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The decrease of both the rolling speed of the inflaton and the sound speed of the curvature perturbations
can amplify the curvature perturbations during inflation so as to generate a sizable amount of primordial
black holes. In the ultraslow-roll inflation scenario, it has been found that the power spectrum of curvature
perturbations has a k* growth. In this paper, we find that when the speed of sound decreases suddenly, the
curvature perturbations becomes scale dependent in the infrared limit and the power spectrum of the
curvature perturbation only has a k* growth. Furthermore, by studying the evolution of the power spectrum
in the inflation model, in which both the sound speed of the curvature perturbations and the rolling speed of
the inflaton are reduced, we find that the power spectrum is nearly scale invariant at the large scales to
satisfy the constraint from the cosmic microwave background radiation observations, and at the same time
can be enhanced at the small scales to result in an abundant formation of primordial black holes. In the
cases of the simultaneous changes of the sound speed and the slow-roll parameter # and the change of the
sound speed preceding that of the slow-roll parameter 7, the power spectrum can possess a k® growth under

certain conditions, which is the steepest growth of the power spectrum reported so far.
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I. INTRODUCTION

During the standard slow-roll inflation, the solution of
the Sasaki-Mukhanov equation for the evolution of the
curvature perturbations R contains, in the infrared limit, a
constant term and a time-decaying one, and this solution
results in a nearly scale-invariant power spectrum of the
curvature perturbations [1,2], which is well-consistent with
the cosmic microwave background (CMB) radiation obser-
vations. The CMB observations have limited the amplitude
of the power spectrum to the order of O(10~?) at the CMB
scale [3—7]. It has been found that, if the amplitude of
the power spectrum of the curvature perturbations can be
enhanced for about seven orders at the scales smaller
than the CMB one [8-11], a sizable amount of primordial
black holes can be generated when these enhanced
perturbations reenter the horizon during the radiation- or
matter-dominated era [12—-19].

The amplitude of the power spectrum of the curvature
perturbations in the standard slow-roll inflation can be

expressed as Pp = % when the mode exits the horizon
during inflation, where H is the Hubble parameter which is
approximately constant during inflation, e the slow-roll
parameter and ¢, the sound speed of the curvature
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perturbations. Thus, a natural way to amplify the curvature
perturbations is to reduce the rolling speed of the inflaton
which is proportional to € or to suppress the sound speed.
Decreasing the inflaton’s rolling speed can be realized in the
ultraslow-roll inflation [20-72], in which the slow-roll
parameter 7, which is defined to be # = % with an overdot
denoting a derivative with respect to the time ¢, equals
approximately —6. During the transition of # from 5 ~ 0,
which corresponds to the slow-roll inflation, to —6, the Israel
junction conditions [73,74] are used to obtain the solution of
the curvature perturbations in the ultraslow-roll phase.
Expanding this solution in the infrared limit, one can see
that the decaying term in the solution of the Sasaki-Mukhanov
equation for the evolution of the curvature perturbations
becomes a growing one. This growing term gradually
dominates if the ultraslow-roll inflation persists a sufficiently
long time and it results in the enhancement of the curvature
perturbations to meet the requirement of formation of a
sizable amount of primordial black holes. It has been found
that the power spectrum of the curvature perturbations dis-
plays a k* growth and has a dip preceding the k* dependence
[75-77]. The steeper k> (log k)? growth of the power spectrum
can be obtained if an 7 = —1 middle phase between the slow-
and ultraslow-roll inflations [76,78] is added.

When the amplification of the curvature perturbations
results from the decrease of the sound speed [79-83],
which equals 1 in the canonical scalar field inflation model,
the solution of the curvature perturbations, although does

© 2023 American Physical Society
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not contain growing terms, still has a constant component
and a decay part. However, the constant component becomes
scale variant at small scales, which makes the power
spectrum become enhanced. If the Israel junction conditions
are utilized to match the curvature perturbation and its
derivative at the time when the sound speed decreases
suddenly, the power spectrum has a k* growth [83,84].
However, this junction conditions is inapplicable in the case
that the sound speed suddenly decreases due to the appear-
ance of the square of the delta function [85]. Therefore, in
this paper we will employ an improved junction conditions
[81] to restudy the evolution of the power spectrum when the
sound speed decreases suddenly and find that the growth of
the power spectrum is k> rather than k*.

Furthermore, in the Dirac-Born-Infeld-inspired nonmi-
nimal kinetic coupling inflation model [86], both € and ¢?
are closely related to the concrete form of the inflationary
potential, which indicates that this inflation model may
accommodate both a small sound speed of the curvature
perturbations and a small rolling speed of the inflaton at the
same time. When both the inflaton’s rolling speed and the
sound speed of the curvature perturbations are suppressed
during inflation, will the growth of the power spectrum of
the curvature perturbations be steeper than k*? This is an
interesting problem, which we are also going to address in
this paper.

The rest of this paper is organized as follows: In Sec. II,
the evolution of the power spectrum is investigated when
the speed of sound decreases suddenly. In Sec. III, we study
the evolution of the power spectrum in the case that both the
sound speed and the slow-roll parameter are suppressed and
present our conclusions in Sec. IV. Throughout this paper,
we set c = h = Mp = 1.

