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Decaying or annihilating dark matter and other exotic energy injections can modify the spectrum of the
universe’s photon bath, resulting in e.g., new contributions to spectral distortions of the cosmic microwave
background blackbody spectrum and modifications to the temperature and ionization history of the
universe. Here, we present an improved version of the DarkHistory code, which is now capable of
consistently calculating the spectrum of low-energy photons by properly treating the interactions of these
photons with the levels of hydrogen atoms. Other changes to the code include a more detailed treatment of
energy deposition by low-energy electrons, and spectral distortions from heating of the intergalactic
medium.
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I. INTRODUCTION

The early Universe is an excellent laboratory for new
physics searches. It was relatively homogeneous, making it
simple to treat; between 20≲ z≲ 150, the intergalactic
medium (IGM) temperature in standard ΛCDM cosmology
evolves only through adiabatic cooling, making it excep-
tionally sensitive to exotic sources of heating; finally, the
effect of new physics processes on the Universe can
accumulate over a timescale at least a billion times longer
than any feasible terrestrial probe of new physics. As a
result, energy injection from new physics that is otherwise
undetectable terrestrially or in our local astrophysical
neighborhood can both be accurately predicted and poten-
tially observed with early-Universe probes.
High-energy Standard Model (SM) particles injected

from new physics processes lose their energy as they
interact with the IGM, ultimately depositing their energy
into the following channels: (1) ionization, resulting in an
increase in the free electron fraction xe ≡ ne=nH, where ne
and nH are the number densities of free electrons and
hydrogen (both neutral and ionized) respectively; (2) heat-
ing of the IGM, resulting in an increase in the IGM
temperature Tm; (3) the production of low-energy photons,
a term we use to refer to photons below the ionization
potential of hydrogen,R≡ 13.6 eV; and potentially (4) the

increased abundance of excited states of atoms. Low-
energy photons can show up as extragalactic background
photons over a wide range of frequencies.1

Searches for new physics in all three of these channels
have been studied extensively in the literature. The increase
in ionization levels from dark matter (DM) annihilation and
decay, and its impact on the cosmic microwave background
(CMB) anisotropy power spectrum, provides some of the
strongest limits on the rates of such processes for sub-GeV
dark matter [1–6]. Exotic heating of the IGM during the
cosmic dark ages could modify the 21-cm brightness
temperature significantly, so that future 21-cm observations
could potentially lead to strong constraints on DM anni-
hilation, decay, and primordial black holes (PBHs) [7–13].
Heating of the IGM during reionization can also be probed
by temperature measurements of the IGM using the Lyman-
α forest [14–17], setting constraints on DM velocity-
dependent annihilation and decay [18–21]; dark photon
dark matter can likewise convert into extremely low-
frequency photons that heat the IGM [22–24], and may
potentially provide sufficient heating to reconcile low- and
high-redshift Lyman-α observations of the IGM [25].
Finally, the limits on CMB spectral distortions have been
used to constrain dark matter scattering against Standard
Model particles [26]. In addition, there have been a number
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1For generic unstable Standard Model particles, a significant
portion of their energy can go into free-streaming neutrinos
as well, but we will only focus on electromagnetic channels in
this work.
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of studies that employ the method of Green’s functions to
study spectral distortions from heating [27], photon injection
[28], and electron injection [29] prior to recombination.
The public DarkHistory code [30] was designed to compute

changes to the cosmic temperature and ionization history
due to exotic energy injections, self-consistently taking into
account energy injection from conventional sources (e.g.,
stars during the epoch of reionization). In this paper, we
make significant improvements to the computation of the
global free-electron fraction xe, IGM temperature Tm, and
the intensity of low-energy photons Iω

2 in the presence of
exotic energy injection, focusing on injection occurring
during or after recombination, and provide publicly avail-
able tools for these computations.3 The key advances are:
(1) We improve our treatment of electron cooling by

making significant upgrades to our treatment of low-
energy (<3 keV) electrons—especially in terms of
collisional excitation into a range of hydrogen excited
states—and inverse Compton scattering. This in turn
allows us to track low-energy (<10.2 eV) photons
produced during electron cooling;

(2) We account for y-type spectral distortions produced
by heating of baryons;

(3) We track the population of a range of excited states
in the hydrogen atom, as well as transitions between
these states. We also allow low-energy photons
produced from exotic energy injection to excite
and deexcite hydrogen atoms, while also carefully
tracking the low-energy photon spectrum produced
by excitation and deexcitation.

Put together, these improvements result in two major
achievements. First, they allow us to consistently calculate,
for the first time, the frequency-dependent change in the
photon background intensity ΔIω over the CMB after
recombination due to exotic sources of energy injection,
enabling the use of spectral distortions to the CMB to look
for such processes. Second, the occupation number of
photons injected by dark matter with energies between the
CMB temperature after recombination and the ionization
potential of hydrogen significantly exceeds the occupation
number of the CMB, and may lead to corrections to the
ionization and thermal histories. The ability to track ΔIω
enables us to quantify the influence of sub- 10.2 eV low-
energy photons on the process of recombination, improving
the reach of energy injection calculations to lower energies,
as well as increasing the accuracy.
In a companion work, which we call Paper II [31], we

explore the applications of our improved calculation [31].We
provide the full space of predicted low-energy photon spectra
—from radio to ultraviolet frequencies—for dark matter

annihilation and decay into electron/positron pairs and
photons, providing a new-physics benchmark for future
CMB spectral distortion experiments. We show the correc-
tions imparted by additional low-energy photons (injected by
dark matter annihilation and decay) on the ionization and
thermal histories. These corrections are at the level of a few
percent; hence any results using the ionization histories
calculatedwith DarkHistoryv1.0 are largely unchanged.We also
show for the first time the ionization histories resulting from
dark matter decaying to photons with masses less than
10 keV. Finally, our improved treatment of low-energy
electrons also allows us to extend existing CMB anisotropy
power spectrum limits on the annihilation and decay of DM
into photons to DMmasses of less than 10 keV, giving rise to
important limits on the coupling between axionlike particles
(ALPs) and photons in this mass range that we present
in Paper II.
The complete contribution to the low-energy photon

spectrum during and after recombination including exotic
energy injection will be computed here for the first time. In
Sec. II, we describe our improved treatment for low-energy
electrons, including the ability to now track the spectrum of
photons resulting from inverse Compton scattering (ICS)
by these electrons. In Sec. III, we describe the contributions
of ICS and heating of the IGM to the low-energy photon
spectrum. Section IVoutlines our method for evolving low-
energy photons, by taking the contributions mentioned
above and including their interactions with hydrogen
atoms. We conclude with Sec. V. In addition, we include
a number of appendices which provide more detailed
discussion to support the main text. Throughout this work,
we will use natural units, where c ¼ ℏ ¼ kB ¼ 1.

II. LOW-ENERGY ELECTRONS

In this section we describe how an injected electron or
positron loses its energy in the early universe as it cools.
Since much of the following discussion builds directly on
Ref. [30], we focus here on extensions and improvements
we have made. In Ref. [30], electrons were artificially
divided into high-energy (>3 keV) and low-energy elec-
trons (≤3 keV). For high-energy electrons, the particles
undergo all possible cooling processes with some proba-
bility, and one can therefore solve a set of linear equations
to determine the energy deposited by each process.
Previously in DarkHistory v1.0, when the electrons cool to
kinetic energies below 3 keV, the interpolation tables
provided by Ref. [32] determined where the remaining
energy was ultimately deposited. With this method, it is
possible to track the total energy converted into photons
with energy less than Eα ¼ 10.2 eV, but not the spectrum
of these photons. In the subsequent section, we present the
following changes to DarkHistory:

(i) We update our collisional excitation cross-sections
and extend our treatment of high-energy electrons to
all electrons.

2Throughout this work, we will use angular frequency ω
instead of frequency ν, in accordance with our choice of natural
units.

3Our code is available at https://github.com/hongwanliu/
DarkHistory/tree/lowengelec_upgrade.
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(ii) In addition to tracking how low-energy electrons
deposit their energy, we now simultaneously track
the spectrum of photons they produce as they cool.

A. Energy deposition from low-energy electrons

Electrons of all relevant energies injected into the
Universe after recombination cool extremely efficiently,
losing almost all of their energy by scattering off atoms,
ions, electrons, and CMB photons over a timescale that is
much shorter than a Hubble time [1]. Consider an electron
produced with energy E0. Wewould like to know howmuch
energy this electron deposits, RcðE0Þ, into the IGM through
a given channel c.
As explained in Ref. [30], RcðE0Þ can be calculated by

considering the electron to cool over a timescale much
shorter than the characteristic timescales of all cooling
processes, and calculating the energy deposited promptly
into all channels c, as well as the secondary electron
spectrum dNe=dE. Then RcðE0Þ can be calculated recur-
sively using the integral equation

RcðE0Þ ¼
Z

dERcðEÞ
dNe

dE
þ PcðE0Þ; ð1Þ

where PcðE0Þ is the energy promptly deposited into channel
c. A similar equation can be written for the spectrum of
photons produced through ICS. When discretized, this
equation becomes a lower-triangular system of linear
equations that we can solve numerically.
Previously in DarkHistory v1.0, this formula was only

applied to “high-energy electrons” with E0 ≥ 3 keV,
resolving them into (1) what was termed “high-energy
deposition” with channels ionization, Lyman-α excitation,
and heating, (2) a spectrum of ICS photons that was passed
to the photon cooling part of the code, and (3) a low-energy
E0 < 3 keV electron spectrum. This treatment was not
extended to “low-energy electrons” due to approximations
made in the cross-sections used in DarkHistory v1.0 that may
not apply at lower energies. Instead, the energy deposited
by these low-energy electrons was resolved by default
using the results of the MEDEA code [32], which studied the
cooling of low-energy electrons using Monte Carlo meth-
ods, ultimately resolving electrons into hydrogen ioniza-
tion, helium ionization, Lyman-α excitation, heating, and
continuum (sub-Eα) photons for a range of different
ionization levels, xe. This division was also intended to
make it easier for users to incorporate their own alternative
models for the cooling of low-energy electrons (e.g.,
accounting for updated cross-sections, the inclusion of
additional states, or more sophisticated methodology) into
DarkHistory, without needing to modify the rest of the code.
However, this division by energy is not a requirement;

Eq. (1) applies to all electrons, regardless of their energy,
and we can simply extend the previous high-energy
electron treatment to cover all regimes so long as we have

cross sections that apply across all relevant energies. We
note that the authors of Refs. [33,34] also treated electrons
with no such division between high and low energies. In
our current work, we have updated the collisional ioniza-
tion and excitation cross-sections of electrons with HI, HeI,
and HeII. For collisional ionization, we adopt the binary-
encounter models described in Ref. [35], while for colli-
sional excitation, we use results from Ref. [36] for all
hydrogen np states and HeI, and the CCC database [37]
for all other hydrogen states. These results are extended
to higher energies using the Bethe approximation [38].
Further details on the cross sections can be found in
Appendix A.
With these new cross sections, we now calculate the

energy deposition of both low- and high-energy electrons
using Eq. (1), and extend the number of possible excitation
transitions from the hydrogen and helium ground states to
cover the following states:

(i) H excitation from 1s to any nl state with n ≤ 4,
where the integers n, l index the principal quantum
number and angular momentum quantum number of
the hydrogen atom,

(ii) H excitation from 1s to any np state with n ≤ 10,
(iii) HeII excitation to the first excited state and HeI

excitation to the n2Sþ1L ¼ 23s state. Here, S and L
are the total spin and orbital angular momenta,
respectively.

