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The decrease of both the rolling speed of the inflaton and the sound speed of the curvature perturbations
can amplify the curvature perturbations during inflation so as to generate a sizable amount of primordial
black holes. In the ultraslow-roll inflation scenario, it has been found that the power spectrum of curvature
perturbations has a k4 growth. In this paper, we find that when the speed of sound decreases suddenly, the
curvature perturbations becomes scale dependent in the infrared limit and the power spectrum of the
curvature perturbation only has a k2 growth. Furthermore, by studying the evolution of the power spectrum
in the inflation model, in which both the sound speed of the curvature perturbations and the rolling speed of
the inflaton are reduced, we find that the power spectrum is nearly scale invariant at the large scales to
satisfy the constraint from the cosmic microwave background radiation observations, and at the same time
can be enhanced at the small scales to result in an abundant formation of primordial black holes. In the
cases of the simultaneous changes of the sound speed and the slow-roll parameter η and the change of the
sound speed preceding that of the slow-roll parameter η, the power spectrum can possess a k6 growth under
certain conditions, which is the steepest growth of the power spectrum reported so far.
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I. INTRODUCTION

During the standard slow-roll inflation, the solution of
the Sasaki-Mukhanov equation for the evolution of the
curvature perturbations R contains, in the infrared limit, a
constant term and a time-decaying one, and this solution
results in a nearly scale-invariant power spectrum of the
curvature perturbations [1,2], which is well-consistent with
the cosmic microwave background (CMB) radiation obser-
vations. The CMB observations have limited the amplitude
of the power spectrum to the order of Oð10−9Þ at the CMB
scale [3–7]. It has been found that, if the amplitude of
the power spectrum of the curvature perturbations can be
enhanced for about seven orders at the scales smaller
than the CMB one [8–11], a sizable amount of primordial
black holes can be generated when these enhanced
perturbations reenter the horizon during the radiation- or
matter-dominated era [12–19].
The amplitude of the power spectrum of the curvature

perturbations in the standard slow-roll inflation can be
expressed as PR ¼ H2

8π2ϵcs
when the mode exits the horizon

during inflation, where H is the Hubble parameter which is
approximately constant during inflation, ϵ the slow-roll
parameter and cs the sound speed of the curvature

perturbations. Thus, a natural way to amplify the curvature
perturbations is to reduce the rolling speed of the inflaton
which is proportional to ϵ or to suppress the sound speed.
Decreasing the inflaton’s rolling speed can be realized in the
ultraslow-roll inflation [20–72], in which the slow-roll
parameter η, which is defined to be η ¼ ϵ̇

ϵH with an overdot
denoting a derivative with respect to the time t, equals
approximately −6. During the transition of η from η ≃ 0,
which corresponds to the slow-roll inflation, to −6, the Israel
junction conditions [73,74] are used to obtain the solution of
the curvature perturbations in the ultraslow-roll phase.
Expanding this solution in the infrared limit, one can see
that the decaying term in the solution of theSasaki-Mukhanov
equation for the evolution of the curvature perturbations
becomes a growing one. This growing term gradually
dominates if the ultraslow-roll inflation persists a sufficiently
long time and it results in the enhancement of the curvature
perturbations to meet the requirement of formation of a
sizable amount of primordial black holes. It has been found
that the power spectrum of the curvature perturbations dis-
plays a k4 growth and has a dip preceding the k4 dependence
[75–77].The steeperk5ðlog kÞ2 growthof the power spectrum
can be obtained if an η ¼ −1middle phase between the slow-
and ultraslow-roll inflations [76,78] is added.
When the amplification of the curvature perturbations

results from the decrease of the sound speed [79–83],
which equals 1 in the canonical scalar field inflation model,
the solution of the curvature perturbations, although does
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not contain growing terms, still has a constant component
and a decay part. However, the constant component becomes
scale variant at small scales, which makes the power
spectrum become enhanced. If the Israel junction conditions
are utilized to match the curvature perturbation and its
derivative at the time when the sound speed decreases
suddenly, the power spectrum has a k4 growth [83,84].
However, this junction conditions is inapplicable in the case
that the sound speed suddenly decreases due to the appear-
ance of the square of the delta function [85]. Therefore, in
this paper we will employ an improved junction conditions
[81] to restudy the evolution of the power spectrum when the
sound speed decreases suddenly and find that the growth of
the power spectrum is k2 rather than k4.
Furthermore, in the Dirac-Born-Infeld-inspired nonmi-

nimal kinetic coupling inflation model [86], both ϵ and c2s
are closely related to the concrete form of the inflationary
potential, which indicates that this inflation model may
accommodate both a small sound speed of the curvature
perturbations and a small rolling speed of the inflaton at the
same time. When both the inflaton’s rolling speed and the
sound speed of the curvature perturbations are suppressed
during inflation, will the growth of the power spectrum of
the curvature perturbations be steeper than k4? This is an
interesting problem, which we are also going to address in
this paper.
The rest of this paper is organized as follows: In Sec. II,

the evolution of the power spectrum is investigated when
the speed of sound decreases suddenly. In Sec. III, we study
the evolution of the power spectrum in the case that both the
sound speed and the slow-roll parameter are suppressed and
present our conclusions in Sec. IV. Throughout this paper,
we set c ¼ ℏ ¼ MPl ¼ 1.