II. GROWTH OF POWER SPECTRUM FROM THE
SUDDEN DECREASE OF THE SOUND SPEED

The evolution of the curvature perturbations R satisfies
the Sasaki-Mukhanov equation, which in the Fourier space
takes the form

"
vl + (c?kz—Z?)vk =0, (1)

where v; = 7R, a prime indicates a derivative with respect
to the conformal time 7, and z is defined as

2a%e
T=— (2)

with a being the cosmic scale factor. From the definition
of z, one can obtain
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€ < 1, and thus aH ~ — % Then Eq. (1) can be rewritten as

2_1/4
’UZ + (C%kz - —I/ (—1)5 )vk = 0, (4)

where

31
I/—E‘FEW—S. (5)

If # and c, are constants, Eq. (4) has a general solution
w(7) = av/=tHY (=c k) + pv/=tH (—c kt).  (6)

Here H 51) and H £2) are the first and second Hankel
functions, respectively, and a and f are two constants.

Now, we discuss the scenario of a sudden decrease of the
sound speed, as shown in Fig. 1. In the first stage (z < 1),
which corresponds to the canonical slow-roll inflation, the
sound speed c, is equal to one and the slow-roll parameter 7
is near zero. Thus, one has v ~3/2 and € = €)()™" ~ €.
Imposing that the solution of the Sasaki-Mukhanov equa-
tion matches the plane-wave form in the ultraviolet regime
(—kz > 1), we can derive the evolution of the curvature
perturbations

H
RO (z) =i

Apparently, the solution of the curvature perturbations
contains a constant term and a time-decaying one since
|z| decreases with the cosmic expansion during inflation,
which results in a nearly scale-invariant power spectrum of
the curvature perturbations in the superhorizon scales
(—kz — 0) with the amplitude of the power spectrum being

HZ
N 87[250 '

Po (8)

T

FIG. 1. The sound speed c, varies suddenly at z;.
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The CMB observations have limited P, to be ~10~ [3]. At
the moment 7;, we assume that the sound speed decreases
suddenly from 1 to a very tiny constant value c,, and the
inflation enters the second stage. In this stage, the general
solution of the curvature perturbations has the form

; 3/2
ic, H(-7)¥/

R (e ==

[ Hi) ey ko) + BiHS (e, k)]
©)

where @; and f; are two constants. Usually, the Israel
junction conditions R,((()) (1)) = R,El)(rl) and R’,(CO) (1)) =
R ,((1)(11) are used to determine the values of a; and
£ [83,84]. However, it has been found, in Ref. [85], that
there is a square term of the delta function &(z — 1)
arising form (c’/c,)? in z”/z when a sudden variation of
the sound velocity occurs, which makes the analysis
impossible, and thus the Israel junction conditions need
to be modified or a new variable has to be introduced.
In [85], a new variable is defined, which satisfies the Israel
junction conditions at 7;. Here, we do not use this new
variable [85] but consider an improved junction condi-
tions, i.e., R and its conjugate momentum AR are
continuous at 7;, where A = 26 [81] ‘We have checked that
the introduction of the new viable and the improved
junction conditions can give the same results. Considering
the improved junction conditions

RO (1) =R (7). AR (7)) =ARY (z)  (10)
with
2¢
AO :2607 Al 20’ (11)
B
we can obtain that
1+c Ykty
oy () yme et
4, /¢y,
(14 ¢,,) /e 1men ks
pr =V (12)
A]

Substituting a; and f; into Eq. (9), we find the expression
of the curvature perturbation in the second phase, and then
we can derive the corresponding power spectrum, which is
shown in Fig. 2. From it, one can find that the power
spectrum only has a k*> growth. Thus, the result of a k*
growth, which is obtained from the standard Israel
junction conditions, should be incorrect.

To figure out the physical reason behind the k> growth
of the power spectrum, we expand the expression of the
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FIG. 2. The evolution of the power spectrum as a function of
wave number k. The solid-gray and dashed-blue lines represent
the numerical and approximate results, respectively. The dashed-
red line indicates the k%> growth.

curvature perturbations [Eq. (9)] in the infrared limits;
—cg kt = 0 and —cg k7 — 0, and obtain

ic2 Hrik'/? =ik

| l'He—ikTI Hr e—ik’fl
R = = -
2/ €ok 2\/€eok Ve€o
ic2 Hkl/2e—ikrl
(=) 4. 13
i (13)

Apparently, the wave number k in Eq. (13) must satisfy the
condition k < k, = —1/(c,,7;). It is easy to see that in the
infrared limit the leading part of the curvature perturbations
is independent of 7, which contains three different
k-dependent terms, and the subleading part decays with
time since |z| decreases during inflation. These characters
are different from that in the case of the transition from the
slow-roll inflation to the ultraslow-roll one, where there is
an appearance of the growing term.

