gravitational fields of such objects. Among various
known solutions [2-7] there are static, spherically sym-
metric ones as well as stationary spacetimes wherein
rotation is present. The purpose of this article is to revisit
such known solutions without and with rotation. Our
primary aim is to learn how the various theory parameters
(e.g. electric, magnetic as well as other charges) control the
nature and profile of the shadow/silhouette created by the
gravitational field representing such solutions. We also try
and see if any meaningful constraint can be placed on the
various charges, using the known shadow observations for
the supermassive compact object present in M87* [8—10]
and for SgrAx [11,12]. Though dyonic scenarios presently
have little to do with observations in other contexts, we will
see how one may place bounds on their viability through
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shadow observations. In other words, we try to show that
what is seen in the images may also be explained using
hypothetical constructs which by no means can be ruled out
altogether, unless other observations imply mismatches and
contradictions.

Shadows in Kerr-Sen black holes [4] have already been
studied by several authors [13—15]. The rotating version of
the dyonic black holes in Einstein-Maxwell-dilaton theory
[2,16] and its shadows was studied in [17]. In [18], the
authors investigated shadows of regular (Bardeen) black
holes having magnetic monopole charge sourced by non-
linear electrodynamics coupled to GR. The presence of
axionic hair or the Kalb-Ramond field and their influence
on the shadow of M87* was investigated in [19]. In [20],
the authors investigated the effect of QED on the shadows
of the static black holes with magnetic monopoles. There
are also several other studies on the shadows of hairy black
holes. For example, the authors of [21] studied the shadows
cast by the rotating black holes with anisotropic matter
fields which could describe an extra U(1) field as well as
diverse dark matter. Studies on the shadows of braneworld
blackholes such as in [22,23] are among other examples.
For a more recent study on the shadows of the black holes
in the extended or alternative gravity theories, in the light of
the observations of SgrA*, see [24].

Our article is organized as follows. In Sec. II we recall
the static black hole solutions and discuss the energy
conditions in Einstein-Maxwell-dilaton-axion (EMDA)
supergravity theory. Section III provides a summary of
the corresponding stationary solutions (dyonic) which
include rotation. Shadow calculations and related details
are presented in Sec. IV and connections/comparisons with
observations are outlined in Sec. V. Section VI is a
summary with concluding remarks.

Throughout the paper we consider the units G = 1
and ¢ = 1.

II. BLACK HOLES IN EINSTEIN-MAXWELL-
DILATON-AXION SUPERGRAVITY THEORY

The Einstein-Maxwell-dilaton-axion (EMDA) super-
gravity theory is described by the action [6]

1 1
SEMDA = /d“x\/—_g {R ) (0D)? — 562‘1}(05)2

— e ®F2 4 gFﬂFW} , (2.1)

where ® and ¢ are the dilaton and axion fields, F, is the
usual electromagnetic field tensor, F 2=F M,,F"”, and
Frv = #__ge”’”’/} F,p is the dual electromagnetic field ten-

sor. The equations of motion of the dilaton, axion fields are
obtained as

O® — e2®(0)? + e ®F? =0, (2.2)
and
O& 4+ 2VFOV & + e 2%F , F* = 0. (2.3)

The equation of motion for the electromagnetic vector
potential A, (where F,, =d,A, —9d,A,) is obtained as

V,(—e"®Fm + gFm) =0, (2.4)
along with the usual Bianchi identity,
V,,I:“"” =0. (2.3)

The equation of motion for the metric tensor g, is obtained
by varying the action (2.1) with respect to g,,. We get

1

1
R;w = Ev;tqu) + Eez‘bvﬂgvug =+ 26—¢F}40F1/a

1
_ _glwe—CDF2’

: (2.6)

where R, are the Ricci tensor components.

A. Static black hole solution

The static black hole solution in such a system has
already been obtained in [6], where the authors used
symmetry transformations on the axion and dilaton fields
to obtain its form. In this section, we first outline the
derivation of the same solution by solving directly the
Einstein field equations. Thereafter, we analyze the struc-
ture of the black hole solution.

We consider the ansatz for the spherically symmetric
static line element,

ds —A%(R)dt +A2(R)

static

dR? + R2(d6? +sin®6dg?).

(2.7)

We also assume nonvanishing components of the electro-
magnetic field tensor,

FOIZ—FI():S(R), F23:—F32:B(R)Sin9. (28)
Then Eq. (2.4) becomes
—-o R2 /
(e L §B> —0, (2.9)

where the prime (') denotes the derivative with respect to
the radial coordinate R. The Bianchi identity is satisfied for
B(R) = P (a constant) and P is therefore identified as the
magnetic charge since
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- P
Ry
Integrating Eq. (2.9), we get
Q-¢p
L‘::l//eq)< R2 s (211)

where the integration constant Q is identified as the electric
charge, since, at large R, £~ Q/R*. The equations of
motion [Egs. (2.2) and (2.3)] for the dilaton and the axion
field become

AZRZq)/ 1 5‘2 P2 R2A2
< > :2€_¢I/IR2 <___> _|_62<D 5/2’
2 4
v v R v

(2.12)

and

<A2R25/ (2.13)

/ AZRZ
) =2 —E —4e72®PE.
v v

Note from Eq. (2.13) that for§ = 0, P = 0, or Q = 0. From
Eq. (2.6), we get three nonvanishing components which are