The default treatment in DarkHistory now includes all of these
states, but users can change this as desired.
At the end of our electron cooling calculation, the initial

electron energy is subdivided between heating of the IGM,
ionization of neutral hydrogen, ionization of neutral and
singly ionized helium, excitation of neutral hydrogen,
excitation of neutral helium, and a spectrum of photons.
The spectrum of photons produced by electron cooling is
then added to the propagating photon spectrum at the
current timestep, and is resolved in the same manner as in
DarkHistory v1.0. However, the excited states should also
ultimately cascade down to the ground state, producing
more photons that need to be treated as well. We have
developed two methods to treat these deexcitation photons,
under the simplifying assumption that deexcitation from
helium can be neglected, given that the number density of
helium nuclei nHe is only 8% of nH.
The first method involves tracking the population of a

large number of excited states using the multilevel atom
method described in Ref. [39], and provides an accurate
way of tracking photons that are emitted after deexcitation;
we will describe this method in detail in Sec. IV. For
calculations involving e.g., CMB spectral distortions, it is
necessary to use this method.
The second method follows the prescription used in

MEDEA [32]; for any calculations that do not require
accurately tracking the background spectrum of photons,
this method is sufficient and faster than the first method.
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Specifically, every excitation to an nl state cascades down
to either the 2s or the 2p state, emitting sub-Eα photons in
the process. If the electron reaches the 2s state, it undergoes
a two-photon forbidden decay process, further emitting
sub-Eα photons; otherwise, the excitation is counted as an
effective Lyman-α excitation. The probability for an nl
state cascading down to a 2s or 2p state is calculated in
Ref. [40]. In this way, the initial energy of an electron is
completely distributed among the following channels:
(1) ionization of neutral hydrogen; (2) ionization of neutral
and singly-ionized helium; (3) Lyman-α excitation; (4) heat-
ing of the IGM; and (5) sub-Eα continuum photons. We
have also implemented this second method in DarkHistory

and will use this method to compare our results with the
existing literature in Sec. II C.

B. ICS of low-energy electrons

In addition, we obtain the resultant low-energy photon
spectrum, NICS

ω , produced during the cooling process
through inverse Compton scattering of CMB photons.
As explained in Ref. [30], we can use a similar strategy
as in Sec. II A to determine the CMB distortion caused by
ICS. The distortion is defined as the upscattered photon
spectrum, subtracting off the original CMB photons that
were scattered. Previously, this method was applied to
high-energy electrons, but ICS was neglected for electrons
with energy less than 3 keV, since ICS is a subdominant
process for these energies after recombination. Now we
extend the treatment to arbitrarily low energies.
For low enough electron energies, the amount of energy

gained by the upscattered CMB photons scales as β2, where
β is the electron velocity; hence the upscattered photon
spectrum becomes very similar to the original CMB
spectrum as the electron’s energy becomes small. This
leads to catastrophic cancellation between the two terms
when determining the CMB distortion. To solve this issue,
we use an analytic formula for the difference of the
two terms.
At low energies, the spectrum of photons produced per

unit time due to ICS of low-energy electrons can be given
by a Taylor expansion in β,

dNICS
ω

dt
¼ nCMBðω; TÞσT

þ 3σTT2

32π2
X∞
n¼1

X2n
j¼1

Anβ
2nx3Pn;jðxÞe−jx
ð1 − e−xÞ2nþ1

; ð2Þ

where NICS
ω is the number of upscattered photons per

energy ω, nCMBðω; TÞ is the blackbody spectrum (number
density of photons per unit energy), σT is the Thomson
cross-section, An is a constant, x≡ ω=T, and Pn;jðxÞ is a
rational or polynomial function in x. Expressions for An
and Pn;jðxÞ are given in the appendix of Ref. [30]. The first
term in the expansion is exactly the original spectrum of

CMB photons that were upscattered. This is precisely the
expected result as β → 0, since we approach the Thomson
scattering limit and photons are simply scattered elastically.
Terms that are higher order in β can therefore be regarded as
distortions to the blackbody spectrum that occur due to
scattering, and the energy loss can be directly computed
from those terms alone. In fact, we can check that when
integrated over ω,

Z
dω

X∞
n¼1

X2n
j¼1

ω
Anβ

2nx3Pn;jðxÞe−jx
ð1 − e−xÞ2nþ1

¼ 4

3
σTcβ2ð1þ β2 þ β4 þ β6 þ � � �ÞuCMBðTÞ; ð3Þ

where uCMBðTÞ is the blackbody energy density with
temperature T; this is simply the Taylor expansion of the
energy loss rate of an electron scattering off a blackbody
spectrum with temperature T in the Thomson regime,
dE0=dt ¼ ð4=3ÞσTβ2γ2uCMBðTÞ, where γ ≡ ð1 − β2Þ−1=2.
Therefore, we compute the distortion produced by low-
energy electrons directly by computing only the n ≥ 1
terms in Eq. (2); in practice, we include terms up to n ¼ 6.

C. Comparison to other calculations

In this section we compare our calculation of RcðE0Þ to
that of the MEDEA code [32] and Ref. [33]. The former
implements a Monte Carlo calculation of RcðE0Þ while the
latter solves a lower-triangular system of equations much
like we do.
To make the comparison with MEDEA, we use the second

method described at the end of Sec. II A, restricting
ourselves only to the 2s and np states, in agreement with
their method. In Fig. 1 we compare our results against the
output of the MEDEA code [32], summarized in Ref. [41].
Following Ref. [32], we plot RcðE0Þ=E0 against the free
electron fraction xe for six different values of the input
electron energy at z ¼ 0, and set the helium ionization level
to linearly scale with the hydrogen ionization level,
xHeII ¼ xHIIχ, where χ ≡ nHe=nH is the ratio of all helium
to hydrogen nuclei by number.
We find generally good agreement between the two

methods. However, compared to our method, relying on the
MEDEA results has two disadvantages. First, Monte Carlo
methods generally struggle to capture rare channels and
continuous processes properly. The inability to capture rare
channels accurately is evident in the noticeable differences
between the helium ionization curves; our results are
smoother across xe and tend to be slightly larger in
amplitude. Our 14 eV result also differs significantly from
MEDEA’s results, predicting a larger contribution to heating,
and a suppression to energy deposited into continuum
photons and hydrogen ionization (helium ionization is
impossible for such low-energy electrons). This may be
due to the fact that MEDEA models the heating loss process
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as discrete events, each leading to a loss of 5% of the total
kinetic energy of the electron. Since 14 eV electrons are
close to the hydrogen ionization threshold, this discretiza-
tion of a continuous process may be the cause of the

discrepancy. The second disadvantage in relying on the
MEDEA results is that we only have data for electrons with
14, 30, 60, 100, 300, and 3000 eV of kinetic energy; an
interpolation must be performed over the kinetic energy for

FIG. 1. A comparison of the fraction of energy deposited into various channels by low-energy electrons, RcðE0Þ=E0, as calculated by
DarkHistory (solid) and Ref. [32] (dashed), where E0 is the energy of the electron. The channels we include are heat (blue), Lyman-α
excitation (indigo), hydrogen ionization (magenta), helium ionization (orange), and sub-Eα or ‘continuum’ photons (yellow).
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all other values. Our new method avoids this problem, and
is able to compute RcðE0Þ at any arbitrary energy.
In Fig. 2 we compare our results for RcðE0Þ against those

of Ref. [33]. Again, the overall agreement is generally
good, though there are a few qualitative differences. We
find that the two results sometimes differ at excitation
thresholds, with our results going smoothly to zero as
energy decreases. This may be due to a difference in
resolution for E0.
Additionally, some of our curves have oscillatory fea-

tures while those of Ref. [33] do not. These oscillatory
features are present in e.g., Refs. [42,43] and have a simple
explanation. Consider the hydrogen excitation to the n ¼ 2
state in the right hand panel. Each minimum corresponds to
a multiple of the Lyman-α energy Eα. If the injected
electron has energy just under 2Eα, then after it excites
an atom, it will have just under Eα energy left over, and
therefore is unable to excite any more atoms. As the
injected electron energy increases above this threshold,
then the secondary electrons will be energetic enough to
also deposit energy into excitation. The suppression of
energy going into excitation means that energy must be
deposited through other processes, hence we see maxima at
kinetic energies of 2Eα in other channels. The oscillations
at the other multiples of Eα have a similar explanation.
Finally, for completeness, we note that Ref. [34] pro-

posed an analytic method to estimate the fraction of
electron energy deposited directly into continuum photons;
for sufficiently low-energy electrons, the remaining energy
goes into heating, ionizations, and excitations. Within its
regime of validity, this approach agrees very well with the
results of DarkHistory v1.0 presented in Ref. [30].

III. SPECTRAL DISTORTIONS
FROM COMPTON SCATTERING

In addition to the ICS secondary photons described in
Sec. II B, heating of the IGM from exotic sources also
leads to a distortion of the CMB away from the black-
body spectrum, as photons Compton scatter off a thermal
distribution of electrons at a different temperature. For
redshifts z≲ 5 × 104, photon energies can no longer be
efficiently redistributed to establish a Bose-Einstein dis-
tribution, leading to a y-distortion [44]. The shape of the
y-type distortion is given by

ΔIω ¼ y ×
ω3

2π2
xex

ðex − 1Þ2
�
x coth

�
x
2

�
− 4

�
: ð4Þ

The amplitude of this distortion is controlled by the
y-parameter, which is given by [45]

y ¼
Z

t

0

dt
Tm − TCMB

me
σTne; ð5Þ

where TCMB is the CMB temperature andme is the electron
mass. As defined, y includes contributions from (1) the
adiabatic cooling of baryons, which causes Tm < TCMB
at z ≲ 155; (2) photoheating during the process of reioni-
zation, and (3) exotic sources of energy injection. We
define the contribution to y-distortions just from exotic
energy injection as yinj, which can be parametrized as

yinj ¼
Z

t

0

dt
ΔT
me

σTne; ΔT ¼ Tm − Tð0Þ
m ; ð6Þ

FIG. 2. A comparison of the fraction of energy deposited into various channels by low-energy electrons, RcðE0Þ=E0, as calculated by
DarkHistory (solid) and Ref. [33] (dashed). The channels we include are heat (blue), ICS (yellow), helium ionization (orange), hydrogen
ionization (magenta), hydrogen excitation to the n ¼ 2 (purple) and n ¼ 3 state (indigo), and helium excitation to the n2Sþ1L ¼ 21p
state (black).
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where Tð0Þ
m is the temperature history including reionization

in the absence of exotic energy injection. Throughout this
paper, we assume the default reionization model used in
DarkHistory v1.0, which is based on Ref. [46]; users may
define their own reionization model in performing these
calculations.
At early enough times, Eq. (6) reduces to an integral over

the heating rate, a form that is useful numerically when
baryons are tightly coupled to the CMB with Tm ≈ TCMB,
and is typically seen in the literature when discussing
spectral distortions due to energy injection before recom-
bination. We give a novel derivation of this expression in
Appendix B, following a similar calculation from Ref. [47],
and present the main results here. At redshifts well before
reionization, the evolution equation for the matter temper-
ature is given by [30]