From Eq. (13), we obtain the power spectrum of the
curvature perturbations,

=M

P 1
Pok ~14(1- Cs1)71k2 + 4c§'1 k4, (14)

after neglecting all decaying terms. If the k> term becomes
comparable to the constant one, the wave number needs to
be equal to about

1
,/1—0311'1

The wave number at which the k* term becomes compa-
rable with the k* one is

ky ~— ~ ¢, k. (15)
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Itis obvious that k; < k., but k, > k. since ¢, < 1. Thus,
k, is beyond the infrared condition k < k., which means
that the power spectrum has no k* growth, and the steepest
growth of the power spectrum is only k2. At the CMB scale,
the first term in Eq. (14) dominates, which leads to a scale-
invariant spectrum consistent with the CMB observations.
Going to the scales which are smaller than the CMB one,
the second term begins to play a dominant role. The power
spectrum becomes scale dependent and has a k> growth.
These results are shown clearly in Fig. 2, in which the
approximate result given in Eq. (14) is very consistent with
the numerical one. There is no dip in the power spectrum
since no term cancels the constant one, which is different
from the case of the ultraslow-roll inflation.

III. GROWTH BEHAVIOR OF POWER SPECTRUM
WHEN BOTH THE SOUND SPEED AND
THE SLOW-ROLL PARAMETER 5 ARE

CHANGED SUDDENLY

We have known that the enhancement of the power
spectrum can be realized by decreasing the sound speed
¢, or reducing the slow-roll parameter e. In the following, we
will study the growth of the power spectrum when both € and
¢, are suppressed. For simplicity, we will consider that the
sound speed changes suddenly from 1 to a constant much
less than one, and the slow-roll parameter # suddenly from a
constant near zero to a negative constant. A negative 7 will
lead to the decrease of ¢ since € «x z77. We first consider the
case that the variations of ¢, and # occur simultaneously.

A. Simultaneous changes of sound speed
and slow-roll parameter 7

The scenario considered in this subsection is shown
in Fig. 3. Initially, the Universe undergoes a standard

ﬂe—ik‘rl
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FIG. 3. The slow-roll parameter # (red line) and the sound
speed ¢, (blue line) vary simultaneously at z;.

slow-roll inflation, in which ¢; =1, e ¢y < 1 and 7 ~ 0.
At time 71, the sound speed c, and the slow-roll parameter 7
change suddenly from 1 and ~0 to a small value ¢, and a
negative constant 7, respectively. Thus, during the second
phase, the slow-roll parameter ¢ decays as ¢(7) =
€o(7/7)™ and the sound speed is a small constant c; .

From Eq. (6), we obtain the general solution of the
curvature perturbations

n 3+m

¢, Hr 272

R ===

{azH,Sl) (cy kT) + ﬂzHl(,z) (cy, kr)}

(17)

in the second phase, where a, and f3, are two constants, and
v = (34 1,)/2. Matching REC()) and 7_3,(:) at 7 = 7, by using
the improved junction conditions, R,(CO) (1) = 7?21) (7) and
AOR’,(CO)(-L'I) = Aﬂé’,&”(rl), one can achieve that

(00 ike0) = (e ke ) e ) = k(1 -+ e HE e k)|

[((3 F )1+ k) = (e kn)? ) HE (e ko) = e ke (1 + k) HLY, (e kn )|

Substituting @, and /3, into Eq. (17) gives the expression of the curvature perturbations during the second phase. Expanding
this expression in the infrared limit (—c, kz — 0 and —c, kz; — 0), we arrive at

(1) Z'He—ik‘rl

_2 €0k3_ 2V€0k -
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(—1)3+m>k3/2 + ... (18)
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It is easy to see that the solution contains a time-independent part and a time-dependent one, which will decay with time

when 7, > —3, and grow when n; < —3.

Now, we assume that the second phase lasts for N, number of e-folds, which means that 7, = 7,e~"2 if this phase ends at
7 = 1,. The power spectrum of the curvature perturbations can be obtained from Eq. (18), which takes the form

P
Rk

~14+ 1+
=t

203,’71
(1+n)3+m)

1 2
- + e
<3+’71 (1+nm)3+m)

+< L 1
4B 4+m)*  (L+n)B+m)

Here we have kept the k® term in Eq. (19) since the k°
growth may occur under certain conditions. We need to
compare the k" term with the k"~ one to determine whether
a k" growth will appear. We set k, k,, and k3 to denote
the wave number at which the scale-invariant term becomes
comparable with the k*> term, the k> term becomes
comparable with the k* term, and the k* term becomes
comparable with the k® term, respectively.

Let us first study the n; > —3 case, which means that
there are no growing terms in the solution of the curvature
perturbations and all time-dependent terms in Eq. (18)
decay with the cosmic expansion. Thus, all terms contain-
ing N, in Eq. (19) can be neglected. Then, we find that

1
k| ~—— k., 20
1 7 Csl c ( )
and
V3 +
ko === 3k, (21)
sp 1
Mm=-2
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FIG. 4. The power spectrum in the #; = —2 case. The gray-
solid and blue-dashed lines represent the numerical and approxi-
mate results, respectively. The dashed-red line indicates the k>
growth.

=(B3+m)N, _

e~ (G+m)N2

e_(3+”l>N2>r%k2

e
(1+m)*G+m
1
(I+m)*G+m)?

