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Shibata and Sasaki [Phys. Rev. D 60, 084002 (1999)] introduced the so-called compaction function.
Since then, it has been empirically established that the maximum value of this function (or its volume-
averaged counterpart) in the long-wavelength solutions gives a very robust threshold of primordial black
hole formation. In this paper, we show that in spite of initial intention, the Shibata-Sasaki compaction
function cannot be interpreted as the ratio of the mass excess to the areal radius in the constant-mean-
curvature slice of their choice but coincides with that in the comoving slice up to a constant factor
depending on the equation of state. We also discuss the gauge (in)dependence of the legitimate compaction
function, i.e., the ratio of the mass excess to the areal radius, in the long-wavelength solutions.
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I. INTRODUCTION

Primordial black holes are black holes that may have
formed in the early Universe not as the products of the
stellar evolution. These black holes may have remained
until now if their masses are greater than 1015 g and
currently may play roles as dark matter and sources of
gravitational sources, while those of masses smaller than
that may affect the thermal history of the Universe.
Therefore, primordial black holes can be observed in
principle and even no detection of them is of significant
interest. See Ref. [1] and references therein for a recent
review on observational constraints on primordial
black holes.
In modern cosmology, primordial black holes play

important roles because they can carry the information
of the early phase of the Universe. Primordial black holes
may have formed in various scenarios but the formation
from primordial fluctuations has been most extensively
studied so far. Quantum fluctuations generated in an
inflationary era of the Universe and stretched to super-
horizon scales may have potential to produce primordial
black holes. In the decelerated-expansion era following the
inflationary era, the fluctuations enter the horizon scale and
collapse to black holes.
In this regime, only high peaks can collapse to black

holes if the matter has relativistic pressure. To quantita-
tively discuss the formation of primordial black holes, we
need to know under what conditions primordial black holes
can form. In the early studies, the threshold was calculated

on the amplitude of density perturbation averaged over a
horizon patch at its horizon entry by Carr in Ref. [2] and
later refined in Ref. [3] based on analytical argument. On
the other hand, the threshold of this value has been
systematically obtained through numerical simulations of
the Einstein equation with relativistic fluids (e.g., [4–6]).
Another quantity, the maximum value of the so-called

compaction function has been proposed as the one giving a
robust threshold of primordial black hole formation by
Shibata and Sasaki [7] through general relativistic numeri-
cal simulations. Here we call this function the Shibata-
Sasaki compaction function. Subsequently, this has been
shown to be closely related to the density perturbation
averaged over a horizon patch in Harada et al. [8]. The
Shibata-Sasaki compaction function is still advantageous to
the averaged density perturbation because of its much
simpler definition. Recently, the volume-averaged Shibata-
Sasaki compaction function has been proposed as a further
robust quantity to give a threshold [9]. See Ref. [10] and
references therein for a recent review on general relativistic
numerical simulation of spherically symmetric formation of
primordial black holes.
In this paper, we show that the Shibata-Sasaki compac-

tion function introduced in Ref. [7] is not what they
intended. Thus, this paper corrects the misunderstanding
in not only Ref. [7] but also Ref. [8] and possibly several
other papers. We should however stress that this does not
affect the robustness of the Shibata-Sasaki compaction
function. Simultaneously, we clarify the relationship
between the Shibata-Sasaki compaction function and other
“legitimate” compaction functions and identify the unique-
ness of the former which makes it so robust. This paper is
organized as follows. Section II gives preliminaries for later
discussion. In Sec. III, we introduce the Shibata-Sasaki
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compaction function. In Sec. IV, we revisit this function
and clarify what it is. In Sec. V, we analytically reconstruct
the full set of long-wavelength solutions in the Shibata-
Sasaki gauge choice. Section VI is devoted to summary. We
use the geometrized units in which G ¼ c ¼ 1 and sign
conventions in Wald [11].