_a A_/Z_A/W,+(A,R2)/ =e PA? 5—2+P—2
00 w? A2 Ay AR2 v RY)’
(2.14)
2/ A2 Ay (AR
Rll :7_72+ T AR
Ry A Ay AR
1 1 ~ WZ g2 p2
:E(I)’2+§ez‘bf’2—e ¢P<P+F . (2.15)

AN A’R? ! g p?
R22: 1—2R—2+ 3 <g> :R2€_¢<—2+ )
W s W

R R*
(2.16)
Using Egs. (2.14) and (2.15), we get
2y 1 1
L =P =222, 2.17
Ry 2% 3% (2.17)

Demanding proper asymptotic behavior, i.e. ® — 0 and
E— 0,y — 1 for R > oo, we assume

! 2 R2
A .
174 R -+

R(R* +6%)’ (2.18)

where o7 is a constant. From Egs. (2.14) and (2.16), we get

2 vy

[1 WRZ)]’ —y (2.19)

Solving this equation with the assumption on y given in
Eq. (2.18), we obtain the solution for A(r) as

2MVR* + 6> P2+ (Q?
NR)=1-" . (220)

where the integration constants are identified as the mass M
and the sum of the square of the charges (P> + Q7). The
black hole resembles the Reissner-Nordstrom black
holes asymptotically. Using Eqgs. (2.18) and (2.20) the
solution for the equations of motion for the dilaton and
axion fields is

2d 2(k* + d*
e®=1 + R? +k* + & +%, (2.21)
2kVR* + k> + d?
e (2.22)

62 9
R? +2dVR? + k* + d*> + 2(k* + d°)

2_2 . .
where d = (PZMQ) and k :% are dilaton and axion

charges, respectively, and 6> = k> + d°.

In the absence of both electric and magnetic charges
(i.e. P=Q =0), the dilaton and axionic charges also
vanish, i.e. k = d = 0, and we recover the Schwarzschild
black hole. For any nonzero P and/or Q, the line element
does not resemble the Riessner-Nordstrom black holes.
This signifies that these black holes are hairy. Another
distinguishing feature of these black holes is that they have
single horizons—unlike the Riessner-Nordstrom. Using the
relation k? + &> = (P? + Q?)?/4M? in the f(R,,) = 0, we
get the horizon radius as

P+
2M?

Ry, =2M\/1 — (2.23)
This feature is also different from Riessner-Nordstrom and
the dyonic black holes with dilaton field as the only scalar
hair. We notice a double horizon in general and extremal
horizon in a special situation. However, the static version of
the Kerr-Sen black holes shares the similar feature of a
single horizon. For black holes,

2 2

(2.24)

otherwise, we have naked singularities. This is illustrated
in Fig. 1.

B. Energy conditions

By identifying the nonzero components of the stress-
energy tensors as 70, = —p, T'; = 7, and T%, = T35 = p,
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FIG. 1. ﬁ Vs % parameter space is plotted. The shaded circular
region indicates the allowed parameter space for black holes and
the exterior region in parameter space corresponds to naked
singularities.

where p (energy density), 7 (radial pressure), and p

(tangential pressure) are defined in the orthonormal frame

basis, and using the Einstein field equations (T,, = G,/

87G), we analyze all the energy conditions. We find that:

(a) The null energy conditions (NECs), i.e. p + 7 > 0 and
p+ p > 0, are satisfied when A%(R) > 0. This implies
that the NEC is satisfied on and outside the horizon of
the black hole. For a naked singularity, the NEC is
satisfied for all R.

(b) The weak energy conditions (WECs) implies p > 0
in addition to the NECs. Using the Einstein field
equation

1 1 (AZ)/ A2 Azl//

=— |- — 2 . (225
P =816 |R2 Ry? R21/12+ Ry’ (225)

One can check that p > 0 for R > R;,/+/3 for black
holes, and for all R in case of naked singularities.
Thus, the WEC is also satisfied on and outside the
horizon of the black holes.

(c) The strong energy condition, i.e. p +7+2p >0, is
satisfied for all R irrespective of black holes or naked
singularities.

(d) The dominant energy conditions, i.e. p >0, p > |7],
and p > |p|, are satisfied on and outside of the
black hole horizon, and for all R in case of naked
singularities.

It was conjectured [25,26] that “a violation of either the
dominant or the strong energy condition is a necessary
condition for the existence of an antiphoton sphere outside
a regular black hole horizon.” Thus, according to our

analysis of the energy conditions, the static dyonic black
holes in the EMDA theory do not consist of antiphoton
sphere or stable photon orbits.