Ṫm ¼ −2HTm þ ΓCðTCMB − TmÞ þ Ṫ inj
m ; ð7Þ

where H is the Hubble parameter, and ΓC is the Compton
heating rate coefficient. The rate of change of the matter
temperature due to exotic energy injection is defined by

Ṫ inj
m ≡ 2Q̇

3ð1þ χ þ xeÞnH
; Q̇≡ fheat

�
dE
dVdt

�
inj
: ð8Þ

Q̇ is the usual exotic heating rate in terms of energy density
per time and is parametrized in terms of the energy
injection rate using the coefficient fheat. Define the quantity

J ≡ 8σTuCMBxe
3ð1þ χ þ xeÞmeH

: ð9Þ

The integrated y-parameter as defined in Eq. (5), including

the ΛCDM contribution from Tð0Þ
m ≠ TCMB, reads in the

limit where J ≫ 1

y ≈
Z

t

0

dt

�
Ṫ inj
m

HJ
−
TCMB

J

�
σTne
me

; ð10Þ

an expression that we use for J > 100 to avoid numerical
difficulties associated with Tm being close to TCMB. Here,
ΛCDM refers to the standard cosmological model, within
which dark matter neither decays nor annihilates. We note
that depending on the size of the energy injection, the
y-distortion can take on negative values, as is expected in
ΛCDM cosmology, since the matter temperature is always
slightly colder than the CMB at early times, see e.g.,
Eq. (B3). For J ≤ 100 and after recombination, we use the
more general Eq. (4), with Tm solved using the usual
machinery of DarkHistory to compute the y-distortion.

A. Validation

The spectral distortion from ICS and heating is calcu-
lated by first taking the low-energy photon spectra that are
output at each redshift step, which we denote by, JinitðωÞ,
and then adding in the component from heating using
Eq. (4); we call their sum JnewðωÞ. The total distortion from
these cooling processes is then given by redshifting the
contributions from each step to z ¼ 0 and summing up
the resulting spectra. Figure 3 demonstrates this with the
example of dark matter with a mass of 200 MeV and a
lifetime of 1025.3 s decaying to eþe− pairs; the colorful
lines ranging from blue to yellow show the contribution to
the spectral distortion from each redshift step, with each
spectrum redshifted to z ¼ 0. The dominant component is
the y-type distortion from the difference in the matter and
radiation temperatures, which changes sign around 1þ z ¼
155 when the matter and radiation temperatures decouple.
The black line then shows the sum of all these contribu-
tions. The photons that are being upscattered by the high-
energy electron decay products come from the CMB;
hence, the troughs of the distortions are located near the
same energy as the peak of the CMB blackbody spectrum.
In addition, a photon with initital energy ω0 will on average
upscatter to an energy of hωi ¼ 4

3
γ2ω0, where γ is the

Lorentz boost factor for the relativistic electron; hence,
the peak of the spectral distortion resulting from ICS is
located at 4

3
γ2 times the average energy of photons in the

trough [48].

FIG. 3. Contributions to the spectral distortion from ICS and
heating at various redshifts as well as the total distortion. We also
show the CMB spectrum in red for comparison. For visual clarity,
we only show every 20th redshift step used to generate this
spectral distortion and each contribution has been redshifted to
z ¼ 0. The high energy cutoff of each contribution is due to
photons with ω>R getting absorbed through ionization.
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We have also compared the spectral distortions cal-
culated using our method to the Green’s functions in
Ref. [29]. A key difference between our work and
Ref. [29] is that they assume the ionization level is
100%, so that there is no possibility for photoionization
or excitation; at most of the early redshifts they are
concerned with, this is a good assumption. However, at
the relatively later redshifts that we are interested in, there
is a small amount of neutral hydrogen prior to recombi-
nation, and secondary electrons resulting from the ioniza-
tion of this hydrogen can deposit a non-negligible amount
of energy into heating. Hence, we find that our spectral
distortions are generally larger in amplitude than the
Green’s functions from Ref. [29], see Appendix F for
more details.

IV. AN IMPROVED TREATMENT
OF LOW-ENERGY PHOTONS

The final piece we must consider is that of emission and
absorption of photons from atomic transitions. Our goal in
this section is to derive and numerically solve the full set of
equations that govern the evolution of injected low-energy
photons, and their interactions with atoms, as a function of
time, and thereby determine their contribution to the CMB
spectral distortion. By “injected” photons, we not only
mean those directly injected through processes such as dark
matter annihilating and decaying to photons, but also those
produced as secondary particles from the cooling of high-
energy particles, e.g., the spectra described in Secs. II B
and III. These equations self-consistently solve for the
evolution of the low-energy photons and atoms as they
interact with one another.4

A. Summary of previous work and new features

Our treatment here extends that of our previous work [30],
which used many convenient approximations that are no
longer sufficient when we seek to accurately predict the full
spectrum of low-energy photons. Here, we discuss the pre-
vious approach and briefly highlight the differences, which
we will discuss in more detail in the upcoming sections.
In both our previous work and our current treatment, it is

true that at each redshift, exotic energy injection can give
rise to a spectrum of high-energy photons, either through
direct injection of photons or by the cooling of injected
electrons. We employ tables of precomputed transfer
functions to determine how these high-energy photons
deposit their energy through cooling processes or into
low-energy electrons and photons, as well as how many
photons propagate to the next redshift step without cooling.

In our previous work, the resulting low-energy photons
are then deposited into different channels, depending on
their energy. We track the energy deposited by different
processes using the functions fc, defined by

�
dE
dVdt

�
c
≡ fc

�
dE
dVdt

�
inj
; ð11Þ

where ð dE
dVdtÞinj is the energy injected per volume per time

and ð dE
dVdtÞc is the energy deposited into channel c per

volume per time.
Starting at the lowest energies, previously we assumed

that non-CMB photons with energy below Eα redshift until
today without further interactions, tracking the energy
density of these photons with the function fcont. In contrast,
with the new treatment described in this work we can
account for interactions these photons have with atoms and
the resulting perturbations to their spectrum; for example,
when a low-energy CMB photon of energy E and an
injected photon of energy Eα − E are both absorbed by an
atom, exciting it to the 2s state.
At the next highest energy, we previously assumed that

all photons with energy between Eα and R are instantly
absorbed in exciting neutral hydrogen atoms; this absorbed
energy was tracked in the function fexc. These excited
atoms can absorb a CMB photon and ionize, leading to an
ionization rate of:

1

nH

�
dE
dVdt

�
inj
ð1 − CÞ fexc

Eα
; ð12Þ

where C is the Peebles-C factor [49] and ð dE
dVdtÞinj is the

exotic energy injection rate per unit volume and time. This
treatment was also approximate, and did not allow us to
keep track of the addition of photons through deexcitation
of atoms, nor the subtraction of photons through photo-
excitation. In the current work we expand the calculation to
allow us to keep track of the detailed spectrum of photons
absorbed and emitted through such excitations and deex-
citations, and also refine the ionization rate of Eq. (12).
Finally, low-energy photons with energies aboveRwere

assumed to all ionize hydrogen atoms (or helium atoms,
depending on options set within DarkHistory) and their energy
was tracked through the function fH ion. This contributes to
the ionization rate through the term:

fH ion

RnH

�
dE
dVdt

�
inj
: ð13Þ

Our previous approach, based on the simple energy
accounting described above, treated hydrogen atoms using
the Three-Level Atom (TLA) model [49,50]. This TLA-
based treatment assumed that the background radiation
bath was a blackbody, and that all excited states above
n ¼ 2 were in perfect thermal equilibrium. In our current

4In principle, at redshifts low enough for molecules to form,
interactions between photons and molecules could also become
important; however, we defer this topic to future work.
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work, consistent with tracking the detailed interactions of
low-energy photons with the gas, we account for the effect
that a non-thermal background of photons and a non-
equilibrium population of excited states have on the
recombination and ionization rates.
Specifically, to keep track of the higher-n abundances,

we drop the TLA approximation and generalize to the
multilevel atom (MLA) treatment [51–54]. We extend the
MLA in two ways. First, we allow the phase space density
of photons to be non-thermal, allowing changes in the
number density of photons to alter the atomic transition
rates. Second, we add source terms due to excitations and
ionizations caused by non-thermal injected particles. In
Appendix F, we show that at redshifts where the TLA
assumptions hold, our extended MLA treatment and the
earlier TLA method yield the same results.

B. Notation and conventions

Here, we define the CMB spectral distortion and
describe our notation for atomic states and transition rates.
Since we use natural units, we will hereafter denote photon
energy by ω. Denote the full photon phase space density as
fγðω; tÞ, and assume that it is homogeneous and isotropic.
We assume that inhomogeneities at early times are negli-
gible, and ignore any inhomogeneities introduced at late
times due to structure formation. It is convenient to separate
out the dominant blackbody contribution from the rest of
the phase space density,

fγðω; tÞ ¼ fCMBðω; tÞ þ Δfðω; tÞ; ð14Þ

where fCMBðω; tÞ ¼ ½expðω=TCMBðtÞÞ − 1�−1 andΔfðω; tÞ
is the deviation from the blackbody distribution. From now
on, we will refer to Δfðω; tÞ as the CMB distortion
(although note that it may have support at energies far
from the peak of the CMB spectrum). We also define the
photon spectrum

Nω ¼ gγω2

2π2nB
fγðω; tÞ; ð15Þ

which is the number of photons per baryon per energy ω,
where nB is the baryon density and gγ ¼ 2 is the number of
degrees of freedom for the photon. One can check the
above set of definitions by ensuring that the number density

of photons is equal to gγ
R d3p

ð2πÞ3 f
γ ¼ nB

R
dωNω. The

photon spectrum is also related to the spectral radiance by

Nω ¼ 4π

nbω
Iω: ð16Þ

We will denote bound states of the hydrogen atom either
by a subscript i for generic states or subscript nl when the
quantum numbers are specified. We do not need to consider

the magnetic quantum number m in any of our calculations
since any splitting effects would produce negligibly small
effects at our working precision. The existence of m
substates is taken into account by multiplicity factors for
each nl state.
We denote the radiative transition rate from state i to

state j as Ri→j, the radiative recombination coefficient to
state i as αi, and the photoionization rate from state i as βi;
these quantities depend on the photon spectrum and Tm.
The energy difference corresponding to Ri→j is labeled as
ωi→j. We have defined Ri→j to be the rate of transitions per
second per hydrogen atom as in Ref. [39] without normal-
izing per volume as in Refs. [55,56], and we define
Ri→i ¼ 0. When calculating Ri→j, we ignore numerous
percent-level contributions that are included in precise
recombination codes [51,52,57–60]; the net effect of these
is small, since we are able to reproduce the atomic lines
from recombination at percent-level (see Sec. IV F for
details). For example, we ignore any collisional transitions
from thermal electrons, focusing on only radiative tran-
sitions. While we include all dipole transitions and the
single quadrupole transition 2s → 1s, we ignore all other
quadrupole or higher-order transitions. We treat all reso-
nances as perfect lines, ignoring any line broadening or
other radiative transfer effects. In Appendix C we show
how to calculate these rates given an arbitrary fγðωÞ using
the methods of Ref. [39].