II. PRELIMINARIES

The line element in the flat Friedmann-Lemaître-
Robertson-Walker (FLRW) spacetime can be written in
the following form:

ds2 ¼ −dt2 þ a2ðtÞðdx2 þ dy2 þ dz2Þ: ð2:1Þ

The spacetime generally begins with a big bang singularity
at t ¼ 0, where a ¼ 0.
There is a framework of solutions, the so-called long-

wavelength solutions [7,12]. They have the following
asymptotic form:

ds2 ≈ −dt2 þ a2ðtÞΨ4ðx; y; zÞðdx2 þ dy2 þ dz2Þ ð2:2Þ

as t → 0 with Ψ − 1 ¼ Oð1Þ, which reduces to the form

ds2 ≈ −dt2 þ a2ðtÞΨ4ðrÞðdr2 þ r2dΩ2Þ ð2:3Þ

in spherical symmetry, where dΩ2 ≔ dθ2 þ sin2 θdϕ2.
To obtain these solutions, we introduce a smoothing
length L ¼ a=k. Then, we assume that the Hubble length
lH ≔ H−1, where H ¼ ȧ=a, is much smaller than the
smoothing length L, so that

ϵðtÞ ≔ lH

L
¼ k

aH
ð2:4Þ

is much smaller than unity. Then, we assume

∂i lnΨ
aH

¼ OðϵÞ: ð2:5Þ

Thus, the field equations can be expanded in terms of ϵ.
This is called the gradient expansion. If aðtÞ is given by
a ¼ a0tα, then ϵ ¼ ½k=ðαa0Þ�t1−α. Thus, in the decelerated
expansion, where 0 < α < 1, ϵ → 0 as t → 0, i.e., in the
big bang limit, while in the accelerated expansion, where
α > 1, ϵ → 0 is realized as t → ∞, i.e., in the late-time
limit. The long-wavelength solutions have been applied for
primordial black hole formation by Shibata and Sasaki [7].
In spherical symmetry, there is another framework of

solutions, in which the line element takes the following
form:

ds2 ≈ −dt2 þ a2ðtÞ
�

dϱ2

1 − KðϱÞϱ2 þ ϱ2dΩ2

�
ð2:6Þ

as t → 0. These solutions are called asympototically
quasihomogeneous solutions and have been applied as
initial conditions for primordial black hole formation in
Polnarev and Musco [13]. The equivalence between the
long-wavelength solutions and the asymptotically quasi-
homogeneous solutions has been shown in Ref. [8].
Although the proposal of primordial black holes goes

back to Hawking [14] prior to the development of infla-
tionary cosmology since late seventies, the formation
scenario from fluctuations generated in the inflationary
era of the Universe has been extensively discussed. In this
context, in the inflationary era, quantum fluctuations are
stretched to superhorizon scales and become classical
perturbations. After the inflation ends, the evolution of
the fluctuations is described by the long-wavelength
solutions in the decelerated Universe. Finally, the scales
of the perturbations get smaller than the horizon scale,
which is called horizon entry, and then the long-wavelength
scheme breaks down.
For later convenience, we discuss the cosmological

conformal 3þ 1 decomposition of the spacetime

ds2¼−α2dt2þψ4a2ðtÞγ̃ijðdxiþβidtÞðdxjþβjdtÞ: ð2:7Þ

We impose the condition γ̃ ¼ η, where γ̃ and η are the
determinants of γ̃ij and a static flat 3-metric ηij, respec-
tively. The flat FLRW spacetime corresponds to α ¼ 1,
βi ¼ 0, ψ ¼ 1, and γ̃ij ¼ ηij.
We make the following additional assumptions. First, we

assume that the matter field is described by a single perfect
fluid, so that Tμν¼ðρþpÞuμuνþpgμν with the equation of
state p ¼ ðΓ − 1Þρ. We write ψðt;xÞ ¼ ΨðxÞ½1þ ξðt;xÞ�,
αðt;xÞ¼1þχðt;xÞ, and γ̃ijðt;xÞ¼ηijðxÞþhijðt;xÞ. Then,
the ϵ expansion inferred from the Einstein equation and
the matter equation of motion imply the following [7,8,12].
For the metric functions, we have ΨðxÞ ¼ Oðϵ0Þ,
ξðt;xÞ ¼ Oðϵ2Þ, βiðt;xÞ ¼ OðϵÞ, χðt;xÞ ¼ Oðϵ2Þ, and
hij ¼ Oðϵ2Þ. For the matter functions, we have δðt;xÞ ≔
ðρ − ρbÞ=ρb ¼ Oðϵ2Þ and viðt;xÞ ≔ ui=ut ¼ OðϵÞ, where
ρb ¼ ρbðtÞ is the energy density of the background FLRW
solution. The mean curvature K on the constant t slice
follows Kðt;xÞ ¼ Kb½1þ κðt;xÞ�, where Kb ¼ KbðtÞ ¼
−3H is the background value and κðt;xÞ ¼ Oðϵ2Þ. From
the Einstein equation and the equation of motion, we can
obtain nonlinearly perturbed solutions order by order in ϵ.
However, there is a gauge issue in the cosmological long-