II. GROWTH OF POWER SPECTRUM FROM THE
SUDDEN DECREASE OF THE SOUND SPEED

The evolution of the curvature perturbations R satisfies
the Sasaki-Mukhanov equation, which in the Fourier space
takes the form

v00k þ
�
c2sk2 −

z00

z

�
vk ¼ 0; ð1Þ

where vk ¼ zRk, a prime indicates a derivative with respect
to the conformal time τ, and z is defined as

z2 ≡ 2a2ϵ
c2s

ð2Þ

with a being the cosmic scale factor. From the definition
of z, one can obtain

z00

z
¼ ðaHÞ2

�
2− ϵþ 3

2
η− 3sþ s2 þ sϵ− sηþ 1

4
η2 −

1

2
ηϵ

�
:

ð3Þ

Here s ¼ ċs
csH

. During the (ultra)slow-roll inflation, one has

ϵ ≪ 1, and thus aH ≃ − 1
τ. Then Eq. (1) can be rewritten as

v00k þ
�
c2sk2 −

ν2 − 1=4
ð−τÞ2

�
vk ¼ 0; ð4Þ

where

ν ≃
3

2
þ 1

2
η − s: ð5Þ

If η and cs are constants, Eq. (4) has a general solution

vkðτÞ ¼ α
ffiffiffiffiffiffi
−τ

p
Hð1Þ

ν ð−cskτÞ þ β
ffiffiffiffiffiffi
−τ

p
Hð2Þ

ν ð−cskτÞ: ð6Þ

Here Hð1Þ
ν and Hð2Þ

ν are the first and second Hankel
functions, respectively, and α and β are two constants.
Now, we discuss the scenario of a sudden decrease of the

sound speed, as shown in Fig. 1. In the first stage (τ < τ1),
which corresponds to the canonical slow-roll inflation, the
sound speed cs is equal to one and the slow-roll parameter η
is near zero. Thus, one has ν ≃ 3=2 and ϵ ¼ ϵ0ð ττ0Þ−η ≃ ϵ0.
Imposing that the solution of the Sasaki-Mukhanov equa-
tion matches the plane-wave form in the ultraviolet regime
(−kτ ≫ 1), we can derive the evolution of the curvature
perturbations

Rð0Þ
k ðτÞ ¼ i

H

2
ffiffiffiffiffiffiffiffiffi
ϵ0k3

p e−ikτð1þ ikτÞ: ð7Þ

Apparently, the solution of the curvature perturbations
contains a constant term and a time-decaying one since
jτj decreases with the cosmic expansion during inflation,
which results in a nearly scale-invariant power spectrum of
the curvature perturbations in the superhorizon scales
(−kτ → 0) with the amplitude of the power spectrum being

P0 ¼
H2

8π2ϵ0
: ð8Þ

1

cs1

1

cs

0

FIG. 1. The sound speed cs varies suddenly at τ1.
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The CMB observations have limited P0 to be ∼10−9 [3]. At
the moment τ1, we assume that the sound speed decreases
suddenly from 1 to a very tiny constant value cs1 and the
inflation enters the second stage. In this stage, the general
solution of the curvature perturbations has the form

Rð1Þ
k ðτÞ ¼ ics1Hð−τÞ3=2ffiffiffiffiffiffiffi

2ϵ0
p

h
α1H

ð1Þ
3=2ðcs1kτÞ þ β1H

ð2Þ
3=2ðcs1kτÞ

i
;

ð9Þ

where α1 and β1 are two constants. Usually, the Israel

junction conditions Rð0Þ
k ðτ1Þ ¼ Rð1Þ

k ðτ1Þ and R0ð0Þ
k ðτ1Þ ¼

R0ð1Þ
k ðτ1Þ are used to determine the values of α1 and

β1 [83,84]. However, it has been found, in Ref. [85], that
there is a square term of the delta function δðτ − τ1Þ
arising form ðc0s=csÞ2 in z00=z when a sudden variation of
the sound velocity occurs, which makes the analysis
impossible, and thus the Israel junction conditions need
to be modified or a new variable has to be introduced.
In [85], a new variable is defined, which satisfies the Israel
junction conditions at τ1. Here, we do not use this new
variable [85] but consider an improved junction condi-
tions, i.e., Rk and its conjugate momentum AR0

k are
continuous at τ1, where A≡ 2ϵ

c2s
[81]. We have checked that

the introduction of the new viable and the improved
junction conditions can give the same results. Considering
the improved junction conditions

Rð0Þ
k ðτ1Þ ¼ Rð1Þ

k ðτ1Þ; A0R0ð0Þ
k ðτ1Þ ¼ A1R0ð1Þ

k ðτ1Þ ð10Þ

with

A0 ¼ 2ϵ0; A1 ¼
2ϵ0
c2s1

; ð11Þ

we can obtain that

α1 ¼ −
ð1 − cs1Þ

ffiffiffi
π

p
e−ið1þcs1 Þkτ1

4
ffiffiffiffiffiffics1

p ;

β1 ¼ −
ð1þ cs1Þ

ffiffiffi
π

p
e−ið1−cs1 Þkτ1

4
ffiffiffiffiffiffics1

p : ð12Þ

Substituting α1 and β1 into Eq. (9), we find the expression
of the curvature perturbation in the second phase, and then
we can derive the corresponding power spectrum, which is
shown in Fig. 2. From it, one can find that the power
spectrum only has a k2 growth. Thus, the result of a k4

growth, which is obtained from the standard Israel
junction conditions, should be incorrect.
To figure out the physical reason behind the k2 growth

of the power spectrum, we expand the expression of the

curvature perturbations [Eq. (9)] in the infrared limits;
−cs1kτ → 0 and −cs1kτ1 → 0, and obtain

Rð1Þ
k ðτÞ ¼ iHe−ikτ1

2
ffiffiffiffiffiffiffiffiffi
ϵ0k3

p −
Hτ1e−ikτ1

2
ffiffiffiffiffiffiffi
ϵ0k

p −
ic2s1Hτ21k

1=2e−ikτ1

4
ffiffiffiffiffi
ϵ0

p

þ ic2s1Hk1=2e−ikτ1

4
ffiffiffiffiffi
ϵ0

p ð−τÞ2 þ…: ð13Þ

Apparently, the wave number k in Eq. (13) must satisfy the
condition k ≪ kc ≡ −1=ðcs1τ1Þ. It is easy to see that in the
infrared limit the leading part of the curvature perturbations
is independent of τ, which contains three different
k-dependent terms, and the subleading part decays with
time since jτj decreases during inflation. These characters
are different from that in the case of the transition from the
slow-roll inflation to the ultraslow-roll one, where there is
an appearance of the growing term.
From Eq. (13), we obtain the power spectrum of the

curvature perturbations,

PRð1Þ
k

P0

≃ 1þ ð1 − c2s1Þτ21k2 þ
1

4
c4s1τ

4
1k

4; ð14Þ

after neglecting all decaying terms. If the k2 term becomes
comparable to the constant one, the wave number needs to
be equal to about