C. General evolution equations

The most general form of the equations that govern the
population of each hydrogen atomic state i ¼ 1s; 2s; 2p; � � �
up to states with principal quantum number n ¼ nmax can
be written as [60]

ẋ1s ¼
Xnmax

k>1s

ðxkRk→1s − x1sR1s→kÞ

þ x2enHα1s − x1sβ1s − ẋioninj ;

ẋl>1s ¼
Xnmax

j≠l
ðxjRj→l − xlRl→jÞ þ x2enHαl − xlβl; ð17Þ

where xi ≡ ni=nH is the ratio of the number density of
hydrogen atoms in state i to nH; all summations over
hydrogen states in this paper are taken up to n ¼ nmax, and
we will suppress indicating this maximum value in the
summation for ease of notation. We will also reserve i, j as
indices to represent all states, while k and l represent only
excited states. ẋioninj is the net contribution to hydrogen
ionization from exotic energy injection, including collisional
ionization from secondary electrons, and photoionization
from photons with ω ≥ R; for ω<R, we include the effect
of injected photons inαi, βi andRi→j, aswewill detail below.
Note that we assume that all exotic photoionization events
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occur with a hydrogen atom in the ground state. In principle,
we could attribute some of these ionizations to excited states,
which would alter the amount of energy deposited into
ionization; however, since the ground state is exponentially
populated compared to the excited states throughout recom-
bination, we choose to consider only ground state ioniza-
tions. Differentiating the relation xe þ

P
i xi ¼ 1 with

respect to time, we can determine the evolution of the free
electron fraction,

ẋe ¼ −x2enH
X
i

αi þ
X
i

xiβi þ ẋioninj : ð18Þ

Since all of the atomic bound-bound rates and photoioniza-
tion coefficients are functions of the photon spectrum,we also
have to specify how the photon spectrumwithω ≤R evolves.
Throughout this paper, we only track distortions to the CMB;
any subsequent mention of a spectrum of photons should be
understood as a distortion (both positive and negative) to the
CMB. The evolution of the photon spectrum can bewritten as

Ṅω ¼ −Hω
dNω

dω
þ JðωÞ: ð19Þ

The first term on the right-hand side accounts for the
redshifting of the spectrum, while JðωÞ is the net number
of photons injected per baryon, per energy, and per unit time.
JðωÞ includes the absorption or emission of photons from
bound-bound transitions, recombination/photoionization,
and exotic injection:

JðωÞ ¼ nH
nB

X
i

X
j<i

ðxiRi→j − xjRj→iÞδDðω − ωi→jÞ

þ nH
nB

X
i

½x2enHγiðωÞ − xiξiðωÞ� þ JnewðωÞ: ð20Þ

For bound-bound transitions in the first term, we take the
spectrum of photons emitted/absorbed to be a line with δD
being a Dirac-delta function, since the spectrum is much
narrower than our binning. Next, every bound-free transition
to/from state iwhich produces or absorbs a photon of energy
ω also produces or removes a free electronwith kinetic energy
defined as κ2R, where κ2 is a positive real number. The
recombination spectrum is therefore proportional to x2enH,
with

γiðωÞ≡
Z

∞

0

dκ2
dαi
dκ2

δDðω − ðκ2 þ 1=n2i ÞRÞ; ð21Þ

whereni is the principal quantumnumber of state i. Similarly,
the spectrum of photons absorbed in photoionization is
proportional to xi, with

ξiðωÞ≡
Z

∞

0

dκ2
dβi
dκ2

δDðω − ðκ2 þ 1=n2i ÞRÞ: ð22Þ

JnewðωÞ is the number of photons deposited per baryon, per
energy, and per unit time; our upgraded version of
DarkHistory computes precisely this low-energy photon
spectrum given a source of injected energy. It receives
contributions from ICS of injected high-energy electrons
off the CMB (see Sec. II B) and from y-distortions due to
heating of the IGM (see Sec. III). We note that previous
versions of DarkHistory only explicitly tracked the contribu-
tion from ICS, without including the backreaction of these
distortions on bound-bound and bound-free transitions.
To close these equations, we use Eq. (7) as the evolution

equation for the IGM temperature. Equations (17)–(19)
and (7) are complete and can be solved to determine the
joint evolution of hydrogen atoms and radiation in the
presence of exotic energy injection. However, there are vast
differences in timescales in the various terms that both
make it difficult to solve this general set of equations, and
also allow the use of well-known simplifications to reduce
the equations into a more tractable form [39,49,60].

D. Simplified evolution equations

1. Rapid photoionization

The first approximation arises from the fact that once
an appreciable population of bound neutral hydrogen
forms, which occurs at around 1þ z ∼ 1500, the mean
free time of a photoionizing photon is short compared to the
Hubble timescale, leading to two effects, both outlined in
Ref. [49]. First, the distribution of photons with ω>R is
driven strongly toward equilibrium with the IGM, which
has a temperature Tm ≪ R, implying that all photoionizing
photons produced by exotic injections are to a good
approximation absorbed. This allows us to write

ẋioninj ¼
fH ionðz; xeÞ

RnH

�
dE
dVdt

�
inj
; ð23Þ

where the right-hand side gives the number of ionizations
from exotic energy injections per H nucleus per unit time.
Second, for every recombination to the ground state, an
ionizing photon is emitted that is immediately absorbed by
another atom in the ground state, leading to no net
recombination; this is known as case-B recombination.
This allows us to drop−x2enHα1s þ x1sβ1s in Eq. (17), which
cancel each other down to a residual much smaller than the
Hubble rate [49]. This also simplifies the xe evolution
equation to

ẋe ¼ −x2enH
X
k>1s

αk þ
X
k>1s

xkβk þ ẋioninj ; ð24Þ

which depends on the properties of the IGM. Throughout,
we assume that free electrons are distributed thermally with
temperature Tm.
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2. Rapid Lyman-series transitions

Let us turn now to Lyman-series, i.e., 1s → np photons.
When an appreciable population of ground state hydrogen
forms, the mean free path of Lyman series radiation is, as
for photoionizing photons, much shorter than the Hubble
length. As with photoionizing photons, Lyman-series
photons are driven strongly toward equilibrium with the
IGM, so that any exotic injections of Lyman-series photons
are to a good approximation absorbed rapidly. Furthermore,
any np → 1s transition produces a Lyman-series photon
that is quickly reabsorbed, significantly suppressing the
effectiveness of np → 1s processes in depleting the np
state. Unlike recombination photons, however, Lyman-
series photons are emitted/absorbed in an extremely narrow
frequency range, granting emitted photons the opportunity
to redshift out of the narrow Lyman-series resonances via
the first term in Eq. (19). The net rate of transitions from np
to 1s can be properly accounted for by using the Sobolev
approximation [51], where the net rate is multiplied by the
probability of a Lyman-series photon redshifting out of a
line, pnp ≡ ½1 − expð−τnpÞ�=τnp, where τnp is the Sobolev
optical depth for a photon with energy corresponding to the
1s → np transition.
To take both effects into account in our calculation, we

define

R̃i→j ≡
�
pnpRi→j; i ¼ 1s; j ¼ np or j ¼ 1s; i ¼ np;

Ri→j; otherwise;

ð25Þ

and replace Ri→j → R̃i→j in Eq. (17). We also assume that
all Lyman-series photons Jnp from exotic injection are
rapidly absorbed, leading directly to 1s → np excitations.
These photons are therefore not included in JðωÞ, but
instead directly contribute to a term ẋexcinj;np, where

ẋexcinj;np ≡ nB
nH

Jnp þ ẋcoll: exc:np : ð26Þ

The term ẋcoll: exc:np . represents the contribution of collisional
excitation from low-energy electrons. Note that we do not
include this correction for resonant photons that connect
two excited states, since the abundance of excited states is
extremely suppressed compared to the abundance of the
ground state, and resonant lines between two excited states
do not interact strongly enough to drive these photons to
equilibrium with the IGM. Further details on this treatment
can be found in Appendix C.
At this point, including both the approximations for fast

photoionization and fast Lyman-series scattering, the evo-
lution equations for xi read

ẋ1s ¼
X
k>1s

ðxkR̃k→1s − x1sR̃1s→k − ẋexcinj;kÞ − ẋioninj ;

ẋl>1s ¼
X
j≠l

ðxjR̃j→l − xlR̃l→jÞ þ x2enHαl − xlβl þ ẋexcinj;l;

ð27Þ
where we set ẋexcinj;l≠np ≡ 0 for ease of notation.

3. Steady state approximation

The next significant approximationwemake is the steady-
state approximation for all excited states [39,47,53]. The total
rate for transitioning out of an excited state k is

R̃out
k ≡X

j

R̃k→j þ βk; ð28Þ

which is much faster than the Hubble rate at all redshifts
[39,60]. The populations of the excited states in the hydrogen
atom are therefore driven toward a fixed point for each xk set
by ẋk ¼ 0; any differences from these fixed points are rapidly
erased on timescales much shorter than a Hubble time. This
steady state approximation reduces the population of the
atomic states to a set of algebraic equations of the form
xk ¼ M−1

kl bl, withMkl and bl are objects indexed by excited
states, evolving on Hubble timescales.
Let us now explicitly write out the matrix M and the

inhomogeneous term b. Setting ẋi ¼ 0 in Eq. (27) and
moving the negative terms to the right hand side, we obtain
for the excited states

xkR̃out
k ¼

X
l>1s

xlR̃l→k þ x1sR̃1s→k þ x2enHαk þ ẋexcinj;k; ð29Þ

which simply equates the rate of leaving the state i to the
rate of all transitions into the state i. This is a linear system
in excited states xk, which we can now invert. To make the
relation between this expression and previous results clear,
however, we write the solution as

xk ¼
X
l>1s

M−1
kl ðb1sl þ brecl þ binjl Þ; ð30Þ

where

Mkl ¼ δklR̃out
k − R̃l→k;

b1sl ¼ x1sR̃1s→l; brecl ¼ x2enHαl; binjl ¼ ẋexcinj;l: ð31Þ

where δkl is the Kronecker delta function. The three source
terms populate the excited state l in three different ways:
b1sl via excitations from the ground state sourced by

fγðω; tÞ, brecl via recombinations, and binjl via interactions
with injected particles, including photoexcitations by
Lyman-series photons and collisional excitations by
injected electrons.
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With the aid of the identity