—2(3+7)N; | .2 414
)26 5, Tk

e‘2(3+'71)N2> s 0KkC. (19)

The condition k, < k, for a k* growth requires that
v3+n < 1. This is hard to satisfy since #; must be
fine-tuned to be very close to —3. Thus, usually the highest
growth of the power spectrum can only reach k2.
Furthermore, since the power spectrum only has the k*
growth, the dip phenomenon does not appear. These
characters can be found clearly in Fig. 4, where the power
spectrums from numerical and approximate analyses are
plotted in the n; = —2 case.

When 7; < -3, since the coefficient of the k" term is
very tedious, we only consider three special cases
(c3, e~ BN « 1 c?le_(3+'71)N2:1 and c?, e~ BN 1),
as shown in Table I in which the predominant terms
of k" are given, to investigate analytically the growth of
the power spectrum. In the case of ¢2 e~V < 1, we
find that

kl =—-——= Cslkw

k (1 +77|)(3+7’]]) (3+n1)Ny

2= e 2
\/ECS]TI

_ VA +m)B+m) e

V2 :
V20 +m)B +m) s,

k3 >~ —
Cs]Tl
(3+n1)No
=V2(l+n)B+me * k. (22)
TABLE 1. The predominant terms of k" in three different

situations.

C?] e~ BNy 1 C?l e~ B+mN — 1 C%] e~ (3tnN2 5 1

e 1 L+l Xme
() (3+m) (14n1)(3+m)
C?[ Tzltkél _ 126—(3+:,1)N2 (11%+871|+6)€_(3+'” )Ny Cfl ”%6—2(,#»”){\'2
(Am)G+m) (141 )>(3+m1)? (14+m)?(3+m)?
At 0K6 =264n1)Ny o=2G411)N, o=20411)N,
sl (14)* (3+m )? (1+m)* (3+m)? (I+m)*(3+m )?
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Apparently, the condition k3 < k, is easy to be satisfied

since 7; < —3. Thus the power spectrum can have a k°

growth. Since the coefficient of the k4 term is negative, the

power spectrum has a dip preceding the k® growth.
When ¢2 e=Gt1V2 = 1, we have

244y +3
ko LA g
(n7 + 6m1 +3)

ky o o O A 4307t + 61 +3)
(7 + 8y +6)

k3 = \/ ’7% + 8771 + 6cslk0'

We find that k; ~ k, ~ k3 < k., which means that the
power spectrum will go directly to the k® growth after
the scale-invariant spectrum.

In the case of ¢2 e~31)N2 > 1, one can obtain

g ke,

(23)

(1+n)B+m) AN g
V=2

ey (I+m)B+m) SABHm)

klﬁ

Since k, < k., the power spectrum will grow with k* when
the scales become smaller than the CMB one. It eventually
goes into k% growth due to k5 < k.. A negative 7, leads to a
negative coefficient of the k? term, which indicates that the
power spectrum has a dip preceding the k* growth. These
characters can be seen in Fig. 5, where the numerical (gray-
solid lines) and approximate (blue-dashed lines) results of
the power spectrum with n; = —4, =5, —6 are plotted. One
can see that the approximate results are consistent with the
numerical ones.
Moreover, Eq. (18) is clearly inapplicable for the cases of
n = —1 and n; = =3 due to the appearance of singularity.
These two cases need to be treated separately.
@ n =-1
We find that in the infrared limit, the solution of
the curvature perturbations [Eq. (17)] has the form

_ (1 iHe™'n
RV () =

HTI e_ile
2 €0k3 2 Vv €Ok
ic2 Hk'/2e=kn

NG

32— (=7)} + ....

(25)

Ny . . .
= ke, The solution of the curvature perturbations consists
of the constant part and the decaying one, which is
ks = [mcy ke (24) similar to the solution in the case of 5, > —3.
10 7 / 10|B Vi
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FIG. 5. The power spectrums in the 7; = —4, —5, and —6 cases. The gray-solid and blue-dashed lines represent the numerical and

approximate results, respectively. The first, middle, and last columns correspond to the ¢2 e=G+1V2 « 1, ¢2 =G> = 1, and

2, e"B+mN2 > 1 cases, respectively.
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The power spectrum of the curvature perturbations
has the form

P.
R 4B de, (26)
Po e !

We can see that the k* and k* terms become
comparable at

4 4
ky” ——5—=—k,. 27
2 32t 3cy, € (27)

Since k, > k_, the power spectrum has no k* growth.
The corresponding numerical and approximate re-
sults of the power spectrum are shown in Fig. 6.
Apparently at the small scales the power spectrum
grows with a k2 slope.
(i) m = -3
In the infrared limit, Eq. (17) can be simplified to be

iHe—ik‘rl H,L.le—ikrl

T ekl 2v/eok

ic2 Hoik'/2 =ik 7
+—————— |1 +6log|—

8\/€o 7
ic2 Hr3 k32 e~ikn T
STl L PR S (i
8/€o 7

+o (28)

The solution for the curvature perturbation consists of
the constant term and the logarithmically growing one.
This characteristic is different from the power-law
growth in the #; < —3 case. Thus, we obtain that the
power spectrum has the expression

/
s M=— / J
10 /
//
€ ot K /
3
& /
100 //
/
//
1— —— — — — — — [/ L L
10 1000 10° 107
kikg

FIG. 6. The power spectrum in the #; = —1 case. The gray-
solid and blue-dashed lines represent the numerical and approxi-
mate results, respectively. The dashed-red line indicates the k>
growth.