k1 ≃ −
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − c2s1

q
τ1

≃ cs1kc: ð15Þ

The wave number at which the k4 term becomes compa-
rable with the k2 one is

k2 ≃ −
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − c2s1

q
c2s1τ1

≃
2

cs1
kc: ð16Þ

FIG. 2. The evolution of the power spectrum as a function of
wave number k. The solid-gray and dashed-blue lines represent
the numerical and approximate results, respectively. The dashed-
red line indicates the k2 growth.
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It is obvious that k1 ≪ kc, but k2 ≫ kc since cs1 ≪ 1. Thus,
k2 is beyond the infrared condition k ≪ kc, which means
that the power spectrum has no k4 growth, and the steepest
growth of the power spectrum is only k2. At the CMB scale,
the first term in Eq. (14) dominates, which leads to a scale-
invariant spectrum consistent with the CMB observations.
Going to the scales which are smaller than the CMB one,
the second term begins to play a dominant role. The power
spectrum becomes scale dependent and has a k2 growth.
These results are shown clearly in Fig. 2, in which the
approximate result given in Eq. (14) is very consistent with
the numerical one. There is no dip in the power spectrum
since no term cancels the constant one, which is different
from the case of the ultraslow-roll inflation.

III. GROWTH BEHAVIOR OF POWER SPECTRUM
WHEN BOTH THE SOUND SPEED AND
THE SLOW-ROLL PARAMETER η ARE

CHANGED SUDDENLY

We have known that the enhancement of the power
spectrum can be realized by decreasing the sound speed
cs or reducing the slow-roll parameter ϵ. In the following, we
will study the growth of the power spectrumwhen both ϵ and
cs are suppressed. For simplicity, we will consider that the
sound speed changes suddenly from 1 to a constant much
less than one, and the slow-roll parameter η suddenly from a
constant near zero to a negative constant. A negative η will
lead to the decrease of ϵ since ϵ ∝ τ−η. We first consider the
case that the variations of cs and η occur simultaneously.

A. Simultaneous changes of sound speed
and slow-roll parameter η

The scenario considered in this subsection is shown
in Fig. 3. Initially, the Universe undergoes a standard

slow-roll inflation, in which cs ¼ 1, ϵ ≃ ϵ0 ≪ 1 and η ∼ 0.
At time τ1, the sound speed cs and the slow-roll parameter η
change suddenly from 1 and ∼0 to a small value cs1 and a
negative constant η1, respectively. Thus, during the second
phase, the slow-roll parameter ϵ decays as ϵðτÞ ¼
ϵ0ðτ=τ1Þ−η1 and the sound speed is a small constant cs1 .
From Eq. (6), we obtain the general solution of the

curvature perturbations

R̄ð1Þ
k ðτÞ ¼ −

cs1Hτ
−η1

2

1 τ
3þη1
2ffiffiffiffiffiffiffi

2ϵ0
p

h
α2H

ð1Þ
ν ðcs1kτÞ þ β2H

ð2Þ
ν ðcs1kτÞ

i
ð17Þ

in the second phase, where α2 and β2 are two constants, and

ν ¼ ð3þ η1Þ=2. MatchingRð0Þ
k and R̄ð1Þ

k at τ ¼ τ1 by using

the improved junction conditions,Rð0Þ
k ðτ1Þ ¼ R̄ð1Þ

k ðτ1Þ and
A0R0ð0Þ

k ðτ1Þ ¼ A1R̄0ð1Þ
k ðτ1Þ, one can achieve that

α2 ¼
πe−ikτ1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2c2s1τ

3
1k

3
q ��

ð3þ η1Þð1þ ikτ1Þ − ðcs1kτ1Þ2
�
Hð2Þ

ν ðcs1kτ1Þ − cs1kτ1ð1þ ikτ1ÞHð2Þ
νþ1ðcs1kτ1Þ

�
;

and

β2 ¼ −
πe−ikτ1

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2c2s1τ

3
1k

3
q ��

ð3þ η1Þð1þ ikτ1Þ − ðcs1kτ1Þ2
�
Hð1Þ

ν ðcs1kτ1Þ − cs1kτ1ð1þ ikτ1ÞHð1Þ
νþ1ðcs1kτ1

�i
:

Substituting α2 and β2 into Eq. (17) gives the expression of the curvature perturbations during the second phase. Expanding
this expression in the infrared limit (−cs1kτ → 0 and −cs1kτ1 → 0), we arrive at

R̄ð1Þ
k ðτÞ ¼ iHe−ikτ1

2
ffiffiffiffiffiffiffiffiffi
ϵ0k3

p −
Hτ1e−ikτ1

2
ffiffiffiffiffiffiffi
ϵ0k

p −
�
3ic2s1Hτ21e

−ikτ1

4
ffiffiffiffiffi
ϵ0

p ð3þ η1Þ
þ ic2s1Hη1ð−τ1Þ−1−η1e−ikτ1

2
ffiffiffiffiffi
ϵ0

p ð1þ η1Þð3þ η1Þ
ð−τÞ3þη1

�
k1=2

þ
�

c2s1Hτ31e
−ikτ1

4
ffiffiffiffiffi
ϵ0

p ð3þ η1Þ
−

c2s1He−ikτ1

2
ffiffiffiffiffi
ϵ0

p ð1þ η1Þð3þ η1Þð−τ1Þη1
ð−τÞ3þη1

�
k3=2 þ…: ð18Þ

FIG. 3. The slow-roll parameter η (red line) and the sound
speed cs (blue line) vary simultaneously at τ1.