βk ¼ R̃out
k − R̃k→1s −

X
l>1s

R̃k→l ¼
X
l

Mlk − R̃k→1s; ð32Þ

we can now also simplify Eq. (24) to obtain

ẋe ¼ −x2enHα̃B þ x1sβ̃B þ ẋinj; ð33Þ
where

α̃B ¼
X
k>1s

Qkαk;

β̃B ¼
X
k>1s

ð1 −QkÞR̃1s→k;

ẋinj ¼
X
k>1s

ð1 −QkÞẋexcinj;k þ ẋioninj ;

Qk ¼
X
l

M−1
lk R̃l→1s: ð34Þ

Qk is a weight that determines how effective recombination
to the ground state is from state k; if Qk ¼ 1 for all k, then
recombination to state k ultimately always results in a
ground state. Qk is related to the Peebles-C factor in the
three-level atom model. Moreover, we use the suggestive
notation α̃B and β̃B because under the assumptions of the
three-level atom, these quantities are closely related to the
case-B recombination and photoionization rates.
Note that since Qk is very close to the identity, the

quantity 1 −Qk can be very slow to compute. In
Appendix D, we outline an alternative procedure for
calculating these quantities that is numerically faster and
more in line with what is done in the code. Further
discussion of these equations and how they reduce to
the three-level atom model can be found in Appendix E.
To close these equations, we use the approximation

x1s ≈ 1 − xe, which is an excellent approximation, since we
find that the excited states are typically populated at the
level of 10−13 of the ground state shortly after recombina-
tion (See e.g., Fig. 12 in Appendix F). With this approxi-
mation, the only quantity we have to track explicitly is xe,
although given xe and the photon spectrum, the population
of all hydrogen states can be computed. We stress that the
effect of exotic particle injection on the ionization term is
not solely contained in ẋinj, but also manifests itself in the
fact that low-energy photons arising from the injection
affect α̃B and β̃B, which both depend on the photon
spectrum. Altogether, the equations we finally solve are

ẋe ¼ −x2enHα̃B þ ð1 − xeÞβ̃B þ ẋinj þ ẋre;

Ṫm ¼ −2HTm þ ΓCðTCMB − TmÞ þ Ṫ inj
m þ Ṫre

m;

Ṅω ¼ −Hω
dNω

dω
þ JðωÞ: ð35Þ

We have now included ẋre and Ṫre
m to account for ionization

and heating from reionization sources at late times; the

definition of these terms is unchanged relative to DarkHistory

v1.0 [30].5

Note that here we have omitted the helium ionization
equations; they have also not changed from our previous
treatment [30]. While atomic transitions between states of
helium could in principle also contribute to the spectral
distortion, energy deposition into helium ionization and
excitation is subdominant to the hydrogen contribution, so
we expect the effect on the photon spectrum to be small, see
e.g., Ref. [61]. To briefly summarize, the helium ionization
equation is a sum of three contributions: (1) the expected
contribution in the absence of energy injection, which is
identical to the RECFAST treatment [57], (2) a source term
from processes that are active at reionization, and (3) a term
from exotic energy injection which is analogous to the
hydrogen ionization term given in Eq. (23) but with
fH ion → fHe ion, where fHe ion is the fraction of injected
energy that is deposited into helium ionization, and
R → RHe ¼ 24.6 eV. DarkHistory includes a few possible
methods to treat the contributions of low-energy photons to
fHe ion that bracket the uncertainties on how helium ioniza-
tion proceeds. The default treatment is to ascribe the energy
from all photoionizations to hydrogen, so the only helium
ionizations occur through collisional ionizations by elec-
trons.While this may not be themost accurate treatment, it is
the simplest and is valid well before reionization.

E. Numerical method

We now describe our numerical procedure for integrating
the system of differential equations in Eq. (35), and focus in
particular on how we obtain the spectral distortion. This
procedure is implemented in main.evolve() provided
the distort option is set to True.
Initially, the photon phase space density is set to its

blackbody value, so Δfðω; tÞ ¼ 0; the ionization level is
set to its Saha equilibrium value; and the initial matter
temperature is determined using the early time analytic
formula, Eq. (B3). The initial redshift for the integration
should be early enough to justify using the above initial
conditions; by default, we use 1þ zinit ¼ 3000.
To integrate from the initial redshift to today, we use a

fixed step size in log redshift space, which by default is set
to Δ lnð1þ zÞ ¼ :001. At each redshift step, we perform
the following calculations.
(1) Calculate the initial spectrum of injected low-energy

photons, JinitðωÞ. Note that this does not include
directly injected photons, but rather photons that are
deposited as result of the cooling of directly injected
particles.

5In principle, one should alsomodify themultilevel atom (MLA)
treatment of the excited hydrogen states to include the radiation
fields that cause reionization in the first place. Since we have not
tested our numerical method described in Sec. IV E with these
radiation fields, we leave including this source to future work.
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(2) Zero out the ionizing bins in the above spectrum
with bin centers above R and the Lyman-series bins
that contain energies Rð1 − n−2Þ, for n ∈ f1; 2;…;
nmaxg, accounting for the energy in these bins by
modifying fH ion and the binjl term of Eq. (30).

(3) Use the full spectrum of low-energy photons, Nω, to
calculate the photon phase space density using
Eq. (15). This spectrum includes the total spectral
distortion accumulated up to this redshift.

(4) Compute the transition rates R̃i→j, αi, and βi using
the equations within Appendix C in the presence of a
nonzero Δfðω; tÞ.

(5) Set x1s ¼ 1 − xe, solve for M and b using Eq. (31),
then determine the population levels xiðzÞ by
inverting Eq. (30).

(6) Use M, R̃i→j, αi, and βi to compute α̃B, β̃B, and ẋinj,
then solve for xe and Tm at the end of the redshift
step by integrating the first two equations of Eq. (35)
through the redshift step,

(7) Using the occupation numbers xiðzÞ and rates
already computed, calculate the photons produced
from atomic processes using Eq. (20). In addition, use
Tm to determine the amplitude of the y-type distortion
contributed at this redshift step through Eq. (6); this
together with JinitðωÞ constitutes JnewðωÞ. Add the
atomic contribution and JnewðωÞ to Nω.

(8) Redshift all spectra to the next redshift step.
Looping through these steps evolves all quantities forward
in time, gradually building up the spectral distortion Nω

until we reach the chosen ending redshift; in our analysis,
we choose 1þ zend ¼ 4 since our treatment of ionized
helium breaks down past this point. We then redshift the
photon spectrum to today. The outputs of this version of
the DarkHistory code are Tm and xe as a function of time and
the present day photon spectrum. This procedure is
summarized in Fig. 4.
In Fig. 5, we show the change in the distortion resulting

from atomic transitions at each redshift step, including the

FIG. 4. Flowchart summarizing our numerical procedure. The outputs of DarkHistory are highlighted in the yellow shapes. We also
highlight α̃B and β̃B in orange-red to indicate that this quantity is calculated iteratively, as described at the end of Sec. IV E. The right side
highlights the new quantities and atomic processes that we track in DarkHistory, as described in Sec. IV. The numbers label the steps
outlined in Sec. IV E.
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effect of the full distortion on the atomic states and their
recombination/photoionization coefficients. We also show
the final distortion contributed by atomic lines in black. All
spectra shown are redshifted to z ¼ 0. The dark matter
model used is the same as that in Fig. 3.
The total spectral distortion for the energy injectionmodel

used in Fig. 5 is shown in Fig. 6 in black; we also break down
the spectral distortion by the photon sources, including ICS,
heating, atomic lines from before z ¼ 400 (which aremostly
from recombination), and atomic lines from after z ¼ 400
(mostly from reionization). The component with the largest
amplitude is generated by heating. We note that many of
these photons are generated by ΛCDM processes; in other
words, some of this spectral distortion would still be present
if we turned off exotic energy injections.
Let us pause to analyze how this procedure self-

consistently captures the effect of the radiation on the
evolution of the atoms, as well as the atoms’ effect on the
radiation. To capture the effect of radiation on the atoms,
we add Δfðω; tÞ to the black-body phase space density in
our calculation of R̃i→j, altering the rates of deexcitation,
excitation, recombination, and ionization. Since Δfðω; tÞ
can be negative or positive, these rates can be either
diminished or enhanced. The changes in these rates
subsequently modifies Mkl and the bl terms, and hence
modifies the populations of atomic states and ionization
level, xi and xe. Beyond the effects on the photon spectrum,
we include exotic energy injections in the evolution
equations via the term ẋinj, which captures ionization
and excitation from the additional energy injection.

The atoms can in turn affect the radiation if the rates and
populations are such that there is net absorption or emission
between two atomic states. This includes the absorption of
photons from previous time steps which redshift into
resonant lines. The resulting photons or photon deficit
are then added to Δfðω; tÞ within the redshift step.
A number of additional practical points need to be

addressed. One must choose a highest energy state at
which to truncate the sum over excited states, nmax. We find
that with nmax ¼ 200 the ionization level is essentially
converged, as was also found in Ref. [54], and with nmax ¼
100 the photon spectrum Nω is essentially converged. In
Fig. 7, we show the ionization histories at different values
of nmax on the left; the black dashed curve is reproduced
from Fig. 3 of Ref. [60]. The lower panel shows the relative
difference between the curves calculated with DarkHistory

and the HyRec result [60]. The right panel depicts the
spectral distortion calculated at the same values for nmax;
the lower panel shows the change in the spectral distortion
as we increase nmax from one value to the next largest value.
In both panels, we can see that the quantities are converged
for nmax greater than about 100.
Once nmax ∼Oð10Þ, the computation of R̃i→j, αi, βi, and

the matrix inversion in Eq. (30) become the most computa-
tionally expensive steps. To speed up our computations, we
precompute any quantity that does not depend on redshift,

FIG. 5. Changes to the spectral distortion from atomic tran-
sitions at each redshift step, as well as the total distortion. For
visual clarity, we only show every 20th redshift step used to
generate this spectral distortion and each contribution has been
redshifted to z ¼ 0.