wavelength solutions. This comes from the freedom in
choosing the lapse function α and the shift vector βi. As for
α, which prescribes the choice of time slicing, we can have
the constant-mean-curvature (CMC) slice κ ¼ 0, the uni-
form-density slice δ ¼ 0, the comoving slice ui ¼ 0, the
geodesic slice χ ¼ 0 and so on. As for βi, which prescribes
the threading of the constant xi curves, we can have the
comoving thread vi ¼ 0, the normal coordinates βi ¼ 0, the
conformally flat coordinates hij ¼ 0 and so on.
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The Einstein equations for the long-wavelength solutions
are written down order by order in Eqs. (4.12)–(4.26) and
(4.27)–(4.79) in Ref. [8], respectively, to the next-to-
leading order. We do not repeat them here but will quote
the equations when needed. In the CMC slice, the solutions
for the density perturbation δ and the covariant component
of the 4-velocity uj are given in Eqs. (4.37), (4.45), and
(4.49) in Ref. [8] as

δCMC ≈ f

�
1

aH

�
2

;

uCMCj ≈
2

3Γð3Γþ 2ÞH δCMC;j; ð2:8Þ

where

f ≔ −
4

3

Δ̄Ψ
Ψ5

ð2:9Þ

with Δ̄ being the flat Laplacian. In the comoving slice, the
solutions for δ and uj are given in Eqs. (4.68) and (4.72) in
Ref. [8] as

δcom ≈
3Γ

3Γþ 2
f

�
1

aH

�
2

; ucomj ¼ 0: ð2:10Þ

To this order, the choice of the threading condition does not
affect the above functions of the long-wavelength solu-
tions [8]. The same functions δ and uj for the geodesic slice
and uniform-density slice are presented in Appendix A.
To introduce the compaction function, we should first

introduce a quasilocal mass. In spherical symmetry, it is
well-known that the Kodama mass [15] or the Misner-
Sharp mass [16,17] has physically reasonable properties as
a quasilocal mass. In general spherically symmetric space-
time, the line element is given by

ds2 ¼ gABðxCÞdxAdxB þ R2ðxCÞdΩ2; ð2:11Þ

where A, B, and C run over 0 and 1. The Kodama vector
Kμ, the Kodama current Sμ and the Kodama mass MK are
defined as Kμ ≔ −ϵAB∂BRð∂=∂xAÞμ, Sμ ≔ −Tμ

νKν and
MK ≔ −

R
Σ S

μdΣμ, respectively, where ϵAB is the Levi-
Civita tensor associated with the 2-dimensional metric gAB
and Σ is the 3-volume on a spherically symmetric space-
like-hypersurface with a regular center and a boundary ∂Σ
characterized by xA. On the other hand, we can define the
Misner-Sharp mass as MMS ≔ Rð1 −DARDARÞ=2 as a
function of xA, where DA denotes the covariant derivative
associated with gAB. We can proveMMS ¼ MK through the
Einstein equation by assuming a regular center. See, e.g.,
Refs. [17–19] for a proof. Because of this equivalence, we
simply writeM for the Kodama mass and the Misner-Sharp
mass. Thus, the mass M admits not only the expression in

terms of the integral of the matter stress-energy tensor over
the 3-volume Σ

M ¼ −
Z
Σ
SμdΣμ ð2:12Þ

but also the expression in terms of the metric functions at
the boundary ∂Σ

M ¼ 1

2
Rð1 −DARDARÞj

xA
: ð2:13Þ

III. SHIBATA-SASAKI COMPACTION
FUNCTION AND ITS SIGNIFICANCE

Shibata and Sasaki [7] adopted the spatially conformally
flat coordinates

ds2 ¼ −α2dt2 þ ψ4a2ðtÞ½ðdrþ βrdtÞ2 þ r2dΩ2�; ð3:1Þ

with the CMC slice in spherical symmetry and gave the
following expression as an excess in Kodama mass in
Eq. (4.28) in Ref. [7] as