RONGRONG ZHAI, HONGWEI YU, and PUXUN WU PHYS. REV. D 108, 043529 (2023)

043529-4



It is easy to see that the solution contains a time-independent part and a time-dependent one, which will decay with time
when η1 > −3, and grow when η1 < −3.
Now, we assume that the second phase lasts for N2 number of e-folds, which means that τ2 ¼ τ1e−N2 if this phase ends at

τ ¼ τ2. The power spectrum of the curvature perturbations can be obtained from Eq. (18), which takes the form

P
R̄ð2Þ

k

P0

≃ 1þ
�
1þ 2c2s1η1

ð1þ η1Þð3þ η1Þ
e−ð3þη1ÞN2

�
τ21k

2

−
�

1

3þ η1
þ 2

ð1þ η1Þð3þ η1Þ
e−ð3þη1ÞN2 −

c2s1η
2
1

ð1þ η1Þ2ð3þ η1Þ2
e−2ð3þη1ÞN2

�
c2s1τ

4
1k

4

þ
�

1

4ð3þ η1Þ2
þ 1

ð1þ η1Þð3þ η1Þ2
e−ð3þη1ÞN2 þ 1

ð1þ η1Þ2ð3þ η1Þ2
e−2ð3þη1ÞN2

�
c4s1τ

6
1k

6: ð19Þ

Here we have kept the k6 term in Eq. (19) since the k6

growth may occur under certain conditions. We need to
compare the kn term with the kn−2 one to determine whether
a kn growth will appear. We set k1, k2, and k3 to denote
the wave number at which the scale-invariant term becomes
comparable with the k2 term, the k2 term becomes
comparable with the k4 term, and the k4 term becomes
comparable with the k6 term, respectively.
Let us first study the η1 > −3 case, which means that

there are no growing terms in the solution of the curvature
perturbations and all time-dependent terms in Eq. (18)
decay with the cosmic expansion. Thus, all terms contain-
ing N2 in Eq. (19) can be neglected. Then, we find that

k1 ≃ −
1

τ1
¼ cs1kc; ð20Þ

and

k2 ≃ −
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ η1

p
cs1τ1

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ η1

p
kc: ð21Þ

The condition k2 ≪ kc for a k4 growth requires thatffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ η1

p
≪ 1. This is hard to satisfy since η1 must be

fine-tuned to be very close to −3. Thus, usually the highest
growth of the power spectrum can only reach k2.
Furthermore, since the power spectrum only has the k2

growth, the dip phenomenon does not appear. These
characters can be found clearly in Fig. 4, where the power
spectrums from numerical and approximate analyses are
plotted in the η1 ¼ −2 case.
When η1 < −3, since the coefficient of the kn term is

very tedious, we only consider three special cases
(c2s1e

−ð3þη1ÞN2≪1, c2s1e
−ð3þη1ÞN2¼1 and c2s1e

−ð3þη1ÞN2≫1),
as shown in Table I in which the predominant terms
of kn are given, to investigate analytically the growth of
the power spectrum. In the case of c2s1e

−ð3þη1ÞN2 ≪ 1, we
find that

k1 ≃ −
1

τ1
¼ cs1kc;

k2 ≃ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ η1Þð3þ η1Þ

p
ffiffiffi
2

p
cs1τ1

e
ð3þη1ÞN2

2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ η1Þð3þ η1Þ

p
ffiffiffi
2

p e
ð3þη1ÞN2

2 kc;

k3 ≃ −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ η1Þð3þ η1Þ

p
cs1τ1

e
ð3þη1ÞN2

2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ η1Þð3þ η1Þ

p
e
ð3þη1ÞN2

2 kc: ð22Þ

FIG. 4. The power spectrum in the η1 ¼ −2 case. The gray-
solid and blue-dashed lines represent the numerical and approxi-
mate results, respectively. The dashed-red line indicates the k2

growth.

TABLE I. The predominant terms of kn in three different
situations.

c2s1e
−ð3þη1ÞN2 ≪ 1 c2s1e

−ð3þη1ÞN2 ¼ 1 c2s1e
−ð3þη1ÞN2 ≫ 1

τ21k
2 1 1þ 2η1

ð1þη1Þð3þη1Þ
2c2s1 η1e

−ð3þη1ÞN2

ð1þη1Þð3þη1Þ
c2s1τ

4
1k

4 − 2e−ð3þη1ÞN2

ð1þη1Þð3þη1Þ − ðη2
1
þ8η1þ6Þe−ð3þη1ÞN2

ð1þη1Þ2ð3þη1Þ2
c2s1 η

2
1
e−2ð3þη1ÞN2

ð1þη1Þ2ð3þη1Þ2
c4s1τ

6
1k

6 e−2ð3þη1ÞN2

ð1þη1Þ2ð3þη1Þ2
e−2ð3þη1ÞN2

ð1þη1Þ2ð3þη1Þ2
e−2ð3þη1ÞN2

ð1þη1Þ2ð3þη1Þ2
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Apparently, the condition k3 < kc is easy to be satisfied
since η1 < −3. Thus the power spectrum can have a k6

growth. Since the coefficient of the k4 term is negative, the
power spectrum has a dip preceding the k6 growth.
When c2s1e

−ð3þη1ÞN2 ¼ 1, we have

k1 ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η21 þ 4η1 þ 3

ðη21 þ 6η1 þ 3Þ

s
cs1kc;

k2 ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðη21 þ 4η1 þ 3Þðη21 þ 6η1 þ 3Þ

ðη21 þ 8η1 þ 6Þ

s
cs1kc;

k3 ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
η21 þ 8η1 þ 6

q
cs1kc: ð23Þ

We find that k1 ≃ k2 ≃ k3 < kc, which means that the
power spectrum will go directly to the k6 growth after
the scale-invariant spectrum.
In the case of c2s1e

−ð3þη1ÞN2 ≫ 1, one can obtain

k1 ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ η1Þð3þ η1Þ

p
ffiffiffiffiffiffiffiffiffiffi
−2η1

p e
1
2
ð3þη1ÞN2kc;

k2 ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ η1Þð3þ η1Þ

p
ffiffiffiffiffiffiffiffi−η1

p e
1
2
ð3þη1ÞN2kc;

k3 ≃ jη1jcs1kc: ð24Þ

Since k2 ≪ kc, the power spectrum will grow with k4 when
the scales become smaller than the CMB one. It eventually
goes into k6 growth due to k3 < kc. A negative η1 leads to a
negative coefficient of the k2 term, which indicates that the
power spectrum has a dip preceding the k4 growth. These
characters can be seen in Fig. 5, where the numerical (gray-
solid lines) and approximate (blue-dashed lines) results of
the power spectrum with η1 ¼ −4;−5;−6 are plotted. One
can see that the approximate results are consistent with the
numerical ones.
Moreover, Eq. (18) is clearly inapplicable for the cases of

η1 ¼ −1 and η1 ¼ −3 due to the appearance of singularity.
These two cases need to be treated separately.