FIG. 6. The different contributions to the spectral distortion;
here we choose dark matter decaying to eþe− pairs, with a mass
of 200 MeVand a lifetime of 1025.3 s. The contributions we show
are atomic lines from z > 400 which are dominated by the
redshifts around recombination, the atomic lines from z < 400
which are dominated by the redshifts around reionization, the
photons resulting from ICS, and the y-type distortion resulting
from heating of the IGM. The sum of the ICS and heat
contributions is the same as the black line in Fig. 3.
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like dipole operator matrix elements connecting bound-
bound and bound-free states. In addition, Mkl is a sparse
matrix, meaning most of its elements are equal to zero.
There exist techniques and code packages for taking
advantage of sparse structure to speed up linear algebra
operations, so we employ scipy.sparse to more
efficiently invert Eq. (30).
Another issue is that the differential equations for xe and

Tm are stiff. At sufficiently early times the recombination,
ionization, and Compton heating rates are so fast compared
to a Hubble time that a numerical solution to the evolution
equations yields xe ¼ xSahae and Tm ¼ TCMB plus numerical
noise. To combat this noise, for redshifts z > 1555

6 we

simply set xe ¼ xSahae and Tm to the analytic expression
in Eq. (B3).
Finally, we must be careful with the interpolation and

extrapolation of the recombination and ionization rates
used in the ionization evolution equation. Within each
redshift step we calculate α̃B and β̃B. Other than Euler’s
method, which is insufficient for such stiff equations, any
integration method requires multiple evaluations through-
out the redshift step. Each of these evaluations would
require recalculating α̃B and β̃B at slightly different red-
shifts; however, since each evaluation of α̃B and β̃B is so
costly, we have devised an iterative method that avoids their
computation during the integration loop. For each step of
the iterative method we integrate Eq. (35) over the full
redshift range from 1þ zinit to 1þ zend using the method
described above, but using a precomputed formula func-
tional form for α̃B and β̃B, instead of computing them

FIG. 7. Left panel: Convergence of the ionization history with nmax calculated using our method, compared against the ionization
calculated with HyRec [60] which is shown in the black dashed curve. The lower panel shows the percent difference between DarkHistory
at the different values of nmax and HyRec. The relative difference between the result with nmax ¼ 200 and HyRec is largest around
recombination, but is still only at the level of a few percent. Right panel: Convergence of the spectral distortion with nmax. The color
coding is the same as in the left panel. The lower panel shows the change in the spectral distortion between using one value of nmax and
the next smallest value. Since this difference decreases as we increase nmax, the spectrum of low-energy photons is essentially converged
by nmax ¼ 100.

6This value is close to the one used in Ref. [39], but this is
coincidental.
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during the loop. For the first iteration, we use the fitting
functions used by RECFAST [57], including the hydrogen
fudge factor which we set to 1.125 and the double Gaussian
function correction. At the end of this iteration, we have a
new set of α̃B and β̃B values associated with each redshift
step that we computed. We linearly interpolate these new
values with respect to redshift and proceed through the next
iteration using these interpolation functions to determine
α̃B and β̃B. We find that this process already converges after
one iteration (see Fig. 8).

F. Comparison to other calculations

In this section we perform the numerical procedure
described in the previous section and compare our outputs
to those of other codes. First we compare our calculation of
the ionization history, xeðzÞ, to the output of the recombi-
nation code, HyRec. If we again look at Fig. 7, the dark
purple line is the ionization history calculated using our
code with nmax ¼ 200; the black dashed line shows the
same quantity calculated with HyRec. The second panel
shows the relative difference between the two; the greatest
deviations come from around the redshift of recombination,
but are still only at the level of a few percent. These
differences may be due to a number of effects we neglected
that are accounted for in HyRec, including helium recombi-
nation, two-photon transitions from levels higher than 2s,
and frequency diffusion in the Lyman-α line [60]. Hence,
HyRec is the more accurate recombination code, but few-
percent-level accuracy is sufficient for our purposes.

Next, we compare our calculation of the CMB distortion
due to atomic transitions to the outputs of Refs. [56,62],
calculated at different values for nmax. In Fig. 9, we show
the hydrogen recombination spectrum calculated using our
code for the same values of nmax and no exotic energy
injection. For nmax ¼ 10, 20, and 30, we are able to
reproduce the recombination spectra from Ref. [56], and
for nmax ¼ 100, we match the results from Ref. [62]. In
each case, we find only percent-level deviations compared
to the results in the literature.
Lastly, the Ri→j transition rates are closely related to the

probabilities for a hydrogen atom in the excited state to
decay to the ground state with the emission of a Ly-α
photon (e.g., by cascading through the 2p state, rather than
the 2s state). Table 1 of Ref. [40] lists these probabilities up
to n ¼ 30, and we are able to reproduce the results to the
last significant digit they report.

V. CONCLUSION

In addition to modifying the global temperature and
ionization history, exotic energy injections can change
the spectrum of the universe’s background photons, resulting
in CMB spectral distortions apart from those expected in
ΛCDM. In this work, we have described major upgrades
to the DarkHistory code which are necessary for self-
consistently tracking these photons.We summarize the main
points below:
(1) We extend our treatment of high-energy electrons

to lower energies, which allows us to track the

FIG. 8. Change in the spectral distortion between one iteration
of calculating α̃B and β̃B over the full redshift range from 1þ zinit
to 1þ zend and the next iteration. With each iteration, the
difference decreases by about an order of magnitude, indicating
that the spectral distortion is rapidly converging.

FIG. 9. Spectral distortion due to atomic transitions at recom-
bination, without exotic energy injection and tracking up to
various nmax. For comparison, we also show the results of
Ref. [56] in black dashed lines and Ref. [62] in the solid gray
using the same values for nmax.
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spectrum of secondary photons from ICS of CMB
photons off low-energy electrons and simultane-
ously provides a more precise treatment of heating
and ionization from low-energy electrons; the latter
is relevant to constraints on light DM.

(2) We calculate the y-type spectral distortion caused by
gas heating.

(3) Instead of treating hydrogen as a TLA, we now track
an arbitrary number of energy levels and the sub-
sequent line emissions from transitions between
these levels.

(4) We can also account for the back-reaction of the
altered background spectrum of photons on these
transitions.

At each step of the upgrade, we have cross-checked our
results against various other codes. This version of DarkHistory
is publicly available on GitHub [63].
Throughout this work, we treat energy deposition as

homogeneous. This has also been a common assumption in
previous works; however, structure formation in the late
universe leads to inhomogeneous energy injection and
deposition [64,65]. We leave a detailed study of these
inhomogeneities to future work.
Being able to track the late time spectrum of photons

paves the way for future studies of observables from exotic
energy injection. In Paper II, we will demonstrate various
directions that can be taken with this new technology,
including examining the possibility of observing spectral
distortions from yet unconstrained dark matter models
using future CMB spectral distortion experiments, extend-
ing existing CMB anisotropy contraints, and setting limits
on couplings between ALPs and photons. Other possible
follow-ups include studying various ways in which the
modified photon background could affect signals from
21-cm cosmology and the extragalactic background light.
We leave this to future work.

All of the improvements we have made to DarkHistory are
publicly available [63].
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APPENDIX A: COLLISIONAL IONIZATION
AND EXCITATION RATES

For collisional ionization, we adopt the results of
Ref. [35], using the binary-encounter-Bethe model for
HI shown in Eq. (57)—which shows excellent agreement
with experimental results between 13.6 eVand 3 keV—and
the binary-encounter-dipole model for HeI and HeII, shown
in Eq. (55). All quantities required for the cross section
are tabulated in Table I of the same paper. Note that these
cross-section fits are not expected to hold when the
incoming electron is relativistic; however, this does not
affect our results significantly, since relativistic electrons in
the early universe lose their energy predominantly through
ICS, with ionization being a small contribution to the total
energy loss.
For collisional excitation rates, we rely on the tabulated

cross sections in Ref. [36] for hydrogen np states and HeI
excitation (we only track excitation up to the 2p state) in
the energy range of 10 eV–3 keV. For all other hydrogen
states, we use the data provided by the CCC database [37],
which gives the cross sections of excitations from the
ground state of hydrogen up to and including the 4f state,
between 14 eV and 999 eV.
For energies higher than those that are tabulated above,

we use the Bethe approximation [38], which expands the
excitation cross section as a function of R=E0 ≪ 1 for
incoming electron energies above 1 keV. Reference [36]
provides a nonrelativistic Bethe approximations—suitable
for E0 < 10 keV—for the excitation cross sections of
hydrogen np states and HeI excitation of the form

σnpðE0Þ ¼ 4πa20R
T þ Bþ E1s→np

faccu
fsc

×

�
anp log

�
E0

R

�
þ bnp þ cnp

R
E0

�
; ðA1Þ

where a0 is the Bohr radius, B is the binding energy of the
ground state electron, E1s→np is the excitation energy of
the np state, and anp, bnp and cnp are fit coefficients.
faccu=fsc is 1 for hydrogen, and is a correction factor
applied to atoms with more than one electron in the
ground state. All unknown values in this expression are
tabulated in Ref. [36]. For all other hydrogen states, we
perform a fit to the three data points with the highest
energies in the CCC databasewith the following functional
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form, which is appropriate for transitions which are opti-
cally forbidden [38]:

σnlðE0Þ ¼ 4πa20
E0=R

�
βnl þ

γnl
E0=R

�
; ðA2Þ

where βnl and γnl are fit coefficients for each nl state, and
use this asymptotic form between 1 keV and 10 keV.
Above 10 keV, relativistic corrections start to become

important. In this regime, we switch to the relativistic
version of the Bethe approximation. For optically allowed
transitions, this is of the form [38]

σnp ¼
8πa20

meβ
2=R

�
M2

np

�
log

�
β2

1− β2

�
− β2

�
þCnp

�
; ðA3Þ

where β is the electron velocity, M2
np ¼ anp, Cnp ¼

anp logð2meζnp=RÞ, and ζnp ¼ ðR=4Þ expðbnp=anpÞ; anp
and bnp are the same coefficients used in the nonrelativistic
Bethe approximation. Similarly, for optically forbidden
transitions, we have

σnlðE0Þ ¼ 8πa20
R=ðmeβ

2Þ βnl; ðA4Þ

where once again βnl is the same coefficient as above.
For HeII excitation, we continue using the cross section

provided in Ref. [73].