δMSS ≔ 4πa3ρ0

Z
r

0

x2dxδCMC · ψ6

�
1þ 2x

ψ

∂ψ

∂x

�
ð3:2Þ

and a compaction function in Eq. (4.29) in Ref. [7] as

CSSðt; rÞ ≔
δMSSðt; rÞ
rψ2ðt; rÞa ; ð3:3Þ

where we put subscript SS (Shibata-Sasaki) to δM and C. In
the long-wavelength solutions, CSSðt; rÞ becomes time
independent in the limit ϵ → 0, so that

CSSðt; rÞ ≈ CSSðrÞ; ð3:4Þ

where the weak equality implies the equality if we neglect
higher-order terms in ϵ. We will show how the Shibata-
Sasaki gauge condition fixes the long-wavelength solution
including the lapse and shift functions in Sec. V. We can
easily find that CSS relates to the density perturbation
averaged inside the radius r at horizon entry aΨ2r ¼
H−1 to the next-to-leading order, which we denote with
δ̄CMC;HðrÞ, through

CSSðrÞ ≈
1

2
δ̄CMC;HðrÞ; ð3:5Þ

and this δ̄CMC;H has long been used as the indicator for the
threshold of PBH formation since the pioneering work by
Carr [2]. We note that the definition of the compaction
function in the long-wavelength solution is physically
clearer than that of δ̄CMC;H because the latter is not a real
value but only obtained by the truncated series expansion.
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The profile of the density perturbation, δCMCðt; rÞ, is
typically (but not always) assumed to have the central
overdense region surrounded by an underdense region.
Since δCMCðt; rÞ in the long-wavelength solution is given in
the separable form as seen in Eq. (2.8), we can define r0 as
the smallest zero of δCMCðt; rÞ. As for the compaction
function CSSðrÞ, we can usually assume that it takes a
maximum at some finite radius rmax.
Empirically, the maximum of CSSðrÞ gives a good

indicator for primordial black hole formation. Shibata
and Sasaki [7] obtained the threshold value ≃0.4 for
radiation Γ ¼ 4=3. We will concentrate the compaction
function, although more recently it has been reported that
the maximum value of the volume-averaged compaction
function is more robust to provide a threshold for black hole
formation [9].
In spherical symmetry, Eq. (2.8) implies that the long-

wavelength solution in the CMC slice is given by

δCMC ≈ f

�
1

aH

�
2

; uCMCj ≈
2

3Γð3Γþ 2ÞH δCMC;rδ
r
j;

f ¼ −
4

3

1

r2Ψ5
ðr2Ψ0Þ0 ð3:6Þ

for Ψ ¼ ΨðrÞ, where the prime denotes the derivative with
respect to r. Using this solution, we can implement the
integral in Eq. (3.2) and obtain Eq. (6.33) in Ref. [8] or

CSSðrÞ ≈
1

2

�
1 −

�
1þ 2

d lnΨ
d ln r

�
2
�
: ð3:7Þ

That is, CSS is a quadratic function of d lnΨ=d ln r and does
not include Ψ00. The threshold is therefore translated to
d lnΨ=d ln r ≃ −0.27 for radiation, noting that CSS is a
decreasing function of d lnΨ=d ln r around 0.

IV. SHIBATA-SASAKI COMPACTION
FUNCTION REVISITED

Let us reconsider an excess in mass from the beginning.
In the conformally flat coordinates (3.1), the mass is
rigorously given by

M ¼ 4π

Z
r

0

x2dxa3αψ6Tt
μKμ ð4:1Þ

¼ 4πa3
Z

r

0

dxðψ2xÞ2
�
−½ðρþ pÞutut þ p�ðψ2xÞ0

þ ðρþ pÞutur
x
a
ðψ2aÞ;t

�
: ð4:2Þ

To define the mass excess, we need to define the
background mass. For this purpose, let MFFðt; rÞ denote
the mass in the flat FLRW spacetime with α ¼ 1, β ¼ 0,
and ψ ¼ 1. Then, the mass excess is naturally defined as