PRS) 1 2 212
x4y (2— c2 (6N, — 1))11k
1
+ Ec%} (8 +¢2 (6N, — 1)% — 16N2)1"1‘k4
1
+ 1_6 C?] (2N2 - 1)27?](6. (29)

Since the maximum value of N, is about 3040 and
s, ~O(107), Nyc? is significantly less than 1.
Therefore, the expression of the power spectrum given
in Eq. (29) can be simplified to be

P
R 12 (12 avy)e? ke
P() 2 o

1
+1g (2N, — 1)2c 75kS. (30)

From the above expression, we obtain

kl zcslkm

1R

Obviously, k; < k.. and k, ~ k3, which are less than
k. if N, > 9/2.Thus, the power spectrum will have an
era with a k> growth and eventually with a k% one at
scales smaller than the CMB one when N, > 9/2.
Since the coefficient of the k* term is negative, there is
adip preceding the k® growth. These characters can be
seen clearly in Fig. 7.

1
100 m=- /1
0% /
€ e/
i\ 106, I’
£ J
4| 2
10 K N
100+ / '
/ |
1 — =
10 1000 10° 107
klko

FIG. 7. The power spectrum in the 7, = —3 case. The gray-
solid and blue-dashed lines represent the numerical and approxi-
mate results, respectively.
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FIG. 8. The sound speed c, (blue line) varies at z;, and the
slow-roll parameter 7 (red line) changes at 7, (|75| < |7]).

B. Changes of sound speed previous
to slow-roll parameter 7

The simultaneous change of ¢, and 7 is a harsh require-
ment. In the following, we abandon it, and first consider
that the change of the sound speed is followed by that of #.
We assume that the sound speed changes suddenly from 1
to a small constant ¢, at time 7;, and 5 varies from ~0
to a negative constant #; at 7, (|z,| < |71|), as is shown in
Fig. 8. The |z| > |z;| era, which represents the first phase,
is the standard slow-roll inflation. In the second phase
([7a| < el < |=]),
turbations is a small value c¢;. When |z| < |z,|, which
corresponds to the third phase, the slow-roll parameter €
decreases with the power-law; €(7) = €y(z/7,)™ and the
sound speed keeps the small value ¢y, .

When |7] > ,((0) is given in Eq. (7).
In the second phase, the solution of the curvature pertur-
bations has the form

ic, H(—1)%?
= VT [@Hél/)z(cslkr) +ﬂ3Hg2/)2(cslkr)} ,
(32)

where a3 and f; are two constants. Using the matching
RY@) =R (@) and AR (m) =
Ay R’( )( 1), one can obtain that

condition,

(1 _ c‘vl)ﬁe—i(l-k—csl)kr]

+ c, e i(1- —Cs, Vkty
p=-U 1>4f (33)
V Cy,
If |z] < |z5], the solution of the curvature perturbations
becomes
H _"_1 34
- cg Hty 72
R () == gl e k) + i (e )|

(34)

where a, and f, are two constants and v = (3 +1,)/2.
Us1ng the matchlng condition, R (12) = ,Ez) (7,) and
R’k (1) = R’k (15), one finds

. 1/2
m3/2csl/ Tk

_ —i(14cy, )kt
% 16 1
x |EHD) (e, kes) = 2HE) (e ke (35)
2 2
2 3/2 .1 k.
po =~k

x [fH&(cslkfz) - ﬂH&(cslkrz)}, (36)
2 2
where

£=(1—c, ) H (e, kny) + (1 + ¢, )X HP (¢, kny),
2 2
A= (1=c,)H g>(cslk12)—|—(1—I—csl)eZ"n’”‘H(>(cslk12).
2
(37)

In the infrared region (—c, kr — 0,
—cy, kt; — 0), we obtain that

—cg kty = 0 and

@)(7) = iHe ' Hre™ (icng(G‘*"h) —mn)e ™t e Hyy " mm—ikﬁ( )3+m>k1/2
2\/egk®  2V€ok 4,/€0(3 +m) 2/e0(14+n)(3+m)

%l H((34m )T? =37, T%Jer T%)e”“l
12,/€0(3+m1)

1 eimyl —ikzy

+ 5 -
+ s Himri—1-mm)z, (
2/eo(1+n1)(3+m1)

_T)3+'71

K124 (38)

Clearly, the solution given in Eq. (38) contains a time-independent part and a time-dependent one, which will grow with

time when n; < —3.
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Using N, and N5 to denote the number of e-folds during the second and third phases, respectively, i.e., 7, = 7;¢~"> and

7 = 1,67 V2>7N3 we obtain, from Eq. (38), the expression of the power spectrum of the curvature perturbations
P 2 2
TR N <] _2 g o, 20?1’/116—2N2—(3+;7,)N3>T%k2
Po T34 (L+m)(3+m)
1 2pe™  3pien®™ | 240 -2p1eN2 3N, (344N
B §+ 9]—&-3111 - 91—}—3111 + (1+l1[1)(3-+1—17]) ¢ 2N 2 A
2 (1_ _m_ 2N 2N, -GN )2 | !
_CSI (E_me Z_We 2 ( "Il) 3)
-3N -2N N 2
+ (l + ne N2 _me 2 I +n —ne e‘3N2_(3+'“>N3> Césl r?k6. (39)
6 9+3n 6+2n (I+m)3+m) ]