APPENDIX B: DERIVATION OF y-PARAMETER
FROM HEATING

As mentioned in Sec. III, at early enough times, one can
write the y-parameter as an integral over the heating rate.
Here we present the full details of the derivation.
First, one can rewrite Eq. (7) in terms of Tm=TCMB as

d
dt

�
Tm

TCMB

�
þHð1þ JÞ Tm

TCMB
¼ JH þ Ṫ inj

m

TCMB
: ðB1Þ

We can now write Tm ¼ Tð0Þ
m þ ΔT, and note that Tð0Þ

m

solves the differential equation above without Ṫ inj
m , i.e.,

d
dt

�
Tð0Þ
m

TCMB

�
¼ JH

�
1 −

Tð0Þ
m

TCMB

�
−H

Tð0Þ
m

TCMB
: ðB2Þ

Since J ≫ 1 prior to 1þ z ≈ 500, the first term on the

right-hand side drives Tð0Þ
m → TCMB until the two terms are

roughly equal; in other words, any large deviations of Tð0Þ
m

from TCMB are erased on a timescale much faster than the
Hubble timescale, leaving the right-hand side at a value
close to zero. This means that for J ≫ 1,

Tð0Þ
m ≈

�
1 −

1

J

�
TCMB: ðB3Þ

The temperature evolution equation also gives

d
dt

�
ΔT
TCMB

�
¼ −Hð1þ JÞ

�
ΔT
TCMB

�
þ Ṫ inj

m

TCMB
: ðB4Þ

Applying the same argument as before, we can see that
ΔT → 0 until the two terms on the right-hand side are
roughly equal, with any large deviations in ΔT from zero
being erased well before a Hubble time. This then gives

ΔT ≈
Ṫ inj
m

HJ
¼ 3ð1þ χ þ xeÞmeṪ

inj
m

8σTuCMBxe
: ðB5Þ

for J ≫ 1.
With this expression, it is easy to see from Eq. (6) that the

y-parameter due to energy injection is

yinj ≈
Z

t

0

dt
3nHð1þ χ þ xeÞṪ inj

m

8uCMB
¼ 1

4

Z
t

0

dt
Q̇

ρCMB
: ðB6Þ

APPENDIX C: ATOMIC TRANSITION RATES

To calculate the bound-free and bound-bound transition
rates, we follow the method outlined in Ref. [39]. Starting
with the bound-free rates, we calculate the recombination
rate to state nl and the photoionization rate from state nl
using [74]

αnl ¼
�

2π

μeTm

�
3=2

Z
∞

0

e−Rκ2=Tmγnl½1þ fCMB þ Δf�dðκ2Þ;

βnl ¼
Z

R

ωnl

dω½fCMB þ Δf�anlðk2Þ: ðC1Þ

Above, μe is the reduced mass of the electron and proton,
κ ¼ pea0 is the momentum of the unbound electron in units
of the Bohr radius, a0, and ωnl is the energy required to
photoionize a hydrogen atom in the nl state. In the
expression for βnl, the integral is cut off at R because
photons with energy above this are assumed to ionize the 1s
state. γnl and anlðk2Þ are defined by

γnl ¼
2

3n2
R
2π

ð1þ n2κ2Þ3
X
l0¼l�1

maxðl; l0Þgðn; l; κ; l0Þ2

anlðk2Þ ¼
�
4παa20

3

�
n2ð1þ n2κ2Þ

×
X
l0¼l�1

maxðl; l0Þ
2lþ 1

gðn; l; κ; l0Þ2 ðC2Þ

gðn; l; κ; l0Þ is proportional to a matrix element of the dipole
transition operator, and we calculate it using an iterative
procedure described in Ref. [74].
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Turning to the bound-bound rates, we calculate dipole
up-transitions and down-transitions using

Rnl→n0l0 ¼ Anl→n0l0 ½1þ fCMB þ Δf� En > En0 ; ðC3Þ

Rnl→n0l0 ¼
gl0

gl
An0l0→nl½fCMB þ Δf� En < En0 : ðC4Þ

Here, Anl→n0l0 is the Einstein A-coefficient, which we
calculate using an iterative procedure described in
Ref. [75] [See their Eqs. (52)–(53)], and gl or gi is the
degeneracy of the corresponding energy level.
When added to the MLA equations, Eq. (17), the rates

R1s→np and Rnp→1s need to be treated with more care.
While it is technically true that one could solve the MLA
using the R1s→np rates as defined above, one would have to
use a step size smaller than the fastest timescale, R−1

1s→2p, to
be able to resolve the frequent emission and absorption of
Lyman-series photons. Instead, the standard method is to
use a much larger stepsize and replace R1s→np and Rnp→1s

by smaller effective rates. These effective rates only keep
track of the transitions that produce or absorb a Lyman-
series photon that is not instantly absorbed, and is able to
redshift out of the resonant energy line [51]. To calculate
these modified rates we first calculate the Sobolev optical
depth and then the probability that a photon will redshift
out of the resonant energy line,

τij ¼
Ajiλ

3
ij½niðgj=giÞ − nj�

8πHðzÞ ðC5Þ

pij ¼
1 − expð−τijÞ

τij
: ðC6Þ

where λij is the line photon’s wavelength.
In addition to the dipole transition rates, we include the

most important quadrupole transition, 1s ↔ 2s. The tran-
sition rate from the 2s to 1s state in the presence of a
background radiation field with occupation number fðωÞ is
given by [76]

A2s1s ¼
A0

2

Z
1

0

ϕðyÞ½1þ fγðωÞ�½1þ fγðEα − ωÞ�dy; ðC7Þ

where A0 ¼ 4.3663 s−1, y ¼ ω=Eα, and ϕðyÞ is propor-
tional to the probability density for emitting two photons at
frequencies ω and Eα − ω. The factor of 1=2 is required
since by integrating y from 0 to 1, we count each photon
twice. We use the analytic fit for ϕðyÞ given in
Refs. [76,77].

ϕðyÞ ¼ C½wð1 − 4c3wc3Þ þ c1wc2þc34c3 �; ðC8Þ

where w ¼ yð1 − yÞ, C ¼ 46.26, c1 ¼ 0.88, c2 ¼ 1.53,
and c3 ¼ 0.8. One can check that in the absence of a

radiation field, i.e., fγðωÞ ¼ 0, Eq. (C7) yields the tran-
sition rate in vacuum, A2s1s ¼ 8.22 s−1. The reverse rate is

A1s2s ¼
A0

2

Z
1

0

ϕðyÞfγðωÞfγðEα − ωÞdy: ðC9Þ

We would like to obtain the spectrum of photons
resulting from this transition. If n2s and n1s are the number
of atoms in the 2s and 1s states, respectively, then the net
change in number of photons per unit time and volume in
the energy bin containing yi with width dyi is given by

nB
dNω

dt
¼ 2dyi

�
n2s

dA2s1s

dy
− n1s

dA1s2s

dy

�

¼ A0ϕðyiÞdyi × fn2s½1þ fγðωiÞ�
× ½1þ fγðEα − ωiÞ� − n1sfγðωiÞfγðEα − ωiÞg:

ðC10Þ

The factor of 2 in the first line accounts for the fact that
there will be a contribution from transitions corresponding
to photons with energy ωi, as well as Eα − ωi.

APPENDIX D: SOLVING FOR EXCITED STATES

In Sec. IV D 3, we described our simplified evolution
equations under the steady state approximation and calcu-
lated the rates α̃B, β̃B, and ẋinj in terms of the quantity Qk.
The derivation outlined there required only one matrix
inversion; however, since Qk is nearly equal to the identity,
calculating 1 −Qk to adequate precision is very slow. Our
code is based upon the following procedure, which is
numerically faster.
As noted in Sec. IV D 3, under the steady-state approxi-

mation, determining the hydrogen level populations
amounts to solving the matrix equation

xk ¼
X
l>1s

M−1
kl ðb1sl þ brecl þ binjl Þ: ðD1Þ

In the code, we use a slightly different normalization for
Mkl and the bil terms such that

Mkl ¼ δkl −
R̃l→k

R̃out
k

; ðD2Þ

b1sl ¼ x1s
R̃1s→l

R̃out
l

; brecl ¼ x2enH
αl
R̃out
l

; binjl ¼ ẋexcinj;l

R̃out
l

:

ðD3Þ

Using these expressions, we can again simplify Eq. (24)
to obtain

ẋe ¼ −x2enHα̃B þ x1sβ̃B þ ẋinj; ðD4Þ
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where we now have

α̃B ¼
X
k>1s

αk − βkM−1
kl b

rec
l ; ðD5Þ

β̃B ¼ βkM−1
kl b

1s
l ; ðD6Þ

ẋinj ¼ βkM−1
kl b

inj
l þ ẋioninj : ðD7Þ

APPENDIX E: DERIVATION OF THE
THREE-LEVEL ATOM MODEL

We begin with the multilevel atom model discussed in
Eq. (33), given by

ẋe ¼ −x2enHα̃B þ x1sβ̃B þ ẋinj; ðE1Þ

where we have defined the following objects:

α̃B ¼
X
k>1s

Qkαk;

β̃B ¼
X
k>1s

ð1 −QkÞR̃1s→k;

ẋinj ¼
X
k>1s

ð1 −QkÞẋexcinj;k þ ẋioninj ;

Qk ¼
X
l>1s

M−1
lk R̃l→1s;

Mkl ¼ δklR̃out
k − R̃l→k: ðE2Þ

It is also useful to recall the relation

βk ¼
X
l>1s

Mlk − R̃k→1s ðE3Þ

The first assumption to derive the TLA is that all n ≥ 2
states are in Boltzmann equilibrium with each other.
Under this assumption, there are no net bound-bound
transitions. Furthermore, since gi expð−ωi=TÞR̃i→j ¼
gj expð−ωj=TÞR̃j→i for any two states i and j by detailed
balance, we note that

gle−ωl=TMkl ¼ gke−ωk=TMlk;

gle−ωl=TM−1
kl ¼ gke−ωk=TM−1

lk : ðE4Þ

We also have the following detailed balance relation
between photoionization and recombination coefficients,
obtained using the Saha relation:

αk ¼
λ3th
2
gke−ωk=Tβk; ðE5Þ

where λth ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2π=ðmeTCMBÞ

p
is the thermal de Broglie

wavelength of an electron. Now, revisiting the expression
for xk, under the assumption of Boltzmann equilibrium for
all excited states, we can write with the help of Eqs. (E4)
and (E5)

xk ¼
X
l>1s

M−1
kl ðx1sR̃1s→l þ x2enHαl þ ẋexcinj;lÞ

¼
X
l>1s

M−1
kl

�
x1sR̃1s→l þ x2enH

λ3th
2
gle−ωl=Tβl þ ẋexcinj;l

�

¼
X
l>1s

M−1
kl

�
x1s
2

eω1=Tgle−ωl=TR̃l→1s þ x2enH
λ3th
2
gle−ωl=T

�X
p>1s

Mpl − R̃l→1s

�
þ ẋexcinj;i

�

¼ 1

2
ðx1seω1=T − x2enHλ3thÞ

X
l>1s

gle−ωl=TM−1
kl R̃l→1s þ

1

2
x2enHλ3th

X
l>1s

X
q>1s

gle−ωl=TM−1
kl Mql þ

X
l>1s

M−1
kl ẋ

exc
inj;l

≈
1

2
ðx1seω1=T − x2enHλ3thÞgke−ωk=T

X
l>1s

M−1
lk R̃l→1s þ

1

2
x2enHλ3thgke

−ωk=T
X
l>1s

X
q>1s

M−1
lk Mql þ

X
l>1s

M−1
kl ẋ

exc
inj;l

¼ 1

2
gke−ωk=T ½ðx1seω1=T − x2enHλ3thÞQk þ x2enHλ3th� þ

X
l>1s

M−1
kl ẋ

exc
inj;l: ðE6Þ

At this point, in order to derive expressions previously used in the literature, we must make the further approximation that
ẋexcinj;l is small, and can be dropped; we will return to this point later in the section. Doing so, and applying the assumption
about a Boltzmann distribution of states, we find

gke−ωk=T

2e−ω2=T
x2s ≈

1

2
gke−ωk=T ½ðx1seω1=T − x2enHλ3thÞQk þ x2enHλ3th�; ðE7Þ
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or

Qk ≈
x1seω1=T − x2enHλ3th
x2seω2=T − x2enHλ3th

≡Q: ðE8Þ

Note that the right-hand side of this expression is inde-
pendent of k, i.e., Qk takes the same approximate value Q
for all states k.
In fact, Q can be written purely in terms of atomic

transition rates, independent of the population of the
various hydrogen states and the free electron fraction.
Beginning from the definition of Qk, we can write the sum