δMðt; rÞ ¼ Mðt; rÞ −MFFðt;ψ2ðt; rÞrÞ; ð4:3Þ

i.e., the difference between masses within the 2-sphere
determined by ðt; rÞ in the perturbed spacetime and that of
the same area in the background spacetime. The mass
excess in the CMC slice is then calculated to give

δMCMC ≈ 4πa3ρb

Z
r

0

dxðΨ2xÞ2
�
δCMCðΨ2xÞ0

þ 2

3ð3Γþ 2Þ δ
0
CMCðΨ2xÞ

�
ð4:4Þ

¼ 4πa3ρb

�
3Γ

3Γþ 2

Z
r

0

dxðΨ2xÞ2ðΨ2xÞ0δCMC

þ 2

3ð3Γþ 2Þ δCMCðt; rÞðΨ2ðrÞrÞ3
�
; ð4:5Þ

where the second equality follows from integration by
parts. This reduces to

CCMCðrÞ ≈
3Γ

3Γþ 2
CSSðrÞ þ

1

3Γþ 2
fðrÞðΨ2ðrÞrÞ2: ð4:6Þ

We define

CCMC ≔ δMCMC=R ð4:7Þ

as the legitimate compaction function in the CMC slice.
Since δMSS is different from δMCMC due to the non-
vanishing uCMCj, CSSðrÞ is different from CCMCðrÞ.
Let us further discuss the relationship between the

Shibata-Sasaki and the legitimate CMC compaction func-
tions. If we assume CSSðrÞ takes a maximum at r ¼ rmax,
then the following equation follows:

δCMCðt; rÞðΨ2rÞ3jr¼rmax

¼
Z

rmax

0

dxðΨ2xÞ2ðΨ2xÞ0δCMCðt; xÞ: ð4:8Þ

This implies

CCMCðrmaxÞ ≈
9Γþ 2

3ð3Γþ 2Þ CSSðrmaxÞ; ð4:9Þ

whereas CCMCðrÞ may not take a maximum at r ¼ rmax in
general.
Note that CSSðrÞ is unique in the sense that it is written

solely in terms of d lnΨ=d ln r at r, whereas CCMCðrÞ
includes a term of Ψ00ðrÞ in addition to a term proportional
to CSSðrÞ. We can infer that this is why CSS is empirically
robust to give a threshold for black hole formation
according to the following discussion. Suppose fðrÞ or
Ψ00ðrÞ vanish except for it has a spike of the order of Δ−1=2

at some comoving radius r ¼ r1 > 0 with a small width
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Δ ≪ r1, for which the density spike has a large maximum
∝Δ−1=2 at r ¼ r1 with a small width Δ. This gives a large
maximum in CCMC ∝ Δ−1=2 at r ¼ r1, whereas both ΨðrÞ
and CSS are kept very small. The small amplitude of
curvature perturbation should not induce primordial black
hole formation, while CCMC ∝ Δ−1=2 unreasonably has a
large maximum in this setting.
Since the next-to-leading order of the long-wavelength

solution depends on the time-slicing, the compaction
function also does. Let us consider the comoving slice,
in which the long-wavelength solution is given by

δcom ≈
3Γ

3Γþ 2
f

�
1

aH

�
2

; ucomj ¼ 0: ð4:10Þ

The mass excess and the legitimate compaction function in
the comoving slice are calculated to give

δMcomðt; rÞ ≈
3Γ

3Γþ 2
δMSSðt; rÞ ð4:11Þ

and

CcomðrÞ ≔
δMcom

R
≈

3Γ
3Γþ 2

CSSðrÞ; ð4:12Þ

respectively. Thus, we can interpret CSSðrÞ as ð3Γþ2Þ=ð3ΓÞ
times CcomðrÞ. Therefore, the maximum value of CcomðrÞ is
given by CcomðrmaxÞ. The threshold value for the maximum
value of CcomðrÞ is 0.4 × 2=3 ≃ 0.27 for radiation Γ ¼ 4=3.
Similarly, we can calculate the legitimate compaction