III. DYONIC KERR-SEN BLACK HOLES

Dyonic Kerr-Sen black holes are the rotating versions of
the static black holes. The Newman-Janis algorithm [27,28]
can be applied to obtain such rotating black holes. After
introducing a new radial coordinate r such that the squared
arearadius R> = r> — 2dr — k> orr = VR> + k> + d°* + d,
the static line element [(2.7), (2.18), and (2.20)] becomes

2
ds? = —f(r)de +%+ h(r)(d6P + sin® 0dg?),  (3.1)
where
. 2M(r—d)-P*-Q?
1) = glr) =1 - =52
2 _ 12 2\ ~1
_ (1_2(d+M)+2P : k)(l_z_d_k_2> |
r r roor
(3.2)
and
h(r) = Rz(r) =2 =2dr — k>
2d  k?
:r2<1—r—r2>. (33)

In terms of the advanced Eddington-Finkelstein coordi-
nates (u, r, 6, ), where du = dt —dr/f(r), Eq. (3.1) is
written as

ds? = —f(r)du® = 2dudr+ h(r)(d6* +sin>0d¢*).  (3.4)
The inverse metric components of the line element (3.4)

can be decomposed using the null tetrad Z¢, =
(I#,n#, mt, m*) as

g = =l'n¥ = I'n* + m*m* + m*m, (3.5)
where
p=w,  w=d-Lo
= (5’; . ”) (3.6)
V2h sing
Using the complex transformation
r—r =r+iacos6, u—u =u—iacos6, (3.7)

where a is the rotation parameter, and replacing the terms

2 hy A2 — I — 2 2002 2 Loy 2
r? by p? =7r'r" =r’+a’cos’0 and 7 by (5 + ) =2
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we get the new metric in the Eddington-Finkelstein

coordinates [17,29],

ds* = —F(r,0)du® — 2dudr + 2asin*0[F (r,0) — 1]dud¢
+ 2asin*@drd¢ + H(r,0)do*

+ sin?0[H(r,0) + a’sin’*0(2 — F)|d¢?, (3.8)

where F(r,0) and H(r,6) are complexified forms of f(r)
and h(r), respectively. In our case, using Egs. (3.2) and
(3.3) we get

f(r)—=F(r.0)
2(d+M)r 2P>—K? 2dr k*\7!
:<1_ 5 + 5 1—/3—2—? . (3.9)

2dr k¥
h(r) = H(r,0) :f)2<1 - Azr —A—2>. (3.10)
PP

In Boyer-Lindquist coordinates, the new metric [Eq. (3.8)]
for the rotating black hole finally takes the form [17]

__H
-

FH + a*sin®6

+ Hd6* + sin0[H + a*sin’0(2 — F)]d¢>.  (3.11)

ds? = —Fdi® — 2a(1 — F)sin®0didg + ?

After simplification using the explicit forms of F(r,6) and
H(r,0) in our case, we arrive at the line element for a
rotating dyonic black hole in Boyer-Lindquist coordinates:

N _p2_ 2
dsz——<1—2M(r d)—P Q)dt2

A

2asin’0
- “S; (2M(r - d) — P> — 0*)dtd¢p

2ain2
(P =2dr—i2 4@+ op(r—a)
s

b .
-P?- Q2)> sin?0d¢? + Zdr2 + 2d6?, (3.12)
where the functions A(r) and 2(r,6) are
A=r2=2dr-2M(r—d)—k*+a*+P*+ Q2 (3.13)
and
S =72 —2dr— k> + a*cos 6. (3.14)

This metric was already derived in [30,31] using a different
method. This is known as the dyonic Kerr-Sen black hole
spacetime. Here, M and a are the mass and rotation
parameters of the black hole. Q and P are the electric
and magnetic charges, respectively. d = (P> — Q%)/2M
and k = PQ/M are the dilaton charge and axion charge,

respectively. If the magnetic charge of the black hole
vanishes, i.e. P = 0, then it reduces to the Kerr-Sen black
hole. For the special case, P = Q, the dilaton charge
vanishes, i.e. d =0, but axion charge k # 0. This is a
distinguishing feature of dyonic Kerr-Sen black holes.

There is a curvature singularity at » = 0 covered by the
radius

2 2 2 2\ 2
Y i\/<M—P +Q> —a*.  (3.15)

2M 2M

The corresponding event horizon and Cauchy
horizon are given by R, =+/r2 —2dr,_—k* and R_ =

rE =2dr_ - k2, respectively. The horizon can exist only

for
2\ 2 2
1 - ZC Z a_a
2M?> M?

where Z2 = P? + Q2. Otherwise, the spacetime describes a
naked singularity. This is illustrated in Fig. 2.

(3.16)

IV. BLACK HOLE SHADOWS

In this section we study the shadow cast by the black
holes (both rotating and nonrotating) on the observer’s sky.
We assume the black hole shadow in background light
coming from distant sources only. In reality, other factors,
such as light coming from an accretion disk of the black
hole or light propagation influenced by plasma and dust in
the medium surrounding the black hole, should also be
considered if one is interested in the complete observational
appearance of the shadow. However, the size and shape of
the shadow, which is of interest to us in this study, do not
get significantly affected by these factors [32].

In order to separate the radial (r) and angular () equation
of motion for photons, we use the Hamilton-Jacobi method.
For the rotating case we use Boyer-Lindquist coordinates. In
nonrotating cases, Schwarzschild coordinates are the stan-
dard choice.

A. Shadows of (rotating) dyonic Kerr-Sen black holes

The Hamilton-Jacobi (HJ) equation for photon trajecto-
ries is given by

oS

H(x# —=0 4.1
(. p) + 5, =0, (1)
where S(x#, 1) is the Jacobi action, 1 is the affine parameter,
and H(x*, p,) is the Hamiltonian corresponding to the
Lagrangian null trajectories given by £ = % Gu X" =0,
and “dot” represents the derivative with respect to the affine

parameter A. The conjugate momentum is p, = &5 = 9.
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In (a) the shaded region in the a/M — Z. parameter space corresponds to black holes. In (b) the plot is extended into the full

FIG. 2.
3-D parameter space of a/M, P/M, and Q/M. Note that Z2 = P? + Q°.

where y = C/E? (C is the Carter constant) and [ = L/E.