X
l>1s

X
k>1s

gke−ωk=TMlkQk

¼
X
l>1s

X
k>1s

gke−ωk=TMlk

X
p>1s

M−1
pkR̃p→1s

≈
X
l>1s

X
k>1s

gle−ωl=TMkl

X
p>1s

M−1
pkR̃p→1s

¼
X
l>1s

gle−ωl=TR̃l→1s ðE9Þ

On the other hand,

X
l>1s

X
k>1s

gke−ωk=TMlkQk ¼
X
k>1s

gke−ωk=TQk

X
l>1s

Mlk

¼
X
k>1s

gke−ωk=TQkðβk þ R̃k→1sÞ

ðE10Þ

Given the fact that Qk is approximately constant, we can
put these two expression together to find

Q ≈
P

k>1sgle
−ωk=TR̃k→1sP

k>1sgke
−ωk=Tβk þ

P
k>1sgke

−ωk=TR̃k→1s
: ðE11Þ

The final approximation that we make is that recombination
to the ground state from states n > 2 is negligible com-
pared to the n ¼ 2 states, which is an excellent appro-
ximation assuming the excited states are Boltzmann
distributed [39]. Defining the case-B photoionization rate
βB ¼ ð1=8Þ expðω2=TÞ

P
k>1s gk expð−ωk=TÞβk, this gives

us our final expression for Q,

Q ≈
2e−ω2=TðR̃2s→1s þ 3R̃2p→1sÞ

8e−ω2=TβB þ 2e−ω2=TðR̃2s→1s þ 3R̃2p→1sÞ

¼ R̃2s→1s=4þ 3R̃2p→1s=4

βB þ R̃2s→1s=4þ 3R̃2p→1s=4
¼ C; ðE12Þ

where in the last step we note that the expression is exactly
to the Peebles-C factor. With this approximation, we find

α̃B ≈Q
X
k>1s

αk ¼ CαB;

β̃B ≈ ð1−CÞ
X
k>1s

gke−ωk=T

2e−ω1=T
R̃k→1s≈ ð1−CÞe−ðω2−ω1Þ=T

× ðR̃2s→1sþ 3R̃2p→1sÞ ¼ 4Ce−ðω2−ω1Þ=TβB;

ẋinj ≈ ð1−CÞ
X
k>1s

ẋexcinj;kþ ẋioninj ; ðE13Þ

where αB is the case-B recombination coefficient. Upon
substitution into Eq. (E1), this finally leads to

ẋe ¼ Cð−x2enHαB þ 4βBe−ðω2−ω1Þ=Tx1sÞ
þ ð1 − CÞ

X
k>1s

ẋexcinj;k þ ẋioninj ; ðE14Þ

the evolution equation for the three-level atom. In sum-
mary, the assumptions made are that (1) all excited states
follow a Boltzmann distribution with respect to each other,
(2) injected photons play a small role in setting the
occupation number of the excited states, (3) recombination
proceeds primarily through the n ¼ 2 states, which is a
consequence of the Boltzmann suppression of the popula-
tion in higher level states made in the first assumption. Of
these assumptions, the second assumption is exactly true
for standard recombination, but may be false in the
presence of exotic energy injection—in fact, injected
low-energy photons that excite hydrogen atoms can easily
dominate the spectrum, since the CMB blackbody distri-
bution is exponentially suppressed for such energies. With
the proper inclusion of injected photons, Qk becomes k-
dependent, and the effective recombination rate after
recombining to state k is no longer independent of k,
and cannot be simply expressed as a single factor C; the
usual way of including excitations through a term propor-
tional to ð1 − CÞ [30,78] is therefore not correct. Of course,
the presence of nonthermal photons already breaks the first
assumption to begin with, necessitating the full multilevel
treatment described in Sec. IV.

APPENDIX F: ADDITIONAL CROSS CHECKS

In this appendix, we validate our improvements to
the DarkHistory code by comparing against results in the
literature.

1. Comparison to DarkHistory v1.0

In Fig. 10, we show the difference between the fc’s
calculated using the updated treatment of low-energy
electrons (using nmax ¼ 10 and only one iteration) and
DarkHistory v1.0, as a function of redshift and the kinetic
energy of the injected electron. The channels are defined as
follows.

(i) H ion: energy deposited by photoionization and
collisional ionization of hydrogen.
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(ii) He ion: energy deposited by photoionization and
collisional ionization of helium.

(iii) Ly-α: energy deposited by photons and electrons
into 1s → 2p excitations. This was previously la-
beled as the ‘exc’ channel, since this was the only
excitation that we tracked. In the new method, since
we can track an arbitrary number of excited states,
then the number of Lyman-α photons emitted
depends on the probability that an excited states
cascades to the ground state by first deexciting to

2p; as mentioned in Sec. IV F, this can be calculat-
ing using the Ri→j transition rates.

(iv) heat: energy deposited by injected electrons into
internal energy of the IGM.

(v) cont: energy deposited into photons with energy less
than Eα. Again, since the new method can track
excited states other than 2p, the continuum channel
includes contributions from deexcitations of excited
states to 2p, as well as deexcitations to 2s and the
two photon transition from 2s to 1s.

FIG. 10. Comparison against the fc values calculated from DarkHistory v1.0. Each row shows either decay or annihilation to eþe− or
photon pairs, and each column shows a different energy deposition channel.

LIU, QIN, RIDGWAY, and SLATYER PHYS. REV. D 108, 043530 (2023)

043530-22



With the exception of helium ionization and certain regions
of continuum deposition, the difference in fc for all the
channels is under 10% for most redshifts and energies. As
discussed in Sec. II, the helium ionization channel in
MEDEA is rather noisy due to the Monte Carlo procedure
they employ; this explains the large relative difference
in fHe ion.
We also expect some differences in fcont since we are

including a new contribution: the spectrum of photons
upscattered by ICS off low-energy electrons and photo-
ionized electrons. This new component is important at high
redshifts, which is also where we find the largest discrep-
ancies. There are also a number of larger discrepancies at
low redshifts in channels which primarily produce eþe−
pairs; these are due to the fact that we are including new
excitation states and are using different cross sections from
before. We find that if we set these contributions to zero,
agreement with DarkHistory v1.0 is restored at the level of
about 10%.
In addition, we include an option to calculate an

‘effective’ fexc such that if one uses the DarkHistory v1.0

TLA evolution equation,

ẋe ¼ −C½nHxexHIIαB − 4ð1 − xHIIÞβBe−E21=TCMB �

þ
�
fion
RnH

þ fexc
EαnH

��
dE
dVdt

�
inj
þ ẋre; ðF1Þ

together with the newly defined fexc, then one obtains the
same histories as that calculated using the MLA. Note that
compared to the Eq. (5) in Ref. [30], we have absorbed a
factor of ð1 − CÞ into fexc for numerical stability.
To summarize, with this version of DarkHistory, we include

the option elec_method in main.evolve(), which
allows one to calculate fc by one of three methods
depending on if the option is set to ‘old’, ‘new’,
or ‘eff’.

(i) ‘old’: calculate the fc’s as in DarkHistory v1.0, using
MEDEA for the energy deposition of electrons with
energy <3 keV.

(ii) ‘new’: calculate the fc’s without separating low-
energy electrons from high-energy electrons.

(iii) ‘eff’: calculate the fc’s without separating low-
energy electrons from high-energy electrons, and

also output an effective fexc that can be plugged into
the TLA equations.

2. Spectral distortions from ICS and heating

As mentioned in Sec. III A, a key difference between our
work and Ref [29] is that they treat the IGM as completely
ionized. At the early redshifts they are interested in, this is a
good assumption. However, between the redshift of 1þ
z ¼ 3000 (the default initial redshift for DarkHistory) and
recombination, there is a small but non-negligible amount
of neutral hydrogen. Secondary electrons resulting from
ionization of this hydrogen can contribute to heating and
therefore contribute to a y-type distortion.
Fig. 11 shows the Green’s functions from Ref [29] for

dark matter of different masses decaying to eþe− pairs at
redshift 1þ zinj, compared to the same distortions gener-
ated by DarkHistory using a few different methods. The solid
line shows the component from only summing over the
low-energy photon spectra; we see that as a consequence of
tracking the ionization level consistently in DarkHistory, the
solid line is always larger in amplitude than the Green’s
functions of Ref. [29]—that is to say, assuming full
ionization may underestimate spectral distortions from
the epoch prior to recombination.
To check consistency with Ref. [29] under matched

assumptions, we can try to turn off the contribution to
heating from secondary electrons produced by ionization.
The dashed line shows the predictions of DarkHistory without
including the heating from ionized secondary electrons in
the module for low energy deposition. While modifying the
low energy deposition accounts for most of the energy
going into heat, this does not fully bracket the contribution
from photoionization. Our high energy deposition transfer
functions do not extend to a value of xe ¼ 1, since at the
highest redshifts we consider, there is still a small but non-
negligible amount of neutral hydrogen. Hence, for this
cross-check, we cannot truly set xe ¼ 1, so some ioniza-
tions are necessarily included and the secondary electrons
from this channel can propagate into the low-energy
electrons and contribute to heating. Hence, while the
dashed curves are lower than the Green’s function from
Ref [29] for mDM ¼ 20 MeV and injection redshifts 2985
and 2116, they are slightly above for the other panels.
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FIG. 11. Spectral distortions from dark matter decaying to eþe− pairs, at various dark matter masses and injection redshifts. The solid
lines shows the distortions contributed by low-energy photons in DarkHistory; the dashed lines neglect energy deposition by secondary
low-energy electrons, which may result from photoionizations; the dot-dashed curves make the same assumptions as the dashed, but
furthermore include the effects of heating from Compton scattering (see text for details). For comparison, the Green’s functions from
Ref. [29] are shown in the gray dashed line. The dashed and dot-dashed curves bracket, or nearly bracket the Green’s functions; this is as
expected, since Ref. [29] assumes 100% ionization and accounts for the heating component.
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Finally, this comparison also omits a contribution that is
included in Ref. [29], where photons heat the free electrons
through Compton scattering (since they are not absorbed via
photoionization). Thus, the dot-dashed curves include this
heating from Compton scattering, calculated using Eq. (B.2)
in Ref. [29]. These and the dashed curves fully bracket or
nearly bracket theGreen’s functions fromRef. [29] in Fig. 11.
Thus, we achieve reasonable agreement with Ref. [29]

when we do not include photoionizations from low-
energy photons, but do include Compton scattering from
these photons that would realistically photoionize at these
redshifts.

3. MLA treatment validation

At high enough redshifts, when the density of hydrogen
is large enough that the TLA assumptions hold, the TLA
and MLA treatments should yield the same results.
Figure 12 shows the evolution of the occupation levels
for the lowest hydrogen levels calculated using Eq. (30) and
with the TLA method; both are calculated without includ-
ing any sources of exotic energy injection. The two
methods agree well at redshifts above a few hundred.
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