We first study the ; > —3 case, which means that there
are no growing terms in the solution of the curvature
perturbations and all time-dependent terms in Eq. (38)
decay with the cosmic expansion. Thus, all terms contain-
ing N, and N3 in Eq. (39) can be neglected and the power
spectrum can be simplified as

P = (2) 1 1
PL; 21470 -k ol + el lke. (40)

It can be found that the wave numbers at which the scale-
invariant term is comparable to the k> term and the k? term
is comparable to k* one happen, respectively, at

ki ~cq ke,
ky ~/3k,. (41)
|
When N,
Pxe
R 1 2
_kgl_i_T%kZ_ (__$
0 3 (T+m)B+m)

+ (i_ m
36 3(1+m)3+m)

e~ (5+n)N;

The power spectrum has a growth rate of k> since k, > k...
These results can be found clearly in Fig. 9, where the
evolutions of the power spectrum from numerical and
approximate analyses are plotted in the 7; = —2 case. At
the CMB scale, the power spectrum is scale-invariant which
is consistent with the CMB observations. At scales smaller
than the CMB scale, the power spectrum becomes scale
dependent with a k> growth.

When 7, < =3, since the coefficient of k" is very
tedious, we only consider three special cases (N, > N3,
N, < N3, and N, = N3) to investigate analytically the
growth of the power spectrum.

First of all, when N, > N3, all terms containing N, in
Eq. (39) can be neglected. Thus, the dominant term of k" is
the same as the one in the case of 1; > —3. Therefore, the
evolution of the power spectrum is the same as in the case
of n; > =3, and only has the k*> growth.

= N3, the expression for the power spectrum given in Eq. (39) can be simplified to be

e_<5+’71 )NS) C%] T‘]"k4

2
n _
(1+ 111)2E3 Fm)eEe 2<5+m)N3) LS 42)

Since different values of n7; will give different results, we will discuss this situation by considering following different cases:

212 4 6
1+ 77k =12 okt + 3¢ 25k

&)
R D1+ 2K = 1902 ¢4kh 4 360 4 166

P

Po

2 2 2
1+ 2+ s ¢}

SMGLAEI K+

—5<7’]|<—3
m=->5

A 2o=2(5+n1)N3

61,6
T G G Ca Tk < =5

When -5 < 5, < =3, we find that k, ~ k., which means that the power spectrum only has the k> growth. In the ; < =5

case, we obtain

kl ﬁCslkC, k2

1R

=2m

(1+n)B+m) AN

+m)(3 +n)
M

" V2(1

R

eSHINs g (43)
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104 ny=—2 // ] Apparently, ks is less than k. if ¥Y———-* H"‘) 1) (54 )N <1,
/ which can be realized easily smce ;71 < —5. Thus, the
1000+ / ] power spectrum can have the k% growth. Since there is a
/ negative coefficient in the k* term, the power spectrum has
100 ] a dip preceding the k° growth. In Fig. 10, the power
k2/ spectrums in the cases of #; = —4, =5, and —6 for the
/ N, > N3 and N, = N; cases are plotted. We can see that
] when N, > Nj, the highest growth slope of the power
7 spectrum is k2. In the case of N, = N3, the highest growth
: rate for ; = —4 and -5 is still k2, while for 5, = —6, the
highest growth rate can reach up to k°.
kiko When N, <« N3, the power spectrum can be approxi-
mated as

Pr(K)IPo
N

10¢

1 100 104 108

FIG.9. The power spectrum in the 77; = —2 case. The gray-solid
and blue-dashed lines represent the numerical and approximate
results, respectively. The dashed-red line indicates the k> growth.

D 2
R iy <1 +& —(+m)N ) 212
Py (I +nm)3+m)
+ (# e—(3+'71)1\’3 + C%I ]ﬁ 6—2(3+'71)N3> c2 T‘]‘k4
(I +m)(3+m) (L4+m)*(3+m)? o
- i em23+mNs 715, (44)

(I+m)*3+m)?

If ¢ e=3+1Ns « 1, the wave numbers when the k" and k"2 terms become comparable happen at

1 3 2(1 3
kyxegke, ke dtm ) +”1)e%<3+m>Nskc, ks = V20 +’“)e%<3+m>Nakc. (45)
| 3
—27’]] -
105 105 10°
7 /
m=-4 / m=-5 // m=-6 Y
10%F Np>>Ns3 / 104 Np>>Ns / 10} Np>>Nj3 //
/ /
& 1000 / & 1000 / @\f 1000 /
< / < / S /
& 100 kz/ & 100 kQ/ o« 100 Py
10 / 10 / 10
4 / ,/
A S >
e s X - I e Fa 1 e ——
1 100 10 106 1 100 104 108 1 100 104 10°
Kiko Kiko kiko
10° 7 7
| m=4 / m=-5 1090 = /
107 Np=Ns / 108} No=N; 7K Np=Ny yA
/ / 107 Y
© 1000 o / -
%i / % 5 / £ I/
¥ 100 ¥ K2 / - 1
& kZ/ '8 / & 1000 2
N
10 // 100 // o //
) — 7 4 0.1
1 100 104 106 1 100 10* 108 108 1 100 10 108
Kiko kiko kiko
FIG. 10. The power spectrums in the n; = —4, —5, and —6 cases. The gray-solid and blue-dashed lines represent the numerical and