We can write S, using separation of variables, as
The radial equation is
S=—Et+Lg¢+S(r)+5°0), (4.2) ds"
= =E\/-V(r), (4.8)

where E = —p, and L = p, are the constants of motion.

As S does not depend explicitly on 4, the HJ equation
becomes H = %g’“’pﬂpy =0. Using p, = % = % and (I—ap (P —2dr— i+ —al)?
—a)*+y (r\—2dr—k"+a " —a

V(r)=—— 2 TX_ o . (4.9)

0 . .
=95 — 45" and the inverse metric components
A

Po=06= a0
For unstable photon orbits V(rp,) = V'(ry,) = 0. After

where the effective potential

= — (r2 =2dr — k2 + a®)* — Ad®sin2 0 43)
ZA simplification, we obtain I(ry,) and y(ry,) as
a N
g =" = ——(2M(r—d)—P*—Q%), (4.4) 1 ( A(rpn)
A ron) == r2y+a*=2drpn— k> —4(ry—d)—= ),
( ph) a ph ph ( ph )A/(rph)
A _ 2 an2
g¢¢ _ AA Aa .sm 9’ (4'5) (4_10)
> Asin’? 0 .
B 16(rph - d)ZA(rph)
A I How) =)
== =z (4.6) ’ A
z z 1 2 2 A<rph) 2
. . —— | ron —2drpn —k —4(rpp — d) = ,
we expand the HJ equation and obtain the separated angular a A'(rpn)
and radial equations of motion for photons. The angular (4.11)
equation of motion is
. where A(r,;,) and A'(r,,) can be obtained from Eq. (3.13).
ds” — E\/0(0) To observe the shadow on the sky, one needs to set up a
de suitable coordinate system. The four velocity of a timelike
_ I 2. 2 observer around a rotating black hole (such as Kerr
o E\/X Feot"0 + a*cos™, (4.7) spacetime) is given by [32]
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X

FIG. 3. Bardeen’s (a, ) coordinates for the observer’s sky.

B (r? +a*)0, + ad, iln
u= J5A \ (4.12)
ro9o0

where r, and 8, are the coordinates of the observer with
respect to a Kerr black hole expressed in Boyer-Lindquist

coordinates. For the dyonic Kerr-Sen black hole, XA in

the expression is just replaced by V3 A. We assume for the
observer on Earth, r, > M > a. Then the observer four
velocity takes the form u ~ d,, i.e. a static observer. In
general, the location and motion of the observer affects the
size and shape of the shadow in the observer’s sky.
However, for the distant black holes M87* and SgrA*
these effects are negligible, as discussed in [33]. For such
static observers in an asymptotically flat spacetime, we use
the celestial coordinates (a, ) on the observer’s sky.
These coordinates were introduced by Bardeen [34,35]
(see Fig. 3). In Bardeen’s coordinate system, the Boyer-
Lindquist coordinates describing the black hole spacetime
coincide with the Cartesian XYZ coordinates, at very large
distances from the origin (the location of the black hole).
For such a distant observer, the sky is the @ — f plane which
is perpendicular to the line joining the observer to the black
hole. For a light ray reaching the observer, the tangent
drawn from the observer hits the sky at the point (a;, j3;).
Thus, a and f have the dimension of length (or mass, for
G =1, ¢ = 1). Hence, to get the angles which define the
shadow boundary, one has to use (a/ro, /7o), Where r is
the distance to the black hole from the observer. Under
these assumptions, the celestial coordinates for the observ-
er’s sky are obtained as [35]

a=-— p=t,/000,).

sinf,’

(4.13)

where 6, is the inclination angle of the observer with
respect to the black hole’s rotation axis Z. The parametric

plot a(ry,) versus f(rp,) using Egs. (4.10), (4.11), and
(4.13) gives the shadow profile.

However, for asymptotically nonflat spacetimes, one
needs to use different coordinates. One such coordinate
system [36,37] uses two astronomical angles, azimuthal
angle (y) and colatitude angle (9), to locate a point on the
celestial sphere with the observer at the origin. The angle 8
is the angle between the tangent to the light ray and
the radial direction from the observer to the black hole. The
angle y is the azimuthal angle of the tangent ray in the
equatorial plane orthogonal to the observer—black hole
direction. Each light ray has a definite set of values (39, ).
The shadow is defined by all [9(rpp,), w(rpn)]. The stereo-
graphic projection of all [9(ry,).w(rp,)] gives the shadow
boundary. The above characterization as well as its relation
with the original Bardeen formalism is elegantly discussed
in the well-known and very recent review [32].

In Fig. 4, the comparison between the shadow profiles
for different values of a/M, Q/M, and P/M are shown for
the Kerr-Newman, Kerr-Sen, and dyonic Kerr-Sen black
holes. We note that as we increase the P/M values the
deviations from the Kerr-Sen and the Kerr-Newman black
holes are more prominent. However, as the a/M value
(rotation parameter) is increased the maximum deviation
from the Kerr-Sen black holes is found to decrease. This is
more prominent in Fig. 5, where all the shadow boundaries
approach the outermost black solid curve for the Kerr black
holes, as the rotation parameter value is increased.