(i) η1 ¼ −1
We find that in the infrared limit, the solution of

the curvature perturbations [Eq. (17)] has the form

R̄ð1Þ
k ðτÞ ¼ iHe−ikτ1

2
ffiffiffiffiffiffiffiffiffi
ϵ0k3

p −
Hτ1e−ikτ1

2
ffiffiffiffiffiffiffi
ϵ0k

p

−
ic2s1Hk1=2e−ikτ1

8
ffiffiffiffiffi
ϵ0

p ½3τ21 − ð−τÞ2� þ…:

ð25Þ

The solution of the curvature perturbations consists
of the constant part and the decaying one, which is
similar to the solution in the case of η1 > −3.

FIG. 5. The power spectrums in the η1 ¼ −4, −5, and −6 cases. The gray-solid and blue-dashed lines represent the numerical and
approximate results, respectively. The first, middle, and last columns correspond to the c2s1e

−ð3þη1ÞN2 ≪ 1, c2s1e
−ð3þη1ÞN2 ¼ 1, and

c2s1e
−ð3þη1ÞN2 ≫ 1 cases, respectively.
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The power spectrum of the curvature perturbations
has the form

PR̄ð1Þ
k

P0

≃ 1þ τ21k
2 þ 9

16
c4s1τ

4
1k

4: ð26Þ

We can see that the k2 and k4 terms become
comparable at

k2 ≈ −
4

3c2s1τ1
¼ 4

3cs1
kc: ð27Þ

Since k2 > kc, the power spectrum has no k4 growth.
The corresponding numerical and approximate re-
sults of the power spectrum are shown in Fig. 6.
Apparently at the small scales the power spectrum
grows with a k2 slope.

(ii) η1 ¼ −3
In the infrared limit, Eq. (17) can be simplified to be

R̄ð1Þ
k ðτÞ ¼ iHe−ikτ1

2
ffiffiffiffiffiffiffiffiffi
ϵ0k3

p −
Hτ1e−ikτ1

2
ffiffiffiffiffiffiffi
ϵ0k

p

þ ic2s1Hτ21k
1=2e−ikτ1

8
ffiffiffiffiffi
ϵ0

p
�
1þ 6 log

�
τ

τ1

��

−
ic2s1Hτ31k

3=2e−ikτ1

8
ffiffiffiffiffi
ϵ0

p
�
1þ 2 log

�
τ

τ1

��

þ…: ð28Þ

The solution for the curvature perturbation consists of
the constant term and the logarithmically growing one.
This characteristic is different from the power-law
growth in the η1 < −3 case. Thus, we obtain that the
power spectrum has the expression

P
R̄ð1Þ

k

P0

≃ 1þ 1

2

�
2 − c2s1ð6N2 − 1Þ

�
τ21k

2

þ 1

16
c2s1

�
8þ c2s1ð6N2 − 1Þ2 − 16N2

�
τ41k

4

þ 1

16
c4s1ð2N2 − 1Þ2τ61k6: ð29Þ

Since the maximum value of N2 is about 30–40 and
cs1 ∼Oð10−4Þ, N2c2s1 is significantly less than 1.
Therefore, the expression of the power spectrum given
in Eq. (29) can be simplified to be

PR̄ð1Þ
k

P0

≃ 1þ τ21k
2 þ 1

2
ð1 − 2N2Þc2s1τ41k4

þ 1

16
ð2N2 − 1Þ2c4s1τ61k6: ð30Þ

From the above expression, we obtain

k1 ≃ cs1kc;

k2 ≃
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N2 − 1=2
p kc;

k3 ≃
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

N2 − 1=2
p kc: ð31Þ

Obviously, k1 ≪ kc and k2 ≈ k3, which are less than
kc ifN2 > 9=2. Thus, the power spectrumwill have an
era with a k2 growth and eventually with a k6 one at
scales smaller than the CMB one when N2 > 9=2.
Since the coefficient of the k4 term is negative, there is
a dip preceding the k6 growth. These characters can be
seen clearly in Fig. 7.

FIG. 6. The power spectrum in the η1 ¼ −1 case. The gray-
solid and blue-dashed lines represent the numerical and approxi-
mate results, respectively. The dashed-red line indicates the k2

growth.

FIG. 7. The power spectrum in the η1 ¼ −3 case. The gray-
solid and blue-dashed lines represent the numerical and approxi-
mate results, respectively.
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B. Changes of sound speed previous
to slow-roll parameter η

The simultaneous change of cs and η is a harsh require-
ment. In the following, we abandon it, and first consider
that the change of the sound speed is followed by that of η.
We assume that the sound speed changes suddenly from 1
to a small constant cs1 at time τ1, and η varies from ∼0
to a negative constant η1 at τ2 (jτ2j < jτ1j), as is shown in
Fig. 8. The jτj > jτ1j era, which represents the first phase,
is the standard slow-roll inflation. In the second phase
(jτ2j < jτj < jτ1j), the sound speed of the curvature per-
turbations is a small value cs1 . When jτj < jτ2j, which
corresponds to the third phase, the slow-roll parameter ϵ
decreases with the power-law; ϵðτÞ ¼ ϵ0ðτ=τ2Þ−η1 and the
sound speed keeps the small value cs1 .

When jτj > jτ1j, the solution of Rð0Þ
k is given in Eq. (7).