functions in different time slices including the geodesic
slice denoted by G and the uniform-density slice denoted
by UD. Although we relegate detailed calculations to
Appendix A, we can find that except for CcomðrÞ, the
legitimate compaction functions in these slices contain not
only d lnΨ=d ln r at r but also Ψ00ðrÞ and therefore have no
direct relation to CSSðrÞ. If we choose r ¼ r0, which is a
zero of f, we find that all of Ccomðr0Þ, CCMCðr0Þ, CGðr0Þ,
and CUDðr0Þ coincide with each other and are equal to
½3Γ=ð3Γþ 2Þ�CSSðr0Þ. Thus, the legitimate compaction
functions at r ¼ r0 are gauge-independent. If we take
r ¼ rmax instead, where CSSðrÞ takes a maximum, the
values of the compaction functions in different slices there
can be expressed by CSSðrmaxÞ times different constant
factors depending on Γ.
The definition of the mass excess needs the definition of

the background mass in the flat FLRW spacetime. We think
that the choice of the sphere with the same area is most
natural but alternative natural choice would be the comov-
ing sphere with as close area as possible. We will relegate
the discussion on this alternative choice to Appendix B,
in which it is shown that the Shibata-Sasaki compaction

function cannot be the ratio of thus defined mass excess to
the areal radius, either.

V. LONG-WAVELENGTH SOLUTIONS IN THE
SHIBATA-SASAKI GAUGE CONDITION

The full set of long-wavelength solutions to the next-to-
leading order are obtained in Ref. [8] but only in the normal
coordinates for the threading condition, while Shibata and
Sasaki adopted the CMC slice and the conformally flat
coordinates. Generally speaking, this makes it very difficult
to compare the result of Shibata and Sasaki with most of the
other works mainly based on the gauge condition of the
comoving slice and comoving thread. So, we here construct
the long-wavelength solutions in the gauge conditions
Shibata and Sasaki adopted.
In the CMC condition, δ and uμ are given by Eq. (3.6).

As for χ, Eq. (4.39) in Ref. [8] with κ ¼ 0 gives

χ ≈ −
3Γ − 2

3Γ
f

1

ðaHÞ2 : ð5:1Þ

On the other hand, βr ¼ rβ is determined by the con-
formally flat coordinate condition. In fact, Eqs. (4.19),
(4.28), and (4.31) in Ref. [8] with hij ¼ 0 imply

Ã22 ≈
2

3Γþ 2

�
1

Ψ4
CSS −

1

2
r2f

�
1

a2H
;

β0 ≈ −
6

3Γþ 2

1

r3

�
1

Ψ4
CSS −

1

2
r2f

�
1

a2H
; ð5:2Þ

where Ãij is defined in Ref. [8]. Integrating the above gives

β≈
�
−

6

3Γþ2

Z
r

∞
dr̃

1

r̃3

�
1

Ψ4ðr̃ÞCSSðr̃Þ−
1

2
r̃2fðr̃Þ

�
þ β̃∞

�
1

a2H

≕ β̃ðrÞ 1

a2H
; ð5:3Þ

where β̃∞ is a constant of integration and regarded as a
remaining gauge freedom. The above fixes the lapse and
shift to the next-to-leading order.
Now we should obtain ξ. Since Eq. (4.16) in Ref. [8]

with κ ¼ 0 and Eq. (5.1) requires ξ ∝ t2−ð4=3ΓÞ, where the
time-independent part of ξ is absorbed into ΨðrÞ, we find

ξ̇ ≈ ð3Γ − 2ÞHξ; ð5:4Þ

so that Eq. (4.16) in Ref. [8] yields

−Hχ þ 2ð3Γ − 2ÞHξ − β

�
1þ 2rΨ0

Ψ

�
−
1

3
rβ0 ≈ 0: ð5:5Þ
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Therefore, we obtain

ξ ≈
1

2ð3Γ − 2Þ
�
χ þ 1

H

�
1

3
rβ0 þ β

�
1þ 2rΨ0

Ψ

���

≈
1

2ð3Γ − 2Þ
�
−

2

3Γþ 2

CSS
r2Ψ4

−
9Γ2 − 3Γ − 4

3Γð3Γþ 2Þ f

þ
�
1þ 2rΨ0

Ψ

�
β̃ðrÞ

�
1

a2H2

≕ ξ̃ðrÞ 1

a2H2
: ð5:6Þ

Now that we have the solution for all the perturbation
quantities, χ, β, δ, ur, κ, and ξ, let us now check consistency
in terms of the compaction function. As we have seen, the
compaction function is given not only in terms of the spatial
integral but also in terms of the metric functions at the
surface of the volume. To see this, we begin with the
definition (2.13), where Rðt; rÞ ¼ ψ2ðt; rÞaðtÞr, as seen in
the metric (3.1). The result is