B. Shadows of static black holes

Using the line element [Eq. (2.7)] for static black holes,
the equations of motion for the photon trajectories are

d 0
d—ngE\/;(—lzcotZH, (4.14)
dsk

where y = C/E?, 1= L/E, C is Carter constant, L is
angular momentum. The effective potential for the radial
equation of motion

V(R) (4.16)

v y+0P 1
AR A

For the photon sphere radius (corresponding to the unstable
orbits), V(R,,) = V'(Ry,) = 0, which leads to the relation

A (Rph)

R h — .
: A/(Rph)

(4.17)

Using the expression of A(R) [Eq. (2.20)], we obtain a
quadratic equation
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FIG. 4. Shadow boundaries are plotted in the observer’s sky, i.e. 37 vs % space. The black dashed and the solid blue curves in each part
denote the shadow boundaries of the Kerr-Newman and the Kerr-Sen black holes, respectively. The solid red curve denotes the dyonic
Kerr-Sen black holes. In the top panel, a/M = 0.5 and Q/M = 0.85 for all three parts [(a)—(c)] but P/M increases for the dyonic Kerr-
Sen black holes as we go from (a) to (c). In the bottom panel, the a/M value is increased to a/M = 0.65 for parts (d)—(f). The Q/M
value is also fixed at Q/M = 0.75 but P/M values are increased for dyonic Kerr-Sen black holes as in the top panel. The inclination

angle 6, = 90 degrees for all of the parts.

2 — —Zc 2 _ 2 2 — 2= B . 4.20
x> +bx+c=0, whereb 2 +47%2 -9, a+p=y+ Az(Rph) A’Z(Rph) (4.20)
and ¢ =275-27%, (4.18) . . )

Therefore the shadow radius for static black holes is
where x = R} /M? and Z: = (P> + Q%)/M?. Then we Ry
obtain the photon radius from the root of the quadratic Rihadow = A(Ry,)
equation, i.e. P 2
2
Ry —b+ Vb —4c =M = - (42
Ay (4.19) x=2\/x+5+Z:

For the celestial coordinates @ and f as defined earlier ~ where x is given by Eq. (4.19). For the critical value Z2 = 2
[Eq. (4.13)] with a = 0, we obtain the photon-sphere radius vanishes (R, =0) but the
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(b) a/M =0.85, Q/M = 0.52, P/M = 0.165

Shadow boundaries are plotted in the observer’s sky, i.e.

2lR
=la™

(€) a/M =0.95, Q/M = 0.30, P/M = 0.09

Zvs % space. The black dashed and the solid blue curves in each part

denote the shadow boundaries of the Kerr-Newman and the Kerr-Sen black holes, respectively. The solid red curve denotes values for the
dyonic Kerr-Sen black holes. The outer black solid curve is for Kerr black holes with corresponding rotation parameter (a/M) value. The

inclination angle 6, = 90 degrees for all of the parts.

shadow radius does not vanish (Rg,q0w = 2M). Thus,
the shadow does not exist for naked singularities. For,
P=0=0,ie. Z,=0, Ryagow = 3V3M, which is the
case for the Schwarzschild black hole.

V. OBSERVATIONAL BOUND ON ROTATING
BLACK HOLES

We can test the possible existence of rotating dyonic
Kerr-Sen black holes using the observations of black hole
shadows of M87* and SgrA*. To do this, we may define
two observational quantities which are (i) deviation from
circularity (AC) [38] and (ii) fractional deviation parameter
(6) related to the average shadow diameter [12,39,40].
These two quantities are described as follows.

We note that the shadow profile is symmetric about
p =0, i.e. the a axis. The geometric center of the shadow
image on the o axis is obtained by taking its mean.
Therefore, the center of the shadow profile is

_foch
a, = fdA’

pe=0, (51)

where dA = 2fda is the area element on the shadow image.
From the geometric center of the shadow image, the radial
distance Z(¢) to any point on the shadow boundary,
making an angle ¢ with respect to the a axis, can be
expressed as

() =/ (ald) —a )+ @R (52)

Then the average shadow radius can be defined as the root
mean squared radius, i.e.

1

R, = / " a2 () (5.3)
o= | | |

Finally, the deviation from circularity is defined as [38]

1
R,

AC =

\/5 [ e - ra. 54

For the computation, it is more convenient to use Tph @8
the parameter instead of ¢. Then, we can express R, and

AC as

vg

1 T'ph—
Re%vg = 77:/ (ﬂ/(a - ac) - ﬂa/)drpm (55)

ph+

1 1 Tph— Ravg 2
Ran\/;[ph+ (ﬂ/(a_aC)_ﬁal) (1_ Z > drph’

(5.6)

AC=

where /' :% and o =-2%. Here r,,, and Tph— are
P

dry, p
obtained from the roots of ﬁp (rpn) = 0, i.e. the values of
rpn for which the shadow boundary cuts the a axis. In other
words, ¢(rpny) = 0 and ¢(rp,—) = 7. The geometric center
of the shadow (., f3.) can also be expressed in terms of the
parameter 7y, as

Foh—
a. = f’vih+ aﬁa’drph pe=0
c Foh— ’ c .
rp‘;i padry,

(5.7)
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(a) The contour plots for different values of AC are shown over a/M vs 6, parameter space, for Kerr black holes. The black

dashed line corresponds to 6, = 17°. (b) AC is plotted as a function of a/M for the inclination angle 6, = 17°.