In the second phase, the solution of the curvature pertur-
bations has the form

R̃ð1Þ
k ðτÞ ¼ ics1Hð−τÞ3=2ffiffiffiffiffiffiffi

2ϵ0
p

h
α3H

ð1Þ
3=2ðcs1kτÞ þ β3H

ð2Þ
3=2ðcs1kτÞ

i
;

ð32Þ

where α3 and β3 are two constants. Using the matching

condition, Rð0Þ
k ðτ1Þ ¼ R̃ð1Þ

k ðτ1Þ and A0R0ð0Þ
k ðτ1Þ ¼

A1R̃
0ð1Þ
k ðτ1Þ, one can obtain that

α3 ¼ −
ð1 − cs1Þ

ffiffiffi
π

p
e−ið1þcs1 Þkτ1

4
ffiffiffiffiffiffics1

p ;

β3 ¼ −
ð1þ cs1Þ

ffiffiffi
π

p
e−ið1−cs1 Þkτ1

4
ffiffiffiffiffiffics1

p : ð33Þ

If jτj < jτ2j, the solution of the curvature perturbations
becomes

R̃ð2Þ
k ðτÞ¼−

cs1Hτ
−η1

2

2 τ
3þη1
2ffiffiffiffiffiffiffi

2ϵ0
p

h
α4H

ð1Þ
ν ðcs1kτÞþβ4H

ð2Þ
ν ðcs1kτÞ

i
;

ð34Þ

where α4 and β4 are two constants and ν ¼ ð3þ η1Þ=2.
Using the matching condition, R̃ð1Þ

k ðτ2Þ ¼ R̃ð2Þ
k ðτ2Þ and

R̃0ð1Þ
k ðτ2Þ ¼ R̃0ð2Þ

k ðτ2Þ, one finds

α4 ¼
iπ3=2c1=2s1 τ2k

16
e−ið1þcs1 Þkτ1

×
h
ξHð2Þ

3þη1
2

ðcs1kτ2Þ − λHð2Þ
1þη1
2

ðcs1kτ2Þ
i
; ð35Þ

β4 ¼ −
iπ3=2c1=2s1 τ2k

16
e−ið1þcs1 Þkτ1

×
h
ξHð1Þ

3þη1
2

ðcs1kτ2Þ − λHð1Þ
1þη1
2

ðcs1kτ2Þ
i
; ð36Þ

where

ξ ¼ ð1 − cs1ÞHð1Þ
1
2

ðcs1kτ2Þ þ ð1þ cs1Þe2ics1kτ1Hð2Þ
1
2

ðcs1kτ2Þ;

λ ¼ ð1 − cs1ÞHð1Þ
3
2

ðcs1kτ2Þ þ ð1þ cs1Þe2ics1kτ1Hð2Þ
3
2

ðcs1kτ2Þ:
ð37Þ

In the infrared region (−cs1kτ → 0, −cs1kτ1 → 0 and
−cs1kτ2 → 0), we obtain that

R̃ð2Þ
k ðτÞ ¼ iHe−ikτ1

2
ffiffiffiffiffiffiffiffiffi
ϵ0k3

p −
Hτ1e−ikτ1

2
ffiffiffiffiffiffiffi
ϵ0k

p −
�
ic2s1Hðð3þ η1Þτ21 − η1τ

2
2Þe−ikτ1

4
ffiffiffiffiffi
ϵ0

p ð3þ η1Þ
þ ic2s1Hη1τ

−1−η1
2 eiπη1−ikτ1

2
ffiffiffiffiffi
ϵ0

p ð1þ η1Þð3þ η1Þ
ð−τÞ3þη1

�
k1=2

þ

0
B@

c2s1Hðð3þη1Þτ31−3η1τ1τ22þ2η1τ
3
2
Þeikτ1

12
ffiffiffi
ϵ0

p ð3þη1Þ

þ c2s1Hðη1τ1−τ2−η1τ2Þτ−1−η12
eiπη1−ikτ1

2
ffiffiffi
ϵ0

p ð1þη1Þð3þη1Þ ð−τÞ3þη1

1
CAk3=2 þ…: ð38Þ

Clearly, the solution given in Eq. (38) contains a time-independent part and a time-dependent one, which will grow with
time when η1 < −3.

FIG. 8. The sound speed cs (blue line) varies at τ1, and the
slow-roll parameter η (red line) changes at τ2 (jτ2j < jτ1j).
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Using N2 and N3 to denote the number of e-folds during the second and third phases, respectively, i.e., τ2 ¼ τ1e−N2 and
τ ¼ τ1e−N2−N3 , we obtain, from Eq. (38), the expression of the power spectrum of the curvature perturbations

PR̃ð2Þ
k

P0

≃ 1þ
�
1 − c2s1 þ

c2s1η1
3þ η1

e−2N2 þ 2c2s1η1
ð1þ η1Þð3þ η1Þ

e−2N2−ð3þη1ÞN3

�
τ21k

2

−

0
B@

1
3
þ 2η1e−3N2

9þ3η1
− 3η1e−2N2

9þ3η1
þ 2þ2η1−2η1eN2

ð1þη1Þð3þη1Þ e
−3N2−ð3þη1ÞN3

−c2s1
�
1
2
− η1

6þ2η1
e−2N2 − η1

ð1þη1Þð3þη1Þ e
−2N2−ð3þη1ÞN3

�
2

1
CAc2s1τ

4
1k

4

þ
�
1

6
þ η1e−3N2

9þ 3η1
−
η1e−2N2

6þ 2η1
þ 1þ η1 − η1eN2

ð1þ η1Þð3þ η1Þ
e−3N2−ð3þη1ÞN3

�
2

c4s1τ
6
1k

6: ð39Þ

We first study the η1 > −3 case, which means that there
are no growing terms in the solution of the curvature
perturbations and all time-dependent terms in Eq. (38)
decay with the cosmic expansion. Thus, all terms contain-
ing N2 and N3 in Eq. (39) can be neglected and the power
spectrum can be simplified as

PR̃ð2Þ
k

P0

≃ 1þ τ21k
2 −

1

3
c2s1τ

4
1k

4 þ 1

36
c4s1τ

6
1k

6: ð40Þ

It can be found that the wave numbers at which the scale-
invariant term is comparable to the k2 term and the k2 term
is comparable to k4 one happen, respectively, at

k1 ≃ cs1kc;

k2 ≃
ffiffiffi
3

p
kc: ð41Þ

The power spectrum has a growth rate of k2 since k2 > kc.
These results can be found clearly in Fig. 9, where the
evolutions of the power spectrum from numerical and
approximate analyses are plotted in the η1 ¼ −2 case. At
the CMB scale, the power spectrum is scale-invariant which
is consistent with the CMB observations. At scales smaller
than the CMB scale, the power spectrum becomes scale
dependent with a k2 growth.
When η1 < −3, since the coefficient of kn is very

tedious, we only consider three special cases (N2 ≫ N3,
N2 ≪ N3, and N2 ¼ N3) to investigate analytically the
growth of the power spectrum.
First of all, when N2 ≫ N3, all terms containing N2 in

Eq. (39) can be neglected. Thus, the dominant term of kn is
the same as the one in the case of η1 > −3. Therefore, the
evolution of the power spectrum is the same as in the case
of η1 > −3, and only has the k2 growth.