2M
R

¼ 1þ 1

α2

�
H þ 2

ψ̇

ψ

�
2

ðψ2raÞ2

− 2
β

α2

�
H þ 2

ψ̇

ψ

� ðψ2rÞ0
ψ2

ðψ2raÞ2

−
ðψ2rÞ02
ψ4

þ β2

α2
ðψ2rÞ02
ψ4

ðψ2raÞ2: ð5:7Þ

For the long-wavelength solution, subtracting the contri-
bution from the background mass, 2MFF=R ¼ H2R2,
we find

2δM
R

≈ 1 −
�
1þ 2rΨ0

Ψ

�
2

þ 2

�
2ξ̇ −Hχ − β

�
1þ 2rΨ0

Ψ

��
× ðΨ2rÞ2ða2HÞ; ð5:8Þ

where we have kept only the terms which remain in the
limit t → 0. Using Eqs. (5.2), (5.4), and (5.5), we find that
Eq. (5.8) reduces to

CCMCðrÞ≈
3Γ

3Γþ2
CSSðrÞþ

1

3Γþ2
fðrÞðΨ2ðrÞrÞ2: ð5:9Þ

This coincides with the expression (4.6), which is obtained
using the spatial integral. To show this consistency,
specifying β0 using the threading condition is crucial.

VI. SUMMARY

We have shown that in spite of the initial intention,
the Shibata-Sasaki compaction function in the long-
wavelength solution does not coincide with the legitimate
compaction function δM=R in terms of the standard
definition of a quasilocal mass. The misinterpretation did

not only remain in Ref. [7] but also propagated to Ref. [8].
Nevertheless, we should stress that the Shibata-Sasaki
compaction function remains particularly useful to give a
robust threshold for primordial black hole formation. This
is due to its property that it is directly related to the
curvature perturbation and its first spatial derivative but not
its second. This property is shared by the legitimate
compaction function only in the comoving slice, which
would give another physical interpretation of the Shibata-
Sasaki compaction function.
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APPENDIX A: LEGITIMATE COMPACTION
FUNCTIONS IN DIFFERENT SLICES

In the long-wavelength solutions in the geodesic and
uniform-density slices, δ and uj are respectively given by
Eqs. (4.74) and (4.77) in Ref. [8] or

δG ≈
3Γ

9Γ − 4
f

1

ðaHÞ2 ;

uGj ≈ −
6ðΓ − 1Þ

ð9Γ − 4Þð3Γþ 2Þ f;j
1

HðaHÞ2 ; ðA1Þ

and

δUD ≈ 0; uUDj ≈ −
1

3Γþ 2
f;j

1

HðaHÞ2 ; ðA2Þ

where f is defined in Eq. (2.9). Further in spherical
symmetry, mass excesses are calculated to

δMGðt; rÞ ≈
3Γ

3Γþ 2

4πa3ρb
ðaHÞ2

�Z
r

0

dxðΨ2xÞ2ðΨ2xÞ0f

−
2ðΓ − 1Þ
9Γ − 4

ðΨ2xÞ3f
���
x¼r

�
; ðA3Þ

and

δMUDðt; rÞ ≈
3Γ

3Γþ 2

4πa3ρb
ðaHÞ2

�Z
r

0

dxðΨ2xÞ2ðΨ2xÞ0f

−
1

3
ðΨ2xÞ3f

���
x¼r

�
; ðA4Þ

respectively. It is curious that all of the legitimate com-
paction functions agree if the upper bound r of the integral
is chosen to r0, where δCMCðt; r0Þ ¼ fðr0Þ ¼ 0, that is,
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δMcomðt; r0Þ ≈ δMCMCðt; r0Þ ≈ δMGðt; r0Þ ≈ δMUDðt; r0Þ

≈
3Γ

3Γþ 2
MSSðr0Þ; ðA5Þ

and thus we have

Ccomðr0Þ≈ CCMCðr0Þ≈ CGðr0Þ≈ CUDðr0Þ≈
3Γ

3Γþ 2
CSSðr0Þ:

ðA6Þ

However, for general r, there is no such simple relation
between them.