approximate results, respectively.
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7 7 /
m=-4 / m=-5 / 10f n=—6 / |
108 / 108 A /
K/
w / ke /
€ /€ / € /
< 10° / < 10° / £ d
& { & / & y/
2 57 //I 2 ’/
100 K ~ 100 K il 100 kL1
~ ~ a
————————— ,/ __________// o~
1 100 10 108 1 100 10* 108 1 100 10 108
klko klko klko
108 108 /i 1018
m=-4 // m=-5 / m=-6 /
1014 Pl 1014 ks/ 101 ,g}/
/
€ 101 / € 100 / € 101 /
S / S / < /
& 108 / & 108 / & 108 //
K K K
100.00 J/ 100.00 7 100.00 /
—————— ~7 I —— —
0.01 Y 0.01 ¥ 0.01 ¥
1 100 104 108 1 100 10 106 1 100 104 10°
Kiko Kiko Klko
FIG. 11. The power spectrums for N, < Nj in the 7; = —4, -5, and —6 cases. The gray-solid and blue-dashed lines represent the

numerical and approximate results, respectively. The first line is corresponding to the ¢7, e~ 3+mNs <« 1 case and the second line to the
2 e"B3+mNs > 1 case.

Apparently, k; < k. can be satisfied easily since 77; < —3 It can be found that k3 < k. and k; = k,, which means that
and thus the power spectrum can have a k® growth. The  the power spectrum will enter k* growth directly after the
dip will appear preceding the k® growth since the k* term  scale-invariant spectrum, and will enter finally the k°
has a negative coefficient. If c%le‘@*"lw3 > 1, we obtain  growth. The power spectrum has the dip preceding the
k* growth due to the negative coefficient in the k* term.
These characters can be found in Fig. 11, where the power

spectrums in the cases of n; = —4,—-5 and —6 for the
V=2 N, < Nj are plotted.
\/2(1 +n)3+m) L3N Furthermore, when #; = —1 and —3 there are singular-
ky = = eIk, ities in Eq. (38) and thus these cases need to be studied
separately. To avoid the problem, we first set the value of
ks = ¢y ke (46) 11, and then expand Eq. (34) in the infrared limit to obtain
J
iHe—ike Hr, e 11 iHc2 e~k 12 > > 2 -
. 12 egok; - ;legok I 273 4+ 73 = (-7)}] + ... m=-1
R](c )(T) = He-ikl Hr e iHC2 ke j1/2 2 5 5
—tkt T e N s
B e {211 322 —61210g(:2)] Yoo =3
10%F my=-1 // 1 104 m=-3 ///
I / /
1000 1000
€ // € /
s 53 /
& 100; 2/ & 100 2/
10 / 10 //
/ /
N — | N I |
1 100 10* 108 1 100 10% 108
kiko klko
FIG. 12. The power spectrums in the ; = —1 and 5; = —3 cases. The gray-solid and blue-dashed lines represent the numerical and

approximate results, respectively.
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In the case of 5; = —1, the solution consists of constant and
decaying terms, and thus it is dominated by the constant
terms. When #; = —3, except for the constant terms,
the solution of the curvature perturbations contains a
logarithmic-growing term. This character is different from
that in the 7; < —3 case, where the growth of the solution is
power law. Since the coefficient of the logarithmic-growing
term depends on c?}, which is much less than one in our
analysis, the contribution of the growth term in the solution
is negligible. Thus, from Eq. (47), we obtain that the power
spectrum has the same expression

P=o

1
77;0 = 1ok e ol (47)
for 7; = —1 and —3. The steepest growth is k? apparently.

The corresponding numerical and approximate results of
the power spectrum are shown in Fig. 12.

C. Changes of slow-roll parameter 7 previous
to the sound speed

This scenario is shown in Fig. 13. The slow-roll
parameter n changes from ~0 to a negative constant
at 7;, and the sound speed decreases from 1 to a small
constant ¢, at 7, (|z;| < |71]). |

A

Cs

—n

mr

FIG. 13. The sound speed c, (blue line) varies at 7,, and the
slow-roll parameter 7 (red line) changes at 7| (|z5| < |71|).