When N2 ¼ N3, the expression for the power spectrum given in Eq. (39) can be simplified to be

PR̃ð2Þ
k

P0

≃ 1þ τ21k
2 −

�
1

3
−

2η1
ð1þ η1Þð3þ η1Þ

e−ð5þη1ÞN3

�
c2s1τ

4
1k

4

þ
�
1

36
−

η1
3ð1þ η1Þð3þ η1Þ

e−ð5þη1ÞN3 þ η21
ð1þ η1Þ2ð3þ η1Þ2

e−2ð5þη1ÞN3

�
c4s1τ

6
1k

6: ð42Þ

Since different values of η1 will give different results, we will discuss this situation by considering following different cases:

PR̃ð2Þ
k

P0

≃

8>><
>>:

1þ τ21k
2 − 1

3
c2s1τ

4
1k

4 þ 1
36
c4s1τ

6
1k

6 −5 < η1 < −3

1þ τ21k
2 − 19

12
c2s1τ

4
1k

4 þ 361
576

c4s1τ
6
1k

6 η1 ¼ −5

1þ τ21k
2 þ 2η1e−ð5þη1ÞN3

ð1þη1Þð3þη1Þ c
2
s1τ

4
1k

4 þ η2
1
e−2ð5þη1ÞN3

ð1þη1Þ2ð3þη1Þ2 c
4
s1τ

6
1k

6 η1 < −5:

When −5 ≤ η1 < −3, we find that k2 ≃ kc, which means that the power spectrum only has the k2 growth. In the η1 < −5
case, we obtain

k1 ≃ cs1kc; k2 ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ η1Þð3þ η1Þ

p
ffiffiffiffiffiffiffiffiffiffi
−2η1

p e
1
2
ð5þη1ÞN3kc; k3 ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ η1Þð3þ η1Þ

p
ffiffiffiffiffiffiffiffi−η1

p e
1
2
ð5þη1ÞN3kc: ð43Þ
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Apparently, k3 is less than kc if
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þη1Þð3þη1Þ

p ffiffiffiffiffiffi−η1
p e

1
2
ð5þη1ÞN3 ≪1,

which can be realized easily since η1 < −5. Thus, the
power spectrum can have the k6 growth. Since there is a
negative coefficient in the k4 term, the power spectrum has
a dip preceding the k6 growth. In Fig. 10, the power
spectrums in the cases of η1 ¼ −4;−5, and −6 for the
N2 ≫ N3 and N2 ¼ N3 cases are plotted. We can see that
when N2 ≫ N3, the highest growth slope of the power
spectrum is k2. In the case of N2 ¼ N3, the highest growth
rate for η1 ¼ −4 and −5 is still k2, while for η1 ¼ −6, the
highest growth rate can reach up to k6.
When N2 ≪ N3, the power spectrum can be approxi-

mated as

PR̃ð2Þ
k

P0

≃ 1þ
�
1þ 2c2s1η1

ð1þ η1Þð3þ η1Þ
e−ð3þη1ÞN3

�
τ21k

2

þ
�

2η1
ð1þ η1Þð3þ η1Þ

e−ð3þη1ÞN3 þ c2s1η
2
1

ð1þ η1Þ2ð3þ η1Þ2
e−2ð3þη1ÞN3

�
c2s1τ

4
1k

4

þ η21
ð1þ η1Þ2ð3þ η1Þ2

e−2ð3þη1ÞN3c4s1τ
6
1k

6: ð44Þ

If c2s1e
−ð3þη1ÞN3 ≪ 1, the wave numbers when the kn and kn−2 terms become comparable happen at

k1 ≃ cs1kc; k2 ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ η1Þð3þ η1Þ

p
ffiffiffiffiffiffiffiffiffiffi
−2η1

p e
1
2
ð3þη1ÞN3kc; k3 ≃

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ η1Þð3þ η1Þ

p
ffiffiffiffiffiffiffiffi−η1

p e
1
2
ð3þη1ÞN3kc: ð45Þ

FIG. 9. The power spectrum in the η1 ¼ −2 case. The gray-solid
and blue-dashed lines represent the numerical and approximate
results, respectively. The dashed-red line indicates the k2 growth.

FIG. 10. The power spectrums in the η1 ¼ −4, −5, and −6 cases. The gray-solid and blue-dashed lines represent the numerical and
approximate results, respectively.
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Apparently, k3 < kc can be satisfied easily since η1 < −3
and thus the power spectrum can have a k6 growth. The
dip will appear preceding the k6 growth since the k4 term
has a negative coefficient. If c2s1e

−ð3þη1ÞN3 ≫ 1, we obtain

k1 ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1þ η1Þð3þ η1Þ

p
ffiffiffiffiffiffiffiffiffiffi
−2η1

p e
1
2
ð3þη1ÞN3kc;

k2 ≃
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ η1Þð3þ η1Þ

p
ffiffiffiffiffiffiffiffi−η1

p e
1
2
ð3þη1ÞN3kc;

k3 ≃ cs1kc: ð46Þ

It can be found that k3 < kc and k1 ≈ k2, which means that
the power spectrum will enter k4 growth directly after the
scale-invariant spectrum, and will enter finally the k6

growth. The power spectrum has the dip preceding the
k4 growth due to the negative coefficient in the k2 term.
These characters can be found in Fig. 11, where the power
spectrums in the cases of η1 ¼ −4;−5 and −6 for the
N2 ≪ N3 are plotted.
Furthermore, when η1 ¼ −1 and −3 there are singular-

ities in Eq. (38) and thus these cases need to be studied
separately. To avoid the problem, we first set the value of
η1, and then expand Eq. (34) in the infrared limit to obtain