APPENDIX B: ALTERNATIVE CHOICE
OF THE MASS EXCESS

An alternative reasonable choice of the background mass
would be that contained within the comoving sphere of
almost the same area, in which the time evolution of the
background mass is trivial. This promotes us to alterna-
tively choose MFFðt;Ψ2ðrÞrÞ rather than MFFðt;ψ2ðt; rÞrÞ
for the background mass. This gives the definition of the
alternative mass excess and compaction function in the
CMC slice,

ΔMðt; rÞ ≔ Mðt; rÞ −MFFðt;Ψ2ðrÞrÞ; ðB1Þ

C CMCðt; rÞ ≔
ΔMðt; rÞ
Rðt; rÞ ≈ C CMCðrÞ: ðB2Þ

In this section, wewill always restrict ourselves to the CMC
slice, so we will omit the suffix “CMC.” Since the
relationship between ΔM and δM is given by

ΔM ¼ δM þ 8πa3ρbðΨ2rÞ3ξ; ðB3Þ

the compaction function C ≔ ΔM=R can be written as

C ðrÞ − CðrÞ ¼ 3ðΨ2ðrÞrÞ2ðaHÞ2ξ: ðB4Þ

Moreover, using Eq. (4.6), we obtain

C ðrÞ − CSSðrÞ ¼ −
2

3Γþ 2
CSSðrÞ þ

1

3Γþ 2
fðrÞðΨ2ðrÞrÞ2

þ 3ξðaHÞ2ðΨ2ðrÞrÞ2: ðB5Þ

To show that neither C ðrÞ ¼ CðrÞ nor C ðrÞ ¼ CSSðrÞ
holds in general, let us consider linear perturbation from

the flat FLRW solution by putting ΨðrÞ ¼ 1þ hðrÞ.
Linearizing CSSðrÞ and fðrÞ with respect to h, we find

CSSðrÞ ≈ −2rh0; ðB6Þ

fðrÞ ≈ −
4

3

1

r2
ðr2h0Þ0: ðB7Þ

Choosing the function hðrÞ as

hðrÞ ¼
(
− 1

8
f0ðr2 − 3r20Þ ð0 < r < r0Þ

1
4
f0r30

1
r ðr0 ≤ rÞ; ðB8Þ

we find

CSSðrÞ ≈
(

1
2
f0r2 ð0 < r < r0Þ

1
2
f0r30

1
r ðr0 ≤ rÞ; ðB9Þ

fðrÞ ≈
�
f0 ð0 < r < r0Þ
0 ðr0 ≤ rÞ; ðB10Þ

rβ̃0ðrÞ ≈
8<
:

0 ð0 < r < r0Þ
− 3

3Γþ2
f0
	
r0
r



3 ðr0 ≤ rÞ; ðB11Þ

β̃ðrÞ ≈
8<
:

1
3Γþ2

f0 þ β̃∞ ð0 < r < r0Þ
1

3Γþ2
f0
	
r0
r



3 þ β̃∞ ðr0 ≤ rÞ;

ðB12Þ

ξ̃ðrÞ ≈
8<
:

1
2ð3Γ−2Þ

h
− 9Γ2−3Γ−4

3Γð3Γþ2Þ f0 þ β̃∞
i

ð0 < r < r0Þ
1

2ð3Γ−2Þ β̃∞ ðr0 ≤ rÞ;
ðB13Þ

where β̃∞ is assumed to be of the order of h. Since ξ̃ðrÞ
depends on the gauge constant β̃∞, C − C ¼ 3ðΨ2ðrÞrÞ2ξ̃
also does. However, even if we choose β̃∞ ¼ 0 so that
C ¼ C for r0 ≤ r, we find C ≠ C in general for 0 < r < r0.
Also from Eq. (B5), we find

C ðrÞ−CSSðrÞ

≈

8<
:

1
2ð3Γ−2Þ

h
−9Γ2−3Γ−4

Γð3Γþ2Þ f0þ3β̃∞
i
r2 ð0<r<r0Þ

− 1
3Γþ2

f0r30
1
rþ 3

2ð3Γ−2Þ β̃∞r
2 ðr0≤ rÞ:

ðB14Þ

Thus, we can also conclude C ≠ CSS in general.
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