Since the method for analytical solution in this case is
similar to that of the preceding subsection, we do not give the
details here. The general expression of the curvature per-
turbations in the infrared region (—c, kt — 0, —c, kt, — 0
and —kz; — 0) is so complex, and we do not show it here.
We only consider the integer 7, cases. Different from the
results obtained in the preceding subsection, we find that the
analytical results do not coincide with the numerical ones
when #; = —1 and —2. Therefore, we only give the infrared
expressions (—kz; — 0, —c, kt, — 0, and —c, kt — 0) of
the curvature perturbations in the 7; < —3 case:

iH
2y/eok®
iH (37— (1— % )13) | 3iH , z
+<z 18\/566 +4z\/1] (C%] log[g} —10g[éi|>>kl/2
Hr)
+<6ﬁ a0 [ } Zfllog{ Dk3/z+ ne
iH
2¢/eok®
iH((1=c2) (803 +13)—1272¢ ) 2ic? Hr _
_( 112\/27122 172 3\/_ 1 (—T) 1)](1/2.
Ho(3(1=c2 )ty —41,)  c% Het _
R (x) =
ke \T iH
24/ €ok?
H((1=c}) (¥ +7)-10832) | Sicd Hel
_ (1 5, 16\;15_0:%2 7% + 1166\1/6_071 (—r) 2> K1/2
HD (3(1=¢2 )12=522 2 |
_( o (12 Cel))r? 2 641\/—11( 7) 2) K2+ m=-5
iH
24/ €ok?
H((1-c2 ) (43+13)-1028)  Sic? Hed _
_(1 c 120\7/1?0122 ) 1;\,/56 1 (_T) 3>k1/2
Hr((1-c; )7=23) < He _
_< . 6\;50121 T 661\/—1 (=7) 3>k3/2+ n = —6.
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From the above expression, one can obtain the power spectrum:

1+4(3=e?2 —6N, —6¢2 N;3)r7k*

+ (3= e — 6N, — 6¢2 N3 )*rik!

+§ (1 = 3N, — 3c% N3)?25k® n =-3
1+1(12— ¢V —8eM2 4 82 M2 — 8 e tVs) 7k

+ 36 (12— e7N2 — 8eM2 4 8 M2 — 8 M2 tNs) 271k

7)7%22) . +5(4 =36 43¢ N2 — 3 N tNa) 22040 n =—4 48)
Py 14+1(10 — e72N2 = 562V2  5¢2 N2 — 5¢2 2N212N3 )12k

+ 21 (10— 72N = 52Nz 4 5¢2 2Nz — 5¢2 e2V2T2N3 )27k

+ 36 (5 =32 4 3¢ N2 — 3¢ V2N ) 21040 n =-5
1+1(10— 72N> —4e3N2 4 4¢3 N2 — 4cd V23N )13k2

+ 15 (10 — e72N2 — 43N> 4¢3 N2 — 42 N33 )2t gd

+ 12— &M 4 2 e — g2 NHIN 206 7 = —6.

Here N, and N are the number of e-folds during the second and third phase, respectively. The maximum wave number in the

infrared limit is k|z;|. So, in Eq. (48), the wave number must satisfy k < k. = —1/7,. When the k® dominant term becomes
comparable to the k* one, the wave number should be equal to about
3 3%
T2, "2 ke mo=-3
4 _ 47
fa ) Ik = 49
2q YL P (49)
I, —4ke =
6 _67
T35, "5 ke m =-6
7 7
10t m=-3 // 107 m=-4 //
k4/ 105 k4 //
& 100r / & /
< / < 1000 /
& / & /
—————— < 1 /
\I ______ ~ 7
0.100 \/
001 Il |
‘ L. 0.001 : :
1 10 100 1000 104 1 10 100 1000 10*
kiko Kiko
107r m=-5 // 1070 my=-6 //
105 K/ 105} k4//
o / ° /
€ € |
< 1000f // < 1000 //
& 4 & o Y
10 ,/7 ————— \/,/
————— ~ 0.100f \/
0.100 \f
i 0.001f |
0.001 : L ‘
1 10 100 1000 10 1 10 100 1000 10

FIG. 14. The power spectrums for different constant values of 7.
approximate results, respectively.

Klko

The gray-solid and blue-dashed lines represent the numerical and
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It is obvious that all wave number k5 are larger than k. and
thus are beyond the infrared region, which means that the
steepest growth of the power spectrum is k*. Furthermore,
we find that the power spectrum will dip before the k*
growth. The corresponding numerical and approximate
results are shown in Fig. 14.

IV. CONCLUSIONS

The generation of a significant amount of primordial black
holes requires a sufficiently large power spectrum of the
curvature perturbations of the order of about O(1072) at the
scales smaller than the CMB one. There are two natural ways
to amplify the curvature perturbations. One is to reduce the
rolling speed of the inflaton and the other to suppress the
sound speed ¢, of the curvature perturbations. In the ultra-
slow-roll inflation scenario, it has been found that the power
spectrum of the curvature perturbations has the k* growth. In
this paper, we use the improved junction conditions to find
that the power spectrum of the curvature perturbation has a
k* growth when the speed of sound decreases suddenly.
Furthermore, by investigating the evolution of the power

spectrum in the inflation model, which can realize decrease
of both the sound speed and the rolling speed of the inflaton,
we find that the power spectrum at the large scales is nearly
scale invariant to satisfy the constraint from the CMB
observations, and at the same time it will be enhanced at
the small scales to achieve an abundant formation of
primordial black holes. In the cases that the change of the
slow-roll parameter # precedes that of the sound speed c,,
the power spectrum of the curvature perturbations only has a
k* growth. While if 7 and ¢, changes simultaneously or the
change of ¢, precedes that of #, the power spectrum can
possess a k® growth under certain conditions, which is the
steepest growth of the power spectrum reported so far.
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