R̃ð2Þ
k ðτÞ ¼

8>><
>>:

iHe−ikτ1

2
ffiffiffiffiffiffi
ϵ0k3

p − Hτ1e−ikτ1

2
ffiffiffiffiffi
ϵ0k

p − iHc2s1e
−ikτ1k1=2

8
ffiffiffi
ϵ0

p ½2τ21 þ τ22 − ð−τÞ2� þ… η1 ¼ −1

iHe−ikτ1

2
ffiffiffiffiffiffi
ϵ0k3

p − Hτ1e−ikτ1

2
ffiffiffiffiffi
ϵ0k

p − iHc2s1e
−ikτ1k1=2

8
ffiffiffi
ϵ0

p
�
2τ21 − 3τ22 − 6τ22 log

�
τ
τ2

��
þ… η1 ¼ −3:

FIG. 11. The power spectrums for N2 ≪ N3 in the η1 ¼ −4;−5, and −6 cases. The gray-solid and blue-dashed lines represent the
numerical and approximate results, respectively. The first line is corresponding to the c2s1e

−ð3þη1ÞN3 ≪ 1 case and the second line to the
c2s1e

−ð3þη1ÞN3 ≫ 1 case.

FIG. 12. The power spectrums in the η1 ¼ −1 and η1 ¼ −3 cases. The gray-solid and blue-dashed lines represent the numerical and
approximate results, respectively.
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In the case of η1 ¼ −1, the solution consists of constant and
decaying terms, and thus it is dominated by the constant
terms. When η1 ¼ −3, except for the constant terms,
the solution of the curvature perturbations contains a
logarithmic-growing term. This character is different from
that in the η1 < −3 case, where the growth of the solution is
power law. Since the coefficient of the logarithmic-growing
term depends on c2s1 , which is much less than one in our
analysis, the contribution of the growth term in the solution
is negligible. Thus, from Eq. (47), we obtain that the power
spectrum has the same expression

PR̃ð2Þ
k

P0

≃ 1þ τ21k
2 þ 1

4
c4s1τ

4
1k

4 ð47Þ

for η1 ¼ −1 and −3. The steepest growth is k2 apparently.
The corresponding numerical and approximate results of
the power spectrum are shown in Fig. 12.

C. Changes of slow-roll parameter η previous
to the sound speed

This scenario is shown in Fig. 13. The slow-roll
parameter η changes from ∼0 to a negative constant η1
at τ1, and the sound speed decreases from 1 to a small
constant cs1 at τ2 (jτ2j < jτ1j).

Since the method for analytical solution in this case is
similar to that of the preceding subsection, we do not give the
details here. The general expression of the curvature per-
turbations in the infrared region (−cs1kτ → 0, −cs1kτ2 → 0

and −kτ1 → 0) is so complex, and we do not show it here.
We only consider the integer η1 cases. Different from the
results obtained in the preceding subsection, we find that the
analytical results do not coincide with the numerical ones
when η1 ¼ −1 and −2. Therefore, we only give the infrared
expressions (−kτ1 → 0, −cs1kτ2 → 0, and −cs1kτ → 0) of
the curvature perturbations in the η1 ≤ −3 case:

R̂ð2Þ
k ðτÞ ¼

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

iH
2

ffiffiffiffiffiffi
ϵ0k3

p

þ
�

iHð3τ2
1
−ð1−c2s1 Þτ22Þ
8
ffiffiffi
ϵ0

p þ 3iHτ2
1

4
ffiffiffi
ϵ0

p
�
c2s1 log

h
τ
τ2

i
− log

h
τ1
τ2

i��
k1=2

þ
�
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FIG. 13. The sound speed cs (blue line) varies at τ2, and the
slow-roll parameter η (red line) changes at τ1 (jτ2j < jτ1j).
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From the above expression, one can obtain the power spectrum:

PR̂ð2Þ
k

P0

≃

8>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>:
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þ 1
16
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þ 1
9
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HereN2 andN3 are the number of e-folds during the second and third phase, respectively. The maximum wave number in the
infrared limit is kjτ1j. So, in Eq. (48), the wave number must satisfy k ≪ k̄c ≡ −1=τ1. When the k6 dominant term becomes
comparable to the k4 one, the wave number should be equal to about
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FIG. 14. The power spectrums for different constant values of η1. The gray-solid and blue-dashed lines represent the numerical and
approximate results, respectively.
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It is obvious that all wave number k3 are larger than k̄c and
thus are beyond the infrared region, which means that the
steepest growth of the power spectrum is k4. Furthermore,
we find that the power spectrum will dip before the k4

growth. The corresponding numerical and approximate
results are shown in Fig. 14.

IV. CONCLUSIONS

The generation of a significant amount of primordial black
holes requires a sufficiently large power spectrum of the
curvature perturbations of the order of about Oð10−2Þ at the
scales smaller than the CMB one. There are two natural ways
to amplify the curvature perturbations. One is to reduce the
rolling speed of the inflaton and the other to suppress the
sound speed cs of the curvature perturbations. In the ultra-
slow-roll inflation scenario, it has been found that the power
spectrum of the curvature perturbations has the k4 growth. In
this paper, we use the improved junction conditions to find
that the power spectrum of the curvature perturbation has a
k2 growth when the speed of sound decreases suddenly.
Furthermore, by investigating the evolution of the power

spectrum in the inflation model, which can realize decrease
of both the sound speed and the rolling speed of the inflaton,
we find that the power spectrum at the large scales is nearly
scale invariant to satisfy the constraint from the CMB
observations, and at the same time it will be enhanced at
the small scales to achieve an abundant formation of
primordial black holes. In the cases that the change of the
slow-roll parameter η precedes that of the sound speed cs,
the power spectrum of the curvature perturbations only has a
k4 growth. While if η and cs changes simultaneously or the
change of cs precedes that of η, the power spectrum can
possess a k6 growth under certain conditions, which is the
steepest growth of the power spectrum reported so far.
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