Note that a(ry,), B(rpn) are obtained from Egs. (4.10),
(4.11), and (4.13).

Six parameters are used to describe a dyonic Kerr-Sen
black hole solution. These are mass (M), rotation (a),
electric charge (Q), magnetic charge (P), dilaton charge
(d), and axion charge (k). However, the dilaton and axion

- P2_Q2
charges depend on the parameters P and Q, as d = —;

and k = %. The black hole mass M is determined by other

observations. The geometry of the spacetime and, con-
sequently, the shadow profile possess a symmetry so that

AC

0.00445

0.00356

ZJIM

0.00267

0.00178

0.00089

0.4

0.0 0.2

instead of treating P and Q as independent parameters we
define a new parameter Z> = P> + Q7. All possible values
of P and Q satisfying a given fixed value of Z,. give the
same geometry and the shadow profile. This is due to the
duality of the dyonic charges. Thus effectively, we have
two free parameters: the rotation a and Z.. We constrain
this parameter space (a/M vs Z./M) from observations of
the shadows of M87* and SgrA*.

From the observation of the shadow of M87*, the EHT
collaboration has given a bound AC <0.1 for an

AC

0.060

0.048

ZJM

0.036

alM

(b)

FIG. 7. The contour plots for different values of AC are shown over a/M vs Z./M parameter space for dyonic Kerr-Sen black holes.
For plot (a) the inclination angle is 6, = 17° and for plot (b) 8, = 90°. In the plots, Z, = /P> 4+ Q. The white excluded region of the

parameter space is for naked singularities.
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inclination angle 6, = 17° [8§-10]. However, the bound on
AC from SgrA* is not available. From Fig. 6(a), we note
that for Kerr black holes the maximum value AC < 0.07 for
all inclination angles (6,). Considering the orientation of
the observed relativistic jets from the M87*, the inclination
angle is estimated to be 6, = 17° [41]. In Fig. 6(b), the
variation of AC is shown as the function of a/M. Note that
the maximum value of AC < 0.005 for the inclination angle
6y = 17°. For the same inclination angle, we scanned the
parameter space a/M —Z./M for the dyonic Kerr-Sen
black holes. From Fig. 7(a) we note that AC < 0.00534 for
6y = 17°. As AC increases with the inclination angle 6,
we have also scanned the parameter space for the inclina-
tion angle 6, = 90° in Fig. 7(b). The maximum possible
deviation is AC < 0.072. Therefore, we conclude that all
black hole parameters are allowed and the present obser-
vational bound on the deviation from circularity cannot
constrain the parameter space of the dyonic Kerr-Sen
black holes.

The recent EHT papers on SgrA* observations have used
the fractional deviation parameter & to constrain the
spacetime geometries different from the Schwarzschild
or Kerr black holes. The definition of ¢ is as follows:

d sh

dsh,Sch

Ravg

3V3M

where the average diameter of the shadow dg, = 2R,
Using the observations of the shadow of SgrA* and two
separate sets of prior values of mass and distance of SgrA*
from the VLTI and Keck observations, the EHT collabo-
ration provided the bound on 6 [11,12] as

S = - 1=

—1, (5.8)

—0.081099 (VLTI
_{ —0.09 ( ) (5.9)

~ 1 -0.040%  (Keck).

Therefore, we get the common range of o, —0.14 < 6 <
0.01, which is in the observational limits of both VLTI and
Keck data.

In Fig. 8, we scan the parameter space a/M — 0, with the
contours labeled by different values of ¢ for the Kerr black
holes. It is noted that —0.0704 < 6 < O for all parameter
values. Thus, the Kerr black hole parameters are uncon-
strained from the observational bound on 6 from SgrA*.
Further, we note that the variation in 6 is less sensitive to the
variation of 6,. Moreover, in the observation of SgrA*,
inclination angle greater than 50° is disfavored.

Therefore, we choose 6, = 50 in Fig. 9(a), where we
scan the parameter space a/M — Z./M with contours of
different 6 values for the dyonic Kerr-Sen black holes. In
the blue shaded region of the plot § < —0.14 which means
that the corresponding parameter values (a/M,Z./M) are
not allowed according to the observations of the SgrA*.
Further, we note that for a Z./M value greater than the
critical limit 0.873, no a/M value can satisfy the

8 (in degrees)

FIG. 8. The contour plots for different values of § are shown
over a/M vs 6, parameter space, for Kerr black holes. The black
dashed line corresponds to 6, = 50°.

observational constraint. This critical value of Z./M is
independent of the inclination angle 6, as the critical
limit corresponds to the a = 0, i.e. the static black hole.
In Fig. 9(b), we show the variation of ¢ as a function of
Z./M for static black holes, using the analytical expression
for the shadow radius given in Eq. (4.21). There, we
explicitly show the critical limit of Z./M. We conclude that
Z./M <0.873 and for any of allowed Z./M values, the
allowed range of a/M must be within the allowed region of
space shown in Fig. 9(a). In other words, a value Z./M >
0.873 is not allowed for any rotation parameter a.

VI. COMPARISON WITH OTHER OBSERVATIONS

Magnetic monopoles are a natural outcome of grand-
unified theories (GUTs) [42] and were among the original
motivations for cosmic inflation [43,44]. They have been
searched for in various experiments [45—47]. Primordial
black holes with magnetic charges, which have reached the
extremality condition in the course of cosmic evolution and
do not Hawking radiate anymore, can be a possible dark
matter candidate [48]. They are termed as the extremal
magnetic black holes (EMBHs). Various astrophysical
limits on such EMBHs were discussed in [48]. The authors
in [48] put constraints on such black holes with mass range
having the upper limit M < 10%* gm. Therefore, these
black holes cannot be used for modeling supermassive
black holes such as MS87* or SgrA*. Hence, bounds
obtained from observations of shadow images, as discussed
in this article, are not directly applicable to such EMBHs.
However, we can develop some qualitative idea on what
type of physical processes can indeed give bounds on any
magnetic charge present in supermassive black holes such
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(a) The contour plots for different values of § are shown over a/M vs Z,./M parameter space for dyonic Kerr-Sen black holes.

The inclination angle is 8, = 50°. The blue shaded region is observationally disfavored as there § < —0.14. (b) The black solid line is
the plot of § as the function of Z,./M for static black holes, i.e. @ = 0. The red dashed line corresponds to 6 = —0.14 (the observational
limit). It intersects the black solid curve at Z-/M = 0.873, meaning Z-/M < 0.873 to satisfy the observational constraint.

as the one at the center of our galaxy. In the following, we
discuss two such possibilities.

(a) From the observed temperature of clouds of warm
ionized medium (WIM) in the Milky Way [49], we can put
some upper bound on the magnetic charge of SgrA*.
Following the calculations of [48], we get a rough estimate
of an upper bound on any magnetic charge that may be
present in SgrA*. While the magnetized black hole passes
through the surrounding plasma (WIM), the black hole
deposits energy into the plasma. The rate of energy
deposition is given by [48]

dE
92 9% 106
a_ " (

) erg/ sec, (6.1)

P
10° gm

where P is the magnetic charge (in the mass unit) of
the black hole. Note that in [48] natural units c = 1, 7 = 1
are used. In these units, the magnetic charge Q,, is unitless

and given by Q,, = P/m,, where the Planck mass m, =

G~'/2 = 1.22 x 10" GeV. This process heats up the sur-
rounding gas clouds. On the other hand, the observed
cooling rate per unit volume for the WIM gas clouds in the
Milky Way is

dE +0.11
— Jem? ~ ny x 107239505 erg/ sec,

- (6.2)

where ny ~0.25 cm™ is the typical number density of
hydrogen atoms in the gas cloud. The low density WIM
fills more than 20% of the volume within a 2 Kpc thick
layer around the galactic midplane. These results have been

derived from a relatively small number of sight lines that
sample a region of radius 3—4 Kpc about the Sun [50].
Therefore, around SgrA*, consider a region of disk of
radius 8 Kpc (i.e. the distance from the Sun to the SgrA*)
and thickness 2 Kpc. We assume that WIM clouds fill 20%
of this region of space. So, the effective volume of WIM,
V ~ 80.42 Kpc®. Therefore, the net cooling rate of WIM
surrounding SgrA* up to the distance to the Sun is roughly
(4€ /em®) x V ~ 1.21 x 10% erg/ sec. (Here, note that the
cooling rate per unit volume may be different as we go far
away beyond 3-4 Kpc from the Sun and near SgrA*. But
for a rough estimate we can assume the cooling rate to be
the same throughout the region of space we considered.)
Now the heating rate given by Eq. (6.1) must be less than
the net cooling rate, i.e.

P
9 x 106
% (109

gm

2
) <121 x 10%. (6.3)

Thus the bound on the magnetic charge P < 3.66 x
10 gm. SgrA* has mass M = 4.154 x 10°M,. Thus,
P/M <44 %1075,

(b) Another astrophysical constraint comes from the
Parker bound [51] which is based upon the survival of
today’s galactic magnetic field, as the field energy is
drained out by the magnetic monopoles while moving
through the field. This puts an upper limit on the flux of
magnetic monopoles. Monopoles moving through a
magnetic field extract energy from the field at the rate

- -

Jju-B causing dissipation of the field energy in the
characteristic time
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1 B?
~87j,.B’

(6.4)

T

where j;, is the magnetic current density and B ~ 3 x
107® Gauss is the galactic magnetic field. 7 > 10® years if
the field can be regenerated in a time as short as
10 years. The “extended Parker bound” obtained by
requiring survival and growth of a small galactic seed
field after the collapse of the protogalaxy is [52]

m

F<107 | ———
= (1017 GeV

) em2s7ISr7l (6.5)

where F is the flux of magnetic monopoles around the
solar system and m ~ 10°-10' GeV. The magnetic
current density j;} = puV, where p,, is the magnetic
charge density and v is velocity of the charges. The flux

of magnetic monopoles is F = ‘i—;f[l. The relative velocity

of the SgrA* with respect to the Solar System is vg ~

220 km/ sec and py, = -£-5°(7) for the magnetic monop-
P

ole charge of SgrA*. Thus the effective flux of magnetic
charge of SgrA* around the Solar System is

3 P
= 5 —v—? <1073 cm2s ! Srt,
167~ m, R

(6.6)

where R = 8 Kpc (distance to the SgrA* from the Solar
System). Therefore, P < 3.59M, and P/M < 107°.

Clearly, the above astrophysical constraints seem to be
far more stringent, by several orders of magnitude than the
constraint obtained from shadow observations (i.e. the
result P < 0.873M).

VII. DISCUSSION AND CONCLUSIONS

In this paper we have revisited black holes with dyonic
charges in Finstein-Maxwell-dilaton-axion (EMDA)
theory in the context of the observations on shadows of
the supermassive black holes M87* and SgrA*.

First we outlined the derivation of the static black hole
solution by direct integration of the field equations of
EMDA theory. Further, the rotating version (the dyonic
Kerr-Sen black hole) was obtained from the static solution
by applying the Newman-Janis algorithm. Thereafter, we
analyzed the structure of the static black holes in detail. The
differences with the standard Reissner-Nordstrom (RN)
black holes are parametrized by the quantity Z2 = P> + Q2.
These static black holes have a single horizon (the event
horizon) unlike nonextremal RN black holes. For either
P =0 or Q =0 the axion field vanishes. However, the
dilaton field vanishes only when both P =0 and Q = 0,
which is the case for the Schwarzschild black hole. Thus,
there is no solution with only axion and Maxwell’s
electromagnetic field but without dilaton field. The reason

lies in the structure of the EMDA action where the axion
field is linearly coupled with F' WF””. The static dyonic
black holes satisfy all energy conditions outside the event
horizon. There is also no stable photon orbit outside the
event horizon of these static dyonic black holes.

For the rotating case (a # 0) the axion field is nonzero
even if the axion charge is zero (k = PQ/M = 0) which is
the case for the Kerr-Sen black hole (P =0, Q # 0, and
a # 0). In the static limit of the Kerr-Sen black holes (i.e.
setting a = 0), the axion field vanishes. This is an interest-
ing difference between the Kerr-Sen black holes and the
dyonic Kerr-Sen black holes, in general.

We study the shadow profiles for both rotating and
static black holes. We have obtained the exact expression
for the shadow radius for static black holes. The parameter
Z. < /2M and the shadow radius Ry,q, obeys 2M <
Radow < 3V/3M. The effect of magnetic charge/monopole
on the shadow profile of rotating black holes has been
investigated graphically by comparing the dyonic Kerr-Sen
black holes with the Kerr-Newman and the Kerr-Sen black
holes (Fig. 4). The deviation increases with the increase in
magnetic charge. However, the deviation is not so promi-
nent for higher rotation parameter (Fig. 5).

Finally, we test whether the known supermassive black
holes at galactic centers could be modeled as such dyonic
Kerr-Sen black holes. In other words, we look for metric
parameter values for which the shadow features match with
those in the observed shadow images of M87* and SgrA*.
We have used two observational quantities related to black
hole shadows: (i) the deviation from circularity of the
observed shadow boundary (AC) and (ii) the fractional
deviation parameter (6) representing the deviation of the
observed average shadow diameter from that for a
Schwarzschild black hole. The observational bound on
AC for M87* is satisfied for all parameter values for the
dyonic black holes. Thus, it cannot be constrained.
For SgrA*, the EHT collaboration provided a bound on
0 which gives a constraint on the black hole parameter

Z, = \/P*>+ Q% <0.873M. Thus, we get an upper bound
on the magnetic monopole charge (if any) for SgrA* as
P <0.873M, where M = 4.154 x 106Mo for SgrA*. In
natural units, a magnetic charge Q,, = P/mp, where mp =
G2 =122 x 10" GeV is the Planck mass. In these
units, the obtained bound on the magnetic charge of SgrA*
is Q,, <3.33 x 10%.

In the literature any other observational constraint on the
possibility of magnetic monopole charge of SgrA* does not
exist. There are some astrophysical constraints on the
extremal magnetic black holes (EMBHs), which are basi-
cally primordial black holes and dark matter candidates.
But these constraints are not useful for SgrA* and M87* as
the mass of the supermassive black holes is extremely high
as compared to those EMBH mass ranges. However, in
Sec. VI, we have estimated roughly the astrophysical
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constraints on the magnetic monopole charge of SgrA*,
following arguments similar to those discussed in [48].
From the observed cooling rate of the WIM clouds in the
Milky Way, we can get a rough estimate P/M < 4.4 x
10~ and from the Parker bound on the flux of the
magnetic charges, we get an estimate P/M < 1075, Both
of these estimates are more stringent by several orders of
magnitude than those we obtained from the observed
shadow of SgrA*. However, for M87* situated at a distance
of 16.8 Mpc, similar astrophysical observations do not exist
and hence similar constraints (as found for SgrA*) cannot
be estimated.

Thus, at present, it is difficult to reach any definite
conclusion about the viable presence/absence of magnetic
monopole charges in the supermassive black holes such as

MS87* and SgrA*. Future observations of shadow images at
greater experimental sensitivities and more concrete analy-
sis of other astrophysical constraints may provide bounds
which are closer in value to each other and hence more
conclusive in nature. However, the theoretical analysis we
have carried out is indeed new and may be of use once more
imaging observations on shadows of black holes are carried
out and presented in future.
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